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Uniwersytet w Bialymstoku

WSPOMNIENIA I PROJEKTY JUBILEUSZOWE
7Z OKAZJI DWUDZIESTEGO TOMU ROCZNIKA
STUDIES IN LOGIC, GRAMMAR AND RHETORIC

Na prawach jubileuszowego wyjatku tekst ten ukazuje si¢ po polsku,
choé angielski nie jest dla polskich czytelnikéw bariera. W jezyku jednak
macierzystym piéro bardziej gietko ,odda to wszystko, co pomysli glowa”.
Glowa zaé chcialaby podzielié sie racjami, z ktérych to pismo sig zrodzito,
jak 1 wizjg jego nowej fazy.

Tytulem swym pismo nawigzuje do $redniowiecznego Trivium, niech
wiec wolno mi bedzie przedstawi¢ sie na wstepie scholastycznym przydom-
kiem Inceptor czyli poczatkodawca (w pelnym brzmieniu Inceptor Venerabi-
lis). Niecodzienna my$l utworzenia w Biatymstoku pod tym tytulem pisma
w jezykach kongresowych, gltéwnie angielskim (choé genius loci podpowia-
dalby raczej jaki$ idiom kresowy), pojawila sie w roku 1979. Data 1979 jest
znaczaca. Polityka bowiem trzymala wtedy zycie umystowe w tak mocnym
uécisku, ze proéciej bylo zalozy¢ pismo w drugim czyli nielegalnym obiegu.
niz uzykaé¢ u wladz legalizacje nowego projektu piSmienniczego.

Na poczatek wypada zdaé sprawe, skad ten pomyst przywotania w tytule
éredniowiecznego Trivium. Jest to zarazem sposobnoé¢, zeby oddac sprawie-
dliwoé¢ dwom znaczacym postaciom w zyciu akademickim tamtego czasu,
z ktérymi miatem przywilej wspdlpracowaé. Jedna z nich jest Jerzy Pelc,
pionier semiotyki na gruncie polskim i wielce znaczaca pozycja w miedzy-
narodowym ruchu semiotycznym. To za jego sprawa statem si¢ uczestnikiem
ruchu semiotycznego w Polsce i szerzej na polu zaréwno organizacyjnym jak
pi$mienniczym, czego refleksem byl pomyst nawiazania do dawnych dyscy-
plin semiotycznych (nazywanych scientiae sermocinales — logiki, gramatyki
i retoryki.

Skad jednak 6w sztafaz redniowieczny zamiast wprowadzenia do ty-
tutu nowoczesnego pojecia semiotyki? Jeden motyw byl negatywny, drugi
pozytywny.

ISBN 83-7431-015-4  ISSN 0860-150X 7
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Negatywny to ten, ze mimo zaangazowania w tematyke semiotyczng
mialem (i mam do dzi$) opory przeciw wyodrebnianiu semiotyki jako osob-
nej nauki. Opory sa natury ogélnej i dzi$ rozciagam je takze na modna
kognitywistyke. Rzecz w tym, ze mnozenie nowych dyscyplin, ponoé¢ w imie
interdyscyplinarnoéci, bywa dzialaniem fikcyjnym oraz rodzgcym ryzyko ob-
nizenia poziomu badan. Moze to by¢ o tyle fikcja, ze realna wspétpraca mie-
dzy dyscyplinami bierze sie z istniejacej potrzeby oraz umiejetnosci znajdo-
wania wspdlnego jezyka. A jezeli jest potrzeba i umiejetnosci, to dotych-
czasowa klasyfikacja nauk i zwigzane z nig struktury organizacyjne nauki
czesto wystarczaja do celéw kooperacyjnych. Nie na darmo uniwersytet na-
zywa si¢ tak od stowa universitas, a podobnie uniwersalne sa PAN, PAU
czy TNW. Sasiedztwo w takiej jednej strukturze przewazajacej wiekszosci
nauk, choéby w ramach senatu, stwarza dobre warunki kontaktu. Trudno na-
tomiast zaobserwowaé, zeby dzieki powolaniu jakiego$ instytutu semiotyki
wzrosty kompetencje matematyczne zatrudnionych w nim lingwistéw czy
lingwistyczne socjologéw; a tylko tego rodzaju wzrost stuzylby wspdlpracy
miedzy naukami (jesli uczeni koledzy nie maja rozmawiaé¢ jak Chinczyk
z Eskimosem). Innym argumentem przeciw paczkowaniu dyscyplin interdy-
scyplinarnych jest to, ze te z przedrostkiem ,inter” nie maja wypracowa-
nego warsztatu badawczego ani przestrzeganych przez $rodowisko rygoréw
badawczych. Powiedzmy, w tzw. kognitywistyce przecietny lingwista bedzie
sitg rzeczy najlepszym lingwista wéréd tworzacych to nowe $rodowisko przy-
byszy z psychologii, pedagogiki, neurofizjologii itd. Podobnie, staby infor-
matyk czy neurofizjolog bedzie tam brylowal jako najwyzszy autorytet in-
formatyczny czy biologiczny, podczas gdy w ojczystych érodowiskach kazdy
z nich jest kontrolowany wedle sprawdzonych od dawna standardéw i po-
réwnywany z najlepszymi reprezentantami danej dziedziny. Stowem, taka
instytucjonalna interdyscyplinarno$é¢ moze i pomaga karierom akademickim,
ale gorzej stuzy nauce.

Przy tej sceptycznej postawie wobec instytucji z przydomkiem ., semio-
tyczna”, nie bralem pod uwage uzycia go w nazwie zamierzonego pisma. Ale,
Jako sie rzeklo, tematyka podpadajaca pod ten termin jest realna i donio-
sta, bedac rozdzielona miedzy kilka nauk o wielkiej tradycji, a w tym logike,
lingwistyke i nauke o komunikacji spolecznej; jako reprezentacja (pars pro
toto) tej drugiej dobrze si¢ nadaje gramatyka, trzeciej zaé — okryta klasyczna
patyna retoryka.

A co do motywacji pozytywnej, to wiaze si¢ ona z inng postacig aka-
demicka, ktérej zawdzieczam szczegdlnie wiele inspiracji. W filozofie ére-
dniowieczna wprowadzal mnie Stefan Swiezawski; po latach pomoglo mi to
wydatnie w dotarciu do $redniowiecznych prekursoréw formalizmu w logice
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(z czego wrzieta sie duza czes¢ ksiazki, napisanej wspélnie z Romanem Mu-
rawskim, Mechanization of Reasoning in a Historical Perspective, Amster-
dam 1995). Od Profesora Swiezawskiego promieniowala wizja sredniowiecza
jako epoki pulsujacej wiara w szanse poznania $wiata. To, ze wobec ogromu
zadan poznawczych uciekano sig pod skrzydia autorytetéw nie umniejszato
przekonania, ze rozum ludzki musi sie sam poteznie wysilic. A do tej pracy
przygotowuja go trzy madre korepetytorki: logika, gramatyka i retoryka.
Po nich miato przyj$é studium matematyki i nauk o przyrodzie, a potem
studium teologii. Odziedziczywszy taka wizje, skromny logik, majacy przy
tym zainteresowania jezykowe, spoleczne i historyczne, oraz pragnacy by¢
spolecznie uzytecznym (o taks bowiem bym sie ubiegal intelektualna me-
tryke) czul sie w owym Trivium nauk jak u siebie w domu. Pragnal tez
przekazaé to nastawienie wspolpracownikom, miodszym kolegom ze srodo-
wiska logiczno-informatycznego powstajacego w uczelni i okolicy. Zapropo-
nowal wiec im wspélne wydawanie rocznika: Studies in Logic, Grammar and
Rhetoric.

* *

Od tomu 14 (rok 1997) pismo przeszio na nowa formule edytorska,
taczac to ze zmiang formy graficznej i uzyskaniem podwdjnego statusu, pe-
riodyku i serii ksigzkowej. Formalnie przejawia sie w posiadaniu numeréw
ISBN i ISSN, a merytorycznie w tym, ze kazdy tom ma swdj odrebny temat
i wyrazajacy go tytul, o czym dokladniej opowiadam nizej. Utrzymywanie
tej formuly nie jest jakim$ dogmatem, ma ona swoje za i przeciw; jest to
kolejny temat do refleksji jubileuszowej.

Od roku 2001 pismo ma Rade Naukows (Editorial Advisory Board),
w ktérej znalezli sie czotowi przedstawiciele z gtéwnych $rodowisk logiczno-
-filozoficznych w Polsce. Cieszy sie tez przynalezeniem do grupy A czasopism
rekomendowanych przez KBN. Jest to strategicznie dobry punkt wyjscia do
ekspansji, ktérej projekt zarysuje dalej.

Na czym polega nowa formula edytorska, ta od roku 19977 Otéz kazdy
tom ma od tamtego roku okreslona tematyke, wyrazona w jego tytule. Za-
czeto sie to troche przypadkowo, bo w roku 1996 poczulidémy si¢ powolani
do tego, zeby uczcié 350-lecie urodzin Leibniza. Dzieki cztonkostwu w Leib-
niz Gesellschaft mialem sposobno$é uczestniczenia, takze w formie wkiadu
pisarskiego, w obchodach tej rocznicy w Niemczech, byly wigc juz gotowe
pewne tematy i przemy$lenia, za$ wieloletni Redaktor Naczelny Studies mial
wcielenie w osobie Haliny Swieczkowskiej, ktéra whaénie koriczyla swa roz-
prawe habilitacyjna Harmonia Linguarum. Jezyk i jego funkcje w filozofis
Leibniza. 1 tak w nastepnym roku ukazal sie tom pt. On Leibniz’s Phi-
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losophical Legacy in the 350th Anniversary of His Birth, w ktérym do
leibnizjariskiego watku dotaczyli sie jeszcze inni autorzy z kraju i z za-
granicy.

Nastepne tomy okazaly sie takze mie¢ proweniencje rocznicowe, ponie-
waz tak sie zbieglo, ze wydajaca Studies Katedra Logiki, Informatyki i Fi-
lozofii Nauki UwB (Uniwersytetu w Bialymstoku) zaczela od 1997 organi-
zowat co rok ogdlnopolskie Warsztaty Logiki, Informatyki i Filozofii Nauki.
kazdy po$wiecony jakiej$ waznej rocznicy historycznej w dziejach logicznej
problematyki rozstrzygalnosci i ztozonosci obliczeniowej. Na przyktad: stu-
lecie urodzin Emila Posta i takiez Johna von Neumanna, stulecie programu
Hilberta, pigtdziesieciolecie Turinga idei sztucznej inteligencji, dziesieciole-
cie Smierci Friedricha Hayeka (zastuzonego dla teorii wolnego rynku jako
systemu obliczeniowego). Jako wykladowcy zapraszani byli najlepsi polscy
specjalisci od danego zagadnienia. Byloby wiec marnotrawstwem nie wy-
korzysta¢ ich wkladu jako publikacji w wersji angielskiej, przygotowane;j
specjalnie dla Studies. Tak uksztaltowala sie, jakby na zasadzie samorzut-
nego porzadku (Hayeka spontaneous order), pewna koncepcja programowa,
ktéra moze si¢, cho¢ nie musi, kontynuowaé i doskonali¢. Jest to kolejny
temat do jubileuszowej dyskus;ji.

Na prawach glosu w tej dyskusji, wypowiadam si¢ na rzecz kontynu-
acji dotychczasowej linii, z takim oto okresleniem dwéch punktéw ciezkoscei.
(1) Pod hastami logiki i gramatyki po$wigcaé nadal wiele uwagi zagadnie-
niom zlozonosci obliczeniowej, ktére sa dzi§ fundamentalne dla informa-
tyki, a takze dla metodologii nauk empirycznych, w tym nauk spolecznych.
(2) Pod hastem retoryki obejmowaé zagadnienia komunikacji spotecznej,
zaréwno w wymiarze merytorycznym jak i metodologicznym.

Co do retoryki, proponuje zastanowié sie chwile nad jej wspolczesna
szansa, czerpiac z lekcji historycznej, jakiej dostarcza domiosta jej rola
u $witu nowozytnosci, w wieku XV. Tak pisze o tym Stefan Swiezawski:

»Problem retoryki w zachodzacych wéwczas przemianach zajmuje w jakims
sensie pozycje centralng. Liczne i wielorakie wiezy wiaza te dyscypline z licz-
nymi dziedzinami my$li i zycia praktycznego. [...] Ma to oczywiscie wyrazny
oddzwigk i w filozofii; wéréd nalezacych do niej dyscyplin coraz bardziej do-
minujace znaczenie zyskuje etyka, wraz z retoryka jako jednym z najspraw-
niejszych jej narzedzi. Oczywiste sa bliskie i liczne zwiazki etyki z prawem.
a zarazem i calej rozbudowanej teorii i praktyki prawniczej wladnie z retoryka;
ona to nadaje swoistego pietna éwczesnym studiom prawniczym. [..]

Retoryka byta wéwezas jakby na réwni teoretyczna i praktyczna i dlatego
stuszna jest teza, ze w tym okresie — a w kazdym razie we wczesnym humani-

zmie — polityka utozsamiala sie z retoryka, bedaca podstawowym elementem
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w tych kontaktach miedzy tudzmi, w ktdrych dokonujg si¢ istotne decyzje po-
lityuczne. W tym wczesnym, ,obywatelskim” humanizmie wioskim 'cala odno-
wiona filologia, z retoryka na czele ma stuzy¢ polityce, ktéra ze swej strony z0-
staje (przynajmniej w zamierzeniu i w teorii) podporzadkowana etyce.« (Dzieje
filozofii europejskiej XV wieku. [tom] 2. Wiedza. ATK -, Collectanea Theolo-
gica”, Warszawa 1974, s. 236 n.) ' ' .

Warto jeszcze przypomnieé, ze w owym czasie pojawily sie propozycje tak
szerokiego pojmowania logiki, ze retoryka stawala si¢ jej czescia. Mamy 'to udo—
kumentowane w tytule jednego z wykladéw Gersona: Lectio de duplici logzga,
quarum una est pro speculativis scientiis, alia pro moralibus, quae Thetorica
nominatur. (Wyklad o dwojakiej logice, z ktérych jedna jest przeznaczona
dla nauk teoretycznych, a druga, zwana retoryka, dla praktycznych. Op.cit.,
s. 176.) o '

Ow watek ,,gersonowski” podejmuje w pewien sposéb w ksiazce Logz}c fram
a Rhetorical Point of View (de Gruyter, Berlin etc. 1994), gdzie poréwnuje
rachunkowe czyli algorytmiczne partie logiki z badaniami nad efekt}.fwnosm@
komunikacji. Te drugie powinny wyjé¢ dalece poza $rodki algorytml’cz'ne. co
jednak ich nie zwalnia od metodycznoéci; napiecie midey. praktyczno§c1ad oraz
ta precyzja, jakiej wzér daje logika, jest gléwnym wyzwaniem dla wspdlczesnej
retoryki.

Takie perspektywy majac na oku, trzeba pomysle nad naprawa funkcjono-
wania Studies w dwéch zywotnych punktach.

Jednym z nich jest udzial autoréw zagranicznych. Pod tym wzgledem
budujace byly pierwsze lata, kiedy w naszym roczniku publikowa.l Kuno
Lorenz z Saarbriicken, Guido Kiing z Fryburga szwajcarskiego, Kris Cool—.
saet i Albert Hoogevijs z Gandawy, Lynne Broughton z Melbourne i inni
autorzy z o$rodkéw, z ktérymi utrzymywaliSmy kontakty. Odnotowaws?y
regres tego rodzaju wspolpracy, trzeba dazy¢ do jej wznowienia. Ir.mym nie-
dostatkiem jest staba dystrybucja pisma; paradoksalnie, latwiej jest o au-
toréw niz o czytelnikéw. Wyjéciem rozsadnym, doskonale sprawdzonym
w $wiecie spolek handlowych, bylaby fuzja z inna instytucja i powiqz.a—
nym z nig $rodowiskiem. Instytucja dostatecznie mocna, zeby poprawﬂg
to zarazem szanse wspolpracy zagranicznej oraz recepcje pisma w skali
krajowej. . o

Mogtoby to by¢ ktére§ z towarzystw naukowych o profilu bliskim te-
matyce Studies, jak Polskie Towarzystwo Filozoficzne czy Polskie Towarzy-
stwo Logiki i Filozofii Nauki. Najbardziej jednak obiecujgcym kan(-jlydatem
zdaje sie by¢ Komitet Nauk Filozoficznych PAN, ktéry dysponuje zaple-
czem administracyjnym PAN, a jako instytucja z wybordw powszechnych
(wéréd samodzielnych pracownikéw nauki) reprezentuje stosunkowo szero-
kie $rodowisko. Od lat w KNF nurtuje mysl wydawania pisma filozoficznego
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w Jezyku angielskim, nie moze sie jednak zrealizowaé z braku $rodkéw fi-
nansowych szacowanych w takiej iloéci, jaka wydaje sie niezbedna autorom
projektu. Jest to jednak oszacowanie mocno zawyzone i stad skutkujace
przedwczesnym pesymizmem. Przeciw takiemu pesymizmowi przemawiaja
do$wiadczenia naszego pisma.

Tu niezbgdna jest gar$é detali technicznych, zeby projekt, ktéry rozsnuwam
nie byl tworem papierowym. Przy zalozeniu, ze zespo6t redakeyjny pracuje
spolecznie, wspanialomy$lni autorzy nie oczekuja honoraridéw, a honorowych
recenzentéw zapewni KNF odwolujac sie do nastawienia spolecznego swych
czlonkéw (co juz sie w KNF praktykuje), koszty za§ konsultacji jezykowej
1 typografii pozostana na poziomie biatostockim, to naklad 200 egzemplarzy
mozna uzyskaé za kwote 4000 z1, ktéra to kwote pismo corocznie uzyskuje
z KBN na wniosek Katedry Logiki, Informatyki i Filozofii Nauki Uniwersytetu
w Bialymstoku. Kwote te tatwo podwoié, przy zamierzeniach ambitniejszych
(np. wydawanie tomu co pél roku) dzieki rodkom na badania statutowe tejze
Katedry i jednostek z nia wspélpracujacych oraz wprowadzeniu tej pozycji do
budzetu KNF PAN.

Fuzje od strony osobowej mozna by realizowaé w ten sposob, ze aktywna
rola w polityce edytorskiej przypadnie Sekcji Wydawniczej KNF, ktérej prze-
wodniczacy zostalby w naturalny sposéb przewodniczacym Rady Naukowej
Studies, a Komitet Redakeyjny powstalby z mianowania KNF, przy wyni-
kajacym z natury rzeczy repektowaniu kompetencji, doswiadczenia i zastug
dotychezasowego sktadu redakcji.

Jedyne, jakie moze sie nasungé zastrzezenie, to okolicznoéé¢, ze pismo
nie powinno straci¢ wypracowanego dotychczas profilu, a ten nie ogarnia
caloksztaltu dyscyplin i zagadnien filozoficznych reprezentowanych w KNF.
Zrébmy zatem rejestr tego, co z owego caloksztattu da sie w profilu Studies
zmiesci¢: logika, metodologia nauk, filozofia nauki, ontologia formalna, teoria
poznania, filozofia umystu, filozofia jezyka i komunikacji, duza czes$é filozofii
spolecznej i politycznej (przykladem tom 18 poéwiecony F. Hayekowi), a takze
filozofia prawa i etyka (por. wyzej uwagi o retoryce wezesnego Renesansu). Nie
Jest to calodc¢ filozofii. Czy jest to obszar zbyt maty, zeby KNF mdégt firmowaé
Studies? Na moje wyczucie, nie jest to malo, ale ostatecznie niech rzecz ocenig
arbitrzy bardziej bezstronni.

* *

Na koniec, pare stéw o historii przedsiewziecia. Jak wspomniatem, po-
myst zrodzit sie w roku 1979, kiedy na wydawanie nowego tytulu aka-
demickiego trzeba bylo pozwolenia Ministerstwa, a jesli by sie o nie wy-
stapito, to trudno by nawet liczyé¢ na odpowiedz odmowna; wniosek uto-
natby w ministerialnej szufladzie. Uczelnia miata jednak prawo wydawa-
nia zeszytéw naukowych; rzecz byla wiec w tym, zeby zmieéci¢ si¢ w tej

12

Wspomnienia i projekty jubileuszowe z okazji dwudziestego tomu rocznika. ..

formule, ale miast ja ukazywaé, przestonié¢ ja tytutem Studies in Logic,
Grammar and Rhetoric. Owczesny szef wydawnictw uczelnianych chwycit
w lot intencje (rzeklszy: ,rozumiem, chodzi tylko o nowy projekt graficzny
oktadki”).

Pismo bylo pomyslane jako ukazujace sie w jezykach kongresowych.
Istotnie, ukazywaly sie w nim teksty francuskie i niemieckie, ale przyttacza-
Jaca jest przewaga angielskiego. O wspdlpracy z autorami zagranicznymi juz
wspominatem. Byt to wynik éwezesnych kontaktéw zagranicznych, z jed-
nej strony moich, z drugiej za$ grupy Mizara (projekt z dziedziny automa-
tycznego dowodzenia twierdzen) zainicjowanej i kierowanej przez Andrzeja
Trybulca. Obecnie Mizar ma wlasny organ miedzynarodowy przyciagajacy
licznych autoréw zagranicznych, a moje wysitki w tym kierunku wchloneto
zainicjowane przed kilku laty pismo elektroniczne po angielsku Mathesis
Universalis. Tak wigc, sa tu obecnie zaniedbania, ktére trzeba bedzie odra-
bia¢ w kolejnej fazie pisma.

Pierwszy numer rocznika wydali$my w 1980 wspélnie z Jerzym Ko-
pania, wtedy adiunktem w Zakladzie Logiki Filli UW w Biatymstoku, dzi$
profesorem. Nastepne wydawal on sam, a od roku 1990 przejeta redakcje Ha-
lina Swieczkowska, adiunkt w tymze Zakladzie; pelni ona funkcje redaktora,
naczelnego do dzi$, dysponujac od paru lat dodatkowymi mozliwoéciami wy-
dawniczymi jako profesor wysoce aktywny na Wydziale Prawa UwB, gdzie
zajmuje sie zagadnieniami komunikacji spoteczne;j.

Znaczaca okoliczno$é, powiazanie treéci pisma z kolejnymi Warszta-
tami Logiki, Informatyki i Filozofii Nauki, byla juz wspomniana. Zapew-
nia to pismu wkiad najlepszych specjalistéw z catej Polski, takich bo-
wiem pozyskiwano dla Warsztatéw, zamawiajac u nich odczyty za temat
zaplanowany przez organizatoréw. To gwarantuje wysoka jakosé, odcigza-
Jac od czeéci wysitkéw recenzyjnych; opiniuje sie natomiast prace mlod-
szych autoréw oraz poddaje sie ocenie jednego recenzenta calo§é numeru.
Od roku 2001 (nr 17) ukazuje si¢ réwnolegle wersja internetowa pod ad-
resem: logika.uwb.edu.pl/studies/, realizowana technicznie przez Mariusza
Giero z Katedry Logiki, Informatyki i Filozofii Nauki UwB, kierowanej obec-
nie przez Kazimierza Trzesickiego.

Prébujac oszacowaé perspektywy rozwoju, warto zwréci¢ uwage na oko-
licznosé, ze periodyk filozoficzny powstal, i przetrwal, prawie ¢wieré wieku.
w miejscu, w ktérym nie ma dotad wydziatu ani instytutu filozofii. a miasto
Biatystok, przy wszystkich swoich urokach i zastugach, nie figuruje na mapie
kraju jako znaczacy oSrodek aktywnoéci filozoficznej. Brak wiec bylo natu-
ralnego zaplecza, jakim dysponujg inne periodyki filozoficzne. Jesli udalo
si¢ pismu zy¢ i rozwijaé w tej rozrzedzonej jakby atmosferze, tym wieksze
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beda szanse, jedli dosztoby do fuzji z jakimé zaawansowanym osrodkiem fi-
lozoficznym. Dobrze jest mie¢ zashuge przetrwania w surowych warunkach,
ale nie mozna z tego czynié¢ celu samego w sobie. A wiec, caeterum censeo,
.Studia” reformanda esse.

ANNIVERSARIAL REMEMBERINGS AND PROJECTS
ON THE OCCASION OF THE TWENTEENTH VOLUME
STUDIES IN LOGIC, GRAMMAR AND RHETORIC

Abstract

Exceptionally, the text being here summarized is written in Polish as its author
(not surprisingly) is more flexible in his native langauage, while such a flexibilty
is required to impart the text argumentative power in a discussion among Polish
philosophers. I mean the discussion concerning future career of the yearly Studies
in Logic, Grammar and Rhetoric, edited by a team of logicians and philosophers
at the University of Bialystok, Poland.

The title refers to the medieval Trivium as consisting of Logic, Grammar and
Rhetoric. The idea of the journal’s scope might have been expressed in terms of
semiotics, since these three disciplines, once called scientiae sermocinales, appro-
ximately cover the field of what is called semiotical research (including logic). Ho-
wever, there are some reasons to be sceptical about any new discipline which,
like semiotics, pretends to be highly interdisciplinary (as nowadays also cognitive
science does). For, such a claim results in establishing new academic institutes,
societies. journals, etc. which duplicate the work of corresponding (though less
‘interdisciplinary’) traditional institutions, the latter however having their research
methods decidedly better defined and developed. Thus, as the author of the project,
I preferred to stick to the old venerable triad, in which rhetoric is to be broadly
conceived as a theory of communication, related to vital social issues.

The periodical is being published since 1980, roughly one issue every year, in
foreign (with respect to Polish) languages, mainly in English. This, obviously, ad-
vances collaboration with collegaues abroad. Since 1997 the periodical appears in
a new editorial form, now also in Web version (logika.uwb.edu.pl/studies /}. During
that time, its content to some extent consisted of the invited papers having been
submitted to the Polish Workshops of Logic, Informatics and Philosophy of Science,
devoted to the issues of computability and computational complexity. These are
organized every year since 1997 by the Department of Logic, Informatics and Philo-
sophy of Science (University of Bialystok) on the occasion of relevant anniversaries
(the birth centenaries of Emil Post, then of John von Neumann, etc). This nexus
of the journal with conferences on computability has considerably influenced the
content of Studies in the last few years.
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When considering prospects of the journal, I suggegt to try a merger 'w1th son(lie
significant philosophical institution, highly representative of philosophy in Polan d
Thus the journal would be edited by a new team com.posed of the old one ‘anl
representatives of the new collaborating institution. This should g?ctend the circle
of contributors and that of readers, increase financial means, facilitate refereeing,

and advance propagation.

15



STUDIES IN LOGIC, GRAMMAR AND RHETORIC 7 (20) 2004

Witold Marciszewski
University of Bialystok

CHALLENGES FOR THE LOGIC OF SOCIAL RESEARCH:
TO GRASP RATIONALITY, TO DEAL WITH COMPLEXITY

The two Herculean tasks — to define rationality, as a basis of social
order, and to tackle complexity of social phenomena — require harnessing
potent forces and resources of logic. One needs ‘basic logic’, that is, logical
calculi to have rules of correct reasonings, then methodological reflexion on
the use of mathematical models in social sciences, at last some additions
to basic logic. The last involve theoretical computer science to judge the
power of algorithms used in modelling, and a study of practical reasoning
in social interactions; such a study is provided by the theory of games and
decision-making. All that jointly deserves to be called the logic of social
researchl.

1. Logic, mathematical modelling, and artificial societies

The theory of logic, insofar as we attain to it, is the vision and the
attainment of that Reasonabless for the sake of which the Heavens and the
Earth have been created. This enthusiastic belief in logic as expressed by
Charles Sanders Peirce, is what Evert W. Beth referred to with the motto
of his seminal study Semantic Entailment and Formal Derivability (Amster-
dam, 1955).

In that study Beth succeeded in grasping an essential feature of ‘that
reasonabless’ which one finds in first-order logic and the accompanying me-
talogical reflexion. This is just a part of the idea of rationality, but a part
significant enough to be taken it as the starting point of discussion.

1 This paper was supported with financial means of the State [Polish] Committee for
Scientific Research as research project no. 2 HO1A 030 25; Nierozstrzygalnosé i algoryt-
miczna niedostepnosé w naukach spotecznych (Undecidability and Algopithmic niracta-
bility in Social Sciences), run in 2003-2006. Iz e
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Beth’s study, inspired by some Gentzen’s idea, offers a very important
logical contribution to the notion of rationality. His predicate logic system
called semantic tableauz is much worth attention for it represents the most
algorithmic approach in solving the problem about an inference whether
1t is logically correct. It is not the only system of this kind but the one
which historically was the first in a chain of similar systems, and is a fitting
example to represent this whole chain. The problem of whether a formula
of predicate logic is logically valid can be solved in different ways. Some
of them involve the guessing of premisses from which the formula in ques-
tion could be deduced; this gives us opportunity to show invention. but
does not guarantee success. In other strategies, to which Beth’s method
belongs. the process of checking validity is guided by a set of algorithmic
rules to obtain a result, provided that it is obtainable at all (this not al-
ways is the case because of the undecidability of logic). This algorithmic
strategy is more rational than the other one, in the sense of being more
efficient.

A new level of rationality is attained with metalogical reflexion concer-
ning theoretical tools which one uses in mathematical modelling. A rese-
archer who is aware of metamathematical properties of a theory used for
modelling should be acknowledged as more rational than the one who lacks
such awareness. The well-known story about Frege who recognized incon-
sistency of his system of logic after Russell’s critique (the antinomy of the
set of sets not being their own elements) exemplifies such degrees of ra-
tionality; Frege’s attitude towards his system was more rational after his
learning about the flaw2. Completeness of a theory is another subject of
such reflexion, still other ones are decidability and computational tractabi-
lity (decidability in practice).

Such metalogical assessments add new points to the postulate of logical
correctness of reasonings. Suppose, there are two researchers in an empiri-
cal science. One of them adopts a mathematical model provided by a naive
non-formalized theory, whose decidability has not been thus far investiga-
ted, while the other employs the same (as to the content) theory stated in
a formalized form and enjoying a proof either of decidability or of undeci-
dability. The latter should be appreciated as acting in a more rational way
as being more conscious of his tools and methods. Another comparison can
be drawn between two theories, one of them being computationally tract-

2 . . .
Though Frege did not intentionally work in a paradigm of modelling, any logical

system, including that of him, can perfectly serve as a model of mental processes of
reasoning.
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able, while the other not, the comparison resulting to the advantage of the
former.

The use of mathematical theories to provide models in an algorithmic
form. necessary for computer simulation, faces us with two questions, one
belonging more to mathematical logic, the other more to computer science.
The questions are as follows: (1) the issue of algorithmic decidablity, (2) the
issue of computational tractability. The first is concerned with what can be
computed in principle, while the second — with what can be computed in
practice (i.e., with respect to available resources of time. memory, etc).

These logical explanations of what rationality consists in, are funda-
mental for building Artificial Intelligence not less than for understanding
the natural intelligence of humans and animals. Any inferences we expect.
e.g., from agent programs, should conform to the standards of valid de-
duction and to metatheoretical requirements, before we address the issue.
possibly, with more specialized theories of reasoning.

The domain of Al has its natural extension in what is called Artificial
Societies. AS researchers carry computational simulations of social interac-
tions occurring among artificially intelligent agents. How such simulations
are related to logic, can be learnt when reading the quarterly Journal of Arti-
ficial Societies and Social Simulation, abbreviated as JASSS. An instructive
example is found in a recent paper by Maria Fasli, entitled with the question
Formal Systems and Agent-Based Social Simulation Equals Null?. The au-
thor answers in the negative, while asserting that there is a considerable
common part of the areas in question, and much space for collaboration.
A wide class of logical systems is taken into account as those (to quote
the paper) “ranging from classical propositional logic and predicate logic to
modal logic, dynamic logic and higher order logics” 3.

This example demonstrates that artificial societies is logicians’ business
as well. Another argument concerning the use of logic takes into account
the usual mathematical modelling in social, including economical, research,
its procedures being viewed from a logical point of view. As examples of
social phenomena mathematically modelled one can mention population
dynamics, group interactions, political transitions, evolutionary economics.
urbanisation, etc.# As much as there appear conflicting interests among
agents in such processes, a formal model to render the situation can be ta-

3 See Volume 7, Issue 4, 31-Oct-2004; jasss.soc.surrey.ac.uk/JASSS html.

4 Cp. Weidlich, Wolfgang: Sociodynamics: a Systematic Approach to Mathematical
Modelling in the Social Sciences, Harwood Academic Publishers: Amsterdam. 2000; re-
viewed by Glen Lesins in JASSS, the issue mentioned above.

19



Witold Marciszewsks:

ken from von Neumann’s and Morgenstern’s mathematical theory of games
which provides us with the fitting model called prisoner’s dilemma.

Algorithmic decidability and computational tractability are thoroughly
considered by the physicist Stephen Wolfram (especially in his widely discus-
sed book A New Kind of Science, 2002) with respect to empirical theories of
physics and biology. Wolfram uses the computational model of cellular au-
tomata to examine decidability and tractability of some theories in natural
science.

The mentioned book by Wolfram, though being a considerable acade-
mic event in the US and other Western countries, hardly received (as far as
I know) any attention either from logicians or from social scientists in Po-
land. This seems to be a more general symptom of one’s indifference to the
issues of decidability of empirical theories. In spite of the enormous achie-
vements of Polish logicians, especially in the period between the two world
wars, nowadays their presence at the area of such vital applications of logic
1s hardly felt.

The realizing of this fact motivated the present author to arrange me-
etings of logicians and social scientists from main centres of these disciplines
in Poland. Such meetings, first, should have yielded a survey of interests,
projects and skills, and then should have given an idea of how to enrich fu-
ture research in Poland with the (neglected thus far) issues of computability.
Let me report on two such workshops, as their content closely coincides with
the subject of this paper. The two workshops in question belonged to a series

of annual meetings devoted to the issues of decidability and computability
in a historical perspectives.

2. A case of social computability: spontaneous order
vs central planning

In 2002 there took place the Workshop: In F. Hayek’s 10th Death Anni-
versary — Free Market as Information-Processing System. On the Problem

5 The series of conferences under the name Workshops in Logic, Informatics and Phi-
losophy of Science was organized by the Committee for Philosophy of Polish Academy of
Sciences in collaboration with the Department of Logic, Informatics and Philosophy of
Science, University of Bialystok, abbreviated below as DLIPS-UwB, and other partners,
including Centre of Market Psychology in Leon Kozminski Academy of Entrepreneurship
and Management, Warsaw, abbreviated below as CMP-LKA, and Higher School of Pu-
blic Administration in Bialystok. A considerable set of Workshop papers, translated into
English, is published in this and in the previous issue of this journal. The Workshops have
Web documentation at the site www.calculemus.org/.

20

Challenges for the Logic of Social Research: to Grasp Rationality,...

.of Algorithmization in Social Research. Here are the titles (ad hoc transla-
ted into English) of invited contributions (for abbreviations of school names
— see footnote 5).

1. Hayek on free competition (Justyna Miklaszewska, Jagiellonian University,
abr- UJ) oy . . .
2. Hayek: The idea of self-organization and the critique of constructivist utopia
(Wiestaw Banach, Adam Mickiewicz University, Poznan) .
3. Spontaneous order in social philosophy: from B. Mandeville to F. A. Hayek
(Milowit Kuninski, UJ) ‘
4. The role of instability in dynamic systems (Michal Tempczyk, Polish Academy
of Sciences) ‘
. The stabilizing role of non-linearity (Michal Tempczyk) ‘
6. Chaos in economics (Arkadiusz Ortowski, Informatics Department in Warsaw
Agricultural University) . .
. Econophysics — a new paradigm? (Arkadiusz Ortowski) .
8. On mathematical models used at stock exchange (Bolestaw Borkowski and
Arkadiusz Orlowski) . '
9. Market efficiency and the behavioral finance theory (Piotr Zielonka CMP-
-LKA) . . ‘
10. Computational tractability and the physics of information (Arkadiusz Ortow-
ski)
11. From genealogy of mathematical economics: Walras, Pareto. Lange (Anna Za-
lewska, DLIPS-UwB) ‘ .
12. L. Savage’s mathematical theory of decision-making (Dariusz Surowik, DLIPS-
-UwB) .
13. What the central planning cannot do (Andrzej Malec, DLIPS-UwB) .
14. The problem of computational tractability of social structures ~in th'e
example of the computational power of free market (Witold Marciszewski,

DLIPS-UwB).

ot

EN|

Each of these items in a way contributes to the explaining of the key notigns
of this essay as appearing in the title: ‘to grasp rationality, to deal with
complexity’. Let me hint at connexions. _

Papers 1-3 introduce some crucial ideas due to Hayek, Wh.lle the re-
maining ones provide a conceptual apparatus to develop these ideas. Free
competition, self-organization, spontaneous order, discussed in those papers,
are phenomena which Hayek, especially in his polemics with Oskar Lan.ge
(cp. items 11 and 14), considered with respect to the issues of complexity
and computability. Contrary to Lange, Hayek claimed the advantage of free
market over central planning (cp. item 13) with respect to power of compu-
tation. .

Ttems 4-7 are to direct attention to the theory of complex dynamic sys-
tems as explaining some sources of unpredictability of social processes. This
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18 an approach to complexity which is complementary to that addressing
the notion of algorithmic complexity.

Items 8-13 deal with models of economic processes. treated as that
representation of social processes which best exemplifies problems of ap-
plicability of mathematical models and algorithms. Item 11 sheds light on
a methodological aspect of socialist economics. Oskar Lange. who was a stre-
nuous advocate for mathematical models and computerized calculations in
socialist economics, referred to the school of economics initiated by Wal-
ras and Pareto; it is the context in which his ideas of socialist econonwy
become more conceivable. When taking into account extreme simplifica-
tions in Walras and Pareto models for economy, one fully appreciates the
role of the concept of computational tractability. Even if socialist economy
had a consistent model, the real economic life, when compared with such
models displays complexity which exceeds any algoritmic capabilities and
computational resources necessary for socialistic central planning. This was
intuitively grasped by Ludwig von Mises and Friedrich Hayek, while a pre-
cise formulation of their ideas is nowadays possible due to the theory of
computational complexity; this was the point of the closing item 14.

To put the thing in a nutshell: free market is a computational device
which for at least three reasons is more efficient than central planning; this
is due to the use of computing which is distributive, interactive and analog.

Owing to distributivity, which means that each market agent processes
the data necessary for his own business alone, the volume of data to be pro-
cessed is enormously smaller (than in central planning). Thus computational
complexity does not exceed computational capacities.

Interactivity means that a system is able to learn data-processing from
its feed-back interactions with the environment (as entrepreneurs do). It
does not need to be fully preprogrammed, what would require unimaginably
more memory space and computing time. For, instead of programs and
databases preparing a system to meet all possible situations, only a program
for self-learning is needed.

Analog computation proves more efficient since it does not require ren-
dering all the process with symbols. This spares time and makes data pro-
cessing possible also in these situations in which impulses cannot be strictly
measured, being only approximately felt by individual receivers. Often such
approximations are sufficient for rational decision-making, being at the same
time dramatically swifter and more economic than any symbolized and di-
gitalized data-processing. And this is that much sensitive way free market
agents run their bussiness, in contradistinction to central planning officials
who are unable to handle any data if not recorded in symbols.
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A social order arranged according to the above three principles of dgta—
-processing usually emerges spontaneously as a result of long evolution.
that is, a trial and error self-organizing process. This is what Hayek called
spontaneous order, and saw it in free market, the development of langu-
age, democracy, self-governance, etc. Usually, spontapeous or(%er involves
an ethical code that outlines acceptable behavior within the unlt. or group.

As testified by the fitting forecasts of liberal thinkers (Friedrich Hayek,
Karl Popper, Ralf Dahrendorf, Richard Pipes et al.), the f:oncept. o.f spon-
taneous order has a considerable predictive force. In particular, it implies
the collapse of those systems which are extremely hostile .to spontaneous or-
der. and introduce instead artificially constructed centralized systems which
have no chances when faced with complexity of real life. This was the ba-
sis of prediction which Richard Pipes made regarding the Soviet Umon.‘ In
his autobiography Memoirs of a Non-Belonger, 2003, (Chapter 2, Section
on Historical Revisionism) Pipes claims that only liberalism, as decentra-
lizing decision-making, is able to handle the complexity of the cqntemporar.y
world. Pipes, an outstanding historian of Russia and the Soviet U.mon‘ is
no theorist of computational complexity. Nevertheless, on the basis Of. %11—
storical experience, he arrives at the view like Hayek’s that the tractability
of complexity is the main political challenge. This idea belongs to the very
core of liberalism, on the same footing as the respect for freedom and human

rights.

3. The theory of games and computational tractability

In 2003 the Workshop devoted to the above theme was entitled Com-
putational Power for Social Research. Von Neumann’s Ide.as — in the Cen-
tenary of His Birth. On account of the Centenary celebration, the program
included also talks on some von Neumann’s merits beyond the scope of so-
cial research, as his contributions to quantum theory and other branches
of physics (A. Orlowski), meteorology in the context (?f Chaos (M Temp-
czyk), metamathematics (R. Murawski, J. Pogonowski). The main stream
of Workshop involved the theory of games with utility theory, cel.lular auto-
mata as models of social phenomena, and mathematical modelling related
to these both subjects. Here are the titles.

1. Evolution of the concept of utility (Tadeusz Tyszka, CI}/IP—LKA) . o
2. A brief history of Game Theory (Jaideep Roy, CMP-LKA and Indian Statisti-
cal Institute, New Delhi)
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3. The concept of utility. Should it be revisited? (Janusz Grzelak, University of
Warsaw, abbr. UW)

4. The theory of social choice - from Arrow to the current state (Grzegorz Lis-

sowski, UW)

5. The Nice voting system vs. Convention System. An application of power index

(Mikotlaj Jasinski, UW)
6. An empirical example of limited rationality (Honorata Sosnowska, Warsaw
School of Economics)

7. The modelling of the influence of two basic inclinations of investors upon stock

indexes (Piotr Zielonka, CMP-LKA)

. Temporal logic and game theory (Dariusz Surowik, DLIPS-UwB)

9. Dynamic minimalism: the role of computer simulations with cellular automata
in studying social processes (Andrzej Nowak, UW and Florida Atlantic Uni-
versity)

10. Social influence modelled in cellular automata: basic research and applications
to economic processes in Poland (Andrzej Nowak)

11. Theory of cellular automata in simulating social processes (Katarzyna Zbie¢,
DLIPS-UwB)

12. Some applications of cellular automata in constructing self-learning systems
(Pawet Borkowski, WSP, Czestochowa)

13. The concept of rational action with Max Weber (Radostaw Oryszczyszyn,
UwB)

14. Empirical aspects of computability theory. That is: does the Universe com-
pute better than (thoughtless) man? (Jerzy Mycka, Maria Sktodowska-Curie
University, Lublin)

15. On how the methodology of social sciences meets the issues of computational
complexity (Witold Marciszewski, DLIPS-UwB).

o]

The main stream of the conference was concerned with (A) game and
utility theories (items 1-8), the second to it was (B) the issue of cellular
automata, for short CA (items 9-12), the third — (C) the issue of rationality
as escaping algorithmicity (items 13-15).

Streams A and B are closely interconnected not only because of the fact
that both game theory and CA theory derive from John von Neumann’s
works (an advantageous fact in celebrating his Centenary), but also for
their being recently combined in social modelling. This combining is nicely
exemplified in Andrzej Nowak’s own research as reported by him in 9 and 10;
some results of other authors were mentioned in communication 11.

CA theory is surprisingly fit to be combined with such paradigmati-
cal cases of game theory as the Prisoner’s Dilemma (for that Dilemma see
item 3, discussed by J. Grzelak in this issue of Studies). The cells in the space
of a game in natural way can be regarded as players, while the dilemma in
question consists in conflicting interests of theirs. Rules of behaviour in such
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a dilemma can be easily stated as strategies being chosen by individual cells
which react to impulses from the envirnoment. In those social processs which
are modelled as iterated games (i.e., played many times), the players can
learn from observing results of strategies adopted by them and those adop-
ted by partners®. What is specially interesting in studying social evolution,
it is the phenomenon of cooperative strategies. These emerge either from
social-oriented (altruistic) reactions, or even from one’s self-interest when
collaboration proves more advantageous for an egoist. CA rules display that
astonishing property that even when being very simple, after some number
of steps they lead to unexpected results, thus proving their predictive value.
In such a context there arise some issues of decidability, for instance, whe-
ther the following problem is decidable: suppose that from a given point of
time a strategy established itself as dominating: will it remain dominating
forever? (Cp. Grim 1997 in Literature).

The third stream of the Workshop, represented by items 13-15, was
rather marked than fully developed. Let it be advanced a bit further now.
in the next Section. Item 13 from the list of topics yields a convenient
starting point.

4. Value-oriented rationality as a basis for social predictions

The famous among sociologists Max Weber’s distinction between what
is goal-oriented rational (zweckrational) and value-oriented rational (wertra-
tional) requires elucidation. Weber did not succeed in explaining the latter.
Moreover, it got blurred with Weber’s sermon claiming that social resear-
chers should refrain from any valuations, thus forbidding them to resort
to one of those acknowledged by him sorts of rationality. The thing grows
even dimmer when Weber himself uses some phrases in an evaluating tone,
e.g. when contrasting as opposities the eternal auri sacra fames (abomi-
nable greed for gold) and the rational motive of gain, the latter seeing as
characteristic of modern capitalism and apparently more valuable than that
old greed. Thus it is up to the present writer to offer some explanations,
while appreciating Weber’s merits for calling the issue to mind.

This calling to mind is topical and timely after some successful political
predictions, ones of the great consequence, have been made on the basis of
axiological assumptions. For instance, Richar Pipes — the renowned historian

8 Compare the Workshop on Agents that Learn from Other Agents held as part 9f the
1995 International Machine Learning Conference. See www.cs.wisc.edu/shavlik/ml95w1/.
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of Russia and Ronald Reagan’s influential adviser — foretold the collapse of
the Soviet Union after having realized the extent of moral ruin of the Soviet
system and Soviet people, such a ruin resulting in economic, political and
material collapse.

This Pipes’ idea is by no means new. It goes back to the Old Testa-
ment prophets, as well as the old Romans who believed that moral virtues
supported political power; its visible traces can be found in Polish patriotic
literature (Jan Kochanowski, Adam Mickiewicz), and in nowadays folk so-
ciology. However, that an idea is old and common among people does not
diminish its chances to be true.

On the other hand, the fact that someone inferred from it a prognosis
that proved true does not warrant the truth of the premiss. I do not mean to
argue that the idea of value-oriented rationality is right; this would exceed
the scope of the present paper. Instead, I offer something like a test so that
anybody interested might to get aware of his own opinion. One of the views
resulting from the test should help in clarifying the notion of value-oriented
rationality; those who do not accept that view may device arguments against
it. The test runs as follows. Suppose you have two options.

A. To greatly help a honest person being in need at a little expense on
your part.

B. To ruin somebody at the same expense as above, with no gain for you
except a pleasure of dominating through inflicting pain.

Suppose the only motive of choice you consider is doing what is more right.
Now decide which option is regarded more right by you, and express the
choice in a verbal Statement, say (as I may guess):

[S] A is more right than B.

Now there is time for the next decision. Do you regard S as a genuine
sentence in declarative mood, that is, a mood that represents the act or
state as an objective fact (as defined in grammar)?

If you answer in the afirmative (what, possibly. is not the case if you are
an orthodox neopositivist), this means that you assert S as true. Think once
more whether you like regarding S as true, because if you stick to that, you
have to acknowledge the state of something being more right than something
else ‘as an objective fact’ (according to the quoted definition); and this, by
no means, is either psychological or physical fact, it is rather a ‘metaphysical
fact’. So be cautious, if you are afraid of engaging yourself into metaphysics.
But, think again. If you withdraw your opinion of S as being true, what do
you offer in return? You should have a positive suggestion, including the
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explanation what a grammatical kind of sentence would be disguised in the
indicative form of S. '
Now, the sequel is addressed to those who accept S as trl?e, thus qu.ahfy—
ing it as an indicative sentence. If so, then there may be a logical following (?f
an empirically testable sentence (as being indicative too) frgm such. proposi-
tions as S; let us.call them estimates, be them moral, esthetic, (.)r al_lke. Tl'lus
an empirical prediction may logically follow from a set of pr.emxses mch.x(.hng
estimates. In order to create such a nexus between empirical propomtpns
and estimates. we need some principles of the kind like the following Prin-

ciple of Axiology:

[PAx] In a long run, any social system to survive needs aviological foun-
dations. that is a set of non-empty basic axiological concepts to be
used in estimates.

They are basic in the sense that they do not derive from any othﬁer congepts
but are primitive, like concepts occuiring in axioms of a deduc'twe.z system.
Such are the notions of justice, freedom, credibility, loyalty, dignity. That
they are so basic as if they were inborn to human mindsj, .could be qbserved
in the Ukrainian protest against iniquities of the political establishment
such as falsified results of election in 2004. Similar obviousnesses were f<.31t
by those Polish, Russian or Czech people who earlier resisted the communist
regime in the period of its absolute dominance.

Such events yield a direct exemplification of PAx. The total lack of
axiological foundations makes totalitarian regimes unstable - contrary.to
the cynical opinion (of dictators and their followers) tl?at brute power wh'lch
does not respect any moral principles is the most reliable means of lasting
dominance and stability. . '

PAx is just that principle which for people like Richard Plpe's be?a.me
one of two main premisses in forecasting the collapse of the Soviet Union
block. The other premiss, already mentioned above, was to the effect that
the extreme centralization of economy and politics is a ground of weakness

ingi out the collapse of a system.
brmg’l;.:ﬁisaae obtain an Evidence that there are principles, those like PAx,
which may function as premisses in reasonings about social. aﬁai.res. At the
same time, we obtain an example what value-oriented rationality may be
like (thus filling a gap in Weber’s exposition). Anfi it is al.so tk_le case c?f
a challenge facing the logic of social research, as signalled in this paper's
title. , o '

That logic should explain the following question: is it posslble for a s0-
cial theory built on principles like PAx to have a mathematical model in
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algorithmic form? Should the answer be in the negative, we are to choose
between two alternatives. Either there is a mathematical model but not al-
gorithmic one, that is, one that does not imply algorithmic computability
(algorithmic decidability), or there is no mathematical model. The former
option is one that would engage us into a new, unconventional and little
known field called hypercomputation, that is computation beyond the li-
mits of Turing machine; this is the subject dealt with in a contribution
to von Neumann Workshop (see item 14 as listed in Section 3. and the
corresponding contribution to this issue). The latter option (no mathema-
tics) might belong to what Weber called understanding sociology, that is,
a discipline which explains social phenomena by resorting to the notion of
rationality; in this case it would be value-oriented rationality (this, however,
is a matter for further discussion, as other interpretations of the understan-
ding sociology programme, reconciling it with a mathematical approach,
may be considered).

The challenge is here just recorded, not responded. However, in the
moment such a mere recording is a step forward — the more needed, the less
its need is obvious for community of scholars.

5. Does brain’s complexity surpass that of human-devised
algorithms?

Janusz Grzelak in the contribution to this volume ends his discussion
on the concept of utility with an optimistic statement which runs as follows.

The concept of utility is growing more complex, but the measurement possi-
bilities of contemporary psychology appear to match its level of complexity.

However, the unavoidability of principles like PAx (introduced in previous
Section) appears to hint at the contrary. The complexity of moral drives as
permeating societies in some periods of their histories (as in the struggles for
moral values against communist regimes) seems to exceed explanatory power
of nowadays sociology or social psychology. In a remarkable way, the simple
mind of Ronald Reagan (derided for that simplicity by intellectuals) proved
more understanding and foreseeing than scientifically looking theories of

numerous Sovietologists. Here is a fitting characterization of the latter given
by Richard Pipes”.

" See an excerpt from Richard Pipes’s Memoirs of a Non-Belonger (Yale University
Press 2003) reprinted at the website http://hnn.us/articles/1836.html.
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Insisting that moral judgments have no place in science (and they conside-
red themselves scientists) the Sovietologists treated societies as if they were
mechanisms. One of their basic premises held that all societies performed the
same “functions”, even if in different ways, on which grounds they interpreted
in familiar terms all those features of the communist regime which to a mind
untutored in social science appeared outlandish. One such “expert”, for exam-
ple, found no significant difference between the way New Haven was administe;—
red and any city of similar size in the Soviet Union. (2) The net result.of this
methodology was to depict communist societies as not fundamentally d1ffer§nt
from democratic ones: a conclusion that reinforced the policy recommendation
that we could and should come to terms with them.

Moral judgments in science, alien to the content of Sovietological theories,
seem inopportune also to some other scholars for reasons which are pur.ely
methodological. May be, they are right when refuse to accept as scientific
something which is not capable of being measured and mathematically mo-
delled. But then they should acknowledge the superiority of a non-scientific
mind, like Reagan’s, whose intuition in foreseeing social processes has tur-
ned out more powerful than predictive force of scientific theories. Thus it
seems that if the theorists do not like appearing useless, they should recon-
sider their refusal of including value-oriented rationality into the paradigm
of social sciences. Such a turn might be justified in the following way.

There may be a cognitive power in some brains which surpasses the
scope of what can be recorded in a language and then expressed in a theory.
Therefore theories have to resort to simplifications. This can be a good stra-
tegy, provided that simplifications get overcome if necessary and justice is
done to greater complexity. Such a process in which complexity of a theory
increases in order to match the complexity of the phenomena under study,
can be traced in the story (in this volume) Historic and contemporary con-
troversies on the concept of utility by Joanna Domurat and Tadeusz Tyszka.
First, the notion of rationality in John von Neumann’s and Oskar Morgen-
stern’s game theory is in that paper described, then we learn that one of.its
simplifications was remedied by Savage’s definition of subjective probality,
then another one by D. Kanehman and A. Tversky’s prospect theory; the
last amends the previous gamé—theoretical simplifications with taking into
account reference points (e.g., some previous experiences) which influence
one’s utilities.

This story is thought-provoking since it reveals how preverbal insights
must precede improvements of a theory. Before a new or improved theory
is stated, the mind has to realize a discrepancy between the old theory and
a newly observed feature of reality, while the old theory does not render that
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feature in its verbal statements, e.g., its axioms. Thus the question arises

about superiority of mind/brain pretheoretical processes over those going
on with the use of a theory.

To address the problem, let me start from quoting an inspiring hypo-
thesis going back to von Neumann3.

It is only proper to realize that language is largely a historical accident. The
basic human languages are traditionally transmitted to us in various forms.
but their very multiplicity proves that there is nothing absolute and necessary
about them. Just as languages like Greek or Sanscrit are historical facts and
not absolute logical necessities, it is only reasonable to assume that logic and
mathematics are similarly historical, accidental forms of expression. They may
have essential variants, i.e., they may exist in other forms than the ones to
which we are accustomed. Indeed, the nature of the central nervous system
and of the message systems that it transmits indicate positively that this is
so. {...] Thus logic and mathematics in the central nervous system. when viewed

as languages, must structurally be essentially different from those languages
to which our common experience refers.

The problem so raised involves four more particular questions.

(1) Is the logic and mathematics of brain subject to restrictions of limitative
theorems concerning undecidability (computability in principle)?

(2) If so, is the scope of undecidable problems identical with that constra-
ining the Turing machine?

(3) If not identical, then how should it be defined?

(4) Is there any superiority of the brain over Turing machine embedded
in digital electronic computers in respect of computational tractability
(practical computability)?

The last problem obtained an answer quite recently. In a contribution
entitled The Code of Mathematics: John von Neumann’s “The Computer
and the Brain” (1958) (in the forthcoming book, 2005, by Dirk Baecker
(Ed.). Key Works of Systems Theory, Opladen: Westdeutscher Verlag) Loet
Leydesdorff (Amsterdam School of Communications Research, University of
Amsterdam), when summing up some earlier results, writes as follows?.

8 The quoted passage is the last paragraph in the last von Neumann’s work The
Computer and the Brain, Yale University Press, 1958. The book is a record of a lecture
series that von Neumann delivered at Yale University in 1956.

9 The excerpt is copied from the page users.fmg.uva.nl/lleydesdorff/vonneumann/.
The items referred to in abbreviations are as follows.

— Adleman, L. M. (1994). “Molecular Computation of Solution to Combinatorial Pro-
blems”, Science 266 (11), 1021-1024.
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Von Neumann noted that the mechanism of using shorter code may also wc3rk
the other way round: the material substance may contain mechanisms which
are different from our common mathematics, but which are able to solve pro-
blems by using shorter code. This prediction has come true. For ex.ample.,
the so-called “traveling salesman problem” which is virtually impossible to
solve using normal computation (because it is NP complete), can be solve.d
by using DNA strings in a laboratory setting thanks to the prope?tles of_thls
material (Adleman, 1994; Liu et al.. 2000; cf. Ball, 2000). The .blochexmstry
of the system must be understood in addition to the mathematical p?"oblem.
The recombination of formal and material insights provides us also with new
mechanisms for the computation of complex problems. Thus, the mathem{au—
tics can function as a formal bridge between the special theories that remain
otherwise specific.

The notion of short codes is due to Alan Turing. Such a code enables.a se-
cond machine to imitate the behavior of another, fully coded, machinery.
Short codes were developed to make it possible to code more brieﬁ){ for
a machine than its own system would allow. This consists in treating 1t.as
if it were a different machine with a more convenient, fuller system of in-
structions which would allow simpler, less detailed and more straightforward
coding. o

The message (in the Leydesdorff’s passage quoted above) which is cru-
cial for our discussion of game theory as this theory pretends to prQYlde
algorithmic models of decision-making and of social processes (competition,
collaboration. etc.) runs as follows:

— There is a NP-complete problem being solvable by a short code in the
brain, namely the Travelling Salesman Problem (TSP).

This premiss should be combined with another one, belonging to the
so-called theory of coherence (to be mentioned later). .
The above result (italicized) implies that in dealing with compl'e;%lty
of TSP the brain by far surpasses computational capabilities of the digital
electronic computer. Here is in order to recall that NP-problems are those

— Ball, P. (2000). DNA computer helps tmveléiﬁg s?lesman, at

http: ‘nature.com/nsu/000113/000113-10.html. .

— Ei(l/.vv&j”V’Vang, L., Fr/utos,/A. G., Condon, A. E,, Corn, R. M. and Smith, L. M. (2000).
“DNA ting on surfaces”, Nature 403, 175. - ,

T%?;n rIr)llelzslsagge was found by me at the last stage of writing the present paper. In an
earlier version there was a passage in which 1 wrote about this von Neumann's hypothesis
as one waiting for empirical confirmation. Fortunately, a confirmation is now the case.
As for the Travelling Salesman Problem, a lot of information can be found at Web, when
using this phrase as an entry.
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which are (for electronic computers) uncomputable in practice, and they are
so since algorithms needed for their solving work in exponential time, this
trait being the measure of problem’s complexity. When a problem is called
NP-complete this means its belonging to the hardest problems in the NP
category, that is (let me repeat), the category of problems whose solving
requires exponential algorithms10,

The discovery of so enormous advantages of brains over computers sheds
light on game-theoritical algorithms when compared with capabilities of hu-
man intuition, the latter, presumably, being due to the brain’s equippment.
The bridge between the above TSP issue and game-theoretical models is
to be conceived as follows. The process of decision-making involves consi-
dering all the possible outcomes of actions (which could be taken by the

decision-maker) in order to check which incomes are mutually coherent.
This is the MCO problem:

(MCO) How to Mazimize Coherence in the set of all possible Outcomes of
the actions considered before choice.

Thus in models of decision-making we need an algorithm for searching outco-
mes. For n outcomes the number of possible combinations equals 2", say 21
with 100 outcomes (in the worst case), what is no unrealistic situation.
A problem requiring such an exponential algorithm for exhaustive search
belongs to the NP-complete category. It is the same as the category of TSP.
Hence any device capable of solving TSP is capable of solving MCO. Since
the brain is a device which solves TSP (according to the result reported
above), it can solve MCO as well, while for the electronic computer both
problems are in practice unsolvable.

From psychological side, that biological capability should be, plausibly,
identified with what people used to call intuition and what proves to be
a potent tool to deal with complexity. In turn, that intuition, when con-
cerned with rationality, is what the understading sociology relies on. Thus,
vie game theory and algorithmic complexity theory we return to the old
venerable programme, mainly due to Max Weber. When taking his idea in
the above way, based on these modern, reliable and flourishing disciplines
(complexity theory and neurobiology), we may have chance to build the
understanding sociology on solid logico-empirical foundations.

10 For this terminology see, e.g. db.uw/aterloo.ca/alopez-o/comp-faq/faq.html, or
www.nist.gov/dads/HTML /npcomplete.html.
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So far only the last of the four problems listed at the start of this
Section (after quoting von Neumann’s text) was discussed. Even when being
treated in a very sketchy way, this item required a considerable space. Much
more would require every of the remainig issues, which besides have the
drawback that no empirical results, comparable with those concerning the
capabilities of brain DNA have been attained so far. However, the very
stating of problems, even without hints toward solution, seems to be of use
as a small preliminary step. Hopefully, not before long greater and more
conclusive steps in that direction will be made.
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Abstract. The aim of the paper is to describe the main achievements of John
von Neumann in the foundations of mathematics and to indicate his connections
with Hilbert’s School. In particular we shall discuss von Neumann’s contribu-
tions to the axiomatic set theory, his proof of the consistency of a fragment of
the arithmetic of natural numbers and his discovery (independent of Gddel) of
the second incompleteness theorem.

1. Introduction

Contacts of John (then still Janos, later Johann) von Neumann with
David Hilbert and his school began in the twenties of the 20th century. Be-
ing formally a student of the University of Budapest (in fact, he appeared
there only to pass exams) he was spending his time in Germany and in
Switzerland studying there physics and chemistry as well as visiting Hilbert
in Gottingen (to discuss with him mathematics). After graduating in chemi-
stry in ETH in Zurich (1925) and receiving the doctorate in Budapest (1926)
(his doctoral dissertation was devoted to the axiomatization of set theory
~cf. below), he became Privatdozent at the University in Berlin (1927-1929).,
and next in Hamburg (1929-1930). In 1930 he left Germany and went
to the USA.!

* The support of the Committee for Scientific Research (grant no. 1 HO1A 042 27) is
acknowledged.

L We are not describing further the life of von Neumann and stop at about 1930
because his disappointment with the investigations in the foundations of mathematic let
to the fact that after 1930 he lost the interest in the foundational problems and turned his
attention to other parts of mathematics, in particular to its applications (see Section 4).
Note only that in 1930-1931 von Neumann was visiting lecturer at Princeton University
in New Jersey, later a professor there. Since 1933 he was professor in the Institute for
Advanced Study in Princeton. He died in 1957 at the age of 54.
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Talking about Hilbert’s School we mean the group of mathematicians
around Hilbert working in the foundations of mathematics and in the me-
tamathematics (proof theory) in the frameworks of Hilbert’s programme of
justification of the classical mathematics (by finitistic methods).2

The main works of von Neumann from the period from 1922 (the data
of his first publication) till 1931 concern mainly metamathematics as well
as the quantum mechanics and the theory of operators (also Hilbert worked
at that time in just those domains). In this paper we shall be interested in
the former, i.e., works devoted to and connected with Hilbert’s metamathe-
matical programme.

Recall (to make clearer further considerations) that one of the steps in
the realization of Hilbert’s programme was the formalization (and in parti-
cular the axiomatization) of the classical mathematics (this was necessary
for further investigations of mathematical theories by finitistic methods of
the proof theory).

Main achievements of von Neumann connected with the ideology of
Hilbert’s School are the following:

* axiomatization of set theory and (connected with that) elegant theory
of the ordinal and cardinal numbers as well as the first strict formulation
of the principles of definitions by the transfinite induction,

¢ the proof (by finitistic methods) of the consistency of a fragment of the
arithmetic of natural numbers,

e the discovery and the proof of the second incompleteness theorem (this
was done independently of Godel).

‘The rest of the paper will be devoted just to those items.

2. Foundations of set theory

Contribution of von Neumann devoted to the set theory consisted not
only of having proposed a new elegant axiomatic system (extending the
system of Zermelo-Fraekel ZFC) but also of having proposed several inno-
vations enriching the system ZFC, in particular the definition of ordinal and
cardinal numbers and the theory of definitions by transfinite induction.

The definition of ordinals and cardinals was given by von Neumann
in the paper “Zur Einfiihrung der transfiniten Zahlen” (1923) — it was his
second publication. He has given there a definition of an ordinal number

2 There is a rich literature on Hilbert’s programme — see, e.g., (Murawski, 1999) and
the literature indicated there.
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which could “give unequivocal and concrete form to Cantor’s notion of
ordinal number” in the context of axiomatized set theories (cf. von Neu-
mann, 1923). Von Neumann’s ordinal numbers are — using the terminology
of G. Cantor — representatives of order types of well ordered sets. In (1923)
von Neumann wrote:

What we really wish to do is to take as the basis of our considerations the
proposition: ‘Every ordinal is the type of the set of all ordinals that precede it.’
But, in order to avoid the vague notion ‘type’, we express it in the form: ‘Every
ordinal is the set of the ordinals that precede it.” This is not a proposition
proved about ordinals; rather, it would be a definition of them if transfinite
induction had already been established.?

In this way one obtains the sequence 0, {0}, {0, {0}}.{0,{0}. {0, {0}}}}. ...
~ 1.e., von Neumann’s ordinal numbers.

Those sets - as representatives — are in fact very useful, especially in
the axiomatic set theory because they can be easily defined in terms of
the relation € only and they are well order by the relation €. They enable
also an elegant definition of cardinal numbers. In the paper (1928) one
finds the following definition: a well ordered set M is said to be an ordinal
(number) if and only if for all z € M, z is equal to the initial segment of M
determined by z itself (as von Neumann wrote: z = A(z; M)). Elements
of ordinal numbers are also ordinal numbers. An ordinal number is said to
be a cardinal number if and only if it is not equipollent to any of its own
elements.

In the paper (1923) von Neumann presupposed the notions of a well
ordered set and of the similarity and then proved that for any well ordered
set there exists a unique ordinal number corresponding to it. All that was
done in a naive set theory but a remark was added that it can be done
also in an axiomatic set theory. And in fact von Neumann did it in papers
(1928) and (1928a). To be able to do this in a formal way one needs the
Axiom of Replacement (in the paper (1923) von Neumann called it Fraen-
kel’s axiom). Since that time von Neumann was an staunch advocate of this
axiom.

8 Wir wollen eigentlich den Satz: ,,Jede Ordnungszahl ist der Typus der Menge aller
ihr vorangehenden Ordnungszahlen” zur Grundlage unserer Uberlegungen machen. Damit
aber der vage Begriff ,Typus” vermieden werde, in dieser Eorm:.,,Jede AOrdnungszahﬂl ist
die Menge der ihr vorangehenden Ordnungszahlen.” Dies ist kein bewiesener Satz iiber
Ordnungszahlen, es wire vielmehr, wenn die tranfinite Induktion schon begriindet wére,
eine Definition derselben.
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The problem of definitions by transfinite induction was considered by
von Neumann in the paper “Uber die Definition durch transfinite Induction,
und verwandte Fragen der allgemeinen Mengenlehre” (1928). He showed
there that one can always use definitions by induction on ordinal numbers
and that such definitions are unequivocal. He proved that for any given
condition ¢(z,y) there exists a unique function f whose domain consi-
sts of ordinals such that for any ordinal « one has f(a) = (F(f.a),q)
where F(f,a) is a graph of the function f for arguments being ele-
ments of a.

Why is the discussed paper so important? For many years, in fact since
the axiomatization of set theory by Zermelo, there were no formal counter-
parts of ordinal and cardinal numbers and this was the reason of avoiding
them in the axiomatic set theory. It became a custom to look for ways
of avoiding transfinite numbers and transfinite induction in mathematical
reasonings (cf., e.g., Kuratowski, 1921 and 1922). Von Neumann’s paper
introduced a new paradigm which works till today. The leading idea of the
paper was the will to give the set theory as wide field as possible.

The most important and known contribution of John von Neumann is
undoubtedly a new approach and new axiomatization of the set theory. The
main ideas connected with that appeared by von Neumann already in 1923
(he was then 23!!!). He described them in a letter to Ernst Zermelo from
August 1923.4 He wrote there that the impulse to his ideas came from a
work by Zermelo “Untersuchungen iiber die Grundlagen der Mengenlehre. I”
(1908) and added that in some points he went away from Zermelo’s ideas.
in particular

e the notion of ‘definite property’ had been avoided — instead the “ac-
ceptable schemas” for the construction of functions and sets had been
presented,

e the axiom of replacement had been assumed — it was necessary for
the theory of ordinal numbers (later von Neumann emphasized, like
Fraenkel and Skolem, that it is needed in order to establish the whole
series of cardinalities — cf. von Neumann 1928a),

e sets that are “too big” (for example the set of all sets) had been admitted
but they were taken to be inadmissible as elements of sets (that sufficed
to avoid the paradoxes).

About 1922-1923 while preparing a paper in which those ideas should be
developed he contacted Abraham Fraenkel. The latter recalled this (already

4 This letter was partly reproduced in Meschowski, 1967, 289-291.
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after the death of von Neumann) in a letter to Stanistaw Ulam in such

a way:®

Around 1922-23, being then professor at Marburg University, I received from
Professor Erhard Schmids, Berlin (on behalf of the Redaktion of the Mathe-
matische Zeitschrift) a long manuscript of an author unknown to me, Jghann
von Neumann, with the title “Die Axiomatisierung der Mengenlehre”, t.hlS be-
ing his eventual doctor[al] dissertation which appeargd in. the Zezts@mft only
in 1928 (vol. 27). I was asked to express my views since it seemed incompre-
hensible. I don’t maintain that I understood everything, but enough to see
that this was an outstanding work and to recognize er ungue leonem. While
answering in this sense, I invited the young scholar to visit me (in Marburg)
and discussed things with him, strongly advising him to prepare the grou.nd
for the understanding of so technical an essay by a more informal essay which
should stress the new access to the problem and its fundament consequences.
He wrote such an essay under the title “Eine Axiomatisierung der Me?gen—
lehre” and I published it in 1925 in the Journal fiir Mathematik (vol. 154) of
which I was then Associate Editor.

Before continuing the story let us explain that ez ungue leonem - sp(?t—
ting a lion from the claw — is an expression used by Daniel Bgrnoulh while
talking about Newton two and a half centuries ago. Bernoulli was na.mmely
sent a mathematical paper without a name of the author but he immediately
recognized that it has been written just by Newton. )

Von Neuman began the paper “Eine Axiomatisierung der Mengenlehre’

(1925) by writing:

The aim of the present work is to give a logically unobjectionable a.xioma'tic
treatment of set theory. I would like to say something first about difficulties
which make such an axiomatization of set theory desirable.®

He stressed explicitly three points mentioned in the letter to Zermelo.

The characteristic feature of the system of set theory proposed by von
Neumann is the distinction between classes, “domains” (Bereiche) and sets
(Mengen). Classes are introduced by the Principle of Comprehension — VOlll
Neumann seems to have regarded this principle as the quintessence of what
he called “naive set theory” (cf. von Neumann 1923, 1928, 1929). His app-
proach to set theory was strongly based on the idea of limitation of size

5 Letter from Fraenkel to Ulam in (Ulam, 1958).

. . . . . . . L stel-
8 Das Ziel der vorliegenden Arbeit ist, eine logisch ellnwand'fr‘ele ainomtls.che Darste

lung der Mengenlehre ZE geben. Ich méchte dabei einleitend einiges iiber die Schwierig-

keiten sagen, die einen derartigen Aufbau der Mengenlehre erwiinscht gemacht haben.
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according to which: a class is a set if and only if it is not “too big”. The
latter notion was described by the following axiom:

(*) A class is “too big” (in the terminology of (Gédel, 1940) - is a proper
class) if and only if it is equivalent to the class of all things.

Hence a class of the cardinality smaller than the cardinality of the class
of all sets is a set. Von Neumann states further that the above principle
implies both the Axiom of Separation and the Axiom of Replacement. It
implies also the well ordering theorem (he indicated it already in the letter
to Zermelo). Indeed, according to the reasoning used in the Burali-Forti
paradox, the class On of all ordinal numbers is not a set, hence by the
above principle it is equipollent with the class V of all sets. In this way one
obtains a strengthened version of the well ordering theorem, namely:

The class V of all sets can be well ordered.

In the paper “Die Axiomatisierung der Mengenlehre” (1928a) [this was
in fact a “mathematical” version of the system of set theory announced in
the paper (1925)] von Neumann observed that the principle gives also a glo-
bal choice function F' such that for any nonempty set A it holds: F(A) € A.

The Axiom of Choice, being a consequence of (x), enabled von Neu-
mann to introduce ordinal and cardinal numbers without the necessity of
introducing any new primitive notions. It was in fact a realization of the idea
he wrote about in 1923. He used here the Fraenkel’s Axiom of Replacement.

Observe that the distinction between classes and sets appeared already
by Georg Cantor — he wanted to eliminate in this way the paradox of the
set of all sets. Cantor used to call classes “absolutely infinite multiplici-
ties”. But he gave no precise criterion of distinguishing classes and sets —
it was given only by von Neumann. The latter has also shown that Can-
tor was mistaken when he claimed that the absolutely infinite multiplicities
(e.g.. the multiplicity of all ordinal numbers) cannot be treated as consistent
objects.

In the original formulation of the set theory by von Neumann there are
no notions of a set and a class. Instead, one has there the primitive notion
of a function (and of the relation €). Von Neumann claimed that it is in
fact only a technical matter — indeed, the notions of a set and of a function
are mutually definable, i.e., a set can be treated as a function with values 0
and 1 (the characteristic function of the set) and, vice versa, a function can
be defined as a set of ordered pairs.

Add that in the von Neumann’s system of the set theory there are no
urelements — there are only pure sets and classes. On the other hand, among
axioms there is the Axiom of Foundation introduced by Dimitri Mirimanoff
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in (1917).7 This axiom guarantees that there are no infinite decreasing &-se-
quences, i.e., such sequences that ... € z, € ... € 3, € xy and that there are
neither sets 2 such that = € z nor sets = and y such that » € y and y € z.
This axiom implies that the system of set theory containing it becomes
similar to the theory of types: one can say that the system ZF with .the
Axiom of Foundation can be treated as an extension of the (cumulative)
theory of types to the transfinite types described in a simpler language than
it was the case by Russell. . .

It should be noticed that von Neumann was one of the first who investi-
gated metatheoretical properties of the axiomatic set theory. In particular
he studied his own system from the point of view of the categoricity (1925)
and of the relative consistency (1929). Probably he was also the first author
who called attention to the Skolem paradox. According to von Neumann:
this paradox stamps an axiomatic set theory “with the mark of unreality”
and gives reasons to “entertain reservations” about it (cf. 192;). .

Von Neumann wrote about the proof of the relative consistency of his
system of the set theory in the paper “Uber eine Widerspruchsfrei.heit.sfrage
der axiomatischen Mengenlehre” (1929). He saw main difficulties in t-he
axiom (*). Therefore he considered two axiomatic systems: system S wlych
was his original system (hence with the axiom (+)) and the system S* which
was von Neumann’s system but with the Axiom of Replacement and the
Axiom of Choice instead of the axiom (x). In the paper (1929) he proved
that:

1. S* will remain consistent if one adds the Axiom of Foundation and does
not admit urlements,

2. S* is a subsystem of such a system.

Hence von Neumenn proved the relative consistency of the Axiom of Fo-
undation with respect to the system S*. It was in fact the first significant
metatheoretical result on the set theory.

It is worth saying that in (1929) von Neumann developed the cumula-
tive hierarchy in technical details. Using the Axiom of Foundation and.the
ordinal numbers he showed that the universe of sets can be divided into
“levels” indexed by ordinal numbers. He introduced the notion of a rank of
a set: a rank of a set z is the smallest ordinal number « such that the set =
appears at the level . This hierarchy is cumulative, i.e., lower levels are
included in higher ones. The hierarchy can be precisely defined as follows:

7 In fact it was for the first time discussed by Mirimanoff and Skolem and it was von
Neumann who as the first formulated it explicitely.
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‘/0 = ®ﬂ,
Varr = Vo UP(Va).

W= U V, for A €lim,
a<l

V= U V,
a€On

rank(z) = pa(z € V).

It is worth adding here that von Neumann treated the Axiom of Fo-
undation rather as a tool in the metatheoretical investigations of the set
theory.

We are talking all the time about axioms of the set theory but no axioms
have been given so far. It is time to do it!

Let us start by stating that the main idea underlying von Neumann’s
system of the set theory has been accepted with enthusiasm — in fact, it
provided a remedium to too drastic restrictions put on objects of the set
theory by the system ZF of Zermelo-Fraenkel (one was convinced that such
strong restrictions are not needed in order to eliminate paradoxes; on the
other hand, the restrictions put by ZF made the development of mathe-
matics within ZF very difficult and unnatural). Nevertheless the system of
von Neumann was not very popular among specialists — the reason was the
fact that it was rather counter-intuitive and was based on a rather difficult
notions (recall that the primitive notion of a function instead of the no-
tion of a set was used there). Hence the need of reformulating the original
system. That has been done by Paul Bernays: in (1937) he announced the
foundations, and in a series of papers published in the period 1937-1958
(cf. 1937, 1941, 1942, 1958) he gave an extensive axiomatic system of the
set theory which realized the ideas of von Neumann and simultaneously he

suceeded to formulate his system in a language close to the language of the
system ZF.

In (1937) he wrote:

The purpose of modifying the von Neumann system is to remain nearer to the
structure of the original Zermelo system and to utilize at the same time some
of the set-theoretic concepts of the Schréder logic and of Principia Mathema-
tica which have become familiar to logicians. As will be seen, a considerable
simplification results from this arrangement.

The universe of the set theory consists by Bernays of two parts:
e sets denoted by z,vy,z,.. .,
¢ classes denoted by A, B,C,...
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Hence it is not an elementary system! There are two primitive notions:
€ (= to be an element of (to belong to) a set) and n (:'to be an element
(to belong to) a class). Hence one has two types of gtomlc formulas: z € y
and znA. There are also two groups of axioms: axioms .al.)out sets (they
are analogous to axioms of Zermelo) and axioms characterizing classes. The
very important feature of Bernays’ axioms is the fact that there are only
finitely many axioms and there are no axiom schemes. '

In the work devoted to the consistency of the Axiom of Ch01.ce and of
the Generalized Continuum Hypothesis K. Godel gave an axiomatic syste.m
of set theory which is in fact a modification of Bernays’ §ysten1. Its main
advantage is that it is an elementary system (i.e., it contains only one type

of variables).® ) .
Let us describe now in details the system NBG of Gddel. It is based on

the idea that the variables vary over classes. Among classes we distingulsh

those classes that are elements of other classes. They are called sets and their

totality is denoted by V. The remaining classes are called proper classes.
Define the class V as follows

z eV« Ay(z €y

Hence z is a set if and only if there exists a class y such that = € y. Define
also a notion of a function in the following way:

Func(r) «— VaVyVz|[(z,y) €Er A (z,2) €T —— Y = z].

The system NBG is based on the following nonlogical axioms:

(Extensionality)
Vz Vy Vz2(2 € 2 — 2 €y) — T =Y,

(Axiom of Classes)
Iz Yy [Fz(y € z2) — y € 7],

(Axiom of the Empty Set)
3z Vy (y € =) A3z (z € 2));

(Pairing Axiom)
‘v’xEVVyeVE!ZGV[VU(UEZ(———)u:x\/u:y)],

i i ing i Neumann -

8 It is worth noting here that the idea of using in the system of von ! -

Bernays onvlgr i)ne type %f variables and one mgmbershxp rélation is due to Alfred Tarski
- cf. (Mostowski, 1939, p. 208) and (Mostowski, 1949, p. 144).
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e (Axiom Scheme of Class Existence) if @ is a formula with free variables
v1,...,Vy,. then the following formula

Yor,....0p €V 2V [z €2+ (x €V ARV (3 01,05, Un )]

is an axiom (note that one cannot quantifier in ® over class variables!):
&) denotes the relativization of & to the class V,

(Axiom of Union)

VeeV IyeVVulu€ey+— IvucvAv e ),

(Power Set Axiom)

VeeV IyeVVuuey+—ula),

(Infinity Axiom)
dxeVdezAVuezVv ez (uU{v} €z,

(Axiom of Replacement)

Ve € VVr[Func(r) — Jy e VVu(u €y v cx((v,u) €r),

(Axiom of Foundation)
Ve[r £ 0 — Jy ez (z Ny =0)].

We one adds to this system the following Axiom of Global Choice (in a
strong version):

Jz[Func(z) AVy € Viy #0 — 3z(z € y A (y,2) € 2)]]

then one obtains the system denoted as NBGC.
It has turned out that the axiom scheme of class existence can be re-
placed by the following (finitely many!) axioms:

JaVr,y € V[{z,y) €a+— z € Y]

(it says that a is a graph of the membership relation € for sets).

YaVbIcVz[zr € c— (x €a Nz € D))

(it defines the intersection of classes),

VaIbVz € Vizr €b+— z & a]

(it defines the complement of a class),

Va3bVzeVizeb+— JyeV((z,y) € a)]

(it defines the left domain of a relation),
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VYa 3bVz,y € V{(z,y) €Eb+— z € a),
Yo 3bVz,y,2z € V[(®,y,2) €Eb— (y,2,7) € al,
Ya 3bVz,y,z € V{(z,y,2) €b+— (.2,Y) € al.

The systems NBG and NBGC have very nice metamathematical pro-
perties, in particular:
e NBG (NBGC) is finitely axiomatizable (observe that the Zermelo-
-Fraenkel system ZF is not finitely axiomatizable!),
e NBG is a conservative extension of ZF with respect to formulas saying
about sets, i.e., for any formula ¢ of the language of set theory:

7FF o  ifandonlyif NBGF ")

where (V) denotes the relativization of ¢ to the class V of all sets (and
similarly for NBGC and ZFC where the latter symbol denotes the theory ZF
plus the Axiom of Choice AC),
e NBG is consistent if and only if ZF is consistent (and similarly for
NBGC and ZFC).

3. Consistency proof for arithmetic

One of the main aims of Hilbert’s programme was the consistency proof
(by save finitary methods) for the whole classical mathematics. Students of
Hilbert took this task and soon the first partial results appeared. The first
work in this direction was the paper by Wilhelm Ackermann (1924) where
he gave a finitistic proof of the consistency of arithmetic of natural numbers
without the axiom (scheme) of induction.?

The next attempt to solve the problem of the consistency was the pa-
per “Zur Hilbertschen Beweistheorie” (1927) by von Neumann. He used
another formalism than that in (Ackermann, 1924) and, similarly as Acker-
mann, proved in fact the consistency of a fragment of arithmetic of natural
numbers obtained by putting some restrictions on the induction. We cannot
consider here the (complicated) technical details of von Neumann's proof.
It is worth mentioning that in the introductory section of von Neumann’s
(1927) a nice and precise formulation of aims and methods of Hilbert’s proof

9 In fact it was a much weaker system than the usual system of arithmetic but the
paper provided the first attempt to solve the problem of consistency. Later in the paper
(1940) Ackermann proved the consistency of the full arithmetic of natural numbers by
using methods from his paper (1924) and the transfinite induction.
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theory was given. It indicated how was at that time the state of affairs

and how Hilbert’s programme was understood. Therefore we shall quote
the appropriate passages.

Von Neumann writes that the essential tasks of the proof theory are (cf.
von Neumann, 1927, 256-257):

I. First of all, one wants to give a proof of the consistency of the classical
mathematics. Under ‘classical mathematics’ one means the mathematics
in the sense in which it was understood before the begining of the criticism
of the set theory. All settheoretic methods essentially belong to it but not
the proper abstract set theory. [...]

II. By the end the whole language and proving machinary of the classical
mathematics should be formalized in an absolutely strong way. The for-
malism cannot be too narrow.

III. Then one must prove the consistency of this system, i.e., one should show

that certain formulas of the formalism just described can never be “pro-
ved”.

IV. One should always strongly distinguish here between various types of “pro-
ving”: between formal (“mathematical”) proving in a given formal system
and contents (“metamathematical”) proving [of statements] about the sys-
tem. Whereas the former one is an arbitrarily defined logical game (which
should to a large extent be analogues to the classical mathematics), the
latter is a chain of directly evident contents insights. Hence this “contents
proving” must proceed according to the intuitionistic logic of Brouwer and
Weyl. The proof theory should so to speak construct classical mathema-

tics on the intuitionistic base and in this way lead the strict intuitionism
ad absurdum.10

10 T. In erster Linie wird der Nachweis der Widerspruchsfreiheit der klassischen Mathe-
matik angestrebt. Unter ,klassischer Mathematik” wird dabei die Mathematik in demje-
nigen Sinne verstanden, wie sie bis zum Auftreten der Kritiker der Mengenlehre anerkannt
war. Alle mengentheoretischen Methoden gehéren im wesentlichen zu ihr, nicht aber die
eigentliche abstrakte Mengenlehre. [...]

II. Zu diesem Zwecke muf} der ganze Aussagen- und Beweisapparat der klassischen
Mathematik absolut streng formalisiert werden. Der Formalismus darf keinesfalls zu eng
sein.

III. Sodann muf die Widerspruchsfreiheit dieses Systems nachgewiesen werden, d.h.
es mufl gezeigt werden, dafl gewisse Aussagen ,Formein” innerhalb des beschriebenen
Formalismus niemals ,bewiesen” werden kénnen.

IV. Hierbei muf} stets scharf zwischen verschiedenen Arten des ,Beweisens” unter-
schieden werden: Dem formalistischen (,mathematischen”) Beweisen innerhalb des for-
malen Systems, und dem inhaltlichen (,metamathematischen”) Beweisen iiber das Sys-
tem. Wihrend das erstere ein willkiirlich definiertes logisches Spiel ist (das freilich mit
der klassischen Mathematik weitgehend analog sein muf), ist das letztere eine Verket-
tung unmittelbar evidenter inhaltlicher Einsichten. Dieses ,inhaltliche Beweisen” muf
also ganz im Sinne der Brouwer-Weylschen intuitionistischen Logik verlaufen: Die Bewe-
istheorie soll sozusagen auf intuitionistischer Basis die klassische Mathematik aufbauen
und den strikten Intuitionismus so ad absurdum fiihren.
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Note that von Neumann identifies here finitistic methods with intuitio-
nistic ones. This was then current among members of the Hilbert’s. school.
The distinction between those two notions was to be made explicit a few
years later — cf. (Hilbert and Bernays, 1934, pp. 34 and 43) and (Bernays
1934, 1935, 1941a), see also (Murawski, 2001).

As an interesting detail let us add that in response to the paper (.1927)
by von Neumann it was reacted critically by Stanistaw Leéniewski who
published the paper “Grundziige eines neuen Systems der Grundlagen der
Mathematik” (1929) in which he critically analyzed various attempts to
formalize logic and mathematics. Le$niewski among others expresses there
his doubts concerning the meaning and significance of von Neumann’s'progf
of the consistency of (a fragment of) arithmetic and constructs — to mantain
his thesis — a “counterexample”, namely he deduce (on the basis of von
Neumann’s system) two formulas a and —a, hence an inconsistency. (

Von Neumann answered to Le§niewski’s objections in the paper “Be-
merkungen zu den Ausfithrungen von Herrn St. Le$niewski uber .mei.ne Ar-
beit ‘Zur Hilbertschen Beweistheorie’” (1931). Analyzing the objections of
Leénjewski he came to the conclusion that there is in fact a misunderstan.—
ding resulting from various ways in which they both understand p.rinc.1~
ples of formalization. He used also the occasion to fulfill the gap in his
paper (1927). .

Add also that looking for a proof of the consistency of the classical
mathematics and being (still) convinced of the possibility of finding such a
proof (in particular a proof of the consistency of the theory of real numbers)
von Neumann doubted whether there are any chances to find such a proof
for the set theory — cf. his paper (1929).

4. Von Neumann and Gdédel’s second incompleteness theorem

How much von Neumann was engaged in the realization of Hilbert’s
programme and how high was his position in this group can be judged from
the fact that just he has been invited by the organizers of the Second Confe-
rence on the Epistemology of Exact Sciences (organized by Die Gesellschaft
fiir Empirische Philosophie) ! held in Kénigsberg, 5-Tth Septembfar 1930, to
give a lecture presenting formalism — one of the three main trends in the con-

. . . . ¢

11 This conference was organized together with the 91st Convention of the Society o
German Scientists and Physicians (Gesellschaft deutscher Naturforscher und Ayzt@ ang
the 6th Conference of German Mathematicians and Physicists (Deutsche Physiker- un
Mathematikertagung).
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temporary philosophy of mathematics and the foundations of mathematics
founded by Hilbert. The other two main trends: logicism and intuitionism
were presented by Rudolf Carnap and Arend Heyting, resp.

In his lecture “Die formalistische Grundlegung der Mathematik” (cf.
1931a) von Neumann recalled basic presuppositions of Hilbert’s programme
and claimed that thanks to the works of Russell and his school a significant
part of the tasks put by Hilbert has already been realized. In fact the uni-
que task that should be fulfilled now is “to find a finitistically combinatorial
proof of the consistency of the classical mathematics”. And he added that
this task turned out to be difficult. On the other hand, partial results obta-
ined so far by W. Ackermann, H. Weyl and himself make possible to cherish
hopes that it can be realized. He finished his lecture by saying: “Whether
this can be done for a more difficult and more important system of [the
whole] classical mathematics will show the future.”

On the last day of the conference, i.e., on 7th September 1930, a young
Austrian mathematician Kurt Gédel announced his recent (not yet publi-
shed) results on the incompleteness of the system of arithmetic of natural
numbers and richer systems.

It seems that the only participant of the conference in Konigsberg who
immediately grasped the meaning of Gédel’s theorem and understood it
was von Neumann. After Godel’s talk he had a long discussion with him
and asked him about details of the proof. Soon after coming back from the
conference to Berlin he wrote a letter to Godel (on 20th November 1930)
in which he announced that he had received a remarkable corollary from
Godel’s First Theorem, namely a theorem on the unprovability of the con-
sistency of arithmetic in arithmetic itself. In the meantime Géodel developed
his Second Incompleteness Theorem and included it in his paper “Uber
formal unentscheidbare Sitze der ‘Principia Mathematica’ und verwandter
Systeme. I" (cf. Godel, 1931). In this situation von Neumann decided to
leave the priority of the discovery to Gédel.

5. Concluding remarks

Godel’s incompleteness results had great influence on von Neumann’s
views towards the perspectives of investigations on the foundations of ma-
thematics. He claimed that “Gédel’s result has shown the unrealizability of
Hilbert’s program” and that “there is no more reason to reject intuitionism”

(cf. his leter to Carnap of 6th June 1931 — see Mancosu, 1999, 39-41). He
added in this letter:
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Therefore I consider the state of the foundational discussion in Kénigsbgrg to
be outdated, for Godel’s fundamental discoveries have brought the quest.lon to
a completely different level. (I know that Gédel is much more careful in the
evoluation of his results, but in my opinion on this point he does not see the
connections correctly).

Incompleteness results of Godel changed the opinions cherished by von
Neumann and convinced him that the programme of Hilbert cannot be
realized. In the paper “The Mathematician” (1947) he wrote:

My personal opinion, which is shared by many others, is, that Godel has shown
that Hilbert’s program is essentially hopeless.

Another reason for the disappointment of von Neumann with the in-
vestigations in the foundations of mathematics could be the fact that .he
became aware of the lack of categoricity of set theory, i.e., that there exist
various nonisomorphic models of the set theory. The latter fact implies that
it is impossible to describe the world of mathematics in a unique way. In
fact there is no absolute description, all descriptions are relative.

Not only von Neumman was aware of this feature of the set theory. Also
Fraenkel and Thoralf Skolem realized this. And they have proposed various
measures. In particular Fraenkel in his very first article “Uber die Zerme-
losche Begriindung der Mengenlehre” (1921) sought to render set theory
categorical by introducing his Axiom of Restriction, inverse to the com-
pleteness axiom that Hilbert had proposed for geometry in 1899. Whereas
Hilbert had postulated the existence of a maximal model satisfying his oth.er
axioms, Fraenkel’s Axiom of Restriction asserted that the only sets to exist
were those whose existence was implied by Zermelo’s axioms and by the
Axiom of Replacement. In particular, there were no urelements. One should
add that Fraenkel did not distinguish properly a language and a metalan-
guage and confused them. .

The approach of Skolem was different — but we will not go into technical
details here.12

Von Neumann also examined the possible categoricity of set theory. In
order to render it as likely as poésible that his own system was categorical, he
went bejond Mirimanoff and augmented it by the axiom stating that there
are no infinite descending €-sequences. He recognized that his system wo-
uld surely lack categoricity unless he excluded weakly inaccessible cardinals
(ie., regular cardinals with an index being a limit ordinal). Von Neumann

—_——

12 See, e.g., Moore, 1982, Section 4.9.
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rejected also the Fraenkel’s Axiom of Restriction as untenable because it
relied on the concept of subdomain and hence on inconsistent “naive” set
theory. He was also aware of the difficulties implied by Léwenheim-Skolem
theorem.

Von Neumann treated the lack of categoricity of set theory, certain
relativism of it as an argument in favor of intuitionism (cf. his 1925). He
stressed also the distance between the naive and the formalized set theory
and called attention to the arbitrariness of restrictions introduced in the
axiomatic set theory (cf. 1925, 1928a, 1929). He saw also no rescue and no
hope in Hilbert’s programme and his proof theory — in fact the latter was
concerned with consistency and not with categoricity.

One should notice here that von Neumann’s analyses lacked a clear
understanding of the difference and divergence between first-order and
second-order logic and their effects on categoricity. Today it is known, e.g..
that Hilbert’s axioms for Euclidian geometry and for the real numbers as
well as Dedekind-Peano axioms for the arithmetic of natural numbers are
categorical in second-order logic and non-categoric in the first-order logic.
Only Zermelo (perhaps under the influence of Hilbert!3) claimed that the
first-order logic is insufficent for mathematics, and in particular for the set
theory. It became the dominant element in Zermelo’s publications from the
period 1929-1935. It is worth noting here that he spoke about this for the
first time in his lectures held in Warsaw in May and June 1929.

After 1931 von Neumann ceased publishing on the mathematical logic
and the foundations of mathematics - he came to the conclusion that a
mathematician should devote his attention to problems connected with the
applications. In (1947) he wrote:

As a mathematical discipline travels far from its empirical source, or still more.
if it is a second and third generation only indirectly inspired by ideas coming
from “reality”, it is beset with very grave dangers. It becomes more and more
purely aestheticizing, more and more purely {’art pour Uart. ... In other words.
at a great distance from its empirical source, or after much “abstract” inbre-
eding, a mathematical subject is in danger of degeneration.

13 Hilbert and Ackermann wrote in (1928): “As soon as the object of investigation
becomes the foundation of ... mathematical theories, as soon as we went to determine
in what relation the theory stands to logic and to what extent it can be obtained from
purely logical operations and concepts, then second-order logic is essential.” In particular
they defined the set-theoretic concept of well-ordering by means of second-order, rather
than first-order, logic.
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EMPIRICAL ASPECTS OF COMPUTABILITY THEORY

that is: does the Univers compute better than (thoughtless) man?

Abstract. The paper deals with the question how the shape of physical re-
ality affects the classification of problems into computable and noncomputable.
First A. Turing’s idea of computability is recalled. On the basis of this the-
ory a possibility of revising the notion of computability will be presented. The
starting point will be a conception of a physical system processing information
understood as parameters of the system elements. Appropriate for this appro-
ach models of computability which are not brought to Turing machines will be
pointed out. As the major objection to the models of the above-mentioned type
the Gandy thesis will be considered. The paper justifies methodologically as
plausible the search of the problems exceeding, in the sense of computability,
the Turing model.

Computability

The idea of mechanical solving of problems goes back to the distant
past in science. We will not, however, deal with the historical outline of this
issue, but immediately turn to the notions accompanying the examinations
of computability which were coined by Alan Turing [18].

The model of computability called the Turing machine, described by
means of an informal language, can be defined as follows: the machine com-
prises an infinite tape divided into identical cells, which is to store input
data, output data and working information. All the elements on the tape
are strings (sequences of symbols); at the same time there is a rule of
placing one symbol into one cell. Without a loss of generality a particu-
lar alphabet is usually chosen as a range of symbols permissible to build
strings. Practically the binary (zero, one) alphabet is often chosen, it allows
a convenient and consistent representation of data. Moreover, the construc-
tion of the machine requires a description of a finite set of states from
which an element, indicating a current situation (state) of the machine,
originates.
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The Turing machine works in steps which are identical as to the time
of lasting. At every step the machine reads the content of a current cell
(pointed out by the head), then it changes the content according to a read
symbol and a present state. The same information serves successively to
change the state and to move the head to the next left or right square.
Particular states are distinguished as final; if the machine is in one of them,
it finishes its work. The classical model of the Turing machine requires the
number of symbols on the tape (different from the empty symbol) to be
finite at every moment of the machine work.

A problem is computable, according to A. Turing, if its solution can be
found due to the properly constructed Turing machine. Let us notice that
the whole process of computing described above can be easily imagined
as the work of a man who, by means of a sheet of paper and a pencil,
realizes (thoughtlessly) consecutive changes of symbols according to strict
rules. Robert Soare [17] stressed the character of Turing’s computability.
naming the computing subject ‘computor’, to emphasize the idealization of
human activity which was used here. An analysis of the machine potentials
(physical systems) does not seem to be the Turing’s aim. In agreement with
the previous remarks the construction of Turing machines encloses rather
the possibilities of ‘an ideal mathematician’ activity.

Turing machines defined in the following way allow a comprehensive
analysis of computability problems. The most important are: distinguishing
the issues that cannot be explained by means of the Turing machine (unso-
lvable problems) and pointing out time and spatial restrictions originating
from the nature of a solved issue (theory of complexity).

Of course, the Turing machine is not the only one model of computa-
ble processes. Just to illustrate, there are the Markov algorithms [6], the
Church A-calculus [1] or partially recursive functions all of which were pro-
posed independently. In the course of research for all the models the thesis
has been verified that they are identical as far as the scope of computa-
bility is concerned (compare [10]). Using an informal language: every is-
sue explained in one of these models can be solved in any other model as
well.

Let us digress from the subject here. The models are equivalent as to
the power but different as regards a means of expression. The Markov al-
gorithms and the Church calculus are the models based on the description
of particular operations on strings. Nevertheless, it is an approach which is
very close to the one usually accepted by adherents of formalism, regarding

the foundations of mathematics. Then the description of calculations reflec-
ting human activities — the Turing machine — leads us into the areas that are
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close to mathematical intuitionism. The world of mathematical fun-ctions in
the natural domain, yet, seems to be the domain of platorllism. As it can be
suggested by this short enumeration, a preference ff)r using one computa—
bility model may be connected with philosophical orientation regarding the
foundations of mathematics.

The results of researches concerning different computability models le_zd
to formulate the Church-Turing thesis [2]. It will be recalled at this stage in
order to avoid misunderstandings. The above thesis claims that our inforn.lal
notion of an effective computing is parallel to the precise Turing mafzhlne
mathematical definition. The conditions usually associated with efﬁaer%cy
are connected with a finite number of activity instructions (rules) which
are represented by finite strings accompanied by action (in a proper case)
in a finite number of steps with a possibility (in general) of realizing the
algorithm by a man without using intuition, creativity, or direct i}lsight into
the essence. Let us pay attention to what the Church-Turing thes.ls does 'not
say: it does not claim that other types of computing are not possible. It just
points out that the calculations that are effective are related to the above
mentioned models.

Hypercomputabilty

In the light of the above mentioned facts the question arises, e.ssential
both theoretically and practically — is there a form of an ineffective cal-
culation, yet possible to be realized? Ordinary procedures a.n.d quels of
this property are described by the notion of hypercomputability. Sm.ce'an
effectiveness of calculations seems to represent a human activity descrlp.tlon
by means of the theory of computability language, thus ineffective solutions
are sought in the world of physics. -

In agreement with these remarks we will present the possibilities of
revising the notion of computability. The starting point will bg a concept of
physical (artificial or natural) system transferring the information perceived
as parameters of elements of the system. A mechanical character of such an
approach agrees with a traditional name ‘computer’. N

Let us begin from introducing examples of ineffective computability
models. A straightforward modification of the Turing machine, called the
accelerating Turing machine, will be presented as the first model. The de-
scription of its structure is identical to the basic Turing machine. The ch.ange
concerns the timing pattern of realized steps. Every consecutive step 18 're—
alized in the time equal to the half time of the preceding step. The machine
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working in the following way is able to produce an infinite number of steps
during the first two initial units of time. This feature allows solving the
problem of halting some Turing machine by the following widening of the
set of its instructions: firstly, mark with 0 symbol the chosen cell of the
machine; in case of introducing the final instruction — change the input
of this cell into 1. After two units of time an examination of this cell al-
lows us to state whether the Turing machine stopped after finite or infinite
number of steps. Because the halting problem is not effectively computable.
a new model spreads significantly the limits of the notion of computabi-
lity.

Let us turn into the other field of nonefective computation: namely
analog computation. The basic model in this field is Shannon’s General
Purpose Analog Computer [16].

The General Purpose Analog Computer (GPAC) is a computer whose
computation evolves in continuous time. The outputs are generated from
the inputs by means of a dependence defined by a finite directed graph (not
necessarily acyclic) where each node is one of the following boxes.

e Integrator: a two-input, one-output unit with a setting for initial con-
dition. If the inputs are unary functions u,v, then the output is the
Riemann-Stieljes integral At. ftto u(z)dv(z) + a, where a and t, are real
constants defined by the initial settings of the integrator.

e Constant multiplier: a one-input, one-output unit associated to a real
number. If u is the input of a constant multiplier associated to the real
number k., then the output is ku.

e Adder: a two-input, one-output unit. If u and v are the inputs, then the
output is u + v.

e Multiplier: a two-input, one-output unit. If u and v are the inputs, then
the output is uw.

o Constant function: a zero-input, one-output unit. The value of the out-
put is always 1.

The next important in this context model of analog computation is Ru-
bel’s Extended Analog Computer (EAC) [13, 14]. This model is similar to
the GPAC, but it allows, in addition, other types of units, e.g. units that
solve boundary value problems (here we allow several independent variables
because Rubel is not seeking any equivalence with existing models). The
EAC permits all the operations of ordinary analysis, except the unrestric-
ted taking of limits. The new units add an extended computational power
relatively to the GPAC. For example, the EAC can solve the Dirichlet prob-
lem for Laplace’s equation in the disk and can generate the I' function (it
is known that the GPAC cannot solve these problems [13]).
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The model which is similar in the analog realm to classical natural
recursive functions is the system of real recursive functions: Here we present
a version given in [9] and based on the work of C. Moore’a [7]. The below
definition is based on vector operations. .

The set of real recursive vectors is generated f_rom the real recursive
scalars 0,1, —1 and the real recursive projections I}, (z1,... JIn) = Z4,1 <
i < n,n > 0, by the operators:

1—. composition: if f is a real recursive vector with n k-ary components and

g is a real recursive vector with k& m-ary components, then the vector

with n m-ary components (1 <t < n)

)\:1:1...a:m.fi(gl(ml,...,a:m),...,gk(xl,...,xm))

is real recursive. ‘
9. differential recursion: if f is a real recursive vector with n k-ary compo-

nents and g is a real recursive vector with n k +n -+ l-ary corr.lponents7
then the vector h of n k -+ 1-ary components which is the solution of the

Cauchy problem for 1 << n

hi(a:l,...,xk,O) = fi(xl,...,:ck),

Ohi(x,. . ThyY) = gi(ajl,...,a:k,y7h1(xl,...,xk,y),...,hn(ajl,...,azk,y))

is real recursive whenever h and its derivative are continuous in y on
the largest interval containing 0 in which a unique solutiog exists. exc.ept
for a countable set of isolated points of discontinuity (of its derivative)
where only one analytical continuation exists.

3. infinite limits: if f is a real recursive vector with n k+ l-ary components,
then the vectors h, h', " with n k-ary components (1<i<n)

h’i (Ilw'“aa:k:) :yl_i_)r{.lofi(wlv'”’mkﬂy)a
hlz (mlt"-axk) sli?}g%)%ffi(wlﬂ"'sxkay)a
R (z1,. .., Tk) = liﬁs;.}p filzy, . 2Ry Y),

are real recursive, whenever these limits are defined for all 1 <i < n.t
4. Arbitrary real recursive vectors can be defined by assembling scalar real

recursive components.

1 These concepts are defined in the completion of the real numbers R U {—o0, +00}.
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5. If f is a real recursive vector, than each of its components is a real
recursive scalar.

Let us discuss the definition carefully. For differential recursion we re-
strict a domain to an interval of continuity. This will preserve the analiticity
of functions in the process of defining. Moreover, this operator gives the
same class C* for a defined function as the given functions come from. This
eliminates a possibility of defining such functions as Az.|z|.

Let us point out the fact that this definition has as its feature the
property of a real recursive computable equation relation. It is not a general
case for an analog computation.

From the physical point of view with such definition we are ready to
use only a finite amount of energy. We excluded here the possibility of
operations on undefined functions: our functions are strict in the meaning
that for undefined arguments they are also undefined. But to obtain some
interesting functions we should improve the power of our system by an
addition of the operators of infinite limits. Let us point out that introducing
infinite limits gets discontinuous functions.

Infinity versus computability

If the Turing machine seems to be practically realized in the physical
world, the above-mentioned models raise considerable doubts in this respect.
They can be described precisely by means of the Gandy thesis. It is usu-
ally formulated in the following way: everything that can be computed by
discrete deterministic mechanical device, can be calculated by the Turing
machine as well. Let us notice that, using the rule of contraposition in this
statement, we obtain an equivalent formulation: a problem impossible to be
solved by the Turing machine will not be computable by means of any di-
screte and deterministic device. As the models mentioned above exceed the
limits of classical computability, we would have to, on the strength of the
above thesis, admit their practical ‘non-realizability’ in deterministic and
discrete world.

Before an attempt of estimating the Gandy thesis let us consider a phe-
nomenon of solving by these models the issues noncomputable in Turing’s
sense. An accelerating Turing machine is the simplest case for an analy-
sis. Obtaining the message about a finite or infinite number of operations
conducted by the machine is not connected with any refined procedure of
examining this property. The machine just realizes its functions in a limited
or unlimited number of steps. Appearing of results is a consequence of its
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ability to realize an infinite number of steps in finite time. The power of this
model lies in achieving a result due to find a limit in restricted time. The
same possibilities appear for real recursive functions and EAC as a .result of
inscribing them into a construction of infinite limits operators. It is Wgrth
noticing that the same reason causes the mentioned models to be ineffectwe.,
namely they do not fulfill the requirement of a finite number of computing
steps.

However, recognizing principles of the models constructions and the
Gandy thesis to be mutually excluding, seems to be premature. Although
discretion and determinism of computing are guaranteed in the thesis, an
idea of an infinite number steps device is not rejected explicitly. Assuming
implicitly such a limitation is connected with a conviction that an infinite
number of steps requires infinite time. However, this statement is not at
all obvious and is more connected with qualities of the physical world that
surrounds us than with an inner structure of the proposed models.

Infinity versus physics

In the light of previous considerations, for establishing the boundari.es
of practically realized models of computability, the nature of the material
world becomes essential. It is important, however, to become aware of an
obvious fact that we do not possess a direct knowledge of this quality of
the Universe. That is why an analysis of its features and limits always takes
place by means of physical theories. These theories become the only way to
perceive quantitative relations that occur in the physical world. .

Therefore, we face the next boundary of our analyses. We cannot di-
scuss ultimate boundaries of computability, but the limits of computability
possibilities that result from a physical theory which is regarded as given.
However, it may appear that such a far-reaching claim, namely the pos?ulate
of realizing infinity (energy, time) in finite sector of physical reality is not
acceptable to every physical theory. To weaken slightly the last sentence,
it is possible to restrict the considerations at least to commonly approved
(not particularly exotic) physical theories. It occurs, though, that the? above
assumptions are not true. Two examples of physical theories allowing hy-
percomputability will be presented at this stage.

The first is the Newton mechanics. In 19th century P. Painlevé toge-
ther with H. Poincaré proposed a particular analysis of an issue connected
with the mechanics of heavenly bodies, that is the question of n-bodies.
In the very issue of n-bodies a solution of an equation system of move-
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ments for n gravitational interacting bodies is sought. P. Painlevé and
H. Poincaré opened a discussion not about the way to discover a parti-
cular solution, but about an analysis of qualities of these solutions. There
is a crucial question whether there may exist such problem solutions that
contain a singularity. The singularity as a solution has the quality such
that its equation adopts infinite (not specified) values. It is obvious that
a situation of this kind happens when two, from all the described by the
problem, bodies collide. Yet the question arises whether the singularity may
appear without any collision. The answer to this question was given by
Z. Xia [19] in 1992. He claimed that for a problem of five bodies in the
three-dimensional space there exist non-collision solutions. The Xia answer
causes throwing one of the bodies to infinity in finite time. As it can be
seen, the Newton mechanics allows finite realizations of infinity and poten-
tially supports a possibility of calculations exceeding the limits of the Turing
machine.

An obvious aim that appears at this moment is relating similar consi-
derations to the physical theories that are regarded as currently valid. For
this purpose we will use the theory of general relativity. There are such so-
lutions of Einstein’s equations in which there exists a time-like half-curve v
as well as a point p in spacetime such that the entire stretch - is contained
in the chronological past of p. Such spacetime structures (i.e. anti-de Sitter
spacetimes) have been examined by physics with pointing out possible ma-
terial systems that fulfill the required qualities (comp. [5]). Moreover, the
descriptions of the usage of such systems to create computing systems [15]
have been proposed. Summing up, the next of the analysed theories, the
one which is regarded to be valid nowadays, allows conducting an infinite
number of operations in limited time a precisely chosen observer.

The above results do not entitle us to accept the thesis that hypercom-
putability is possible in our world. They show, however, that the possibility
of crossing the Turing machine barriers is, in the light of some physical
theories, real.

As we can observe, a new cognitive situation is introduced. The bo-
undaries of computability become valid only for a stated physical theory.
Moreover they receive provisional and temporary character. When a physi-
cal theory regarded as the proper description of the Universe changes, there
may occur a change in computability boundaries. The theory of computabi-
lity gained additionally a relative character, this time in relation towards the

physical theory assumed as a starting point in a construction of computing
systems.
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Conclusions

We shall try to determine the conclusions arising from the discussed
results. From a mathematical point of view the structure of certain com-
putability model is based on the qualification of a means of computability
procedure construction. Though a description built on a finite dictionary
results in a limited number of such procedures, other restrictions are not
connected with it. The examples of models given above and exceeding Tu-
ring’s limits prove that a formal description of models, considerably different
from classical models in their computing power, is possible. Of course, we
can built many of such models with their cardinality not exceeding Ro. That
is why an explanation of the choice of one has to arrive from a domain bey-
ond mathematics.

Because the aim of the computability theory is a description of qualities
of mechanically computable procedures, it is natural to turn to physics. 1t is
physics that allows us to determine which of the proposed models are physi-
cally realized (which devices can be really constructed). Thus the criterion
of differentiating problems into computable and noncomputable is moved
to the domain of empiricism. The problems that solving can be described
in the reality of the material world, may be regarded as computable in a
completely intuitive way. Such a classification could become an absolute
one. It means that the structure of the Universe separates explicitly the
range of possibly computable problems from noncomputable issues, with no
relativity possible.

However, the cognitive situation is different. Namely, we have no direct
knowledge of the quality of the Universe in order to carry out the above-men-
tioned computability classification in an unquestionable way. Our perception
of the material world is limited by an intermediary factor — a physical theory.
Different aspects of reality can be contained in different theories, sometimes
even in the same segment of the world several various theories are permitted,
provided they are empirically consistent. An additional factor of theoretical
physics variability is time that brings new research paradigms.

In this contest the cognition of the degree of computability of a cer-
tain issue must be perceived through a commonly approved physical the-
ory. This new situation changes the way of thinking within the theory of
computability. The problems absolutely and simply computable are out of
the question. Now the relationship between a problem and some physical
theory should be pointed out. A problem P can be computable in rela-
tion towards quantum mechanics and noncomputable to Newton’s mecha-
nics.
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Let us notice that such a view on the theory of computability refers
not only to differentiation of problems into computable and noncomput-
able. The relativity towards a physical theory influences also the issues of
complexity. It is worth pointing out that an adoption of a factor of time to be
a continuous parameter allows in appropriate models to solve any number
of operations (in suitably short time) in constant time. So the practical
complexity (realization time, not a number of steps) of problems that are
regarded to be intractable due to their classically understood complexity,
may be reduced in this approach.

What is then the role of mathematics and logic in the theory of compu-
tability? Traditionally the sciences will act as the language that expresses
research issues in this field. Moreover, protecting cohesion and completeness
of introduced models, they will guarantee their correctness. But a choice of
model and establishing limits of computing power will stay beyond the do-
main of mathematics, which is merely a research tool now.

The end of this paper will be presented in the form of concise thesis
which results from all the above considerations.

The issue of computability is more a problem of ontology than episte-
mology. It is a shape of physical reality, not any constructions a priori of
human reason, that decides which problems are computable.

Researches of the limits of computability are relative towards interme-
diary physical theories. Therefore, having no direct insight into the Universe
ontology, we have to base our researches of the computability theory on com-
prehensive physical theories.

Considering computations beyond the limits of the Turing model is ju-
stified as a reasonable research program. The given examples of physical
theories allowing hypercomputability (Newton’s mechanics, the general re-
lativity theory) show that exceeding the limits designed by a Turing machine
model is not - at least potentially — unlikely.?
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TEMPORAL LOGIC APPROACH
TO EXTENSIVE GAMES'

A mathematical n-players game model can be represented in a normal
or extensive form. A normal form representation of games is ideal to re-
present situations where players make one choice and move simultaneously.
An extensive form provides an explicit description of a strategic interaction
by specifying a physical order of play, actions available to players each time
they get to choose, and eventual payoffs for each player for any sequence of
choices. For these reasons the extensive form provides a richer environment
to study interesting questions such as rivalry, repeated interaction, etc.

Obviously every normal form of the game can be represented in an
extensive form, but it is more natural and simpler just to write the normal
form. It is less obvious that every extensive form of the game can be written
in a normal form. This translation is possible if we note that a strategy in
an extensive form game is not just a move or sequence of moves, but rather
is a complete contingency plan. A strategy for a player ¢+ must specify what
the player will do at every node or what information set the player has.

Games in extensive form

In this section we will study extensive form games. The basic notion of
the extensive form games theory is a game tree notion. It contains nodes
and branches. Nodes represent'decision points where only one player has
to make a decision. Branches represent possible choices available for player.
A game tree includes all alternative actions that can be taken by all players

! The research reported in this paper is a part of the project entitled Undecidability
and Algorithmic Intractability in the Social Sciences supported by the Polish Ministry of
Science, grant no. 2 HO1A 030 25.
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and all possible outcomes. If we construct a game tree, we have to obey the
following rules:

e at least one branch leads from each decision node,

¢ only one branch leads to a decision node.

Example 1 )
Let us consider the following examples of structures:

A

a) b) C)
Fig. 1.

In case a) we have a game tree. In case b) tree does not form a game
tree, because in the structure of the tree we have a closed path. In case c¢)
we do not have a game tree, because there is not a path between two nodes.

Definition 1
A rooted tree is a pair (T,+—), where T is a set of nodes and — is
a binary relation on T satisfying the following conditions:
e there is a distinguished node ¢, (€ T') (it is called the root), such that
no immediate predecessors,
e for every node ¢t € T'\ {to} there exists a unique path from ¢, to t.

A terminal node is a node which has no immediate successors. Let L(T)
denote the set of terminal nodes.

Example 2

c & f
Fig. 2. A rooted tree with the root @ and terminal nodes ¢, e, f
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than the strategies -
form). For a given game in a normal (strategic) form
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Let us remark that in the normal form game all parts of the game othf?r
are removed (for this reason it is also called the strategic

PLAYER I
C D
A 1,1 5,0
PLAYERI N 23 23

Fig. 3.

we can consider a few extensive forms. Two extensive forms of the normal
form showed in Fig. 3 could be formed in the following way:

0

Fig. 4. Two extensive form versions of the same normal form game

If a game is played sequentially, the extensive form allows us to see
exactly how the game could be played out. ‘ o

The knowledge which a player has after every move 1s fzssentlal from
a player standpoint. Sometimes in games moves are take'm in a sequelﬁce
and every player observes every event that takes place until that player has
to take an action. However, there are games whose rules are such ‘.ch.at the
players do not obtain the so-called perfect information on the fiec1s1ons ?f
the other players. This kind of situation usually takes place in the card
games when the first move is random.
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Now we will explain the differences between perfect information games

and imperfect information games. Let us consider the following example:

Example 3

Let us take a game with the following game tree:

Fig. 5.

A circle (dotted line) denotes information sets. It surrounds (or con-
nects) the nodes that are indistinguishable from the decision maker’s stand-
point. In the above case in the node d or the node e the player 1 does not
know the player 2’s decision, and therefore he has imperfect information.

Definition 2

An information set is a collection of the decision nodes so that:
1) The same player is mapped to all these nodes,

2) If the play of the game reaches a node in this collection, the player does
not know which node has been reached.

A game of perfect information is a game in which there is no information
set with multiple nodes?2. If there are multiple nodes information sets in
a game, then we have a game of imperfect information.

Now we give some conditions for a finite extensive form with perfect
information.

2 At any node each player knows the entire history of play.
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Definition 3 ‘ “ . .
A finite extensive form with perfect information 18 a tuple:

(T,I———),N,f), where:
o (T\—)isa finite rooted tree,
e N ={1,...,n} is a set of players,

o £ :(T\L(T)) = Nisa function that associates with every non-terminal
or decision node of the player who moves at that node.

Given an extensive form, we obtain a perfect information game by ad-
ding for every player i € N, for every terminal node ¢t € L(T) a payoff or
utility function [u(t) = (ui(t),. .., Un (tNH].

Temporal logic of branching time

The idea of temporal logic of branching time was given by A. .N. Prior?.
One of the main motivations of the construction of temporal logic of' bran-
ching time was a wish for creation of indeterminist.lc temporal logic. Ar—f
guments on determinism were rejected by modification of. the .struc.ture. )
time. The basic system of the temporal logic of branching .tnne is Nino
Cocchiarella’s system called ,CR"*. In the CR system a relat.mn of tempo-
ral succession is transitive. Because no other conditions are imposed upon
the earlier-later relation, then the symmetry of the past and the fl'lture‘*’ is
possible in CR. In the other systems of temporal logic of bran.chmg time
there are additional conditions imposed on the earlier-later relation. A left-
-linearity property of the earlier-later relation is necessary in the K system,
for example. .

An example of the structure of time linear in the past is presented below

Fig. 6).

( gA(Z) we see, the past has no alternatives and it is d.eter'mined, but the
future is open and there are a lot of ways of its realization. Among all
possible futures only one is realized. It is called actual future.

3 A. N. Prior, Past, Present and Future, Oxford University Press, 1967. o
4 A. N. Prior, Past, Present and Future, Oxford University Press, 1967, Appendix A.

5 The system CR is often considered as a model of ideas in the contemporary physics
on real time R. P. McArthur, Tense logic, Dordrecht 1976, p. 39.

6 N. Rescher, A. Urquhart, Temporal Logic, Wien, New York, 1971, chapter 4.

73



Dariusz Surowik

Example 4

7 Actual future

Temporal Logic Approach to Extensive Games

e < — a binary relation on T (the precedence relation) satisfying the
following conditions:
A1) if t;<ts, then ta At (antisymmetry)
A2) if t;<t, and t2<ts, then ¢, <t (transitivity)
A3) if t;<t; and t,<¢3 thent; = ty or t1 =<ty or ty=<ty (left linearity),
e N ={1,...,n} is a finite set of agents,
e for any i € N, R; is a binary relation on T, such that: if ¢, R;t,. then
t,<ts (R, is subrelation of =<).

Fig. 6.

Interpretation of extensive i '
games in terms of tem i
of branching time poral logie

. The logical foundations of game theory have been a subject of conside-
?atlon of many scientific papers. Usually these considerations are formulated
in terrps of modal or epistemic logic. However games are specific procesées
in w}.uch dynamic interactions between the players occur. If we consider
a notion of process, we have to consider its temporal context. It seems that
a natural way of interpretation of games is its interpretation in terms of
temporal logic. Extensive games can be modeled in terms of temporal logic

of branching time if we add a noti
' ion of agent to the semanti
a notion of prediction. nics and define

Definition 4

A branching-time frame with a, 7
gents? (BTA-frame for short) is a t
(T, <,N,{R;}ien), where: T o o buple

e T — a set of nodes,

7 Bonann ing ti j ;
1996, o G., Branching time, perfect information games and backward induction,
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Properties A1-A3 constitute the definition of branching time. In parti-
cular. the left linearity property limits a class of frames to the frames, where
at any node the future has alternatives and the past is unique.

The interpretation of ¢y R;ty is as follows: at node ¢, agent i can make
a decision, which leads from ¢; to ?,. It is possible, that for some agent 1
and for some node #, the set Ry(t) & {t' € T : tR;t'} is empty. In this case
agent i does not have any actions available at node t.

Definition 5
For a given a BTA-frame prediction is a binary relation <, on T, sa-
tisfying the following conditions:

P1) if t,<,ts, then ¢;<%2 (<, is subrelation of <),

P2) ift; <.ty and t3< 13, then <, %3 (transitivity),
P3) if t<t; for some t;, then 1<, t, for some %o,

P4) if t;<ty, to<t3 and t1 <, ts, then t; <ty and t2<p t3.

The condition P1 shows that the relation of prediction is subrelation
of <. The conceivable future is a subset of the set of all future nodes. Let
us remark, that we do not assume that the conceivable future is unique
for a given node. We do not require ' = <t "<t in case t<, 1’
and t<,t". Moreover, we do not assume that the predictable future for
a given node is a proper subset of the conceivable future. P2 (transitivity)
is a natural condition for a notion of prediction?®.

Every t € T should be thought of as a complete description of the world.
Sets of nodes represent propositions. We introduce a formal notation and
a notion a model for a correct interpretation.

Let us consider a language of propositional logic with the following
specific operators: G, H,Gp, Hp,>i.

8 More detailed discussion on these conditions we find in G. Bonanno, Branching time.
perfect information games and backward induction, 1999.
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The interpretation of the operators is as follows:
Ga ~ it is going to be the case in every conceivable future that «,
Ha - it has always been the case that o,
Gpa - it is going to be the case in every predictable future that o,
H,o - it has always been the case at every past node at which the
current node was predicted that a,
B>;a - no matter what action agent i takes, it will be the case that «.

The operators G and H are the standard operators of the temporal
logic of branching time. The operators G, and H, are specific operators
introduced by G. Bonanno?®. The operators t>; (for any 7+ € N) are action’s
operators.

Formal language

Alphabet:

a countable set of propositional letters S,
connectives: -, =,

temporal operators: G, H, G, Hp,

action operators o>;,

parentheses: ), (.

The set of the sentences is defined as follows:

Definition 6

The set of the sentences is the smallest set Z, such that:
e SCZ,

e if o, € Z then —a, (a=f),Ga, Ha, Gy, Hya, >0 € Z.
We adopt the following definitions:

Definition 7

(@Vp) = (~a=p),
(@A B) = =(a==p),
(aef) = -lla=p)=~(B=0a),
Fa = -G~a,
Pa = —1H—\a,
Fpa = -Gpma,
Pyoo = -Hp-o.

9 Bonanno G., Branching time, perfect information games and backward induction,
1999.
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By adding a function V : § — 2T to a given BTA-frame we obtain
a model 99t based on this frame. Validation for formulas is as follows:

Definition 8

a) MtEo =teV(a), ifac X,

b) M.t = - = not M, t = «a,

¢) Mt (a=pP) =if M,t = a, then M, ¢ E B,

d) M.t Go = for every t' such that t<¢' holds M, ¢’ |= a,
e) MtEHa = for every t' such that t'<t holds 90, t' E
f) 9M,t | Gpa = for every ' such that t<,t' holds I, t'Ea,
g) 9M,t = Hya = for every t' such that t'<,t holds M, t' k= a,
h) M.t =>;a = for every t' such that tR;t' holds M, t' = «.

Theorem 1 o .
A finite extensive form with perfect information is a special case of

a BTA frame!0.

Game model

The theorem 1 shows that we can consider a finite extensive form with
perfect information as a special case of a BTA frame. To view a perfect
information game as a model we need so, that the set of sentences inch.lde
sentences of the form (u; = q), where ¢ € N, and ¢ € Q. The interpretation
of the sentences of the form (u; = ¢) is: player i’s payoff is. The sentence of
the form (q; < g») we interpret as: the payoff q. is less than or equal to the

payoff ga-

Definition 9 . .
Let 7 be the BTA frame corresponding to a given perfect information
game. A game model 9 is a model based on J obtained by adding to J
a valuation V : s — 27 satisfying the following conditions:
e if p (€ S) is the sentence of the form (g1 < ¢2), then V(p) = T, if
(g1 < g2), and V(p) = 0 in the otherwise,
e if p (€ S) is the sentence of the form (u; = ¢2), then Vip)={te LT):
u;(t) = q}.

10 G, Bonanno, Branching time, perfect information games and backward induction,
1999.
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We have the following conclusions: if 91 is a game model, then
Vier Mt = (o < @) if g1 is less than or equal to the ¢, and M.t =
(g1 < ¢2) otherwise. In the model 90, at node ¢ holds M, t = (u; = q), if
¢ is a terminal node, such that u;(t) = ¢. In the model 97, at node ¢ holds
M, t = -(u; = ¢) in a case, if ¢ is either a decision node or terminal node
such that u,(f) # g.

In our formal language we can consider the truth of specific formulas in
a model. These formulas describe some specific properties of games. Le us
consider the following formula, for example: ’

1) Fy(ui=q@)=>i[((ui =7)V Fylu; = 7))=(r < q)]

The interpretation of this formula is as follows: if it is predictable that
player i’s payoff will be ¢ then, no matter what decision the player 7 makes.

if his payoff is r, or it is predictable that it will be r, then r is not greater
than q.

Let us consider another formula:

12) [Folui=q) A (Fy(u; =s)=(g < s))] =
=i {[(ui = 1)V (Fp(us = 1) A (Fyp(u; = 8)=>(r < 8)))] = (r < g)}

The interpretation of it is: if, according to the prediction, player i's
payoff will be at least g, then, no matter what decision player i makes, if
his payoff is 7, or is predicted to be at least r, then r is not greater than g.

Both formulas I1 and I2 characterize the backward induction algori-
thm!! for generic games in terms of temporal logic of branching time!2.

The backward induction algorithm can be used to solve finite extensive
games with perfect information. What about infinite extensive games? Let
us consider temporal logic based on intuitionistic propositional logic.

Y Backward induction algorithm is as follows: Suppose the initial decision node is
K steps removed from the terminal nodes i.e. the maximum number decision nodes be-
tween the initial node and any terminal nodes is K.

Step I: At any final decision node, every decision—making player chooses a move that
maximizes her payoff.

Step 2: At a penultimate decision node, every decision-making player anticipates step 1
and chooses a payoff maximizing move.

Step k: At decision nodes k steps removed from a terminal node, every decision-making

player anticipates step k = 1, for each k¥ = 3,..., K and chooses a payoff maximizing
move.

12 Proof of this fact we find in the G. Bonanno, Branching time, perfect information
games and backward induction, 1999.
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Intuitionistic temporal logic

Alphabet:
e set of propositional letters: ¥,

e intuitionistic unary connective: —,

¢ intuitionistic binary connectives: A, V, =, <=,
e temporal operators: G, H, F, P.

e parentheses: ), (.

Notation

I — a non-empty set of indexes of state of knowledge,

T; (1€l — a non-empty set of moments of time in a state of know-
2

ledge indexed by 1,
R; (CT;xT;) - abinary relation on Tj,

Ti (=(Ti,Ri))

_ a time in a state of knowledge indexed by 1,

T=UT: — a set of all moments of time,
i€l |
R (= U Ry — a binary relation on the set of all moments of time,
el

— a function mapping to elements t (€ T;) subsets of the
set of propositional letters,

Vi (CT;x2%)
p={V,:€l} — a class of function V;,

m; (= (T;, R;, V;))— a state of knowledge indexed by %,

Mrp) = (T, Ri, Vi) : Vi € o, i € I}, then M7y = {m; i €I} Mgy is
a model based on time 7 and class of functions g.

Between elements of a model 7,y we introduce a relation <
(S M(730) X My70))-

Definition 10
For any i,5 € I: .
m; <m; = (T; CT;and R; C R; and Veer, Vi(t) C V;(1)).
»m; < m;” means that the state of knowledge m; is not smaller than the
state of knowledge m;.

Let us consider the example which shows various ways to obtain new
states of knowledge. A state of knowledge may not be enlarged to a less one
in several cases. One of them is when in the new state of knowledge we are
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able to describe events which were not known in the smaller one. Another
case 1s when we obtain a new knowledge about the structure of time. One
more case is when in a new state of knowledge the relation between time

points is changed.

Example 5
m,
I ] !
Vo Vi) | V| Vi)
g il = i i z i = i
m, | ! ) —
Ve | Ve Ve e
i i j | eae
m,
| ]
Vi) | | Vi) | | Vi) ‘
e ——
OIAZO)
1L |
E \_/&_/ \,/ t,
Fig. 7.
Remark

m; (where i € I) means any m; (€ IM7,p)) such that m; < m;.
Definition 1113

For a model 9 1,,), state of knowledge m; (= (T3, Ri, V1)), element ¢
(€ T3), a formula o M7, k= aft, m;], is defined by the following conditions:

13 An axiomatization of the minimal intuitionistic t
wik D). in the Tense Logic Without The Principle of The
Informatics and Philosophy of Science, Bialystok, 1999.

emporal logic was given by Suro-
Ezcluded Middle, Topics in Logic,
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a) M1 F alt.m) =acViit),ifae¥,
b) M7, = —alt, mi = Yz em o, M) ¥ alt: M3l
¢) Mirp E (@VBIEm] =Mz k= alt.mi] or Mz = Lt mil,
Mer gy b= (0 A Bt m] = Mz = ot mi] and Mz = Bl mal,
M(70) = (=Pt mid = Vmgesmmm (M7,0) aft,m;] or
M(7,0) F ,B[t,mf]),

= 34, er, (Such that tR;t; and

9:n(’l',(o) ': a[tl,mi]),
= Vinrem p)theT;« (if tRft;, then
= 34, ¢r, (Such that t,; R;t and

m(Tm) ’: a[tlﬂ, m'i])f
= Vm=fegm(7_ p)thTf (lf th:t, then

M7.p) E alt, m]]).

In the language of the intuitionistic temporal logic the argument on

determinism based on the principle of excluded middle is formulated as
follows:

f) Mrp) E Falt,mi
g) M7, = Galt,mi]
h) M7, = Palt, m;]

1) M7, E Halt,mi]

FaV F-a

The formula Fa V F—a is not a tautology of intuitiogistic temporal
logic. A countermodel for formula Fp vV F-pis .Showed on Flg. 8. .

As we can see, the formula Fp is not true in our mode.l in the state o
knowledge m; at moment £, because in the state m; thelre is not a moment
of time # later than t, so that the sentence p is true at ¢ The formula F'—p
is not true in the state of knowledge m; at moment ¢ either. The.necessary
condition for the truth of the sentence F—p is: the sentence p 18 false 1at
every moment of time later than ¢ in every state of knowledge not sma.l ir
than the state of knowledge m;. As we can see, our model does not satisty

ion. . .

e Icr(l)frilrcllilse branching time structures are proper for s.ema.n'tic .co¥151der.at1ons
in the temporal logic of branching time based on mtu?mom'stlc .loglc. We
can consider an intuitionistic temporal logic of brar.lchlpg. tl.HIE.} if we add1
the following formulas to the axioms of the minimal intuitionistic tempora
logic:
Bl) FFa=Fa,
B2) Ga=GGa,

B3) (PaAPB)=[P(aAB)V P(PaApB)V PlahPB).
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Example 614

R p P P R et
i e e R
P P P p P my
R [— — S e
= < = < <
- o e T m3
. B,, 71977 p p P
< c o < <
: . m,
P - p p p P
c < < e
. m
fpFP P P P P
t\g// ti— tl\ o t3\ - iy

These formulas characterize the class of time branching in the future in
terms of intuitionistic temporal logic15.

We can imagine that in the terms of intuitionistic temporal logic we

analyze a structure of time very similar to the structure of the infinite
extensive game. For example:

1f1 If a formula is above the horizontal line in the square mapped for a moment ¢ in
a given state of knowledge, then we interpret that the formula is true at a moment ¢ in

zﬁls sta:e of knowledge. Otherwise, we mean that the formula is false at this moment in
1S state.

15 The various properties of the earlier-later relation in the intuitionistic temporal logic
are dlscus§ed in Surowik D., Some Remarks about Intuitionistic Tense Logic, On Leibniz’s
Philosophical Legacy, Biatystok 1997.
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Example 7

The open problem is:

Is a modification of intuitionistic temporal logic of branching time (by
adding agents and payoffs to the semantics) possible for the analyses of
infinite indeterministic extensive games?
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HISTORIC AND CONTEMPORARY
CONTROVERSIES ON THE CONCEPT
OF UTILITY"

Abstract. The concept of utility was first introduced in the demand theory,
together with the assumption of decreasing marginal utility. Later, postulates
of consumer rational preferences and their violations were debated. The clas-
sic concept of utility, which was based exclusively on consumer preferences has
recently been questioned by Kahneman and his colleagues, who introduced the
concept of experienced utility. In the context of decisions under risk, for a long
time the model of maximizing the expected utility has been accepted. However,
some hardship to explain paradoxes were also debated. An alternetive model,
known as the prospect theory, includes basic changes concerning the valuation
of outcomes and probabilities by the decision maker. This “psychological” the-
ory has turned out to have several appealing implications for various areas of
€conomics.

1. Demand theory, the assumption of decreasing marginal utility,
and postulates of consumer rational preferences

Utility is a term which, for a long, time has been used in connection
with the desire to possess goods or services. For economists utility has been
a subjective measure of value which differs from the value of goods expressed
as a price on the market. For example, Adam Smith in his book “The Wealth
of Nations” (1776/1986) states that the value of goods expressed by their
price is distinct from their value in the sense of utility. Water, for example.
has high utility but a low price. Diamonds, on the contrary, have low utility
but a high price. Ricardo put it similarly in his book “Principles of Political
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Economy and Taxation” (1817/1957). For him utility is not measured by
the price on the market. However, goods which are exchangeable must be
to some extent useful. Useless things are not exchanged.

Classical economists could not explain the full relationship between uti-
lity and demand on the market because explanation required analysis of
marginal values. Many economists in the mid-19th century begun such ana-
lyses (eg. H. H. Gossen, W. S. Jevons, C. Menger, A. Marshall). (Stankiewicz
2000). For them consumer utility was a function which assigns values u(y)
for commodity bundles y. The term marginal utility is then an increment
of utility as the result of consuming the successive unit of a commodity.

Economists noticed that consumption of each successive unit of a com-
modity brings us less utility. This is the law of decreasing marginal utility
which has been till now one of the fundamentals of economics.

A
utility

A e e
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B fmm im0

k.
»

quantity of good

Fig. 1. Consumer utility function for one commodity

Utility then became a measure of consumer satisfaction, a measurable
psychological magnitude. Total consumer utility was the sum of the utilities
of every good consumed. This approach involved two basic problems: how
to measure the utility and whether interpersonal comparisons of utility are
possible.

Many economists were aware of these problems. For example Jevons
(1871/1970) states that it is difficult to conceive a unit of utility. On the
one hand, he regarded every man as distinct and noticed that it was not
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possible to find a common denominator of feelings for two individuals. On
the other hand, utility in his analysis is treated as a measurable value, and
is compared and aggregated. This shows that in spite of many attempts,
economists of that time failed to solve the problems of defining utility. The
interesting thing is that these problems resulted in difficulties in developing
a complete theory of the consumer. The producer theory for economists
was easier because profit and other economic values connected with the
production were measurable.

The problems connected with utility were not solved until the 1930s. In
1934 Hicks and Allen described how demand theory and utility can be based
on consumer preferences alone. This work was later developed and began
to dominate in microeconomic analysis. This meant that it was no longer
necessary to create any psychological measure of utility. The theory goes as
follows.

There is a set X comprising elements x;, which can be quantities of any
goods or bundles of these goods, e.g. a bar of chocolate, a loaf of bread or
a ticket to a cinema. We choose from this set two elements and ask consu-
mer which one he prefers. Notice that at this stage the consumer neglects
the prices of the goods. By indicating the good he prefers, he sets a prefe-
rence relation between these two goods. The week preference relation x>
means that z, is at least as good as z,. We can also define the strict prefe-
rence relation z; >z, which means that the consumer prefers x; to z5. The
indifference relation z; ~ z, means that the consumer is indifferent as to
which commodity to choose.

We assume that customer preferences are rational. This means that
they possess the following two properties:

1) Completeness. This assumption means that a preference relation is set
for any two alternatives from the set X, that is:

for all z;,2; C X at least one of relation holds: 1) z;>x; 2) z;<7;

2) Transitivity. This assumption means that there is a stable hierarchy in
the choices of elements from the set X.

for all z;, 25, xg: if 2= x; and z;3= 1z then: z;=x4.

The above two postulates are not straightforward if we relate them to
our everyday decisions. It is not always simple to set the preferences between
two alternatives. Completeness assumes that we can make such a decision
concerning any two alternatives. The other postulate is even stronger. It
says that the preferences revealed in the pairwise choices will never circle
and are ordered in a stable and consistent hierarchy.
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The above postulates are very important in economics as they allow
us to define the utility function2. Utility is based on rational preferences
revealed by the consumer. Utility function assigns numerical values to ele-

ments of X. The commodity which is preferred, has higher value of utility
function:

for all z;,z; C X: if Tiz;, then u(z;)>u(x;),

where u() is the utility function.

Notice that the above formula does not specify value of the utility func-
tion. In fact there is an infinite number of functions which can represent
the same rational preferences of the individual3. So what is the utility of
a loaf of bread? One function will assign it value 3, other — 7. Every function
describing the rational preferences of a consumer is equally good.

Notice that utility based on preferences does not have to be a measure
of satisfaction. It is simply based on preferences ignoring the motives of
consumer choice.

Among numerous utility functions representing consumer choices we
can now take one and check the utility values assigned for the alternatives
belonging to the set X. A consumer wants to maximize his total utility
within the budget constraint. Then he tries to find such a bundle of goods
which will bring him the highest possible value of total utility.

The solution of this problem is a point at which a quotient of marginal
utility of all the goods consumed and their prices are equal, that is for
every z; and z; the following holds (Varian 1992):

Su Ou_
P - (1
Y23 bj

where p; is the price of a commodity on the market.

To understand this equation let us assume that a consumer chooses
a point which is not optimal, at which the quotient of marginal utility of z;
to its price is lower than this value calculated for z;. Let the prices of both
goods be equal. The consumer can sell one unit of x; and buy one unit of z;.
These changes will bring him more utility as long as the marginal utility
of z; is higher than z;. The important thing is that the optimal bundle

) 2 There are also other assumptions concerning preferences e.g. continuity, monotoni-
city, or convexity. They imply certain properties of utility function. However, if the set

X is finite, then no other assumptions are needed to find a utility function for rational
preferences.

3 In fact, very positive transformation of utility function is also utility function.
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of goods does not depend on the choice of utility ful:lCtiOltl. Each function
which represents the preferences of our customer will bring us the same
results. ‘ . .
The demand of the consumer is based on the analysis of marginal uti-
lities. The demand curve, which represents the demand value for the. com-
modity price, can be set as following. For every price of the comqulty we
can find how much the price should be lowered to buy one more gmt of the
good. A decrease in the price of one commodity will force t}}e rational con-
sumer to adjust his optimal bundle of goods so to conform.w1th.formula (1)
At a new optimal point the marginal utility of a commodity w1th the price
reduced will be lower. According to the law of decreasing margma.l utility
this means that the consumer will buy more units of this commodity. The
demand of every consumer can be summed to create the aggregate demand

on the market.

A price
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q % quality of goods

Fig. 2. The demand curve

The demand theory is based on assumptions of consumer rational ch(?-
ices. It turns out that these assumptions are not in reality always true. This
especially concerns the transitivity property. .

One example of violations of rationality postulates concerns the limited
perception of a man. Imagine somebody who wants to pa‘nnt his house. We
show him two similar shades of yellow paint and ask which one he Prefers.
If the difference between them is very small then the man can be indifferent
as to which one to choose. Then we show him the lighter shade of the
two previous ones and a new one — a little lighter. Again.the two .shadows
may seem so similar to the consumer that he will not notice the difference.
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We can repeat the procedure until we get the colour white. Then we can
show it with the darkest of all the previous ones. We expect that the man
will distinguish the two paints and probably prefer one of them. In this case
the preferences are not transitive.

Violation of rationality assumptions can be caused by the ways in which
we present the alternatives. Kahneman and Tversky (1984) describe the
following example. Imagine that you want to buy a jacket for $125 and
a calculator for $15. The salesman tells you that in a store located 20 minutes
away you can purchase the calculator with a discount of $5. The price of
the jacket is the same there. 68% of respondents declare that they would
be willing to travel to the other store to buy a calculator with the discount.
If the $5 discount in the other store was only on the jacket, only 29%
respondents would go to the other store. Now let’s imagine that we go to
the shop to buy a jacket and a calculator and we learn that because they are
of stock we must go to the store 20 minutes away to buy both items. More,
we learn that we get $5 on either item as a compensation. We suppose that
we do not care which good will be discounted. The preferences presented in
the above situations are not rational. Let’s denote:

z1 — go to the other store to purchase a calculator with $5 discount

Zz — go to the other store to purchase a jacket with $5 discount

x3 — buy both items in the first store
The first two situations imply that z;>2z; and 23>z, whereas the second
situation brings the indifference relations z; ~ z44.

Another example is the changing preferences of individuals. A young
smoker usually prefers to smoke one cigarette a day to smoking heavily,
e.g. 20 cigarettes a day. But once he gets used to smoking he may prefer to
smoke more and more. His preferences change to a point at which he prefers
to smoke 20 cigarettes to one cigarette a day. If we compare the first and last
choices of the smoker we conclude that they are not rational. The changing
tastes of the consumer lead to violations of transitivity assumptions. The
rational consumer has a stable and well defined preference order. In reality
preferences may change every minute, e.g. our decisions may be influenced

by emotions. This is important as in reality we do not purchase items only
on payday.

4 Such preferences are explained by mental accounting of the individuals.
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2. The concept of experienced utility

The classic concept of utility based exclusively on the consumer’s pre-
ferences has recently been questioned by Kahneman and his colleiagues (see
Kahneman, Wakker, and Sarin, 1997). They provide an enlightening exam-
ple. Let us imagine a man who has two toasters in his kitchen. One. of them
is working and makes an excellent toast, whereas tl'le other one %s.out of
order and any time it is switched on. it gives an electric shock. Addltlonal.ly,
the owner of both these toasters suffers from advanced amnesia énd quic-
kly forgets his experiences. Consequently, when he comes to the kitchen t.o
make a toast he uses, in turn, the working and the broken toaster. Now, if
the economist would like to determine the utility of these two toasters for
our decision-maker, based on his preferences, he would have to come to the
conclusion that the man is indifferent between the toasters, and hence they
have equal utility to him. We can conclude after Kahr}eman et al: (1997)
that the utility concept prevailing among economists 1s, at least in some
contexts, insufficient. N

As Kahneman et al. (1997) bring it up, the classic concept of utility
based on revealed preferences prevailed among economists due.z .to the as-
sumption that subjective hedonic experience i.e., experienced ut'lhty, cannot
be measured. However, Kahneman and his collaborators (Fredrlc.kson Kah-
neman, 1993; Kahneman, Fredrickson, Schreiber, and Redelmeier, 1993),
showed that subjective feelings of an individual may be suc.cessfully me-
asured. For example, in the experiments by Kahneman, Fredrlckson, Sch.re—
iber, and Redelmeier (1993), the participants watched video c‘h.ps of which
one half were pleasant and the other one aversive. The participants were
asked to evaluate, while watching a given clip, the intensity of the expe-
rienced pleasure or discomfort. This measure is called by the autho.rs the
instant utility of an episode or a moment-based meaS}lre of experlenced
utility. We can say that this is a hedonistic or affective experience me-
asure. (The subjectively experienced intensity turns out t_o be an.expo—
nential function of physical values which is similar for various subjective
experiences (where the exponent is specific to a given category of sensory
experience). . N

Subsequently, after the presentation of all the clips, the partlclpgllts
were to evaluate how much pleasure [or discomfort] they generally experzen-
ced while watching a given video clip. The results obtained are considered
by the authors as the measure of remembered utility. Thus, ‘remembered
utility is the total pleasure or displeasure reported retrospectively by the
individual pleasure.
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It turned out that the remembered utility of an episode (pleasant or
unpleasant), measured as the retrospective evaluation of overall pleasure or
pain, is predicted with high accuracy by the average of the most extreme
instant utility recorded during the episode, and the utility recorded at the
end of the episode. This was called by the authors ‘The Peak and End
Rule’. At the same time the retrospective evaluation of overall pleasure or
pain was found not to be affected by the duration of the episode (duration
neglect effect). ‘The Peak and End Rule’ violates the time monotonicity
principle: adding moments of pain to a given adversive episode can improve
the remembered utility of the episode, provided that the additional moments
are less painful than the end of the original episode. We can, for instance.
imagine this rule being applied by a dentist who, in order to moderate
the (unpleasant) experience remembered by the patient, at the end of the
appointment gives the patient an extra treatment which is also unpleasant
but slightly less so than the actual end of the session.

Kahneman (2000, p. 689) has summarized these different concepts of
utility as:

¢ Decision utility is inferred from observed preferences.

o Total utility is a moment-based measure of experienced utility. It is de-
rived from measurements of moment-utility, statistically aggregated by
an objective rule.

e Remembered utility is a memory-based measure of experienced utility,
which is based on retrospective assessments of episodes or periods of
life.

In their experiment Kahneman, et al. (1993) showed that remembered
utility influences an individual’s choice behavior. Namely, we may presume
that individuals, faced with choices among different episodes, will prefer
those of them which have the greatest remembered utility for them. Since re-
membered utilities are formed in accordance with ‘The Peak and End Rule’
the individual’s choices should also violate the time monotonicity principle.
Thus, we may expect that when making choices among various episodes
(either pleasant or unpleasant) experienced previously, individuals will act
in conflict with the time monotonicity condition and can go for an episode
containing a period of an extra discomfort whenever the additional period
ends in a less severe discomfort.

The results of an experiment carried out by Kahneman et al. (1993)
fully supported the above presumption. N amely, they asked participants to
put their hands into very cold water for several seconds. Subsequently, they
informed each individual that three more tests of that type were still ahead
of them. In the Short trial the first individual kept his hand for 60 seconds in
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water of 14 degrees centigrade. In the Long trial an individual kept his ha.nd
for 60 seconds in water of 14 degrees centigrade and, subsequently, during
the next 30 seconds, the water temperature was gradually increased by
1 degree centigrade, from 14 degrees centigrade up to 15 degrees centigrz.mde.
Then, after completion both trials (the order of these trials was ran.domléed
for different participants) individuals were given a choice for the third trial.
He/she could choose between:

Short trial: to put his/her hand for 60 seconds into water of 14 degrees

centigrade;
and

Long trial: to put his/her hand for 60 seconds into water o'f 14 de-

grees centigrade + keep his/her hand for the next 30 seconds in water

of 15 degrees centigrade. ‘

Most frequently the participants opted for the long trial, thus going for an
episode containing an additional period of discomfort, i.e. choosing the d(?—
minated option. Such a result cannot be explained in terms of the classic
utility concept. It requires the concept of experienced utility. I.{ahnema'n
claims that if we employ only the decision-making utility (which is determi-
ned on the basis of preferences among episodes) and disregard experie_gced
utility, experiments such as the one described above, as well as other serious
research issues, are left unexplained.

In particular, the classic concept of utility does not allow.us t‘io test the
assumption of rationality of the decision maker. The assumption 1s testable
and the decision-maker may display even the most unusual preferences.
Despite this, in many situations, one would just like to know whether and,
if so, in what circumstances, human behavior is or is not rational. Does
a consumer who, e.g., buys a product in a store at a higher price While l}e
can buy an identical one at a lower price in a neighboring §tore v1olate.m
his/her preferences the postulates of rationality, or does hls/her beha.v1or
result rather from the fact that, in addition to price, he/she is also guided
by store prestige (he/she does not like shopping in a store for the general
public)? '

Until recently economists have not been interested in laboratory experi-
ments run by psychologists. As Matthew Rabin (1996) put it, “Ec.onormsts
have traditionally contended that field evidence provides more insight than
laboratory evidence” (Rabin, 1996, p. 64).

Contrary to this he proposes: “We should attempt to replace some of
the current assumptions in economics with assumptions built from the sys-
tematic patterns of behavior identified by psychological research. Whatever
the advantages and disadvantages of rigorously deriving conclusions from
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formally stated assumptions, our conclusions are likely to be more realistic
if our assumptions have a better empirical base. Psychological research has
accumulated enough general insights for us to convert these insights into
tractable assumptions in formal economics” (Rabin, 1996, p. 62).

Indeed, recently a new paradigm has started to evolve in economics.
This is known by the labels of behavioral or experimental economics. It
refers to the attempts by economists to include psychological assumptions
and methods in dealing with economic problems.

The laboratory controlled experiment has become a major research tool
for developing behavioral economic theories. Most certainly, the concept of
experienced utility is among those which are to be studied under this appro-
ach. We still have a lot to learn about how people perceive and misperceive
their experienced utilities, how they adapt their preferences to changes in
their lives (e.g. changes in wealth), etc.

One example may be a question discussed by Kahneman (2000, concer-
ning studies on well-being (happiness). The assessments of this are typically
obtained through self-reports. This type of interviews typically shows the so
called treadmill effect — changes in life circumstances have small effects on
subjective happiness. For example, in a classic study by Brickman, Coates.
and Janoff-Bulman (1978), when the authors interviewed lottery winners
and a control group, they found almost no difference in rated happiness
between these two groups. However, subjective happiness (remembered uti-
lity) measured in such a way may be highly distorted and may dramatically
differ from objective happiness measured through moment-based technique
(moment-based utility). Indeed, as shown by Schwartz and Clore (1983) re-

ported well-being on sunny days was significantly higher than reported on
rainy days.

3. Decisions under risk and uncertainty: the principle
of maximizing the expected utility

The term utility has also been used for decision analysis under risk and
uncertainty. The first major step was Bernoulli attempt to explain why pe-
ople neglect the expected value principle in their choices. Take, for example.
a choice between a sure win of $10 and participating in a lottery which of-
fers equal chances to win $5 or $15. Although the two alternatives have the
same expected value of outcomes, people usually choose a sure win.

Another example is the St. Petersburg paradox. In this game a coin is
tossed until the first head appears. The player gets a prize of $2% where
k denotes number of tosses. What is a sure equivalent of this game? The

94

Historic and Contemporary Controversies on the Concept of Utility

expected value of winning this game is infinite but in reality people were
not willing to pay for the participation in this game more than $4.

The above examples show that people do not respect the expected value
of the game. Barnoulli noticed that the St. Petersburg paradox coulFI be
resolved if we assume that players maximize the expected value of logarithm
of a price. The sure equivalent of participating in the St. Petersburg para.d‘ox
game is then $4. This finding initiated the development of expected utility
theory. N

In 1947 von Neumann and Morgenstern developed an expected utlht‘y
theory which was based on axioms concerning a playerjs bel.laviour. In this
theory the uncertain outcomes are presented as lotteries with known pro-
babilities and outcomes. We assume that players have a proper perce.pjnl'on
of the lottery. This means that decisions are made based on probablhltles
and their outcomes only. The sequence in which we present the alternatives
should have no influence on the eventual choices. Probability 1 means a sure
win. The player should also recognize that compound lotteries can be sim-
plified to lotteries with the same conditions. Take for example the following
lotteries. In the first one you win or lose $5 with equal chances. The second
lottery has two stages. In the first stage the lottery offers 75% chan‘ce of qu-
alifying for the second stage and 25% chance of ending the game with a win
of $5. In the second stage the probability of $5 win is 1/3 and probability
of losing $5 is 2/3. ‘

If the player has a correct perception of lotteries, then we can ask hlI'll.tO
show his preferences over lotteries belonging to a set X. The expecteq utility
theory requires that these preferences comply with certain E.LSS'LllTlpthHS:

1) Completeness and transitivity. These properties are similar to those
presented in the first part of this paper; here they should be defined for

a set of lotteries X.

2) Continuity. This assumption means, that if there is a preference order
over three lotteries, then there exists such o1 § €]0, 1], that:

OlLl + (1 — a)L3'<L2'<,BL1 + (1 — ﬂ)Lg
3) Independence postulate. It says that for all o €]0,1]
L1<L2 = aL1 + (1 - CY)L3'<O[L2 + (1 - OZ)L3

The above conditions are sufficient to set a utility function u which describes
well consumer behaviour. It has the following property:

L1<L2 = U(Ll) < 'U;(Lg)
The player’s aim is to maximize his expected utility calculated as Bero-

ulli did it — as an expected value of utilities for every outcome of the lottery.
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Notice that as in the case of utility presented in the first part of this article
this theory is also based on consumer preferences. Similarly, there is an in:
ﬁnite number of utility functions which describe the same preferences of an
individual®. All these functions have a similar shape. This shape depends
on risk aversion and is specific to each individual.

The shape of the utility function may be set in the following manner.
We present the player with two options. The first one is a lottery in which he

can either win prize W or end the game with nothing, with equal chances.
Another alternative is a sure win of 0.5 W.
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Fig. 3. Examples of utility functions

If both options are equally attractive to the player, then his risk is
neutral and his utility function has a shape like the curve B in figure 3.
If the‘3 pl§yer prefers a sure 0.5W, then he is risk-averse and his utility
func'tlon Is concave like curve A. For this player the utility values follow
the inequality: u(0.5W) > 0.5u(W). To see how risk-averse our player is we
need to find a sure equivalent of the lottery presented. The lower the value
of the equivalent, the more concave the utility function is and the higher

5 In the von Neumann-M i
B ) ) -Morgenstern theory every linear positive t i 1
utility function given for an individual is also the utility functilim. ransformation of
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the risk-aversion of the player. If the player is risk-seeking, then the shape
of utility function is convex like the curve C. The sure equivalent is then
higher that 0.5W. An important thing is that our attitude towards risk can
change as value W changes. Thus, to draw the utility function we need to
find a sure equivalent for the lottery for every level of W.

The three postulates concerning preferences mean that the consumer
behaviour is consistent — described by a utility function of a shape specific to
an individual. In practice this assumption is sometimes violated. An example
of such a choice could be the well-known Allais paradox, which is a simple
comparison of preferences revealed in two situations. In the first one we
present the players with two options: a sure win of $0.5 mln or a lottery
in which offers 89% probability of winning $0.5 min, and 10% of winning
$2.5 min. In this lottery there is 1% chance that we end it with nothing.
Most respondents prefer the first option.

The second situation is a choice between the following lotteries. The first
one offers 11% chance of winning $0.5 mln and 89% chance to end the game
with nothing. The second lottery offers 10% chance of winning $2.5 mln
and 90% chance of ending the game with nothing. Most respondents choose
the second option. We can show that the preferences revealed in these two
situations are contradictory, in the sense of the expected utility theory —
there is no utility function which describes the two choices.

The choices made in the first situation imply that:

w(0.5) > (0.1)u(2.5) + (0.89)u(0.5) + 0.01u(0)
Adding (0.89)u(0) — (0.89)u(0.5) to both sides we get:
0.112(0.5) + (0.89)u(0) > 0.1u(2.5) + 0.9u(0)

The above inequality contradicts the choice made in the second situation®.
In this case the players violated the independence postulate.

Although the von Neumann-Morgenstern theory sometimes fails to de-
scribe people’s behaviour, it is often used in economics. One of its classic
applications is found in foundations of insurance theory. It provides an an-
swer to the question: why do people buy insurance?

Let’s analyse a choice made by a consumer who considers insuring his
possessions, valued of W. The probability of losing them equals p. A policy
which can protect him from suffering this loss costs Q. In the terms of the
expected utility theory, the consumer can take part in a lottery in which he
can lose W with a probability p or choose a safe loss of Q. If he decides to

6 This paradox can be explained by “regret theory”.
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buy a poli(':y then his utility would equal: (W — Q). However if he chooses
to take a risk then his utility would be: (1 — p)u(W) + p u(0). If a consumer

is risk averse then he is read 1
y to pay more for a policy th
sk averse policy than the expected

(1 =puW) +pu(0) <uW - Q)

For the insurer the premium on the policy, apart from the expected value
of los.ses paid out, must also cover other administrative costs and a profit
margin. Risk averse consumers are likely to accept such premium. This fact
enables the existence of the insurance sector in the economy. .

The r.18xt example of application of the expected utility theory is from
the domain of money investment. Assume that we have a certain amount of
money and two types of assets. The first one is a safe bond with a constant
return on investment: r;. The other is a risky stock which is quoted on
the exc.hange. The average and expected rate of return on this asset is r
Accord'mg to the expected utility theory we say that even if . > r, the risrl;
averse investor can allocate some money in safe bonds as it gives a ssure win
In this way we can explain a demand for bonds which often have lower ratei
of return than stocks.

. The weakness of the von Neumann-Morgenstern theory is the assump-

tion of knowledge of all the probabilities offered by the lottery. In realit
sgc'h. situations occur rarely. More often we can only estimate such proba}j
blht'leS, for example, the chance that the fire will destroy our house in the
coming year. There is no reason to think that different people will similarly
asses this probability. The theory of utility based on subjective probabilities
was created by Savage.
. According to this theory before we take a decision, we analyse conce-
1val?l§ acts (decision choices) which lead to certain states of nature. The
decision-maker has his own preference order over all feasible acts. He pre-
fers the acts which result in higher expected utility of outcomes. To calcu-
late the value of the expected utility the decision-maker uses his subjective
assess-ment of the probabilities of outcomes. Then he compares utility of
copcelvable acts and sets for them a preference relation. Savage’s expected
utility function has the following property:

ar=a; <= Fu(a,) > Eulas)

where Eu() is an expected value of utility;

Savage showed that the utility function exists if preferences comply with
certain assumptions. The first one is the completeness of preferences over
the set of alternatives. This condition is analogous to the completeness as-
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sumption for the von Neumann-Morgenstern theory. The second postulate
is about a sure-thing principle. It says that if we compare two acts, we base
our preference relation on those states of nature which differ those acts. The
third postulate means that the desirability of outcomes does not depend on
the earlier acts and states — those which actually led to a present state. The
fourth condition is about our subjective assessments of probabilities. The
decision maker should say which events are more probable (or equally proba-
ble) for him. This means that there is a complete and transitive probability
relation over all events. The last postulate was a technical monotonicity
condition. Savage also formulated two additional conditions but they are
not necessary to prove the existence of the utility function. The first one
excluded the situation in which a decision-maker is indifferent between any
two acts. The second postulate implied a sort of continuity of the preference
relation and guaranteed an infinite number of all possible states.

As an example of application of Savage’s theory let us consider the fol-
lowing example. A decision-maker has to decide whether to invest $1000
in a venture. If he succeeds, his costs will be covered and additional profit
of $1000 earned. However, it is possible that the business will not succeed
and the decision-maker will lose all the money invested. According to Sa-
vage’s theory, before taking the decision he should first assess the proba-
bility of success: p. The probability of losing money is: 1 — p. In the next
step the decision-maker should estimate his own utility of possible outco-
mes: u(—1000), ¥(1000) and u(0). In the last step he chooses what decision
will give him a higher value of expected utility. If:

u(0) > pu(—1000) + (1 — p)u(1000)

then he will not invest his money in a venture.

Notice that in this case the decision-maker himself estimates the utility
values for the outcomes. This is subjective utility which cannot be used for
interpersonal comparison”.

We can show that in some situations this theory fails to describe people’s
behaviour. A good example is a variation of the Ellsberg paradox (from
Ellsberg 1961). We have two urns, each containing 100 balls. The balls are
either white or black. It is known that the first urn contains 51 black balls
and 49 white ones. The assortment of balls in the second urn is not known.
One ball is picked from each urn; the colour of these balls is not disclosed.
We tell a decision-maker that we can show him one of these balls, either

7 Asin the von Neumann-Morgenstern theory there is an infinite number of functions
which represent preferences of the consumer. Every positive linear transformation of he
utility function is also an utility function for the individual.
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from the first or the second urn. If the ball disclosed is black, he gets a prize
of $1000. If the ball is white, he ends the game with nothing. The majority
of people want to disclose the ball from the first urn. In terms of Savage’s
theory it means that their subjective assessment of probability that a black
ball can be picked from the second urn is lower than 51%. Then we repeat
the decision problem with one modification: a prize of $1000 is given if the
disclosed ball is white. It turns out that many people once again ask for
a ball from the first urn. This implies that their subjective assessment of
probability that white ball is picked from the second urn is lower that 49%.
This contradicts the probability assessment revealed in the first step.

4. Prospect theory — critical “psychological” assumptions

There have been several proposed modifications of the utility theory for
risky decision making. However, the most fundamental step in the analysis
of decisions under risk was proposed in 1979 by two psychologists, Daniel
Kahneman and Amos Tversky (1979). Their proposal, called the prospect
theory, includes basic changes concerning the valuation of outcomes by the
decision maker as well as the way it handles the probabilities. Let us start

with the assumptions concerning the valuation of outcomes. They are easily
presented with the aid of Figure 4.

v(x)

Losses Gains

Fig. 4. Prospect theory value function
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The first critical assumption is that prospects are evaluated relative to
a reference point. Kahneman and Tversky (1979, p. 277) stress that people
are more sensitive to how an outcome differs from some reference point than
to the absolute level of the outcome itself. They put it:

“An essential feature of the present theory is that the carriers of value
are changes in wealth or welfare, rather than final states. This assump-
tion is compatible with basic principles of perception and judgment. Our
perceptual apparatus is attuned to the evaluation of changes or differences
rather than to the evaluation of absolute magnitudes. When we respond to
attributes such as brightness, loudness, or temperature, the past and pre-
sent context of experience defines an adaptation level, or reference point,
and stimuli are perceived in relation to this reference point (Helson (1964)).
Thus, an object at a given temperature may be experienced as hot or cold
to the touch depending on the temperature to which one has adapted. The
same principle applies to nonsensory attributes such as health, prestige, and
wealth. The same level of wealth, for example, may imply abject poverty for
one person and great riches for another-depending on their current assets.”

The second assumption of the prospect theory is that preferences de-
pend on how a problem is framed, in terms of gains or in terms of losses.
As implied by the value function in Figure 1, people are risk-aversive in
the domain of gains (they prefer a sure gain over a higher but risky pro-
spect) and are risk-seeking in the domain of losses (they prefer a higher risky
loss over smaller but sure loss). Tversky and Kahneman (1986) showed in
a series of experiments how framing can alternate the decision-maker’s cho-
ices between two logically equivalent options. One of their examples are the
following decision problems.

Problem 1

Assume yourself richer by $300 than you are today. You have to choose between
a sure gain of $100

50% chance to gain $200 and 50% chance to gain nothing

Problem 2

Assume yourself richer by $500 than you are today. You have to choose between
a sure loss of $100

50% chance to lose nothing and 50% chance to lose $200

Majority of respondents preferred sure gain of $100 over fifty-fifty
chance of gaining $200 or nothing in Problem 1, and in Problem 2 majority
of respondents preferred fifty-fifty chance of loosing nothing or loosing $200
over sure loss of $100. However, the two problems are essentially identical.
In both cases the decision maker faces a choice between $400 gain or even
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chance of $500 or $300. The observed framing effect results from a change
in reference point.

Finally, in accordance with Figure 1, the third assumption of the pro-
spect theory is that people dislike losses significantly more than they like
gains - i.e. the hurt of a $100 loss is more noticeable than the benefit of
a $100 gain. This predisposition involves loss aversion. Loss aversion has nu-
merous implications. One is the endowment effect which involves that once
a person has acquired something, he/she immediately values it more than
before he/she possessed it. A simple illustration of this phenomenon is an
experiment conducted by Kahneman, Knetsch, and Thaler (1990). In a clas-
sroom certain number of mugs (retail value of about $5) were placed in front
of some students. Then, these students were given the following instruction:
“You now own the object in your possession. You have the option of sel-
ling it if a price, which will be determined later, is acceptable to you. For
each of the possible prices below indicate whether you wish to: () Sell your
object and receive this price; (y) Keep your object and take it home with
you....” These students indicated their decision for prices ranging from $0.50
to $9.50 in steps of 50 cents. Let us call them sellers. At the same time, ano-
ther group of students who had not received a mug (the “choosers”) were
asked to indicate their preference between a mug and various sums of money
ranging from $0.50 to $9.50. The authors found that the median value of the
mug was $7.12 for the sellers and only $3.12 for the choosers. The difference
between these values evidently reflects an endowment effect. Those students
who acquired mugs valued them more than those who did not possess them.

Several phenomena in various areas of economics can be explained wi-
thin the prospect theory. For example, a well known practice in pricing
strategy is that price differences for the same product are typically presen-
ted as discount from the higher price rather than as premiums over the
lower price. Indeed, a tourist looking for an apartment in a tourist site is ty-
pically informed that in season one pays a normal price, while out of season
one pays a discounted price. Obviously, an opposite convention is equally
possible that it is out of season when one pays the normal price, while
in season one pays premium. But owners of the apartments know very well
that the former convention introduces a more favorable reference point. The
potential customer is never on the loosing side.

In the financial market Odean (1998) showed the so-called disposition
effect — the tendency to hold losers and to sell winners. For example, imagine
an investor who purchased two stocks A and B at $20 per share. Let us say
that by the next month, stock A had decreased in price by $10 (i.e. its
price has fallen to $10) and stock B had increased in price by $10 (i.e. its
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price has risen to $30). The investor must decide whether to sell or to hold °
both the stocks for another period. Odean (1998) shows that investors are
more likely to keep stock A and to sell stock B. The reason is that the
initial purchase price is a natural reference point for the investor. Thus, loss
aversion restrains the investor from selling the losing stock.

The prospect theory also differs from expected utility theory in the way
it handles the probabilities attached to particular outcomes. The von Neu-
mann-Morgenstern utility theory assumes that decision makers uses proba-
bilities to calculate an expected utility of the risky alternatives. In contrast,
prospect theory treats probabilities as “decision weights”. The weighting
function for probabilities is shown on Figure 2. As can be seen, small proba-
bilities are overestimated while moderate and high probabilities are under-
estimated.

i

P

Fig. 5. Prospect theory weighting function

A simple illustration of the tendency to overweight small probabilities
is the pair of problems below (cf. Kahneman and Tversky, 1979):

Problem 1.

You have to choose between:

A 1 in 1000 chance of winning $5000
A sure gain of $5. -
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Problem 2.

You have to choose between:

A 1 in 1000 chance of losing $5000
A sure loss of $5.

The majority of respondents who were presented with these problems
preferred the risky option in the first problem and the sure loss in the
second problem. Both preferences can be explained in terms of a tendency
to overweight small probabilities.

The preference for the risky option in lotteries containing small proba-
bilities of a large gain also explains why people purchase lottery tickets. The
preference for the sure loss in the second problem can explain why people
buy insurance. However, it is worth of noticing that in accordance with the
prospect theory generally people should be reluctant to insure themselves.
This is a direct inference from the assumption that people are prone to
take risks in the domain of losses. Indeed, insurance can be seen as a choice
between two options:

(1) to pay an insurance premium (and this way to lose some money for
sure)
(2) to risk (a much) higher loss (e.g. in the case of flood) or to lose nothing

(e.g. in the case of no flood).

Thus, generally, people should choose the risky option, i.e. not to insure
themselves.

These ambiguous predictions of prospect theory concerning buying in-
surance seem to have support in real life. Kunreuther quotes a statement by
George Bernstein, the former head of the Federal Insurance Administration:
“Most property owners simply do not buy insurance voluntarily, regardless
of the amount of the equity they have at stake. It was not until banks and
other landing institutions united in requiring fire insurance from their mort-
gagers that most people got around purchasing it. It was also many years
after its introduction that now popular homeowners’ insurance caught on.
At one time, insurance could not give away crime insurance, and we just
need to look at our automobile insurance laws to recognize that unless we
force this insurance down the throughout of the drivers, many, many tho-
usands of people would be unprotected on the highways. People do not buy
insurance voluntarily unless there is pressure on them from one source or
another.” (Kunreuther, 1978, p. 34).

This claim is supported by several systematic research. For instance,
Brown and Hoyt (2000) report that a large portion of the property at risk
from flooding in the U.S. and Germany remains uninsured. Similarily, Pynn
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and Ljung (1999) found that in spite of the National Weather Service’s
predictions that a record flood could be produced by snow melting and
the Federal Emergency Management Agency’s advertisements in the media,
only a minority of property owners in that area purchased insurance poli-
cies against flooding. Similarly, Tyszka et al. (2002) found that purchasing
insurance against flood in the regions at risk of flooding in Poland was until
the year 1997 very rare. On the other hand, immediately after the flood of
1997, when people realized that a flood is possible, the number of house-
holds insured significantly increased. However, after four further years the
willingness to buy insurance in these regions started to decrease again.

10 4

-800 -600 ~400 -200 200 400 600 800

-10 4 ]

Fig. 6. Mean assessments of the importance of different gains and losses

While presenting the prospect theory, we indicated its implications in
various areas of economics. To finish, let us look at its manifestation in the
area of currency perception. Tyszka and Pszybyszewski (2003) asked their
respondents to imagine that they gain or lose a certain amount of money or
an object of a specified financial value. For different groups of respondents
the values of gains and losses were expressed in different denominations: the
Polish Zloty (PLN), USD and EURO. Participants were asked to express
their feelings about the gains or losses, and mark them on a continuous
scale ranging from “insignificant gain/loss” to “significant gain/loss”. To
participants who dealt with foreign currency (USD and EURO) the currency
exchange rate was given so that they were able to perform a direct price
comparison between foreign and PLN prices.
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Figure 6 shows a direct support for the prospect theory: the value func-
tion (measured here by mean assessments of the importance of different
gains and losses) was convex and relatively steep in the domain of losses.
In contrast, the value function for gains was concave and less steep. At the
same time, it can be also seen that both gains and losses expressed in greater
nominal values were perceived by the subjects as higher. This is the so-called
money illusion effect described first by Shafir, Diamond & Tversky (1997).
It consists of a tendency to use the nominal value as an anchor, ignoring
the real value of the money, when people evaluate the value of goods. In our
case this tendency resulted in different perceptions of the same gains and
losses depending on the currency they were expressed in.
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THE CONCEPT OF UTILITY.
SHOULD IT BE REVISITED?!

1. Rationality as maximization of self-interest

At the beginning everything seemed simple. All rational beings are sel-
fish, since they tend to maximize the subjective utilities of the consequences
of their own actions. People are rational, thus they follow maximization ru-
les. The rules, however, vary depending upon the type of decision making. In
this paper, we will limit ourselves to decisions made under uncertainty, that
is, decisions in game situations. Some implications of the paper do apply to
other types of decision making as well.

In terms of game theory, any interdependence situation can be characte-
rized by: the number of players involved, the number of actions (strategies)
available to each player, the outcomes resulting from all possible combina-
tions of actions, and each player’s preferences over all outcomes. Outcomes
are meant here as any action consequences that are of a (positive or ne-
gative) value to a person, be it money, other material possessions, power,
status, social approval, etc. It is assumed that every individual is a rational,
selfish being in the sense that he/she maximizes his/her own interest. In
other words, facing a choice between two or more actions, every player is
thought to choose that action whose consequences are of the highest subjec-
tive value to him/her. Since people are interdependent, what is rational to
them depends upon how the individual preferences of the involved parties
are related to one another: whether, and if so, to what extent and in what
way, they are conflicting.
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and the organizers of the Workshop.
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The basic rules of rational choice in games were first described by von
Neumann, Morgenstern (1944), then developed by Nash (1951). The first
rule, the maximin rule, is somewhat conservative: Choose an action the
worst outcome of which is still better than the worst outcome of any other
available action. This is a safe rule since it secures ,the best of the worst
outcomes” one can possibly obtain in a given social interaction. The second
most often recommended rule to reach a solution says: Choose the action
that leads to that outcome, which neither party can improve by switching
to the alternative strategy. This is a simplified definition of the equilibrium
solution.

The rules appear to be quite intuitive. Let us consider the abstract situ-
ations shown in Table 1 and Table 2. There are two players, A and B, each
with two strategies, A and B. The numbers in the cells show the subjective
value of the outcomes of each possible combination of choices for each player.

The higher the number, the higher the value, i.e., the subjective expected
utility.

Table 1
Prisoner’s Dilemma Game (PDG)
Column
A B
g
A 4
3 1
Row
1 2
B
4 2
Table 2
No Conflict Game
Column
A B
3
A 4
4 2
Row
2 1
B
3 1
110

The Concept of Utility. Should it be Revisited?

The logic of these two situations is different and, according to the afo-
rementioned rules, players should choose strategy B in the PDG (Table 1)
and strategy A in the No Conflict Game (Table 2). The problem, however,
is that very often people do not follow these rules. At least, not when money
is at stake. A review of hundreds of psychological experiments shows that
a 40%, sometimes more, departure rate from theoretically rational choices
is observed, even in the seemingly least problematic situations with domi-
nant strategies, like the Prisoner’s Dilemma or No Conflict Games. In other
words, very often people do not choose the strategy that brings about better
outcomes, regardless of what their partner(s) chooses.

2. Self-interest revisited

Does this imply that people are irrational, or should we rather reconsi-
der the concept of self-interest used in the simplest psychological interpreta-
tions of game theory? In other words, we may agree that people satisfy their
self-interest, but clarify that self-interest is complex and does not mean the
same thing to all people.

2.1. Social orientations

The great diversity of people’s behavior in interdependence situations
can be explained only if we assume that, in an interaction with another
person, people may want to achieve goals other than the mere maximi-
zation of their own profits. Although these goals are called differently in
various conceptualizations and at various times (social motives, social va-
lues, social orientations) the main idea remains the same: people care not
only about what they gain (or lose) themselves but also about what others
gain (or lose). The subjective value of outcomes in interdependence situ-
ations is a function of both one’ s own and others’ outcomes (McClintock,
1972, Griesinger and Livingstone, 1973). An individual can maximize only
their own outcomes (individualism), only their partner’s outcomes (altru-
ism), a joint profit (cooperative orientation), a relative gain. i.e., an ad-
vantage over their partner (competitive orientation), minimize an absolute
difference between their own and their partner’s outcomes (equality orien-
tation), or seek to achieve still other goals (e.g., Wieczorkowska, 1982, Grze-
lak, 1982).

Figure 1 shows social orientations as a function of one’s own and others’
outcomes.
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Figure 1. Social orientations in two-dimensional space of outcomes

Social orientations do not only provide a plausible post hoc explanation
of the observed behavior. They can be measured independently of behavior
and used as its predictors. A detailed description of social orientation as-
sessment methods is beyond the scope of this chapter. However, it seems
worth mentioning that some of these methods are based on a quite precise

analysis of individual preferences over various allocations to the self and ,

to the other(s). The analysis of preferences is a basis for drawing inferen-
ces about an individual’s social orientation, that is, about the components
of his/her subjective utilities. We assessed the social orientations of Poles

in a nationwide survey (2001). Figure 2 shows the dominating orientations
among Poles.
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Figure 2. Dominating social orientations (2001)
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Contrary to common belief, only 43% of respondents revealed a pure
individualistic orientation, that is, a concern only for their own gain. The
remaining 57% of population takes into account, in one way or another,
others’ gains or losses as well.

Although many studies have disclosed marked individual differences
with respect to the goals that people strive for, social orientations are not
usually considered stable, trait-like individual characteristics, since they are
also situation dependent. They can vary from situation to situation depen-
ding on the partner’s characteristics (wealth, prestige, identity), on group
norms, and on other factors (Grzelak, 1982; 1995).

In light of these results, choosing cooperation in a Prisoner’s Dilemma-
-like situation may be a perfectly rational decision on the condition that the
persons involved in the situation care for each other’s well-being. Imagine
that player A values player B’s outcomes with the weight of 0.6. Due to this
outcome transformation, the situation is no longer a Prisoner’s Dilemma.
It turns out to be a rather mild conflict in which A and B’s dominating
strategies. A and B respectively, yield the equilibrium: A, B (see Table 3).

Table 3

Transformed Prisoner’s Dilemma Game

Column
A B
3 4
A
3+41.8=4.8 1+2.4=34
Row
1 2
B
44-0.6=4.6 2+1.2=3.2

The concept of social orientations leads to at least two important im-
plications.

First, utility is not merely a matter of one’s own gain, since it is also
composed of value attached to other’s gains.

Second, the weight and sign of own and others’ outcomes vary from
person to person. In other words, there are sound interpersonal differences
in the composition of subjective utility.

Third, there is no universal rationality. Rationality is person-dependent;
a question about an individual’s rationality cannot be answered without
knowledge of that individual’s subjective utility function.
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2.2. Control orientations

Any game is defined not only in terms of outcome allocations but also
in terms of who decides about those allocations. Control can be considered
as a means, as an ability to change outcomes in a desired direction. It can
also be viewed as the end in itself.

The idea of control as a value in itself is deeply rooted in the history
of psychology and it underlies a great number of psychological theories; to
mention only a few: Adler’s theory (1929) of power, Brehm’s (1966) theory
of reactance, Burger and Cooper’s (1979) conception of desire for control,
Winter’s (1996) theory of social motivation, or Seligman’s (1975) theory of
learned helplessness resulting from loss of control. Although these theories
are focused on different types of control motivation, they all share the same
notions: (1) that people value control and (2) that the degree to which
control is valued affects people’s perceptions, emotions and behavior.

In interactions with others, as an interdependence actor, one can try
to maximize: (1) one’s control over one’s own outcomes (self-control prefe-
rence), (2) one’s control over others’ outcomes (power preference), (3) others’
control over one’s own outcomes (dependence preference), (4) others’ con-
trol over others’ outcomes (respect preference), and (5) joint control, one’s
and others’ control over one’s own and others’ outcomes (collaboration pre-
ference) (Grzelak, 2001).

Figure 3 shows the dominant control orientations assessed in a 2001
Survey run on a representative sample of adult Poles.
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Figure 3. Dominating control orientations (2001)

It is noteworthy that only half of the population prefers to be in control
over their own outcomes, and nearly a quarter prefers either passing control
over their own fate to others (dependence orientation) or at least sharing it
with others (collaboration). Thus, there are, as in the case of social orien-
tations, pronounced individual differences in preferences over control.
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Control preferences may affect the course of any given interaction. For
instance, depending upon the type of preferences for control that are do-
minant, an individual either takes his/her own initiative or makes room for
a partner’s initiative in decision making. Turn taking in social interaction
may be instrumental not only for the final outcome allocation (Kelley, 1997)
but also for control allocation itself.

I began this chapter with the statement that every individual is thought
to choose that action whose consequences are of the highest subjective value
to him/her. That statement refers to choice between situations as well: Every
individual is thought to choose that situation which is most attractive to
him/her both in terms of available outcomes and in terms of control. Any
social situation is evaluated, among other criteria, on the extent to which it
satisfies one’s control preferences. It is claimed that control preferences are
one of the crucial determinants of inter-situational mobility of individuals.

The two types of orientations are theoretically and empirically ortho-
gonal. Each of them is an independent source of attractiveness, that is,
a separate component of the subjective utility of alternatives, be it various
social situations or strategies available in a given situation. A large number
of psychological and sociological studies have shown that people’s actual
behavior, emotions and cognitions are better predicted if we assume subjec-
tive utility to result from preferences over control and outcome allocation
to the self and to the other(s).

3. Concluding remarks

Von Neumann and Morgenstern were not mistaken. In essence, they
could not be. People do what they like. So, people maximize their subjec-
tive expected utility. For decades, researchers and theorists have assumed
a simplistic interpretation, that utility is a function of one variable only:
individual gain or loss. The closer the decisions were to economic ones, the
easier it was for that gain or loss to be money, or other goods or services
convertible to money. Even for psychologists, this vision of utility remained
alluring for a long time.

The concept of utility does not need to be revisited. People still do
as they like, as they did 60 years ago. What should be revisited is our
Interpretation of what they like. In games, a decision maker is both affected
by and affects the other party. The other party is an intelligent, i.e. rational,
player. This very nature of interdependence makes the distribution of control
over game outcomes a non-neutral issue. In the case of people, the control
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1ssue is not neutral also because of the value assigned by the players to
the game outcomes. Just how (how much and in which way) this neutrality
is infringed varies from person to person, from player to player. The same
situation can, then, be differently defined by different players.

The concept of utility is growing ever more complex. Its explanatory
value has not been and is not under debate. Its predictive value depends
on whether we can measure its most significant components, and those in-
clude the social and control orientations outlined in this chapter. In recent
decades, we have observed substantial progress in the measurement of these
variables. The concept of utility is growing more complex, but the measu-
rement possibilities of contemporary psychology appear to match its level
of complexity.
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Introduction

When looking for a formal model of human action, apt to be rendered in
an algorithmic way, one may find a promising possibility in a generalization
of syntactic principles underlying the Polish notation. The present paper
drafts such a study.! That syntactic theory can shed light on more general
problems of intelligent behaviour as investigated in cognitive science. More-
over, logicians have their own motivation to trace connexions between syntax
and general laws of thought and action.

To wit, Cantor’s well-ordering theorem, to the effect that it is always
possible to arrange every well-defined set in the form of well-
-ordered set, was regarded by him as a fundamental law of thought, rich
in consequences and particularily remarkable for its general validity — Can-
tor [1883] (p. 169, commented by Hallett [1984], p. 73, 155 ff, etc.). The
same view was expressed by Zermelo and, in a sense, by Hilbert. There are
some questions as to interpretation of this principle, e.g., what the phrase
“well-defined” should mean, but there is a fairly common agreement as to
its validity in the realm of mathematics.

What about its validity in the empirical world? In any finite domain of
physical entities they can be well-ordered in a spatial sequence. It seems also
reasonable to look for other empirical domains in which the well-ordering
principle could be applied. Among those worth considering there are collec-
tions of well-formed strings of a language.

1 This contribution was supported with financial means of the State [Polish] Com-
mittee for Scientific Research as research project no. 2 HO1A 030 25: Nierozstrzygalnos¢
¢ algorytmiczna niedostepnos$é w naukach spotecanych (Undecidability and Algorithmic
Intractability in Social Sciences), planned for 2003-2006.
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Obviously, Cantor’s principle holds for such collections, in particular
that defined by the grammar governing Polih notation; its principles are
developed in what nowadays is known as a version of categorial grammar.
going back to Kazimierz Ajdukiewicz [1935] (cp. comments by Buszkow-
ski [1996]). As far as other grammars are concerned, the problem deserves
a separate research. What is examined in this study, it is a praxeological
generalization of that application of the ordering principle which holds for
Lukasiewicz notation, as introduced by him in Elements of Mathematical
Logic [1929].

1. A programme for syntax of action

Polish notation has found fruitful applications in computer science,
especially its versions termed as reverse Polish notation (used in machine co-
des and such programs as PosScript), and Cambridge Polish notation (used
In programming languages of higher order as LISP); the latter reintroduces
parentheses without losing, though, the syntactic principle characteristic of
this notation. When addressed to computers, a string of symbols in Po-
lish notation does not express any truth about the world. Instead, it forms
a sequence of imperatives to control machine’s work.

These applications are motivated by greater simplicity (from computer’s
point of view) of parentheses-free strings in machine codes, and are due to
the main syntactic idea underlying the notation. It is the idea of a hierachi-
cal sequence of operations, i.e. functions in the mathematical sense, being
materialized in machine procedures. This hierarchy is what makes it possible
to discern syntactic constituents without segmenting with parentheses. pro-
vided that the number and order of arguments of each functor (i.e. function
sign) is previously defined in the vocabulary of the language in question. If
the number of arguments is not given as, e.g., in LISP, then the language in
question combines the use of parentheses with the syntactic order of Polish
notation (Cp. Robinson [1979]).

The behaviour which is controlled by instructions recorded in a machine
code provides us with a fitting model to be applied in cognitive science and
biology. Human behaviour can be considered as realizing a program, in
particular a program for planning a future action.

There is a widely known case of Koehler’s chimpanzee Sultan who fitted
a bamboo stick into another, after some futile attempts to solve the problem
of grasping fruit that was out of his reach. In spite of the whole distance
between a human and an ape, a human would react in a similar way, as
in the case in question this is the only correct solution:; therefore when
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reconstructing the structure of that action we are entitled to make use of
our human thought-experiment. (Cp. Marciszewski [1994], p. 143 ).

The planning proceeds from more general to more concrete statements
concerning what should be done; the latter express ideas which cannot arise
unless the problem is stated in general terms. In the following list of planning
steps, the longer the sequence of digits, the more concrete step is num-
bered by it.

1. to have a tool adjusted to the distance from the agent to the fruit

1.1. to shorten the distance

1.2. to lengthen the stick (serving as the tool)

1.1.1. to come closer to the fruit

1.2.1. to join two sticks

1.2.1.1. to fasten stick no.1 to stick no.2

1.2.1.2. to fasten stick no.2 to stick no.1.

All the numbered items refer to actions being means which produce the
desired result. The result is an action of higher order, e.g. the shortening
of a distance which results from coming closer (by making some steps) to
the object in question; the latter (1.1.1) is a concrete means to realize the
former (1.1) as specified in a more general way.

Actions are arguments of the following functions:

*= assigns the desired result to planned means;

n & combines two or more actions into a whole;

it is the function which can be called sequential conjunction of more
than two arguments; for instance, :::xyz means that x, y and z form a com-
pound process, in which y follows x, and z follows y.

Thus the course of thought in Sultan’s head could take the form descri-
bed by the following formula (in which, for short, dots between digits are
omitted).

o [F=(&1211,1212)121]  [&(*=121,12)(*=111,11)] [*=(&11,12)1]

This is to mean the following. The combination of actions 1211 and 1212
which results in 121 (that is, joining two sticks) is followed by the situation in
which the fact that both old sticks are joined results in making a new stick,
which is suitably longer. This, in turn, is followed by the situation in which
both previous results make the agent equipped with the tool appropriate to
the task in question; hence, again, the function denoted by the asterisked
arrow assigns the desired result (to have a tool adjusted to the task) to the
means being successively obtained, due to the actions having been under-
taken.

Let it be noted that parentheses and spaces have been here added for
the following two reasons: (i) for a greater perspicuity, (ii) as a provisional
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device which is required only then when the language in question is not suffi-
ciently defined (e.g., as being created ad hoc, just to provide an example). In
such a case, we need parentheses in order to indicate how many arguments
should occur within the scope of the given functor, since this is not defined
in an available vocabulary, as is defined, for instance, in the language of
propositional calculus, arithmetic, etc. Obviously, in such a case the term
‘Polish notation’ ceases to be equivalent with the term ‘parentheses-free
notation’, but the original purity of Lukasiewicz’s idea can be restored, pro-
vided that kind of vocabulary in which the number of arguments following
each functor is defined, and firmly fixed.

This is just an example of the syntax of planning actions. It repre-
sents only several functions, whereas there may be much more of them.
A systematic study of such grammars should lead to a theory of action, or
praxeology (in the sense given this term by Ludwig von Mises [1949] and
Tadeusz Kotarbiriski [1948], [1995]). The constraints imposed by syntactical
principles of Polish notation should grant planning at a high level of pre-
ciseness because of the necessity of defining all the functions involved, and
putting each of them into an exactly defined place in the string.

2. “That” — a test for Polish notation and a device in planning

When recommending Polish notation for extra-linguistic applications.
the author is bound to test it in a linguistic area more challenging in this
respect than are languages of logic and mathematics. There is in natural
languages a syntactic construction which appears as headache if one tries
to handle it with the Polish notation grammar, namely reported speech.

Let the sign “t” represent the particle “that” as involved in the string
nvis, where “n” represents a name, “v” a verb from the class containing
“says”, “believes”, “knows”, etc., and “s” hints at a sentence. There is a com-
binatory method to obtain various syntactic structures, and among them
the following (quotation marks omitted for perspicuity).

[1] t(vn)s ... { links the sentences vn and s, functioning like a connective.

[2] (tv)ns ... T makes a new functor out of v, and this functor, in turn,
combines n and s into a sentence.

[3] vn(fs) .... makes a name out of s, while v acts as functor to combine
the names n and { s into a sentence.

Each of these interpretations is defended by some authors (as discussed

by Marciszewski [1988]). In fact, each can be accepted as rendering one

of possible intentions of the reported speech. Let us discuss the following

statement in the Bible (Gen. II, 18).
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The Lord God said, It is not good that the man should be alome.

Obviously, there is implicit 1 after “said”. This may mean that the author
reporting God’s saying treats “said” as abbreviation of “says that”, hence
“that” is a part of “says that”; there are reasons to interpret “says” as ha-
ving category s/n, while t transforms it into category s /ns. This exemplifies
form [2].

Under another possible interpretation, 1 fits into category n/s since the
phrase “that the man should be alone” is the name of the situation of which
it is predicated “is not good”; this is represented by schema [3]. Parsing 11
may be less convincing for a logician, nevertheless it is treated by linguists
as one which renders the function of “that” as a connective to combine two
sentences.

Interpretation [3] hints at the reported speech as a device in planning
which is characteristic of human intelligence. In planning a future course
of action, a human being creates a scenario, a story which he or she tells
himself/herself. Such a story may start form the phrase “Let us imagine
that”. Here “that” means something like “the following”, and stands for
the process being imagined. Thus it can be treated as making the name of
such a process, in accordance with parsing [3].

Interestingly enough, it is that syntactic function of “that” which the
researcher of intelligence William H. Calvin [1994] distinguishes as being
specific for human cleverness. He means the capability of embedding a sen-
tence into another sentence, like that nesting done in a rhyme for children,
namely:

This is the farmer sowing the corn

That kept the cock that crowed in the morn.

Here “that” forms the name of an entity described by the sentence being
nested. In a similar way we name imagined future events in the course
of planning. This ability of nesting, according to Calvin, is what clearly
distinguishes a human language from what one may call animal languages.
More on this subject is said in the next Section which should sum up the
present discussion.

3. Syntax as a constitutive factor of human intelligence

It was stated above that the grammar underlying Polish notation can
improve planning of actions, and so make them more likely to succeed.
Since successful (in a long run) activity is a proof of intelligence, the above
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statement accords with the tenets, appearing in cognitive science, that in-
telligence derives from human syntactic abilities. This point is expressed,
e.g.. in the following statement found in Calvin [1994].

Language is the most defining feature of human intelligence: without syntax —
the orderly arrangement of verbal ideas — we would be little more clever than
a chimpanzee. Something very close to verbal syntax also seems to contribute
to another outstanding feature of human intelligence, the ability to plan ahead.

Calvin does not define the relation of “closeness” between verbal syntax and
the ability to plan ahead. Neither goes he deeper into the very notion of
syntax. The present essay hints at a method of substantiating such a theory
through a more elaborated statement of grammar and checking it both
against specimens of planning actions and against more involved structures
of natural language. This is specially worth trying in the face of so far-
-reaching Calvin’s claims as the following.

To understand why humans are so intelligent, we need to understand how our
ancestors remodeled the ape symbolic repertoire and enhanced it by inventing
syntax. [...] Human planning abilities may stem from our talent for building
syntactical, string-based conceptual structures larger than sentences. [...] In
this way, syntax raises intelligence to a new level. By borrowing the mental
structures for syntax to judge other combinations of possible actions, we can
extend our planning abilities and our intelligence.

However, as in the old riddle whether the egg or the hen was earlier, the
reverse may be true, to wit that it was human intelligence that has brought
syntactically organized language. There are good reasons to share Calvin’s
view as to the similarity of syntactic operations to planning and other intel-
ligent actions. As to the priority of syntax, from which other performances
of intelligence would derive, the question cannot be answered until the pro-
gramme for the syntax of actions, as sketched above, becomes a full-fledged
research project.

Anyway, if there is any grammar at all whose principles approximate
those of planning structures in intelligent actions, it should take advantage
of the concepts of operation and its operands, or functor and its arguments.
Such constituents form an order which reflects the order constituted by the
relation of means to ends; namely, the operand corresponds to a means
while the whole formed out of it by the operator is what corresponds to
an intended result.

The merit of Polish notation consists in showing that such a partial
order can be transformed into a linear order, thus making our active lives
more similar to the Cantorian ideal of well-ordering.
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Introduction

The aim of this article is to describe some of argumentation attributes
considered on the ground of logic. I will advocate that argumentation is
a kind of reasoning which: (1) is based on specific inference ground, (2) is
always accompanied by pragmatic elements occurring with reasoning.

I claim that argumentation has to be studied on two independent levels —
objective level of truth separated from our knowledge, and subjective level of
human beliefs on the truth. However, we can be interested in the properties
that belong to both of these levels. We have to remember that they act
independent from each other, so that argument attributes from one level
may not influence attributes from another level at all. That is why I will
consistently separate and highlight them in order to insure the clarity to our
considerations until I develop exact tools, which will allow me to analyse
actual everyday discussions on both levels simultaneously.

In first part of the article I would like to present basic notions necessary
to create theory in second chapter. I will compare two levels: (i) objective le-
vel with notions of theory, formulae generally valid, semantic entailment and
deduction, and (ii) subjective level with the notions corresponding with the
previous ones — set of believes, formulae believed as generally valid (topo),
pragmatic entailment and reasoning based on fopoi. In second part of the
article I will introduce my definition of argumentation. Then I will analyse
such understood discussion from two perspectives: objective - when argu-
mentation allow to find the truth (i.e. leads disputants to true conclusions)
and subjective — when argumentation is efficient (i.e. leads to persuade the
audience of discussion). To present argumentation characteristics on the
objective level I will apply the notice of statistical probability and on the
subjective level — the notice of psychological probability.
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1. Basic notions

Our considerations will be related to the language J in which argumen-
tations are formulated. J is a fragment of natural language and a set of
sentences includes norms, values, questions, orders and decisions. Let WS;

be a set of J-sentences (both open and closed). In WS; we will distinguish
the set F:

F ={¢:p=:"if Athen B’, where A, B € WS; and in A, B occur
vary,...,var, as free variables of some syntactic category}

We will use a symbolic representation as follows:
A, B,a, B, Ai, Bj, o, where 4,5,k € N\ {0} — variables representing
constituents of the set WS,
¢ — variable representing constituents of the set F
L — variable representing groups of language users (the group may con-
tain only one person),
Lp,Lp, L4 — constants representing groups of disputants:
Lp - proponent of argumentation,
Lo - opponent of argumentation,
L 4 — audience of argumentation,
S.H, As — pragmatic predicates:
S — “assume that”,
H - “allow that”,
As — “assert that”, “be sure that”,
e B - predicate: “belief (in some degree) that”.

1. Theory and the set of beliefs

Objective level: Theory T formulated in language J will be following
ordered pair:

T = (A,E), where A # 0,

in which F is the relation of inference on the ground of T'-theory. The set A
is the set consisting of logical axioms AL and specific axioms AT.

Subjective level: Before we formulate a definition of the set of beliefs.
we need to specify the notion of strict believing:

(B1) LB*a <= agroup of language users L strictly believes that the

sentence « is true or right.
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The language users believe that the sentence is right if the sentence
expresses a norm, value or decision. When the formula « is a sentence in
a logical sense, then it is believed to be true.

Here, the notion of believing is based upon the notion of subjective
(psychological) probability. The subjective probability of the sentence «
for the group L (symbolized as: Psyupry(cx)) is the degree in which the
group L believes in truthfulness/rightness of «, and is represented by the
value from the interval of (0,1). So now we can note a following relation:

LB*a <— Psub(L)(a) > 0,5

We will distinguish two degrees of strict sentence believing: assertion
(LAso <= Pyyupry(@) = 1) and hypothetical degree (LHa <= 0,5 <
Py 0y (a) < 1). We will name the sentence o, that group of language users L
believes in a strict way that it is true/right, a belief of this group. The
supposition (LSa <= Psuyry(a) < (0,5) will not be considered as strict
believing, because it does not generate the set of one’s beliefs. We will say
that it is a nonstrict acceptance and we will symbolize it as B.

Beliefs are not only related to the group of language users, but also
to the moment of time in which we consider one’s beliefs [Tokarz, 1993,
157-158]. The statement “LB; «” will describe such a situation taking place
at the moment ¢ that the group L believes in truthfulness/rightness of a.
In cases when we do not highlight time we will understand that it occurs at
any moment.

Below are stated axioms that further specify the meaning of predi-
cate B™:

(B2) LB*a = -LB* (it is not the case that «)

(B3) LB*(if a then 8) = (LB*a = LB*j)

(B4) «isintuitive logical tautology or intuitive rule of reasoning = L Asa
(B5) LB*(aand 8) = LB*a A LB*S

(B6) LB*a = «or it is not the case that «

(B7) At any moments t; # t, : (LB} a A -~LB} o) V (LB} a A LB}, o)

Basing on the axiom (B3) we obtain the rule of consequence in beliefs:

(RKB) LB*(if o then §8); LB*« therefore LB*f3

1 [Marciszewski, 1972, 98-99]. Here we consider human beliefs in an idealistic way -
we assume that language users are rational. However, some of assumptions indicated by
axioms may be not satisfied in the everyday life.
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Basing on the notions specified above, the set of L-group beliefs,
symbolized as Sp, is:

S’L:(BL,FL )2, where B # 0,

pragm

in which By, is the set of common beliefs of language users L: By, = {« :
o € WSy A LB*a}, and F:{,‘mgm is the pragmatic relation of inference based
on the ground of By,. The set of beliefs Sy, is ordinarily called as someone’s
outlook or philosophy of life.

The important point to notice is that, in contrast to the set A4 in the-

ory T, set By can include norms, values and decisions.
2. Formulae generally valid and topoi

Objective level: In set F we will distinguish three separable subsets
each of which consists of:
e Formulae generally valid,
¢ Formulae generally invalid,
e Formulae ungenerally valid.

Definition 1.1

The open formula p(vary,...,var,) € F is formula generally valid
on the ground of the theory T' <= ‘Vwar;...Vvar,(¢)' is true in any
model of theory T.

Definition 1.2

The open formula p(vary, ... ,var,) € F is formula generally invalid
on the ground of the theory T <= ‘Vwar;...Vvar, (it is not the case
that )’ is true in any model of theory T

Definition 1.3

The open formula ¢(vari,...,var,) € F is formula ungenerally va-
lid on the ground of the theory T <= ‘dvar;...Jvar,(p) and ‘Jvary ...
Jvar, (it is not the case that ¢)’ are true in any model of theory T'.

Subjective level: With regard to some of the formulae from F, it is
either absolutely impossible or only possible for the given language user
to establish if they are generally valid, invalid or ungenerally valid. Such
a situation occurs when the formula refers to the complex range of reality
describing relations e.g. from psychology, ethics or social and economic field.

2 Compare this notion in: [Marciszewski, 1969, 137], [Tokarz, 1993, 157].
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The problem arises when a language user is forced to use such formula in
reasoning, because e.g. s/he has to solve some dilemma from the area men-
tioned above. Since s/he does not know objective attributes of the formula,
s/he assigns them subjectively. If the person believes that given formula
¢ € F is generally valid, we will say that this formula is topoi for the
person3. Such subjective assignments, which not necessarily correspond to
objective features of formula, sometimes are justified e.g. when individual
is forced to make decisions and take actions.

Definition 1.4
The open formula p(vary, ..., var,) € F is topoi on the ground of S,
& LB*(Mvar;...Yvar,p)

When the formula ‘Yvar; ... Vvar,¢’ is believed by the group L to be
right. we will say that ¢ is formula generally right for group L.

Objective and subjective level: Besides subjective believing in ge-
neral validity of topoi, some of them are indeed valid up to a various degree.
These are the topoi the generalization of which are sentences in logical me-
aning. We will distinguish set 7 C F that:

7= {p:p €F and Yvar;...Yvar,(p) is sentence in logical meaning}

Topoti from 7 can be represented by the specific value of statistical pro-
bability. The conditional ¢ describes events of the kind A and events of
the kind B anytime when free variables vary,...,var, are replaced with
closed formulae of proper syntactic category. We will symbolize the open
sentence ¢ that describes occurrence of the event of type B caused by oc-
currence of the events of type A, as ¢(B/A). The set of events A will be
called population and symbolized as A. The set of events B, which occur
on condition that any of the events A occurred, will be symbolized as BA.
Relative occurrence of events B following A occurrence, is the ratio of num-
ber of events B, which occurs in a given population, to the number of the
population’s elements [Ajdukiewicz, 1965, 292]. To introduce a definition we
have to assume that occurrence of A approaches infinity and that the limit
of such infinity exists.

3 The notion of topoi was broadly studied by Aristotle on the ground of rhetorics
[Aristotle, 1990], [Aristotle, 2001]. Even though his perspective was taken here as the
starting point, my notion of topoi differs in some aspects from created by that philosopher.
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. Definition 1.5
Let ¢(B/A) € 7, where ¢ =: ‘if A then B’. For any replacement of free
variables with closed formulae in @, the formula A describes event A and
formula B describes event B. Let n(A) denote number of A which occur-
red and n(BA) - number of B, which occurred if A occurred. Statistical
probability of event B caused by event A on the ground of theory T is:

. n(BA)
P, BA = 1 —
tat(1) (B,A) A oo (A
For our convenience we will speak in short that Psiarry)(B,A) is the proba-

bility of relation described by the open sentence (B JA). B
By considering definition (1.5) we obtain:

(1.1) Let o(B/A) =: ‘if A then B’, where for any replacement of free variab-
les with closed formulae in ¢, the antecedent A describes event A and
the consequent B describes event B. Then on the ground of theory 7
(i)  Topoi (B/A) € 7 is generally valid (T") <= Pyoym(B/A) =1
(i) Topoi (B/A) € 7 is generally invalid (T') < Pgtorry(B/A) =0
(iii) Topoi p(B/A) € 7 is probable (T) <= 0 < Pyoymy(B/A) < 1
If the value of statistical probability of the relation described by pro-
bable topoi is close to 1 (approaching value 1), we will say that such topot
is highly probable [Ajdukiewicz, 1965, 336], [Luszniewicz, 1994, 23]. Such
topoi describe statistical relations establishing statistical laws of the the-
ory T [Szaniawski, 1994, 18-28]. Highly probable topoi refer to the complex
reality, in which events B are influenced not only by events A, but also by
accidental, unexpected ones [Luszniewicz, 1994, 21].
Definition 1.6
¢(B/A) € 7 is highly probable (T) <= P{1— Py 1)(B,A) <e} =1,
where ¢ is any small number, £ > 0 and P is classical probability.

3. Pragmatic entailment based on topoi

Let Roz(J) be the set of reasonings formulated in language J, S; — the
set of closed sentences of the set WS; and Fin — the set of finite sets.
Definition 1.7

(Bk‘) S ROZ(J) < {6laﬁ27 e vﬁk} S an7 {/813)827 Ve aﬁk} C SJ a'nd
Bk is obtained from the previous sentences in the sequence 3, S, . . . y Bt
basing on certain inference ground.

4 [Wilczynski, 1980, 39], [Szaniawski, 1994, 27], [Mortimer, 1982, 44]
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In further considerations the sentences: 51, s, ..., Br—1, will be symbo-
lized interchangeably as: P, P, ..., P,, and the last sentence 3y as: W. We
will write: P, when we indicate the set of premises P,...,F,.

I will introduce inference ground that is different from semantic entail-
ment (which is considered on objective level)®: pragmatic entailment
based on topoi (which has to be considered on subjective level). Let
“{A1,... ,An}Fﬁ;fgmB” mean that the set of sentences {4;,...,4,} ba-
sing on topoi ¢ pragmatically entails sentence /3 on the ground of Sp, i.e. on
the ground of the set of L-group beliefs.

Definition 1.8
Let §; = <BL?':ZL)/ragm> and let ¢ € F be topoi for the group L.

{Al,...,A,,,}hL"’J B <= conditional ‘if 4; and ... and A, then §’ is

pragm

‘obtained from topoi ¢ on the ground of set Sp.

Topoi ¢ stated in the definition above will be called a ground of prag-
matic entailment.

Each inference makes the sentence S inherit some features from the
elements of the set X = {4;,..., A, }. In the semantic entailment a sentence
attribute of being true in any model of theory T is inherited, and in the
pragmatic entailment — a sentence attribute of being believed as truth/right
by the group L is inherited.

Let B; be predicate of being strictly believed as true/right sentence by
the group L. When the sentences from the set X entails, according to the
group L, the sentence 8 and simultaneously the group L believes all the
elements of X, then the group L will believe sentence . The rule of in-
heritance of believing in truthfulness/rightness for pragmatic entailment
can be stated as follows:

(1.2) XEE® 8= if BX(X) then B%(B).

pragm

In the next paragraph we will formulate the rule of inheritance of truth-
Julness.

5 Following Ajdukiewicz perspective I understand semantic entailment in broad sense,
i.e. it may be founded not only upon logical general schemes, but also on generally valid
ones, taken from other scientific theories [Ajdukiewicz, 1965, 99].
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4. Pragmatic reasoning based on topos:

Subjective level: Let Roz,(J) be the set of reasonings in language J
based on topoi .
Definition 1.9

Let ¢ € F be topoi on the ground of the set of beliefs S :
(Br) € Rozy(J) <= (Bk) € Roz(J) and (L # O)[{B1,- .., Bre1 JEEL. By

pragm
The ground of pragmatical entailment (topoi ¢) will also be called a gro-
und of reasoning.
Following (1.2) and definitions (1.8) and (1.9): if Pyyp(y(P) > 0,5 and
Py (Vvar'l . .'.‘v’varngo) > 0,5 then Pgypry(W) > 0,56 Hence in reasoning
Roz,(J) believing is inherited by its conclusion from the premises.

ijective and subjective level: Besides subjective believing, in re-
asonings based on topoi p(B/A) € 7, objective statistical probability can
be assigned to the conclusion. This is the probability, which indicates how
often the conclusion, derived from true premises and believed topoi @, is
guaranteed to be true in any model of theory T.

Let us consider the theory T. When the event B occurs on condition
that the event A occurred, then the consequent B and the antecedent A
of conditional obtained from ¢ (B and A describe B and A), both will be
true in any model of T. As long as the occurrence of the event A is not
followed by the event B, the sentence obtained from topoi p(B/ As—will be
false in any model of the theory 7' (A will be true and B will be false).
While the occurrence of the events B is caused by the event A, the con-
sequent of conditional obtained from ¢ will always be true a_t—/the time.
when true is antecedent of this sentence. In the reasoning based on topoi
@(Q /A) the sentence obtained from the consequent of @ is the conclusion of
this r'easoning and the sentences obtained from the antecedent of ¢ are its
premises.

We will now formulate the rule of inheritance of truthfulness. It
'determines how often the conclusion inherits truthfulness from the premises
in reasonings based on specific topos.

(1.3) Let P be the set of premises and W be the conclusion of the reasoning
based on topoi ¢(B/A) on the ground of T. Let ¢ be specified value
from interval of (0,1). Let W, be such an event when W is true, and
P, —such an event when each premise of the set P is true. A statistical

6 Compare with [Ajdukiewicz, 1966, 194].
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probability of obtaining true conclusion in the reasoning Roz,(J) on
the ground of T" from true premises, is:

If Pstat(T) (_B/A_) = C then Pstat(T) (W.l /Bl) = C

Following (1.3) and (1.1) we can specify some relations between “generality”
of topoi p and “deductiveness” of reasoning based on this topot:
(i) If topoi ¢ is generally valid in T then the reasoning Roz(J) is deduc-
tive in T
(ii) If topoi ¢ is generally invalid in T' then the conclusion of reasoning
Roz,(J) never inherits in 7' truthfulness from its premises.

(iii) If topoi o is probable in T' then Roz,(J) from true premises sometimes
leads in T to false conclusions and sometimes to true ones.

(iv) If topoi ¢ is highly probable in T' then Roz,(J) almost always leads
in T from true premises to true conclusions.

Here a question arises: why do we use such schemes in our thinking,
which are only probable and not general? This is due to the complexity
that characterizes the reality fields to which most of everyday reasonings is
referred. In such cases, to achieve the highest possible probability, the reaso-
ning person should choose highly probable topoi, which describe statistical
relations. On the other hand, independently from statistical probability es-
tablished by ¢, there is subjective level of human beliefs. Thus as group L
accepts scheme ¢ as topoi then each person from group L believes that any
conclusion of reasoning based on this topoi ¢ and true premises will also be
true (following the rule of inheritance of believing (1.2)).

Hence in case of any reasoning based on topoi (I classify argumentation
as this type of reasoning), one has to consider two levels: (1) objective level
referring to statistical probability of obtaining the true conclusion from topot
and true premises, and (2) subjective level referring to psychological pro-
bability of obtaining believed conclusion, as the consequence of the person
believing in truthfulness of premises and topot.

A Polish researcher Teresa Holéwka claims that everyday subjective
generalizations are the result of incomplete perception of complex reality.
It makes people create simplified representations of this reality. In a re-
presentation like that the objects are classified and various relations are
determined among sets created in this way [Holéwka, 1998]. Basing on any
generalization it is possible to formulate the topoi that can be applied as
the foundation of reasoning. This is why people are able to act in such
complexity. Despite of common lack of scientific knowledge concerning sta-
tistical probability, the generalizations are seldom “built” groundlessly. So
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here we can put the question: if the scientific (statistical) methods cannot
determine the value of objective probability of the relations described by
topoi then how it is possible for people to distinguish which topoi are highly
probable and which lead to false conclusion too often? It is not a purpose
of this article to solve such a problem, nevertheless I will suggest a possible
answer. It seems that people have though imperfect but still quite effective
methods to determine statistical probability. Otherwise if one could assign
only subjective probability to topoi of any objective (statistical) probability
then reasonings based on some of these schemes would lead to believe false
or even absurd conclusions (following the rule of inheritance of believing
for pragmatic entailment (1.2)). This, as a result, would lead the person to
wrong decisions and inefficient actions. However, people who reason on the
ground of various topoi often make right decisions and effective measures.
Thus, we may agree that in many circumstances individuals know at least
approximate statistical probability of the relations described by topoi, and
especially they are able to recognize the highly probable schemes. This know-
ledge may originate from the generation’s wisdom and from “evolutional”
adapting processes [Aristotle, 1996, 1143b]. Observations frequently made
can be generalized into laws that in majority are statistical, but all laws
are treated the same as general. Because each topoi is believed as generally
valid then it is formulated in such a way as if it, indeed, was general. That
is why one says: “Everything happens because of God’s will”, “Every man
is jealous about their wives”, “Every mother loves her children”. Afterward,
statistical laws are verified effectively during the life of later generations.
The schemes that lead to false conclusions too often are eliminated — what
can be compared to the “evolutional” adapting processes. It is possible that
such processes eliminate not only inefficient patterns, but, in some sense.
also individuals that tend to use such schemes. Since the person applies low
probable topoi in her/his thinking, s/he acts inefficiently, what in effect -
makes her/him badly adapted to life.

Il. New definition of argumentation

In argumentation the moment of persuasion is substantial. If the sequ-
ence of sentences is to be an argumentation, the existence of parties to
a dispute is necessary. We will distinguish three groups of disputants: pro-
ponent Lp which is the group of language users that persuades to his/their
thesis, opponent Lo which is the group that rejects the arguments of propo-
nent, and audience L4 which is persuaded to believe in truthfulness /right-
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ness of proponent thesis. The necessity of such division is ea‘S).r to observetm
some cases from field of social discourse e.g. in law and politics argumlen sd
In law disputes interchanging parts of prop(.)nen.t and Qpponent érelp ?{i
by a lawyer and a prosecutor. The audience is a judge/ jury. The'z goal o : e
proponent is to persuade him /them to the thesis. The au.dlepce is not acd{ve
in discussion i.e. its role is restricted to listenir}g and bringing ﬁna1' verdict
on speakers’ opinions. The proponent does not intend .t(.) persuade his oppo-
nent. One can even say that their holding of the p081t10'ns on the opP081te
sides from the beginning to the end of law-argumentation 1s esse.ntla,l for
court trials. They aim only to convince passive side of argumentatlon - the
jury or judge. Such types of discussion indicate that opponent a.nd audlen;):e
are different parts of argumentation even though ?ho.se ‘Fwo .s1des may g
represented by the same group. In literature this dlStlnCt.lOn is emphasize
when considering argumentum ad auditores [Pszczolowgkl, 1974, 258]. _
In reference to above statements, following situations may appear in

discussion: ‘ '
— Lp = Lo = L when a person tries to convince himself/herself [Perel-

man, 1984, 147),
- Lo = L4 when an opponent is persuaded, ' . |
~ Lo # L4 when a proponent does not intend to co.nvm.ce his opponent,
but audience, which does not participate directly in dialogue. '
Someone’s beliefs can be influenced in many different ways. For instance.
persuasion may aim at audience emotions like in argumentum ad baculun?.
ad crumenam or ad misericordiam. 1 will not consider those cases as ar-
gumentation, which in turn I will understand as t}.le .squence of sentencgs
among which there are thesis and arguments justifying it. Let Arg(J) be
the set of simple argumentations in language J.

Definition 2.1

(B) € Arg(J) <= 3pl(Br) € Rozy(J)] and 3(Lp # 0)3(Lo # 1@)
(L4 # 0) [proponent Lp presents arguments B, By Br—1 aga.mst the
opponent Lo to convince audience L 4 to believe in truthfulness /rightness

of thesis fx], where:
(i) Lr B B,
(if) =Lo B Bk,
(iii) Lp presents By, Ba,- -, Bk—1 that:
e Lp B (B, and ... and fBx_1) and
o {Bi.Bar- - Bt Yoptabm B
(iv) the objective of Lp is that: L 4B B
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. The set of argumentation is classified in literature according to many
different criteria. These classifications aim to organize a very complicated
scope of various persuasion methods. Most frequently indicated are honest
ar_ld dishonest arguments (or in other words: rhetorical and eristic). Follo-
wing Aristotle, I will specify the rhetorical argumentation as the one fulfil-
ling three conditions: logos, ethos and pathos?.

Definition 2.2

(Bk) is rhetorical argumentation based on = rg(J)
h based % (Br) € Arg(J)
and when () fulfils following conditions:

(i) logos: ¢ is generally valid or highly probable topos,

(ii) ethos: Pyyuprp) (Vvar ... Yvarye) > 0,5 and Poyprp) (81 and ...
and f3;) > 0,5,

(iii) pathos: argumentation (B) is built according to rules of stylistics.

The discussion satisfies the condition logos when the reasoning is de-
ductive or leads to the false conclusion very seldom. The schemes highly
probable may be selected in honest arguments only when general topoi are
not available. This way the probability of obtaining true conclusion, i.e.
Pstayry(W,,Py), is the highest one can reach. Otherwise less probable ;fopoz'
would lead to false conclusion too often and argumentation would become
unreliable.

The conditions (i) and (iii) of the definition (2.1) require that proponent
only expresses the elements of (8), but not necessarily strictly believes in
truthfulness/rightness of these sentences, since it is sufficient that s /he does
believe them in a nonstrict way. However, if the discussion is to be honest.
it h.as to fulfill condition ethos, which means that proponent has to strictly
believe sentences in (8;). Otherwise, as the set of her/his beliefs does not
con.tain these formulae (~LpB*a <= a &€ Byp,), s/he convinces others to
believe in something using premises that s/he does not believe her/himself.
. Argumentation that does not fulfill at least one of conditions (1)—(iii)
in definition (2.2) will be called eristic argumentation. If argument does
not meet condition logos then the inference foundation is invalid or low pro-
bable topoi. A proponent is either unaware that statistical probability of
the described relation is too low or s/he deliberately uses “catchy”, but low
probable topoi. In second case the argumentation is unsatisfactor}/r for not

7 According to Aristotle, wh ideri i
) 0 otle, en considering any argumentation one should examine
relation of semantic entailment between premises and its conclusion (logos), credibility of
groponent (ethos) and mood of the audience that is influenced by stylistic methods used
uring the persuasion (pathos) [Aristotle, 2001, 1356a], [Nieznasiski, 2000, 118]
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only logos, but also ethos. The condition ethos is not fulfilled when Lp just
assumes (believes in supposition degree) premises, conclusion or the infe-
rence ground of given argumentation. S/he may just take into account if
the audience strictly believes premises and topoi regardless of what propo-
nent’s beliefs really are. Anyway, it will be warranted to her /him that the
audience will strictly believe the proponent’s thesis (according to the rule
of inheritance of believing). However believing the proponent’s thesis is es-
sential both in rhetorical and eristic arguments, it is achieved in the first
type of persuasion by the fulfillment of all the conditions: logos, ethos and
pathos, whereas in the second type — by whichever way.

Now I wish to present argumentation on two independent levels. In the
first paragraph I will consider its attributes on objective level and I will
attempt to determine when a discussion leads to true conclusions. In the
second paragraph I intend to study argument features on subjective level.
I will investigate when a discussion leads a proponent to achieve her/his
main goal i.e. to persuade the audience. In the last paragraph I will describe
the arguments most common in everyday life.

1. “Deductiveness” of inference schemes in argumentation

Argumentation is the reasoning based on topoi i.e. on the scheme, which
is believed as generally valid/right. This is why topoi are formulated as
general sentences. As a result, the pragmatic entailment seems to be the
semantic entailment (the foundation of reasoning is believed as general even
though actually it is not). And some of the language users may share the
impression that a given argumentation is deductive.

Regardless of subjective human knowledge concerning “generality” of
schemes, the formulae from set 7 are objectively represented by the spe-
cific degree of this “generality”. When topoi is a generally valid scheme
then argumentation is deductive. In turn, if the discussion is based upon
topoi generally invalid then the statistical probability of relation described
by topoi equals 0, i.e. Psqyr)(B,A) = 0. Following (1.3), we obtain that:
Pgorry(W,,Py) = 0. Thus, in case of each argumentation based on such
topoi, its conclusion will not inherit truthfulness from the premises.

In everyday life the most frequent arguments are those which are
founded upon probable topoi. For such schemes p(B/A) we have: 0 <
Pyior(ry(B,A) < 1. Hence from (1.3) we obtain: 0 < Pyatr)(W,y, Py) < 1. I
the inference ground is topoi highly probable even though the argumentation
is not deductive and does not always lead to true conclusions, it happens
almost always.
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Theorem 1.

Let (Bx) be argumentation based on topoi ¢ and let v(a) represent
a logical value of the sentence o. If P07 (¢) = ¢ and v(f;) = 1 and ... and
V(Bk-1) = 1, then Pgoymy(v(Br) = 1) = (.

The theorem (1) is the consequence of the rule of truthfulness inheri-
tance formulated in (1.3). When argumentation is based upon topoi ¢ and
true premises: fi,...,B;_1, then statistical probability of obtaining true
conclusion in this argumentation is the same as probability of relation de-
scribed by scheme ¢ on which we “built” our argumentation. Thus, when
we argue, the higher the statistical probability of relation described by to-
pot is, the higher the warranty of obtaining true conclusions is. If our goal
in discussion is objective, i.e. we aim to “find the truth”, we should
select topoi with the highest statistical probability that is available for the
subject under dispute.

There are a number of points to observe:

— As the audience does not know the degree of “deductiveness” of argu-
mentation, the proponent may deliberately use topoi generally invalid
or low probable taking advantage of their lack of knowledge. This kind
of persuasion is called in literature argumentum ad ignorantiam.

— To satisfy the condition logos, the proponent aims to approach minimal
probability of obtaining the false conclusion.

-~ Many arguments are based on topoi, which are not elements of set 7.
These schemes have a following form: if A then B, where at least one
sentence obtained from A or B expresses the norm, value or decision.
Such topoi can be believed as formula generally right on the ground of
set of L-groups beliefs. In those arguments the conclusion inherits the
attribute of strict believing in rightness from its premises.

Summarizing — argumentation is a reasoning in which from true premises it

is guaranteed to obtain:

(i)  always true conclusions (these argumentations are deductive),

(ii) sometimes true, sometimes false conclusions,

(iii) never true conclusions or

(iv) conclusions that cannot be considered as true/false — this is when
argumentation is based on topoi believed as generally right.

What is characteristic of the actual persuasion is that the most frequent

argumentations are the reasonings of type (ii) and (iv), since in everyday

life we discuss about what is uncertain or what concerns values. It differs

arguments from many other reasonings, especially the ones from scientific
theories.
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2. The efficiency of argumentation

The second substantial difference between arguments and other reaso-
nings is the degree to which language users participate in them. ThE{ influ-
ence of such “participation” like e.g. disagreement over the conclusmn. by
given individuals, is not substantial in deduction at all. The only sgfﬁment
condition here for obtaining true conclusion is truthfulness of premises and
semantic entailment, no matter who believes it or not®. .

We observe an opposite situation in persuasion. The reasoning 1s-no.t
an argumentation, when one of the following is missing: propor.lent (1t is
indicated by (i) and (iii) of definition (2.1)), opponent (i1) and audience (1v.).
We say that argumentation is efficient when a proponent reaches her/his
goal and persuades the audience in her /his favor.

Definition 2.3 . .
(Bi) is efficient simple argumentation for the audience Ly <=

(Br) € Arg(J) A LaB"Bg.

To achieve efficiency of argumentation, it is neither necessary nor suffi-
cient that (a) premises are true and (b) premises Semant'ically entail conc-
lusion (like in deduction), but that (1) premises are beheved' by audle.nce
and (2) premises pragmatically (according to audience) entail .con.cl}lsmn.
The first two conditions (a and b) are not sufficient when the individuals
do not know that the topoi is generally valid, so they will not be aware
that argumentation based on it is deductive. As a result, it may happen
that the audience will not believe the thesis that is really true. “The fqrmal
correctness” of argumentation is not the necessary condition of its eﬁimer_my
either, because the audience may believe the conclusion of argumentation
that is not deductive (moreover, a thesis can be false). That is .why we
quite often observe in everyday life that people believe as true/r.xght ’?he
conclusions, which actually are false/wrong. So the efliciency of discussion
depends more on the participation of language users than on truthfulness
and its “deductiveness” [Perelman, 1984, 147], [Korolko, 1990, 40].

Theorem 2.

If Psub(LA)(VUarl .. .Vvarn<p) > 0,5 and Psub(LA) (,81 and.... and Br_1) >
0,5, then the argumentation (8;) based on topoi ¢ 18 efficient for the au-
dience L 4.

8 Perelman. for instance, says that truth is impersonal [Perelman, 1984, 147).
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It is easy to show that theorem (2) is the consequence of definition (2.3)
and the rule of inheritance of believing (1.2). To achieve efficiency of simple
discussion with regard to the given audience, it is sufficient that the audience
strictly believes inference ground ¢ as generally valid (i.e. as topoi) and
premises as true/right. When following ( 1.2), we obtain that the group will
believe the thesis of the presented argumentation and this finally, according
to the definition (2.3), will mean that argumentation will become efficient.
If our goal in discussion is subjective, i.e. we aim to persuade audience.
then we should select as a scheme ¢ and premises the sentences (describing
subject under dispute) with the highest psychological probability for the
audience.

The simple argumentation is inefficient when audience finds faults in
this argumentation®. When L, # L 4 then the audience finds the fault either
on their own or influenced by the opponent who indicates e.g. falseness of
specific premise.

In argumentation that contains Py,...,P,, W and is based on @, the
audience L4 does not believe W when:

(1) ~LaoB*P;, where i € {1,...,n}, because:
e L4B*(it is not the case that F;)
o LoB*(P; is not well-founded)

(i) ~({P, By, ..., P, }EEAe W) because:

pragm

® L4B”(it is not the case that Yvar, .. Nvar, @)

* LoB*("Yvar; ... Vvar,e' is not well-founded)

3. Complex argumentations

The simple argumentation is inefficient if the audience puts forward at
least one of the counterplea mentioned above. However, in everyday life the
persuasion may be continued. When the next reasoning is presented, the
argumentation becomes complex.

In complex discussion a first simple argumentation may be followed
by the next one when: either the proponent continues persuasion or the
opponent presents her/his own argumentation, in which —3; is a conclusion
(if a conclusion of previous argumentation was £y)

9 In literature it is called counterplea for the argumentation [Nieznanski, 2000, 117].
[Luszczewska-Romahnowa, 1966, 164]
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Thus the complex arguments can have following forms:
e arguments with invariable proponent or
e arguments with variable proponent.

A. Complex argumentations with invariable proponent

To achieve efficiency, the proponent may present a second simple argu-
mentation in which: (1) the conclusion is the scheme ¢ or the premise, that
audience did not believe in first argumentation, or (2) the conclusion stays
unchanged, but the new argumentation is based upon other scheme or other
premises.

Example 2.1 '

Let us assume that at the moment ¢, in which the first simple argumen-
tation is presented, the audience believes premises of reasoning. Howeye.r,
it does not believe inference ground as generally valid by claiming that it is
insufficiently founded:

(Argl) {Pl, e ,Pn}}:Lps<P1 w

pragm ?

and LyB*(P; and ... and P,) and L4 B{ (‘Vvar; ... Yvarap:’ 18 ill-founded).

Because L 4B} (‘Vvar; ... Yvar,p,’ is ill-founded) thep. —LaB;W.
Thus, at the moment ¢, a proponent presents premises (1,...,Qk, that
according to him entail as conclusion the sentence: Yvar; ... Vvargp;. S / }.16
selects now as the inference ground a new scheme: @s(vary,...,vary), In
which vary, ..., vary are free variables of some syntactic category.

(Arg2) {Qi,--. ,Qk}l:gfé‘;anUarl .. Yvargp:.

Let us assume also that:
A7 2,42
L4B; (Q, and ... and Q) and {Qy, ... ,Qk}k:f;mfmt Yvar, ...Yvarg,e:.

. . . o tain:
Thus following the rule of inheritance of beheg/fllr’lwghé%),A I?;e bzz)aigz
L 4B} (Vvary ... Yvargg:), therefore: { P, . .. PR YE e, ) :
LsB*(P, and ... and P,) then: LaB; W. . |
Hence finally at the moment ¢,, the complex argumentation (Arg) (that
contains (Argl) and (Arg2)) becomes efficient, because L 4B, W.

Example 2.2 o

Let us assume now that the first simple argumentation is t}.le same
as in the above example. However, this time to persuade the au.dlence at
the moment t,, the proponent presents the second argumentation based
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upon the other sentence: g3(vary,...,var.), where var,...,var. are free
variables of some syntactic category:

(Arg3) {Ri....,Ry,}ELR¥S

pragm
Let us also assume that
LaB;,(R; and ... and Ry) and {Ry, ..., Ry JELA 32y
Following the rule of belief inheritance (1.2) we obtain: L AB;W.
Thus, if the audience believes premises and inference ground of (Arg3) then

the complex argumentation becomes effective in t,, even though (Argl),
that led to the same conclusion as (Arg3), was inefficient.

B. Complex argumentations with variable proponent

Argumentation with variable proponent always includes at least one
counterargumentation. Let us consider the following example:

Example 2.3
Let t; be the final moment of (Arg):

(Arg) {Py,...,P,}ELolorpy,
and LB W;.

From the definition (2.1) we know that: =LoB*(W;). If the opponent
does not want the audience to keep believing the proponent’s thesis W;
jchen s/he may present a counterargumentation with conclusion W, which
is: W, = ‘it is not the case that W;’. The following simple argumentation
with the inference foundation: ¢y (vary,...,vary), is now presented:

(KArg) {Qu.....Qum}EpP2e2 W,

Hence, the opponent and the proponent of previous argumentation “changed
their parts with each other”. It should be noted that: Lp, = Loi, Lo =
Lpi, Las = Ly, where Lpy, Loy and L4, are participants of counteraréu—
mentation (KArg) and Lp;, Lo, and L4, are participants of (Arg).

Let us assume now that (KArg) is efficient. Thus at its final moment t,:
LBy, (it is not the case that W1 ). Following the axiom (B2) and rule (RKé)
we obtain: =L 4 B, (it is not the case that it is not the case that W1). Assu-
ming that: ==a = « is intuitive tautology and following (B4) and (RKB)
we obtain that: ~LaBi Wi \

In consequence at the moment t,, argument (Arg) is inefficient, because
counterargumentation (KArg) becomes efficient. |
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C. Efficiency of complex argumentations

Basing on the above examples we will now formulate the definition of
efficiency of complex discussions:

Definition 2.4

Let complex argumentation Argepix be presented in time-period, where
¢, is the beginning and t; is the end of this period (1 < j, j € N). Let Wrp be
the conclusion of simple argumentation in which L p is proponent and W, is
not a premise or an inference ground of any other simple argumentation
in Argepix.

Complex argumentation Arg.p, s efficient for the proponent Lp
and audience Ly < LAB;,WL,,.

In the example (2.1) the complex discussion is efficient for the pro-
ponent Lp and the audience L4, because even though —LaB; W, but
L4B; W, and it was t, that was the final moment of complex argument. We
do no'c consider the efficiency with regard to the conclusion of simple argu-
mentation (Arg2): Yvar, ...Vvarep,, because it was the inference ground
of other argumentation i.e. (Argl). In the example (2.2) complex argumen-
tation is efficient for Lp and Ly, because LaBf W, although in this case
too first simple argumentation was inefficient and the audience did not be-
lieve the thesis W in the beginning, i.e. ~LoB; W. In the example (2.3)
complex argumentation is efficient for the proponent Lps and audience L 4,
because in the end (in ,) the audience believed the conclusion of argumen-
tation in which Lp, was proponent, i.e. LB}, Ws. While W, was believed
by the audience, efficiency could not be compared with this sentence, be-
cause t; was not the final moment of complex discussion. And in moment £,
we have: =L 4B} Wi. Thus, however, the first simple argumentation was ef-
ficient for proponent Lp;, the whole discussion was “won” by the proponent
of counterargumentation, i.e. Lps.

The argument efficiency is related to the audience’s set of beliefs, which
in turn is related to time. In example (2.1) in the beginning the audience did
not believe ¢; as generally valid, i.e. did not believe the inference ground
of the first simple argumentation (Argl): —L4B;, (Vvar; ... Yvar,p:). And
because: Br¢ = {a : LBfa} then: Vvar.. Nvargp,' € Brag,. Thus,
following the definition (1.8) on the ground of the audience’s set of be-
liefs at the moment t;, the premises P, and ... and P, do not prag-
matically entail the conclusion W: —*({P1,~--,Pn}*:££§%’th) However,

n (Arg2) the conclusion ‘Vvar;...Vvargp:’ was pragmatically entailed
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on the ground of Spa:. In this way at the moment ¢, the formula
‘Vvar; ... Yvar,e,' was added to the set of audience’s beliefs i.e.: Spas, =
(Braz, U{Yvar;...Yvarye,'}, Fﬁ;‘;’;’fn). So at the moment t, it was possi-
ble to derive the sentence W on the ground of the set of L 4-beliefs, i.e.
if ‘Yvar,...Vvarep,’ € Bray,, then {Py, ... ,Pn}hﬁib‘%’th. And because
(P, and ... and P,) € Bpay,, then W € Brag,.

In the above examples we assumed the simplification that the audience
believes the conclusion in the second step (in the second reasoning). In
everyday persuasion the discussion may be much more complex. The state-
ments formulated above can be, of course, generalized on any long sequence
of simple argumentations that we can observe in day-to-day life.

Once we become interested in the issue of social discourse, we ought to
consider the two levels. As long as our main concern is a victory in dispute,
we stay on the subjective level. In order to convince the audience to believe
our thesis, we have to select for our argumentation such premises and in-
ference ground, which are believed by this audience (i.e. with the highest
available psychological probability for this group). While we aim to “find
the truth” by discussing with someone, we are on objective level. Our only
concern then should be to provide our argumentation with premises that
are true and inference scheme, which is general or at least highly proba-
ble (i.e. with the highest available statistical probability). In such case we
may neglect disputants beliefs, in particular if selected scheme is topoi for
our audience or it is not. However, as our purpose is both convincing and
cognition, we have to connect these levels. Thus, it is necessary that we
select: (1) scheme subjectively believed by the audience as topoi, which
objectively is generally valid/high probable, and (2) premises subjecti-
vely believed by the audience and which objectively are true. Since we
are aware of the presence of these two independent levels in discussion. it
makes us understand better the principles governing the argumentation and
furthermore helps us to achieve both goals of high importance in everyday
persuasion.
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VOLUNTARY AND FORCED REDISTRIBUTION
UNDER DEMOCRATIC RULE

There is a wide literature on the problem of division of goods from
a perspective of both social choice theory and game theory. The former
scrutinizes formal properties of different allocation rules (usually referred to
as competing definitions of ‘distributive justice’)!, while the latter usually
concentrates on the interaction of strategies employed by actors striving
to achieve the best preferred division of goods in question. It should be
stressed that ‘best preferred’ is not necessarily tantamount to ‘self-interest
maximizing’. Indeed, as the ample empirical evidence shows, the standard
game-theoretical assumption of individual egoism does not hold true in some
of laboratory games played by human subjects. Tn recent years we have
been witnessing a rapid growth of experimental research conducted to test
for alternative explanations of distributive behavior, such as altruism or
spitefulness (Levine 1997), considerations for fairness or reciprocity (Fehr
Schmidt 1999; Tyran Sausgruber 2002; Bolton Ockenfels, forthcoming), or
empathic responsiveness (Fong 2003). On the other hand, self-interest was
found to be of utmost significance in experiments where subjects’ payoffs
were dependent on their own effort /productivity (Rutstrom Williams 2000,
Gachter Riedl 2002), as well as in some games with random entitlements,
e.g hawk-dove game (Neugebauer Poulsen Schram 2002).

Games typically used to model an intentional division of goods are
various types of dictator, ultimatum, and gangster games. They all refer to
the problem of ‘splitting the cake’: dictator game assumes that one player,
who is initially endowed with entire cake, is absolutely free to define the
ultimate split between himself and the other:; in ultimatum the receiver
also has a say in that he can either accept or reject the proposal — in the

1 For a brief overview of different distributive justice principles see Lissowski 2001,
pp- 29-38.
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latter case a proposer loses his entire initial endowment while a receiver gets
nothing; and a gangster game is an explicit reversal of a dictator - it’s the
receiver who takes ultimate decision on how much to take from the initial
owner of the cake. Dictator and gangster games have also been combined
to form a democracy game, where a number of ‘haves’ and ‘have-nots’ vote
over the final split of the pie. In this kind of game both forced and voluntary
redistribution is brought about by a political decision procedure.

Redistribution game with charity transfers

The aim of the article is to propose a redistribution game, well-fit to
distinguish between voluntary and politically-enforced tax transfers, as well
as to model simple dynamics of such a twofold redistributive process.

The initial distribution of payoffs is exogenous to the game, though it
may rightly be thought of as resulting from free-market labor contracts.
Except for differences in amount of their initial earned Incomes, agents are
equal with regard to the type of decision each of them is to make. First, they
take part in voting procedure on equal terms. Second, they may dispose their
after-tax money in any manner suitable to them by keeping an arbitrary
share of their income to themselves, and spreading the rest of it to the
others (given they did not keep the entire sum to themselves).

Redistribution through tax system is forced in a sense that once
a tax-rate is decided upon, agents are forced to pay a given percentage
of their income, irrespectively of their own opinions on the right level of
taxation. The presence of coercive element in tax collection renders it ne-
cessary to reserve some money for covering the cost of executing taxes from
the reluctant. The cost of taxation (C) is defined as a given percentage of
total tax revenues, and it may assume any value between 0% and 100% (or
more conveniently between 0 and 1). C = 0 would imply absence of any
executive cost, and C' = 1 would amount to all-prodigal system in which
the whole tax revenues are used exclusively to defray the costs of their
collection.

Knowing an exact executive cost C' , each player is called upon to cast
a personal tax vote (¢;), which likewise may assume any value between 0
and 1. Then a linear tax-rate 7T is determined by a democratic rule as an
average of all players’ proposals:
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The sole dedication of fiscal system in our model is diminisbing the
existing payoff inequalities. After collecting income taxes proportlonal.to
agents’ initial earnings and pooling them mt'o the budg.et., the execum;e
cost C is subtracted, and the remaining sum is (?qually‘dlwded an'longht. }el
players. Two extremes would be T' = 0, i.e. a lazssez—fazre sysjcem in wi t1c1
nobody pays any taxes whatsoever and each player is left Wlt.h his initia
payoff, and T = 1, i.e. a strict egalitarian sy‘stgm, where all 1ncomesh are
taken away from the agents and subsequently d1.v1ded equally between tbemt.
Obviously both laissez-faire and strict egaihtarlan tsyst;sms can come abou

esult of all players voting 0 or 1, respectively.
Onlyl? Swz 1;lenote playei i}’,s initial payoff as p;, then his.after—ta.x payoff %
allowing for actual difference between tax paid and subsidy received, can be

computed as follows:

pi=Q1-T)pi +T1-C)p

p is a mean primary payoff over all players.
Wheﬁozidlisnz tax—ratlja and goft constant, player i’s after-tax payoff p; depends
partly on his own initial income p; (the first summand) and partl).r on a mefez,)rrl
primary payoff of a group p (the second summand). After—ta.x 1ncomesd :
some characteristic combinations of cost and tax level are juxtaposed in

Table 1.

Table 1
Player i’s after-tax payoff
Cost of execution
0.0 0.5 1.0
0.0 Di Di Di
Tax-rate 0.5 %pi + %p » %pi + %p %pi
1.0 b %p 0

As it was already mentioned, in laissez-faire system (1" = '0) .there.1s
no redistribution and all agents retain their primary payoffs, while in sfirlci
egalitarian system (T = 1) all players re;xzive the sz:me amount, dependen

initial income and cost of tax execution.
o t};feojvveirfafvi lfcl;tlizl into account the difference between the initial and
after-tax payoff, it can be noted that as a mat'ter of fact the tax systerr;
is not linear. All transfers to and from budget included, real lump-sum o
a tax paid by player ¢ under tax-rate T' is given by the formula:
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7i(T) = pi —p; = T(pi — (1 — C)p)

For any T, all agents whose relative initial payoff (pi/P) is higher than
1 — C pay positive taxes (; > 0), while those whose relative initial payoff is
below that threshold receive net subsidy from the budget (7; < 0). People
initially earning exactly (1 — C)p can neither gain nor lose from the tax re-
distribution?. Given this, it is trivial to determine how self-interested players
should vote in order to establish linear tax-rate 7' that would maximize
their after-tax payoffs. The whole society of players essentially splits into
two groups, which for convenience reasons we shall call ‘rich’ (Pp—" >1-C)
and ‘poor’ (%‘ > 1—C). It is in direct interest of the rich to vote for
zero-percent tax, while in the direct interest of the poor it is to opt for 100%
redistribution. The ‘intermediate class’ has no interest at all in any concrete
tax-rate. To avoid random voting, we may assume that all agents having
maximized their own after-tax income, in the second place vote to maximize
an average after-tax income of a community as a whole. This would lead
‘intermediates’ to vote in line with a non-redistribution principle self-inte-
rested voting scheme, in which we shall make a, point of reference for further
analysis, is presented in Figure 1.

It is clear that as the cost increases, the threshold value for relative
initial income p;/p drops from 1 (for C = 0) to 0 (for C = 1). Thus for
any given initial distribution of income a number of players championing
a complete redistribution is a non-decreasing function of C. As the cost
is approaching its absolute maximum at 1, the tax-rate T established by
a popular vote in a society of self-interested players will be closer to 0.
In an extreme case where C' = 1, virtually no agent can gain from tax
redistribution, and a laissez-faire system must prevail. Generally, we will
refer to the tax-rate T established in a society of egoistic players as to the
Polarized Voting Taz (PVT)3.

As opposed to taxes, redistribution through individual charitable trans-
fers to other players involves no costs as there is no need to compel pe-
ople to do what they are willing to do of their own initiative®. Thus if we

2 This may be seen as an exemplification of positive/negative income tax, advocated
by Milton and Rose Friedman (1996, pp. 114-119).

3 Similar redistribution mechanism to the one described above, though not allowing
for voluntary charity transfers, was incorporated by Elizabeth Jean Wood ( 1999} into her
model of rapid social change. Prof. Wood defined C' to be an increasing function of T,
and analyzed the model from a point of view of the decisive voter.

% To be sure, it is simplifying assumption as private charity also incurs cost of collec-
ting and distributing donations. However, to justify this feature of our model it is enough
to notice that, as empirical evidence shows, the cost of private charity is substantially
lower than in state-administered system (West, Ferris, 1999).
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A
1.5

0.0 ‘ 0.5 ' 1.0

Figure 1. Polarized voting

denote charity transfer player ¢ gives away as ¢&;, and charity transfer player j
receives as ¢;j, we can state that:

n n
Sa-$
=1 g=1

In the following for simplicity reasons we will focus our attention on
the redistribution process in a dyadic society with one rich' and one poor
player. However, it should be noted that this restriction obviously stops us
from investigating some distinct new qualities of the game that emerge as

number of agents exceeds 2.

Game with 2 players

Let us start with presenting a one-shot normal form redistribution game
for two players. Suppose that players have different initial payoffs, and cost
of execution satisfies following condition:
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C < PR —pp
PR+ PP
where pp and pg stand for poor and rich player’s payoffs respectively.

The condition warrants that it is in the self-interest of the poor player
to vote for 100% tax-rate which will result in establishing Polarized Voting
Tax (PVT) equal to 50%. If cost of the execution exceeded the threshold
value, even a poor player would incur losses at any positive tax level and
therefore would be inclined to vote 0%.

It is obvious that at non-zero cost of the tax execution rich agent cannot
opt for anything but 0% tax. Even if he is an altruist willing to support
a poor player, it is better for him to do it by direct charitable payment which
does not involve any cost. It is also plausible to assume that no poor agent
will be interested in passing part of his initial payoff to the rich as this would
further augment the original gap between himself and the latter. Therefore,
charity transfer poor player gives away to the other in no case exceeds zero.
Under these assumptions, rich votes 0% and chooses between alternative
amounts of charitable transfer, while the poor one gives no donation and
chooses how to vote between alternative tax-rates. Resulting from global
tax-rate, as it is half the tax-rate proposed by the poor, varies between 0
and 50% (PVT).

With the help of the example suppose that initially a rich player
earns $25 and poor $15, while the cost of execution is 10%. Suppose fur-
ther that the rich considers giving $2 to support the worse-off player, and
the latter takes into account voting either 0 or 100%. Such a game can be
presented in the following table:

Table 2

Redistribution game in normal form

Poor
tp=0—=T=00|ip=1—>T=0.5
A o 17.00 18.50
E=21 9300 19.50
Rich
A =0 15.00 16.50
=Y 2500 21.50

Both people have dominant strategies: regardless of poor player’s choice
it is better for the rich player not to make any donation, and regardless of
rich player’s behavior it is more profitable for the poor to establish maximum
50% tax-rate by voting 100%. Thus, the equilibrium solution is for the rich
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player not to contribute anything, and for the poor to vote for maximum
redistribution possible (in which case the rich person’s final payoff is $21.50.
whereas for the poor it is $16.50). This, however, is not a Pareto-optimal
result as for both players, it would be more profitable, had the rich chosen
to donate $2, and the poor decided to opt for a laissez-faire system (then
the rich would have $23 and the poor $17). Thus, a redistribution game
turns out to be an asymmetric variant of prisoner’s dilemma.

The surplus players can divide between themselves the results from re-
duction of execution cost due to the virtual elimination of tax system. Hol-
ding players’ initial payoffs constant, the lump-sum of the surplus depends
on the actual tax-rate and the cost of execution.

IP initial payoff (pp,Pr)

0 SQ status quo (Pp,PR)
Pr*Pp — NS negotiation set
((pp.p'R).(p'P.p'R]
—] P
Pr, PrTPP
PR NS PV
_ N & wPVT)
, BB
Pr .
SQ
—] -
| T=0% |
] ——
— —1H(PVIT)
_ | T=PVT=50% |
| | 71 17T 1 1"

Pe Pp PP PPtP’R Pptpr

Figure 2. Negotiating surplus

In Figure 2 we see feasible outcomes of the game if players are in position
to conclude a binding contract (poor and rich agent’s payoffs at horizontal
and vertical axes, respectively). They start the game with their initial pay-
offs (IP) when the rich earns pr and the poor pp. Under a democracy .rlllle,
a poor player can redistribute some wealth from the rich to himself l?y raising
tax-rate up to 50% (PVT). By-product of tax redistribution is shifting of the
budget constraint down and to the left. The shift occurs because at T :v0.5
some part of players’ total payoff is consumed by the executive cost. Now
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we may consider a point (pp, p'p) to be status quo (SQ) since it is a pair of
incomes that each agent is able to assure himself of his own, regardless of the
other’s behavior. At SQ the rich pays lump-sum tax equal to 7p(PVT), and
the poor receives a net subsidy equal to —7p(PVT). The difference between
the two is the amount that could be re-gained by establishing laissez-faire
system. However, the poor has no direct interest in lowering tax-rate for it
would shift the outcome back in direction of IP, thus reducing his final pay-
off. On the other hand, 50% tax-rate brings harm to the rich player who not
only covers the subsidy to the poor but also defrays the entire executive cost.
Thus, it would be much to his interest to replace a politically-forced costly
redistribution with a voluntary cost-free charity transfer to the other. To
encourage the poor to vote for 0% tax-rate, though, the rich player needs
to offer him a lump-sum at least equal to the loss incurred by the poor
from eliminating tax redistribution, i.e. —7p{PVT). The thick black line
in Figure 2 indicates the negotiation set, i.e. a number of solutions to the
problem of how the surplus gained from abolition of tax system should be
divided between the players. If entire surplus goes to the rich, the ultimate
outcome will be (p, p’g), if it falls solely to the poor, the outcome will be

(PP, PR)- All combinations of payoffs between those two points are feasible
as well.

Dynamical substitution between voluntary
and forced redistribution

At this point we shall introduce dynamics into the system. Suppose the
game 1s infinitely iterated, with initial payoffs and the cost of tax execution
held constant and known to the players who have no possibility of direct
communication. Each round will consist of the following sequence of moves:
first players vote on redistribution, then tax transfers to and from the budget
take place according to the current tax-rate, and finally it is up to players
to give away some part of their income to the other.

At the outset poor player, willing to secure to himself the status quo
outcome, votes for maximum redistribution and thus PVT at 50% is es-
tablished. Now the rich player has an occasion to signal his willingness
to replace tax redistribution with voluntary transfer by offering a dona-
tion to the poor. The lump-sum of this first donation depends on rich
agent’s charitable initiative. In the second round the poor player may re-
act to the donation by reducing his demand for tax redistribution accor-
ding to his personal demanding attitude. In turn the rich player reacts to
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tax-rate decrease according to his generosity®, and so forth the process con-
tinues ad infinitum. Let us now formally define the individual features of
players:

e ¢ — charitable initiative, is an amount of income, expressed as a share
of 7Tr(PVT), that a rich player is willing to give away directly to the
other in the first round of the game; ¢ is effective as long as it satisfies

pr — TR(PVT)

Tr(PVT)
that threshold level, for donation cannot exceed rich agent’s entire in-
come.

e ~ — generosity, is a share of 7r(PVT) that a rich player is willing to
PR

TR(PVT) .

e § — demanding attitude, is a share of —7p(PVT) that a poor player will
demand as a compensation for eliminating tax redistribution comple-
tely®.

Algorithm of decision making in each round of the game may be sum-
marized in the table 3.

As we see in each round the poor player gives no donation (¢p = 0), and
the rich player votes for 0% tax-rate (tg = 0). From the second round on
tax-vote by the poor agent depends on his personal demanding attitude -y
and the donation received in the preceding round. If at time 7 — 1 he re-
ceived no charity transfer, at time ¢ he will vote 100% (except for § = 0,
in which case he votes 0% regardless of donation received); if transfer equ-
aled —67p(PVT) or more, he will be inclined to vote 0% (tp’s lower limit
is obviously 0, so lower values are automatically increased to this level); if
donation was somewhere between 0 and —d7p(PVT), he will depart from
100% vote proportionately. It is safety strategy for the poor to have § > 1.
In case § > 1, he is ready to vote 0% only if rich agent fully covers the loss
incurred by the poor from abandoning the status quo.

On the other hand, rich agent’s donation depends on his individual
generosity v and tax-rate T in the current round. If tax-rate is PVT, he

the condition ¢ < ; greater values of ¢ are cut down to

donate under laissez-faire system; effective v’s obey v <

5 These three features (parameters) define a type of agent, though they are activated
contextually, i.e. for a player in poor position only demanding attitude is relevant, whereas
for a player in rich position it is charitable initiative and generosity. It should also be
stressed that we use the terms in neutral sense and attach no moral value, neither positive
nor negative, to any of the features. For instance, ‘generous’ actions may as well be
motivated by strict self-interest.

6 Negative sign before 7p(PVT) is due to the fact that at PVT poor player by

definition ‘pays’ negative tax (which means that actually he receives net subsidy from the
budget).
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Table 3
Dynamics of redistribution game?
Poor player Rich player
Voting tp=1 =
Round no. 1 tr=0
Donation cp =0 Cr = ETR(PVT)
; { 0 ; 8=0
Voti P= LB
oting 1+ e bvT) 9> tp =0
Round no. 2 * ¢p=¢R of the preceding round
and next
0 —
Donation ep =0 éaz{ PVT-T pvT=o
5T TR(PVT)  PVT>0
* T of the current round

gives no donation, regardless of his generosity; if 7' is 0%, his donation equals
YTR(PVT); if T is somewhere between 0 and PVT, he offers a proportionate
‘charity transfer. His safety strategy is to have v < 1. In case v =1, he
is ready to donate to the poor entire surplus resulting from abolishing’tax
redistribution. Was his generosity greater than that, he would expose himself
to the risk of earning less than status quo.

' Under what conditions can tax redistribution be completely replaced
with voluntary transfers on part of the rich? To answer this, let us find
levels of ¢, , and § that make it possible to establish laissez-faire system.
Roughly speaking, to make a tax-rate go down to zero, it is necessary that
the rich was generous enough, whereas the poor was not demanding too
much. A threshold value of poor’s demanding attitude (6) as a function of

rich’s generosity () is given by the correspondence formula® (see Appendix
for details):

TR
d=—-——"
Tp K

7 The same algori i i
gorithm may be applied to multiplayer g
i | I game. Tax-vote by poor player
gﬁg:endistonotht% do(:xlqatlc;p he recglved in the previous round, though when num}l’)g ofr pﬁ)a?/ii;
Wwo, the donation need not be equal to the transfer made by any parti i
. . . . C 1 h
agent (one possible way to distribute charity transfers among the poory is tg ell)npli)yul:)rcifrllcin

rinciple). The 1 ) X
llf)oundP e) e ‘intermediate class’ could be defined to have t;r = 0 and &7 = O for each

8 . . . .
The visual presentation of the equation will be referred to as correspondence line.

To avoid excessive i :
PUT wate notation, from now on vz and 7p will denote lump-sum tax paid at
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If § satisfies the equation than substitution rate between taxes and free
donations is exactly the same for both agents. It means that in order to
completely eliminate taxes the rich player is ready to give away the amount
that is precisely as much as poor player demands for reducing his tax-vote
to zero. If § exceeds the threshold value, tax-rate 7' will be equal to PVT
from the very beginning, or will be approaching limit at PV'T with speed
negatively correlated to the charitable initiative of the rich (g). If 4 is less
than that, at some point of the game laissez-faire system will be established
(the smaller § and the larger ¢, the sooner tax-rate will fall to zero). If ¢
is exactly equal to the threshold value, than the tax-rate established in the
second round will hold for the rest of the game. Thus ultimate tax-rate in
this case is determined by € and may assume any value between 0 and 1.
Its exact value is given by (see Appendix):

€
T:%(l——;), ¥>0, e<y

Payoff structure at time approaching infinity

To conclude the analysis we will examine limit payoffs, as time ap-
proaches infinity, for different combinations of generosity v and demanding
attitude &, while holding charitable initiative € equal to . Next we will po-
int pairs of y and & that form Nash equilibria. To make the analysis easier
to follow we will plot the results on the same diagram as seen in Figure 3.

Let us denote the rich agent’s status quo payoff (PVT, no donation)
as RO, payoff better than that as R+, and worse one as R-; and respectively
for poor agent: PO, P+, P—. In Figure 4 we show how given combinations
of v and  prove better/worse than status quo for either player.

If generosity -y of the rich agent is too small in comparison to demanding
attitude & of the poor, the tax-rate will approach a limit at PVT, and thus
both players will receive their status quo payoffs R0, PO (entire area above
correspondence line). However, if v and ¢ are kept in ‘reasonable’ proportion
to each other, a lower tax-rate is established, and there is a surplus resulting

9 For a rich agent playing his safety strategy (v < 1), it is always profitable to have
laissez-faire system established. As we focus on the limit payoffs at infinity, single first
round charity expense determined by ¢ does not affect rich agent’s payoff, so he does not
incur any more risk by giving ¢ value equal to (or even higher than) . And by doing so
he is able to reduce tax-rate to zero in case v and & happen to lie on the correspondence
line.
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Figure 3. Generosity, demanding attitude and tax-rate

from cutting down on execution costs. Thus on and below the correspon-
dence line always at least one of the agents is better-off than in status quo.
It’s worth noticing that for any given value of v both agents’ limit payoffs
are independent of 4, as far as ¢ does not exceed the threshold valuel®. Par-
ticularly, for v = —7p /7 entire surplus is taken by the rich, while the poor
is left with his status quo earning, and for 7 = 1 entire surplus goes to the
poor. while the rich keeps his status quo income. Generally, for all points
on and below the correspondence line, as v coordinate is reduced, the rich
agent’s payoff increases ‘at the expense’ of the poor.

We may now see that when considering limit payoffs redistribution game
is basically a variant of ultimatum game. The rich agent proposes a donation
depending on his generosity v, and the poor agent either accepts the offer
or rejects it depending on his demanding attitude §. In case § lies above
a correspondence line and the proposition is rejected, both players are left
with their status quo payoffs. In contrast to the original ultimatum game

10 The reason for it is that parameter y by its very definition determines the lump-sum
that goes to the poor by means of voluntary transfer under laissez-faire system. and as
we know from Figure 3 the limit tax-rate under correspondence line is zero.
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Figure 4. Limit payoffs in comparison to status quo

where players’ payoffs could not fall below zero, reaching an ‘agreeme.nt'
in the redistribution game may lead to one of the players tOW&I.‘dS being
materially worse-off than in status quo. The latter situation is possible when
either player does not play his safety strategy.

As we may read from the diagram, safety strategy for the poor player
is to have § > 1. Was § below 1, the poor could suffer loss in comparison to
status quo, 1? the rich had his v below —7p/7g. Similarly it is .sa.fe for the
rich to have v < 1. Was his generosity greater than that, his limit income
could fall short of status quo, in case the poor was not too demanding
(0 < —7r/7p). The dotted triangle indicates pairs of safe e.md (5. that
bring profit to both sides (except for point (—7p/7r,1) and the rlght side of
the triangle, where only one player gains, while the other stays W"lth status
quo payoff). All v—4 pairs in the triangle (and rectangle be.IOW '1t as well)
lead to payoffs that belong to the negotiation set presented in Figure 2.

Further scrutiny leads us to the conclusion that for a self—int.eres.t ma-
ximizing poor player § = 1 is a dominant strategy. Such a ch01c.e is the
analogue of the receiver accepting zero-share in ultimatum game with con-
tinuous payoffs.

161



Simon Czarnik
Nash equilibria of the redistribution game

N Finally, let us point out combinations of 7 and J that form Nash equ-
ilibria of the redistribution game. First of all, we may rule out all points
that.violate either agent’s safety level, i.e. ¥ > 1 or § < 1. Further let us
Cf)ns1der 7 belonging to (—7p/7r,1]. The poor player’s best response to any
given 7y in the range is any 4 less or equal to threshold value. However rich
agent’s best response for any ¢ less or equal to —Tr/Tp is choosing,'y in
sut':h a way as to locate the point (v, §) on the correspondence line. Thus all
points on a hypotenuse of a dotted triangle in Figure 4 are Nash equilibria
(thick line in Figure 5), while the others are not1l.
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Figure 5. Nash equilibria (for £ = §)

11 =1 :
As 6 = 1 is a poor player’s dominant strategy, combination of § = 1 and v =

—7p /TR is a unique solution of the redistribution game for strictly self-interested pgy:er;

In this case poor player gets exactly his status quo income while the rich increases his

status quo payoff b
costs of tax system.
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For v belonging to [0, —7p/7r] any level of 6 over the correspondence
line may be considered the best response, as well as for ¢ equal to or greater
than —7g/7p the best response could be any 7 to the left of the correspon-
dence line. Thus Nash equilibria are also all points of the dotted rectangle,
although they obviously are not Pareto-optimal. As empirical evidence from
dictator and gangster games shows, it may well be the case that subjects
actions lead to suboptimal outcomes. “The generous nature of individu-
als found in fairness games does not overcome the distribution struggle.
While dictators are prepared to give up a part of their endowment, gang-
sters demand a much bigger share of the cake for themselves” (Eichenberger
Oberholzer-Gee 1998, p. 196).

Graphical illustration of system dynamics

To give an example of redistributive dynamics we will conclude the
article with a few characteristic cases of system evolution. In each case
agents’ initial payoffs are $90 (rich) and $10 (poor), whereas the cost of tax
execution is 20%. At PVT (50%) the rich agent’s payoff is equal to $65 and
the poor player earns $25. On each graph a line - - - refers to the rich agent’s
final income (all taxes and voluntary transfers included), a line ~..-.. to the
poor agent’s income, and a line -._.. reports the history of the tax-rate.

Illustration no. 1 shows how a stable state is immediately reached if the
poor agent exhibits no demand for redistribution (6 = 0). If at the same time
the rich agent exhibits no generosity (v = 0), he takes entire surplus resulting
from eliminating executive costs, and both players earn their initial payofts.
It may be seen as an instance of the poor player’s high moral standards
that hold him back from exploiting the democratic procedure to enforce
more profitable income distribution. To be sure, that sort of consideration
would not even pass through the mind of homo @conomicus.

Ilustration no. 2 shows that if the poor agent’s demanding attitude is
anything apart from zero, it is impossible to establish laissez-faire system
without charitable initiative of the rich (¢ = 0) — no matter how great his
generosity could be (y > 0). The tax-rate does not deviate from PVT even
by the smallest margin and in each round the agents earn their status quo
payoffs ($65 and $25).

Graphs nos. 3 and 4 show the history of reaching Pareto-optimal di-
stribution (with both agents’ payoffs higher than status quo). In no. 3 the
rich player does not play his best response. By reducing his generosity and
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1. No demand for redistribution 2. No charitable initiative
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raising his charitable initiative appropriately, he could assure himself a hi-
gher payoff, taking benefit of the poor agent’s moderate demand for redi-
stribution. If he did so, Nash equilibrium presented in graph no. 4 would be
established: (y = 0.75, § = 1.25) is a point lying exactly on the correspon-
dence line.

Graphs nos. 5 and 6 show how system can recede to PVT after initial
reduction of tax-rate to nigh-zero level. No. 5 illustrates that it is impossible
to dupe the poor player into laissez-faire system by substantial charitable
Initiative combined with low generosity. Even though the poor agent plays ¢
far below his safety strategy, the tax-rate after the initial reduction gradually
recedes to PVT. On the other hand, in no. 6 poor player’s demand for
redistribution is too much even for a super-generous rich agent. In spite
of large initial charity transfers (that even made the recipient wealthier
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6. Recession to PVT due to excessive
demand
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8. Insufficient charitable initiative
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than his benefactor), the poor player departs from voting 0% and PVT is
gradually brought back.

Tllustration no. 7 depicts a rich man who is willing to give away most
of his income, starting with a small initial contribution. The poor agent’s
demanding attitude is below the threshold value, so the tax-rate is being
gradually reduced to zero. The poor agent takes benefit of the rich agent’s
generosity, receiving a substantial part of his wealth, and ultimately beco-
ming richer than the donor.

Finally, at no. 8 we see a game between two players whose generosity
and demanding attitude are exactly corresponding to each other. However,
due to insufficient charitable initiative on the part of the rich, the tax-rate
is fixed at 37.5% and benefits from complete eliminating executive costs are
lost.
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Concluding remarks

The purpose of the article was to model a redistribution process, allo-
wing for the interplay between transfers forced by means of the tax system
and voluntary donations to the worse-off. The dynamics of the system were
guided by agents’ personal features, namely charitable initiative and gene-
rosity on part of the rich, and demanding attitude on part of the poor.
We have shown that even under the assumption of exclusive self-interest
seeking, there are Pareto-optimal Nash equilibria that result in a complete
substitution of free charity for tax redistribution, as well as suboptimal equ-
ilibria that keep the volume of tax redistribution intact. It is a question of
empirical research whether real-life subjects are able to find their way to eli-
mination of excessive cost of politically forced transfers. It is also a matter
for further discussion how dynamics of the game are affected by introdu-
cing greater number of players and focusing attention on discounted payoffs
rather than looking at the limit distribution of income.

Appendix

To simplify notation let the variables over time be denoted as:
¢; — voluntary transfer from rich to poor player in round 7,
t; — poor agent’s tax-vote in round i,
T; — tax-rate in round 1,

Constants (as described in the text):
PR,pP,p,TR.7TP,C,€,7,6
At time i player k’s payoff is given by formula:
(1) pr(Ti) = 1= Ty)py + T;(1— C)p
According to decision algorithm (see Table 3), rich agent’s donation in first
round is given by:
(2) cL =€ETR

His donations in round i > 2 are:

- PVT-T,
“="pyr VR
Since PVT = %-, we get
(3) C; = (1 — 2T¢)’y7’R.
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Tax-rate at time i is always half the tax-rate proposed by the poor (again

see Table 3):
Ci—1
1 .
< * 07’P>
Substituting (2) into (4), we obtain tax-rate in second round:

ETR

b =

(4) T, =ity =

Substituting (3) into (4), we obtain difference equation for : > 3:
YR 1 l@).
T, = —mTz_l + 3 (1 -+ 57‘13
To make it easier to handle let us rewrite it as:
(6) T; =aTl;_1 + b,
where a = —(yTr/67p), b= (1 — a).
Or, alternatively:
(7) Ti = a(Tiey — 3) + 5.
Now the sequence of T;’s for ¢ > 3 is:
T3 = G,Tg + b
Ty=als+b=a*T, +ab+b

‘ . _i—2
T, =a' 2Ty + 0" 3b+a % +...+ab+b=a"" T + 132 -b=
= ai”2T2 -+ % (1 - ai"Q) = i—2 (Tg - %) -+ %
Thus for i > 3:

(8) T, =ai (T — 1) + 4.
Solving (8) with ¢ — oo we get:
1.o0<a<:

, ) .
a?—0and lim T; = 3
11— 00

2.a=1:
T, =T, Yi
3. a>1:

if Ty = L (which implies ¢ = 0 and 6§ > 0): T; = 3 Vi,

if 0 <Tp < &: 3Im > 2 for which T;, <0 (since in (8) the expression
in parentheses is negative, and a™~? increases in m). Since any T'
lower than zero is automatically increased to zero, we have T;, = 0.
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Now let m be the smallest possible number of a round. In accor-
dance with (7), if T}, = 0, then T),,; = (1 — a)/2 < 0. Therefore
Trny1 =0, and since the same holds true for all subsequent rounds.
Agm T; = 0.

Deciphering a, we get:

TR .
1. For5>—;-'y,ig%101}:§,7>0. If vy =0,T; =0 Vi > 2 (see Table 3).

- TR . T
2. For § = ——. o _ o1 R . TR
P s igloollﬂ Ty =3 (1 + 57—P>7 4 > 0. Since § = —; .

. . . €
after transformation we receive: Zkréqo T = % (1 - ;), v>0.If6=v=0,
T; = 0 Vi > 2 (see Table 3).

3. For § < — & .
TP

a) ife=0and § >0, lim T; = L.
" 1—00 27
b) ife >0, lim T} = 0.
100
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NICE, CONVENTION, COMPROMISES —
ABOUT PROCEDURES’ MEANING
IN PROJECTED POLITICAL INSTITUTIONS

Abstract. This paper discusses problems arising during construction of
decision-making rules, using the EU Council’s voting system as the main exam-
ple. The work presents postulates required during a political institution’s formal
and politically-related construction process. Numerous compromise propositions
have appeared during the debate on the voting system for the EU Council inc-
luding the two main concepts, the Nice and Convention Systems. Here, selected
propositions are presented and, using power indices, their consequences are con-
sidered. A new concept for attaining compromise is also offered, which requires
negotiators to merely establish the power apportionment in the EU, not con-
struct the minutiae of a voting system. The paper presents a way to determine
the optimal voting system that satisfies negotiated results as well as postulates
presented herein.

I once thought the construction of political decision-making institutions
was a matter for politicians or lawyers skilled at formulating appropriately
precise principles to regulate decision-making by the entitled. Today, I teach
my students about decision-making processes in institutions such as gene-
ral elections, parliaments and shareholder meetings. We all know that the
description of these mechanisms or formulation of normative expectations
requires reference to not always intuitive formal theory. Politicians and legal
experts negotiating the future decision-making system of the EU Council
have completely ignored conclusions of countless expert opinions regarding
formal social choice theory; the results of those negotiations evidence exac-
tly the same thing. When considering these results, I formulated a proposed
way to construct the voting system in the EU Council that satisfies political
as well as formal postulates.

First, I would like to recount the decisional practice of the EU Coun-
cil, certain traits of which I will attempt to “translate” into formal cha-
racteristics. I will also present the expectations of the tool I used to ana-
lyze and design the EU Council voting system, which led me to apply the
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Shapley-Shubik index!. After describing certain properties of the negotiated
EU Council voting system, I will present a method for seeking a compromise
voting system. The text refers to the well-known power index properties, de-
scribed extensively and proven in literature on the subject2. However, the
ways in which the interpretations of these properties are synthesized to for-
mulate a voting system may be new.

When constructing new institutions, information regarding their go-
als and the expectations weighing thereon are of prime import. This is
rather simple with respect to the EU Council; we are familiar with its
decision-making practice and the main principles that define hitherto re-
lations among EU member states. Mentioned practice and prior relations
are expressions of the underlying goals of states building the EU. Any trans-
formation of the EU Council’s voting system after Union enlargement should
thus refer to prior experience and account for these goals. This will allow
for the goals and expectations to be expressed in the system. Therefore,
I will briefly illustrate the legal framework and historical decision-making
practice of the EU Council.

Decision-making in the European Union Council3

The EU Council makes its decisions during approximately 80 sessions
held each year since the 1990s. The Council works in various configurations.
depending on the subjects being considered. Decisions are made by a simple
majority, qualified majority or unanimously in meetings of the Union Coun-
cil. The qualified majority system is used most frequently. Simple majo-
rity votes are used for the least weighty decisions (organizational and pro-
cedural matters), while unanimity of Council members is required in issues
of utmost importance such as enlargement of EU membership, amendment
of treaties, etc., which occur extremely rarely (it was used more frequently
at the outset of the European community’s existence).

During qualified majority voting, each state is accorded a certain weight.
a number of votes based on its economic, territorial and demographic po-
tential, as well as political issues. The table below presents the allocation

L [23], [25].

2 I have chosen to avoid an excess of formal terminology, limiting myself to the ne-
cessary minimum.

3 1 have limited the description of the UE Council’s functioning to the necessary
minimum. A more thorough description of this subject may be found in nearly every
widely available work on the EU.
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Table 1 .
Political weight of EU members at various stages

of European integration

Number of votes

Member state 6 states | O states | 10 states | 12 states | 15 states
France 4 10 10 10 10
Germany 4 10 10 10 10
Italy 4 10 10 10 10
Great Britain 10 10 10 10
Spain 8 8
Belgium 2 5 5
Holland 2 5 5
Greece 5 5 )
Portugal 3 5
Sweden 4
Austria 4
Denmark 3 3 3 3
Finland 3
Ireland 3 3 3 3
Luxembourg 1 2 : 2
TOTAL 17 28 63 76 7

Required 12 41 45 54 62 |

qualified majority | (70.6%) | (70.7%) (71.4%) (7T1.1%) (71.3%)

of votes at various stages of Union development, beginning with six states
(Treaty of Rome, 1957) to the fifteen (fourth enlargement in 1995).

" From the very beginning, the vote allocation system assumed a neefi to
reinforce the weaker states’ position while seeking to implement solutions
that did not deprive larger states of influence. In short, it is a formal expres-
sion of interstate solidarity within the Union. Clearly, this is not an easy
task. Aside from the issue of whether to maintain the unanimity requirement
in the EU Council, establishing the weighting system is one of the most con-
troversial subjects discussed in the united Europe. In 2090, thf.e Nice Trgaty
(2000) introduced new principles for the Union’s Councl.l .dec1s1o.n—mak1ng.
Between November 2004 and October 2009, three conditions will have to
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be met for a decision to be adopted: 1) the proposal must be supported
by more than half the states (this number will be 14 after EU enlargement
reaches 27 states), 2) the sum total of weighted state votes must exceed the
established threshold (after enlargement, this will be 258 votes, i.e. near-
ly 75% of all, 345 votes in the entire EU), 3) the total number of residents
of states supporting the proposal must constitute at least 62% of the Eu-
ropean Union’s population. Thus, this is a triple majority system. Note
the definite innovation of this voting system. The population factor is ad-
ded to the traditional “political” weights, which obviously gives large states
additional power. This change undoubtedly violates the above-mentioned
solidarity expressed in arbitrarily established weights. The second impor-
tant consequence of the population factor being introduced into the Nice
Treaty is the unchallenged violation of the understanding between Gen.
Ch. de Gaulle and Chancellor K. Adenauer (prior to the Treaty of Rome
on EEC) regarding the invariable equality between France and Germany.
The understanding had been treated as one of united Europe’s foundations.
The new regulation gives the advantage over France to Germany as the most
populous state of the European Union.

What is the decision-making practice in the Union’s Council within
the above formal framework? Above all, the extreme number and multi-
-dimensionality of this European super-government’s decisions stands out:
it covers cultural issues, social and health matters, energy policy, farming as
well as the Union’s budget. The normally daylong sessions have sometimes
been extended in crisis or deadlock situations. These “marathon” sessions
last until compromises are hammered out. The EU Council attempts to
maintain the consensual nature of the decisions adopted in the course of
1ts workings. Ad hoc coalitions are usually formed during negotiations: the
Union’s Council has no permanent coalitions while divisions and interest
groups cross all lines.

Because the ad hoc coalitions are usually formed during negotiations.
it can be assumed that over the long-term (say, over a few years) the ways
of conducting negotiations will become extremely diverse and provisional
arrangements will be built at random. These observations direct us toward
power indices based on an assumption of a large number of decisions. The se-
cond observation turns our attention to the extreme diversity of the subject
matter, i.e. the multi-dimensionality of the decisions adopted. This diversity
allows us to refer to the spatial models of decision-making bodies.

That is all for the legal and procedural aspects of the decision-making
process in the Council of the European Union. Further, the specifics of
members need to be taken into account in the analysis of the discussed
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body’s decisional processes. It would seem unlikely that decisior'ls made
by each individual member are independent. As opposed to parharr'lents,
the EU Council gathers representatives of the governments of.partlcular
Union states, usually the ministers of a relevant field (depending on the
subject matter being considered). Therefore, it may be ‘expected that 'Co—
uncil members will have common standards for evaluating the resolutions
being considered.
How should the appropriate power index be selected?

Postulated power index properties

As we know, there exists a great variety of power indices. There is no
single and universal power index, just as no universal ar.ld complete set of
expectations for power indices has been establishec.l. Th1§ results from the
diversity of preconditions for collective decision-making. Different po§tulates
should be formed when dealing with decisions of a single house of parliament,
where coalesced and stable political divisions play an extensive role. Our
set of formal expectations would differ if we noted that thef 'governmen.t
coalitions being formed are exclusively minimal winning Foalltlons than if
we had not made such an observation. Still other requirements may b.e
formulated during analysis of complex decision-making PrOCesses, €.8. .multl—
-house parliaments. The decision-making environment being the subject of
this analysis is rather clearly defined. The postulates below account for some
of its more important aspects. ‘ .

The majority of votes may be presented as simpl?, games in Whl'Ch the
players can back or oppose a given proposal. The dec1s.1on of the .entlre as-
sembly is also dichotomous and involves either a(‘ioptmg or voting down
a given proposal. A proposal may be passed (‘)nl.y if Suppor‘ted by thfe ma-
jority defined in the decision-making rule (this is often a S{mple rrllajorlty,
and, at times, various qualified majorities of votes). We will consider the
weighted voting systems (or weighted majority games) i.e..thos:e whtsre each
voter is assigned a non-negative real number, i.e. the “welght,- while a ne-
cessary and sufficient condition for adoption of the propolsal is the voting
coalition’s attainment of the quota, i.e. the threshold established by the
decision-making rule. Even complex voting systems may be presented as
combinations of a number of weighted majority games. . '

A set of n players will be designated N and its partlcula.r constlt'uents
with small letters, i.e. N = {a;,as,0as,...,a,}. Function f assigns particular
players their weights: f(a1), f(as), f(as) etc.
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The quota will be designated g, where it may be expressed as the total
number (total votes) or as percentage (share) of the total weight.

The weighted voting system, defined by two quantities, the quota and
weight vector, will be expressed in the following form:

[g; f(a1), f(az), fas), ..., f(an)].

A subset of game participants will be referred to as a coalition and de-
signated with capital letters, A, B, C, etc. Coalition C of game participants
will be referred to as the winning coalition if the sum of the total weight of
its members is equal to or greater than the quota required for the body to
adopt the decision (37; f(a;) > ¢). Otherwise, the coalition will be a losing
coalition. The set of all winning coalitions will be designated .

Because a given coalition C is a winning coalition if and only if the total
weight of its members is equal to or greater than ¢, then each coalition con-
taining the winning coalition C' is also a winning coalition. This particularly
applies to the N set of all players.

A minimal winning coalition is a winning coalition, which becomes a lo-
sing coalition in the event of the defection of any player. The set of all mini-
mal winning coalitions will be designated M (of course, set M is a subset of
all winning coalitions W). The value of a certain power index for player a,
Le. the measure of its significance (power) in the decision-making collective
will be referred to as K (a).

What should be expected of the desired index? I will additionally at-
tempt to present the political ramifications of each postulate.

Dummy player postulate

If, in the system under evaluation, a given player (voter, club, share-
holder) is not necessary to make any coalition a winning coalition (adds no
additional power to any coalition), the power index should be equal to 0 for

such a player. This is identical to the absence of such player in any minimal
winning coalition.

a — dummy player, i.e. ~(3C:C € M Aa € C)= K(a) =0
This postulate is rather obvious and requires no further comment.
Symmetry (anonymity) postulate

The value of the power index should not depend on the order of the we-
ights in the system. In other words, irrespective of how we record the system

structure: [g; f(ay), f(a2), f(as3)], [¢; f(a2), f(a1), f(as)]; [g; fla2), flas), fla1)]

etc., we should attain the same set of winning and losing coalitions. In all
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cases, we should obtain the same vector of power, which corresponds to
the player vector permutation. The basis for the power index assigned to
a player should only be the weights assigned thereto and the remaining
players, and not their labels.

Despite differentiated relations among particular states, I decided to
accept this postulate for two reasons. First, one of the fundamental as-
sumptions accompanying the uniting of Europe is solidarity, thus behavior
contrary to the divisions and aversion, which the Community is to “co-
ver up.” Second, even if this goal is not fully realized, the variety of deci-
sions made over the coming years by the EU Council will reveal numerous
axes of division among Union members. Therefore, over the long-term, it
may be accepted that the symmetry among players will be maintained in
establishing winning coalitions; each of the divisions (spatial dimensions)
will be of equal significance.

Monotonicity postulate

If a certain player is weighted higher than another in a given system,
that player’s power should be greater than or equal to the latter, or Vi # 7 :
(f(z)) > f(z;)) = (K(zi) > K(z;)). Though this postulate is debatable for
political reality teaches that a larger player is not always a desired coalition
partner for the smaller player4, this postulate seems necessary in selecting
an appropriate analysis tool due to its intuitive nature. This is particularly
important in describing complex voting systems, in which evaluation of the
significance of particular system elements is not obvious (“if my state, e.g.
state ¢ has more votes than b, I would expect its position to be equal to or
stronger than state b”). Last but not least, it is necessary to keep this (and
the following) postulate for reasons of persuasion. The main audience for
the analyses, i.e. politicians and their electorates, needs intuitive solutions.

Bloc postulate
If one of the players joining a block is a significant player, the power
index of the bloc should be greater than the power index of the other player
alone. _
This postulate may be expressed as follows:
a,b — vote participants (K (b) > 0) = (K({a} U {b}) > K(a)).

Intuitively, this postulate may be presented as follows: it is difficult to ima-
gine anyone joining powers with another who is needed in a coalition and

4 See [9], [10], [21], [24].
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not expect an increase in importance. Fulfilling this postulate will also be
important during investigation of various coalitions’ superadditivity.

Homogeneity assumption

The last assumption refers to a difference approach to power indices.
Formulated by Straffin® and discussed in later works$, it refers to the pro-
babilistic interpretation of power indices. Straffin considers a voting model
in which the probability that i-th voting for a resolution (p;) may be treated
as the value of a certain random variable that assumes values from a unit
interval [0, 1]. Following that logic, we may ask: what is the probability that
i-th’s vote will impact the vote result? One of the proposals considered by
Straffin? refers to the homogeneity assumption:

For each i-th voter p; is the same, equal number p as the value of
a random variable distributed uniformly on the interval [0, 1]. (The ho-
mogeneity is among members: they all have the same probabﬂity p of
voting for a given proposal, but p varies from proposal to proposal).

Straffin presents a valuable interpretation of this assumption. The pro-
bability p; describes the level of acceptability for the i-th voter. Acceptance
of the homogeneity assumption (for any voted matter p; = p is identical for
all voters) means common evaluation standards for proposed resolutions to
be voted on.

Shapley-Shubik Index

Of the most familiar and widely used indices to describe decision-making
bodies, the only one, which fulfills these postulates, is the Shapley-Shubik
index. It stands out among normalized power indices because it fulfills
the transfer postulates8. Moreover, the above-referenced bloc postulate has
a particularly valuable interpretation of said transfer postulates. Finally.
this index defines the probability of impacting the voting result presuming
acceptance of the homogeneity assumption.

Previous analyses usually referenced two indices, the Shapley-Shubik
index and the Banzhaf index. The results obtained using both indices are

5 [30], [31].
6 See, inter alia, [4].

.7 To avoid an excess of topics, here, T will not discuss the proposed model in its
entirety.

8 See, inter alia, in works [4], [14], [15].
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usually quite similar. However, opinions regarding the appropriate analysis
tool are divided?. Acceptance of the above-referenced postulates made me
apply the Shapley-Shubik index in my proposal.

This index also possesses an interpretation that properly recreates at
least some qualities of the decision-making process in the Union Council.
I mentioned above that with respect to the consensual character of Council
decisions, the generally ad hoc constructed coalitions and lack of permanent
agreements between Council members, negotiations will take numerous and
differing paths, and decisions will be reached in varying ways over the long
term. The Shapley-Shubik index assumes a random manner of consensus
building (here, I am more akin to adopt equal probability of each way to
attain consensus than of the equally probable all winning coalitions). Thus,
it is referred to as the coalition building index.

New proposal — EU Constitution vs Nice Treaty

The European Convention appointed in 2001 drew up a draft European
constitution. The proposed voting system was one of its most controversial
points.

The table 2 presents the political and population weights of particular
states after the Union enlargement.

The three-factor procedure provided for by the Nice Treaty has already
been presented above. The Convention’s initial draft introduced two con-
ditions, which had to be met for the Union’s Council to adopt a decision.
This voting system dropped the weight criteria so key to the Nice system.
Decisions must be backed by more than half the states with at least 60%
of the European Union’s population. Table 3 presents the criteria of both
systems.

The ultimately accepted version of the voting system is based on the
concept drafted by the Convention. It will be a two-factor system, in which
at least 55% of the states (i.e. 15 out of 27) with at least 65% of
the European Union’s population will be needed to adopt resolutions
put forward by the European Commission or EU Foreign Minister. These
regulations are to be supplemented in 2009-2014, which in the politicians’
opinion, will secure the interest of the medium states against do-
mination by large EU states. These addenda are comparable to the
Nice compromises (!) and provide that if a resolution proposed by the

9 Inter alia [20], [22].
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Table 2

180

Populations of member states as a % of EU population
and number of votes (the “Nice weights”)

State Population (%)* Number of votes
Germany 17.1 29
France 12.2 29
Ttaly 12.1 29
Great Britain 12.0 29
Spain 8.3 27
Poland 8.0 27
Romania 4.8 14
Holland 3.2 13
Greece 2.2 12
Czech Republic 2.2 12
Belgium 2.1 12
Hungary 2.1 12
Portugal 2.1 12
Sweden 1.8 10
Bulgaria 1.8 10
Austria 1.7 10
Slovakia 1.1 7
Denmark 1.1 7
Finland 1.1 7
Lithuania 0.8 7
Ireland 0.7 7
Latvia 0.5 4
Slovenia 04 4
Estonia, 0.3 4
Cyprus 0.2 4
Luxembourg 0.1 4
Malta 0.1 3

Total 100.1** 345

*

Data based on [3]

e excess results from rounding
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Table 3
Decisional rules according to the Nice Treaty

and the Convention’s initial draft

Nice System Constitutional System

258 votes (74,8%) -
62% 60%

Political weight criteria

Population Criteria

Number of states criteria Simple majority Simple majority

European Commission is opposed by at least 33.75% of EU states
(10 out of 27) or states populated by at least 26.25% of the Union’s
population, the Council’s decision will be debated anew within a ‘reasona-
ble time’. Though the authors of the adopted draft maintain otherwise, the
deferment for a ‘reasonable time’ is tantamount to blocking of the decision.
After 2014, the EU Council will decide whether to remove this addendum.
Let us take a closer look at the superficially complex procedure pre-
sented above. First, a general remark. If opposition by a fraction of 1 — ¢
states or states populated by a percentage of 1 — p Union residents suffices
to block an adoption of a decision, then a fraction of states larger than ¢
populated by a percentage p residents suffices to pass the same decision. For
draft legislation presented by the EU Commission for an adoption by the
Council, the support of more than 66.25% states with population comprising
more than 73.75% of the Union’s population is needed to push the legisla-
tion through. These are more stringent requirements than 55% of the states
and 65%, respectively, of the population. Meeting those higher thresholds
will be taken into account during negotiations since the inability to block
a decision will mean its adoption by the body. Therefore, it is sufficient to
account for only the said “addenda” in order to present the consequences of
introducing such a supplemented system. We thus have a double majority
system with a 66.25% threshold for states instead of the 55% and 73.75%
threshold for population instead of 65%. The drawings below present the
reference to division of power for the Nice system and the Convention’s in-
itial project to the division of power for the system established at the June
2004 EU summit.

It seems the figures 1 and 2 require no special comment. I will also
eschew a detailed discussion of these and other proposals considered. You are
quite familiar with these analyses especially since the readers and listeners
of this work authored some of them.
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Fcilg. 2. Who gains and who loses on the introduction of the 55% & 65%
and 66.25% & 73.75% system compared to the Convention’s initial system

.'.I‘he fundamental issue I would like to discuss is resignation from the
political weights, which were the basis for the previous EU Council votin
systerr}s E,:LS well as the Nice system. The consequences of this decision ar§
very 31gn1ﬁcant, not just for particular states (including my state, that was
so “spoiled” by Nice), but for the future stability of a united Em:ope This
problem needs to be considered both in the context of the endural.lce of

divisions within the Euro i in li
pean Union as well as in light of the C ity’
further enlargements. ° ooy
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Power of divisions in a united Europe

Investigation of the sub — as well as the superadditivity of various coali-
tions in a decision-making assembly allows for a projection of which voter
coalitions will be treated thereby as valuable (depending on whether the
coalition power is greater than the sum of the power indices of particular
voters treated individually). Returning to the political interpretation of this
property in the EU Council, we may attempt to answer the question of
whether, in a given system, future votes will induce certain groups of states
toward the conviction that it is worthwhile to vote in blocks (possibly es-
tablishing long-term strategies), or whether it would be more advantageous
to vote separately without joining fixed coalitions.

Table 4
Superadditivity of selected coalitions in the basic EU Constitutional,

minority blocking as well as in the Nice system

Coalition 55 & 65166.25 & 73.75] Nice
power of coalition Germany 32% 30% 19%
total power of separated countries & 27% 26% 17%
superadditivity France 118% 113% 111%
power of coalition Germany 32% 30% 19%
total power of separated countries & 27% 26% 17%
superadditivity Italy 118% 114%  |111%
power of coalition Germany 32% 30% 19%
total power of separated countries & 27% 26% 17%
superadditivity Great Britain 118% 114% 111%
power of coalition France 25% 25% 19%
total power of separated countries & 22% 21% 17%
superadditivity Ttaly 114% 120% 110%
power of coalition France 24% 25% 19%
total power of separated countries & 21% 21% 17%
superadditivity Great Britain 114% 120% 110%
power of coalition Ttaly 24% 25% 19%
total power of separated countries & . 21% 21% 17%
superadditivity Great Britain 114% 118%  |110%
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To eliminate an index’s paradoxical properties, it is significant for the
power index used to investigate superadditivity to fulfill the block postu-
late. The Shapley-Shubik index fulfills this postulate. I considered various
hypothetical coalitions. One type of coalition includes states according to
their size. In adopting a voting system that distinguishes states solely
using population weights19, we determine superadditivity of many coali-
tions built according to population size. The table 4 contains a comparison
of dual-element coalitions established among four of the Union’s largest
states.

Clearly, the solutions adopted in June 2004 will provide a greater incen-
tive for these states to vote in blocks than the Nice proposal did. In turn,
this will influence a creation of countercoalitions among the states threate-
ned by various “large tandems.” This gives a rise to divisions. Increasing
the durability of divisions seems to run counter to a Europe ideally foun-
ded on stability and collective construction of common values and market.
Generally speaking, an organization in which divisions are reinforced has
a greater propensity for deep crises.

Further European Union enlargement: What will EU states do
when accepting Turkey into their ranks?

Politicians are discussing the realistic prospect of Turkey’s accession to
the European Union ever more frequently. The argument is that moderate
Islam represented in Brussels would strengthen Europe’s position with re-
spect to other Islamic states, particularly respecting the ceaseless hotspots
in the Middle East. Today, Turkey’s population of 66 million would be the
second only to Germany’s. Each year, Turkey’s population grows by about
1 million. According to demographic forecasts, by 2020, or ten years after
implementation of the new voting system, Turkey will be the most populous
state with territory on the Old Continent. Turkey’s vote will then be more
important than that of the Union’s largest founders, which have far more
extensive economic potential and rightly expect the leading position in the
Community’s decision-making process.

The question posed above merely indicates the most extreme case exem-
plifying a more general problem. The complete abandonment of politicized

10" Each of the proposed two-factor systems was a conjunction of two weighted majority
games: games with weights identical for each country and a game with the weights being
fractions of particular states’ populations. They differed only in their threshold levels.
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weights and basing of the decision-making procedure on Pépulatlon Welghts
will. in the future, cause Europe to feverishly seek adfhtlonal solgtlons to
maiﬁtain a balanced process. These will clearly be arbltrary solutions tha.t
call upon strictly political arguments. Nonetheless., this can be f.oreseer; ri-
ght now. The only way to avoid sketchy modiﬁcatl(?ns of the voting sy? err;
was to adopt negotiable and arbitrary political W(.alg'hts' (not Flecessarl y 'Od
the Nice variety). When building a community, 1‘.5 is 1mp0581b1e toﬁ avo(l?”
negotiations, even ones as prickly as “which of us is the.most 11.11p011tauntl.q

Therefore, paradoxically, the maintenance of political welght.s will ser Vef .te
stability of the future European Union and preserve the influence ot 1its

undisputed leaders.

How to reach consensus?

Numerous proposals have been formulated as t}}e basis for compromlse.
Contrary to politicians’ public declarations regarding the need to increase
the system’s effectiveness!! and equality among the vote of the EuroPeag
Union’s citizens, a system with lower effectiveness than proposals sul:‘nmttel
during negotiations, which does not equalize the vote at all, was ultimately
selected. This occurred, even though there were syst‘ems proposedl;chat re-
ferred to effectiveness or those that postulated equality of the vote!2. lTh.us,
other arguments convinced the politicians. On what basis was f)ne o) ut11on
selected over another? When comparing the balancg of power in the se teﬁ—
ted system, in the Convention’s proposal and the Nice s.y:?tem, it se%l1§ ’e
most important issue was the need to reinfqrce the position of the. 11.1onts
biggest states. However, it remains uncerta1.n whe?ther the ?atherTll?trlca.e(f
system selected will actually meet the negotiators’ exp.ectatlons.“ e.agl.n
ements give the impression of being random and resulting fr.om g?opm}% i
the dark.” The indictments against the adopted formula'? (including those

i e) leave little room for optimism.
menggfs, aIb\?v\;Jld like to present a method that would satisfy the formal
and politiéal postulates in establishing a voting system.

11 With respect to the consensual nature of the agreements in the Council this postulate
should not be regarded as fundamental.

12 Qee, inter alia, [1], [5], [12], (13}, [22], [26], (27].
13 (7], [12], [28], [29]-
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Compromise — description of the method

1. Single majority system. The multifactor voting systems conside-
red by politicians are unnecessary. It can be shown that the Nice system
and the two factor systems have corresponding forms in weighted voting
systems (with a single weight criteria — the quota), equivalent with respect
to the division of voters’ power. Postulating a simple system postulate wo-
uld provide a clear and transparent system that is easier to present to public
opinion.

2. Political weights. How should the demographic, economic and po-
litical differences of individual European Union states be accounted for?
There is no way to avoid negotiations. Here, it makes sense to discuss the
general interpretation of power indices. Power values assigned by indices
to particular players actually correspond to certain attitudes of decision-
-making bodies’ members that arise from experiences collected over a large
number of votes. They express the conviction of the body’s members regar-
ding the need for them and their partners in the voting process. The power
index values are a consequence of the vote configuration in a decision-making
body, “researched” numerous times by decision makers when establishing
coalitions in connection with votes. Thus, it may be said that the power
index values are the magnitude that is first and foremost directly felt by the
vote participants, rather than the weights. Previous negotiations concerned
construction of the voting system and establishing weights satisfactory to
all. In fact, however, the dispute concerned the significance of particular
states and such were the arguments raised. Consequently, the negotiations
were not topical. In order to sketch out the appropriate arrangement of
weights-votes in the assembly, the opposite of what had been previously
done needs to be done now. Ask the politicians themselves regarding their
expectations - not expectations regarding the allocation of votes — but, ra-
ther, concerning the importance of their states in the decision-making pro-
cess in matters of significance to the European Union. Through negotiations,
the politicians would establish the proportional powers of particular states
in the Council of the European Union by allocating successive fragments of
the total “power pie”. With a certain value arrangement for a given index of
power at hand, it is then possible to precisely designate a correspondingly
weighted voting system. Accordingly, with an established decision-making
rule (weight criteria — quota) it is possible to find a weight arrangement for
which the allocation of power will be the same or very near as that which
has been assumed (with 27 players it can be accepted that the allocation
of power implied by the weight arrangement would be practically identi-
cal with that which has been assumed). Finding such an arrangement in
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practice is not entirely simple but doable. However, this. would not be atr;
indisputable composition - a greater number of such weight arrangemen

may3e.XIIS)t(.ecision-making rule. An issue to be yet discussed d'urmi 'ff;e
analysis of the decision process is the problem of vote result 1ns§a i 1163;
referred to in the voting theory as voting c'ycles. Thf} f)ccurrence ;1) cyct oo
creates a possibility for strategic manipulation. If dec151ogs a.re me{t e mti ¢
collective body sequentially (in a successive yote, the winning af ernat \(f)f
competes with the next on the agenda until the exhamstlont(})l a Ze;r o
alternatives) the resulting arrangement may be .dependant on teh or e of
resolutions presented for voting. This property 1s referred to as the voting

aradox (or Condorcet’s paradox). N .
’ Due (to the multidimensionality of decisions taken in the European

Union Council, the spatial aspect of the voting cycles problem.xrg.lst tbg
accounted for. The problem then becomes even more complex,' a's in ICE eS7
by McKelvey’s theorem . It is not sufﬁcient.to assume tha.t dem.scllonlma irell;S’
preferences are unimodal. Excepting situations of exceptlonall i e?l pg)r e
symmetry, there is no Condorcet’s winner. The example below 1llus

the problem:
Example 1 o . .
Let us consider three voters, J, K, L with ideal points in two-dimenslona

space, as in the figure below.
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Source: [8]

Fig. 3. McKelvey’s Catapult

14 117], [18].
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Even though option X seems advantageous to the entire voting trio
(it is located within the triangle mapped out by their ideal points, thus
being as “near” as possible to the entire group — it belongs to the Pareto
set), the coalition of K and L, who would prefer alternative Y, may vote
against it. That, however, would lose to alternative Z supported by the co-
alition of J and L. Alternative Z would lose to V', which would be beaten
by alternative W, to be in turn beaten by S (the letters next to the ar-
rows indicate the coalition, which is interested in backing a given change).
Thus, a party controlling the voting agenda could instigate selection of any
option. This is not a matter only for voting theorists. It may turn out to be
a tremendous headache for politicians. On the one hand, a seasoned leader
of an assembly familiar with voters’ preferences and the extent of the poli-
tical dispute, may successfully shepherd along certain resolutions favorable
to him or her. On the other hand, even the genuine and sincerely expres-
sed will of the body’s members (e.g. the EU Council) may be subject to
accusations of manipulation. This is especially so in the recently expanded
composition.

In 1988, Caplin and Nalebuff!5 proved a theorem, which may be treated
as one of the best proposals for resolving the problems presented above.
They showed that if voters’ preferences are unimodal and if their positions
in the collective body are not extremely polarized (an assumption regarding
the arrangement of voters’ ideal points being concave!6), then application
of the qualified majority rule of no less than 64% (precisely 1 — 1/e ~
0,632) in a voting arrangement will prevent the appearance of cycles. It
will consequently assure stability of the assembly’s decisions. Recall that
e.g. in parliaments, issues of particular importance require sizeable qualified
majorities, such as a 2/3 vote in favor.

We are thus familiar with the sought value of the qualified majority
of 64%. Higher values would decrease the collective’s efficiency. I do not
consider this to be a key issue, but it is certainly the one to be kept in
mind.

4. Establishing weights. Above, I wrote that the established allo-
cation of power and quota do not determine allocation of weights. With
an established decisional rule, it is possible to find various weight arran-
gements, which would result in precisely the same coalitions being formed.

15 [2]

'8 This condition is met if p[Af(Ws) + (1 — A FW)] = Ap[f (W) + (1 = Np[f(We)].
where p[f(Ws)] and p[f(W;)] designate the density of voters’ ideal points, respectively,
Ws and Wy, while 0 < A < 1.
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The method for selecting the most appropriate one among formally equiva-
lent weight arrangements is actually an open question. It may.be served.bwy
the transparency criterion proposed by Stomczynski and Zyczko.vv?,kl.l‘.
According to that criterion, the selected weight allocation should minimize
the deviation from the power allocation. Traditional statistical parameters
may be accepted to measure the extent of said deviation (but this is another

matter).

The advantages of the suggested manner of designing a decision-making
system in the EU Council include stable relations among state.s. In the event
of successive Union enlargements, negotiated power proportions would re-
main unchanged and would not require additional negotiations. It' would be
only necessary to establish the relative position of the state be.zmg accep-
ted into the Community. After establishing the power proportions of the
new Union member with respect to the power index values of the “old”
members, it would then suffice to convert the values of all power indices to
total 100%. Meanwhile, the procedure for adapting the weights to the new
power allocation (using the quota of 64%) would remain unchanged.

Example 2

To simplify the matter, we will consider a three-person collective, in
which voter A, pursuant to prior arrangements among the voterg, has. four
times more power than C and twice that of B. The power allocation will be
[57%%, 28%%, 14—3—%]. Let us assume the newly arrived. member, say D, WO%lld
have more power than B but less than A. We will accept the following
negotiated power proportions for voters A, B, C'and D: 4:2:1: 3. There-
fore, the new allocation of power in collective {A, B,C, D} would be.as
follows [40%; 20%:; 10%:; 30%)]. It is sufficient to solve a simple equation .w1th
one variable. It is easy enough to verify that the initial and negotiated
proportions have been maintained.

Clearly, the allocation of power will “flatten out” with the acc.essic.)n of
successive members if the previously established proportions are maintained.
This is a natural consequence of divvying up the same “pie” (i.e. .1.00%)
into ever-smaller pieces. However, this procedure guarantees the stability of
power proportions in the collective body.

17 [27]

189



Mikotaj Jasiriski
Summary

The trials of negotiation are unavoidable on the road to finding an ap-
propriate voting system for politicians. What is vital, however, is that these
negotiations concern the correct topic, i.e. the actual significance of member
states, not the weights assigned thereto. By following the procedure propo-
sed herein, it would be easier to achieve actual compromise. What is more,
the proposal presented would provide increased opportunity for a genuine
debate, where technical details regarding the manner of decision-making
would not interfere with the intentions of negotiators. If an understanding
1s reached as to the proportion of power, realization of its technical aspects
(establishing the weights) would be a task for scientists, not politicians and
their bureaucrats.
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SOME LOGICAL ASPECTS OF THE ACCESSION
OF POLAND TO THE EUROPEAN COMMUNITIES

o main aims. The first aim is to put forward an
superiority of the law of the European Commu-
in relation to the system of Polish domestic law
in terms of rules of legal reasoning. The second aim is to consider the validity
of the above principle in terms of an analogy between the notion of the system
of law and the notion of a deductive system.

Summary. The paper has tw
explanation of the principle of
nities (acquis communautaire)

Introduction

It is generally accepted by Polish lawyers that from the moment of Po-
lish accession to the European Communities, they have to obey the principle
of superiority of the law of the European Communities {acquis communau-
taire) in relation to the system of Polish domestic law. This principle can
be incorporated into the system of Polish domestic law by introducing some
new rules of legal reasoning. These new rules of legal reasoning can be divi-
ded into three subsets:

e rules of semiotic interpretation,

e rules of functional interpretation
and

e collision rules.

New rules of semiotic interpretation

The rules of semiotic interpretation allow us to derive legal norms from
a legal text using just semiotic properties of the text!. The set of such rules

contains, for example, the following rules:

1 A legal text is a set of inscriptions given by the lawmaker as a source of law. The
Civil Code of Poland is an example of a legal text. The lawmaker is a fictitious person

recognized as an author of all legal texts.
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¢ it is forbidden to omit any fragment of a legal text during the interpre-
tation of that text,
e it is forbidden to add any phrases to a legal text during the interpreta-
tion of that text,
e it is an obligation of the interpreter to understand any expression W
of a legal text in accordance with a legal definition of this expression
(the legal definition of an expression W is a definition of this expression
contained in a legal text?).
The principle of superiority of acquis communautaire can be expressed
by the following rules of semiotic interpretation:
e the rule of preference of legal definitions sensu stricto contained in the
legal texts of the European Communities,
¢ the rule of preference of legal definitions sensu largo contained in the
legal texts of the European Communities,
e the rule of preference of the legal language of acquis communautaire.
According to the rule of preference of legal definitions sensu stricto
contained in the legal texts of the European Communities, if:
e the meaning of an expression W from a Polish legal text T is not suffi-
ciently clear for the purpose of the interpreter of that legal text
and
e the text T is an implementation of the community law,
1t is an obligation of the interpreter to make clear the meaning of the expres-
sion W in accordance with the legal definitions sensu stricto of the expres-
sion W contained in the legal texts of the European Communities, unless
there are special reasons for ignoring these definitions.
According to the rule of preference of legal definitions sensu largo con-
tained in the legal texts of the European Communities, if:
e the interpreter has used the rule of preference of legal definitions sensu
stricto contained in the legal texts of the European Communities
and after that
e the meaning of an expression W from a Polish legal text T remains not
sufficiently clear for the purpose of the interpreter of that legal text,
it is an obligation of the interpreter to make clear the meaning of the expres-
sion W in accordance with the legal definitions sensu largo contained in the

% The legal definitions can be divided into two subsets: legal definitions sensu stricto
and legal definitions sensu largo. The legal definition sensu stricto of an expression W is
placed in a legal text by the lawmaker with the intention to establish or to make clear
the meaning of the expression W. The legal definition sensu largo of an expression W is
a part of a legal text which determines the meaning of the expression W and it was placed
in the legal text by the lawmaker with the intention to establish a legal norm.
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legal texts of the European Communities, unless there are special reasons

for ignoring these definitions. ‘
According to the rule of preference of the legal language of acquis com-

munautaire, if: N
e the interpreter has used the rule of preference of legal deﬁnm.or.ls sensu
stricto contained in the legal texts of the European Communities
and N )
e the interpreter has used the rule of preference of legal deﬁm.tl'ons sens
largo contained in the legal texts of the European Communities
and after that . .
e the meaning of an expression W from a Polish legal text T remains not
sufficiently clear for the purpose of the interpreter of t.hat legal text,
it is an obligation of the interpreter to make clear the meaning of the expres-
sion W in accordance with: ’
e the interpretations of the expression W given by the Courts of the Eu-
ropean Communities

and . . 1
e the interpretations of the expression W given by EC lawyers,

if these interpretations were generally accepted before the date of issue of
the legal text which is the subject of interpretation.

New rules of functional interpretation

The rules of functional interpretation allow us t? derive. legal 'normsi
from a legal text whenever rules of semiotic ir.lterpr'etatlon are 1nsufﬁc1en.t (1)1
inappropriate to our task. The rules of functional interpretation are main )tf
based on valuation of aims, goals and intentions of the lawmaker. The se
of such rules contains, for example, the following rules: .

e it is forbidden to accept an interpretation of a legal text which contra-
dicts the intentions explicitly expressed by the la\ivmaker,

e if the meaning of an expression W is not sufﬁc1.ent1y clealj after ﬁhe
process of semiotic interpretation, it is an obligation of the mt'erpr.eter
to make the meaning of the expression W clear in accordance with aims,
goals and intentions expressed by the lawmaker. . .
The principle of superiority of acquis communautazre can be expresse

by the following rules of functional interpretation: ‘ '

e the weak rule of preference of the values of acquis communautazr@,

e the strong rule of preference of the values of acquis communautqzr@.
According to the weak rule of preference of the values of acquis com-

munautaire, if:
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o the interpreter has used the rules of semiotic interpretation
and after that
¢ the meaning of an expression W from a Polish legal text T remains not
sufficiently clear for the purpose of the interpreter of that legal text,
it is an obligation of the interpreter to make the meaning of the expression W
clear in such a way that the norms derived from the text T containing the
expression W are coherent with the system of generally accepted values of
acquis communautaire. The system of generally accepted values of acquis
communautaire can be reconstructed from interpretations given by the Co-
urts of the European Communities and interpretations given by EC lawyers,
even if these interpretations were not generally accepted before the date of
issue of the legal text which is the subject of interpretation.
According to the strong rule of preference of the values of acquis com-
munautaire, if:
e the interpreter has used the rules of semiotic interpretation
and after that
¢ the meaning of an expression W from a Polish legal text T is sufficiently
clear for the purpose of the interpreter of that legal text,
however,
e the meaning of an expression W from a Polish legal text T is inappro-
priate from the point of view of EC values
1t is an obligation of the interpreter to make the meaning of the expression W
clear in such a way that the norms derived from the text T containing the

expression W are coherent with the system of generally accepted values of
acquis communautaire.

A new collision rule

The rules of collision are used to solve collisions of legal norms. The set
of such rules contains, for example, the following rules:
o lex posterior derogat legi priori (later norms suppress earlier norms),
e lex superior derogat legi inferiori (superior norms suppress inferior
norms),

o lex specialis derogat legi gemerali (particular norms suppress general
norms).

The principle of superiority of acquis communautaire as a collision rule
can be expressed in the following way: it is an obligation of the interpreter
to ignore a norm derived from a Polish legal text by either the rules of
semiotic interpretation or the rules of functional interpretation whenever
this norm contradicts any norm of acquis communautaire (as arule — a norm
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of acquis communautaire contained in an European directive or an European
regulation).

The system of law as a deductive system

It is possible to treat any system of law of continental Europe as an
analogue of a deductive system:

e legal texts constitute the set of its axioms

and _ .

e the generally accepted rules of legal reasoning constitute the set of its
rules of inference3. .

It is obvious for all logicians that the axiomatic form of a deduct%ve
system can be replaced by the form without any axioms (the .form with
rules of inference only). And vice-versa: the form of a deductive system
without any axioms can be replaced by the axiomatic form. Let us. loo.k
from that point of view at the system of Polish law. Before the accession it
was constituted by the set of legal texts T and the set of generally accepted
rules of legal reasoning R.. After the accession we added a set ET of all legal
texts of the European Communities to the set T. Also we added the above
six rules of legal reasoning to the set R.

The following question can be considered:

e is the principle of superiority of acquis communautaire, expressed by
the above six rules of legal reasoning, expressible in terms merely of the
set R and the new set of valid legal texts T + ET (texts which are
valid from the date of accession)?

In other words: .

e can the principle of superiority of acquis communautaire be derl\{ed from
the set of legal texts T + ET by former rules of legal reasoning (the
rules from the set R)?

The principle of superiority of acquis communautaire
vs. the constitution of Poland

First of all, the prihciple of superiority of acquis communautaire is not
explicitly given in any legal text of the European Communities. It means
that this principle cannot be derived from the set ET of legal text? of the
European Communities only by the rules of semiotic interpretation.

3 Of course, it is not correct to say about any real system of law that this system is
a deductive system. We are just talking about some possible analogy.
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However, the above principle was derived from the set of legal texts of
the European Communities. It was derived, thanks to the rules of functio-
nal interpretation, by the European Court of Justice, which has a power
to interpret the community law. So, the European Court of Justice assumed
that the principle of superiority of acquis communautaire is a part of acquis
communautaire. In fact, the rules of functional interpretation which were
used by the European Court of Justice are not elements of R, because they
are related to the concept of effectiveness of the community law.

Thus the principle of superiority of acquis communautaire cannot be
derived from the set of legal texts ET by the rules from the set R.

Moreover, even if we assume for a moment that it is possible to derive
the principle of superiority of acquis communautaire from the set of legal
texts ET by the rules from the set R, we will find one important problem:
from the set of legal texts T by the rules from the set R a principle can
be derived which contradicts the principle of superiority of acquis commu-
nautaire. The act of accession is just an international contract and from
the point of view of our constitution it is placed below the constitution in
our hierarchy of legal texts, however, it is placed higher then all other legal
texts except the constitution.

Therefore, the principle of superiority of acquis communautaire cannot
be derived from the set of legal texts T + ET by the rules from the set R.

Andrzej Malec

Department of Logic, Computer Sciences
and the Methodology of Sciences

The University of Bialystok
malec@hum.uwb.edu.pl
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REMARKS ON ADAM SMITH’S LECTURES
ON RHETORIC AND BELLES LETTRES

A lawyer without history or literature is a mechanic,
a mere working mason; if he possesses some knowledge
of these, he may venture to call himself an architect. ..

Sir Walter Scott

Teach you children poetry; it opens the mind, lends
grace to wisdom and makes the heroic virtues heredi-

tary...
Sir Walter Scott

Until recently the fame of Adam Smith rested mainly upon his revolu-
tionary work entitled The Wealth of Nations. Published in 1776, the year
of the American Revolution, it remains one of the classical textbooks of the
history of economics where Smith establishes economics as an autonomous
subject and introduces the doctrine of free enterprise. Though today the fi-
gure of Adam Smith is primarily associated with the history of economics, it
is also important to realize that he was not merely an economist. t It should
be remembered that The Wealth of Nations was the embodiment of Smith’s
wide interests, embracing not only economics, ethics, political philosophy,
and jurisprudence, but also history of science. psychology, and literature.
A quite recent discovery of students’ notes on Dr Smith’s lectures on rhe-
toric and belle lettres reveal not only his genuine ease with literature (both
ancient and modern) and the art of writing but also his role in the transition
from the earlier, well-established tradition of formal rhetoric at the Scottish

universities.

! Smith himself regarded his Wealth of Nations only as a partial exposition of a much
larger work where he hoped to display general principles of law and government and
different revolutions they have undergone in the course of history. Unfortunately, Smith
never completed it in his lifetime.
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In 1958 the remnants of the village library of Whitehaugh were dis-
played on auction in Aberdeen. Professor John M. Lothian was lucky to be
among the purchasers. The library contained many valuable volumes among
which there happened to be the first editions of Thomas Hobbes, Thomas
Reid and Adam Smith.2 Among the numerous manuscripts displayed at the
Aberdeen sales there were two sets of notes taken by students. One of them
was a course on Jurisprudence delivered by Adam Smith. The second set
was entitled “Dr Smith’s notes on Rhetorick Lectures” and also appeared
to be a complete set of notes taken on part of Smith’s lectures on Moral
Philosophy in Edinburgh. Professor Lothian purchased the notes and edi-
ted them in 1958. W. R. Scott, a devoted bibliographer of Adam Smith,
comments on the lectures: “There is a certain amount of mystery about the
circumstances and the subject-matter of the lectures which Adam Smith
delivered at Edinburgh during the three years 1748-1751.”3 Professor Lo-
thian, who wrote the introduction to the Lectures on Rhetoric and Belle
Lettres, took the pain of discovering the circumstances of the Edinburgh
lectures. He claims that after his return to Edinburgh in 1746 Smith was in
need of a post which would ensure him permanent financial benefits. Appa-
rently it was due to Smith’s friends (among whom there were Lord Kames,
James Oswald, and Robert Craigie) that Smith could earn some money by
lecturing.* They came up with the idea of lectures on rhetoric and belles
lettres which would be delivered by Smith and which would be completely
different from any available at the time.

While discussing the circumstances of the Edinburgh lectures on rhe-
toric and belle lettres it is necessary to remember that Smith’s lectures
coincided with a great intellectual awakening in Scotland. Literature and
rhetoric had become a fashionable hobby among the noblemen who hired
tutors to give lectures on literature and taste at their homes. Numerous
intellectual clubs and societies had been organised. The members of those
clubs and societies aimed at propagating literature and the arts of speaking
and writing. They held various competitions to encourage both professio-
nals and amateurs to submit essays on a given subject. The best essays
were read and discussed at the societies’ meetings. Smith was a member of
the famous Select Society whose goal was “philosophical inquiry, and the

2. J. M. Lothian (ed.), Lectures on Rhetoric and Belles Lettres delivered in the Uni-
versity of Glasgow by Adam Smith reported by a student in 1762-63, Thomas Nelson and
Sons Ltd, Toronto and New York, 1963, p. XII.

3 W. R. Scott, Adam Smith as Student and Professor, Glasgow, 1973, p. 46.
4 J. M. Lothian, op. cit., p. XIII.

200

po—

Remarks on Adam Smith’s Lectures on Rhetoric and Belles Lettres

improvement of the members in the art of speaking.”? In 1755 The Select
Society announced a competition for the best essay on Taste.® The inte-
rest in writing provoked a quick development of newspapers and periodicals
~ “Scots Magazine”, “Tatler”, “Rambler” and “Edinburgh Review” — which
were a popular way to encourage the understanding of literature and philo-
sophy. Smith spoke highly of the Scottish periodicals and even wrote a few
articles which he contributed anonymously to “Edinburgh Review”.?
Therefore, it was in the atmosphere of public interest in literary topics
that Smith grasped at the prospect of delivering novel lectures on rhetoric
and belle letters. Indeed, he was well-equipped to introduce a spirit of no-
velty to the dull classical school of rhetoric which he regarded as “a very
silly set of books not at all instructive”.8 At Oxford Smith himself enjoyed
a thorough studies of Greek and Latin literature, history and philosophy.
According to his contemporaries, Smith’s knowledge of Greek and Latin li-
terature was uncommonly accurate and extensive.® He was also known for
his remarkable ability to call to mind long passages of Latin and Greek
authors. His students were amused with his eloquence: “Those who rece-
ives instruction from Dr Smith will recollect with much satisfaction many
of those incidental and digressive illustrations and discussions, not only in
morality but in criticism, which were delivered by him with animated and
extemporaneous eloquence as they were suggested in the course of question
and answer.” 10 Smith adored literature — especially he liked Swift, Dryden,
Pope and Gray whose style of writing he regarded as clear and precise. Mo-
reover, he was at ease with English, French and Italian writers and often
translated passages from French and Italian in order to improve his style.
He used translation as a part of the lectures encouraging his students to
translate passages of their favourite writers in order to analyse and com-
pare the niceties of grammar.!! Certainly, Smith, with his love for literature,
was the right person to launch a new attitude towards lectures on rhetoric.
The lectures brought him a great success: his reputation as a professor was

5 J. M. Lothian, op. cit., p. XXIV.

6 David Hume acted as a member of the jury. The jury chose the best essay which
was written by Professor Gerard — a famous figure in Aberdeen.

7 QOne of his best articles was the analysis of Johnson’s Dictionary of the English
Language.

8 A. Smith, in J. M. Lothian (ed.), op. cit., Lecture 6.

9 J. Rae, Life of Adam Smith, London, 1985, p. 23.

10 J. Rae, op. cit., p. 56.

11 Smith regarded translation as an art; he often criticized a word-by-word literary
translation which, according to him, becomes ambiguous and loses the very essence of the
author’s intention.

201



Renata Jermotowicz

very high, and in a short time a multitude of students from far away moved
to Edinburgh to participate in the lectures given by Dr Smith.

Thus, the students were presented with a quite different content of
lectures on rhetoric enriched with the analysis of belle lettres and the art of
writing. John Millar, one of the most beloved students of Smith, commented
on the content of the lectures: “he (Dr Smith) saw the necessity of departing
widely from the plan that had been followed by his predecessors, and of
directing the attention of his pupils to the studies of a more interesting and
useful nature than the logic and metaphysics of the schools”.'? Smith saw
the opportunity to conduct his students towards the power of reasoning
through stimulating their feelings and aesthetic sense: “The best method
of explaining and illustrating the various powers of the human mind, the
most useful part of metaphysics, arises from an examination of the several
ways of communicating our thoughts by speech, and from an attention to
the principles of those literary compositions which contribute to persuasions
or entertainment. By these arts, everything that we perceive and feel, every
operation of our minds, is expressed in such a manner, that it may be clearly
distinguished and remembered. There is, at the same time, no branch of
literature more suited to youth at their first entrance upon philosophy than
this, which lays hold of their taste and their feelings” .13

Therefore, during the thirty lectures on rhetoric and belle letters stu-
dents were taught to analyse literary works in order to understand the prin-
ciples of good composition with the emphasis on narrative and descriptive
prose. Smith began by discussing the origins of language; he compared the
language to a primitive machine which gained its complexity as it develo-
ped throughout the centuries.!4 Since the rules governing the spoken and
written language had undergone transformation, Smith intended to analyse
the evolution of the written and spoken word with the emphasis on different
manners of describing events, characters and scenery in historical, narrative
and judicial writing. The ideal was to lead students towards perfection of
style which, in his opinion, consisted in “expressing in the most concise,
proper, and precise manner the thought of the author, and that is in the
manner which best conveys the sentiment, passion, or affection with which

1t affects — or he pretends it does affect - him, and which he designs to
communicate to his reader. This, you'll say, is no more than common sense:

D. Stewart (ed.), A. Smith, Theory of Moral Sentiments, London, 1983, p. XVL
D. Stewart, op. cit., p. XVI.

A. Smith, in J. M. Lothian (ed.), op. cit., Lecture 3.

Remarks on Adam Smith’s Lectures on Rhetoric and Belles Lettres

and indeed it is no more.” 15 Interesting is the fact that the appeal to write
in a simple, clear style appears almost in every lecture. .

Before Smith’s students proceeded to a more practical part of the lec-
tures that is writing, they enjoyed a thorough comparison and 'analyses of
various styles and manners — the styles of Herodotus,. Thucyd1de§, Xen.o—
phon, Polybius, Livy, Machiavelli, and, of course, Smlth"s fa.vourlte Swift
were tackled. With the help of numerous literary and historical examples
students were taught how to select the right events to inclu(f'le and h9w to
treat their causes, both proximate and remote. Smith’s ease w1th' the 'hlstory
and historians allowed his students to follow the evolution of 'hIStOIICE?,l.de-
scriptions. From historical writing Smith proceeded to expository writing.
At that stage students were taught to diﬁ“erentiate.l?etween the elem.ents
contributing to variety, unity and decorum of the wrltlng text. Her? Aristo-
telian didactic discourses and Cicerian deliberative orations were dls.cus.se'd.
At the next stage of the lectures Smith discussed the natur.e of judicial
oratory of Greece and Rome and contrasted it with thf, English school oi
oratory. Again, Smith emphasized the importance of”‘a, n.atural order o
expression, free of parentheses and superfluous words. .1f3 Fl'nally, St'udenti
were challenged to put their knowledge of good composition in practice an
write an elaboration on a given subject. Thus, Smith'’s attltuQe toxyards
the content of the lectures had much of a practical nature — 'hIS primary
goal was to teach them to write in a simple and direct style without much
decorum. Here and there Smith warns against the abuse of metaphors, al-
legories, similies, metonymies, and hyperboles which, when overused, may
lead to ambiguity.!” o .

While discussing the phenomenon of Smith’s 1e(.:tures.1t is 1.mposs1.ble t.o
undergrade his personal qualities. His strong, analytwa% mlnq ml?ced with hl;l
passion for literature created the atmosphere of creative sc'lentlﬁc researc
and students could hardly be bored on his lectures. John Millar commepted
on Smith’s manner: “In delivering his lectures, he trusted almost e?tlrely
to extemporary elocution. His manner, though not graceful, was plain and
affected: and, as he seemed to be always interested in the .sub:]ect., he never
failed to interest his hearers. [...] even the small peculiarities in h.1s p'I‘OIRjI;
ciation or manner of speéking became frequently the objects of imitation.
1t was the persona of Dr Smith that attracted the gentlemen whose reputa-

15 A Smith, in J. M. Lothian (ed.), op. cit., Lecture 11.

16 A Smith, in J. M. Lothian (ed.), op. cit., Lecture 2.

17 A. Smith, in J. M. Lothian (ed.}), op. cit., Lecture 2.

18 h’ctp://www.electricscotland.Com/history/other/smith_adam.htm
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tion was already established — James Bowswell, Professor George Jardine.
Henry Herbert, Lord Porchrester, and Hugh Blair were devoted participants
in Smith’s classes.

Undoubtedly, Smith’s lectures on rhetoric and belle letters delivered
in Edinburgh marked a clear transition from the earlier, well-established
academic tradition of formal rhetoric. They were the first of the kind not
only at the Edinburgh University but also in Great Britain giving the way
to a more practical and creative attitude towards rhetoric. Smith’s lectures
showed that rhetoric was not merely a dull system of “silly books” but
it was a critical study of literature and language aiming at the natural
precision and simplicity of both spoken and written word. He departed from
the stereotype of the lecturer who was merely a linguist and grammarian
becoming also a literary critic, historian, stylist, writer, and orator. The
direct consequence of the interest showed in the lectures was the creation of
the Regius Chair of Rhetoric and Belle Lettres at the Edinburgh University
which gave a continuity to Smith’s ideas after his departure to Glasgow. The
indirect and perhaps most important consequence of the lectures was the
creation in Scotland of “an interested and informed audience for both what
was creative and critical in literature”.1® Therefore, even though Dr Smith’s
lectures remain in the shadow of The Wealth of Nations, they have also done
a great deal in shaping the Scottish intellectual mind.

19 3. M. Lothian, op. cit., p. XXIII.
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