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Summary. The binary set {0,1} together with modulo-2 addition and
multiplication is called a binary field, which is denoted by Fs. The binary field
F is defined in [I]. A vector space over Iy is called a binary vector space. The
set of all binary vectors of length n forms an n-dimensional vector space V,, over
Fs. Binary fields and n-dimensional binary vector spaces play an important role
in practical computer science, for example, coding theory [15] and cryptology.
In cryptology, binary fields and n-dimensional binary vector spaces are very im-
portant in proving the security of cryptographic systems [13]. In this article we
define the n-dimensional binary vector space V,,. Moreover, we formalize some
facts about the n-dimensional binary vector space V.
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The notation and terminology used in this paper have been introduced in the
following articles: [6], [11, [2], [16], [5], [7], [I1], [I7], [8], [9], [18], [24], [14], [4],
[25], [26], [19], [23], [12], [20], [21], [22], [27], and [10].
In this paper m, n, s denote non zero elements of N.
Now we state the proposition:
(1) Let us consider elements u1, v1, wy of Boolean™. Then Op-XOR((Op-XOR
(ul, Ul)), U)l) = Op—XOR(ul, (Op—XOR(Ul, wl))).
Let n be a non zero element of N. The functor XORp(n) yielding a binary
operation on Boolean™ is defined by
(Def. 1) Let us consider elements z, y of Boolean™. Then it(z,y) = Op-XOR(z, y).
The functor Zerog(n) yielding an element of Boolean™ is defined by the term
(Def. 2) n—0.
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The functor n-binary additive group yielding a strict additive loop structure
is defined by the term
(Def. 3) (Boolean™, XORg(n), Zerog(n)).
Let us consider an element u; of Boolean™. Now we state the propositions:
(2) Op-XOR(u1,Zerog(n)) = u;.
(3) Op-XOR(ui,u1) = Zerog(n).

Let n be a non zero element of N. Note that n-binary additive group is add-
associative right zeroed right complementable Abelian and non empty and every
element of Z, is Boolean.

Let u, v be elements of Zs. We identify u ® v with u 4+ v. We identify u A v
with u - v. Let n be a non zero element of N. The functor MLTg(n) yielding a
function from (the carrier of Zy) x Boolean™ into Boolean™ is defined by

(Def. 4) Let us consider an element a of Boolean, an element x of Boolean™, and
a set i. If i € Segn, then it(a,x)(i) = a A x(3).

The functor n-binary vector space yielding a vector space over Zo is defined

by the term
(Def. 5) (Boolean™, XORgp(n), Zerog(n), MLTg(n)).

Let us note that n-binary vector space is finite.

Let us note that every subspace of n-binary vector space is finite.

Now we state the propositions:

(4) Let us consider a natural number n. Then > n + 0z, = 0z,.

(5) Let us consider a finite sequence x of elements of Zs, an element v of Zs,
and a natural number j. Suppose
(i) lenx = m, and
(ii) j € Segm, and
(iii) for every natural number ¢ such that i € Segm holds if i = j, then
x(i) = v and if ¢ # j, then x(i) = Ogz,.
Then Y x = wv. The theorem is a consequence of (4). PROOF: Define
P[natural number] = for every non zero element m of N for every fini-
te sequence x of elements of Zo for every element v of Zs for every natural
number j such that $ = m and lenx = m and j € Segm and for every
natural number ¢ such that ¢ € Segm holds if ¢ = j, then z(i) = v and if
i # j, then z(i) = 0z, holds Y x = v. For every natural number k such
that P[k] holds Pk + 1] by [3, (11)], [, (59), (5), (1)]. For every natural
number k, P[k] from [3, Sch. 2]. O
(6) Let us consider a (the carrier of n-binary vector space)-valued finite se-
quence L and a natural number j. Suppose

(i) len L = m, and

(ii) m < n, and
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(iii) j € Segn.
Then there exists a finite sequence x of elements of Zy such that
(iv) lenz = m, and

(v) for every natural number ¢ such that i € Segm there exists an element
K of Boolean™ such that K = L(i) and z(i) = K(j).

PROOF: Define Q[natural number,set] = there exists an element K of
Boolean™ such that K = L($;) and $2 = K (j). For every natural number
1 such that ¢ € Segm there exists an element y of Boolean such that
Qli,y]. Consider x being a finite sequence of elements of Boolean such
that domz = Segm and for every natural number ¢ such that ¢ € Segm
holds Q[i, z(7)] from [5, Sch. 5]. O

(7) Let us consider a (the carrier of n-binary vector space)-valued finite se-
quence L, an element S of Boolean™, and a natural number j. Suppose

(i) len L = m, and
(il) m < n, and
(iii) S =3 L, and
(iv) j € Segn.
Then there exists a finite sequence x of elements of Zy such that
(v) lenxz = m, and

(vi) $(j) = ¥, and
(vii) for every natural number ¢ such that i € Segm there exists an element
K of Boolean™ such that K = L(i) and z(i) = K (j).

The theorem is a consequence of (6). PROOF: Consider = being a finite
sequence of elements of Zs such that lenxz = m and for every natural
number 4 such that i € Segm there exists an element K of Boolean™
such that K = L(i) and x(i) = K(j). Consider f being a function
from N into n-binary vector space such that Y L = f(len L) and f(0) =
On-binary vector space and for every natural number j and for every element
v of n-binary vector space such that j < len L and v = L(j + 1) holds
f(j+1) = f(j) + v. Define Qnatural number, set] = there exists an ele-
ment K of Boolean™ such that K = f($1) and $2 = K (j). For every ele-
ment i of N, there exists an element y of the carrier of Zy such that Qli, y]
by [I, (3)]. Consider g being a function from N into Zs such that for every
element i of N, Q[i, g(4)] from [9, Sch. 3]. Set S; = S(j). S; = g(lenz).
g(0) = 0z, by [1, (5)]. For every natural number k and for every element
vy of Zg such that k < lenx and vy = z(k + 1) holds g(k + 1) = g(k) + v
by [3, (11), (13)]. O

(8) Suppose m < n. Then there exists a finite sequence A of elements of
Boolean™ such that
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(i) len A = m, and

(iii) rng A = m, and

)
(ii) A is one-to-one, and
)
(iv) for every natural numbers i, j such that i € Segm and j € Segn

holds if i = j, then A(i)(j) = true and if i # j, then A(:)(j) = false.

PROOF: Define P[natural number, function] = for every natural number
j such that j € Segn holds if $; = j, then $3(j) = true and if $; # j,
then $2(j) = false. For every natural number k such that k € Seg m there
exists an element x of Boolean™ such that P[k,z]. Consider A being a
finite sequence of elements of Boolean™ such that dom A = Segm and for
every natural number k such that k& € Segm holds Pk, A(k)] from [5]
Sch. 5]. For every elements x, y such that z, y € dom A and A(x) = A(y)
holds z =y by [5, (5)]. O

(9) Let us consider a finite sequence A of elements of Boolean™, a finite
subset B of n-binary vector space, a linear combination [ of B, and an
element S of Boolean™. Suppose

(i) rng A = B, and
(ii

) m < n, and
(iii) len A =m, and
(iv) S=3>_1, and
(v) A is one-to-one, and
(vi) for every natural numbers i, j such that i € Segn and j € Segm
holds if i = j, then A(i)(j) = true and if i # j, then A(7)(j) = false.

Let us consider a natural number j. If j € Segm, then S(j) = I(A(j)).
The theorem is a consequence of (7) and (5). PROOF: Set V' = n-binary
vector space. Reconsider F; = A as a finite sequence of elements of V.
Consider = being a finite sequence of elements of Zy such that lenx = m
and S(j) = >z and for every natural number ¢ such that i € Segm
there exists an element K of Boolean™ such that K = (I - F1)(i) and
x(i) = K(j). For every natural number ¢ such that ¢ € Segm holds if
i = j, then z(i) = [(A(y)) and if i # j, then z(i) = 0z, by [5, (5)], [ (3),
(5)]. O

(10) Let us consider a finite sequence A of elements of Boolean™ and a finite
subset B of n-binary vector space. Suppose

(i) rng A = B, and

(i) m
(iii) len A = m, and
)

< n, and

(iv) A is one-to-one, and
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(v) for every natural numbers i, j such that i € Segn and j € Segm
holds if ¢ = j, then A(i)(j) = true and if ¢ # j, then A(3)(j) = false.

Then B is linearly independent. The theorem is a consequence of (9).
PROOF: Set V' = n-binary vector space. For every linear combination [ of
B such that "1 = 0y holds the support of I =) by [1}, (5)]. O

(11) Let us consider a finite sequence A of elements of Boolean™, a finite subset
B of n-binary vector space, and an element v of Boolean™. Suppose

(i) rng A = B, and

(ii) len A = n, and
(iii) A is one-to-one.
Then there exists a linear combination [ of B such that for every na-
tural number j such that j € Segn holds v(j) = I(A(j)). PROOF: Set
V' = n-binary vector space. Define Qlelement, element] = there exists a
natural number j such that j € Segn and $; = A(j) and $2 = v(y).
For every element = such that x € B there exists an element y such that
y € the carrier of Zs and Q[z,y] by [I, (3)]. Consider I; being a function
from B into the carrier of Zo such that for every element z such that
x € B holds Q[z,!l;(x)] from [9, Sch. 1]. For every natural number j such
that j € Segn holds I1(A(j)) = v(j) by [8, (3)]. Set f = (the carrier of
V) +—— 0gz,. Set | = f+:1;. For every element v of V such that v ¢ B holds
[(v) = 0z, by [I7, (7)]. For every element x such that = € the support
of [ holds x € B. For every natural number j such that j € Segn holds
v(j) = (A7) by [8 (3)]. O

(12) Let us consider a finite sequence A of elements of Boolean™ and a finite
subset B of n-binary vector space. Suppose

(i) rng A = B, and

(ii) len A = n, and
(iii) A is one-to-one, and
(iv) for every natural numbers 4, j such that i, j € Segn holds if i = j,

then A(7)(j) = true and if i # j, then A(3)(j) = false.
Then Lin(B) = (the carrier of n-binary vector space, the addition of n-bi—
nary vector space, the zero of n-binary vector space, the left multiplication
of n-binary vector space). The theorem is a consequence of (11) and (9).
PROOF: Set V' = n-binary vector space. For every element x, z € the carrier
of Lin(B) iff z € the carrier of V' by [5, (13)], [22, (7)]. O
(13) There exists a finite subset B of n-binary vector space such that

(i) B is a basis of n-binary vector space, and

(ii) B =n, and
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(iii) there exists a finite sequence A of elements of Boolean™ such that

len A = n and A is one-to-one and rng A = n and rng A = B and for
every natural numbers ¢, j such that i, j € Segn holds if ¢ = j, then
A(i)(j) = true and if i # j, then A(i)(j) = false.
The theorem is a consequence of (8), (10), and (12).
(14) (i) n-binary vector space is finite dimensional, and
(ii) dim(n-binary vector space) = n.
The theorem is a consequence of (13).

Let n be a non zero element of N. One can verify that n-binary vector space
is finite dimensional.
Now we state the proposition:

(15) Let us consider a finite sequence A of elements of Boolean™ and a subset
C of n-binary vector space. Suppose

(i) len A =n, and

(ii) A is one-to-one, and

)
(iii) rng A = n, and
(iv) for every natural numbers i, j such that i, j € Segn holds if i = j,
then A(7)(j) = true and if i # j, then A(i)(j) = false, and

(v) C CrngA.

Then

(vi) Lin(C) is a subspace of n-binary vector space, and
(vii) C'is a basis of Lin(C'), and
(viii) dim(Lin(C)) = C.

The theorem is a consequence of (10).
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Summary. We first provide a modified version of the proof in [3] that
the Sorgenfrey line is T1. Here, we prove that it is in fact T, a stronger result.
Next, we prove that all subspaces of R* (that is the real line with the usual
topology) are Lindelof. We utilize this result in the proof that the Sorgenfrey
line is Lindeldf, which is based on the proof found in [8]. Next, we construct the
Sorgenfrey plane, as the product topology of the Sorgenfrey line and itself. We
prove that the Sorgenfrey plane is not Lindeldf, and therefore the product space
of two Lindel6f spaces need not be Lindel6f. Further, we note that the Sorgenfrey
line is regular, following from [3]:59. Next, we observe that the Sorgenfrey line is
normal since it is both regular and Lindelof. Finally, we prove that the Sorgenfrey
plane is not normal, and hence the product of two normal spaces need not be
normal. The proof that the Sorgenfrey plane is not normal and many of the
lemmas leading up to this result are modelled after the proof in [3], that the
Niemytzki plane is not normal. Information was also gathered from [I5].
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The notation and terminology used in this paper have been introduced in the
following articles: [16], [1], [13], [12], [11], [14], [19], [18], [@], [2], [1O], [3], [7],
[20], and [6].
In this paper T denotes a topological space, x, y, a, b, U, Uy, r1 denote sets,
p, q denote rational numbers, F; G denote families of subsets of T', and Us, I
denote families of subsets of Sorgenfrey line.
Observe that Sorgenfrey line is T5.
Now we state the proposition:
(1) Let us consider real numbers z, a, b. Suppose z € ]a, b[. Then there exist
rational numbers p, r such that
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(i) x € |p,r|, and
(ii) Jp,r[ € la,bl.
PRrROOF: Consider p being a rational number such that p > a and z > p.
Consider r being a rational number such that @ < r < b. |p,r[ C |a,b[. O
Let us observe that every subspace of R! is Lindeléf and Sorgenfrey line is
Lindelof.
The Sorgenfrey plane yielding a non empty strict topological space is defined
by the term
(Def. 1) Sorgenfrey line x Sorgenfrey line.
The functor real-anti-diagonal yielding a subset of R x R is defined by the
term
(Def. 2)  {{(z, y), where z, y are real numbers : y = —z}.
Now we state the propositions:
(2) Q x Q is a dense subset of the Sorgenfrey plane. PROOF: Q x Q C Q,,
where « is the Sorgenfrey plane by [17, (12)]. Reconsider C = Q x Q as a
subset of the Sorgenfrey plane. For every subset A of the Sorgenfrey plane

such that A # () and A is open holds A meets C by [16, (5)], [6, (90)], [4,
(31)]. O

(3) real-anti-diagonal = ¢. PROOF: R ~ real-anti-diagonal by [5l (4)]. O

(4) real-anti-diagonal is a closed subset of the Sorgenfrey plane. PROOF: Set
L = real-anti-diagonal. Set S = the Sorgenfrey plane. L C {g. Recon-
sider L = real-anti-diagonal as a subset of the Sorgenfrey plane. Define
Plelement, element] = there exist real numbers x, y such that $; = (z,
y) and $2 = = + y. For every element z such that z € the carrier of
S there exists an element u such that u € the carrier of R! and P|z, ]
by [7, (17)]. Consider f being a function from S into R such that for
every element z such that z € the carrier of S holds P[z, f(z)] from [5]
Sch. 1]. For every elements x, y of R such that (x, y) € the carrier of
S holds f({z, y)) = = + y. For every point p of S and for every positive
real number 7, there exists an open subset W of S such that p € W and
oW Clf(p) —r, f(p) +r] by [2, (11)], [16, (6)]. Reconsider z; = 0 as an
element of R. Reconsider k = {21} as a subset of R'. L = f=1(k) by [5,
(38)]. O

(5) Let us consider a subset A of the Sorgenfrey plane.
Suppose A = real-anti-diagonal. Then Der A is empty.

(6) Every subset of real-anti-diagonal is a closed subset of the Sorgenfrey
plane. The theorem is a consequence of (4) and (5).

Note that the Sorgenfrey plane is non Lindelof and Sorgenfrey line is regular
and Sorgenfrey line is normal and the Sorgenfrey plane is non normal.
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1. PRELIMINARIES ON FINITE SEQUENCES

In this paper n, k, b denote natural numbers and ¢ denotes an integer.
Let us consider a non empty finite 0-sequence f. Now we state the proposi-
tions:

(1) f11 = (f(0)).
2) f=(0)" fu-
Now we state the proposition:
(3) Let us consider a finite O-sequence f. Then mid(f,2,len f) = f;.

Let us consider finite natural-membered sets X, Y. Now we state the pro-
positions:
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(4) If X misses Y, then dom(Sgmy X ~ Sgm;Y) = dom Sgmy(X UY).
(5) rng(Sgmy X " SgmyY) =rngSgmy(X UY).
Now we state the proposition:
(6) Let us consider a finite 0-sequence F' and a set X.
Then dom the X-subsequence of F' = dom Sgm(X N dom F).
One can check that the functor Neyen is defined by the term
(Def. 1) {n, where n is a natural number : n is even}.
Note that the functor Nyqq is defined by the term
(Def. 2) {n, where n is a natural number : n is odd}.

Now we state the propositions:
(7) Neven misses Ngqq. PROOF: Neyen N Npgq C 0. O
(8) Neven U Nodd =N.
Let F be a transfinite sequence and P be a permutation of dom F'. One can
verify that F - P is transfinite sequence-like.
Now we state the propositions:
(9) Let us consider a finite 0-sequence F' and sets X, Y. Suppose X misses
Y. Then there exists a permutation P of domthe X U Y-subsequence of
F such that (the X U Y-subsequence of F') - P = (the X-subsequence of
F) ™ (the Y-subsequence of F'). The theorem is a consequence of (5), (4),
and (6).
(10) Let us consider a complex-valued finite O-sequence F and sets Bi, Bs.
Suppose B misses By. Then Y the By U Bo-subsequence of F =
> the Bj-subsequence of F + )" the Bs-subsequence of F. The theorem is
a consequence of (9).
(11) Let us consider a finite O-sequence F'. Then F' = the N-subsequence of

F.
Let us consider natural numbers N, 7. Now we state the propositions:
(12) If i € dom Sgmy(N N Neyen ), then (Sgmy(N N Neyen))(2) =2 - 4.
(13) If i € dom Sgmy(N N Ngga), then (Sgmg(N N Nogq))(@) =2 -7+ 1.

2. LEMMAS ON SOME DIVISIBILITY PROPERTIES

Now we state the propositions:
(14) Let us consider integers 7, j. Then (¢ mod j) mod j =4 mod j.
(15) Let us consider integers i, j, k, . Suppose i mod [ = j mod [. Then
(k+1i) mod l = (k + j) mod I.
(16) Let us consider a finite O-sequence d of Z and an integer n. Suppose a
natural number . If i € domd, then n | d(i). Then n | 3" d.
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(17) Let us consider finite 0-sequences d, e of Z and an integer n. Suppose
(i) domd = dome, and
(ii) for every natural number ¢ such that i € domd holds e(i) = d(i) mod

n.

Then Y d mod n = ) e mod n. The theorem is a consequence of (14).
PROOF: Define Plfinite 0-sequence of Z] = for every finite 0-sequence e
of Z such that dom $; = dome and for every natural number 4 such that
i € dom $; holds e(i) = $1(¢) mod n holds > $; mod n = 3" e mod n. For
every finite O-sequence p of Z and for every element [ of Z such that P[p]
holds P[p ™~ (I)] by [2}, (44), (13)], [25] (33)]. P[(),] by [25 (15)]. For every
finite 0-sequence p of Z, P[p] from [I8, Sch. 2]. O

18) Let us consider finite O-sequences f, g of N and an integer 7. Suppose
( g g
(i) dom f = dom g, and
(ii) for every element n such that n € dom f holds f(n) =i g(n).
Then > f=i->.g.
(19) If b > 1, then n = b - value(mid(digits(n, b), 2, len digits(n, b)), b)+
(digits(n,b))(0). The theorem is a consequence of (2), (18), and (3).
Let us consider natural numbers n, k. Now we state the propositions:
(20) If k = 10%™ — 1, then 11 | k.
(21) If k=10?""! 4 1, then 11 | k.

Now we state the propositions:

w
(=)

101 is prime.

(22) 7 and 10 are relatively prime.
(23) 29 is prime.
(24) 31 is prime.
(25) 41 is prime.
(26) 47 is prime.
(27) 53 is prime.
(28) 59 is prime.
(29) 61 is prime.
(30) 67 is prime.
(31) 71 is prime.
(32) 73 is prime.
(33) 79 is prime.
(34) 89 is prime.
(35) 97 is prime.
(36)
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3. D1visiBILITY CRITERIA FOR PRIMES UP TO 101

Let us consider a prime natural number p and natural numbers n, f, b. Now
we state the propositions:

(37) Suppose there exists a natural number k such that b- f+1 = p- k
and b > 1 and p and b are relatively prime. Then p | n if and only if
p | value(mid(digits(n, b), 2, len digits(n, b)), b) — f - (digits(n, b))(0).
(38) Suppose there exists a natural number k such that b- f —1 = p-k
and b > 1 and p and b are relatively prime. Then p | n if and only if
p | value(mid(digits(n, b), 2, len digits(n, b)), b) + f - (digits(n, b))(0).
Now we state the propositions:
(39) DIVISIBILITY RULE-DIVISIBILITY BY 7:
7| n if and only if 7 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10) — 2 -
(digits(n, 10))(0). The theorem is a consequence of (37) and (22).
(40) 7| n if and only if 7 | value((digits(n, 10))1,10) — 2 - (digits(n, 10))(0).
The theorem is a consequence of (3) and (39).
(41) 11| nif and only if 11 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10) —
(digits(n, 10))(0). The theorem is a consequence of (37).
(42) 11 | n if and only if 11 | value((digits(n, 10))1,10) — (digits(n, 10))(0).
The theorem is a consequence of (3) and (41).
Now we state the proposition:

(43) DIvISIBILITY RULE-DIVISIBILITY BY 11:
11 | n if and only if 11 | > the Neyen-subsequence of digits(n,10) —
>~ the Nygq-subsequence of digits(n,10). The theorem is a consequence
of (10), (7), (8), (11), (6), (12), (13), (20), (16), (21), and (14). PROOF:
Set d = digits(n, 10). Consider p being a finite 0-sequence of N such that
domp = domd and for every natural number ¢ such that ¢ € dom p holds
p(i) = d(i) - 10" and value(d, 10) = 3" p. Set p3 = the Neyen-subsequence
of p. Set po = the Nygg-subsequence of p. Set do = the Negyen-subsequence
of d. Set d3 = the Nygq-subsequence of d. For every natural number %
such that ¢ € domdy holds da(i) = d(2-4) by [8, (11), (12)]. For eve-
ry natural number i such that i € dompg holds p3(i) = da(i) - 10*% by
8, (11), (12)]. For every natural number i such that i € domds holds
ds3(i) =d(2-i+1) by [8 (11), (12)]. For every natural number i such that
i € dom pa holds pa (i) = d3(i)-10%>"+1 by [8, (11), (12)]. Define £set, set] =
$2 = p3(81) — da2(8$1). For every natural number k such that k € Zgom ps
there exists an element x of Z such that [k, z]. Consider p; being a finite
0-sequence of Z such that dom p1 = Zgomp, and for every natural number
k such that k € Zqomp, holds E[k, p1(k)] from [20, Sch. 5]. For every na-
tural number ¢ such that ¢ € dom p3 holds p3(i) = +z(p1(i),d2(i)). Define
Olset, set] = $2 = pa($1) + d3($1). Consider py being a finite 0-sequence of
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N such that domps = Zgom p, and for every natural number £ such that
k € Zdom p, holds Olk, ps(k)] from [20, Sch. 5]. Set m = (—1)-ds. For every
natural number i such that ¢ € dompy holds pa(i) = +7(pa(i), m(3)). If
11 ’ n, then 11 ’ ng - ng by [19, (5)], [23, (62)]. If 11 ’ ZdQ - ng,
then 11 | n by [23], (62)], [19, (5)]. O

Now we state the propositions:

(44) DIVISIBILITY RULE-DIVISIBILITY BY 13:
13 | n if and only if 13 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10) +
4 - (digits(n, 10))(0). The theorem is a consequence of (38).

(45) 13| n if and only if 13 | value((digits(n, 10)) 1, 10) +4 - (digits(n, 10))(0).
The theorem is a consequence of (3) and (44).

(46) 17| nif and only if 17 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10) —
5 - (digits(n, 10))(0). The theorem is a consequence of (37).

(47) 17 | nif and only if 17 | value((digits(n, 10)) 1, 10) — 5 - (digits(n, 10))(0).
The theorem is a consequence of (3) and (46).

(48) 19| n if and only if 19 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10) +
2 - (digits(n, 10))(0). The theorem is a consequence of (38).

(49) 19 | n if and only if 19 | value((digits(n, 10)) 1, 10) +2 - (digits(n, 10))(0).
The theorem is a consequence of (3) and (48).

(50) 23| nif and only if 23 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10) +
7 - (digits(n, 10))(0). The theorem is a consequence of (38).

(51) 23| n if and only if 23 | value((digits(n, 10)) 1, 10) + 7 - (digits(n, 10))(0).
The theorem is a consequence of (3) and (50).

(52) 29| nif and only if 29 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10) +
3 - (digits(n, 10))(0). The theorem is a consequence of (23) and (38).

(63) 29| n if and only if 29 | value((digits(n, 10)) 1, 10) + 3 - (digits(n, 10))(0).
The theorem is a consequence of (3) and (52).

(54) 31| nif and only if 31 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10) —
3 - (digits(n, 10))(0). The theorem is a consequence of (24) and (37).

(65) 31| nif and only if 31 | value((digits(n, 10)) 1, 10) — 3 - (digits(n, 10))(0).
The theorem is a consequence of (3) and (54).

(56) 37| nif and only if 37 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10) —
11 - (digits(n, 10))(0). The theorem is a consequence of (37).

(67) 37| nif and only if 37 | value((digits(n, 10))1,10)—11-(digits(n, 10))(0).
The theorem is a consequence of (3) and (56).

(58) 41| n if and only if 41 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10) —
4 - (digits(n, 10))(0). The theorem is a consequence of (25) and (37).

(59) 41 | n if and only if 41 | value((digits(n, 10)) 1, 10) —4 - (digits(n, 10))(0).
The theorem is a consequence of (3) and (58).
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(60) 43| n if and only if 43 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10) +
13 - (digits(n, 10))(0). The theorem is a consequence of (38).

(61) 43| nif and only if 43 | value((digits(n, 10))1, 10)+13-(digits(n, 10))(0).
The theorem is a consequence of (3) and (60).

(62) 47| nif and only if 47 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10) —
14 - (digits(n, 10))(0). The theorem is a consequence of (26) and (37).
(63) 47 | nif and only if 47 | value((digits(n, 10))1, 10) —14- (digits(n, 10))(0).

The theorem is a consequence of (3) and (62).
(64) 53| n if and only if 53 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10) +
16 - (digits(n, 10))(0). The theorem is a consequence of (27) and (38).
(65) 53 | nif and only if 53 | value((digits(n, 10)) 1, 10)+16-(digits(n, 10))(0).
The theorem is a consequence of (3) and (64).

(66) 59| n if and only if 59 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10) +
6 - (digits(n, 10))(0). The theorem is a consequence of (28) and (38).

(67) 59 | n if and only if 59 | value((digits(n, 10)) 1, 10) +6 - (digits(n, 10))(0).
The theorem is a consequence of (3) and (66).

(68) 61| nif and only if 61 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10) —
6 - (digits(n, 10))(0). The theorem is a consequence of (29) and (37).

(69) 61 | n if and only if 61 | value((digits(n, 10)) 1, 10) — 6 - (digits(n, 10))(0).
The theorem is a consequence of (3) and (68).
(70) 67| nif and only if 67 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10) —
20 - (digits(n, 10))(0). The theorem is a consequence of (30) and (37).
(71) 67 | nif and only if 67 | value((digits(n, 10)) 1, 10) —20-(digits(n, 10))(0).
The theorem is a consequence of (3) and (70).

(72) 71| nif and only if 71 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10) —
7 - (digits(n, 10))(0). The theorem is a consequence of (31) and (37).

(73) 71| nif and only if 71 | value((digits(n, 10)) 1, 10) — 7 (digits(n, 10))(0).
The theorem is a consequence of (3) and (72).
(74) 73| nif and only if 73 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10) +
22 - (digits(n, 10))(0). The theorem is a consequence of (32) and (38).
(75) 73 | nif and only if 73 | value((digits(n, 10))1, 10)+22- (digits(n, 10))(0).
The theorem is a consequence of (3) and (74).

(76) 79| n if and only if 79 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10) +
8 - (digits(n, 10))(0). The theorem is a consequence of (33) and (38).

(77) 79 | nif and only if 79 | value((digits(n, 10)) 1, 10) + 8- (digits(n, 10))(0).
The theorem is a consequence of (3) and (76).

(78) 83| nif and only if 83 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10) +
25 - (digits(n, 10))(0). The theorem is a consequence of (38).
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(79) 83| nif and only if 83 | value((digits(n, 10))1, 10)+25- (digits(n, 10))(0).
The theorem is a consequence of (3) and (78).

(80) 89| n if and only if 89 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10) +
9 - (digits(n, 10))(0). The theorem is a consequence of (34) and (38).

(81) 89| n if and only if 89 | value((digits(n, 10)) 1, 10) +9 - (digits(n, 10))(0).
The theorem is a consequence of (3) and (80).

(82) 97| nif and only if 97 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10) —
29 - (digits(n, 10))(0). The theorem is a consequence of (35) and (37).
(83) 97| nif and only if 97 | value((digits(n, 10)) 1, 10) —29-(digits(n, 10))(0).

The theorem is a consequence of (3) and (82).

(84) 101 | nifand only if 101 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10)—
10 - (digits(n, 10))(0). The theorem is a consequence of (36) and (37).

(85) 101 | nif and only if 101 | value((digits(n, 10))1,10)—10-(digits(n, 10))(0).
The theorem is a consequence of (3) and (84).
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Summary. In this article we formalized the Fréchet differentiation. It is
defined as a generalization of the differentiation of a real-valued function of a
single real variable to more general functions whose domain and range are subsets
of normed spaces [14].
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Let us consider non empty sets D, E, F. Now we state the propositions:
(1) There exists a function I from (F¥)P into FP*¥ such that
(i) I is bijective, and
(ii) for every function f from D into F'¥ and for every elements d, e such
that d € D and e € E holds I(f)(d,e) = f(d)(e).
(2) There exists a function I from (F¥)P into FE*P such that
(i) I is bijective, and
(ii) for every function f from D into F'F and for every elements e, d such
that e € E and d € D holds I(f)(e,d) = f(d)(e).
Now we state the propositions:

(3) Let us consider non-empty non empty finite sequences D, F and a
non empty set F. Then there exists a function L from (F 1z )HD into
FIIE"D) gych that

(i) L is bijective, and
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(ii) for every function f from [] D into FIIE and for every finite sequen-
ces e, d such that e € [[ E and d € [] D holds L(f)(e "~ d) = f(d)(e).

The theorem is a consequence of (2). PROOF: Consider I being a function
from (FHE)HD into FIIEXIID guch that I is bijective and for every
function f from []D into FIIE and for every elements e, d such that
e € [IE and d € [[D holds I(f)(e,d) = f(d)(e). Consider J being a
function from [[ F x [[ D into [[(E ™ D) such that J is one-to-one and
onto and for every finite sequences z, y such that x € [[E and y € [[ D
holds J(z,y) = 2"y. Reconsider K = J~! as a function from [[(E"D) into
[IE x [ID. Define G(element) = I($;) - K. For every element x such that
x € (FHE)HD holds G(z) € FIIED) by h , (128)]. Consider
L being a function from (F HE 1D into FIIE" D such that for every
element e such that e € (FHE)HD holds L(e) = G(e) from [7, Sch. 2].
For every function f from [ D into FL1¥ and for every finite sequences
e, d such that e € [[ E and d € [[ D holds L(f)(e ™ d) = f(d)(e) by [9}
(87)], [7, (26), (8), (5)]. O

(4) Let us consider non empty sets X, Y. Then there exists a function [
from X x Y into X x [[(Y) such that

(i) I is bijective, and
(ii) for every elements x, y such that x € X and y € Y holds I(z,y) = (x,

()

PRrROOF: Consider J being a function from Y into [[(Y’) such that J is one-
to-one and onto and for every element y such that y € Y holds J(y) = (y).
Define P[element, element, element] = $3 = ($1, ($2)). For every elements
xz, y such that z € X and y € Y there exists an element z such that
z € X x [{Y) and Plz,y, 2] by [1, (5)], [9 (87)]. Consider I being a
function from X x Y into X x [[(Y) such that for every elements z, y such
that x € X and y € Y holds P[z,y, I(z,y)] from [5, Sch. 1]. O
(5) Let us consider a non-empty non empty finite sequence X and a non

empty set Y. Then there exists a function K from [T X xY into [[(X~(Y))
such that

(i) K is bijective, and

(ii) for every finite sequence = and for every element y such that z € [ X

and y € Y holds K(z,y) =z~ (y).

The theorem is a consequence of (4). PROOF: Consider I being a function
from [TX x Y into [[X X [[(Y) such that I is bijective and for every
element z and for every element y such that x € [[X and y € Y holds
I(z,y) = (z, (y)). Consider J being a function from []JX x [[(Y) into
[I(X ™ (Y)) such that J is one-to-one and onto and for every finite sequ-
ences z, y such that z € [[X and y € [[(Y) holds J(z,y) = x " y. Set
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K = J - 1. For every finite sequence x and for every element y such that
z€[[X and y € Y holds K(z,y) =z~ (y) by [9, (87)], [7, (5), (15)]. O
(6) Let us consider a non empty set D, a non-empty non empty finite se-

quence F, and a non empty set F. Then there exists a function L from
(FHE)D into FIIE™(P) such that

(i) L is bijective, and

(ii) for every function f from D into FIIE and for every finite sequence
e and for every element d such that e € [[E and d € D holds

L(f)(e™ (d)) = f(d)(e)-

The theorem is a consequence of (2) and (5). PROOF: Consider I being
a function from (FHE)D into FLIZXP guch that I is bijective and for
every function f from D into FIIE and for every elements e, d such that
ec€[[EFandd e Dholds I(f)(e,d) = f(d)(e). Consider J being a function
from [T E x D into [T(E ™ (D)) such that .J is bijective and for every finite
sequence x and for every element y such that x € [[F and y € D holds
J(z,y) = " (y). Reconsider K = J~! as a function from [[(E " (D)) into
[[E x D. Define G(element) = I($;) - K. For every element x such that
x € (FHE)D holds G(z) € FIIED) by [7, (5), (8), (128)]. Consider L
being a function from (FH EVD into FIIE (D) guch that for every element
e such that e € (FHE)D holds L(e) = G(e) from [7, Sch. 2]. For every
function f from D into FIIE and for every finite sequence e and for every
element d such that e € [[ E and d € D holds L(f)(e ™ (d)) = f(d)(e) by
[, (5), (26), (8)]. O
In this paper S, T' denote real normed spaces, f, fi, fo denote partial func-
tions from S to T, Z denotes a subset of S, and ¢, n denote natural numbers.
Let S be a set. Assume S is a real normed space. The functor NormSpg(.S)
yielding a real normed space is defined by the term

(Def. 1) S.

Let S, T be real normed spaces. The functor diffsp (S, T) yielding a function
is defined by

(Def. 2) (i) dom it =N, and
(ii) #(0) =T, and
(iii) for every natural number 4, it(i+1) = the real norm space of bounded
linear operators from S into NormSpy (it(4)).
Now we state the proposition:
() () (diffsp(S,T))(0) = T, and

(ii) (diffgp(S,T))(1) = the real norm space of bounded linear operators
from S into 7', and
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(iii) (diffsp(S,T"))(2) = the real norm space of bounded linear operators
from S into the real norm space of bounded linear operators from S
into 7.
Let us consider a natural number i. Now we state the propositions:
(8) (diffgp(S,T))(4) is a real normed space.
(9) There exists a real normed space H such that

() H = (diffsp(S, T))(i), and
(ii) (diffgp(S,T))(i4+1) = the real norm space of bounded linear operators
from S into H.

Let S, T be real normed spaces and ¢ be a natural number. The functor
diffgp(S*, T') yielding a real normed space is defined by the term
(Def. 3) (diffsp(S,T))(1).
Now we state the proposition:

(10) Let us consider a natural number . Then diffgp(SU+D, T') = the real
norm space of bounded linear operators from S into diffgp(S*,T"). The
theorem is a consequence of (9).

Let S, T be real normed spaces and f be a set. Assume f is a partial function
from S to T. The functor PartFuncs(f, S, T) yielding a partial function from S
to T is defined by the term
(Def. 4) f.
Let f be a partial function from S to 7" and Z be a subset of S. The functor
1'(Z) yielding a function is defined by
(Def. 5) (i) domit =N, and
(ii) it(0) = f1Z, and
(iii) for every natural number 7, it(i + 1) =
(PartFuncs(it(i), S, diffsp (S, T)))’ -
Now we state the propositions:
(1) () f(2)0) = f1Z, and
(ii) f(2)(1) = (f12)z, and
(i) /(2)(2) = ((F12)) 1)1
The theorem is a consequence of (7).

(12) Let us consider a natural number i. Then f/(Z)(i) is a partial function
from S to diffgp(S*,T"). The theorem is a consequence of (7). PROOF:
Define P[natural number] = f/(Z)($1) is a partial function from S to
diffgp(S®1, T). For every natural number n, P[n] from [2, Sch. 2]. O

Let S, T be real normed spaces, f be a partial function from S to T', Z be a
subset of S, and ¢ be a natural number. The functor diff z(f, ) yielding a partial
function from S to diffgp(S*,T") is defined by the term
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(Detf. 6) f'(Z)(7).
Now we state the proposition:
(13) diffz(f,i+ 1) = diffz(f,4)},. The theorem is a consequence of (12) and
(8)-
Let S, T be real normed spaces, f be a partial function from S to T, Z be a

subset of S, and n be a natural number. We say that f is differentiable n times
on Z if and only if

(Def. 7) (i) Z C dom f, and
(ii) for every natural number i such that ¢ <n — 1 holds
PartFuncs(f'(Z)(i), S, diffsp(S?, T)) is differentiable on Z.
Now we state the propositions:
(14) f is differentiable n times on Z if and only if Z C dom f and for every

natural number ¢ such that ¢ < n — 1 holds diff z(f,4) is differentiable on
Z.

(15) f is differentiable 1 times on Z if and only if Z C dom f and f[Z is
differentiable on Z. The theorem is a consequence of (14) and (7). Pro-
OF: For every natural number i such that i < 1 — 1 holds diffz(f,4) is
differentiable on Z.

(16) f is differentiable 2 times on Z if and only if Z C dom f and f]Z is
differentiable on Z and (f[Z)}, is differentiable on Z. The theorem is a
consequence of (14), (7), and (11). PROOF: For every natural number 4
such that i < 2 — 1 holds diff z(f,¢) is differentiable on Z by [2 (14)]. O

(17) Let us consider real normed spaces S, T, a partial function f from S to
T, a subset Z of S, and a natural number n. Suppose f is differentiable
n times on Z. Let us consider a natural number m. If m < n, then f is
differentiable m times on Z.

(18) Let us consider a natural number n and a partial function f from S to
T.1If 1 < n and f is differentiable n times on Z, then Z is open. The
theorem is a consequence of (17) and (15).

(19) Let us consider a natural number n and a partial function f from S to
T. Suppose

(i) 1 <n,and

(ii) f is differentiable n times on Z.

Let us consider a natural number i. Suppose ¢ < n. Then

(iii) (diffgp(S,T))(7) is a real normed space, and

(iv) f'(Z)(i) is a partial function from S to diffsp(S?, T), and
(v) domdiffz(f,7) = Z.

The theorem is a consequence of (13) and (14).
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(20) Let us consider a natural number n and partial functions f, g from S to
T. Suppose
(i) 1 < n, and
(ii) f is differentiable n times on Z, and
(ili) g is differentiable n times on Z.
Let us consider a natural number i. Suppose ¢ < n. Then diff z(f + g,1) =
diff z(f,7) + diff (g, ). The theorem is a consequence of (18), (14), (19),
(13), and (10). PrROOF: Define Plnatural number| = if $; < n, then
diff z(f + g,%1) = diff z(f, $1) + diff z(g, $1). P[0] by [2I, (27)]. For eve-
ry natural number ¢ such that P[i] holds P[i + 1] by [2, (11)], [IT], (39)],
I8, (5)]. For every natural number n, P[n| from [2, Sch. 2]. O
(21) Let us consider a natural number n and partial functions f, g from S to

T. Suppose
(i) 1 < n, and
(ii) f is differentiable n times on Z, and
(iii) g is differentiable n times on Z.
Then f 4+ g is differentiable n times on Z. The theorem is a consequence of
(18), (14), (19), and (20). PROOF: For every natural number i such that
i <n—1 holds diffz(f + g,4) is differentiable on Z by [11 (39)]. O
(22) Let us consider a natural number n and partial functions f, g from S to
T. Suppose
(i) 1 < n, and
(ii) f is differentiable n times on Z, and
(ili) g is differentiable n times on Z.

Let us consider a natural number i. Suppose ¢ < n. Then diff z(f — g,1) =
diff z(f, 1) — diff z(g, 7). The theorem is a consequence of (18), (14), (19),
(13), and (10). PROOF: Define Plnatural number| = if $; < n, then
diff z(f — g,%1) = diff z(f, $1) — diff z(g, $1). P[0] by [21, (30)]. For eve-
ry natural number ¢ such that P[i] holds P[i + 1] by [2, (11)], [IT], (40)],
I8, (5)]. For every natural number n, P[n| from [2, Sch. 2]. O

(23) Let us consider a natural number n and partial functions f, g from S to
T. Suppose
(i) 1 <n, and
(ii) f is differentiable n times on Z, and
(iii) g is differentiable n times on Z.

Then f — g is differentiable n times on Z. The theorem is a consequence of
(18), (14), (19), and (22). PROOF: For every natural number i such that
i <n—1 holds diffz(f — g,4) is differentiable on Z by [11} (40)]. O
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(24) Let us consider a natural number n, a real number r, and a partial
function f from S to T. Suppose

(i) 1 < n, and
(ii) f is differentiable n times on Z.

Let us consider a natural number i. If i < n, then diffz(r - f,i) = r -
diff z(f,4). The theorem is a consequence of (18), (14), (19), (10), and
(13). PROOF: Define P[natural number| = if $; < n, then diff z(r- f,$1) =
r-diff z7(f,$1). P[0] by [21, (31)]. For every natural number 4 such that
P[i] holds Pli + 1] by [2, (11)], [11, (41)]. For every natural number n,
P[n] from [2], Sch. 2]. O

(25) Let us consider a natural number n, a real number r, and a partial
function f from S to T'. Suppose

(i) 1 < n, and
(ii) f is differentiable n times on Z.

Then 7 - f is differentiable n times on Z. The theorem is a consequence of
(18), (14), (24), and (19). PROOF: For every natural number 7 such that
i <n—1holds diff z(r - f,4) is differentiable on Z by [11, (41)]. O

(26) Let us consider a natural number n and a partial function f from S to
T. Suppose

(i) 1 < n, and
(ii) f is differentiable n times on Z.

Let us consider a natural number i. Suppose i < n. Then diffz(—f,i) =
—diff z(f, 7). The theorem is a consequence of (24).

(27) Let us consider a natural number n and a partial function f from S to
T. Suppose

(i) 1 < n, and
(ii) f is differentiable n times on Z.

Then —f is differentiable n times on Z. The theorem is a consequence of
(25).
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Summary. In the article the formal characterization of triangular numbers
(famous from [I5] and words “EYPHKA! num = A+ A+ A”) [I7] is given. Our
primary aim was to formalize one of the items (#42) from Wiedijk’s Top 100
Mathematical Theorems list [33], namely that the sequence of sums of reciprocals
of triangular numbers converges to 2. This Mizar representation was written
in 2007. As the Mizar language evolved and attributes with arguments were
implemented, we decided to extend these lines and we characterized polygonal
numbers.

We formalized centered polygonal numbers, the connection between trian-
gular and square numbers, and also some equalities involving Mersenne primes
and perfect numbers. We gave also explicit formula to obtain from the polygonal
number its ordinal index. Also selected congruences modulo 10 were enumera-
ted. Our work basically covers the Wikipedia item for triangular numbers and
the Online Encyclopedia of Integer Sequences (http://oeis.org/A000217).

An interesting related result [16] could be the proof of Lagrange’s four-square
theorem or Fermat’s polygonal number theorem [32].
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1. PRELIMINARIES
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(Sch. 1) there exists a sequence s3 of real numbers such that for every natural
number n, s3(n) = F(n) and for every sequences si, so of real numbers
such that for every natural number n, s;(n) = F(n) and for every natural
number n, s2(n) = F(n) holds s; = s9.

Now we state the proposition:
(1) Let us consider non zero natural numbers n, a. Then 1 < a - n.
Let n be an integer. One can verify that n-(n—1) is even and n- (n+1) is
even.
Now we state the proposition:

(2) Let us consider an even integer n. Then § is an integer.

Let n be an even natural number. One can verify that & is natural.

Let n be an odd natural number. One can verify that n — 1 is natural.

Let us note that n — 1 is even.

In this paper n, s denote natural numbers.

Now we state the propositions:

(3) nmod 5=0or...or n mod 5=4.
(4) Let us consider a natural number k. If k£ # 0, then n = n mod k (mod k).
(5) n=0 (modb) or ... or n =4 (mod5). The theorem is a consequence of
(3) and (4).
Now we state the propositions:
(6) n-n+nz4 (modb).
(7) n-n+n=#3 (modh).
Now we state the propositions:
(8) mmod 10 =0or ... or n mod 10 =9.
(9) n =0 (mod10) or ... or n =9 (mod 10). The theorem is a consequence
of (8) and (4).

Note that every natural number which is non trivial is also 2 or greater and
every natural number which is 2 or greater is also non trivial and every natural
number which is 4 or greater is also 3 or greater and non zero and every natural
number which is 4 or greater is also non trivial and there exists a natural number
which is 4 or greater and there exists a natural number which is 3 or greater.

2. TRIANGULAR NUMBERS

Let n be a natural number. The functor Trianglen yielding a real number
is defined by the term

(Def. 1) > idseq(n).
Let n be a number. We say that n is triangular if and only if

(Def. 2) There exists a natural number &k such that n = Triangle k.
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Let n be a zero number. Let us observe that Trianglen is zero.
Now we state the propositions:

(10) Triangle(n+1) = Triangle n+(n+1). PROOF: Define P[natural number] =
Triangle $1 + ($1 + 1) = Triangle($; +1). For every natural number k such
that P[k] holds P[k + 1] by [5, (51)], [9, (74)]. For every natural number
n, P[n| from [2, Sch. 2]. O

(11) Trianglel = 1.

(12) Triangle2 = 3.

(13) Triangle3 = 6.

(14) Triangle4 = 10. The theorem is a consequence of (10) and (13).

(15) Triangle5 = 15. The theorem is a consequence of (10) and (14).

(16) Triangle6 = 21. The theorem is a consequence of (10) and (15).

(17) Triangle 7 = 28. The theorem is a consequence of (10) and (16).

(18) Triangle8 = 36. The theorem is a consequence of (10) and (17).

(19) Trianglen = % The theorem is a consequence of (10). PROOF:
Define P[natural number] = Triangle$; = w For every natural

number k such that P[k] holds P[k + 1]. For every natural number n, P[n]
from [2, Sch. 2]. O

(20) Trianglen > 0. The theorem is a consequence of (19).

Let n be a natural number. Observe that Trianglen is non negative.

Let n be a non zero natural number. Let us note that Triangle n is positive.
Let n be a natural number. Observe that Trianglen is natural.

Now we state the proposition:

(21) Triangle(n—'1) = % The theorem is a consequence of (1) and (19).
One can check that every number which is triangular is also natural and
there exists a number which is triangular and non zero.
Let us consider a triangular number n. Now we state the propositions:

22) n # 7 (mod10).
23) n # 9 (mod 10).
24) n # 2 (mod10).
25) n #4 (mod10).

Now we state the proposition:

(
(
(
(

(26) Let us consider a triangular number n. Then
(i) n =0 (mod 10), or
(ii) n =1 (mod 10), or
(iii) m» =3 (mod 10), or
) n=5( )

(iv) n =5 (mod 10), or
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(v) m =6 (mod 10), or
(vi) n =8 (mod 10).

The theorem is a consequence of (9), (24), (25), (22), and (23).

3. POLYGONAL NUMBERS

Let s, n be natural numbers. The functor Polygon(s,n) yielding an integer
is defined by the term

2 (s=2)—n-(s—4)
(Def. 3) =),
Now we state the propositions:
(27) 1If s > 2, then Polygon(s, n) is natural.
(28) Polygon(s,n) = % + n.
Let s be a natural number and x be an element. We say that x is s-gonal if
and only if

(Def. 4) There exists a natural number n such that z = Polygon(s, n).

We say that x is polygonal if and only if
(Def. 5) There exists a natural number s such that x is s-gonal.
Now we state the propositions:
(29) Polygon(s,1) = 1.
(30) Polygon(s,2) = s.

Let s be a natural number. Note that there exists a number which is s-gonal.

Let s be a non zero natural number. One can verify that there exists a
number which is non zero and s-gonal.

Let s be a natural number. One can verify that every number which is s-gonal
is also real.

Let s be a non trivial natural number. Let us observe that every number
which is s-gonal is also natural.
Now we state the proposition:

(31) Polygon(s,n + 1) — Polygon(s,n) = (s —2)-n+ 1.
Let s be a natural number and = be an s-gonal number.

The functor IndexPoly(s, x) yielding a real number is defined by the term

(Def. 6) (\/(8-3—16);‘:—7(2—4)2+s)—4‘

Let us consider a non zero natural number s and a non zero s-gonal number
x. Now we state the propositions:
(32) Ifz = Polygon(s,n), then (8:s—16)-z+(s—4)2 = ((2:n)-(s—2)—(s—4))2.
(33) If s >4, then (8 -s—16)-x + (s — 4)2 is square.
(34) If s > 4, then IndexPoly(s, z) € N.



POLYGONAL NUMBERS 107

Now we state the propositions:
(35) Let us consider a non trivial natural number s and an s-gonal number
x. Then 0 < (8-5—16) - o + (s — 4)2.

(36) Let us consider an odd natural number n. If s > 2, then n | Polygon(s,n).

4. CENTERED POLYGONAL NUMBERS

Let s, n be natural numbers. The functor CentPoly(s,n) yielding an integer
is defined by the term
(Def. 7) 5t -(n—1)+ 1
Let s be a natural number and n be a non zero natural number. One can
verify that CentPoly(s,n) is natural.
Now we state the propositions:
(37) CentPoly(0,n) = 1.
(38) CentPoly(s,0) = 1.
(39) CentPoly(s,n) = s - Triangle(n —' 1) + 1. The theorem is a consequence
of (21).

5. ON THE CONNECTION BETWEEN TRIANGULAR AND OTHER POLYGONAL
NUMBERS

Now we state the propositions:

(40) Trianglen = Polygon(3,n). The theorem is a consequence of (19).

(41) Let us consider an odd natural number n. Then n | Trianglen. The
theorem is a consequence of (36) and (40).

(42) Trianglen < Triangle(n 4 1). The theorem is a consequence of (10).

(43) Let us consider a natural number k. If & < n, then Triangle k < Triangle n.
The theorem is a consequence of (42). PROOF: Consider ¢ being a natural
number such that n = k4. Define P[natural number| = for every natural
number n, Triangle n < Triangle(n+ $;). For every natural number & such
that P[k] holds P[k+1]. For every natural number n, P[n] from [2, Sch. 2].
U

(44) n < Trianglen. The theorem is a consequence of (10). PROOF: Define
P[natural number] = $; < Triangle $;. For every natural number %k such
that P[k] holds P[k + 1] by [2, (11)]. For every natural number n, P[n]
from [2, Sch. 2]. O

(45) Let us consider a non trivial natural number n. Then n < Triangle n.
The theorem is a consequence of (12) and (10). PROOF: Define P[natural
number| = $; < Triangle $;. For every non trivial natural number k& such
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that P[k] holds P[k + 1] by [2} (16)]. For every non trivial natural number
n, P[n] from [23], Sch. 2]. O
(46) If n # 2, then Trianglen is not prime. The theorem is a consequence of
(11), (41), (45), and (19).
Let n be a 3 or greater natural number. Observe that Triangle n is non prime
and every 4 or greater natural number which is triangular is also non prime.
Let s be a 4 or greater non zero natural number and x be a non zero s-gonal
number. Note that IndexPoly(s, ) is natural.
Now we state the propositions:

(47) Let us consider a 4 or greater natural number s and a non zero s-gonal
number z. If s # 2, then Polygon(s, IndexPoly (s, z)) = x. The theorem is
a consequence of (35).

(48) 36 is square and triangular. The theorem is a consequence of (19).

Let n be a natural number. One can check that Polygon(3,n) is natural.
Observe that Polygon(3,n) is triangular.
Now we state the propositions:

(49) Polygon(s,n) = (s—2)-Triangle(n—'1)+n. The theorem is a consequence
of (21).

(50) Polygon(s,n) = (s — 3) - Triangle(n —' 1) + Triangle n. The theorem is a
consequence of (21) and (19).

(51) Polygon(0,n) =n- (2 —n).

(52) Polygon(1,n) = =G,

(53) Polygon(2,n) = n.

Let s be a non trivial natural number and n be a natural number. Observe
that Polygon(s,n) is natural.

One can check that Polygon(4, n) is square and every natural number which
is 3-gonal is also triangular and every natural number which is triangular is
also 3-gonal and every natural number which is 4-gonal is also square and every
natural number which is square is also 4-gonal.

Now we state the propositions:

(54) Triangle(n—'"1)+ Trianglen = n2. The theorem is a consequence of (19).
(55) Trianglen + Triangle(n + 1) = (n + 1)2. The theorem is a consequence
of (19).

Let n be a natural number. Observe that Trianglen + Triangle(n + 1) is

square.

Let us consider a non trivial natural number n. Now we state the proposi-
tions:

(56) % - Triangle(3-n —'1) = n.(g.;l,l).
i n-(4n—2
(57) Triongle(2- ' 1) — 20425
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Let n, k be natural numbers. The functor Powery(n, k) yielding a finite
sequence of elements of R is defined by
(Def. 8) (i) dom it = Segk, and
(ii) for every natural number i such that ¢ € dom it holds it(i) = i".

Now we state the proposition:

(58) Let us consider a natural number k. Then Powery(n, k+1) = Powery(n, k)™
((k+1)"). PROOF: dom Powery(n, k+1) = dom(Powery(n, k)~ ((k +1)"))
by [4, (6), (40)]. For every natural number [ such that | € dom Powery(n, k+
1) holds (Powern(n, k+1))(1) = (Powern(n, k)~ ((k +1)"))(1) by [, (1)],
2, ()], H (6), (42)]. O

Let n be a natural number. Let us observe that Y Powery(n, 0) reduces to 0.

Now we state the propositions:

(59) (Trianglen)? = 3" Powery(3,n). The theorem is a consequence of (19)
and (58). PROOF: Define P[natural number] = (Triangle $;)* = 3" Powery
(3,%1). P[0] by |21}, (81)]. For every natural number k such that P[k] holds
Plk + 1] by [21, (81), (7)], [12 (27)]. For every natural number n, P[n]
from [2], Sch. 2]. O

(60) Let us consider a non trivial natural number n. Then Trianglen +
Triangle(n —' 1) - Triangle(n + 1) = (Trianglen)?. The theorem is a conse-
quence of (19).

(61) (Trianglen)? 4 (Triangle(n + 1))* = Triangle (n + 1)?. The theorem is a
consequence of (19).

(62) (Triangle(n 4 1))? — (Triangle n)® = (n + 1)®. The theorem is a consequ-
ence of (19).

(63) Let us consider a non zero natural number n. Then 3 - Trianglen +
Triangle(n —’' 1) = Triangle(2 - n). The theorem is a consequence of (19).

(64) 3 - Trianglen + Triangle(n 4+ 1) = Triangle(2 - n + 1). The theorem is a
consequence of (19).

Let us consider a non zero natural number n. Now we state the propositions:
(65) (Triangle(n —' 1) + 6 - Triangle n) 4+ Triangle(n + 1) = 8 - Trianglen + 1.
(66) Trianglen + Triangle(n —' 1) = w

Now we state the propositions:

(67) 1+ 9- Trianglen = Triangle(3 - n 4 1). The theorem is a consequence of
(19).

(68) Let us consider a natural number m. Then Triangle(n+m) = (Triangle n+
Triangle m) + n - m. The theorem is a consequence of (19).

(69) Let us consider non trivial natural numbers n, m. Then Trianglen -
Triangle m + Triangle(n —' 1) - Triangle(m —" 1) = Triangle(n - m). The
theorem is a consequence of (19).
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6. SETS OF POLYGONAL NUMBERS

Let s be a natural number. The functor PolyNum s yielding a set is defined
by the term

(Def. 9) the set of all Polygon(s,n) where n is a natural number.

Let s be a non trivial natural number. Let us observe that the functor
PolyNum s yields a subset of N. The functors: the set of all triangular numbers
and the set of all square numbers yielding subsets of N are defined by terms,
respectively.

(Def. 10) PolyNum 3.
(Def. 11) PolyNum 4.

Let s be a non trivial natural number. Note that PolyNum s is non empty
and the set of all triangular numbers is non empty and the set of all square
numbers is non empty and every element of the set of all triangular numbers is
triangular and every element of the set of all square numbers is square.

Let us consider a number . Now we state the propositions:

(70) x € the set of all triangular numbers if and only if = is triangular.

(71) x € the set of all square numbers if and only if x is square.

7. SOME WELL-KNOWN PROPERTIES

Now we state the propositions:

(72) ("3 ="

(73) Trianglen = (";rl) The theorem is a consequence of (72) and (19).

(74) Let us consider a non zero natural number n. If n is even and perfect, then
n is triangular. The theorem is a consequence of (19). PROOF: Consider p
being a natural number such that 2° —'1 is prime and n = 2°~'1. (20 —'1).
p#0by 2T, (4)]. O

Let n be a non zero natural number. Let us note that M, is non zero.

Let n be a number. We say that n is Mersenne if and only if

(Def. 12) There exists a natural number p such that n = M),

Note that there exists a prime number which is Mersenne and there exists a
natural number which is non prime and there exists a natural number which is
Mersenne and non prime and every prime number is non zero.

Let n be a Mersenne prime number. One can check that Triangle n is perfect
and every non zero natural number which is even and perfect is also triangular.

Now we state the propositions:

(75) 8- Trianglen + 1 = (2-n + 1)2. The theorem is a consequence of (19).
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(76) If n is triangular, then 8 - n + 1 is square. The theorem is a consequence
of (75).

(77) If nis triangular, then 9-n+1 is triangular. The theorem is a consequence
of (67).

(78) If Trianglen is triangular and square, then Triangle((4 - n) - (n + 1)) is
triangular and square. The theorem is a consequence of (19).

Let us observe that the set of all triangular numbers is infinite and the set
of all square numbers is infinite and there exists a natural number which is
triangular, square, and non zero.

Now we state the proposition:

(79) 0 is triangular and square.

Let us observe that every number which is zero is also triangular and square.
Now we state the proposition:

(80) 1 is triangular and square. The theorem is a consequence of (11).
Now we state the propositions:

(81) SQUARE TRIANGULAR NUMBER:
36 is triangular and square. The theorem is a consequence of (11), (80),
(78), and (18).

(82) 1225 is triangular and square. The theorem is a consequence of (19).

Let n be a triangular natural number. One can check that 9-n + 1 is trian-
gular.
Let us note that 8 - n + 1 is square.

8. RECIPROCALS OF TRIANGULAR NUMBERS

Let a be a real number. One can verify that lim{a},en reduces to a.
The functor ReciTriang yielding a sequence of real numbers is defined by

(Def. 13)  Let us consider a natural number i. Then it(i) = m—

~ Trianglez”
Let us note that (ReciTriang)(0) reduces to 0.
Now we state the propositions:

(83) ”Maéglen =~ (712 1y~ The theorem is a consequence of (19).
(84) (>-F_,(ReciTriang)(a))ken(n) =2 — %H The theorem is a consequence

of (83). PROOF: Define P[natural number| = (35 _(ReciTriang)(a))xen($1)
=2— W%rl P[0]. For every natural number k such that P[k] holds P[k+1].
For every natural number k, P[k] from [2, Sch. 2]. O

The functors: SumsReciTriang and GeoSeq(a, b) yielding sequences of real
numbers are defined by conditions, respectively.

(Def. 14) Let us consider a natural number n. Then (SumsReciTriang)(n) = 2 —
2
n+1"
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(Def. 15) Let us consider a natural number n. Then (GeoSeq(a,b))(n) =

Let a, b be real numbers.

_a
n+b*

Now we state the propositions:

(85) Let us consider real numbers a, b. Suppose b > 0. Then
(i) GeoSeq(a,b) is convergent, and
(ii) lim GeoSeq(a,b) = 0.

(86) SumsReciTriang = {2},eny + —GeoSeq(2, 1). PROOF: For every natural
number k, (SumsReciTriang)(k) = ({2}nen)(k) + (—GeoSeq(2,1))(k) by
19, (57)]. O

(87) (i) SumsReciTriang is convergent, and
(ii) lim SumsReciTriang = 2.
The theorem is a consequence of (85) and (86).
(88) (>of_y(ReciTriang)(a))xeny = SumsReciTriang.
Now we state the proposition:

(89) RECIPROCALS OF TRIANGULAR NUMBERS:
>~ ReciTriang = 2.
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1. GAUSSIAN INTEGER RING

Now we state the proposition:

(1) Let us consider natural numbers z, y. If z+y =1, then z = 1 and y = 0
orx =0and y=1. PROOF: z < 1. [J
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Let z be a complex. We say that z is Gaussian integer if and only if
(Def. 1) R(2), S(z) € Z.

Note that every integer is Gaussian integer.

An element of Gaussian integers is a Gaussian integer complex. Let z be an
element of Gaussian integers. Note that $(z) is integer and (z) is integer.

Let z1, zo be elements of Gaussian integers. One can verify that z; + 29 is
Gaussian integer and z; — zo is Gaussian integer and z1 - z5 is Gaussian integer
and ¢ is Gaussian integer.

Let z be an element of Gaussian integers. Let us note that —z is Gaussian
integer and Z is Gaussian integer.

Let n be an integer. One can check that n - z is Gaussian integer.

The set of Gaussian integers yielding a subset of C is defined by the term

(Def. 2) the set of all z where z is an element of Gaussian integers.

Note that the set of Gaussian integers is non empty.

Let ¢ be an integer. Let us observe that i(€ the set of Gaussian integers)
reduces to i.

Let us consider a set . Now we state the propositions:

(2) If = € the set of Gaussian integers, then z is an element of Gaussian
integers.

(3) If = is an element of Gaussian integers, then x € the set of Gaussian
integers.

The addition of Gaussian integers yielding a binary operation on the set of
Gaussian integers is defined by the term

(Def. 3) 4 | the set of Gaussian integers.

The multiplication of Gaussian integers yielding a binary operation on the
set of Gaussian integers is defined by the term

(Def. 4) ¢ | the set of Gaussian integers.

The scalar multiplication of Gaussian integers yielding a function from Z x
the set of Gaussian integers into the set of Gaussian integers is defined by the
term

(Def. 5) -c[(Z x the set of Gaussian integers).
Now we state the propositions:

(4) Let us consider elements z, w of Gaussian integers. Then (the addition
of Gaussian integers)(z,w) = z + w.
(5) Let us consider an element z of Gaussian integers and an integer i. Then
(the scalar multiplication of Gaussian integers)(i, z) =i - z.
The Gaussian integer module yielding a strict non empty Z-module structure
is defined by the term
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(Def. 6) (the set of Gaussian integers, 0(€ the set of Gaussian integers), the addi-
tion of Gaussian integers, the scalar multiplication of Gaussian integers).
Observe that the Gaussian integer module is Abelian add-associative right
zeroed right complementable scalar distributive vector distributive scalar asso-
ciative and scalar unital.

Now we state the proposition:

(6) Let us consider elements z, w of Gaussian integers. Then (the multiplica-
tion of Gaussian integers)(z,w) = z - w.
The Gaussian integer ring yielding a strict non empty double loop structure
is defined by the term
(Def. 7) (the set of Gaussian integers, the addition of Gaussian integers, the multi-
plication of Gaussian integers, 1(€ the set of Gaussian integers), 0(€ the set
of Gaussian integers)).

One can check that the Gaussian integer ring is Abelian add-associative
right zeroed right complementable associative well unital and distributive, and
the Gaussian integer ring is integral domain-like, and the Gaussian integer ring
is commutative.

Now we state the propositions:

(7) Every element of the Gaussian integer ring is an element of Gaussian
integers.

(8) Every element of Gaussian integers is an element of the Gaussian integer
ring.

2. Z-ALGEBRA

We consider Z-algebra structures which extend double loop structures and
Z-module structures and are systems

(a carrier, a multiplication, an addition, an external multiplication,

a one, a zero)

where the carrier is a set, the multiplication and the addition are binary opera-
tions on the carrier, the external multiplication is a function from Z x the carrier
into the carrier, the one and the zero are elements of the carrier.
Let us observe that there exists a Z-algebra structure which is non empty.
Let I; be a non empty Z-algebra structure. We say that I; is vector associa-
tive if and only if

(Def. 8) Let us consider elements z, y of I; and an integer a;. Then a1 - (- y) =
(a1 -x)-y.
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Let us observe that (the set of Gaussian integers, (the multiplication of
Gaussian integers), (the addition of Gaussian integers), (the scalar multiplication
of Gaussian integers), 1(€ the set of Gaussian integers), 0(€ the set of Gaussian
integers)) is non empty and (the set of Gaussian integers, (the multiplication of
Gaussian integers), (the addition of Gaussian integers), (the scalar multiplication
of Gaussian integers), 1(€ the set of Gaussian integers), 0(€ the set of Gaussian
integers)) is strict Abelian add-associative right zeroed right complementable
commutative associative right unital right distributive vector associative sca-
lar associative vector distributive and scalar distributive and there exists a non
empty Z-algebra structure which is strict, Abelian, add-associative, right zeroed,
right complementable, commutative, associative, right unital, right distributive,
vector associative, scalar associative, vector distributive, and scalar distributive.

A Z-algebra is an Abelian add-associative right zeroed right complementable
commutative associative right unital right distributive vector associative scalar
associative vector distributive scalar distributive non empty Z-algebra structure.
Now we state the proposition:

(9) (the set of Gaussian integers, (the multiplication of Gaussian integers),
(the addition of Gaussian integers), (the scalar multiplication of Gaussian
integers), 1(€ the set of Gaussian integers), 0(€ the set of Gaussian
integers)) is a right complementable associative commutative right distri-
butive right unital Abelian add-associative right zeroed vector distributive
scalar distributive scalar associative strict vector associative non empty Z-
algebra structure.

One can verify that Z is denumerable and the set of Gaussian integers is
denumerable and the Gaussian integer ring is non degenerated.

3. QUOTIENT FIELD OF GAUSSIAN INTEGER RING

The Gaussian number field yielding a strict non empty double loop structure

is defined by the term
(Def. 9) The field of quotients of the Gaussian integer ring.

Observe that the Gaussian number field is non degenerated almost left in-
vertible strict Abelian associative and distributive.

Let z be a complex. We say that z is Gaussian rational if and only if

(Def. 10) R(2), I(z) € Q.

One can verify that every rational number is Gaussian rational.

An element of Gaussian rationals is a Gaussian rational complex. Let z be
an element of Gaussian rationals. One can verify that R(z) is rational and (z)
is rational.

Let z1, 2o be elements of Gaussian rationals. Observe that z; + 25 is Gaussian
rational and z; — z5 is Gaussian rational and z; - zo is Gaussian rational.
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Let z be an element of Gaussian rationals and n be a rational number. One
can check that n - z is Gaussian rational.

Let us observe that —z is Gaussian rational and z~! is Gaussian rational.

The set of Gaussian rationals yielding a subset of C is defined by the term

(Def. 11) the set of all z where z is an element of Gaussian rationals.

Let us observe that the set of Gaussian rationals is non empty and every
element of Gaussian integers is Gaussian rational.
Let us consider a set x. Now we state the propositions:

(10) If = € the set of Gaussian rationals, then x is an element of Gaussian
rationals.

(11) If = is an element of Gaussian rationals, then x € the set of Gaussian
rationals.

Now we state the proposition:

(12) Let us consider an element p of Gaussian rationals. Then there exist
elements x, y of Gaussian integers such that

(i) y # 0, and
(i) p=2.
The addition of Gaussian rationals yielding a binary operation on the set of
Gaussian rationals is defined by the term
(Def. 12) +¢ | the set of Gaussian rationals.

The multiplication of Gaussian rationals yielding a binary operation on the
set of Gaussian rationals is defined by the term

(Def. 13) ¢ | the set of Gaussian rationals.

4. RATIONAL FIELD

Let ¢ be an integer. One can check that i(€ Q) reduces to i.
The rational number field yielding a strict non empty double loop structure
is defined by the term

(Def. 14) (Q,+q, 0, 1(€ Q),0(€ Q)).
Now we state the propositions:

(13) (i) the carrier of the rational number field is a subset of the carrier of
Rp, and

(ii) the addition of the rational number field = (the addition of Rp) |
(the carrier of the rational number field), and

(iii) the multiplication of the rational number field = (the multiplication
of Rp) | (the carrier of the rational number field), and

(iv) 14 = 1, and
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(v) 0q = O, and
(vi) the rational number field is right complementable, commutative, al-
most left invertible, and non degenerated,
where « is the rational number field. PROOF: Every element of the rational
number field is right complementable. For every element v of the rational
number field such that v # 0, holds v is left invertible, where « is the
rational number field. (I
(14) The rational number field is a subfield of Rp.

Let us note that the rational number field is add-associative right zeroed
right complementable Abelian commutative associative left and right unital di-
stributive almost left invertible and non degenerated and the rational number
field is well unital and every element of the rational number field is rational.

Let « be an element of the rational number field and y be a rational number.
We identify —y with —x where z = y. Now we state the propositions:

(15) Let us consider an element x of the rational number field and a rational
number x. If z # 0, and 1 = x, then z~! = 2,71, where a is the rational
number field.
(16) Let us consider elements x, y of the rational number field and rational
numbers z1, ¥1. Suppose

(i) 1 =z, and
(i) y1 =y, and
(i) y # Oa.

Then % = %, where « is the rational number field. The theorem is a

consequence of (15).
Let us consider a field K, a subfield K; of K, elements x, y of K, and
elements x1, y; of Ki. Now we state the propositions:
(17) Ifx =2 and y =1, then z +y = 1 + y1.
(18) If x =1 and y = y1, then z -y = 21 - y1.
Now we state the proposition:

(19) Let us consider a field K, a subfield K7 of K, an element x of K, and an
element z1 of K7. If z = x1, then —x = —x1. The theorem is a consequence
of (17).
Let us consider a field K, a subfield K; of K, elements z, y of K, and
elements z1, y1 of K1. Now we state the propositions:
(20) Ifx =21 and y =y1, then z —y = z1 — y;.
(21) If 2z =21 and = # O, then 271 = ;1
(22) If x =27 and y = y; and y # Ok, then v = ;—i
Let us consider a subfield K7 of the rational number field. Now we state the
propositions:
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(23) N C the carrier of K.
(24) 7Z C the carrier of K.
(25) The carrier of K; = the carrier of the rational number field.
Now we state the proposition:
(26) Let us consider a strict subfield K of the rational number field. Then
K = the rational number field. The theorem is a consequence of (25).

One can verify that the rational number field is prime.

5. GAUSSIAN RATIONAL NUMBER FIELD

Let ¢ be a rational number. Note that i(€ the set of Gaussian rationals)
reduces to i.

The scalar multiplication of Gaussian rationals yielding a function from
(the carrier of the rational number field) x the set of Gaussian rationals into
the set of Gaussian rationals is defined by the term

(Def. 15) -c[((the carrier of the rational number field) xthe set of Gaussian rationals).

Now we state the propositions:

(27) Let us consider elements z, w of Gaussian rationals. Then (the addition
of Gaussian rationals)(z,w) = z + w.

(28) Let us consider an element z of Gaussian rationals and an element i of
Q. Then (the scalar multiplication of Gaussian rationals)(i,z) =1 - 2.

The Gaussian rational module yielding a strict non empty vector space struc-

ture over the rational number field is defined by the term
(Def. 16) (the set of Gaussian rationals, the addition of Gaussian rationals, 0(e
the set of Gaussian rationals), the scalar multiplication of Gaussian ratio-
nals).

Observe that the Gaussian rational module is scalar distributive vector di-
stributive scalar associative scalar unital add-associative right zeroed right com-
plementable and Abelian.

Now we state the proposition:

(29) Let us consider elements z, w of Gaussian rationals. Then (the multiplica-
tion of Gaussian rationals)(z,w) = z - w.
The Gaussian rational ring yielding a strict non empty double loop structure
is defined by the term
(Def. 17)  (the set of Gaussian rationals, the addition of Gaussian rationals, the mul-
tiplication of Gaussian rationals, 1(€ the set of Gaussian rationals), 0(€
the set of Gaussian rationals)).

Let us note that the Gaussian rational ring is add-associative right zeroed
right complementable Abelian commutative associative well unital distributive
almost left invertible and non degenerated.
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Now we state the proposition:

(30) There exists a function I from the Gaussian number field into the Gaus-
sian rational ring such that

(i) for every element z such that z € the carrier of the Gaussian number
field there exist elements z, y of Gaussian integers and there exists
an element u of Q(the Gaussian integer ring) such that y # 0 and
u = (z, y) and z = QClass(u) and I(z) = 4> and

(ii) I is one-to-one and onto, and

(iii) for every elements z, y of the Gaussian number field, I(z + y) =
I(x)+1(y) and I(z-y) = I(z) - I(y), and

(iv) I(04) =0, and

(V) I (1a) =1,
where « is the Gaussian number field. The theorem is a consequence of (2),
(10), (12), (3), (6), (4), (27), and (29). PROOF: Define P[element, element] =
there exist elements x, y of Gaussian integers and there exists an ele-
ment u of Q(the Gaussian integer ring) such that y # 0 and v = (=,
y) and 8; = QClass(u) and 83 = . For every element z such that
z € the carrier of the Gaussian number field there exists an element w
such that w € the carrier of the Gaussian rational ring and P[z, w]. Con-
sider I being a function from the Gaussian number field into the Gaussian
rational ring such that for every element z such that z € the carrier of
the Gaussian number field holds P[z, I(z)] from [8, Sch. 1]. For every ele-
ments 21, zo of the Gaussian number field, I(z1 + z2) = I(21) + I(22) and
I(z1 - 2) = I(1) - I(z3) by [20, (9), (5), (10)]. O

6. GAUSSIAN INTEGER RING 1S EUCLIDEAN

Let a1, by be elements of Gaussian integers. We say that a; divides b; if and
only if
(Def. 18) There exists an element ¢ of Gaussian integers such that b; = a; - c.
Note that the predicate is reflexive.
Let us consider elements a1, b; of the Gaussian integer ring and elements ao,
bs of Gaussian integers. Now we state the propositions:
(31) If a; = ag and by = be, then if a; | by, then ag divides bo.
(32) If a1 = ag and by = bo, then if ag divides bo, then a; | b;.
Let z be an element of Gaussian rationals. Observe that the functor Z yields
an element of Gaussian rationals. The functor Norm z yielding a rational number
is defined by the term

(Def. 19) z- 7.
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Let us observe that Norm z is non negative.
Let z be an element of Gaussian integers. Observe that Norm z is natural.
Now we state the propositions:

(33) Let us consider an element z of Gaussian rationals. Then Norm7 =
Norm z.

(34) Let us consider elements x, y of Gaussian rationals. Then Norm(z -y) =
Norm z - Norm y.

Let us consider an element x of Gaussian integers. Now we state the propo-
sitions:

(35) Normz =1lifandonlyifz =1lorz=—-1lorz =1or x = —i.

(36) If Normaz = 0, then x = 0.

Let z be an element of Gaussian integers. We say that z is unit of Gaussian
integers if and only if
(Def. 20) Normz = 1.
Let x, y be elements of Gaussian integers. We say that z is associated to y
if and only if
(Def. 21) (i) « divides y, and
(ii) y divides z.
Let us observe that the predicate is symmetric.
Let us consider elements aq, by of the Gaussian integer ring and elements ao,
bo of Gaussian integers. Now we state the propositions:

(37) If a1 = ag and by = be, then if a; is associated to by, then a9 is associated
to bs.

(38) If a; = ag and by = be, then if as is associated to by, then a; is associated
to b1.

Now we state the propositions:

(39) Let us consider an element z of the Gaussian integer ring and an element
z3 of Gaussian integers. If z3 = z, then z is unital iff z3 is unit of Gaussian
integers. The theorem is a consequence of (2), (6), (34), (35), and (3).
PROOF: There exists an element w of the Gaussian integer ring such that
lo = z - w, where « is the Gaussian integer ring. [

(40) Let us consider elements z, y of Gaussian integers. Then z is associated
to y if and only if there exists an element ¢ of Gaussian integers such that
¢ is unit of Gaussian integers and « = ¢ - y. The theorem is a consequence
of (3), (38), (2), (39), (6), and (37).

(41) Let us consider an element = of Gaussian integers. Suppose

(i) R(z) # 0, and
(ii) ¥(x) # 0, and
(iii) R(x) # J(x), and
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(iv) —R(z) # 3(x).
Then 7 is not associated to x. The theorem is a consequence of (40) and
(35).
(42) Let us consider elements z, y, z of Gaussian integers. Suppose
(i) x is associated to y, and

(ii) y is associated to z.

Then x is associated to z. The theorem is a consequence of (40) and (34).
Let us consider elements x, y of Gaussian integers. Now we state the propo-
sitions:
(43) If x is associated to y, then T is associated to 7.

(44) Suppose R(y) # 0 and I(y) # 0 and R(y) # I(y) and —R(y) # I(y)
and 7T is associated to y. Then

(i) does not z divide y, and
(ii) does not y divide x.
Let p be an element of Gaussian integers. We say that p is Gaussian prime
if and only if
(Def. 22) (i) Normp > 1, and
(ii) for every element z of Gaussian integers, does not z divide p or z is
unit of Gaussian integers or z is associated to p.
Let us consider an element ¢ of Gaussian integers. Now we state the propo-
sitions:
(45) If Norm ¢ is a prime number and Norm ¢ # 2, then R(¢q) # 0 and J(g) # 0
and R(q) # S(q) and —R(q) # I(q).
(46) If Normg is a prime number, then ¢ is Gaussian prime.
Now we state the propositions:
(47) Let us consider an element ¢ of Gaussian rationals. Then Normgq =
R()[* + (g2
(48) Let us consider an element g of R. Then there exists an element m of Z
such that g —m| < 3.

One can check that the Gaussian integer ring is Kuclidean.
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Let A be a non empty set, x be an element, and a be an element of A. Let
us observe that (A —— z)(a) reduces to z.

Let A, B be non empty topological spaces, C' be a set, and f be a function
from A x B into C. Let b be an element of B. Let us note that the functor f(a,b)
yields an element of C. Let G be a multiplicative magma and g be an element
of G. We say that ¢ is unital if and only if

(Def. 1) ¢ =1¢.

One can check that 14 is unital.

Let G be a unital multiplicative magma. Let us note that there exists an
element of G which is unital.

Let g be an element of G and h be a unital element of G. One can check
that ¢ - h reduces to g. One can check that h - g reduces to g.

Let G be a group. One can verify that (1g)~! reduces to 15.

The scheme TopFuncEx deals with non empty topological spaces S, 7 and
a non empty set X and a binary functor F yielding an element of X and states
that

@ 2013 University of Bialystok
CC-BY-SA License ver. 3.0 or later
127 ISSN 1426-2630(Print), 1898-9934(01]“1’16)


http://www.degruyter.com/view/j/forma
http://zbmath.org/classification/?q=cc:55Q52
http://zbmath.org/classification/?q=cc:03B35
http://fm.mizar.org/miz/topalg_7.miz
http://ftp.mizar.org/
http://creativecommons.org/licenses/by-sa/3.0/

128 ARTUR KORNILOWICZ

(Sch. 1) There exists a function f from S x 7 into X such that for every point s
of S for every point ¢t of 7, f(s,t) = F(s,t).
The scheme TopFuncEq deals with non empty topological spaces S, 7 and
a non empty set X and a binary functor F yielding an element of X and states
that

(Sch. 2) For every functions f, g from & x 7 into X such that for every point s
of S and for every point t of 7, f(s,t) = F(s,t) and for every point s of

S and for every point t of 7, g(s,t) = F(s,t) holds f = g.
Let X be a non empty set, 7' be a non empty multiplicative magma, and f,

g be functions from X into 7T'. The functor f - ¢ yielding a function from X into
T is defined by

(Def. 2) Let us consider an element x of X. Then it(z) = f(x) - g(x).
Now we state the proposition:

(1) Let us consider a non empty set X, an associative non empty multipli-
cative magma 7T, and functions f, g, h from X into 7. Then (f -g)-h =
f(g-h).

Let X be a non empty set, T' be a commutative non empty multiplicative
magma, and f, g be functions from X into T'. Observe that the functor f - g is
commutative.

Let T be a non empty topological group structure, ¢ be a point of T', and f,
g be loops of t. The functor f e g yielding a function from I into T is defined by
the term

(Def. 3) f-g.

In this paper T denotes a continuous unital topological space-like non empty
topological group structure, z, y denote points of I, s, ¢t denote unital points of
T, f, g denote loops of ¢, and ¢ denotes a constant loop of t.

Let us consider T, t, f, and g. One can check that the functor f e g yields a
loop of t. Let T be an inverse-continuous semi topological group. Observe that
‘;1 is continuous.

Let T be a semi topological group, t be a point of T, and f be a loop of t.
The functor f~! yielding a function from I into T is defined by the term

-1
(Def. 4) 7" -
Let us consider a semi topological group 7', a point ¢ of T', and a loop f of
t. Now we state the propositions:

(2) (f D))= fla) "
3) (f D) flz)=1r.
4) fl@)-(f () =17
Let T be an inverse-continuous semi topological group, ¢ be a unital point
of T, and f be a loop of t. One can check that the functor f~! yields a loop of
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t. Let s, t be points of I. One can check that the functor s -t yields a point of
I. The functor ®p: yielding a function from R! x R! into R is defined by
(Def. 5) Let us consider points z, y of RY. Then it(x,y) =z - y.
Observe that ®p1 is continuous.
Now we state the proposition:
(5) (R x RY)(RY0,1] x R'[0,1]) =T x L.
The functor ®g yielding a function from I x I into I is defined by the term
(Def. 6) ®@g1 | RY[0,1].
Now we state the proposition:
6) (@)(z,y) =z-y.
One can verify that ®y is continuous.
Now we state the proposition:
(7) Let us consider points a, b of I and a neighbourhood N of a - b. Then
there exists a neighbourhood Nj of a and there exists a neighbourhood
Ny of b such that for every points z, y of I such that x € N; and y € No
holds z -y € N. The theorem is a consequence of (6).
Let T be a non empty multiplicative magma and F', G be functions from I x
Iinto T. The functor F' x G yielding a function from I x I into T is defined by
(Def. 7) Let us consider points a, b of I. Then it(a,b) = F(a,b) - G(a,b).
Now we state the proposition:
(8) Let us consider functions F', G from I x I into T" and subsets M, N of
I xI. Then (F+*G)°(MNN)C F°M-G°N.
Let us consider T'. Let F', G be continuous functions from I x I into T'.
Observe that F' *x G is continuous.
Now we state the propositions:
(9) Let us consider loops f1, f2, g1, g2 of t. Suppose

(i) fi1, fo are homotopic, and
(ii) g1, g2 are homotopic.

Then fi e g1, fo ® go are homotopic.
(10) Let us consider loops fi, f2, g1, g2 of t, a homotopy F between f; and
f2, and a homotopy G between g; and go. Suppose
(i) f1, f2 are homotopic, and
(ii) g1, g2 are homotopic.
Then F % G is a homotopy between f; e g1 and f2 e go. The theorem is a
consequence of (9).

(11) f+g=(f+c)e(ctyg).
(12) feg, (f+c)e(c+g) are homotopic. The theorem is a consequence of (9).
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Let T be a semi topological group, t be a point of T', and f, g be loops of t.
The functor HopfHomotopy( f, ¢) yielding a function from I x I into T is defined
by

(Def. 8) Let us consider points a, b of I. Then it(a,b) = (((f~')(a-b) - f(a)) -
g(a)) - f(a-b).

Note that HopfHomotopy(f, g) is continuous.

In the sequel T' denotes a topological group, ¢ denotes a unital point of T,
and f, g denote loops of ¢.

Now we state the proposition:

(13) feg, ge f are homotopic.

Let us consider 7', ¢, f, and g. Let us note that the functor HopfHomotopy ( f, g)
yields a homotopy between fe g and ge f.

Now we are at the position where we can present the Main Theorem of the
paper: 71(7,t) is commutative.
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thods for lossless data compression [16]. JPEG and ZIP formats employ variants
of Huffman encoding as lossless compression algorithms. Huffman coding is a
bijective map from source letters into leaves of the Huffman tree constructed by
the algorithm. In this article we formalize an algorithm constructing a binary
code tree, Huffman tree.

MSC: 14G50/ 168P30 103B35
Keywords: formalization of Huffman coding tree; source coding

MML identifier: HUFFMAN1, version: 8.1.02 5.17.1181

The notation and terminology used in this paper have been introduced in the
following articles: [9], [1], [20], 8], [14], [11], [12], [23], [22], 21, [3]. [18], [19],
[17], [25], [26], [24], [4], [5], [6], [7], and [13].

1. CONSTRUCTING BINARY DECODED TREES

Let D be a non empty set and = be an element of D. Observe that the root
tree of x is binary as a decorated tree.
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(Def. 1) N x R.

Note that Ry is non empty.

Let D be a non empty set. The binary finite trees of D yielding a set of trees
decorated with elements of D is defined by

(Def. 2) Let us consider a tree T' decorated with elements of D. Then dom T is
finite and 7' is binary if and only if T" € it.

The Boolean binary finite trees of D yielding a non empty subset
of 2the binary finite trees of D is defined by the term

(Def. 3) {x, where x is an element of 2% : z is finite and x # ()}, where « is the
binary finite trees of D.

In this paper S denotes a non empty finite set, p denotes a probability on
the trivial o-field of S, T7 denotes a finite sequence of elements of the Boolean
binary finite trees of Ry, and ¢ denotes a finite sequence of elements of N.

Let us consider S and p. The functor InitTrees p yielding a non empty finite
subset of the binary finite trees of Ry is defined by the term

(Def. 4) {T', where T is an element of FinTrees(Ry) : T is a finite binary tree
decorated with elements of Ry and there exists an element z of S such
that T = the root tree of ((CFS(S))~(x), p({z}))}.

Let p be a tree decorated with elements of Ry. The value of root from right

of p yielding a real number is defined by the term

(Def. 5) p(@)z.
The value of root from left of p yielding a natural number is defined by the term

(Def. 6) p(@)l.
Let T be a finite binary tree decorated with elements of Ry and p be an

element of domT. The value of tree of p yielding a real number is defined by
the term

(Def. 7) T'(p)2.
Let p, ¢ be finite binary trees decorated with elements of Ry and k& be
a natural number. The functor MakeTree(p, ¢, k) yielding a finite binary tree
decorated with elements of Ry is defined by the term

(Def. 8) (k, (the value of root from right of p) + (the value of root from right of

q))-tree(p, q).
Let X be a non empty finite subset of the binary finite trees of Ry. The
maximal value of X yielding a natural number is defined by

(Def. 9) There exists a non empty finite subset L of N such that

(i) L = {the value of root from left of p, where p is an element of
the binary finite trees of Ry : p € X'}, and

(ii) it = max L.

Now we state the propositions:
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(1) Let us consider a non empty finite subset X of the binary finite trees
of Ry and a finite binary tree w decorated with elements of Ry. Suppose
X = {w}. Then the maximal value of X = the value of root from left
of w. PROOF: Consider L being a non empty finite subset of N such that
L = {the value of root from left of p, where p is an element of the binary
finite trees of Ry : p € X} and the maximal value of X = max L. For
every element n such that n € L holds n = the value of root from left
of w. For every element n such that n = the value of root from left of w
holds n € L. I

(2) Let us consider non empty finite subsets X, Y, Z of the binary fi-
nite trees of Ry. Suppose Z = X U Y. Then the maximal value of
Z = max(the maximal value of X, the maximal value of Y).

(3) Let us consider non empty finite subsets X, Z of the binary finite trees
of Ry and a set Y. Suppose Z = X \ Y. Then the maximal value of
Z < the maximal value of X. The theorem is a consequence of (2).

(4) Let us consider a non empty finite subset X of the binary finite trees
of Ry and an element p of the binary finite trees of Ry. Suppose p € X.
Then the value of root from left of p < the maximal value of X.

Let X be a non empty finite subset of the binary finite trees of Ry. A

minimal value tree of X is a finite binary tree decorated with elements of Ry
and is defined by

(Def. 10) (i) it € X, and

(ii) for every finite binary tree ¢ decorated with elements of Ry such that
g € X holds the value of root from right of it < the value of root
from right of q.

Now we state the propositions:

(5) InitTreesp = S. PROOF: Reconsider f; = (CFS(S))~! as a function from
S into Seg S. Define P[element, element] = $5 = the root tree of (f1($1),
p({$1})). For every element = such that z € S there exists an element
y such that y € InitTreesp and Plz,y| by [12, (5)], [13, (87)], [T, (3)].
Consider f being a function from S into InitTreesp such that for every
element z such that € S holds Pz, f(x)] from [12, Sch. 1]. O

(6) Let us consider a non empty finite subset X of the binary finite trees
of Ry and finite binary trees s, t decorated with elements of Ry. Then
MakeTree(t, s, ((the maximal value of X) + 1)) ¢ X.

Let X be a set. The set of leaves of X yielding a subset of 28 is defined by
the term

(Def. 11) {Leaves(p), where p is an element of the binary finite trees of Ry : p € X }.

Now we state the propositions:
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(7) Let us consider a finite binary tree X decorated with elements of Ry.
Then the set of leaves of {X} = {Leaves(X)}. PROOF: For every element
x, x € the set of leaves of {X} iff x € {Leaves(X)}. O

(8) Let us consider sets X, Y. Then the set of leaves of X UY = (the set
of leaves of X) U (the set of leaves of Y). PROOF: For every element z,
x € the set of leaves of X UY iff x € (the set of leaves of X) U (the set of
leaves of V). O

=
(9) Let us consider trees s, t. Then () ¢ Leaves(t,s). PROOF: For every
=~
element p, p € t,s iff p € the elementary tree of 0 by [4, (19), (29)], [10,
(130)]. O

(10) Let us consider trees s, t. Then Leaves(/{,?) = {(0) ~ p, where p is
an element of ¢t : p € Leaves(t)} U {(1) ~ p, where p is an element of
s : p € Leaves(s)}. The theorem is a consequence of (9). PROOF: Set
L = {{(0) ~ p, where p is an element of ¢ : p € Leaves(t)}. Set R = {(1)
p, where p is an element of s : p € Leaves(s)}. Set H = Leaves(ﬁ). For
every element x, x € H iff z € LUR by [2, (23)], [9, (6)]. O
Let us consider decorated trees s, t, an element x, and a finite sequence ¢ of
elements of N. Now we state the propositions:

(11) 1If g € domt, then (z-tree(t,s))({(0) ™ q)
(12) If g € doms, then (z-tree(t,s))((1) ™ q)

Now we state the propositions:

t(q).
s(q).

(13) Let us consider decorated trees s, t and an element .
Then Leaves(z-tree(t, s)) = Leaves(t) U Leaves(s). The theorem is a con-
sequence of (10), (11), and (12). PROOF: Set L = {(0) ™ p, where p is
an element of domt : p € Leaves(domt)}. Set R = {(1) ~ p, where
p is an element of doms : p € Leaves(doms)}. For every element z,
z € (z-tree(t,s))°L iff z € t°(Leaves(domt)). For every element z, z €
(a-tree(t, s))°R iff z € s°(Leaves(dom s)). OJ

(14) Let us consider a natural number k and finite binary trees s, ¢ decorated
with elements of Ry. Then [Jthe set of leaves of {s,t} = |Jthe set of
leaves of {MakeTree(t,s,k)}. The theorem is a consequence of (8), (7),
and (13).

(15) Leaves(the elementary tree of 0) = the elementary tree of 0. PROOF: For
every element z, © € Leaves(the elementary tree of 0) iff x € the elementary
tree of 0 by [4, (29), (54)]. O

(16) Let us consider an element x, a non empty set D, and a finite binary tree
T decorated with elements of D. Suppose T' = the root tree of x. Then
Leaves(T") = {z}. The theorem is a consequence of (15).
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2. BINARY HUFFMAN TREE

Let us consider S, p, T7, and ¢q. We say that 71, ¢, and p are constructing
binary Huffman tree if and only if

(Def. 12) (i) T1(1) = InitTreesp, and
(ii) lenT) = S, and

(iii) for every natural number i such that 1 < i < lenTj there exist
non empty finite subsets X, Y of the binary finite trees of Ry and
there exists a minimal value tree s of X and there exists a minimal
value tree ¢ of Y and there exists a finite binary tree v decorated
with elements of Ry such that 77(i) = X and Y = X \ {s} and v €
{MakeTree(t, s, ((the maximal value of X)+1)), MakeTree(s, t, ((the
maximal value of X)+ 1))} and Th(i + 1) = (X \ {¢,s}) U{v}, and

(iv) there exists a finite binary tree 1" decorated with elements of Ry such
that {T'} = Ty(lenTy), and

(v) dom g = Seg S, and

(vi) for every natural number k such that k € Seg S holds q(k) = T (k)
and ¢(k) # 0, and

(vii) for every natural number k such that k& < S holds q(k+1) =q(1)—k,
and

(viii) for every natural number k such that 1 <k < S holds 2 < q(k).
Now we state the proposition:

(17) There exists 71 and there exists ¢ such that 77, ¢, and p are constructing
binary Huffman tree. The theorem is a consequence of (5) and (6). PROOF:
Define A[natural number, set, set] = if there exist elements u, v such that
u # v and u, v € $9, then there exist non empty finite subsets X, Y
of the binary finite trees of Ry and there exists a minimal value tree s
of X and there exists a minimal value tree ¢t of Y and there exists a
finite binary tree w decorated with elements of Ry such that $ = X
and Y = X \ {s} and w € {MakeTree(t, s, ((the maximal value of X) +
1)), MakeTree(s, ¢, ((the maximal value of X)+1))} and $3 = (X \ {¢,s})U
{w}. For every natural number n such that 1 < n < S for every element
x of the Boolean binary finite trees of Ry, there exists an element y of
the Boolean binary finite trees of Ry such that A[n,z,y|. Reconsider I =
InitTrees p as an element of the Boolean binary finite trees of Ry. Consider
Ty being a finite sequence of elements of the Boolean binary finite trees
of Ry such that lenTy =S and T1(1) = I or S = 0 and for every natural
number n such that 1 < n < S holds A[n, Ti(n), Ti(n + 1)] from [15],
Sch. 4]. Define Blelement, element] = there exists a finite set X such that
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T1(%1) = X and $5 = X and $2 # 0. For every natural number k such
that k € Seg S there exists an element # of N such that B[k, 2] by [IT] (3)].
Consider ¢ being a finite sequence of elements of N such that dom ¢ = Segg
and for every natural number k such that k € Segg holds B[k, q(k)] from
I8, Sch. 5]. For every natural number k such that k € Seg S holds ¢(k)

Ti(k) and q(k) # 0. For every natural number k such that 1 < k < S
holds if 2 < ¢(k), then q(k+1) = q(k) —1 by [8, (1)], [2} (11), (13)]. Define
C[natural number] = if $; < S, then ¢($; + 1) = ¢(1) — $;. For every
natural number n such that C[n] holds C[n + 1] by [2, (11)], [8, (1)], [2}
(14), (13)]. For every natural number n, C[n] from [2, Sch. 2]. For every
natural number n such that 1 < n < S holds 2 < ¢(n) by [2, (21), (13)].
For every natural number k such that 1 < k < lenT} there exist non
empty finite subsets X, Y of the binary finite trees of Ry and there exists
a minimal value tree s of X and there exists a minimal value tree ¢ of YV

and there exists a finite binary tree w decorated with elements of Ry such
that T (k) = X and Y = X \ {s} and w € {MakeTree(t, s, ((the maximal
value of X) + 1)), MakeTree(s,t, ((the maximal value of X) + 1))} and
Ti(k+1) = (X \{t,s}) U{w} by [8 (1)]. Consider T being a finite set
such that T1(S) = Ty and ¢(S) = T» and ¢(S) # 0. Consider u being an
element such that 75 = {u}. O

Let us consider S and p. A binary Huffman tree of p is a finite binary tree
decorated with elements of Ry and is defined by

(Def. 13) There exists a finite sequence T} of elements of the Boolean binary finite
trees of Ry and there exists a finite sequence ¢ of elements of N such that
T1, ¢, and p are constructing binary Huffman tree and {it} = T (lenT}).

In this paper T denotes a binary Huffman tree of p.
Now we state the propositions:

(18) Uthe set of leaves of InitTreesp = {z, where z is an element of N x R :
there exists an element z of S such that z = ((CFS(S))~ (), p({z}))}.
The theorem is a consequence of (16). PROOF: Set L = Jthe set of leaves
of InitTreesp. Set R = {z, where z is an element of N x R : there exists
an element z of S such that z = ((CFS(S))~!(x), p({z}))}. For every ele-
ment z, x € L iff z € R by [13, (87)], [7, (3)]. O

(19) Suppose T1, ¢, and p are constructing binary Huffman tree. Let us consi-
der a natural number . Suppose 1 < ¢ < lenT;. Then (J the set of leaves of
T1(i) = {z, where z is an element of Nx R : there exists an element x of
S such that z = ((CFS(S))~!(z), p({z}))}. The theorem is a consequence
of (18), (8), and (14). PROOF: Define P[natural number] = if $; < lenT7,
then (Jthe set of leaves of T1($1 + 1) = {z, where z is an element of
N x R : there exists an element z of S such that z = ((CFS(S))~!(z),
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p({z}))}. For every natural number k such that P[k]| holds P[k + 1] by [2,
(11)], [13, (78), (32)]. For every natural number k, P[k] from [2 Sch. 2].
U

(20) Leaves(T) = {z, where z is an element of NxR : there exists an element
x of S such that z = ((CFS(S))~!(z), p({«})}}. The theorem is a conse-
quence of (19) and (7).

(21) Suppose T1, q, and p are constructing binary Huffman tree. Let us con-
sider a natural number ¢, a finite binary tree T" decorated with elements
of Ry, and elements ¢, s, r of dom 7. Suppose

(i) T € T1(i), and

(ii) ¢t € domT \ Leaves(domT"), and
(iii) s =1t"(0), and
(iv) r=1t"(1).
Then the value of tree of ¢ = (the value of tree of s)+ (the value of tree of
7). The theorem is a consequence of (15), (11), and (12). PROOF: Define
P[natural number| = if 1 < $; < lenT}, then for every finite binary tree
T decorated with elements of Ry and for every elements a, b, ¢ of dom T
such that 7€ T1($1) and a € dom T\ Leaves(dom T") and b = a ~ (0) and
¢ = a” (1) holds the value of tree of @ = (the value of tree of b)+(the value
of tree of ¢). For every natural number i such that P[] holds P[i + 1] by
[2, (16), (14)], [8, (44)]. For every natural number ¢, Pi] from [2, Sch. 2].
U

(22) Let us consider elements ¢, s, r of domT. Suppose

(i) t € dom T \ Leaves(domT"), and
(ii) s=1t"(0), and
(iii) =1t~ (1).
Then the value of tree of t = (the value of tree of s) + (the value of tree

of ). The theorem is a consequence of (21).

(23) Let us consider a non empty finite subset X of the binary finite trees of
Ry. Suppose a finite binary tree T" decorated with elements of Ry. Suppose
T € X. Let us consider an element p of dom7T and an element r of N.
Suppose 7 = T'(p)1. Then r < the maximal value of X. Let us consider
finite binary trees s, t, w decorated with elements of Ry. Suppose

(i) s, t € X, and
(il) w = MakeTree(t, s, ((the maximal value of X) + 1)).

Let us consider an element p of domw and an element r of N. Suppose
r = w(p)1. Then r < (the maximal value of X) + 1. The theorem is
a consequence of (11) and (12). PROOF: For every element a such that
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a € domd holds a = () or there exists an element f of domt such that
a = (0) ™ f or there exists an element f of dom s such that a = (1) ™ f by
12, (23)]. O

(24) Suppose T1, q, and p are constructing binary Huffman tree. Let us con-
sider a natural number 7. Suppose 1 < i < lenTj. Let us consider non
empty finite subsets X, Y of the binary finite trees of Ry. Suppose

(i) X =T1(i), and
(i) Y =T1(i+1).

Then the maximal value of ¥ = (the maximal value of X)) + 1. PROOF:
Consider X, Y being non empty finite subsets of the binary finite trees
of Ry, s being a minimal value tree of X, ¢t being a minimal value tree
of Y, v being a finite binary tree decorated with elements of Ry such
that T1(i) = X and Y = X \ {s} and v € {MakeTree(t, s, ((the maximal
value of X) + 1)), MakeTree(s, ¢, ((the maximal value of X) + 1))} and
Ti(i+1) = (X \ {t,s}) U{v}. Consider L; being a non empty finite
subset of N such that L; = {the value of root from left of p, where p is
an element of the binary finite trees of Ry : p € X0} and the maximal
value of X0 = max L. Consider L4 being a non empty finite subset of N
such that Ly = {the value of root from left of p, where p is an element
of the binary finite trees of Ry : p € Y0} and the maximal value of
Y0 = max L4. Reconsider p; = v as an element of the binary finite trees
of Ry. For every extended real x such that z € L4 holds = < the value of
root from left of p; by [2, (16)]. O

Let us consider a natural number i, a non empty finite subset X of the
binary finite trees of Ry, a finite binary tree T' decorated with elements of Ry,
an element p of dom 7T, and an element r of N. Now we state the propositions:

(25) Suppose T1, q, and p are constructing binary Huffman tree. Then if
X =Ti(i), then if T' € X, then if r = T'(p)1, then r < the maximal value
of X.
(26) Suppose Ti, ¢, and p are constructing binary Huffman tree. Then if
X =Ti(i), then if T € X, then if » = T'(p)1, then r < the maximal value
of X.
Now we state the proposition:

(27) Suppose 11, ¢, and p are constructing binary Huffman tree. Let us con-
sider a natural number i, finite binary trees s, t decorated with elements
of Ry, and a non empty finite subset X of the binary finite trees of Ry.
Suppose

(i) X = Ty(i), and
(i) s, t € X.
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Let us consider a finite binary tree z decorated with elements of Ry. Sup-
pose z € X. Then ((the maximal value of X)+ 1, (the value of root from
right of ¢) + (the value of root from right of s)) ¢ rng z. The theorem is a
consequence of (26).

Let = be an element. Note that the root tree of x is one-to-one.

Now we state the propositions:

(28) Let us consider a non empty finite subset X of the binary finite trees of

Ry and finite binary trees s, t, w decorated with elements of Ry. Suppose

(i) for every finite binary tree 17" decorated with elements of Ry such that
T € X for every element p of dom7T for every element r of N such
that » = T'(p)1 holds r < the maximal value of X, and

(ii) for every finite binary trees p, ¢ decorated with elements of Ry such
that p, ¢ € X and p # ¢ holds rngp Nrngq = 0, and

(iii) s, t € X, and

(iv) s #t, and

(v) we X\ {s,t}.
Then rng MakeTree(t, s, ((the maximal value of X)+1))Nrngw = (). The
theorem is a consequence of (11) and (12). PROOF: Set d = MakeTree(t, s,
((the maximal value of X') 4 1)). For every element a such that a € domd
holds a = ) or there exists an element f of dom¢t such that a = (0) ™ f
or there exists an element f of doms such that a = (1) ~ f by [2, (23)].
Consider ng being an element such that ne € rngd N rngw. Consider a;
being an element such that a; € domd and ny = d(a;). Consider b; being
an element such that b; € domw and ne = w(by). w € X and w # s and
w # t. [

(29) Suppose T1, g, and p are constructing binary Huffman tree. Let us consi-
der a natural number ¢ and finite binary trees T', S decorated with elements
of Ry. Suppose

(i) T, S € T1(i), and

(i) T # S.

Then rng T Nrng S = (). The theorem is a consequence of (26) and (28).
PROOF: Define P[natural number] = if 1 < $; < lenTy, then for every
finite binary trees T, S decorated with elements of Ry such that T, S €
T1($1) and T # S holds rngT Nrng S = (). For every natural number 4
such that P[i] holds P[i + 1] by [21} (8)], [2, (16), (14)]. For every natural
number ¢, P[i] from [2, Sch. 2]. O

(30) Let us consider a non empty finite subset X of the binary finite trees of
Ry and finite binary trees s, t decorated with elements of Ry. Suppose

(i) s is one-to-one, and
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(ii) ¢ is one-to-one, and

(iii) t, s € X, and

(iv) rngs Nrngt = (), and

(v) for every finite binary tree z decorated with elements of Ry such that
z € X holds ((the maximal value of X) + 1, (the value of root from

right of ¢) + (the value of root from right of s)) ¢ rng z.

Then MakeTree(t, s, ((the maximal value of X) + 1)) is one-to-one. The
theorem is a consequence of (11) and (12). PROOF: Set d = MakeTree(t, s,
((the maximal value of X)+ 1)). For every element a such that a € domd
holds a = ) or there exists an element f of domt such that a = (0) ™ f
or there exists an element f of doms such that a = (1) ~ f by [2, (23)].
For every element z such that # € domd and = # 0 holds d(z) # d(0)
by [11, (3)]. For every elements xj, x3 such that x;, zo € domd and
d(x1) = d(z2) holds it is not true that there exists an element f of dom s
such that 1 = (1) © f and there exists an element f of domt such that
x2 = (0)" f by [11}, (3)]. For every elements z1, x2 such that z1, 2 € domd
and d(x1) = d(z2) holds z1 = zo. O

(31) Suppose 11, ¢, and p are constructing binary Huffman tree. Let us con-

sider a natural number 7 and a finite binary tree T" decorated with ele-
ments of Ry. If T € T1(i), then T is one-to-one. The theorem is a con-
sequence of (27), (29), and (30). PROOF: Define P[natural number| = if
1 < $; < lenTy, then for every finite binary tree T decorated with ele-
ments of Ry such that T € T1($;) holds T is one-to-one. For every natural
number 4 such that P[i] holds P[i+ 1] by [2} (16), (14)]. For every natural
number ¢, P[i] from [2, Sch. 2]. O

Let us consider p.

NOW WE ARE AT THE POSITION WHERE WE CAN PRESENT THE MAIN

THEOREM OF THE PAPER: Every binary Huffman tree of p is one-to-one.
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Summary. In this article we deal with the Riemann integral of functions
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1. SOME PROPERTIES OF CONTINUOUS FUNCTIONS

In this paper s1, s2, ¢g1 denote sequences of real numbers.
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(Def. 1) Let us consider a real number 7. Suppose 0 < r. Then there exists a real
number s such that
(i) 0 < s, and
(ii) for every real numbers x1, 9 such that x1, x9 € dom f and |z —x2| <
s holds || fz, = faoll < 7.
Now we state the propositions:

(1) Let us consider a set X, a real normed space Y, and a partial function f
from R to the carrier of Y. Then f[X is uniformly continuous if and only
if for every real number r such that 0 < r there exists a real number s such
that 0 < s and for every real numbers z1, x5 such that x1, zo € dom(f[X)
and |z1 — z2] < s holds ||fz, — fapll < r. PROOF: If f[X is uniformly
continuous, then for every real number r such that 0 < r there exists a
real number s such that 0 < s and for every real numbers z1, 22 such
that 1, x2 € dom(f[X) and |x; — x2| < s holds || fz, — fz,| < r by [11,
(80)]. Consider s being a real number such that 0 < s and for every real
numbers 1, x3 such that z1, 9 € dom(f[X) and |x; — 22| < s holds
||fz1 - fzzn <r.U

(2) Let us consider sets X, X1, a real normed space Y, and a partial function
f from R to the carrier of Y. Suppose

(i) f1X is uniformly continuous, and
(il) X; C X.
Then f[X; is uniformly continuous. The theorem is a consequence of (1).

(3) Let us consider a real normed space X, a partial function f from R to
the carrier of X, and a subset Z of R. Suppose

(i) Z C dom f, and
(ii) Z is compact, and
(iii) f[Z is continuous.

Then f]Z is uniformly continuous. The theorem is a consequence of (1).

2. SOME PROPERTIES OF SEQUENCES

Now we state the proposition:

(4) Let us consider a real normed space X, natural numbers n, m, a function
a from Segn x Segm into X, and finite sequences p, ¢ of elements of X.
Suppose

(i) domp = Segn, and
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(ii) for every natural number i such that i € dom p there exists a finite
sequence r of elements of X such that domr = Segm and p(i) = > r
and for every natural number j such that j € domr holds r(j) =
a(i, ), and

(iii) domgq = Segm, and

(iv) for every natural number j such that j € dom g there exists a finite
sequence s of elements of X such that dom s = Segn and ¢(j) =3 s
and for every natural number i such that i € doms holds s(i) =
a(i, ).

Then Y p = Y q. PROOF: Define P[natural number| = for every natural
number m for every function a from Seg$; x Segm into X for every
finite sequences p, ¢ of elements of X such that domp = Seg$; and for
every natural number ¢ such that ¢ € dom p there exists a finite sequence
r of elements of X such that domr = Segm and p(i) = > r and for
every natural number j such that j € domr holds r(j) = a(i,j) and
dom g = Segm and for every natural number j such that j € dom ¢ there
exists a finite sequence s of elements of X such that dom s = Seg $; and
q(7) = X s and for every natural number ¢ such that ¢ € doms holds
s(i) = a(i,j) holds >~ p = > ¢. For every natural number n such that P[n]
holds P[n + 1] by [4, (5)], [2, (11)], [I3, (95)]. For every natural number
n, P[n] from [2, Sch. 2]. O
Let A be a subset of R. The extension of vol(A) yielding a real number is
defined by the term
0, if A is empty,
(Def. 2) { vol(A), otherwise.
In the sequel n denotes an element of N and a, b denote real numbers.
Now we state the propositions:

(5) Let us consider a real bounded subset A of R. Then 0 < the extension
of vol(A).
(6) Let us consider a non empty closed interval subset A of R, a Division D
of A, and a finite sequence ¢ of elements of R. Suppose
(i) domgq = Seglen D, and
(ii) for every natural number ¢ such that i € Seglen D holds ¢(i) =
vol(divset(D, )).
Then ) g = vol(A). PROOF: Set p = lower_volume(X4 4, D). For every
natural number & such that & € dom ¢ holds ¢(k) = p(k) by [15}, (19)]. O
(7) Let us consider a real normed space Y, a point F of Y, a finite sequence

q of elements of R, and a finite sequence S of elements of Y. Suppose

(i) lenS =lengq, and
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(ii) for every natural number ¢ such that i € dom S there exists a real
number 7 such that r = ¢(i) and S(i) =r - E.

Then Y S = 3" ¢- E. PROOF: Define P[natural number| = for every finite
sequence g of elements of R for every finite sequence S of elements of Y
such that $; = len S and len S = lenq and for every natural number i
such that ¢ € dom S there exists a real number 7 such that r = ¢(i) and
S(i) =r-FE holds > 8 =3 q- E. P[0] by [30, (10)], [12, (72)], [30} (43)].
For every natural number 4, P[i] from [2, Sch. 2]. O

Let us consider a non empty closed interval subset A of R, a Division D
of A, a non empty closed interval subset B of R, and a finite sequence v
of elements of R. Suppose

(i) BC A, and
(ii) len D = lenw, and

(iii) for every natural number ¢ such that
i € domv holds v(i) = the extension of vol(B N divset(D,1)).

Then Y~ v = vol(B). The theorem is a consequence of (5). PROOF: Define
P[natural number] = for every non empty closed interval subset A of R for
every Division D of A for every non empty closed interval subset B of R for
every finite sequence v of elements of R such that $; =len D and B C A
and len D = lenv and for every natural number k such that £ € domwv
holds v(k) = the extension of vol(B N divset(D, k)) holds > v = vol(B).
For every natural number ¢ such that P[i] holds P[i + 1] by [29, (29)], [4,
(4)], [2, (11)]. For every natural number 4, P[i| from [2, Sch. 2]. O

Let us consider a real normed space Y, a finite sequence x3 of elements
of Y, and a finite sequence y of elements of R. Suppose

(i) lenzs = leny, and

(ii) for every element i of N such that ¢ € domz3 there exists a point v
of Y such that v = z3; and y(i) = ||v|.

Then ||Y z3]] < 3 y. PROOF: Define P[natural number] = for every finite
sequence 3 of elements of Y for every finite sequence y of elements of
R such that $; = lenz3 and lenzs = leny and for every element ¢ of N
such that ¢ € dom 3 there exists a point v of Y such that v = z3; and
y(i) = |jv]| holds ||} x3]| < > y. P[0] by [30, (43)], [12, (72)]. For every
natural number 4, P[i] from [2, Sch. 2]. O

Let us consider a real normed space Y, a finite sequence p of elements
of Y, and a finite sequence ¢ of elements of R. Suppose

(i) lenp =leng, and
(ii) for every natural number j such that j € domp holds ||p;|| < q(j).
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Then [|>"p|| < > ¢. The theorem is a consequence of (9). PROOF: Define
Q[natural number, set] = there exists a point v of ¥ such that v = pg, and
$2 = ||v||. For every natural number i such that i € Seglenp there exists
an element x of R such that Q[i, x]. Consider u being a finite sequence of
elements of R such that dom u = Seglen p and for every natural number ¢
such that ¢ € Seglenp holds Q[i, u(7)] from [4, Sch. 5. For every element
1 of N such that ¢ € domp there exists a point v of Y such that v = p;
and u(i) = |jv||. O

(11) Let us consider an element j of N, a non empty closed interval subset A of
R, and a Division D; of A. Suppose j € dom D;. Then vol(divset(D1,j)) <
oD, -

(12) Let us consider a non empty closed interval subset A of R, a Division
D of A, and a real number r. Suppose dp < r. Let us consider a natural
number ¢ and real numbers s, t. If i € dom D and s, t € divset(D, 1), then
|s —t| < r. The theorem is a consequence of (11).

(13) Let us consider a real Banach space X, a non empty closed interval
subset A of R, and a function A from A into the carrier of X. Suppose
a real number r. Suppose 0 < r. Then there exists a real number s such
that

(i) 0 < s, and
(ii) for every real numbers x1, x9 such that z1, x9 € domh and |z —z2| <

s holds ||hgy — ha, || < T

Let us consider a division sequence T' of A and a middle volume sequence
S of h and T'. Suppose

(iii) 7 is convergent, and

(iv) lim 67 = 0.

Then middle sum(h, S) is convergent. The theorem is a consequence of
(8), (7), (4), (12), (5), (10), and (6). PROOF: For every division sequence
T of A and for every middle volume sequence S of h and T such that dp
is convergent and lim 7 = 0 holds middle sum(h,.S) is convergent by [32]
(67)], {15, (9)], A7, (9)]. O

The scheme ExRealSeq2X deals with a non empty set D and a unary functor
F, G yielding an element of D and states that

(Sch. 1) There exists a sequence s of D such that for every natural number n,
s(2-n)=F(n)and s(2-n+1)=G(n).
Now we state the propositions:

(14) Let us consider a natural number n. Then there exists a natural number
ksuch that n=2-korn=2-k+1.
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(15) Let us consider a non empty closed interval subset A of R and division
sequences Th, T' of A. Then there exists a division sequence 77 of A such
that for every natural number ¢, 7T7(2-7) = To(:) and T1(2- i+ 1) = T'(7).
The theorem is a consequence of (14).

(16) Let us consider a non empty closed interval subset A of R and division
sequences 1o, T', T1 of A. Suppose

(i) 07, is convergent, and
(i) limdp, =0, and
(iii) 07 is convergent, and
(iv) limdp = 0, and
(v) for every natural number i, T1(2 i) = To(i) and T1(2-i + 1) = T'(4).
Then
(vi) 7, is convergent, and
(vii) limdp, = 0.
The theorem is a consequence of (14).

(17) Let us consider a real normed space X, a non empty closed interval subset
A of R, a function A from A into the carrier of X, division sequences T5,
T, Ty of A, a middle volume sequence S7 of h and 15, and a middle volume
sequence S of h and T'. Suppose a natural number i. Then

(i) T1(2-4) = T5(i), and

(i) Th(2-i+1) =T(i).
Then there exists a middle volume sequence S7 of h and 737 such that
for every natural number ¢, S1(2 i) = S7(i) and S1(2-i+ 1) = S(7).
The theorem is a consequence of (14). PROOF: Reconsider S = Sy,
S3 = S as a sequence of (the carrier of X)*. Define F(natural number) =
Sag,. Define G(natural number) = Szg,. Consider S being a sequence of
(the carrier of X)* such that for every natural number n, S;(2-n) = F(n)
and S1(2-n+1) = G(n) from ExRealSeq2X. For every element i of N, 51 (7)
is a middle volume of h and T3 (7). O

(18) Let us consider a real normed space X and sequences Sy, Sg, S5 of X.

Suppose
(i) S5 is convergent, and
(ii) for every natural number i, S5(2-7) = S4(i) and S5(2-i4 1) = Sg(7).
Then
(iii) Sy is convergent, and
(iV) lim 54 = lim 55, and

(v) Sg is convergent, and
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(vi) lim Sg = lim S5.

The theorem is a consequence of (14). PROOF: For every real number r
such that 0 < r there exists a natural number m; such that for every
natural number ¢ such that m; < 4 holds ||S4(z) — lim S;|| < r by [2]
(11)]. For every real number r such that 0 < r there exists a natural

number m; such that for every natural number ¢ such that m; < ¢ holds
196(i) — lim S| < r by [2, (11)]. O

(19) Let us consider a real Banach space X and a continuous partial function

f from R to the carrier of X. If a < b and [a,b] C dom f, then f is
integrable on [a, b]. The theorem is a consequence of (3), (13), (15), (17),
(16), and (18). PROOF: Set A = [a,b]. Reconsider h = f[A as a function
from A into the carrier of X. Consider T being a division sequence of A
such that 7, is convergent and lim d7, = 0. Set S7 = the middle volume
sequence of h and T5. Set I = limmiddle sum(h, S7). For every division
sequence 1" of A and for every middle volume sequence S of h and 7' such
that ér is convergent and lim 7 = 0 holds middle sum(h, S) is convergent
and lim middle sum(h, S) = I. O
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Summary. In the article the formal characterization of square-free num-
bers is shown; in this manner the paper is the continuation of [19]. Essentially,
we prepared some lemmas for convenient work with numbers (including the pro-
of that the sequence of prime reciprocals diverges [I]) according to [I8] which
were absent in the Mizar Mathematical Library. Some of them were expressed in
terms of clusters’ registrations, enabling automatization machinery available in
the Mizar system. Our main result of the article is in the final section; we proved
that the lattice of positive divisors of a positive integer n is Boolean if and only
if n is square-free.
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1. PRELIMINARIES

Let a, b be non zero natural numbers. Let us observe that ged(a,b) is non
zero and lem(a, b) is non zero.
Let n be a natural number. Note that 0 —' n reduces to 0.
Now we state the propositions:
(1) Let us consider natural numbers n, . If n > 222 then % > 2°. \/n.
(2) Let us consider a natural number n. Then support PFExp(n) C P.
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Let us consider a non zero natural number n. Now we state the propositions:
(3) n—(ndiv2)-2< 1.
(4) (ndiv2)-2< n.

Now we state the propositions:

(5) Let us consider non zero natural numbers a, b. Suppose a and b are not
relatively prime. Then there exists a non zero natural number k such that

(i) k# 1, and
(ii) k| a, and
(iii) & | b.

(6) Let us consider non zero natural numbers n, a. If a | n, then ndiva # 0.
(7) Let us consider natural numbers 4, j. If i and j are relatively prime, then
lem(i,j) =i - j.

Let f be a natural-valued finite sequence. Let us note that [] f is natural.

2. PRIME NUMBERS

Now we state the propositions:
(8) pr(0) =2.
(9) P(3) = {2}. PrOOF: For every natural number ¢, ¢ € {2} iff ¢ < 3 and
q is prime by [27, (28)], [4, (13)]. O

(10) pr(1) = 3. The theorem is a consequence of (9).

(11) P(5) = {2,3}. PROOF: For every natural number ¢, ¢ € {2,3} iff ¢ < 5
and ¢ is prime by [27, (28)], [I7, (41)], [4, (13)]. O

(12) pr(2) = 5. The theorem is a consequence of (11).

(13) P(6) = {2,3,5}. ProoF: {2,3,5} C N. For every natural number g,
q€{2,3,5} iff ¢ < 6 and ¢ is prime by [27,, (28)], [17, (41), (59)]. O

(14) P(7) = {2,3,5}. Proor: {2,3,5} C N. For every natural number ¢,
q€{2,3,5}iff ¢ < 7 and ¢ is prime by [27, (28)], [I7, (41), (59)]. O

(15) pr(3) = 7. The theorem is a consequence of (14).

(16) P(11) = {2,3,5,7}. PrOOF: {2,3,5,7} C N. For every natural number
q, q € {2,3,5,7} iff ¢ < 11 and ¢ is prime by [27, (28)], [I7, (41), (59)]. O

(17) pr(4) = 11. The theorem is a consequence of (16).

(18) P(13) = {2,3,5,7,11}. ProoF: {2,3,5,7,11} C N. For every natural
number ¢, ¢ € {2,3,5,7,11} iff ¢ < 13 and ¢ is prime by [27], (28)], [17,
(41), (59)]. O

(19) pr(5) = 13.

(20) Let us consider natural numbers m, n. Then
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(i) P(m) € P(n), or
(i) P(n) € P(m)

(21) Let us consider natural numbers n, m. Then n < m if and only if pr(n) <
pr(m). PROOF: For every natural numbers n, m such that n < m holds
pr(n) < pr(m) by [2, (11)], [26, (69)], [4 (39)]. O

3. PRIME RECIPROCALS

In this paper n, i denote natural numbers.

The functor invp yielding a sequence of real numbers is defined by

(Def. 1) Let us consider a natural number i. Then it(i) = p%(i).
Let f be a sequence of real numbers. We introduce f is divergent as an
antonym for f is convergent.
Let us note that invp is decreasing and lower bounded and invp is convergent.
The functor invy yielding a sequence of real numbers is defined by

(Def. 2) Let us consider a natural number 4. Then it(i) = 1.

Let us note that invy is non-negative yielding and invy is convergent.
Now we state the propositions:

(22) liminvy = 0.

(23) invp is a subsequence of invy. The theorem is a consequence of (21).
PROOF: Define F(natural number) = pr($;). Consider f being a sequence
of real numbers such that for every natural number i, f(i) = F(i) from
[24, Sch. 1]. For every natural number n, f(n) is an element of N. For every
natural numbers n, m such that n < m holds f(n) < f(m). invp = invy - f
by [10, (13)]. O

Let f be a non-negative yielding sequence of real numbers. One can verify
that every subsequence of f is non-negative yielding and invp is non-negative
yielding.

Now we state the proposition:

(24) liminvp = 0.

Observe that (3&_(invp)(@))ken is non-decreasing as a sequence of real
numbers.

Now we state the proposition:

(25) Let us consider a non-negative yielding sequence f of real numbers. Sup-

pose f is summable. Let us consider a real number p. Suppose p > 0. Then
there exists an element ¢ of N such that > (f 114) < p.
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4. SQUARE FACTORS

Let n be a non zero natural number. The functor SqFactorsn yielding a
many sorted set indexed by P is defined by

(Def. 3) (i) support it = support PFExp(n), and

(ii) for every natural number p such that p € support PFExp(n) holds
it(p) — p(p—count(n))diVQ.
Let us observe that SqFactorsn is finite-support and natural-valued.
Note that every element of support SqFactorsn is natural.
The functor SqF n yielding a natural number is defined by the term

(Def. 4) []SqFactorsn.
Now we state the proposition:

(26) Let us consider a bag f of P. Then [ f # 0.

Let n be a non zero natural number. Let us observe that SqF n is non zero.
Let p be a prime number. The functor SqFDiv p yielding a subset of N is
defined by
(Def. 5) Let us consider a natural number n. Then n € it if and only if n is
square-free and for every prime number i such that ¢ | n holds i < p.
In the sequel p denotes a prime number.
Now we state the propositions:

(27) 1 € SqFDiv p. PROOF: For every prime number ¢ such that ¢ | 1 holds
i <p by 21, (15)]. O

(28) 0 ¢ SqFDiv p.

Let us note that there exists a natural number which is square-free and non
Z€ero.

Let us consider p. One can verify that there exists a bag of Segp which is
positive yielding.

Now we state the propositions:

(29) Let us consider a positive yielding bag f of Seg p. Then dom f = support f.
PROOF: Seg p C support f by [10, (3)]. O

(30) dom CFS(Segp) = Segp.

(31) Let us consider a finite set A. Then dom CFS(A) = Seg A.

(32) Let us consider a positive yielding bag g of Segp. If ¢ = p — p, then
g = g - CFS(support g). The theorem is a consequence of (29) and (30).
PROOF: Set g = f - CFS(Segp). For every element x such that x € domg
holds g(z) = p — p(x) by [10, (12)], [35, (7)], [10, (3)]. O

(33) Let us consider a positive yielding bag f of Segp. If f = p — p, then
[1f = pP. The theorem is a consequence of (32).

Let us consider a non zero natural number n. Now we state the propositions:
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(34) If n € SqFDiv p, then support PFExp(n) C Segp.
(35) If n € SqFDiv p, then support PFExp(n) < p.

Now we state the propositions:

(36) Let us consider a square-free non zero natural number n.
Then rng PFExp(n) C {0, 1}.

(37) Let us consider non zero natural numbers m, n. If PFExp(m) = PFExp(n),
then m = n. PROOF: For every element z such that x € dom PPF(m) holds
(PPF(m))(x) = (PPF(n))(z) by [23] (33)]. O

Let p be a prime number. Observe that SqFDiv p is non empty.
Note that every element of SqFDiv p is non empty.
The functor 2F(p) yielding a set is defined by the term
(Def. 6) 25eePF,
Let us note that 2F(p) is finite.
The functor Homp(p) yielding a function from SqFDiv p into 2F(p) is defined
by
(Def. 7) Let us consider an element x of SqFDiv p.
Then it(z) = PFExp(x)[(Segp N P).
Observe that Homp(p) is one-to-one.
Now we state the proposition:

(38) SqFDivp C 2P(p).
Let p be a prime number. One can verify that SqFDiv p is finite.
Now we state the propositions:

(39) SqFDivp < 2P.

(40) Ifn # 0 and p’ | n, then i < p-count(n).

(41) If n # 0 and for every prime number p, p-count(n) < 1, then n is
square-free. The theorem is a consequence of (40).

(42) Let us consider a prime number p and a non zero natural number n. If
p-count(n) = 0, then (SqFactorsn)(p) = 0.

(43) Let us consider a non zero natural number n and a prime number p.
Suppose p-count(n) # 0. Then (SqFactors n)(p) = pP-eount(n))div2,

(44) Let us consider non zero natural numbers m, n. Suppose m and n are
relatively prime. Then SqFactors(m-n) = SqFactors m + SqFactorsn. The
theorem is a consequence of (42) and (43).

(45) Let us consider a non zero natural number n. Then SqFn | n. The
theorem is a consequence of (44). PROOF: Define F(non zero natural
number) = [] SqFactors $;. Define G(non zero natural number) = SqFac-
tors $1. Define P[natural number] = for every non zero natural number n
such that support G(n) C Seg$; holds F(n) | n. For every natural number
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k such that P[k] holds P[k + 1] by [6 (1)], [4, (13)], [23] (34), (42)]. P]0]
by [23], (20)]. For every natural number k, P[k] from [4, Sch. 2]. O
Let n be a non zero natural number. One can check that PFactors n is prime-
factorization-like.
Let us consider a bag f of P. Now we state the propositions:

(46) There exists a finite sequence g of elements of N such that
(i) I1f =119, and
(ii) g = f - CFS(support f).

(47) It f(p) = p", then p™ [ T] f.

(48) If f(p) = p", then p-count([] f) > n.

5. EXTRACTING SQUARE-CONTAINING AND SQUARE-FREE PART OF A
NUMBER

Let n be a non zero natural number. The functor TSqFactorsn yielding a
many sorted set indexed by P is defined by

(Def. 8) (i) support it = support PFExp(n), and

(ii) for every natural number p such that p € support PFExp(n) holds
it(p) — p2-((p—count(n))div 2).

Now we state the proposition:

(49) Let us consider a non zero natural number n. Then TSqFactorsn =
(SqFactors n)2. PRrROOF: For every element x such that € dom TSqFact-
ors n holds (TSqFactorsn)(z) = (SqFactorsn)*(z) by [26, (9), (11)]. O
Let n be a non zero natural number. Let us observe that TSqFactorsn is
finite-support and natural-valued.
The functor TSqF n yielding a natural number is defined by the term

(Def. 9) T]TSqFactorsn.

Observe that TSqF n is non zero.
Now we state the propositions:

(50) Let us consider a prime number p and a non zero natural number n. If

p-count(n) = 0, then (TSqFactorsn)(p) = 0.
(51) Let us consider a non zero natural number n and a prime number p.
Suppose p-count(n) # 0. Then (TSqFactorsn)(p) = p* ((P-eount(n))div2),
(52) Let us consider non zero natural numbers m, n. Suppose m and n are
relatively prime. Then TSqFactors(m-n) = TSqFactors m+ TSqFactors n.

The theorem is a consequence of (50) and (51).
Let n be a non zero natural number. One can check that support TSqFactors n
is natural-membered.
Now we state the proposition:
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(53) Let us consider a non zero natural number n. Then TSqF n | n. The the-
orem is a consequence of (4) and (52). PROOF: Define F(non zero natural
number) = [] TSqFactors $;. Define G(non zero natural number) = TSqFa-
ctors $1. Define P[natural number| = for every non zero natural number n
such that support G(n) C Seg $; holds F(n) | n. For every natural number
k such that P[k] holds P[k + 1] by [6], (1)], [4, (13)], [23 (34), (42)]. P[0]
by [23] (20)]. For every natural number k, P[k] from [4, Sch. 2]. O

Let n be a non zero natural number. Let us note that n div TSqF n is square-
free as a natural number.

Now we state the propositions:

(54) Let us consider non zero natural numbers n, k. If k # 1 and k2 | n, then
n is square-containing.

(55) Let us consider a square-free non zero natural number n and a non zero
natural number a. If a | n, then a and ndiva are relatively prime. The
theorem is a consequence of (5) and (54). PROOF: ndiva # 0 by [29, (12)].
Consider k being a non zero natural number such that £ # 1 and k | a
and k | ndiva. O

6. BINARY OPERATIONS

Now we state the propositions:

(56) Let us consider non empty sets A, C', a commutative binary operation L
on A, and a binary operation Ly on C. If C C Aand L; = L [ C, then L,
is commutative. PROOF: For every elements a, b of C, Li(a,b) = L1(b,a)
by [14, (87)], [10, (49)]. O

(57) Let us consider non empty sets A, C, an associative binary operation L
on A, and a binary operation Ly on C. If C C Aand L1 = L [ C, then L
is associative. PROOF: For every elements a, b, ¢ of C, Li(a, L1(b,c)) =
Li(Ly(a,b),c) by [14, (87)], [10, (49), (47)]. O

Let C be a non empty set, L be a commutative binary operation on C', and
M be a binary operation on C. Note that (C, L, M) is join-commutative.

Let L be a binary operation on C' and M be a commutative binary operation
on C'. Let us observe that (C, L, M) is meet-commutative.

Let L be an associative binary operation on C' and M be a binary operation
on C. Note that (C, L, M) is join-associative.

Let L be a binary operation on C' and M be an associative binary operation
on C'. Let us observe that (C, L, M) is meet-associative.
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7. ON THE NATURAL DIVISORS

Now we state the proposition:

(58) Let us consider a non zero natural number n. Then the set of positive
divisors of n C Nt.

Let us consider a non zero natural number n and natural numbers x, y. Now
we state the propositions:

(59) Suppose x, y € the set of positive divisors of n. Then lem(z,y) € the set
of positive divisors of n.

(60) Suppose z, y € the set of positive divisors of n. Then ged(z,y) € the set
of positive divisors of n.

Let n be a non zero natural number. Note that the set of positive divisors of n
is non empty and gedy is commutative and associative and lemy is commutative
and associative.

Now we state the propositions:

(61) gedyt = gedy | NT.PROOF: Set hy = gedy+. Set h = gedy. Set N = N+,
hi = h[(N x N) by A1} (62)], [10, (49), (2)]. O

(62) lemy+ = lemy | NT. PROOF: Set h; = lemy+. Set h = lemy. Set N =
N*. hy = h](N x N) by [41], (62)], [10, (49), (2)]. O

Let us observe that gcdy+ is commutative and lemy+ is commutative and
gcedy+ is associative and lemy+ is associative.

8. THE LATTICE OF NATURAL DIVISORS

Let n be a non zero natural number. The lattice of positive divisors of n
yielding a strict sublattice of Ly+ is defined by
(Def. 10) The carrier of it = the set of positive divisors of n.
One can check that the carrier of the lattice of positive divisors of n is
natural-membered.
Now we state the proposition:
(63) Let us consider a non zero natural number n and elements a, b of the
lattice of positive divisors of n. Then

(i) aUb=lem(a,b), and
(ii) aMb = ged(a,b).
Let n be a non zero natural number and p, ¢ be elements of the lattice of
positive divisors of n. We identify lem(p, ¢) with plLg. We identify ged(p, ¢) with
pq. Let us note that the lattice of positive divisors of n is non empty.

Note that the lattice of positive divisors of n is distributive and bounded.
Now we state the proposition:



ON SQUARE-FREE NUMBERS

(64) Let us consider a non zero natural number n. Then

(i) Ta =mn, and
(ii)) Lo =1,
where « is the lattice of positive divisors of n. PROOF: Set L = the lattice

of positive divisors of n. Reconsider 7' = n as an element of L. For every
element a of L, TUWa =T and a UT =T by [26, (44)], [19] (39)]. O

Let n be a square-free non zero natural number. One can verify that the

lattice of positive divisors of n is Boolean.

Let n be a non zero natural number. One can verify that every element of

the lattice of positive divisors of n is non zero.

Now we state the proposition:

(65) Let us consider a non zero natural number n. Then the lattice of positive

1]

[2]
3]
[4]

[5]
[6]

[7]
(8]
[9]

[10]

divisors of n is Boolean if and only if n is square-free. The theorem is a
consequence of (64) and (7). PROOF: Set L = the lattice of positive
divisors of n. If L is Boolean, then n is square-free by [26, (81)], [19, (39)],
28 (7)]. O
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