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Zbigniew Bartosiewicz* Dorota Mozyrska!

OBSERVABILITY OF INFINITE-DIMENSIONAL
FINITELY PRESENTED
DISCRETE-TIME LINEAR SYSTEMS

Abstract: Discrete-time infinite—dimensional linear dynamic systems, with
one—dimensional output, are studied. They are described by infinite matrices
that are row-finite. Observability cf such systems is investigated. It may be
described as the property that one can calculate the value of each state variable
using only finitely many rows of okservability matrix. Different conditions of
observability of such systems are given.

Key-words: Infinite—dimensional system, linear discrete—time system, obse-
rvability.

1 Imtroduction

We study here a particular type of discrete—time infinite-dimensional systems

with output. They are defined on space R := [] R, the space of all infinite
ieN

sequences of real numbers, and described by infinite matrices that are row-

finite, i.e. rows have finitely many nonzero elements.

In [4. 5] there were presented ir finite~dimnensional nonlinear analytic sys-
tems with output. They were described by functions depending on a finite
unmber of variables. The criterion of local observability of such systems was
2iven.

Omne of the main reasons to study such systems is the concept of infinite
dynamic extension of a control system. Such an extension of a continuous—time
svstem appeared in works of Fliess [2], Pomet [7], Jakubezyk [3] and others.

*Supported by KBN under the Technical University of Bialystok grant No. W/IMF/1/01
TSupported by KBN under the Technical University of Bialystok grant No. W/IMF/2/99
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7. Bartosiewicz, ). Mozyrska

By analogy, we may consider a dynamic extension of a discrete—time control
systems. Let us consider a linear discrete~time control system with output

w(k+1) = Ax(k)+ Bu(k)

y(k) = Cuax(k)+ Du(k),
where k € Z, (k) € R", u(k) € R and y(k) € RP. Then A,B,(",D are the
matrices of dimensions: 7. X 1, n X 1, pxn, px 1. We extend the state variables

by adding w(k) and all its shifts. In this way we get the infinite dynamic
extension of system ¥, denoted .. It may be written in the followig form:

w(k+1) = Az (k) + Bu(k)
w(k + 1) = uq (k)
uy (k4 1) = ua(k)
(Ba) ¢ (1.2)
U}\-(k‘ + 1) = Uk41 (L)

(2):

(1.1)

zj(k) = Cz(k) + Du(k).

Let U = (uq, 1y, Uz, . ..) be the infinite sequence of control u = ug and its shifts
and ¥ = (z,u0,u1,...) = (¢,U). Then X is described by infinite matrices
of the forms:

A
0
0 , C=(C Do ...).

o ow
o - O
—_— o @

Observe that A and ' are row-finite. Let §i(k) = C'V(k) be the output of To,.
Then the output §(k) corresponding to .V(0) may be expressed in the following
way:

g(k) = CARX(0),

where A* = A*=14 and the matrix C'A* is row-finite too.

Another example where we may see such discrete—time infinite—dimensional
systems is discretization of partial differential equations of parabolic type
where infinitely many variables correspond to infinitely many discretization
points of the state space (e.g. real line).

Observability of infinite-dimensional finitely presented . ..

2 Linear finitely presented mappings on RN

Let I, : RN — R™ denotes the projection on the first n coordinates, that is
it = (21.29,...) € RN then I, (2) = (@1,...,2,).

We say that a function f : RN — R is finitely presented on RN if there
exists & € N and a function f: R¥ — R such that f = foIl;. We say that a
mapping F : RN — RN is finitely presented on RY if every component of F
is finitely presented on RN,

Remark 2.1, Let F,¢ : RY — RN be finitely presented mappings on RN,
Then the composition F' o G is finitely presented too.

Let X be linear space. Then by X’ we will denote its dual space, the space
of all linear forms.

By R™ we denote the space of real sequences with finite number of nonzero
elements. Then the dual space (R(N)), consists of the linear mappings 2 :
R™) — R. The following proposition is a well known fact from linear algebra.

Proposition 2.2. (R(N))I ~ RN O

Corollary 2.3. Any linear map R — R®M s represented by a column-finite
matriz (i.e. columns have only finilely many nonzero elements).

Proposition 2.4. Let d linear map E : R® — RMN) be given by E(2) = Ex

for x € R® where E is a column-finite matriz. Then the dual map E
(R(N)) — (R(N))/ has the following form

vy € (R™) ve € RO (B () (2) = (ETy)s,
where y € RN and Yz € RM o/ (2) = yTx.
Proof: Let € R, Then
F(y) () = y'(B(2)) = v/ (Bx) =y (Ez) = y"(ET)" ) = (ETy)" w.
In the last equality we use associtivity of multiplication of row-finite matrices

([1)-

a



7. Bartosiewicz, D. Mozyrska

Proposition 2.5. E RO 5 RM given by E(x) = Ex, where E is column-
finite, is surjective iff there is a column-finite matriz E' such that: FE' = 1.

Proof:
g

If E is surjective then for all ¢; = (0,...,1.0,.. .)T7 where 1 is on the i-th
position, there is £} € KM such that EE! = ¢;. Hence E' = (E7, El, ...)is
column-finite and EE' = (ey,€2,...) = 1.
w="

Let y € RM and let 2 = E'y. Then = € RM™ and Fa = E(E'y) =
(EE")y = y. Here we use associativity of multiplication of column-finite ma-

trices.
O

Proposition 2.6. [4] Let X, Y be linaer spaces and X', Y their corresponding
dual spaces. Let F: X =Y and F':Y' — X'
F' is injective iff F is surjective.

Lemma 2.7. Let D : RY = RN, where D(z) =Dz and D is row-finite.
D is injective iff there is a row-finite matriz 'D such that 'DD = 1.

Proof:
e

Let £ = DT. Observe that E is column-finite. If D is injective then,
from Propposition 2.6, T is surjective. Hence from Proposition 2.5 there is a
column-finite matrix B’ such that EE" = [. Then (ENTET = I and we can
take 1) = (ET:'D is row-finite.
.

Da = 0= 'D(Dx) = 0. Then from associativity (D'D)z = 0,50 x = 0.

a
Let ) be a row-finite infinite matrix and D : RY — RN be the (finitely
presented linear) mapping D(x) = Dx. By Dy, we will denote the matrix

consisting of first n rows from a matrix D). Then for 2 € RY we have that
Dy,x = 1, (D(x)).

Proposition 2.8. D is injective iff

viec Ndn: € N: Ve € RN ([)W’E =0=uz; = 0) .

Observability of infinite-dimensional finitely presented . ..

Proof: D is injective iff there is a row-finite ‘D) such that for « € RN :
'D(Dz) =2 iff Vi € N3n; € Na; ='Di(Da) = (dy, db, ... . d,.,0. ) (Dz) =
(&) dyo .. d,) (D). ’

O
Corollary 2.9. Let us consider an infinite system of linear equations:
fel@) =) tann =0, (k€ N), (2.1)
n=1

where for every k only finitely many cocfficients ay,, # 0. The system (2.1) has
cractly one solution x = (0,0,...) if and only if for every + € N there exists
m € N such that

m
x; = Z bir fr(2)
k=1
Jor some by, € R.
It is easy to show the following necessary condition of injectivity.

Proposition 2.10. If D is injective then rank D = oo, which means that D
has nonzero minors of arbitrary order.

Example 2.11. Let us consider the following system:

fl (,’1') = I + €Ty + r3 = O
f@)=ay+23=0

for—1(2) = 22k-1 + 226 + @241 =0
for(2) = 22k + @2441 =0

The above system has unique solusion z = 0 and we can compute every
from finitely many functions f;. For odd & we have that xx = fi — fr41 and
for even k: zp = fi — fk+1 + fk+2.
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3 Discrete-time systems

Let us consider an infinite-dimensional finitely presented discrete-time system
with one-dimensional output:

z(k+1) Ax(k)

(=) o) (), (3.1)

where k € Z, z(k) € RY, y(k) € R and A is a row-finite infinite ‘matrix and
is an infinite row with only finitely many nonzero elements. For simplicity, we
consider here one-dimensional output, but all the results may be formulated
for systems with finite-dimensional output.

Let (x(0),2(1),...),=(2) € RY, be a trajectory of the dynamics of system
T Observe that it is uniquely defined by the initial condition 2(0). Then the
output y(k) corresponding to the initial condition x(0) may be expressed in
the following way:

y(k) = C'A*2(0),

where ('AF is an infinite row with only finitely many nonzero elements.
We say that z,z € RN are indistinguishable (with respect to %) if for all
k> 0O

(A% = (' AFz,

Otherwise ¢ and z are distinguishable. We say that X is observable if every
two points are distinguishable.
!
Let D = (dij) = C'A | and D : RN — RN be defined by D(x) = Da.

Remark 3.1. As in the finite-dimensional case, ¥ is observable <= D is in-
jective.

Let (!, A be the matrices of system X. Observe that for all 0 < k < oc the

g
rank of the matrix is finite. Let E; be the infinite row with 1 at

(' AF

10
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t_he- i~th position and 0 at other positions and let E; : RN — R, for z € R™:
Eila) = x;. ‘

Theorem 3.2. System ¥ is observable iff Vi € N Jk; > 0:

rank : = rank , : N
cak Ak

&

Proof: Let D = CA | and Tj(:z:) = Dz. Then, from Proposition 2.8: D is

injective ift vi € N 3D; = (aq,...,a,,,0,...) Vo € RN : 2, = 'D;(Dz). This
holds it Ve e RN oy = ay Dy + -+ -+ ay, Dy, where for every j = 1,... 0,
D; denotes the j-th row of matrix D. This is equivalent to the condition
that Vi € N Jaq,...,a,, € R F; == a;Dy+ -+ a,, D, which means that
el Dlm _ o
muk( 5 ) = rank ( Dy, ), were Dy, =

i

. Of course D, =

[)n,'
(rAmTL

The following theorem gives a sufficient condition for observability.

]

Theorem 3.3. IfVk e N3K' >k Jiy, .o yiyy, ENIVi=ag. 000 ity J> k'

dij =0 and rank (dg;) . _ . =L

then ¥ Is observable.

Proof: Let k € N and k' > k be as in the assumption. Then

(i) j— i i = (f),O,...),
j=1,... k"

where D is a matrix of dimensions &' x k' and rank D = &’. Hence for all
+ € RN we have that (D,O,...) r=0=Vj=1,...,kK :2; = 0. Let take

11
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. : r N.
ng = max{iy,...,in,, }. Then Vo € R™:

Dy, =0= 2 = 0.

From the Proposition 2.10 we have the following:

Proposition 3.4. If T is observable then rank D = oo.

4 Examples
Example 4.1. Let us consider the following infinite-dimensional system:

ek + 1) = xa(k) — 3 (k)
wy(k+ 1) = ws(k) — z2(k)

(k1) = 2o (k) = 20(k)

/(k) = z1(k).

. 1 0 0 00

¢ -1 1 000
Observe that D = CAZ = 1 -2 100 . And it is easy
e S|l 1 3 -3 10

to notice that the condition from theorem 3.3 is satisfied.

Example 4.2. Let us consider the system described by the matrices:

0100
01 0 A 7
A= 8 0 0 1 ,and C=(0 1 0 o)
C 1
Then rank | C — oo but ¥ is not observable (e.g. z1 = (1,0,...) anc

xy = (0,0,...) are indistinguishable).

12

(4.1)

Observability of infinite-dimensional finitely presented . ..

Example 4.3. Let the system ¥ be in the following form

Lot (b + 1) = o, (k) — vang2 (k) — wongs(k)
() o (b + 1) = @1 (k) + 2ongs(k) + 22044(k) + 22nas(k) , n €N
y(k) = a1(k) +a,(k) + x3(k)
1110 0 O
e 0110 0 0 0
Then the matrix D = C'A == 001 1 1 0 . From
. 0001 1 0

Theorem 3.2 the system ¥ is observable but the condition from Theorem 3.2
is not satisfied. Moreover the equation Dx = 0 is as in Example 2.11.

Acknowledgement. The authors wish to thank Karl Neeb for suggestions

concerning the proof of Lemma 2.7.
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OBSERWOWALNOSC NIESI\'ON(TZENIE WYMIAROWYCH
SKONCZENIE OKRESLONYCH
UKEADOW LINIOWYCH Z CZASEM DYSKRETNYM

Streszczenie

Badane sa nieskoficzenie wymiarowe liniowe uklady dynamiczne z dyskretnym
czasem 1 z jednowymiarowym wyjéciem. Uklady te opisane sa przez nieskoii-
czone macierze o skoficzonych wierszach”. Zbadano obserwowalnoé€ takich
wkladéw. Wiasnodé ta zostala scharakteryzowana nastepujaco: wartosc kazdej
zmiennej stanu moze by¢ wyliczona na podstawie skoficzenie wielu wierszy
macierzy obserwowalnoéci. Pokazano kilka innych warunkéw na obserwowal-

nosc.
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M. Filipowicz and E.R. Puczylowski
ON LEFT IDEALS OF ASSOCIATIVE RINGS

Abstract: It is well known that the relation ” L is a left ideal of a ring R” is
not transitive. Several authors studied cases in which the transitive property
does hold. In this paper we continue these studies.

It is well known that if A is a ring, B is a left ideal of A and (7 is a left ideal
of B, then (U need not be a left ideal of A. One can express this shortly saying
that the concept of left ideal is not a transitive relation. The some concerns
the concept of twosided ideal. However in some cases (e.g. for specific A, B
or () the transitive property does hold. Systematic studies of such cases were
started by Sands in [2] and continued by Veldsman in [3]. In this paper we
make some observations concerning the subject.

All rings in this paper are associative, but we do not assume that each ring
has an identity element.

We use the notation A < B, A <; B to mean that A is ideal, a left ideal of
the ring B.

We shall use some Morita contexts. A Morita context ( I?/ ‘5/: )

consists of two rings R and S and two bimodules rVs and Vg together with
mappings VxW — R and W XV — S (written multiplicatively) which
induce bimodule homomorphism V ®s W — R and W ®gr V' — S and which
satisfy the associativity conditions (vw)v’ = v(wv’), (wv)w’ = w(vw') for
v,v' € V and w,w’ € W. These conditions are equivalent to the requirement
that the set (f ¥) of all 2x2-matrices ([, ?),r € R,v e V. w € W, s € 5
forms a ring under the usual definitions of matrix addition and multiplication.

If X,Y, Z, T are subsets of R, V, W, S respectively, we shall denote by
(% X the subset of (§}, ¥) consisting of all matrices (] {) withz € X,y €Y,
z€ZandteT.

15
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Given a ring B, E(Bg) denotes the ring of endomorphisms of the right
B-module B.

1. In this section we make some remarks on the following Sands result.

Theorem 1. ([2], Theorem 3). Let A be a left ideal of the ring B. Then
the following conditions are equivalent

(i) f € E(Bp) implies f(A) C A;

(ii) B <; C implies A < C, where C' varies over all rings satisfying this
condition.

Given a ring R, r € R and L <; R, denote by or, the map defined by
ors(z) = rz,z € L. Clearly o € E(LL). In case L = R, we denote gp,
shortly by eo-.

If C'is a ring, B <; C and A is a subring of B such that f(A) C A for
every f € E(Bg), then for each ¢ € C, 0p..(A) C A. Consequently CAC A,
so A is a left ideal of C.

This shows that () — (ii) in Theorem 1. The same proof of the implication
was given in [2]. We apply different arguments to get the converse implication.

Ciiven a subset X of a ring R, we denote by [r(X) the left anihilator of X
in R, i.e., l,(X)={r€ R |rX =0}. Instead of IR(R) we write just [(R).

The following is in fact well known. We include its proof for completeness.

Proposition 2. Suppose that R is a ring and [ <; R. The map® : R — E(L

given by ®(r) = oL 18 a Ting homomorphism, Ker ® = Ig(L) and ®(L) <i
E(Ly).

Proof. One easily checks that if ri,r2 € R, then @pr + 0L, = CLyri4r2
and 9.y, © QLry = @L,riryy SO indeed ® is a ring homomorphism.
Now Ker ® = {re€ R|or, =0} ={reR | »L = 0} = Ir(L). For every
fe E(Lp) and each l € R, foori= oL, 5° indeed ®(L) <; E(LL). a

Corollary 3. Every ring B such that 1(B) = 0 can be embedded into
E(Bg) as a left ideal. Moreover if B is a left ¢ssential ideal of a ring C
(i.e. for every nonzero ideal I of C, BN1 = 0). then (' 15 isomorphic to a
subring of E(BB).

Proof. It suffices to put in Proposition 2, L = B, R = C and note that
lo(B) is an ideal of ' such that le(BynB=1(B). o

16
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Applying the first part of Corollary 3 one immediately gets (i¢) = (¢) in
case when [(B) = 0. Now we pass to the general case. Given a ring R, let

( E((f)BR) I(i; )

be the Morita context, where R is considered as a left F'(Rg)-module with re-

spect to the addition of R and multiplication defined by fr = f(r), f € E(RR)
r € R. ’

Proof of (ii) = (¢) in Theorem 1. If b,by € B and f € /(Bp), then

( b o0, b1\ _ [ erey Jf(b1)
0 0 0o 0 ) 0 0 )
. op b E(B
This shows that L = {( Ob 0 ) | b € B} < ( (0 8) g ) . One easily

5\ .
checks that the map b — ( Qob 0 ) is a ring isomorphism of B onto L.

Assuming (i7) we get that the image T of A under this isomorphism is a left
. E(BB) B ¥
ideal of 0 0 ) Consequently for every f € F(Bg) and each a € A,

f 0 Qa @ _ 2f(a) f(a)
( 0o0JVo o/T\ 0 o0 ) el
This implies that f(a) € A, which is the condition (¢). o

Remark. Note that

and M/I ~ E(Bg).
. b
Moreover if {(B) = 0, then {( %b 0 ) | b€ B}NI = 0. These show that if

I(B) = 0, then the above considered map gives an embedding of B into E(Bp)
as a left ideal.

17
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To prove (ii) = (i) Sands constructed a ring as follows. Let C' consist of
all pairs (b,\), b € B, A € E(Bg), where addition is defined in C’ pointwise
and multiplication by (b[, )\1)(()2, /\2) = (b1b2 + /\1(b2), bl/\‘l + /\1 o] /\2), where
(b1A2)(z) = biAg(x) for all z € B.

E(Bp) B )

It turns out that this ring is isomorphic to M = ( 0 0

Proposition 4. The map

(b, ) — ( Ao g)

is an isomorphism of C' onto M.

Proof. It is clear that the map is additive as well as that it is a bijection.
Take (b1, A1) and (by, A2) in C. We have

Mo b Ao+ob, b2} _
0 0 0 0

( (A1 4 05) 0 (A2 +08,)  Ai(b2) + 05, (b2) ) _

0 0
( Ao Az +bids + 0a; (b2) + iy Ar(b2) +biba ) _
0 0
( bl/\‘l + )\1 oAy + Ob1b, =+ )\1(1)2) Al(bz) + blbg ) .
0 0

This shows that the map is multiplicative. The result follows. g

2. In [1] a twosided ideal I of a ring A was called a x-ideal if for every r%ng
B such that A < B also I < B. It was proved there (Theorem 1) that a ring
contains no nontrivial *-ideals if and only if is either a simple idempotent ring
or an algebra with zero multiplication over a field. '

A left ideal L of a ring A will be called a left +-ideal if for every ring B-S\‘lch
that A <; B also L <; B. In this section we shall characterize rings containing

no nontrivial left x-ideals.

18
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Theorem 5. A ring R contairs no nontrivial left -ideals if and only if
R s an algebra with zero multiplication over a field or R is isomorphic to the

Morita context
A0
V 0

where A\ is a division ring and V' is a right A-module.

Proof. Suppose that R contains no nontrivial left *-ideals. Note that R?
is a left x-ideal of R, so R? = R or R? = 0. Suppose first that R?2 = R
(and R # 0). For every r € R, Rr is a left *-ideal of R, so for every r € R,
Rr=0or Rr=R.Let V = {r € R| Rr = 0}. Since R? # 0, we have that
R # V. Obviously for each r € R\ V, Rr = R. Pick @ € R\ V. Then for
some e € R, ea = a. Observe that L = {ze — ¢ | z € R} is a left x-ideal of
R. Hence L = 0 or R. Note however that La = 0, which together with the
assumption a ¢ V force that L = 0. Hence ¢ is a right identity of R (i.e.,
ze = x for every z € R). One can easily checks that V = {z — ez | z € R}
and R is the direct sum of right R-modules eR and V. Hence eR ~ R/V. It
is clear that the image of e in R/V is an identity element and since for each
r € R\'V, Rr = R, we have that every nonzero element of B/V is invertible
from the left. It is a standard well known fact that this implies that R/V, and
consequently A = eR, is a divisior ring. Obviously V is in a natural way a
right A-module. Every element r € R can be uniquely presented in the form

/

r =1+ v, where ' € eR and v € V, so we can define f(r) = ( :} 8 )
Obviously f is an additive isomorphism. If ry = r{ 4+ vy, ] € ¢R, v; € V, then
rry = r'ri + vrf + r'vy + vvy. However Rv = 0, so rry = r'r] + vr{. Clearly

N
#'74 € Re and vry € V. Thus f(rry) = ( 0 ) On the other hand
1

0N, 0N _ [ 0
rorea=(" o) 0)=(d o)
Hence f is a ring isomorphism.

A0

If a left ideal L of ( v oo

), where A is a division ring and V is a
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right A-module, contains an element (5 9) with @ # 0, then ( vA g ) =

A0 a 0
(2 8)(z )=

Hence L = ( 6 g ) (lonsequently every proper left ideal of ( € 0 ) is

0 0
V o0
Note that V* is a A — E-bimodule, where F = End(Va, Va) with respect the
usual addition and multislication given by (ag)(v) = ap(v), of = o f for all
aeN, gV veVaud f€FE. Defining pv = o(v) and (ve)(v1) = ve(vy)
for g € V*, f € E and v vy € V we get that

AN
u-(5 %)
0
0

contained in ( ) Let V* = Hom(Va, D).

. . A . .. .
is a Morita context. Note that ( v ) <; M. If L is a nontrivial left ideal of

vV 0 v 0

(A 0),then,asweh.weseen,Lg(0 0).Takeany0#<0 O>€L'

V o

0 O v 0

( SDE)U) 8 > ¢ L. This shows that L is not a left *-ideal of ( 6 8 >

There exists ¢ € V= suct that ¢(v) # 0. Consequently ( 0 ¢ ) ( 09 ) =

In case R? = 0, the result can be obtained similarly as Theorem 1in [1]. o

Remark. As we have seen in the proof of Theorem 5 if R is a ring conta-
ining no nontrivial left s-ideals, then each principal left ideal Rr of R is equal
to 0 or R. Suppose that R is a ring with nonzero multiplication containing
no nontrivial principal left ideals. Let V = {z € R | Rz = 0}. Clearly V is a
proper ideal of B and R,V contains no nontrivial left ideals. Hence R/V is a
division ring. Since V2 = 0, the identity of R/V can be lifted to an idempotent
¢ of R. Clearly Re # 0, =0 Re = K. Now similar arguments as in the proof of
Theorem 5 show that R is isomorphic to (6 %), where A = R/V. These show

0
that the class of rings with nonzero multiplication containing no nontrivial left

20
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*-1deal coincides with the class of rings with nonzero multiplication containing
no nontrivial principal left ideals.
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O LEWYCH IDEALACH PIERSCIENI EACZNYCH

Streszczenie
Wiadomo, ze relacja ,,L jest lewym ideatem pierdcienia R” nie jest przechodnia.

Kilku autoréw badalo przypadki, w ktérych przechodnio$é ma miejsce. W
pracy tej kontynuujemy te badania.
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ON MULTIDIFFERENTIALS OF
MULTIFUNCTIONS

Abstract: In this article some properties of multidifferentials of set-valued
maps {multifunctions) are studied. The functions considered here are mostly
those that are not differentiable in a classical sense. Existence of minimal
multidifferentials has been proved.

Key words: multifunction, regular multifunction, multidifferential, minimal
multidifferential.

1 Basic concepts

In the papers [Sul, Su2, Su3] H.J.Sussmann introduced multidifferentials of
multifunctions and showed some cf their basic properties: the Chain Rule,
Open Mapping and Transversal Intersection Theorems. In order to develop re-
sults obtained in those papers we have to answer some simple, but important
questions voncerning multidifferentiais: Is any overset of a multidifferential
also a multidifferential? Is any intersection of multidifferentials also a multi-
differential? Which of the multidifferentials are the best mathematical tools?
These and some more questions are addressed by the following propositions
and theorem. They extend the hasic issues concerning multidifferentials.

Let X,Y be finite-dimensional real linear spaces and let T € X, 7 € Y and
' C X. We will call a nonempty sabset (" of X a cone if (Voeq)(Vrer)(r >
0=r-z€().

We use REG(K, M) to denote the set of all regular set-valued maps from K
to M and Gr(F) to denote the grapl of F (where Gr(F) = {(2,y) : y € F(2)})
and dist(q. G'r(F)) = inf{d(q,g) : g € Gr(F)}.

“Supported by KBN under the Technical University of Bialystok grant No. W/IMF/1/01
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We shall be working in finite-dimensional real linear spaces X and Y whose
open unit balls are denoted Bx, By (resp.); closed unit balls are denoted By,
By .

Let us recall the basic definitions of Sussmann and Clarke.

Definition 1. Let K be a compact metric space and M be a metric space.
We say that a set-valued map F': K — oM is regular if there exists a sequence
{Fj}‘;‘;l of continuous single-valued maps F; : K — M with the property that

lim sup{ dist(q, Gr(F)):q € Gr(F;)} =0.
j—o0
O

Definition 2. Suppose F': X — 2Y is a multifunction, (Z,7) € X XY, where
X,Y are finite-dimensional real linear spaces and D) is a nonempty compact
subset of £(X,Y) — the set of linear maps from X to Y. Let C' be a closed
convex cone in X. We sey that D is a multidifferential of F at (T ,§) in the
direction of C and write D € M D¢(F;,7), if for every neighborhood D' of
D in L£(X,Y) there exists a pair (p,§) such that p > 0, 8 is a function on the
interval ]0, p] with values in [0, 0o[ and such that lim, o #(s) = 0, and

(MD) for every ¢ > 0 there exist f, H such that
(MD.1)f € REG(Z + (C N pBx),Y)
(MD.2)Gr(f) C Gr(F)
(MD.3)H € C*(Z + (CnpBx),Y)
(MD.4)H (T) =79
(MD.5)L H (z) € D' for all z € T+ (C N pBx)
(MD.6) the inequality
sup{ll y - H(z) | y € f(z)} < c+6(| = = F|}) || @ — 7 || holds whenever
z €T+ (CNpBx)

|

A finite union, intersection and relation of inclusion apply to multidiffe-
rentials just as they apply to algebra of sets.
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Definition 3. Let f be Lipschitz rear a given point, and let v be a vector in
X. The generalized directional derivative of f at z in the direction v, denoted
f°(x;v), is defined as follows:

f°(z;v) = lim sup fly+tv) - f(y)

Y= 440 t ’

where y is a vector in X and ¢ is a positive scalar.

Definition 4. Let ¢ : X — R be bounded linear functional, which belongs to
the dual space X™ of continuous linear functionals on X. Then the generalized
gradient of f at x, denoted Jf(z), s the subset of X* given by

{¢eX™: f°(z;v) > (¢,v) forall vin X}.

Here are some basic properties of generalized gradients (we assume that f
is Lipschitz near z):

(a) df(z) is a nonempty, convex, compact subset of X*
(b} for every v in X, one has

[ (@5 v) = max{((,v) : ¢ € 0f(a)}
(¢) ¢ € Of(x) iff fo(z;v) > (¢,v) for all v in X.

Ezample 1. Consider f: R — R such that f(z) = 2?sin % Then f is differen-
tiable at 0, Lipschitz near 0 and f'(0) = 0. We will show that 8f(0) = [-1, 1].

Let’s take v > 0, then we can calculate:

(y +tv)?sin - — y?sin L

fo(o; U) - 1illl sup y+ Z
y—0 410 n
! 2 i 1 2 -+ 1
= lim sup (Y + tv)*sin viio — Yosin 5)
¥=0 4,0 o
3 . o1 1
= lim sup(2vysin — — v cos —).
y—U y y

Fix yp = 7r—-{-§7c?; then yr — 0 for & — 0. Thus

f°(0;v) = lim sup [2usin(w + 2k7) — v cos(m + 2k7)] = v.

k—00
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By analogy for v < 0 we'll get f°(0;v) = —v, thus

£2(0:v) = v f‘or v>0
—v forv <0

i.e. fo(0;v) = | v |. Thus @f(0) consists of those ¢ satisfying | v |> (v for all
v; that is, 9f(0) = [~1,1]. We can also write, that 0f(0) € M D(f;0, f(0))
for f(0) = 0 (see [Sul]). But for Lipschitz maps usually exist many multi-
differentials smaller then df(z), like in our case: {f'(0)} € MD(f;0,f(0))
([Sul)). 0
Theorem 1. [Sul](The chain rule for multidifferentials) Let X1, X2, X3 be
finite-dimensional real linear spaces, and let T; € X;, i =1,2,3. For1=1,2,
let F; + X; — 2% be a set-valued map from X; to Xiy1, let C; be a closed
convex cone in X;, and let D; be a compact subset of L(X;, Xi41) such that
Di € MD¢,(F;;%:,Tig1). Let S be a linear subset of X, spanned by ('3, and
let TT be a linear projection from X, onto S. Assume that

Iy (71 + (,»'1) CTy+ Oy
Then
Dy o [MTo [)1 - NI[)(JI (FZ o Fl;fl,f;g),

where
Dyollo Dy = {ngHOdl tdy € Dy, dy € D]}

O

Ezample 2. (An application of the chain rule)

Consider f; : R? —» Rand fy : R — Rsuch that fi(z1, 29) = max{z;;i = 1,2},
f2(x) = | @ |. Then both f; and f, are continuous at 0 but they aren’t
differentiable at 0 in the classical sense. We have

(-1, 1] € MD(f20, f2(0)).

One can see [Cl] that Clarke’s generalized gradient for f; at 0 is (if we identify
(R} = R?)

0f(0)={(eR*:G>0AS(=1,i=1,2}
={(a,b) ER?*:a+b=1; a,b>0}.
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From basic properties of multidifferentials [Sul] we know that df,(0) €
MD(f:0. £1(0)) (we have f;(0) = 0, i = 1,2).

Let Dy = d£1(0), Dy =[-1,1]. Then, by Theorem 1,

and

DyoDy=[-1,1]-{(a,b) e R*:a+b=1; a,b> 0}

[)2 O [)1 € M[)(fz o] fI,0,0)

={(c-a,—c-a+c):c€[-1,1], a > 0}

={(dV)eR*: =1 <d+V <1, -1<d <1, -1 <V <1}

where we identify linear maps with elements of R? or R:

b
1
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Then Ds o Dj is one of the multidifferentials of the function f3 = fy 0 fi,
where fs(21,22) = fo(fit 21, 22)) =| max{z;; 1 = 1,2} | at the point (0, f3(0))
i.e.

Dy o Dy C MD(f30, f5(0))

for f3(0) =0.
Remark 1. Tn the example above we can see, that neither f; o f; nor Dyo D,

are convex, so we can’t apply the Chain Rule for Clarke’s generalized gradients

(see [C1)).

2 Properties of multidifferentials

Proposition 1. Let FF: X — 2Y be a multifunction where X, Y are finite-
7 4 Y} g ) o - », > v, '>
dimensional real linear spaces andT € X , Y€ Y. Let 'y, (3 be convex cones

in a space X such that

Then

MD(;'Q(F;ZE»?) g MI)(71 (F7I7y)

PROOF: Let’s take any D € M D¢, (F;7,7y). We will show that then D €
M D¢, (F; T, 7). ~ -
Assume, without loss of generality, that T = 0 and 7 = 0. Then for every
neighborhood D’ of D there exist p and 6 such that for any ¢ there exist f
and H such that
f € REG(Cyn pBgr,R)
G(f) C G(F)
H e ('((Cy N pBr,R)
DH(z) e D'
H(0)=0

On multidifferentials of multifuncions

and
sup{lly = H(z) [y € f(2)} < e+ 6(|z =T |) ||z — 7|

for « € (', N pBg.
‘And now if we replace the neighborhood (s M pBg of 0 by the smaller one i.e.
C'1 N pBy then the functions f and H will still keep their properties on this
smaller set. Then we get D € M D¢, (F;%,7).

O

Ezample 3. Consider I : R — 2R - a multifunction and ¢} = [0,40], C; =
R. Then we have (' C (. Let F be multidifferentiable at (0,0) in the direc-
tions of 'y and (5. Then

MDe,(F;0,0) C MDe, (F;0,0).

Proposition 2. Let F' : R = R % continuously differentiable on a neigh-
borhood of T. Then F'(T) is a meultidifferential of F at T, i.c. {F'(%)} €
MD(F;7,7) where § = F(T).

Proor: Let D’ be a neighborhood of F'(). Fix p equal to the radius of the
neighborhood of ¥, #(s) = 0 and f := H := F. Then f € REG(Z + pBg, R),
G(f)=G(F), H € C\((F + pBg,R), DH(x) € D', H(z) = § and

sup{lfy — H(@) [ty = f@)} < e+ 0(|a =T |) |« -7 |

for w € T + pBgr. And the proof is complete.
O

Corollary 1. Let F*: R™ — R™ be a function continuously (Gateaux) diffe-
rentiable on a neighborhood of Z (i.e. on this neighborhood of Z the Gateaux

derivative DF exists and is continuous as a mapping from R™ to £(R", R™)).
Then DF(Z) € MD(F;T,Y), where § € F(Z).

Proor: If F is continuously differentiable in Gateaux sense on a neighborhood
of T . then F is Lipschitz near ¥ and {DF(z)} € 0F(z) for every € T + ¢B.
The required conclusion is now obvious.

O
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Ezample 4. Consider F(z) =|z |. We will show that

[~1,1] € MD(F;0,0).

Let D’ be a neighborhood of [—1,1]. Define p = 1 and 8 = 0. Consider the
function Hs(z) =| z |'*+¢ for § > 0. Then F is regular on a neighborhood of
0 (because is single-valued and continuous near 0) and Hj is differentiable for
every § > 0. Now we will show that for such p, 6 the estimation from Defini-
tion 2 holds. We have Hi(z) = (1+9) | = |5 sgn(x) so | Hj(z) |< (1 + 9) for
z € Bg. Now take € > 0 and define f := F and H := H; for some & < € such
that 146 € D'. Then H'(z) € D' for € Bg. We have to estimate the following

o] -1,

The maximum of this function is obtained at

DT SR S
$5—(1+5) §—0 e.
So then we get
148 1 1 1 (L4
supHﬂ?l-‘liﬂl |:((1+5)6—[(1+5)5]
1 1 1
= (1l — ——=
(1+5)6( 1+5)
1 )
— 3 é
(1+6)61+5< <€

And this is what we were supposed to obtain.
Fzample 5. Consider two single-valued functions fi, f : R = R. The first one
is given by fi(z) = z 432 sin % Then f, is continuous at 0, differentiable at 0
with f{(0) = 1 and Lipschitz near 0. We will show that {1} € M D(f1;0, f1(0)),
where f1(0) = 0.

For a neighborhood D' of {1} let p = 1, f(s) = 3s. Then p > 0 and
lims_yo 8(s) = 0. For such (p, ) let € > 0. Take f= fi and H(z) = 2. Then

f € REG(Bg,R)
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G() =G(f)
H € CY(Bg, R)
H(0)=0
DH(x)=1€ D'

Moreover
) . 1 .
sup{||y — H(z) |l: y = f(2)} =sup || z + 32%sin — — = ||< 32% 4 ¢
- pS

for € Bg.
‘ The second function is fo(z) = 2+ | |% sin 1 for z # 0. This is continuous
function at 0, differentiable at 0 wizh f/(0) = 1 but it is not Lipschitz near 0.
And again we will show that {1} € M D(f>;0, f2(0)), where f5(0) = 0.

For every neighbourhood D' of {1} let p =1 and 8(s) =+/s.
Let € > 0 and put f := f3, H(z) = 2. Then

f € REG(Bg,R)
() = G(fy)
He !t (B, R)
H(0)=0
DH(z)=1¢€ D'

and
) : 1
sup{ll y — H(2) |l y = f()} =sup | 2+ | 2 [T sin = — 2 ||<| & |5 +e
—-cli<
for x € Bg.

Deﬁnﬁit}i(‘)n 5. Amap f: X — Y is called a selection of multifunction F :
X — 2¥ if for any point z € X the inclusion f(z) € F(z) is fulfilled. O

Pfoposition 3. Let F : X — 2Ybe a multifunction having a selection f €
CH(X,Y). Then f'(z0) € MD(F;z,y0), where yo = f(zo).

PROOF: Assume without loss of generality that z¢o = 0,y9 = 0. It is suffi-
cient to show that for every neightourhood D of f'(zo) there exist p ( resp.
small ) and @ (arbitrary) that for every ¢ > 0 there exist f and H satisfying
the defintion of multidifferential. Let H = f = f. Then one obtains:
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Gr(f) € Gr(F)
f e REG(pBx,Y)

and

H(0)=0
DH(z) = f'(z) € D for v € pBx
and H e C'Y(pBx,Y).

And then the following estimation is trivial

sup || f = H IS e+ 0( e )l |

for every ¢, and z € pBx. It is clear that other conditions of the definition of
multidifferential are satisfied and the proof is complete. O

Proposition 4. A single-valued function [ is continuous on a neighbourhood
of a point T if it is multidifferentiable at the point (@, f(T)).

PROOF: Let function f be multidifferentiable at Z . Then there exists a
single-valued f € REGIZ + pBg,R) such that Gr(f f) = Gr(f). But if fe
REG(K,X) and f is single-valued, then f e C%X,Y). Thus f is continuous
on ¢ + pBR. O

Remark 2. For a single-valued function f:R — R that is multidifferentiable
at the point (z ,f(Z)) the following holds '

E]«'>0 vx6(5-6,5+5) : f(T) = f(f)v
where f is a regular function from the definition of multidifferential.

Proposition 5. Let F': X — oY be a multifunction, where X,Y are finite-

dimensional real linear spaces andT € X, 7 € Y. Suppose that D € MD(F;Z,75).

Then any compact overszt of D is a multidifferential of F at the point (Z,7).

Proor: Take a compact set D € L£(X,Y) such that D > D. Then every
neighborhood D’ of D will be also a neighborhood of D. Now take p and ¢

(ouespondmg to D' as a neighborhood of D. They will work for D as well.
O
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C01~ollary 2. The union of multidifferentials of the function F at the point
"7, 7) is also a multidifferential at the same point.

Proor: Follows from Proposition 1. O

Theorem 2. Let Dy, k € N, be iultidifferentials of F at (Z,7) i.e. Dy €
\][D(F T, 7) for k=1,2,... where F : R™ = 28" is o multifunction. Assume
that

Di>O>DyD ...

and let (N, Dy = D (D # 0 and D is compact as implied by description of
D). Then D is a multidifferential of F at (T 5 ) i.e.

D e MD(F;Z,7).

Proor: We will show that for any neighborhood D’ of D conditions of the
definition of multidifferential are satisfied. Since for every D conditions of
the definition are satisfied, it is sufficient to show that there exists & such that
Dy, C D'. We will apply the following theorem on compact sets:

Theorem 3. ([Enj)

Let UV be an open subset of a topological space X . If the family {Fs}ses of
closed subsets of the space X includes at least one compact set and Nses Fs C

{7, then there exists a finite set {sq,...,s,} C S such that Fs NF,,N...NF, C
) "

It then follows from the above theorem that there exists a finite set
{kl, ce ,kn} Cc K
such that
Dk1 ﬂDkz N...0 D, C D'
In our case this is a family of descending sets and we get
Dk1 N Dk2 N...0NDy, =Dy, , k, €K
thus
3k=kn DCD;C D'.

And the proof is complete.
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Corollary 3. If the set of multidifferentials of a multifunction F* at a point
(Z,7) is not empty then there exists in this set at least one minimal mul-
tidifferential D of multifunction F at this point in the sense of inclusion of
sets.

Proor: From Kuratowski-Zorn Lemma, a family of sets with descending se-
quences having a lower bound posseses a minimal element. In our case such
sequences of multidifferentials (D) have a lower bound — their intersection
D. Thus there exists for the family of multidifferentials a minimal element D,
which we call a minimal multidifferential.
|
We use mM D(F;Z,7) to denote the set of all minimal multidifferentials
of multifunction F at the point (7,7 ), for § € F(T).

Ezample 6. Consider f(z) = z?sin % Then f is differentiable at 0 in a classical
sense and f/(0) = 0, thus we can write {0} € mM D(f;0, f(0)), where f(0) =
0.
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O MULTIR()ZNICZKACH MULTIFUNKCJI
Streszczenie

W artykule tym badane s pewne wlasnosci multirézniczek funkeji wielo-

wartosciowych (multifunkeji). Rozpatrywane funkeje nie sa zwykle rézniczko-
walne w klasycznym sensie. Pokazano istnienie minimalnych multirézniczek.
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WERYFIKACJA TEMPORALNYCH
WEASNOSCI ALGORYTMOW
NIEDETERMINISTYCZNYCH

Streszczenie: W pracy zaprezentowany zostal system dowodowy dla logiki
temporalnej czasu rozgalezionego, nazwany Temporalna Logika Proceséw. Po-
zwala on na badanie statycznych i dynamicznych wlasnoéci programéw wyra-
zonych jako formuly temporalne rozwazanego jezyka. Udowodniono mocne
twierdzenie o pelnoéci dla przedstawionego systemu formalnego.

1 Wstep

Logiki powstaly i rozwinely sie jako narzedzie podstawowe w procesie formali-
zacji 1 porzadkowania rozumowania prowadzonego przez czlowieka. Klasyczna
logika pierwszego rzedu odgrywa istotna role w dziedzinach zwiazanych ze
sztuczna inteligencja. Jednak mimo swej ogélnoéci i sity wyrazu nie zawsze
Jest ona odpowiednia do formalizacji zdafi jezyka naturalnego. Méwienie o ta-
kich pojeciach jak czas, czy wiedza staje sig przy uzyciu tej logiki niezwykle
ztozone, a niejednokorotnie wrecz niemozliwe. Jednym ze sposobéw radzenia
sobie z tymi problemami jest rozwazanie logik modalnych.

Logiki modalne majg dluga tredycje, siegajaca starozytnej Grecji. Moz-
liwoscia i koniecznodcia zajmowal sig juz Arystoteles, pézniej takie megarej-
czycy, stoicy, scholastycy. Logiki modalne przyciagaly uwage filozoféw, mate-
matykow, a w ostatnich latach réwniez informatykéw. Okazato sie bowiem,
ze modalnosci pozwalaja na rozwiagzywanie probleméw zwiazanych z rozumie-
niem natury obliczen programéw komputerowych i dowodzeniem ich popraw-
nosci.

Czas jest obecny w niemal wszystkich zjawiskach Zycia codziennego. Dla-
tego wszelkie systemy sztucznej irteligencji musza sobie radzi¢ z pojeciem
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czasu. Powstalo wiele systeméw, w ktérych o czasie méwi sie przez pryzmat lo-
gik modalnych. Do najpowazniejszych zaliczy¢ mozna systemy wspomagajace
dowodzenie wlasnosci programéw, poprawnosci protokoléw komunikacyjnych,
ukladéw scalonych itp. Sposréd logik modalnych najwiekszym zainteresowa-
niem ciesza sie logiki temporalne. Jednym z podstawowych zastosowan tych
logik jest specyfikacja i weryfikacja programéw. Szczegdlnie owocnym zastoso-
waniem jest dziedzina obliczen wspélbieznych i rozproszonych.

Opisana w pracy Temnporalna Logika Proceséw (TLP) jest jedna z wersji
zdaniowej logiki temporalnej czasu rozgatezionego (Computation Tree Logic).
Wiekszo$¢ logik temporalnych traktuje program jako obiekt zewnetrzny, ktory
nie jest elementem jezyka logiki. W zaprezentowanym w pracy systemie jest
inaczej. Program jest skladowa wyrazenia, ktére opisuje jego wlasnosci podob-
nie jak w logice dynamicznej [4] i algorytmicznej [6].

Przedstawione w pracy wyniki sa uogdlnieniem i poszerzeniem relatywnie
zupelnego systemu opisanego w [3]. Ponadto dla TLP podano nieskonczona
aksjomatyzacje oraz zaprezentowano dowdd mocnego twierdzenia o pelnosci.

2 Skladnia jezyka

Jezyk TLP jest rozszerzeniem klasycznego rachunku zdan o formuly tempo-
ralne. Niech L, =< V,, F, > oznacza jezyk rachunku zdan, gdzie V, - zbior
zmiennych zdaniowych, 7, - zbiér formul jezyka L,. Zdefiniujemy teraz zbior
proceséw i zbiér formul rozwazanego w pracy jezvka.

Niech A; bedzie niepustym zbiorem deterministycznych akeji atomowych, a a*
jego wyréznionym elementem.

Definicja 1. Zbidor procesow I(A;) jest zbiorem wyrazen postaci:
g do
when py * ay;

when py : ag;

otherwise a*;

<4 od

gdzie p; € F, , a;,a* € Ay, 1 =1,...,k.
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Rys. 1 Graficzna ilustracja procesu

Jesli P jest procesem przedstawionym w definicji 1, to A(P) = {ay, ..., a, a*}
jest zbiorem akcji atomowych prozesn P, a zbiér F(P) = {p1,...,px} jest
zbiorem formul rachunku zdan, umozliwiajacych wykonanie tych akcji. Intu-
icyjnie, dla kazdego © = 1, .., k, wykonanie akcji a; jest mozliwe, gdy spelniona
jest formuta p;. Proces P € [1{A;) bedziemy w skrécie oznaczad [p; : ai]i=1.. &

Definicja 2. F - zbior formut TLP jest to najmnicjszy zbior, taki ze F, C F
4)/'(L'f'].€~§lif, fl-,f‘Z €F ’ P e H(At); to ﬁfh fl/\f% flvf27 fl — f‘Z) E‘XPfa
AXPf, EGPf, AGPf, EUP[fi, f2], AUP|f1, f2] sq formutami TLP.

Formuly te definiuja zaréwno statyczne jak i dynamiczne wlasnosci proce-

wv. Intuicyjne znaczenie operatorow temporalnych jest nastepujace: £ - na

pewnej Sciezce, A - na kazdej $ciezce, X - w nastepnym stanie, G - w kazdym
stauie, 7 - "dopoki”.

3 Semantyka jezyka

Intuicyjnie proces P € I[1(4;) w kazdym pojedynczym kroku wykonuje jedna,
mozliwg do wykonania akcje ze zbioru A(P). Akcja ta zostaje wybrana w
sposob niedeterministyczny. Jedli ni2 jest spetniona zadna z formut p; € F(P),
to proces P wykonuje wyrdzniona akcje a*. Zatem mozemy powiedzied, ze P
Jjest nieskoniczonym, jednopetlowym procesem z punktem kontroli na poczatku
petli. '

Procesy i formuly 1 LP beda interpretowane w strukturze Kripkego K po-
staci < 5, R, v >, gdzie:
S - skonczony zbidr standw,
R - rodzina funkcji catkowitych okreslonych na .S, R = {R.}sca,, Ba: S — S,
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v - funkcja przyporzadkowujaca wartosci logiczne zmiennym zdaniowym w
stanach, v:V, xS — {1,0}.

Niech P = [p; : a;]i=1,.. k- Wykonanie akcji atomowej a; € A(P)) jest moz-
liwe w stanie s € S struktury K, jesli w stanie tym spelniona jest formula
p; € F(A). Formula ta nazywana jest warunkiem wykonania akcji a;. Akcje
a* nazywamy akcja pustay. Przypisuje ona kazdemu stanowi s struktury K ten
sam stan s.

Definicja 3. Niech K =< S, R,v > bedzie strukturq Kripkego, a P € [1(A)

procesem. Drzewo mozlivych obliczen procesu P w strukturze K przy zadanym

stanie poczgtkowym s, czn. T(P,s,), jest to etykietowane drzewo T takie, ze:

1) wierzchotki drzewa T etykietowane sq przez stany struktury K,

2) krawedzie drzewa T' e'ykietowane sq przez akcje atomowe,

3) korzeni drzewa T jest etykietowany przez stan poczgtkowy s,,

4) jesliw jest wierzchotkiem drzewa T etykietowanym przez stan s 0TG4z Py, .-, Pn
sq formutami procesu P spetnionymi w stanie s, to wierzchotek w ma doktad-
nie n bezposrednich nastepnikéw wy, ..., w, etykietowanych odpowiednio sta-

nami Rq;, ..., Rq; oraz dla kazdego 1 = 1,...,n akcja a; jest etykietq krawedzi
(w’ wi)’

5) jesli w jest wierzchottiem drzewa T etykietowanym przez stan s oraz nie
istnieje formuta p € F(F') spetniona w stanie s, to wierzchotek w ma doktad-
nie jeden bezposredni nastepnik w' etykietowany stanem s i krawedZ (w, w")

jest etykietowana akcjq ™.

Niech K bedzie struktura Kripkego. Relacje spetniania E= definiujemy na-
stepujaco: dla kazdego stanu s, procesu P, zmiennej zdaniowej ¢ 1 dowolnych
formul f, f1, fo € F
K.s = g witw, gdy v(g,s) = 1,

K,s ‘: —f wttw, gdy K,s bé /s

K,skE AN f2 witw,gdy K s fii K,s | fa,

K,skE fiV f; wttw, gdy K,s|= fi lub K, s E fa,

K,sk= fi = fo witw, gdy K, s} fi lub K, s | fa,

K,s = AX Pf wttw, gdy w drzewie T'( P, s) kazdy bezposredni nastepnik stanu
s spelnia formutle f,

K,s = EXPf wttw, gdy w drzewie T(P,s) istnieje bezpoSredni nastepnik
stanu s spelniajacy formule f,
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K. s = AGPf wttw, gdy kazdy stan na kazdej sciezce drzewa T'(P, s) spelnia
formute f, |

K,s E EGPf wttw, gdy istnieje Sciezka w drzewie T (P, s) taka, ze kazdy jej
stan speinia formule f,

N, s }‘:.A(/'P[fl, f2] wttw, gdy na kazdej Sciezce drzewa T(P,s) istnieje stan
spelniajacy formule f, oraz wszystkie poprzedzajace go stany na tej $ciezce
spelniaja formule fi,

K, s EUP[fi, f2] wttw, gdy istnieje Sciezka w drzewie T(P, s) i stan na, tej

sciezce spelniajacy formule f, oraz wszystkie poprzedzajace go stany na tej
Sciezce spelniaja formule fy.

Mowimy, ze formuta f jest prawdziwa w strukturze K (ozn. K = f) wttw,
edy K, s = f dla kazdego s € S.

Moéwimy, ze formula f jest prawdziwa (ozn. |= f) wttw, gdy K |= f dla kazdej
struktury K. '

4 System dowodowy

System dowodowy sklada sie z nastepujacych aksjomatéw i regut wnioskowa-
nia.

AKSJOMATY

Ax 0 Aksjomaty klasycznego rachunku zdan
Ax 1. AXP(—f) «— -EXP(f)

Ax 2. AXP(fi = f2) — (AXPf, = AXPfy)
Ax 3. AGP(~f) — —=EGP(f)

Ax 4. EGPf+— fANEXP(EGFY)

Ax 5. AGPf +«— fANAXP(AGPY)

Ax 6. AGP(f - AXPf) — (f -» AGPY)
Ax 7. AUP[f, fa] — AUPltrue, fs]
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Ax 8. =EUP[true,~f] «— AGPf

Ax 9. ~AUP[f1, fo] ¢ EGP(=fy) V EUP[~f3,~fi Af3)]
Ax 10. EUP[f;, 3] < £V (i NEXP(EUP[f1, f2]))
Ax 11. AUP[fy, f2] «— fo V (fi A AX P(AUP[f1, f2]))
Ax 12. AGPf — EGPf

Ax 13. AXPf — EXPf

Ax 14. AUP[fy, o] — EUP[fi, f2)

Ax 15. AX[p:a]f «— EX[p:dlf

Ax 16. EX[p: d)(fiA f2) «— EX[p: dlfi N EX[p: alfo

Ax 17. EXPf +— (pr A EX[true: a1)f) V...V (pr A EX[true: ap]f) Vv
(f/\_‘pl A "'/\ﬁpk)a pi € F(P)’ a; € A(P)a 1= 1a'“3k

Ax 18. AXPf «— (=p1 V AX[true : a1]f) A ... A (=pr V AX[true @ ag] f) A
(p1V..Vpe V), meFPP), aecAP),i=1 .,k

Ax 19. AXP true

W powyzszych aksjomatach proces P ma postaé [p; : a;)i=1,...k -
REGULY WNIOSKOWANIA

Wprowadzimy nastepujace oznaczenia:
def

edlai>0 EXPfi,/») = [HANEXP(fin(EXP(fin..EXP(fy)))),
gdzie operator F X P wystepuje ¢-razy,

edlai=0 EXP(fi.f2) = fo

e jesli w powyzszych formulach f; = f,, to bedziemy w skrécie zapisywac
EXPif,.

Niech /3 bedzie ciagiem ekcji atomowych by, ..., b, wtedy:

d

prefs = EX[true : b)EX[true : by]...EX[true : b,).
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R 1. dla kazdego | € N
fi = prefsgEX P f,

fi = prefsEGPf,
R 2. dla kazdego 1 € N
prefsEXPY(f1, f2) = f

h,feF

faflvaeF

EXPfi - EXPf,
R 4. M fi—=f

f17f2 eFr

Definicja 4. Formalny dowod formuly f ze zbioru formut Z jest to skoriczone
drzewo etykietowane przez formudy, takie zZe :

(1) korzen jest etykietowany przez Jormule f,

(2) etykietame wszystkich lisci sq aksjomaty lub formuly nalezqce do zbioru Z,
(3) etykieta dowolnego wierzchotka w, niebedgcego lisciem, jest konkluzjq re-
guty wnioskwania, ktorej przestanki sq etykietami bezposrednich poprzednikow
wierzchotka w.

Fakt, ze formula f ma formalny dowdd ze zbioru Z bedziemy oznaczad
svinbolem Z - f oraz F f, je$li Z jest zbiorem pustym.

Twierdzenie 1. Dla kazdej formuly f € F, jeslit f, to = f.

Prosty dowdd tego twierdzenia polega na wykazaniu, ze:
e aksjomaty (1)-(19) sa prawdziwe w kazdej strukturze Kripkego,
e dla kazdej reguly wnioskowania R1 — R4 i kazdej struktury Kripkego K,

jezeli przeslanki reguly sa prawdziwe w strukturze K, to wniosek réwniez jest

prawdziwy w tej strukturze.
Nastepujace twierdzenie jest wnioskiem wyplywajacym z twierdzenia 1.

Twierdzenie 2. Dla kazdej formuly f € F i zbioru formul Z, jesli Z +~ f, to
ZEf.
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Ponizsze twierdzenie jest bardzo uzyteczne przy dowodzeniu formut postaci

‘AZ’TP[flv fZ]

Twierdzenie 3. Niech Z C F - zbiér formut, f, fi,fo € F, P € II(A¢) -
program postaci [p; : @;)i==1,...n, {Ck}ren - cigg formul. Jesli

(1) Z+ f = f V(i Aa,) dla pewnego r € N,

(2) dla kazdego 1 <t < r istnieje 1 < s <1 takie, ze

ZF fi N — AXP(f2V (i A ),

(3) ZF fihag = AXPf,

to f — A(/rp[fl, fz]

Dowéd: Korzystajac z (1), (2), reguly 3 i aksjomatu 1 otrzymujemy:
ZFf—= faV(iiNAXP(f2V (fi Ay))) dla pewnego t.
Ponownie stosujac (2), regute 3 i aksjomat 1 mamy:
Zrf—= HVHNAXP(faV (ANAXP(R2V (i As))))) (s <1)

Jeszcze raz, po kilkakrotnym zastosowaniu (2), reguly 3 1 aksjomatu 1 otrzy-
mujemy:

ZFf— fzv(fl/\AXP(fQV(fl/\AXP(fzv(fl/\AXP(fzv...(fl/\AXP(f;,,v
(fina))))))))orazz (2) Z+ f— faV (iANAXP(f2V (i NAXP(f2V (N
AXP(f V(s ANAXPUL Y (Fi A AX PE)))-

Nastepnie, na mocy aksjomatu 11, Z+ fo — AUP[fi, f2).

Zatem Z + f — fzv(fl/\AXP(fz\/(fl/\AXP(fzv(fl/\AXP(f-Zv...AXP(fzv

(fr NAXP(AUPLf, £)))))-

Ostatecznie po kilkakrotaym zastosowaniu aksjomatu 11 otrzymujemy:

Z&f— foVv (i NAXPAUPLA, ) i ZF f— AUPLf, fa)-

5 Pelnosé systemu dowodowego

Niech T=< L,F, A > bedzie teoria opara na TLP, gdzie L - jezyk TLP,
I - operacja konsekwenc.i syntaktycznej, A - zbior aksjomatéw specyficznych.

Definicja 5. Struktura X jest modelem teori T=< L,F, A > witw, gdy K jest
modelem zbioru aksjomatow specyficznych A tej teoru.

Definicja 6. Formula f jest twierdzeniem teoru T wttw, gdy f ma dowod ze
zbioru A aksjomatow specyficznych.

44

Weryfikacja temporalnych wlasnodel algorytméw niedeterministycznych

Najpierw stworzymy algebre Lindenbauma teorii T opartej na TLP. Niech
~ oznacza relacje rownowaznosci, okreslona w zbiorze formul F, zdefiniowana
W nastgpujeycy sposéb: fi ~ fo witw, gdy A& (fi = fo)i AF (f2 = f1)
dla kazdego fi, fy € F. Niech F/ ~ oznacza zbiér wszystkich klas abstrakeji
.relacji ~. Elementy zbioru F'/ ~ beda oznaczane nastepujaco: || fi ||, || £2 Il,..-
1tp.

Algebra Lindenbauma teorii T jest to nagtepujaca struktura:

A= (F/~;U,N,~,1,0). Poniisze twierdzenie charakteryzuje te algebre.

Twierdzenie 4. (Rasiowa-Stkorski)

Algebra A = (F/ ~;U,N, —,1,0) jest algebrqg Boolea, gdzie
Aol =l Ay 0L

B ool f = oA 2

— i Fl= =1 oraz

[ jest twierdzeniem teorii T witw, gdy || f ||= 1,

| nie jest twierdzeniem teorii T witw, gdy || - f ||# 0.

Dowdéd twierdzenia 4 mozna znalezé w [9].

Deﬁniujmny relacje czedciowego porzadku < w A w nastepujacy sposéb:
A<l f2 |l wetw, gdy AF (fi = f2), fi, fo € F.

Lemat 1. Dla dowolnych formut f, fi, f» € F. dowolnego ciggu akeji 3 i do-
wolnego procesu P € TI(Ay) zachodzq nastepujgce rownosei:
a) | pre fsEGPf ||=inf{|| prefsEXP'f || }ien
bj i pre fsEUPLfy, fo] l|= sup{|l pre fsEX P'(f1, f2) I }Yien

Dowdéd:
a) Najpierw pokazemy, ze A+ EGPf — EXP'f dla kaidego i € N. Przepro-
wadzimy dowdd indukeyjny za wzgledu na .
1V Dla i = 1 z aksjomatu 4 i reguly 3 mamy A+ EGPf — f A EXPF.
2° Zalozenie indukcyjne: A+ EGPf — EXP*f dla pewnego k € N.
Teza indukcyjna: A+ EGPf — EX P*H1f.
Dowéd; z aksjomatu 4 oraz zalozenia indukcyjnego i reguly 3 otrzymujemy
4 FEGPf— fAEXP(EXPEf), czyli A EGPf — fAEXP(fAEXP(fA
EXP(fAN...EXP(f)))), gdzie operator EX P wystepuje k + 1 razy. Zatem
A+ EGPf — EXPrILf,
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Niech 4 + EGPf — EXP'f dla kazdego 1 € N, zatem wykorzystujac
regule 3 A - pre f[uEGPF — prefsEX P f, czyli || prefsEGPf ||<
| prefs EX P'f || dla kazdego i € N. Zatem || pre fgp EGP [ || jest dolnym ogra-
niczeniem zbioru {|| prejsEXFP'f ||}ien - '
Nastepnie zalézmy, Ze istnieje formula f; taka, ze || fi I prefsEXPHf ||
dla kazdego 7 € N, czyli A F fi — prefsEXP'f. Korzystajac z reguly
1, otrzymujemy A F f — prefsEGPf, czyli | fi I<|] prefgEGPS ||
Ostatecznie || prefz EGPf || jest najwiekszym dolnym ograniczeniem zbioru

{Il prefsEX P |I}ien-

b) Najpierw pokazemy, ze A = EX Pi(f1, f2) = FUP[fy, f;] dla kazdego i € N.
Przeprowadzimy dowdd ‘ndukeyjny ze wzgledu na 1.

1 Dla i = 1 otrzymujemy A F EXPY [, f2), czyli A B fi A EXP(f2).
Na podstawie aksjomatu 10 i reguly 3 otrzymujemy A + EXPYf1, f2)
fi N EXP(EUPfy, f2). astepme z aksjomatu 10 A = EXPUf1, f2)
EUPLf1. fal-

20 Zalozenie indukeyine: A = EXPE(f, ) — FEUP[f1, fo] dla pewnego
k€ N.

Teza indukeyjna: A - EX P f fo) = EUPLfi, fi)-

Dowéd: A B EXPHY(f, fa), cayli A+ i AN EXP(fi A ..EXP(f)), gdzie
operator EX P wystepuje k + 1 razy. Zatem A EXPYfi, f2) = AL A
EXP(EXP*(f1, f2)) oriz na podstawie zalozenia indukcyjnego i reguly 3
A+ EXPMYfL f) = A AEXP(EUP(fi, f2]). Nastepnie z aksjomatu 10
AR EXPYUY L f) = 2UPLfL f2)

__}
__>

Niech A + E‘(Pi(fl f2) = EUP[f1, f2] dla kazdego ¢ € N, zatem wyko-
rzystujac regule 3 mamy
AF prefsEX P f, f2) — prefs EUPLfL fa], czyli || pr cﬁ,E\’Pl(fl,fz) 1<
| prefs EUP[f1, f2] || dla kazdego ¢ € N. Zatem || prefgEUP[f1, fa] Il jest
gérnym ograniczeniem zbhioru {|| prefsF XPi(f1, f2) | Jien-
Nastepnie zalézmy, ze istnieje formula f taka, ze || prefgF XPf ) I A
dla kazdego ¢ € N. Zatem A F prefpl X Pi(fi, fa) — [. Stosujac regule 2,
otlzvmujémy A prefsBUPLfL f2] = foocayli || prefsEUP(fi; f2) SIS ||
Ostatecznie || pre fpEUr 2[f1, f2] 1| jest najmniejszym gdérnym ograniczeniem
zbioru {|| pre fsEX P'(f1, f2) || }ien-
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Z powyzszego twierdzenia wynika, ze algebra Lindenbauma moze by¢ roz-
wazana jako algebra Boolea z przeliczalnym zbiorem Q nastepujacych nieskofi-
czonych operacji:

) inf{]| prefsEX P f || }ien
2) supl|| prefEX P'(fi, f2) || }ien
dla dowolnego procesu P, dowolnego ciagu akcji atomowych 3 oraz formul

fh fa

Definicja 7. Q-filtrem D nazywamy maksymalny, wiaiciwy filtr taki, ze:

1) jesti || prefgEUPLfy, fal ||€ D, to istnieje i € N takie, ze

| prefsEXP(fi, 1) 1€ D, |

2) jesli || prefg EGPf ||¢ D, to istnieje i € N takie, ze || prefs EXP'f ||¢ D.

Lemat 2. (Rasiowa-Sikorski)
Jesli w algebrze Boolea zbior @ nieskoriczonych operacji jest przeliczalny, to
kazdy niezerowy element tej algebry jest zawarty w pewnym Q-filtrze.

Dowéd lematu 2 mozna znalezé w [9].

Definicja 8. Niech p oznacza funkcje, ktora kazdej formule przyporzqdkowuje
liczbe porzqdkowg w nastepujgcy sposob:
pip)=1jeslipeV,,
p(=f)=p(f)+1,
/'(f1 A fa) = mﬂw(/)(fl), (f2)) + 1
p(f1V fo) = maz(p(fr), p(f2)) +
ply = f2) = maz(p(f1), p(f2)) +
PlEXPf)=p(f)+1,
p(AXPF) = p(f) + 1,
p(EGPf)=w x p(f)+
P(AGPf) = w x ﬂ( ) +
p(EUP[f1, fa]) =
p(AUP[f1, fa]) =

W X maJ:(,o(f1) (f2)) +
w x maz(p(fi), p(f2)) +

Definicja 9. Niech < oznacza relacje okreslong w zbiorze formut F' w naste-

pujacy sposob: fi < fy FLIN p(f1) < p(f2), gdzie < jest porzqdkiem okreslonym
na liczbach porzqdkowych.
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Lemat 3. Relacja < spetnia nastepujgce warunks:
Ji < /1,

H=<fNnfe <N Sy

Hh=<hAVf, <AV,

Hh=<fi—=fo < fi—=fy

fi < EXPhH, i < AXPf,

dla kazdego i € N, EXP'fy < EGPf,

dla kazdego 1 € N, EXI’i(fl, f2) < EUP[fy, f2].

Lemat 4. Relacja < jest relacjg porzqdku w zbiorze formut F.

Lemat 5. Relacja < jest dobrze ufundowana, tzn. dla kazdego zbioru formut
Z istnieje formula f bedgca najmniejszym elementem zbioru Z ze wzgledu na
relacje <.

Definicja 10. Kanoniczna struktura teorii T jest to nastepujgca trojka
M =< QF,—,w >

gdzie: QF jest rodzing wszystkich Q-filtrow w algebrze Lindenbaum teorii T,
— jest rodzing funkcji {—=}qea,

-3 jest funkcjg, ktéra kazdemu Q- filtrowi D przyporzqdkowuje Q-filtr D' taki,
ze || EX[true: alf ||€ D —)| f||€ D' dla kazdego f € F,

w jest wartosciowaniem takim, ze w(p, D) = 1 wittw, gdy || p ||€ D, dla kazdego
peV, DeQF.

Lemat 6. Jesli D jest Q-filtrem i || EX Pf ||€ D, to istnieje Q-filtr D' i akcja
atomowa a € A(P) takie, 2 D = D' i || f||€ D'.

Dowdéd:
Niech D bedzie Q-filtrem i || EXPf ||€ D. Zalézmy, ze P jest procesem ma-
jacym postaé [p; : @i}i=1,.. k- Na podstawie aksjomatu 17 mamy:
EXPf +— (pp ANEX[true: a1]f) V...V (ps AEX[true : ap]f) V (fA-DPLIA A
—pi). Jedli || EXPS ||€ D, to || (p1 A EX[true : a1]f) V...V (px A EX[true :
ag]lf)V (FA=pL A A=) ||€ D.

D jest Q - filtrem, czyli filtrem maksymalnym i pierwszym. Zatem na pod-
stawie definicji filtru pierwszego i twierdzenia 4, istnieje 1 < ¢ < k takie, ze
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Wpille Di|| EX[true:a;]f||€ Dub || fA=pr A oA =py |l€ D.

Jedli zachodzi drugi przypadek: || fA-pr A A—pe ||€ D to ]| flle D i
dla kazdego i < k || pi ||¢ D. Zatens mozemy przyja¢ D' = Dia = a*.

Rozwazmy przypadek pierwszy: || p; ||€ D 1 || EX[true : a;]f ||€ D dla
pewnego 1 <1 <k.
Niech D' = {}} o ||:|| EX[true : a;Ja ||€ D}. Zauwazmy, ze || f ||€ D'. Zatem
D)’ nie jest zblorem pustym.

Najpierw pokazemy, ze D' jest filtrem. Niech || fy ||, || f2 ||€ D'. Zatem
| EX[true @ a;]fi |€ D1l EX[true : «;)f; ||€ D (z definicji zbioru D').
Poniewaz D jest filtrem, to || EX[true : «;]f; || 0 || EX[true : a;]fs ||€ D.
Nastepnie mozemy przeprowadzi¢ rastepujace rozumowanie:
| EX[true:a)fi || N || EX[true: a;]lfy ||€ D & (z twierdzenia 4)
| EX[true : a;]fi A EX[true : a;]fy ||€ D & (z aksjomatu 16 ) || EX[true :
(i A f2) ||€ D& (z definicji zbioru D') || fi A fa ||€ D' < ( z twierdzenia
DA 2 lle D

Teraz wykazemy, ze D jest filtrem wlasciwym. Zalézmy, ze tak nie jest,
czvli ze || false ||€ D'.
Zatem || false ||€ D' & (z definicji zbioru D) || EX[true : a;] false ||€ D &
(z taktu. ze D jest maksymalnywm filsrem) || ~EX [true : ;] false ||¢ D &
(z aksjomatu 1) || AX [true : a;]truc ||¢ D i otrzymujemy sprzecznosc z aksjo-
matem 19. Ostatecznie D' jest filtrem wlasciwym.

Nastepnie pokazemy, ze D’ jes, filtrem pierwszym, czyli maksymalnym.
Zalozmy, ze dla dowolnych formul f1 1 fo, || fi | U || f2 |l€ D', cayli
| 1V falle D). Zatem || EX[true : a;](f1 V f2) ||€ D i na podstawie nastepu-
jacego faktu: EXP(fiV f2) = EXPfi vV EXPf, mamy || EX[true : a;]f1 V
EX[true : a;]fy ||€ D. Poniewaz D jest Q-filtrem, to || EX[truc : a;]fy ||€ D
lub || EX[true : ;] fs ||€ D. Dlatego || fi |l€ D' lub || f; |[[€ D', czyli Ze D'
jest filtrem pierwszym.

Na zakoticzenie dowodu, nalezy jeszcze sprawdzié, czy zbiér D' spelnia wa-
runki Q-filtru. Niech P, € T1(A,), fi f2 € F, B bedzie ciagiem akcji by, by, ..., by,
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i 3’ bedzie ciagiem akeji a;, by, ..., by,

Zalézmy, ze || prefsEUPi[f1, f2] ||€ D'. Korzystajac z definicji zbioru 1)’
otrzymujemy || FX[true : a)prefgEUP[f1, f2] ||€ D. Dlatego

| prefs EUPL[f1, fo] ||€ D. Poniewaz D jest Q-filtrem, to istnieje ¢ € N takie,
e || prefa EXPi(fi, f2) ll€ D il EX[true : alprefgEXP{(f1, f2) |l€ D.
Zatem || prefsEX P f1, f2) ||€ D).

Zalézmy, ze || prefs EG.Pify ||¢ D'. Korzystajac z definicji zbioru D' otrzy-
mujemy: || EX[true : a;lpre f[sEGPfi ||§ D. Dlatego || ])1‘€f'£;/E(}'R1f1 ll¢g D.
Poniewaz D jest Q-filtrem, to istnieje ¢« € N takie, ze || prefp EX Py fy ¢ D i
| EX Pltrue : a;lprefs EX Pifi ||¢ D. Zatem || prefsEX P fi ||¢€ D',

czyli D' jest Q-filtrem. _
Ostatecznie z definicji funkeji — i definicji zbioru D’ otrzymujemy: D BNV

Lemat 7. Dla kaidego f € F i D € QF zachodzi: M,D = f witw, gdy
| flle D.

Dowéd:
Przeprowadzimy dowéd ndukeyjny ze wzgledu na strukture formuly f.
1. Niech f =p, p € V,. Zatem M.D [ p wttw, gdy || p |[€ D, co wynika z
definicji wartosciowania w.
2° Zalozenie indukcyjne: Niech f € F. Dla kazdego g € F takiego, ze g < f
zachodzi: M, D |= g wttw, gdy || ¢ ||€ D.
Teza indukeyja: M, D = f wttw, gdy || f|l€ D.
Dowéd:
1. Zalézmy, ze f = —fi i || f |l€ D. Zatem || =f1 ||€ D. Poniewaz D jest
filtrem maksymalnym, t5 || fi ||¢ D. Korzystajac z zalozenia indukcyjnego
otrzymujemy || fi ||¢ L' wttw, gdy M, D = fi. Zatem M, D | —fi, czyli
M,DE f.
2. Zalézmy, ze f= fiAfoill fll€ D. Zatem || fi A fo ||€ D. Na podstawie
definicji filtru || fi ||€ L i || f2 ||€ D. Korzystajac z zatozenia indukcyjnego
otrzymujemy M, D k= fi i M, D k= fo. Zatem M, D = fiA fa, czyli M, D = f.
3. Zalézmy, ze f= fiV fo il fll€ D. Zatem || f1 V fy ||€ D. Na podstawie
definicji Q-filtru || £y ||€ D lub || f2 ||€ D. Korzystajac z zalozenia indukeyj-
nego otrzymujemy M, D | fy lub M, D & f;. Zatem M, D = f1V fs, czyli
M,D f.
4. Zalézmy, ze f = fi = foi|| f||€ D. Zatem || =f1 V f2 ||€ D. Na podstawie
definicji Q-filtru || £, ||¢¢ D lub || f; ||€ D. Korzystajac z zalozenia induk-
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cyjnego otrzymujemy M, D W= fy lub M, D = f,. Zatem M, D E ~f; V f, i
M.DE fi = fa. Zatem M, D = f.

5. Zalézmy, ze f = EXPfii|| f||€ D. Zatem || EXPf; ||€ D. Na podstawie
lematu 6 istnieje Q-filtr D’ i akcja atomowa a € A(P) takie, ze D -2+ D' oraz
| fi ]|€ D'. Korzystajac z zalozenia indukcyjnego otrzymujemy || fi ||€ D’
wttw, gdy M, D’ |= fi. Zatem (z definicji semantyki i modelu kanonicznego
MYM,DEEXPf, czyli M, D = f.

Zaloimy, ze M,D = EXPfi. 7 definicji semantyki i struktury M istnieje
(-filtr D' i akcja atomowa a € A(P) takie, ze D =+ D' i M, D’ = fi. Ko-
rzystajac z zatozenia indukcyjnego otrzymujemy || f ||€ D’ oraz z definicji
funkeji = mamy || EXPf ||€ D.

6. Zaléimy, ze f = EGPfy. Zatem || EGPf, ||€ D < (na podstawie definicji
Q-fileru i lematu 1) || EXP'f; ||€ D dla kazdego i € N & (na podstawie
zalozenia indukcyjnego ) M, D = EXPif; dla kazdego i € N & M,D =
EGPfi & M,D k& f.

7. Zaléimy, ze f = EUP[f1, f). Zatem || EUP[f1, f2] ||€ D < (z lematu 11i
definicji Q-filtru) || EX P'(f1, f2) ||€ D dla pewnego i € N & (na podstawie
zalozenia indukcyjnego ) M, D = EX P'(fy, f2) dla pewnego i € N M, D =
EUP[f1, fil & M,D E f.

Dowéd dla formul postaci AXPf, AGPf, AUP|f,, f2] wynika z nastepuja-
rvch réwnowaznosci:

AXP(f) +— ~EXP(~f) (aksjomat 1),

AGPf +— —~EUP[true,~ f] (aksjomat 8),

AUP[fy, fo] &= ~EGP(=f3) A=EUP[~fy,~f1 A =f,] (aksjomat 9).

Twierdzenie 5. Dla kazdej formuly f niesprzecznej teorii T=< L,C,A >
nastepujgee warunki sq rownowazne:

(1) formuta f jest twierdzeniem teorii T,

(2) formuta f jest prawdziwa w kazdym modelu teorii T.

Dowéd:
lmplikacja(l) — (2) wynika z twierdzenia 2.
Udowodnimy implikacje odwrotna (2) — (1).
Zalézmy, ze f € F, f jest prawdziwa w kazdym modelu teorii T'i f nie jest
twierdzeniem teorii T'. Stosujac twierdzenie 4 otrzymujemy || =f ||# 0. Zatem,
na podstawie lematu 2, istnieje Q-filtr D taki, ze || =f ||€ D. Korzystajac z
lematu 7 otrzymujemy M, D | —f, czyli M, D [~ f. Ostatecznie M nie jest
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modelem formuly f, a wiec formula f nie jest prawdziwa w kazdym modelu
teorii T'. Otrzymalidmy sprzeczno$é, ktéra konczy dowdd.

6 Podsumowanie

Zaprezentowana w pracy logika moze by¢ stosowana do weryfikacji temporal-
nych wlasnoéci algorytméw niedeterministycznych. W literaturze, mozna zna-
lez¢ rézne temporalne logiki czasu rozgalezionego, np. [2], [8]. TLP wyréznia
sie tym, Ze proces jest skladowa jezyka i wystepuje w formutach. W przy-
szloéci zostanie podjeta préba stworzenia podobnego sytemu dla programéw
wspélbieznych i rozproszonych.
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VERIFICATION OF TEMPORAL PROPERTIES OF
NONDETERMINISTIC ALGORITHMS
Abstract

This paper provides one of the versions of propositional, branching time
remporal logic, called Process Temporal Logic. It allows to verify static and
dvuamic properties of programs, which are expressed as temporal formulas.
PTL system is presented with the infinitary axiomatic system and the proof of
the completeness theorem. The majority of temporal logics treats a program
as a separate object and not as a language element. The system shown in this
article is different. Program is a part of expression which describes its quality

just as in dynamic and algorithmic logic.
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TO THE PROBLEM OF OBSERVABILITY FOR
NONLINEAR SYSTEMS WITH TIME DELAY

Abstract: Several kinds of observability notions are introduced for nonlinear
time-delay systems and comparative analysis of such notions is presented.
Sufficient conditions for observability are given. Special attention is paid to the
two dimensional system case. The results obtained are illustrated by examples.

1 Introduction

The paper deals with the problem of observability for nonlinear dynamical
systems with time delay. In the no time delay case the problem was intensively
investigated by many authors (see [1]-[6] and their references). In the case
of time-delay systems we transform the system under consideration to some
"canonical” form and obtain some sufficient conditions of observability for the
original time delay system by analyzing the problem of observability for such
a canonical system.

2 Preliminaries
Let us consider an output system % of the form:

L e =fte®,et-h) ‘
() y(t) =g (t,z(t),z (t—h)) for t>1 (2.1)

with initial conditions

e(1) = ¢(r), T€[to—hito], z(t) =¢o €R" (2.2)

*Supported by KBN under the Technical University of Bialystok grant No. W/IMF/1/01
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where 1 is a constant delay, h > 0; z (t) € R", y (t) € R™, n-vector-function f
and initial data ¢ and ¢ are such that the corresponding solution z (t) of the
system exists, is unique and continuous for t > to. We also assume that the
m-vector-function ¢ is continuous in its arguments.

By the symbol z (¢, ty, ¢, o) we denote the solution of system X correspon-
ding to the initial conditions (2.2) and evaluated at time ¢ > io.

Similarly, the outputs corresponding to two different solutions z (t) =

z (t, to, ¢, Po) and & (t) = (t to, b, </)0> are denoted by the symbols y (¢, tg, &, ¢g)

and y (t, to, ¢, <,7>0> or briefly y (t) and 7 (t) , t > tg, respectively.
Definition 1. Let s be a real non-negative number. System X is said to be:

1) s-observable in (71, 72) (by measurement in the interval (71, 72) C (to, +0oc))
if

y(t)=g@)fortern,m]=a(l)==2(t) fort >t +s;

2) weakly observable in (1q, 72) if

y (t) = §(t) for t € (11, 72) = there exists a time moment ¢; > ¢y such that
z(t) =z (t) for all t > tg;

3) superstrongly observable in [y, 7] if

y(t,t0, 6, é0) =y (£ 10, B do ) for t € (ri, ) = ¢ = & and do = do;

4) linearly s-observable in (71, 73) if for any n-vector pp and for any inte-

grable in the interval [ty + s, to + s + I] n-vector-function p (-) there exists an
thglable in [r1, 7] m-vector-function v () such that the following condition

fl/ y (t, to, ¢, d)g)dt_po z (to+ s+ h+0,tg, ¢, ¢0) +

71
tots+h

+ [ T () (tt, ¢ o) dt
to+s
is valid for all admissible initial data ¢ and ¢g (here ()T = transposition);
5) observable if it is s-observable in (7, 7y) with s = 0 and (r1,72) =
(to, +o0) . It means that every solution of the system can be distinguished by
the output measurement, i.e.

y(t) =79 (t) fort >to = ax(t) =12 (t) for t > to.

To the problem of observability for nonlinear systemns with tinme delay

Consider the following special case of system (2.1):

() - & (t) :A(t,m(t),m(t—-h,))a:(t)+ Ay (ba (), @ (t—h ))a (t = h)
y()y=Cta ),z t—h)a(t), t>tg,

(2.3)

where elements of (n x n)-matrices 4, A and (1 x n)-matrix (' are n times
continwously differentiable with respect to argument t along all the solutions
r{t).t >ty — h, of the system.

Introduce a determining equation for system (2.3):

Quer (2) (1) = Qi () (A (o (1), (¢ — b)) + Q. () (1)
for k= 0.1,....n—1with initial conditions of the form Qg () (t) = (' (¢, 2 (t),x(t —h))
where @ = @ (1), t > tg, is a solution of system (2.3).

3  Main results
We can state

Proposition 2. The following implications are valid:

a) "linear s-observability in (1q,73) 7 = "s-observability in (r1.72) 7 =
“weak observability in (71, 7) 7

h) “superstrong observability in (fy, +00) 7 = "ohservability” = s-ohservability
i (tg. +00) for s > 07 = "weak observability in (£, 4+00).

Theorem 3. If along all the solutions x (t), t > tog — I, of system (2.3) the

following conditions are satisfied:

Qo (2) (1)

de f Q1 (7) (t)

i) det W (&) (t) = det #0, Yt >ty

Qs () (1)

(i) mapping z (t) = W (2) (t) x (t), t > o, is superstrongly injective in the

sense that

T(t)=2(t),t>tg, = a () =2 (t) fort >ty — h;
) Qr (x) (@) Ay (e (t),z(t—h))=0fort >ty and k=0,1,....n— 1;

then system X is superstrongly observable in (t, +00).
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Proof. Let us define a(7) = 0 for 7 < 1y — h and consider the following
transformation z (t) = W (¢, @) # (t). Then we have

S = L (W (2) ()2 (1) = Ly (1) + W (2) (1) & (1) =

~

(2.3)
- (ﬂ‘%w FW(2) () At (t) . o (- h,))) o (t) +
Qo (2) ()
—+ Ay (e @)y o (t=D))ya(t = D)=
Qn—l (117) (t) 0
Q1 (z) (1) R )
= : V=1 (z)(t) = (¢ C o z(t—h)
' (2} (£ 2 0) + 0 0 ... 0
Qn (:E) (t) rfl ;32 ;31\7
If follows from here that
0 1 6 0 0 0
0 O 1 0 0 0
() = z(t)+
o 0 0o 0o = 0 1 (3.1)
L (431 ) 3 (R %] e 1 ey ]
0 0 0
+ : z(t—h)
0 0 0
h B 7,
y®)=[1 0 ... 0]zt (3.2)

where o, ..., v, and f3q, ..., 3, are some noun-zero in general functions of t, z {t)
and z (t — h). It is not difficult to directly check that system (3.1) with output
(3.2) is observable. Thus, if we assume that y (t) = g (t) for £ > to then we
have that z (t) = % (t) for ¢t > tg, i.e. W () (t) a (t) = W (&) (¢) @ (¢) for t > 1y,

To the problem of observability for nonlinear systems with time delay

(t) for t >ty —h. Hence the

and by assumption () we conclude that x (t) = #
) that finishes the proof.

svstemn is superstrougly observable in {ty, +0oc)
Demark 4. Examples show that the property of superstrong observability is
stronger that the well-known Kalman’s type of observability. For example, a
necessary condition for the superstrong observability of the following linear
stationary system

Pty =Ax(ty+ Ay (t=N), yit)y=Ca(t), {>0.

i~ det 4y 5 0 that is not realized if we consider a system with no delay: 4, = 0.

Corollary 5. Let the assumptions i) and i) of Theorcm 3 be valid and ad-
ditionally @) a mapping z{t) = W{x) () x (t), t > ty. is injective in sense
fhat

S =2(t) Jort >tg = a(t) =2 (L), t > ty,
then system (2.3) is observable.

The proof is very similar to the proof of Theorem 3.
Remark 6. By analogy with Theorem 3 and Corollary 5 we can give suflicient
conditions of s-observability in (tg, + o0) of system (2.3).

Let us consider the following stationary two dimensional system (2.3) with
autput:

A [ a1y {t) :' _ I: ayl 12 } [ @y (t) ] n [ aly al, :l |: ay (= D) }
() || e ax zy (1) (l,%l (@2 xy (t—h) (3.3)
o=l ][ 20 ] >

where system matrix coeflicients ayy, @12, @21, @22.447 . ¢4, @31, @3, are Lipschiti-

zian functions of @y (¢), 22 (1), 21 (¢ - k), 22 (t — h) and ¢;, ¢; are real numbers,
b

o1 +c3 #0.

Proposition 7. If along all the solutions x1 (), @y (t), t > tog — h, of system
(3.9) the following conditions hold:

(.) [ ¢ e ][ a1 a1y } |: —'(TT‘Z ] 7+_ 0fort> tO»

az1r a2 C1
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i) [ (SN &) ] [ fan ] [ o ] dijf((lll (t) 4+ oz () isa (1 x 2)

a1 122 Cy O
-matrix-function depending on the sum cyzq () + o222 (¢) only,
al, al
i) [ o1 CQ][ n P}:Ofort>tg
a1 Gy
then system (3.3) is observable.

. . CU] (t) — o (‘1 ('2
Proof. Using the transformation [ o (1) ] =wl(t) = [ ey e } a(t).

) ] =) =% [ o ] w(t) > to, where A = ¢ + ¢}, we have
D) (t) (8] C1

1 1
. (RN &) a1 a2 Ay Ay ] o (F ) —
) _ x (t x{t—h) .
2{h) = [ -2 } ([ a1 422 ] )+ [ ay Ay ( /i)

ayp Qo 0 0 ]
= w (t) 4- wi(t—="h
[ 1 ] w ()4 [ Ba1 B ( )

(3.4)

with the output
y(t) = [ 10 ]:1: (t)y =z (t) , t > to,
where elements aq; and agy are functions of wy (¢) only and

w=gla ol o]0k

a1 a2
Check the ass ions of Theorem 3:
~heck the assumptions o reorem 3:

QO(W)(t):[l 0]’ Ql(w)(ﬂ:[l 0]1:0’21 45

R PR

(it is satisfied);

gy ¥

= 0 | (it is satisfied);
(iii) Qo (w [ By B ] 10 0] (it is satisfied)
(

(i) W (w) () w (1) = [(m a1y
o (1 |-

for t > ty we have [ a1 (@n (1) @r (6) + s (@1 (1)) B2 (0 =

wi (1) } for t > ty. 1t follows from here

B [ a1 (wr () wi (8) + a2 (@i (£)) w2 (1)

60

} = { (1] (Y12

il

T

0 } w (t). Assuming W (@) () @ (t) = W (w) (1) ‘_

To the problem of observability for nonlinear systems with time delay

2 ([) =Wy (t) for t > 1.
(t) = W (w) (t)w(t), t > ty, is injective. By Theorem
3 system (3.4) is observable. Therefore system (:3.3) is also observable.

that @y (#) = wy (t) and &,
Hence, the mapping =

Remark 8.1t is clear that the most difficult problem to apply Theorem 3 is
cliecking the assumption (ii). Below we give an effective way for checking such
an assumption in a scalar case.

Proposition 9. For a continuous function ¢
nre equivalent:

1R = R the following conditions

1) ¢ is injective;

2) ¢ is a monotonic decreasing or increasing function;

3) » has no local extreme value.

Proof. 1) = 2) If we assume that ¢ is not a monotonic function we can
find different points vy, vy, v3 where v, < vy < w4 such that Flo) < fluy)
and fey) > fes)or f(vr) > f(v2) and f(v2) < f(v3) . In both cases by the
Darboux theorem the function takes the same value at least for two different
points that contradicts the statement 1). Then 1) implies 2).

It is obvious that 2) = 3). Let us prove 3) = 1). If a continuous function
has no a local extreme value then it is strongly monotonic, i.e. for any vy #
we have o (u1) > @ (v2) or @ (v1) < @ (vy) that implies o (1) # o (v3) and @
is injective. The proof is complete.

I the general multidimensional case the problem of characterization of the
property for a mapping to be injective is much more complicated.

4 Examples

Example 10. Consider the following system

ry = =6y — 2z1a9 + 61:"13 + 11:1:2;1,'? + 4wy — 2:1:5 — 2:1:1;173 + ij
+(jz‘>r1(f—h)+61'11211(f—h)+‘71212(1‘——/1)+211121>(f—h)

iy o= —wy 4 3wy ay — 3wgad + a4 ay + 2l +z,—%11(1‘-/1)—%1211(1‘—/1)
wolt = h) = a3ay(t — h), 1 (1‘)_111+E1+12

wlere
v

I = [ 11 } vy = wy(t), xo = a(t),

£y
|- —6 — a9 + 6:1:% + 8z 4 -2y + '57'}2 — 2x1a9 + 2:1:5
' —1 + 3xy = 3zj2p — 2 142y + 202y + 23 '
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2y + 2w12

Gy + Oy , .
_41:[)12—%-)7112 T }’(,:[mé_*_l w1,

-3 — 3a3 x5
then
Wix)(t) =
[ .z:ﬁ + 1 .’1:2
| 621+ (6a3 + 6ag)ay — 43— 6—4dxy (347 12) + 6wyl 4 Sl 4+ 225 + 4

x5 Dy + a2
and W) (t)a(t) = { 62+ (130 4 0 ? (3 + 1)y 5
is injective and
det W(x)(t) = (1023 +Tad+3 — 6ay)af + Lol 444225 + 1623 + 62, is always
positive. It is clear that all the ahhumptions of Corollary 5 are true. Thus the
system is observable.

Example 11. As an example of unobservable system let us consider the fol-
lowing one

Al
i(t) = A 0 a(t) + '11{1 /01 w(t —h), y=[c1,0]2(t)
‘421 .422 ,421 .422

where 4y = Apy (21,211 —h)), Ay = 421(11 ry, wp(t = ), wy
A-zg_—‘ 4)2(11 Lo, 1 f—]?) (f—h) ”— ‘11(11 l](f-h))
Al = AL ey eg e (= h) 2 (i—/z)

. ;2::1;122(.1/1,.1,2..lq(t—]!) Iz(t—h

the solution z(t) = [ g ] and &( [ ) ] with f(t) satistying the equation
F(t) = Anf(t) + AL f(D) =

not observable. It is not difficult to chieck that W(ax){t) = [

(t — h)).

o1 = cp{wy,a(t—=h)). [t is clear that for

we have y(t) (t) for t > 0. Thus the system is

”11 0

k; the
Wy 0 } and the

assumptions of Corollary 5 are not valid.
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O PROBLEMIE OBSERWOWALNOSCI DLA UKEADOW
NIELINIOWYCH Z OPOZNIENIEM
Streszczenie

Whprowadzono kilka poje¢ obserwowalnosci dla ukladéw nieliniowych z opédz-
nieniem i przeprowadzono analize poréwnawcza tych pojeé. Podano warunki
wystarczajace na obserwowalnos¢. Szezegélna uwage zwrdcono na uklady dwu-

wyvmiarowe. Uzyskane wyniki zilustrowano przykladami.
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REMARKS ON OBSERVABILITY OF EULER’S
DISCRETIZATION OF CONTROL SYSTEMS *

Abstract: In the paper relations between observability, single-experiment ob-
servability and finite-state determinability of continuous-time system ¥, and
discrete-time system obtained by Euler’s discretization of ¥, are studied. All
presented results are locall, i.e. they hold in some neighborhood of a given
point from state-space.

Key words: nonlinear system, Euler’s discretization, distinguishability, obse-
rvability

1 Introduction

The necessity to study the problem of observability of continuous-time and
discrete-time systems is well understood from as well theoretical as practical
point of view. The classical definiton of disitnguishability, that is a background
of idea of observability, roughly says that two distinct states of the given
control system are distinguishable if there exists a control that gives rise to
distinet outputs [2, 1, 3]. Then the control system is observable if for every pair
of different states there exists control that distinguishaes them. It was proved
in [5, 7, 8] that for analytic systems there exists an analytic universal control,
i.e. control that distinguishes every pair of states that can be distinguished by
some control.

The aim of this paper is to study relations between observabily of continuous-
time system Y. and discrete-time system X4, obtained from X, by Euler’s di-
scretization. The background for our considerations are definitions given by
E.D.Sontag [5, 6].

The paper is organized as follows: in Section 2 there is given basic notation.
Section 3 presents ideas of distinguishability of events and states. It is proved

*Supported by KBN under the Technical University of Bialystok grant No. W/IMF/3/99
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that for any pair of states there exists a small discretization step in Euler’s
method such that if two different events are distinguishable by some control
in the discrete-time system then they are distinguishable by similar control
in the continuous-time case and vice versa. In Section 4 there are conside-
red relations between observability, single-experiment observability, finite-state
determinabilty of continuous-time system and its Euler’s discretization. The
observability and single-experiment observability are far from equivalent, at
least for finite automata. For linear systems they are equivalent. For discrete-
time systems single-experiment observability is rather restrictive. We proved
that continuous-time system X, is single-experiment observable if and only if
discrete-time system ¥ is. Single-experiment observability implies final-state
determinability. It was proved [5] that a continuous-time system is observa-
ble if and only if it is final-state observable. We prove that continuous-time
system Y. is final-state observable if and only if discrete-time system I, is
observable. All presented results are local, i.e. hold in some neighborhood of
a certain point from state-space of the given system.

2 Preliminaries

Let us consider a nonlinear continuous-time (i.e. t € R} system defined on R
with controls uw € R" and outputs y € R?:

e - &(t) = f(:z:(t;),’u(t)) (1)

By U["7) we will denote the set of all controls defined on interval [o.7) C R for
which system ¢ has a unique solution for every initial condition x{7) = xy.
A map ¢¢ : {(r,0,2,w) 11,0 € T C R o< 1.2 € Rhw € U SR is
called the transition map of the X if the following properties hold:

- (nontriviality) for each x € R™ there is at least one pair ¢ < 7 in 7 and
some w € U77) such that w is admissible for 2.

- (restriction) if w € UI>7) is admissible for «, then for each 7 € [o, ) the

restriction wy 1= W is also admissible for z and the restriction wy := e

o,T)
admissible for ¢(r, o, z,w;).
- (semigroup) if o, 7, u € T are such that ¢ < 7 <y, if wy := U™ and w, =

U and if 2 is a state so that O (T o xowr) = xy and o (p, T, 01.w9) = w3,

Vi)
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then w = wiwy is also admissible for z and ¢¢(u, o, ¢, w) = ;.
We read ¢ (7,0, 2,w) as "the state at time 7 resulting from starting at time
o and applying the control w”.

By inner trajectory of this system we will mean a pair of functions (£(+), w(+))
where £(+) € R™, w(:) € R™ and &(7) := ¢o(r, cr,f(rr),wh”)) for each o, 7 € T,
7 < 1. An external trajectory of system T¢ is any pair of functions ((-),w(+)),
¢ € R’ w e R™, such that {(7) = h(¢c(T, (r,f((r),wl[m)]). For fixed o and
7 we will denote: A7 (w) = h(dc (7, 0, $’w|[a,f))' It represents the value of the
last output of the system ¢ initialized at the point z at time 7 when applying
the control w € Yo7,

Let us consider a nonlinear discrete-time (i.e. t € Z) system

2t 1) = gla(®), () :
Z0 ) = (e )

defined on R™ with controls © € R” and outputs y € RP. Transition map of
Vp ois the map ¢p : {{(1,0,2,w) : 7,0 € TONZ, T € Roo < 1,0 € Rhw €
H[”"')}—HK” that satiesfies condtions nontriviality, restiction and semigroup
defined in the some way as in the continous-time case.

By the inner trajectory of system Yp we will mean a pair of functions
(f()""())? 6() R™, () € R™ and E( ) = (/)D(T: U,E( )7W|[0,T)nz) for each

T € TNZ, T € R, o < 7. An external trajectory of the system Xp is a
pair of tunctions (¢(-},w(-)), ¢ € RP,w € R™, such that (1) := h(¢(r)) =
op{T. U*f((’)*wl[a,r)nz)' By U>NZ we will denote the set of all controls de-
fined on [¢,7) N Z for which the system ¥p has a unique solution for every
initial condition x(c) = xo. The set U"Z can be identified with the set of
all sequences w(o), ... ,w(r — 1) counsisting of elements of .

Let us consider an input-output continuous-time control system defined on
R with v € R™ and y € R?:

) = fe (o), ,_
S M Dty ®)

We will assume that:
(A) the set {{ consists of all controls that are piecewise constant functions
(B) system X. is complete, i.e every control is admissable for every state.
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Using Euler’s method, on the base of the form of system X, let us construct
an input-output discrete-time system also defined in R™ with « € R™ and
y € RP:

w a2t 1) =)+ af(e(r),u(t)

—d y(t) = h,(;z:v(t) )

€T
)

where « is any positive real number. System 3, is complete.

3 Indistinguishability

Let us consider a continuous-time system S¢ and let z,z € R*, 0,7 € T CR,
o < 7. We say that [5]: »

- the control w € U™ distinguishes between the events (v, o) and (z,0) if it
is admissible for both and AL7 (w) # A7 (w)-

- the events (z,0) and (z,0) are distinguishable on the interval [o, 7] ot in
time at most T = 7 — o if there is some £ € [0, 7] and some control w € ulet)
that distinguishes them. If there exists at least one such interval, then (x, )
and (z,0) are distinguishable.

- the states z, z are distinguishable by a given control (respectively distingu-
ishable on interval [o, 7] or distinguishable) if there is same o € T so that the
respective property holds for events (2, ) and (z,0). '

Let us consider a discrete-time system Lp and let 2,z € R*, o,7 € T C %,
o < 7. We say that [5, 6]:

- the control w € U0 distinguishes between the events (z,0) and (z,0) if
it is admissible for both and AJ7 (w) # A7 (w).

- the events (z,0) and (z,0) are distinguishable on the set [0, 7] N Z or in
time at most T = [t — o] 1 if there is some ¢ € [¢,7] N Z and some control
w € YLD that distinguishes them. If there exists at least one such interval,
then (z,0) and (z,0) are distinguishable.

- the states z, z are distinguishable by a given control (respectively distingu-
ishable on set [0, 7] N Z or distinguishable) if there is same o € T so that the
respective property holds for events (z,0) and (z,0).

t[c] means the integral part of real number ¢
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Let us consider system Y. given by (3) and system Xy given by (4). Let us
assume that:
(C) the function f is of class ('l with respect to 2 and u.

Lemma 3.1. Let o,7 € T C Z, o < 7. For any x,z € R"™ there exists a
stall fized oo € Ry such that if events (x,a) and (z, ) are distinguishable by
control w € UTT) for the system Yiy then they arve distinguishable by control
= e Ylrrtalm=9)) for the system L.

Proof: The events (z,0) and (z,0) are distinguishable by control w €

U for the system Sy, 50 AP (w) 34 AT (w) or Ay (T, 0, 2,w) # h(dg(T, 0. 2,w)).

This condition is fulfilled ounly if ¢4(7.0,2.w) # ¢4(7. 0, z,w). It means that
inner trajectories of system Y, starting at points @ and z are different. One
can notice that each of these trajectiories is the set of points that are the ends
of Euler’s broken line. Let us joint these points by rectilinear segments. Be-
cause Buler’s broken lines approximate the inner trajectory of continuous-time
svstem X, hence ¢.(7,0,2,3) # ¢ T, 0, 2,0) where

T:=0c+ar - o) (5)

and for fixed « control & is defined as follows: let [ be any positive integer
snch that o =: ¢y, ... t; ;=7 — L. Let us put w; = w(o),..
for w € YIINZ Then

cowimp =w(r=1)

D(t) ==w; (6)

for t € [t;,tiy1) for i =1,...,1— 1. Then h(¢.(T,0,2,D)) # h(d.(T, 7, 2,3)).
Hence, the events (z,0) and (z,0) are distinguishable by control @ € Y7
for system X.. O

Proposition 3.2. Leto, 7€ Z, 0 < T.

a) For any x,z € R"™ there exists a small positive real o such that if events
(r.0) and (z, o) are distinguishable on the set [a, TINZ for the system Ty then
they are distinguishable on the interval [o,0 + (T — a)] for system Z...

b) If events (z,0) and (z,0) are distinguishable in time at most T = [T — ¢]
for the system Sy then they are distinguishable in time at most T = o1 — o)
Jor system X..

c) If events (z,0) and (z,0) are distinguishable for system T4 that they are
also distinguishable for the system ©..
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Proof: a) Distingushability of events (z,¢) and (z, @) on the set [o, 7| N Z
for system X4 means that there is some ¢t € [0, 7] N Z and control w € Yoz
that distinguishes these events. Let us take t such that # < 7 and 7 is given by
(5). Then @ € U7 can be taken as in (6), but now o =: t1,...,t; == — 1.
Hence there exist some # € [o,0 + a(7 — 0)] and w € Ul ) that events (. 0),
(z,0) are distinguishable on the interval [o, 0 + a7 — )] for system X..

b) Distingushability of events (2,0) and (z,0) in time at most 7' = [7 — o]
for system Y4 means distinguishability of these events on the interval [0, o +
a7 —0)] for the system .. Hence (2, 0) and (z, o) are distinguishable in time
at most T = a7 — o) for system 3.

c¢) This fact follows from the proof of previous facts and definiotions. O

Proposition 3.3. Let 0,7 € Z, 0 < 7. If the states x and z are disitingu-
ishable by a control w € UL or just distinguishable for the system Sy then
these states are disitinguishable by a control @ € Ul given by (6) or just
distinguishable for the system X,

Proof follows from Lemma 3.1, Proposition 3.2 and from the definition of
distinguishability of states z and z. O

Lemma 3.4. Let 0,7 € R, 0 < 7. For any z,z € R" there exists a fized o €
R, such that if events (x. o) and (z, o) are distinguishable by controlw € Ul
for the system . then they are distinguishable by control & = w|z€ Yl
Jor the system Xg.

Proof: Distinguishability of the events (z,0) and (z, ) by control w €
U7 for the system ¥, unplies that A27(w) # A7 (w) or equivalently

hge(r,0,2,w)) £ h(Pe(T, 0,2, w)). (7)

The last condition is fulfiled when ¢.(7, 0, 2,w) # ¢.(7, 0,2, w).

Let us consider two different inner trajectories of the systemn X.: one star-
ting at the point x and the second one - starting at z. Let us define positive
integer o - a step of Euler’s method - as

T—0C ,
o= (8)

[T —o]+1
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where [¢] denotes an integral part of a real number c. If (7) is fulfiled, then
in neighbourhoods (of a radius at least «) of the last points of the inner tra-

jectories initilized respectively at x and z (reached in the time 7) the Euler’s

broken lines are different. So inner trajectories of system X, given by (4)
initialized respectively at points z and z (for «), that consist of the set of
points being the ends of Euler’s broken lines, are different. Let & := w|z. Then
li{og(r, o,2,2)) # h¢a(T, 0,2,0)). So, events (x,0) and (z,0) are distingu-
ishable by control & € U7)NZ for the system Sy. O

Proposition 3.5. Leto, 7€ R, o < 1.

a) For any v,z € R”™ there exists a fived o € Ry such that if events (z, o)
and (z,0) are distinguishable on interval [o, 7] for system 3. then they are
distinguishable on the set [o,7]NZ for system 3.

b) If events (x,0) and (z,0) are distinguishable in time at most T = 17— ¢

Jor system L. then they are distinguishable in time at most T = [t — o] for

system Xy,
c) If events (x,0) and (z,0) are distinguishable for system X. that they are
also distinguishable for system Y.

Proof follows from the Lemma 3.4. O

Proposition 3.6. Leto,7 € R, 0 << 7. If the states x and z are disitinguisha-
ble by control w € U™ or just distinguishable for system L. then there exists
o € Ry such that these states are disitinguishable by control & = w|z€ UTINE
or Just distinguishable for system ¥, given by (/).

Proof follows from Lemma 3.4 and Proposition 3.5. O

4 Observability

The system X¢r given by (1) is ([5]):

- observable on the interval [o, 7] if for every pair of distinct states 2 and z the
events (x.0) and (z, o) are distinguishable on this interval.

- observable in time T if any two distinct states are distinguishable in time (at
most) 7.

- vbservable if any two distinct states are distinguishable.
Moerover, system X is:
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- locally observable on interval [o, 7] (respectively locally observable in time at
most T) if there exists an open neighborgood O; of a point & € R™ such that
¢ is observable on this interval (respectively observable in timne at most T')
for any pair of distinct svates from O;.

- locally observable if there exists an open neighborgood Oz of a point & € R"
such that any two distinct states from Oz are distinguishable.

The system X given by (2) is ([5, 6])

- observable on the set [0, 7] NZ if for every pair of distinct states x and =z the
events (z,0) and (z, ) are distinguishable on this set.

- observable in time T if any two distinct states are distinguishable in time (at
most]) T

- observable if any two distinct states are distinguishable.

- locally observable on the set [o, T]NZ (respectively locally observable in time
at most T) if if there exists an open neighborgood Oz of a point # € R™ such

that Xp is observable (respectively observable in time at most T) on this set
for any pair of distinct states from Oj. ‘
- locally observable if if there exists an open neighborgood Oz of a point & € R™

such that any two distinct states from Oz are distinguishable.

Proposition 4.1. Let & a point be fivzed and o,7 € Z, 0 < 7. There cuists
o € Ry such that if system Sy is locally observable on the set [o, 7] N Z then
the system Y. is locally observable on the interval [0, 0 + a(T — 0)].

Proof: Let us take a neighborgood O; of the point & € R"™, that has a
compact closure. Let x,z € Oz. Then, one can choose a common « for both
and z (from continuity of & on a compact set).

Local observability of system X, on the set [a, 7]N Z implies distinguisha-
bilty of events (x,a) anc (z,a) on the set [0, 7] N Z for every pair of distinct
states z, z from neighborzood Oz of point &. Then the Proposition 3.2 implies
that these events are distinguishable on interval [0, 0+ (T — )] for the system
Y.. So, the system X. is locally obsevable on [0,0 + a(7 — 0)]. O

Proposition 4.2. Let 0,7 € R, o < 7. If the system X, is locally observable

on the interval [o, 7] then there exists oo € Ry such that the system Ly is also
locally observable on this interval.
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Proof: If system X. is locally observable on the interval [o, 7] then for
every pair of distinct states 2 and =z, z,z € Oz, @ € R", the events (2, ) and
{z.0) are distinguishable on this irterval. Then Proposition 3.5 implies that
there exists o € Ry such that these events are also distinguishable ou this
interval for the system ;. Hence X4 is locally observable on [o.7]. O

Proposition 4.3. a) If system S, is locally observable in time at most T then
f_/l(;"‘l'(:‘ cxists o € Ry such that system Sy is locally observable in time at most
T =[T]. :

b) If there exists o € Ry such that system L is locally observable in time at
most T then system X, is lacally observable in time T = a[T).

Proof follows from Propositions 3.2 and 3.5. O

Proposition 4.4. System S, is locally observble if and only if there crists a
positoe real oo such that system X4 is locally observable.

Proof: "=" Let 0,7 € R, 0 < 7. Local observability of system X. implies
distinguishability of any two distint states in Oz, & € R™ Then. by Propo-
sition 3.6, there exists a real positive number « such that these two distinct
states are also distinguishable for the system ¥,. Hence T, is observable.

“<=" Let 0,7 € Z, 0 < 7. Observability of system ¥, means that any two
distinct states from Oz, & - any point from R”, are distinguishable. Proposi-
tion 3.3 implies that these states are also distingunishable for the system X..
Hence ¥, is observable. O

Above there were considered the relations between local observability of
continuous-time system Y. and local observability of it’s Euler’s discretization,
L.e. local observability of system ¥, given by (4). But besides classical observa-
hility of control systems there can be studied also (classical) single-experiment,
ohservability or final-state determirability [5, 6, 4]. System ¢ (or Xp) is:

- single-cxperiment observable if there exists control w that distinguishes every
pair of states

- final-state determinable if there exists a control w such that for each pair of
states x, z either

AT (W) # AT (w) or ¢o(T,0,2,w) = de (T, 0, 2,W) (9)
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respectivly for system X p:
AT (w) # A0T(w) or op(T.o,x,w) = ¢p(T,0,2,w). (10)

Moreover, we say that system X or Yp is:

- locally single-ezperiment observable if it is single-experiment observable for
every pair of states from Oz where & is any point from R"

- locally final-state determinable if there exists a control w such that for each
pair of states 2,z € Oz lolds (9) or (10).

In continuous-time analytic case single-expriment observability implies ob-
servability [5]. In discrete-time analytic case observability implies final-state
observability. From these facts and proposition 4.4 follows that local observabi-
lity of analytic system 3. given by (3) implies local final-state determinability
of it’s Euler’s discretization ¥, given by (4).

Proposition 4.5. Analytic system 3. is locally final-state determinable if and
only if there exists o € By such that system Sy (with analﬂu function f) is
locally final-state determinable. :

Proof: Let us assume that w € U™ and 2,z € O; for some & € R™
”=" Lemma 3.4 implies that from the first condition of definition of finite-state
determinability i.e. A2 (w) # AZ7(w) for system 3. follows that A7 (w) #
A77T(w) for system Y.

Let us assume that ¢.(7,0,2,w) = ¢.(T, ¢, z,w). It means that inner tra-
jectories of system Y. starting at points @ and z, respectively, coincide. From
proof of lemma 3.4 follows that if the second condition of (9) holds then in
some neighbourhood of radious at least « of the last points of trajectories
starting respectively at @ and z, the Euler’s broken lines coincide. Then in-
ner trajectories of systern ¥y starting at points @ and z also coincide. Hence

Ga(T, 0,0, w) = ¢q(T,0,2.W).

"« Similar as in previous point, lemma 3.1 implies that inequality A7 (w) #

77 (w) for system X4 follows that A7 (w) # A2 (w) for system 3.

Now, let us assume that ¢q(7,0,2,w) = ¢4(7, 0, z,w). Then inner trajec-
tories of system X, starting at points x and z coincide. So, Euler’s broken
lines that aproximate inner trajectories of system Y. also coincide. Hence
e (T, 0,2,@) = (T, 0,z @) where T and @ are, respectively, given by (5) and
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(6). 0.

Because in continuous-time case single-experiment observability coincides
with final-state determinability [5], then local single-experiment observability
of system X, is equivalent to local f nal-state determinability of system X4 for
some small &« € Ry, Moreover, local observability of X, in analytic case implies
local final-state detrminability of system 3, for some small @ € R,..
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UWAGI O OBSERWOWALNOSCI DYSKRETYZACJI EULERA
UKEADOW STEROWANIA
Streszczenie

W pracy sa przedstawione relacje pomiedzy roznymi rodzajami obserwo-
walnosci (np. obserwowalnosé, obserwowalnoi¢ w sensie odroznialnodci w sta-
nie koficowym, obserwowalnosé¢ typu ,single-experiment observability”) nie-
linjowych uktadéw sterowania z czasem ciaglvm X i ukladéw otrzymanych
poprzez dyskretyzacje Eulera ..
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ON THE DICHOTOMY OF A SYSTEM
OF HIGHER ORDER LINEAR
DIFFERENTIAL EQUATIONS

Abstract: In this paper we develop a method for the decomposition of solu-
tions of a system of higher order linear differential equations under an exponen-
tial dichotomy. This method is based on properties of the parametric transfer
function and on properties of the two-sided Laplace transform.

Key—words: Dichotomy, the Greer. matrix, the transfer function, the Laplace
transform.

1 Introduction.

The notion of dichotomy for a linear system of differential equations has gained
prominence since the appearance of two fundamental books: [4].and [2]. These
were followed by the important book of Coppel [1]. Several papers on the
subject appeared afterward, see [3].[5].

We consider the following system of m linear differential equations with
variable coefficients:

n dk}” (t) . .
; A (t) gk = ® (t),dim Y (t) = m, (1)

where t € (—00,00),det A, (t) # 0.

For the convenience of the reader we repeat some known material without
proots, thus making our exposition self-contained.

It for any continuous vector-function ® (t) such that
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@ (t)]] < M, (=00 < t < +0)

there exists a unique solution of System (1) of the form

Y (t) = / TG () dt, (2)

— 00

satisfying

IY ()] € My = const, (-0 < t < ),

then the matrix G (¢, 7) is called the Green matrix.
In the particular case when

O(t)y=E5(t-r1),

where & (t) is the Dirac function, from (2) we get

Y (1) = /_Oo G lt,5)8 (s — m)ds = G (t,7),

Therefore the Green matrix is a discontinuous solution of the matrix differen-
tial equation

d’“(: f A
}_“ Ay 29T ps (3)
and this solution satisfies the following conditions ( see[7] ) :

O*G (r+0,1) _ 9*G(r-0,7) (k=0,1,...,mn—2);

otk N otk
An—1,7 n—1 _
PG L0 PG00
grn-1 otn—1
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/m |G (¢, 7)||dT < oo (4)

— Qo0

[t should be noted that for a svstem of linear differential equations with
constant coefficients

n

dry (1
> A ( ) _ o (t) .det A, #0

, dtk
k=0

the Green matrix is determined by the formula

1 100
(t.T) = L™ (p) "= dp

27'” J—ioc

‘here L (p) Z Appt.

[u a series papels [.Z.Shtokolo and L.A.Zadeh [6] [8] developed the method
of the transfer function, which may be used to find the Green matrix. The
procedure is to find a solution of the matrix differential equation

> Ak () 5 (e"'W (t,p)) = E¢”',  |Rep| < 8 (5)
k=0 ’
The matrix W (¢, p) is called a transfer matrix.
From (2) we obtain
Wt p) = / Gt 1) e Pt gr = / Gt —1)ePdr (6)

Thus the transfer matrix is expressed in terms of the Green matrix. The

inverse transformation leads to

) l 100

G(t,t—T1)= 7ei W (t,p) e’ dp;
T o

ZOO—IOU (7)

Gt,7)= i W (t,p)e PE=T) .
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‘Thus it is possible to use the transfer matrix to search for the GGreen matrix.
The transfer matrix satisfies an equation of the form (5),i.e.,

n : ) ()
§Ak ) (p+DY*W (t,p)=E, D:= o (8)

or the equivalent equation

L i(‘?"'L (t,p) OFW (t,p)

Lo Ik 2k
P k! op ot

=F

T

Lt,p):=>_ A (t)p", (9)

k=0

which was given by L.A.Zadeh.

2 Finding the Green matrix.

To seek approximations vo the Green matrix and the transfer matrix, we may
use expansions in powers. of a small parameter.
Let us consider the perturbed system of differential equations

(L(D)+eB(t.D))Y (t,¢) =0, (10)

where the differential op=rators have the form

n—1

L(D)=) ApD¥, detd,#0, B(,D)= d Be(yD* (11)
k=0 k=0

From now on, D denotes —.

We assume that the matrix By (t) be k times differentiable with respect to
t and satisfy for f € (—o0,00) the boundedness conditions

80

On the dichotomy of a system of higher order linear differential equations

dlBk (t)
dt!
The Green matrix of System (10) will be denoted by G (¢, 7,¢).

Assuming that the matrix L= (p) coes not have poles on the line Re p=0, we
obtain for £ =0

|| <byp=const, (I=0,1,..,k k=0,1,...,n-1)

1 170G
G (t,r,0) = — / L™ (p) =" dp.

271 —ioo
From (2) and (3) we get the matrix integral equation
00

G, 1,e)=G(t,T,0)— 5/ G (t,s,0)B (s, D)G (s,7,2) ds.

x>

Integrating the last equation by par:s eliminates the derivative of an unknown-
matrix and leads to the equation

(oo}

G(t,1,e)=G(t,7,0) +8/ R (t,s)G (s,1,€)ds. (12)

o0

where the matrix kernel R (¢, s) is determined by the formula

n—1

Ak
Rt s) = Z (=1)k+1 % (G (t,5.0) By, (s))

k=0

The appropriate integral equation for the parametric transfer matrix

Wtpe) = / G (t,r,e)e = dr
has the form
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o

W) =17 s [ R IW mpdr (13

o OO

A solution of the systems of matrix integral equations (12), (13) may be
found by using a method of successive approximations which converges under
conditions

& / |12 (t,T)Hc—REP(t_T)dT <1, |Rep|< ¥ (14)

J OO

Under this condition. the exponential dichotomy of solutions is preserved
and consequently, also possibility of a decomposition of solutions.

3 Dichotomy

Suppose the Green matrix has been found. We show that it is possible to
decompose a solution set of a homogeneous system of the type

k
ZAk dYt) =0 (15)

by using the GGreen matrix.
A solution Y (t,7) of System (15) with initial conditions, at t =7

d*Y (t)

e =Y. (r), (k=0,1,..,n—1) (16)

t=71

may be represented as a solution of the inhomogeneous system with the right
side depending on Dirac’s generalized function and its derivatives

n—1 /n—k-1 ks 7
ZAA (“ Z < Z Atprgr (B Y (T)> idc(ltt—kl

k=0 =0
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A solution of System (15) with conditions (16) may be written by using (2)

" 0
Vi = [ GeoQundt [ GraQend (1)

— 00

wliere
n—1 /n—k-—I{
d*§ (s — 7
Q(s,7) = 2 ( Y Arp () Yi(r )> —((Z—:,‘—)

For ¢t > 7 we have a particular solution of System (15)

n—1 ' 9% n—k—1 _
S (t, 7—) e Z (_l)k—l (a_,T—]: Z G (f, T) 44[+k+1 (7')) Br[ (T)

=0

Fort =740, we get

Y(r+0,7r)=5(r+0.7)

4 Conclusions

If S (74 0,7) = 0,then the solution set of System (15) does not contain solu-
tions tending to zero exponentialy for t— 4o0. "

Similarly, if S (7 — 0, 7) = 0,then the solution set does not contain solutions
tending to zero exponentialy for t— —oo. Therefore the equations

S{(r+0,7)=0, S(r-0,7)=0 (18)

bring about the exponential dichotomy of solutions of System (15).
If the system of m equations (15) of order n is written in the form of a

svstem of (nm) first order equations, then conditions (18) may be obtained
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by using the standard Green matrix [2] of order (nm x nm) and by employing
projectors. This leads to rather lenghthy computations.

Example. Let us consider the third order linear differential equation

d3’l/ dzy d'l/
— + 22— - — =2y = 19
dt3 dt?  dt y=0 (19)

The transfer function may be written in the form

L 1 1 , 1

Lp)=——7 = - +
(®) pPPH2pi-p—2 6(p—1) 2(p+1) 3(p+2)

The Green function has the form

Gt,71)= ‘%e"(t”) + %F_Z(t_T) (t>7)
1 t—1
Gt.r)=—ge'™, (t<7)

A solution of Equation (19) with the initial conditions

dy (0) d*y (0)

v (0) == yo, i CUW g v

may be obtained as a solution of the inhomogeneous equation, with a genera-
lized right-hand side

y" 4+ 2y" — ' — 2y = &)y, + & (t) (y1 + 2y0) + 8(t) (y2 + 2y1 — vo)

Conditions (18) for 7 = 0 take the form

Y2 - Y1 — 2yo =0, Y2y =10 (20)
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Y2+ 3y +2yo =0 (21)
If we denote by
y(t) = et 4 e 4 gt (22)
the general solution of Equation(19) then we have
Yyo=c1+e2+ce3 Y1 =—cr—20+c3 Yy =cp+4ey+ocs,

Conditions (20) lead to ¢; = 0,¢; = 0, that is in the general solution terms
tending to zero as t — +oc, are absent.

The condition (21) leads to ¢3 = 0 i.e. in the general solution the term
tending to zero as t — —oo, is absent.
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O DYCHOTOMII UKEADU LINIOWYCH ROWNAN
ROZNICZKOWYCH WYZSZEGO RZEDU

Streszczenie

W artykule tym rozwijamy metode dekompozycji rozwiazan uktadu linio-
wych réwnan rézniczkowych wyzszego rzedu ze wzgledu na dychotomie wy-
kfadnicza. Metoda ta bazuje na wlasnodciach parametrycznej transmitancji i
dwustronnej transformaty Laplace’a.
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Malgorzata Wyrwas*

MULTIOBSERVERS FOR NONLINEAR
SYSTEMS

Abstract: In this paper we give the construction of some family of multiob-
servers for locally observable systems and prove that the dynamics of the
multiobserver system gives an estimation of the successive derivatives of the
ontput based upon the knowledge of the output y = h(z). The multiobserver’s
output is a multifunction which gives simultaneously finitely many estimations
of the state of the original system.

Let us consider a nonlinear analytic system % on Q C R™

i= f(z) (1)

y = h(z) (2)

For simplicity we will assume that the output y is scalar. The vector field
f and the function h are assumed to be real analytic.
Let us recall that two points 2y and z; in R™ are indistinguishable if

h{z(t,z1)) = h(z(t, z2))

for every t > 0 such that both sides of the equation are defined. Here z(t, o)
denotes the trajectory of f starting at z(0) = zy, evaluated at time t. Other-
wise z; and zy are called distinguishable. 1t is known that z; and x, are
indistinguishable iff ¢(21) = @(z2) for every ¢ of the form L’}h, where Ly
is the Lie derivative with respect no the vector field f. These functions ge-
nerate the observation algebra H(X) of the system X. Indistinguishability is
an equivalence relation so the state space can be decomposed into disjoint
indistinguishability classes.

*Supported by KBN under the Technical University of Biatystok grant No. W/IMF/1/01
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We say that X is observable if any two distinct points are distinguishable.

The system X is locally observable at xq if there is a neighborhood U of zp
such that for every z € U, z and z¢ are distinguishable. ¥ is locally observable
if it is locally observable at every point. Necessary and sufficient conditions
for local observability were developed in [1, 2].

Assume X is locally observable in a compact set £ C R™. Then any in-
distinguishability class in Q is finite and there is a common bound on the
number of elements in a class.

Proposition 1. If the system X is locally observable on compact set €1 then
IN e NVk > N Jpi : RN 5 R, ¢ — continuous function such that

Ll}h =or(h,..., Lﬁy_lh).
Proof. We assume that the system X is locally observable on 2. Then the set
(2] := {& € Q: 2 and & are indistinguishable}
is a discrete set, as indistinguishable points are isolated and there are only
finitely many of them in each compact subset of the state space. The criterion

of local observability given in [2, 3] is based on the sequence (Lifh,)izo. Let I,

denote the ideal generated by the germs of the functions (L}h - L’}iz(a:))izo.
Then

Vo € Q3IN, (h—h(z),..., LY h— L= "h(z)) = L,

because the ring of analytic function germs is Noetherian.
Let N = ma&c N_. So let us assume that the first N functions
z€

hyLgh,.. .,Lj,v_lh
determine the indistinguishability relation. It means that if
N-—
= (h(z),..., L} Th(z)),

then the indistinguishability class of z, denoted by [2], consists of those T that
(R(@),..., LY 'h(@) =Y.
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For k > N the function L"”'h doesn’t distinguish points of the set [z] =
{T € Q: dy(z) = PN(T)} € Q/ﬁ, where &y : Q C R* —» RV i dn(2) =
(hx),..., Ljy_lh( «)). The function Lkh : R™ — R is analytic for every & > N.

Denote by €2 the quotient space of Q with respect to the indistinguishability
relation ( = 2/.). Let y; = Li h, i >0 and the map ®x : Q2 — RN be given
by ®n([z]) = ®n(r). We impose the quotient topology on €. Then € is
compact and the map ®y is contiiuous and injective. Then ¥ := <I>N is a
continuous map (homeomorphism) from ®x () to Q. The map ¥ assigns to
the extended output Y = (yo,..., /n-1) the class of indistinguishable states
that produced Y. For every x € Q and & > N we have

L’I}h(;l,‘) = L?h([a:]) = L‘}h(\ll('yg, CeyYN-1)) = (Lﬁih oW (yo, ... YN—-1)
Let op = L'J‘,’h o ¥ : RN - R. We get then
Lih = gi(h, Lyh, ..., LY™"h)
and ¢y is a continuous function. ]

When the continuous function ¢y which we get from Proposition 1 is
Lipschitz on compact sets, then we can construct a multiobserver for locally
observable systems (see [4]). This construction is based on the idea of Jouan
and Gauthier [5].

The system &

2= F(z,y) (3)

i =g(z) (4)

is called a multiobserver of the system ¥ on the compact subset @ C R™ if:
(1) the input y is the output of the system X,
{2) g 15 a multivalued map whose values are finite subsets of R",

(3) tlilil d(z(t); 2(t)) =0,
—>+00
where d(xg; A) := meiﬂ |zo—z] is a distance from zg to A and |-| is the Euclidian

nori. We assume that F' and ¢ are continuous in appropriate topologies.
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Equation (3) is called the dynamical part of the multiobserver S, while (4)
is the static part. The multiobserver § will be continuous (smooth) if F and
g are continuous (smooth).

The multiobserver S of the system ¥ (on the compact subset Q C R") is
a system whose input is the output of the system ¥ and whose output is a
multivalued map which estimates the whole class of states that are indistingu-
ishable from the current state of the system X. The state of the multiobserver
S approximates the time derivatives of the output y of ¥ based upon the
knowledge of the output y = h(z). To achieve this we assume that higher
order derivatives of the cutput may be expressed as continuous functions of a
finite number of its first derivatives and the function is Lipschitz on compact
sets. If the system is restricted to a compact subset of the state space and is
locally observable, the values of the multiobserver’s output are finite sets.

The construction of nultiobservers for locally cbservable systems can be
divided into the following steps:

(1) We compute the sequence (L?h),’zo and choose the first NV function
Yo = hayl - tha sy YN-1 = LJ}V_lha
that determine the indistinguishability relation.

(2) We compute higher derivatives of the output as a continuous function of
lower derivatives, i1 particular

Li‘vh = (PN(y()v Y1+, yN—l)-
(3) Let us consider the map &y : Q — RV,
Oy (z) = (h(z),.. .,L]fv_lh(;zr)).

(4) We consider x and & — the indistinguishable states (denote: # ~ ) and
define

Q:=9Q/.,
;I;N([:L']) = (I)N(:L‘)7 61\{ : fl — RN,
(iN is continuous and injective, so there is a continuous map

U= 5 dn(Q) - Q.
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(5) We extend ¥ to a continuous multifunction g on entire RV,
g: RN — Q.

(6) We find ¢ a continuous extension of the function ¢y (we would like ¢ to
be Lipschitz, in order to have exponential estimation of the derivatives
of the outputs). ¢ appears in the dynamics of the multiobserver, so its
dynamics is only continuous.

(7) The system

Z=(A-KsC)Z + KsCy + bp(2)

‘ S :
B0 4= g(2)
is a continuous multiobserver of ¥, where Z € RV,
010 ... 0 0 g 0 0 0
0 01 0 0 62 0 0
A=1........... .. , b= ,Ag=10 0 6? 0
00 0 1 ? ................
N
000 NxN Nx1 0 0 O 6

9>1,C=[1 0...0],, Ko =A0K,

K is such that (A — KC) is Hurwitz and ¢ comes from (6) and g comes
from (5).

An example of a multiobserver is presented in [4].

The problem appears when the function ¢y is not Lipschitz on some com-
pact subset and in this case we can't find a continuous extension of ¢ which
would be Lipschitz. Therefore we want to improve it so that to receive a Lip-
schitz function on each compact set and in this way we would like to be able
to construct multiobservers not only for locally observable systems, for which
the function ¢p is Lipschitz, but aso for each locally observable system. Let
us consider the following example:

Example 2. Let ¥ be the system
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The system X is locally (and globally) observable and the function

11 = @1(yo) = 34/y2

is continuous but it is nct Lipschitz in a neighbourhood of a point yo = 0.

Y1
) J1 =3y
(=a,37a2 a,3Va?)

Yo

Because the function ¢ is not Lipschitz on the compact set [—a, a] (a > 0),
we are going to improve it by defining the following function

3 e
. eyl iyl <a
Bly)=q Ve O :
9‘91(3/)7 if lyl >a

The function ¢4 is only a continuous function, but ¢ is continuous and Lip-
schitz so

3 . -
iL = e R V2,2 € R|@p(21) — @(22)| < Lz — 2.

B

Moreover
v €R 3(2) < pil2).
Let us consider the system Sy g4

5= —6kz + Oky + () (5)

If @ is small enough, the system Sy g, will be a multiobserver of X and the so-
lution of the equation (5) will approximate the output y while the equation (6)
gives a (single-valued) ccntinuous estimation of z(t).
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Now we show that an error, which we make when the solution of (5) ap-
proximates to the output y, can be 2stimated by some constant which is small
enough.

Set €(t) = z(t) — y(t). € satisfies the following equation

D (1) = =0e(t) + (=) - 33/5700).

Because
0< o(y) - @(’/)S%\/—Z
LLE(t) = e(t) - é(t) = —0ke?(t) + €(t) (@(=( )—3,/
= —0ke?(t) + €(t)(¢ ":(f) @(U(t) +<,9(1/ - 5\/
< =0k (t) + ()] (lp(=(2) — »/ 14—L
< (—6k + L)eX(t) %¢F|

. . 3 .
where [ = e Hence:

1d

E?l?‘z(t)g( Ok + i) )+ o \/_I )

7e

Let us substitute v(t) (v(t) > 0, for |e(t)|, then

l =
'U% < (—0 - 7) v + U
The following trajectory

) — 4 0k+o) ﬂ @
l‘(t)_O‘(O)' 9 Hk\/_ ) T3 ka3

satisfies the equation

@=<—ﬂ-3)vm+%%ﬁ

dt Ja
Therefore
(—0k+ )t 4 a 4 a
th<e T A (le(0)) -z o |+ o
le(t]) < e (“( )| 9 0k\3/5—3)+9 0k/a — 3
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Hence we can estimate the error as follows

4 a
I <2
e O R T

(because we can choose 6, k big enough). If @ approaches zero, then . ligl le(®)]
—+00
will approach zero too.

In this case we get some family of (mmulti)observers which depends on a. The
solution of (5) approximates the output y with an accuracy of some constant
depended on a, while (6) gives a (single-valued) continuous estimation of z(¢).

On the basis of the above-mentioned example we want to construct some
family of multiobservers for each locally observable system.

Let & be a locally observable system described by the equations (1) and
(2) and Q C R™ be a compact subset of R”. Assume that

Assumption: There exists a family of continuous and Lipschitz functions
@ (with a Lipschitz conssant L) such that

vy € RV @ (y) —on () | < A,

where sup ¢ (y) —en(y)|=A and 2 2 goes to zero as A — 0.
yERV

Let us take one function from above-mentioned family and then consider
a candidate for multiobserver system Sy 90,4 for X:

Z = (A-KyC)Z + KyCy + bp(2)
t=g(Z)

where Z € RN and A, b, C, Ky are defined above in point (7) of the multiob-
server’s construction, and ¢ is defined in (5) of it.
We have the followinz theorem:

Theorem 3. For each Z(0) € RV, 2(0) € Q and some constants @ > 0, s > 0
the solution Z(t) of Ssg.0,4 satisfies the following inequality

_ 7 aslle(0}] s —a(&—sL
R e e =) R
+ A
Va(§-sL)
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where 8 > 1, A and L are constants. A and L are such constants that the
above-mentioned assumption is true. This inequality holds for all t such that
{a(s) : 0 < s <t} CQ (x(t) is the solution at time t of ¥ starting from z(0) ).

Proof. Take S, a positive definite solution of the Lyapunov matrix equation
(A -KC)TS-- S(A—-KC) = —Id.

Such an S does exist by the standard linear theory (see [6]). Let z(0) € © and
Z(0) € RN,
We notice that

d

Et_q)N( z(t)) = A-dn(z(t)) + bon(Pn(2(t))),

as long as x(t) € Q.
Set ®n(z(t)) = H(t) and ¢(t) = Z(t) — H(t). Then e satisfies

d

Zelt) = (A~ KoQ)Z(t) + Koy't) + bH(Z(1)) — AH (1) = bon (H (1))

Because Koy (t) = AgKy(t) = KeCH (t) so
1) = (A~ Ke©)e(t) + BIB(Z(1)) - en(H (O)]
Set e(t) = Agé(t), Z(t) = DoZ(1), H(t) = AgH(t). Then we obtain

L2(t) = B(h — Ko©)E(t) + 7 blR(A0 (1)) — o (e ()]

dt
Hence )
LA (@T58) = —2ETe 4 &7 S g b[B(As 2 (1)) — G(AGH (1) + +@(As H (1)) — o (Do H(1))]
< —LER + TS EbB(AeZ (1) — GAGH (1)) + TS gbl@(AsH (L) — e (AsH (1))
s %Hai? + [SIILIENR + 1151 5w AllE]

< = (L= IS|IL) e Se+ 15| 53 AV/aVET 5E
for some a > 0.
We have to solve the inequality

1d

L @59 < - (§ - IS ) 0d" S+ 81 e AVAVETSE
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Let /€T SE(t) := v(t) (vit) > 0) then we obtain
0o s ]
o2 < (L) v 4 S g AV,

If v(t) = 0, then ||e(t)|| = 0.
We can assume that v(t) > 0 then we have

w1
Sl g AV

dv 0 ,
(2SI ) v+
oS (2 ||S||L) v

The trajectory

oft) = [ /T 5e(0) - 14 el gl IS

satisfies the equation

dv 0 . 1
E; = — (E — ||S||L) v+ [[9||9—N,4\/H

Because é7S&(t) = vi(t) so
2
T$e < e—w(%—usnmu( TSe0) - A dds f“("‘“"“q”m) +
(24 5— +
—a(5—|ISlIe 2|54 _ T Is)ja
4e 3 e (Z-IFIL) €TSé0) —9——9N\/H(5—||S||L)) +
S||? 42
T @V o (E-515)
and
H~”2< —2c(Z—|IS|IL)t IS1eTe(0 1544 :
e~ 2(5=lISIL)E < e ST
= lS1EC0) - v me T ) T
—o(g=lSine . ___2sIA (1 /orsETagy — LS
te e oV /(2 STD) ( ol SNETe0) = vz e ) T
11512 4
+92N11(§—]],S'||L)'
For 8 > 1:

el = €™ A - € < 6*V]jel],
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Hence

2 2N / 5 —Z. __ s ~a(L s & 2
el < 67 [< [l5T(0)(Ae)=2¢(0) 9%“@”&7”5)* & IIS”L)t_*'eN\/E(;i—AII.Sl!L)} ’

Then

H(H S (_)1\7 (Y“SHHE(O)H _ < A: A . .6—1,1(5—”5”[/)t GS A
0 N e g~ |ISIIL) NG

If 4 goes to zero and ¢ goes to infinity, then ¢(¢) will approach zero. O
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MULTIOBSERWATORY DLA UKEADOW NIELINIOWYCH

Streszczenie

W artykule podana jest konstrukeja pewnej rodziny multiobserwatoréw
dla ukladéw lokalnie obserwowalnych. Udowodniono, ze dynamika multiob-
serwatora estymuje kolejne pochodne wyjicia bazujac na znanym y = h(z).
Wyijsciem multiobserwatora jest multifunkcja, ktéra dostarcza jednoczesnie
skoniczenie wiele estymat stanu ukladu oryginalnego.
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CONTROLLABILITY OF DISCRETE-TIME
INFINITE-DIMENSIONAL LINEAR SYSTEMS

Abstract: Discrete-time infinite—limensional linear control systems, with
one—dimensional output, are studiel. They are described by infinite matrices
with finite columns i.e. columns wish finitely many nonzero elements. Condi-
tions of controllability of such systems are given.

Key-words: Infinite-dimensional system, linear discrete—time system, con-
trollability, reachability.

1 Introduction

We consider discrete-time infinite-dimensional control systems with output.
They are defined on space R™ = {2 : N — R, 3n(z) € N Vi > n(z):
x(i) = 0} and described by infinite matrices with finite columns, i.e. columns
with finitely many nonzero elements.

Reachability and controllabiliy were described for a finite—dimensional
space R™ in many articles. Reachability and controllability in this article is
described for infinite dimensional space R,

In article [2] were presented coaditions for observability of discrete-time
infinite-dimensional systems with output. They were described by linear func-
tions depending on a finite number of variables, represented by matrices with
finite rows. In this paper it is assuned that matrices of a system have finite
columns. This will be needed for definition of controllability.

Let us consider a discrete-time infinite-dimnensional system with one—
dimensional output:

Cz(k+1) = Ax(k)+ Bu(k)
BT = o), (L1)
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where k € N, 2(k) € RM, y(k) € R, u(k) € R with initial state 2(0) = 2° =
0
§

0
€3

We assume that matrices A and B have finite columns i.e. columns with
finitely many nonzero elements. Matrices A and B are identified with operators
A:RY — RN and B : K — RN System ( 1.1) may be written in form:

ok

ik +1) =Y aga; (k) + biu(k), (k€ N,i€N), (1.2)

i=1

where for every j only finitely many coefficients a;; # 0.

2 Solution of the system

A solution of the system ( 1.1) is a sequence of discrete-time functions © =
(x1(k), x2(k), ...}, z; : NU{0} — R which substituted to the equations change
them to identify for some u and satisfy initial conditions z(0) = 2% Such
solution at time k is denoted by (k, 2%, u) and output denoted by y(#, 2% u) =
Cua(k, 2% u). It has the form:

i k
w(k+1,2% u) = A0 4 ZAk'jBu(j) (k e Nu{0}), (2.1)
i=0

or otherwise

k
w(k+1,2% u) = AM 10 4 Z A'Bu(k — i) (k€ N,ie N). (2.2)

=0

Definition 2.1. The function f*g = ZI;:O f(k = 8)g(s) is called the convo-
lution of the functions f and g; f,¢ : NU{0} — R.

3 Controllability

Let R™ be the space of finite columns (columns with finitely many nonzero
elements) and RN the space of all infinite columns. Then by (RN we denote
the dual space to R, The space (R(N))’ is isomorphic to RY,
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The solution of system ( 2.2) with 2(0) = 0 may be written for any % in
the form:

u(k)
(k1) = X5y AlBu(k—i)= ( B,AB,...) ”(k:_ Dl ( B,AB,...)
u(0)
u(k) “u(k)
u(k — 1) u(k — 1)
u(.(]) =F-w=(Exu)(k), E=( B,AB,... ), w= u('O) ,
0 0
0 0
u(b)
u(1)
=| )

Let £:RM™ — RM™ and F(w) = Fw, where w is as above and k € N is
arbitrary.

Proposition 3.1. The set of all = -w i~ a linear subspace of RN where

u(k)
u(k — 1)

w e RN, E:RM S RMN E=( 3,AB,... ), w= u(0) ke N.
0
0

Definition 3.1. ImE is the reachability set with zero.
We denote the reachability set by F(0).

Definition 3.2. The system is controllable when the reachable set R(0) =
R,
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Theorem 3.2. System © is controllable < for ve RN o7 . (B,AB...)=0
=v=0&VkeENVITA*B =0 = v=0 where v e RN. a

Proof. R(0) = R®™ (with definition ( 3.2)) & v L R(0) = v = 0 for v € RN
ol -imE=0=>v=0& ((Yw e RM:vTEw=0)= v=0). O

4 Controllability and observability

Let us consider a discrete-time infinite—dimensional system with one—dimensional
output:

x(k+1) = Az(k)+ Bu(k)

¥): y 4.1
E T = ca, (41)
where k € N, z(k) € R®™, y(k) € R. (A and B have finite columns)
and
(=7) - wk+1) = ATz(k) + CTu(k) (4.2)

y(k) = BTa(k),
where k € N, z(k) € RN, y(k) € R (A and B have finite rows)
y(k,2°% u) = Cx(k, 2% u).

Definition 4.1. We say that x1, 2, € R™ are indistinguishable (with respect
to X) of for all k > 0:

y(k’ ml’ /lL) = y(k’ :52’ IU/)
for all k and u. Otherwise 1 and x4 are distinguishable.

We say that ¥ is observable if every two distinct points are distinguishable.
(

sl

Let D = (d;;) = C'A | Then the following theorem gives a necessary

condition for observability.

Theorem 4.1. [2] If ¥ is observable then rank D = oo. a
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Theorem 4.2. [2]IfVk € N3k' >k iy,... i,, e N:Vi=1y,... sy J >
X

d;j = 0 and rank (4;;) P ) —

=11y wznl:/
. Y,
i=1,...,k

then ¥ s observable. a
Theorem ( 4.2) is a sufficient condition for observability.

Theorem 4.3. [2] System X is obszrvable <& Da = 0 = = = 0, where « € RN,
C
=1 CA

Theorem 4.4. System ST is observable & ¥ is controllable.

BT BT

Proof. T is observable & BTAT |, — 0,zeRV=2z=0c (AB)T |, =

0. wherezr e RNz 2 =0 o a:T( B/AB,... ) =0= 2 =0 ¢ Xis control-
lahle. O

We may use the condition for observability to write down a similar condi-
tion for controllability.
Proposition 4.5. If ¥ is controllable then rank ( B, AB,. .. ) = 0. o
Proposition 4.6. IfVj € N3n; > j 3ky,...  ky, Vi =Ky, ook, 0> 0y

ei; = 0 and rank (e;;) ; =n;

=1,...,n
j:kl,... »kn,
then ¥ is controllable. a

Remark 4.7. 2TE = 0 = « = 0 where ( B,AB,... ) = 0 (F bhas finite
columns) & 3E': EE' = I (E' has finite columns).

Proof 4.8. JFE' : FE' = I (E’ has finite columns) < Vi € N 3n; € N :
:z'TE,L,. =0=2;=0& Vi € Ndn; € N:rankE,, = n;, where E,, denotes
the first norows of E.
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5 Examples

Example 5.1. Let us consider the following infinite-dimensional system:

1 0000
01000

Observe that F = ( B, AB, ... ) = 00100 . And it is
00010

easy to notice that the condition from Proposition ( 4.6) is satisfied and X is
controllable.

Example 5.2. Let us consider the system described by the matrices: 4 =

-1 0 0 0
0 1 0 0
0 0 -1 0 1
1 -1 0 1 ... 1
1 -1 0 0 ... | andB=]1
0 -1 1 -1 ... 0
0 0 1 -1
0 0 0 -1
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1 1 -1

1 1 1

1 I -1

0 0 -4

0 -2 0

Then rank F = rank ( B,AB, ... ) =rank | o _ 1 =0 but

0 -1 3

60 0 2

0 0 0
1
O
—1

Y is not controllable e.g. = o | satisfies equations:

(i

wi s = 0

T1+ g+ 3 — 205 — Tg — X7 = 0

—ZI + Ty — T3 — 41‘4 + Zg + 4;177 - Qilfg = 0

Example 5.3. Matrix E like in Example ( 5.1). The condition from Re-
mark ( 4.7) is satisfied. There exists a matrix E' that FE’ = [, where

1 000
., 01 00
EE=10010
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STEROWALNOSC NIESKONCZENIE WYMIAROWYCH
UKEADOW LINIOWYCH Z CZASEM DYSKRETNYM

Streszczenie

Zbadano nieskoficzenie wymiarowe lintowe uklady sterowania z dyskret-
nym czasem i jednowymiarowym wyjsciem. Opisane sa one przez nieskonczone
macierze ze . skofczonynid kolumnami”, tzn. kolumnami majacymi skonczenie
wiele niezerowych elementéw. Warunki na sterowalnosé takich ukladéw zostaly
podane.
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ELEKTROLIT DO WIELOWARSTWOWYCH
URZADZEN ELEKTROCHROMOWYCH

Streszczenie: W publikacji przedstawiono przeglad artykutéw opisujacych wyniki badan przeprowa-
dzonych w ostatnich latach nad otrzymywaniem elektrolitu stalego (zelowego) do urzadzen elektro-
chromowych. Podstawowy warunek stawiany takim elektrolitom to wysokie przewodnictwo wiasci-
we (minimum 107*S-cm™ . a takze odpowiednia trwatos$¢ w czasie, wysoka transmitancja w zakre-
sie promieniowania widzialnego (VIS) oraz odpowiednia przyczepnos¢ do podioza. Elektrolit zelowy
spelniajacy te wymagania powinien zawierac:
— przewodnik jonowy, ktorym powinna by¢ sol litu np.: LiCF;SO;- trifluorosulfonian litu,
LiClO4 - chloran(VII) litu lub LiN(CFESO,), — trifluorosulfonimidek litu.
— matrycg polimerowsg np.: polimetakrylan metylu (PMMA), poli(chlorek winylu) (PCV), po-
li(tlenek etylenu) (PEO) lub poliakrylonitryl (PAN) w odpowiedniej postaci.
— odpowiedni rozpuszczalnik lub ich mieszaning z nastgpujacych: weglan propylenu (PC), weglan
etylenu (EC), y-butyrolakton (y-BL). odpowiedniej czystosci.
— rozpuszczalnik do wstgpnego przygotowania zelu matrycy, np. acetonitryl (AcCN) lub tetrahydro-
furan (THF).
Wykonane badania wlasne pozwolily otrzymac elektrolit zelowy o sktadzie: 15% PEO. 40%
PC, 40% EC, 5% LiClOy, ktérego przewodnictwo wynosito 8,4 mS-cm™ w temperaturze pokojo-
wej po 3 dobach zelowania. Elektrolit charakteryzowal si¢ trwatoscia w czasie, i wysoka transmitan-
cja promieniowania w zakresie widzialnym, co daje mozliwos$¢ jego zastosowania w urzadzeniach
elektrochromowych.
Slowa kluczowe: elektrolit zelowy (staly). urzadzenie elektrochromowe, s6i litu, matryca polimero-
wa, rozpuszczalnik.

Przeglad literaturowy

Jednym z najwazniejszych elementéw wielowarstwowego urzadzenia elektro-
chromo-wego jest warstwa elektrolitu o odpowiednio duzym przewodnictwie wia-

sciwym (powyzej 1074S-cm™ ). Dodatkowo elektrolit musi si¢ charakteryzowac

trwaloscia w czasie, latwoscig nanoszenia na warstwy elektrochromowe, dobra
przyczepnoscia (kleistoscia), odpornoscia na temperaturg, a wlasciwie zachowa-
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niem odpowiednich wiasciwosci w duzym zakresie temperatury (od —20 do 60°C).
Trudnosci z otrzymaniem elektrolitu spetniajacego te wymagania spowodowaty, ze
w wielu o$rodkach naukowych zajmowano sie tym zagadnieniem w ostatnich la-
tach [1-12].

Elektrolit staly (zelowy) opisywany w literaturze zawiera jako podstawowy
skfadnik przewodnik jonowy (jest to najczesciej sol litu), matryce organiczna, kt6-
rq stanowi odpowiednio spreparowane tworzywo sztuczne oraz odpowiednie roz-
puszczalniki organiczne (bezwodne). Rozpuszczalniki te musza umozliwiaé dyso-
cjacje i odpowiednia ruchliwo$é jonéw, a tym samym odpowiednie przewodnictwo.

W ostatnich latach badania prowadzone sa w kierunku uzyskiwania jak naj-
wigkszego przewodnictwa i trwalosci, co daje szanse dlugiej pracy urzadzenia
elektrochromowego z dobra pamiecia, to znaczy z identycznym (lub zblizonym)
zachowaniem, jak na poczatku, nawet po wielu tysiacach cykli pracy urzadzenia.

Su L. i wspdtpracownicy [1] przygotowujac elektrolit staly zastosowali, jako
przewodnik jonowy chloran(VID) litu (LiClO4)oraz matryce z poli(tlenku etyle-
nu); podstawowym rozpuszczalnikiem byt weglan propylenu. Zalezno$¢ przewod-
nictwa tego elektrolitu od temperatury ma przebieg typu Arrheniusa. Badanie me-
toda dyfrakcji rentgenowskiej wykazato, ze polimer (matryca) byt amorficzny
(o strukturze amorficznej). Z nachylenia prostej (zaleznos¢ przewodnictwa o

[S-cm_l] od I/T [K] ) obliczono energig¢ aktywacji E, jonowego przewodnictwa
elektrolitu, wykorzystujac zalezno$¢ o =0, exp(—E,/kT), gdzie k to stala Bol-

zmana, T — temperatura [K]. Energia pseudoaktywacji dla elektrolitu zelowego
wynosita 31,7 kJ/mol, gdy tymczasem dla roztworu chloranu(VII) litu (LiClO,)

w weglanie propylenu wynosi 13,1 kJ/mol. Przewodnictwo elektrolitu na poczatku
wynosito 461074S-cm™! , a po 3 dobach wynosito 3,2:107 S cm™ i nie zmie-
nialo sie po nastepnych dobach.

W innej publikacji Su L. i wspélpracownicy [2] przedstawiaja wyniki badan
nad elektrolitem statym z matrycq z poli(chlorku winylu). Skiad (% wagowy)
elektrolitu byl nastepujacy:

15% PCV (poli(chlorek winylu)), 40% PC (weglan propylenu),

40% EC (weglan etylenu), 5% LiClO,4 (chloran(VII) litu).

Mieszanina stanowiaca elektrolit przed nanoszeniem rozpuszczona byta w tetrahy-

drofuranie (THF). Warto$¢ przewodnictwa elektrolitu statego ustalita sie po 3 do-

1

bach i wynosifa okoto 2,3mS-cm™, a dla poréwnania przewodnictwo chlora-

nu(VID) litu-LiClO, o stezeniu 1 mol/dm’ w weglanie propylenu (PC) WYnosi

8mS~cm_1.
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Stosunkowo wysokie przewodnictwo elektrolitu z matrycg PVC $wiadczy
o tym, ze ta matryca nie ma istotnego wptywu na rezystancj¢. Zastosowanie jako
rozpuszczalnika mieszaniny EC i PC powoduje wysoka dysocjacje soli litu, a row-
noczesnie malg lepkos¢ w ukladzie tych rozpuszczalnikow, co umozliwia duza
ruchliwo$¢ jonow.
Modyfikacja sktadu elektrolitu to znaczy zastosowanie matrycy z poli(chlorku
winylu), oraz zastosowanie dodatkowo tetrahydrofuranu (THF), jako rozpuszczal-
nika do matrycy przed nalozeniem eclektrolitu na warstwe elektrochromowsg, po-

zwolito uzyskaé elektrolit o przewodnictwie rownym okoto 2 mS- em” ! [3].

Zastosowanie matrycy z poli(tlenku etylenu) i dobranie optymalnego st¢zenie
chlorku litu, a takze ukiadu rozpuszczalnikow (wegglanu propylenu i weglanu ety-

lenu w stosunku wagowym 1:2) pozwolito otrzymac elektrolit zelowy o przewod-

1

nictwie wlasciwym tez réwnym okoto2 mS-cm™~ [4]. W pracy tej, opierajac sig

na badaniach voltamperometrycznych w ukladzie trojelektrodowym wyznaczono
wspotczynnik dyfuzji, ktory wynosit D=310""%cm?-S, co jest wartoscia po-
dobng dla tego typu elektrolitéw [5].

Kolejny krok w poszukiwaniu elektrolitu spetniajacego jak najlepiej wszyst-
kie wymagania urzadzenia elektrochromowego to zastosowanie polimetakrylanu
metylu (PMMA), jako matrycy [6] w elektrolicie zelowym. Sktad tego elektrolitu
byt nastgpujacy:

25% PMMA Polimetakrylan metylu

35% PC Weglan propylenu

35% EC Weglan etylenu
5% LiClO4 Chloran(VII) litu

Mieszaning elektrolitu rozpuszczono
w tetrahydrofuranie (THF)

Obliczono energi¢ aktywacji dla tego elektrolitu (E,, =16,9Kk]J mol—l). Dla po-
réwnania energia aktywacji dla | M roztworu LiClO, w weglanie propylenu wy-

nosi 13,1 kJ mol ™. Interesujace, ze przewodnictwo elektrolitu po 3 dobach spadto

tylko o 0,0014S~cm_1,gdy réwnoczesnie przewodnictwo roztworu LiClOy4

(1 mol/dm’) w weglanie propylenu spadfo o 0,008 S em™.

Sekhon i wspotpracownicy [7,8] podejmuja badania i dyskusje nad proble-
mem stosowania rozpuszczalnikdw w przygotowywaniu i wilasciwosciach otrzy-
mywanych elektrolitow statych. W pracy [8] zaprezentowano wyniki badan nad
elektrolitem ztozonym z:
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— matrycy polimerowej na bazie polimetakrylanu metylu (PMMA),

— rozpuszczalnika jednosktadnikowego lub mieszanego dwusktadnikowego z na-
stepujacych: weglan propylenu (PC), weglan etylenu (EC), y-butyrolaktonu
(y-BL) oraz

— przewodnika jonowego — trifluorosulfonianu litu (LiCF;SO3).

Sposdb przygotowania wymienionego elektrolitu byt nastepujacy: sol rozpuszczo-
no w rozpuszezalniku (lub mieszaninie rozpuszczalnikoéw), a nastgpnie dodawano
polimer w rozpuszczalniku i doktadnie mieszano. Wowczas nastgpowato czgscio-
we odparowanie rozpuszczalnika i po pewnym czasie elektrolit mozna byto zasto-
sowac.

Wczesniejsze badania wykazaty, ze polimer (PMMA) nie uczestniczy w prze-
wodnictwie omawianego elektrolitu.[9]. Z drugiej jednak strony polimetakrylan
metylu wykazuje wysoka transmitancj¢ w zakresie promieniowania widzialnego
(VIS) i stad mozliwo$é jego zastosowania w urzadzeniach elektrochromowych.

Agnitory 1 wspdlpracownicy [10] otrzymali nowy elektrolit do ,,.Smart Win-

1

dows” o przewodnictwie 3107 S-em™. Badany elektrolit zawieral sol litu

LiN(CF;S0,), lub LiCF;S05, rozpuszezalnik weglan propylenu (lub mieszaning
weglan propylenu + weglan etylenu) oraz matryce z PMMA. Po réznych probach
i badaniach zaproponowano elektrolit, w ktorym stezenie soli litu wynosito
I mol/dm’, a elektrolit zawierat 20% PMMA oraz PC (lub PC + EC =1 + 1, 1+43).
Badaniom poddano elektrolit o nastgpujacym skladzie: PMMA — PC/EC/y-BL -
LiCF;S05, gdzie: PMMA — polimetakrylan metylu (matryca),

PC — weglan propylenu,

EC —weglan etylenu,

LiCF;SO5 — trifluorosulfonian litu.
Ostatecznie przeprowadzono badanie wiasciwosci elektrolitow, ktore zawieraty
rozpuszczalniki pojedyncze lub uktady dwusktadnikowe w nastepujacych warian-
tach:

PC, EC, y-BL - jako jednosktadnikowe

PC +vy-BL, PC + EC, EC + yBL — jako dwusktadnikowe

W wyniku przeprowadzonych badan stwierdzono, ze najwyzsze przewod-
nictwo wykazuje roztwér soli (LiCF;SO3) o stezeniu od 0,8 do 1,2 mol/dm”. Po-
wyzZej stezenia od 1,2 mol/dm’ przewodnictwo istotnie maleje (tworza si¢ pary jo-
nowe, co obniza przewodnictwo).

Jezeli chodzi o wplyw zastosowanych rozpuszczalnikéw, to najnizsze prze-
wodnictwo przy okreslonym stgzeniu soli wykazuje roztwor weglanu propylenu
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(PC), anajwyzsze roztwdr w weglanie etylenu (EC). Kolejno$¢ przewodnictwa
wedtug stosowanych rozpuszczalnikow jest nastepujaca:

PC< PC+EC< PC+yBL< EC+7v-BL< y-BL<EC

Dodawanie matrycy z PMMA istotnie zmniejsza przewodnictwo co zbadano
w zakresie od 0 do 30% wagowej zawartosci PMMA w otrzymanym zelowym
elektrolicie. Tlumaczy sie to przede wszystkim wzrostem lepkosci uktadu. Do za-
wartosci  10% PMMA spadek przewodnictwa jest mniejszy. Badanie przewod-
nictwa w funkcji temperatury daje zalezno$¢ typu Arrheniusa, ale charakterystycz-
ng dla elektrolitow o wysokiej lepkosci. Zdaniem autoroéw tego artykutu [8] takie
cechy otrzymanego elektrolitu, jak:

— wysokie przewodnictwo ¢ =3+5 mS/cm , przy zawartosci 10% PMMA,

— wysoka transmitancja w zakresie widzialnym,

~ duza przyczepnos¢ (kleistos¢),

powoduja, ze ten elektrolit, jako elektrolit zelowy. bardzo dobrze nadaje si¢ do
urzadzen typu elektrochromowego,.

W pracy [11] przedstawiono wyniki badan nad nowym elektrolitem dla urza-
dzen elektrochromowych, w ktérym przewodnikiem jonowym byt trifluorosulfo-
nimidek litu LiN(CF;SO;),, matryca — polimetakrylan metylu (PMMA oraz roz-
puszczalniki y-butyrolacton (y—BL), weglan propylenu (PC) i weglan etylenu (EC).

Rozpuszczalnikow uzywano pojedynczo lub jako ukladéw dwusktadnikowych.

Przewodnictwo maksymalne dla elektrolitu z y-BL wynosifo 1,26- 10728 cm™,

przy stezeniu zwigzku soli litu, wynoszacym 1,2 mol/dm’. Zastosowanie rozpusz-
czalnikow w ukladzie dwusktadnikowym (np. y-BL + EC, y-BL + PC) powodo-
walo w rezultacie mniejsze przewodnictwo. Zwigkszenie procentowej zawartosci
matrycy (PMMA) powodowato takze zmniejszanie przewodnictwa. Ostatecznie
zaproponowano nastepujacy sktad elektrolitu:

25% PMMA, 1,25 mol/dm’ LiN(CF3SO,), y-BL + EC =1 + 1 lub (y-BL lub EC)

Przewodnictwo takiego elektrolitu wynosito okoto 107°S-ecm™, a w zakresie

temperatury 10-85°C zaobserwowano maty wplyw temperatury na wartos¢ zmia-
n¢) przewodnictwa.

W innych badaniach Sekhon i wspolpracownicy [12] przedstawili wyniki ba-
dan nad elektrolitem w ktorego sklad wchodzita matryca — poliakrylonitrylowa
(PAN), elektrolit — trifluorosulfonian litu — LiCF;SOs i rozpuszczalniki — weglan
etylenu (EC) oraz weglan propylenu (PC). Wykonano badania dla r6znej proporcji
rozpuszczalnikow, roznego stezenia elektrolitu litowego, réznej zawartosci matry-
cy. Ostatecznie zaproponowano nastepujacy sktad elektrolitu: stezenie soli wyno-
sito 1 mol/dm’ LiCF;S03, 20% (wagowo) PAN, PC + EC =1 + 3. Przewodnictwo
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tego elektrolitu wynosito okoto 2 mS-cm™. Sposéb przygotowania elektrolitu byt

nastepujacy: sél litowa rozpuszczono w odpowiednim (lub mieszaninie) rozpusz-

czalinku, nastgpnie dodawano PAN i otrzymano po mieszaniu elektrolit zelowy

o odpowiedniej gestosci i lepkoscei.

Z przeprowadzonego przegladu literaturowego wynika, ze elektrolit staly
(zelowy) zastosowany w wielowarstwowym urzadzeniu elektrochromowym
powinien zawiera¢ ponizej wymienione skladniki:

1. Przewodnik jonowy, ktérym powinna by¢ sol litu np. LiCF;SO5 - trifluorosul-
fonian litu, LiClO4— chloran(VID) litu, lub LiN(CF;SO;), - trifluorosulfoni-
midek litu.

. Maryce polimerowa np.: polimetakrylan metylu (PMMA), poli(chlorek winylu)
PCV, poli(tlenek etylenu) PEO lub poliakrylonitryl (PAN).

3. Odpowiedni rozpuszczalnik lub mieszaning — weglan propylenu (PC), weglan

etylenu (EC) ub y-butyrolakton (y-BL) .

4. Rozpuszczalnik do przygotowania zelu matrycy np. acetonitryl lub tetrahydrofu-

ran.

Elektrolit powinien charakteryzowaé sie przewodnictwem wiasciwym minimum

3]

107*S-cm™ ,(a jeszcze lepiej, jesli przewodnictwo wynosi powyzej 1072S-cm™ ),
odpowiednig trwaloscia, wysoka transmitancja w zakresie promieniowania wi-
dzialnego (VIS) oraz odpowiednia przyczepnoscia do podtoza.

Przygotowane elektrolitu stalego

Do badan zastosowano nastepujqce substancje:

1. PVC -~ [-CH,CH(Cl)-],, — poly(vinyl chloride), poli(chlorek winylu) firmy
Aldrich

2. PEO - [-CH,CH,0-], M, ca 600.000
poly(ethylene oxide) poli(etylenu tlenek) firmy Aldrich

3. PC — propylene carbonate (weglan propylenu ) firmy Fluka

/ O——CH,

C4HeO; O== \
O——CH—CH;
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4. EC — ethylene carbonate ( weglan etylenu ) firmy F luka

O——CH,
C:H404 O==C < }
O0—CH,

5. LiClO4 chloran(VII) litu firmy POCH-Gliwice
6. Acetonitryl CH3CN czystosci chromatograficznej (do HPLC)

7. LiCF;S03 - trifluorosulfonian litu firmy Merck
8. y-butyrolacton (y-BL) firmy Merck
9. Polimetakrylan metylu (PMMA) firmy Aldrich

Przygotowane elektrolitu stalego z matryca z pvC

Na podstawie danych literaturowych przygotowano elektrolit o nastepujacym skta-
dzie:
15% PVC, 40% PC, 40% EC, 5% LiClO,

Sposdb przygotowania

1,5¢ PVC rozpuszczono w 10 c¢m’ THF (intensywnie mieszano i rozcierano). Do-
dano 4 g EC i mieszajac powoli wprowadzono 5 em’ roztworu LiClO4w PC
o stezeniu 1mol/dm”.

Przy probie zastosowania elektrolitu pojawity sie jednak w tym wypadku trudnosci |
z uzyskaniem zelu jednorodnego, a dodatkowo elektrolit nie skleil ptytek i po-

wstaty po pewnym czasie biate plamy (oddzielanie matrycy), co zmniejszylo trans-

mitancje urzadzenia elektrochromowego w zakresie promieniowania widzialnege

(VIS). Zauwazono niejednorodnosé elektrolitu w warstwie.

Elektrolit staly z PEO
Skiad procentowy taki sam, jak poprzednio to znaczy:
15% PEO, 40% PC,40% EC,5% LiClOy4

Przygotowanie elektrolitu

1,5¢ PEO rozpuszczono w Scm’ acetonitrylu (energicznie mieszajac i rozcierajac
bagietka). Nastepnie dodawano powoli roztwor LiClO4 w PC/EC, ktory przygo-

towano w nastepujacy sposéb: odwazono 4g EC i 4g PC, zmieszano i rozpuszczo-
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no, mieszajac mieszadlem magnetycznym, po czym dodano 0,5g LiClO,4, ktdry

rozpuszczono w mieszaninie EC/PC.
Tak otrzymany elektrolit wykazywat niskie przewodnictwo wlasciwe (ponizej

107 S~cm_l).NastQpnie zwigkszono w dalszych probach stezenie przewodnika

jonowego do 10%, co odpowiada stezeniu okoto 1 mol/dm®.
Przygotowanie elektrolitu stalego o wyzszym przewodnictwie wlasciwym

1. Przygotowanie matrycy z poli(tlenku etylenu) — PEO:
1,5g PEO rozpuszczono (w wysokiej zlewce poj. SOcm’) w 5 cm’ acetonitrylu
(CH;3CN). PEO wsypywano bardzo powoli i energicznie mieszano zawarto$é
za pomocg odpowiedniej bagietki (lub z zastosowaniem mieszadta magnetycz-
nego).

2. Przygotowanie roztworu elektrolitu:
Do zlewki o pojemnosci 50 cm® odwazono na wadze analitycznej 5g weglanu
etylenu (EC ) i do tego powoli odwazono 2,5g ( okoto 2,1 cm’) roztworu we-
glanu propylenu (PC). Nastgpnie rozpuszczono EC w PC intensywne mieszajac
przy uzyciu mieszadla magnetycznego. W otrzymanym roztworze rozpuszczo-
no 1g LiClO,4 cz.d.a. (roztwér zajmuje objeto$é = 6 cm’, co oznacza, 7e steze-
nie LiClO4 wynosi 1,5 mol/dm’ (w PC+EC =1+2).

3. Przygotowanie elektrolitu statego (zelowego)
Zmieszano oba roztwory, dodajac powoli przygotowany roztwdr elektrolitu
(LiClO4 w EC+PC) do matrycy z PEO, energicznie mieszajac (rozcierajac) za
pomoca bagietki.
Ostateczny sktad procentowy elektrolitu statego:
15% PEO, 25% PC, 50% EC, 10% LiClO,4
Po 3 godzinach zel (elektrolit staly) nanoszono na warstwe elektrochromowa
WO5 (ktora byfa naniesiona na warstwe przewodzaca ITO). Po rownomiernym
rozprowadzeniu odpowiednio przygotowanym przyrzadem szklanym, przyciskano
druga ptytka (z warstwa blekitu pruskiego — BP naniesionego tez na warstwe ITO).
Zelowanie trwato 3 doby w temperaturze pokojowe;.
Przeprowadzono pomiary przewodnictwa wlasciwego z zastosowaniem kondukto-

metru CC-551 firma Elmetron z czujnikiem CD-2, Nr 505 i stalg £ =0,5 em L
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Tabela 1.
Wyniki pomiaréw przewodnictwa roztworu
chloranu(V1I) litu o stezeniu 1 mol/dm’
w weglanie propylenu (PC)

3 [mS-em™']
Temperatura

°C]

23,8 5,02
26,0 5,08
27,0 5,16
28,2 5.21
29,0 5,23
30,0 5,27
325 5,33
40,5 5,46
50,0 5,66
60,0 6,16

Tabela 2.

Wyniki pomiaréw przewodnictwa roztwo-
ru chloranu(VII) lit stezeniu | mol/dm®
w mieszaninie weglanu propylenu (PC) i we-
glanu etylenu (EC) - (stosunek wagowy

1+2)
Temperatura {°C] 5 [mS-cm’']
22,0 6,45
24,2 6,70
30,0 6,78
35.0 6,80
40.0 6,86
46,0 7,03
50,0 7,20
56,0 7,75
60,0 8,14

Przewodnictwo elektrolitu zelowego (15% PEO, 50% EC, 25% PC, 10% LiClO,,
matryca przygotowana w acetonitrylu w temp. 25°C wynosito:
po 30 min. 25°C 9,84 mS-cm”
po 24 godz. -8,71 mScm’
po 3 dobach - 8,40 mS-cm’*
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Wysokie przewodnictwo (okofo 8,4 mS-cm™) , a takze trwato$¢ w czasie umozliwia-
ja zastosowanie otrzymanego elekirolitu do wielowarstwowych ukiadow elektro-
chromowych.

Literatura

1. Su L., Fang J., Lu Z.: | All-solid-state Electrochromic Window of Electrode-
posited WO; and Prussion Blue with Poly(ethylene oxide) Gel Electrolyte”
Jpn.J.Appl.Phys. pp. 5747-5750, 36, (1997).

2. Su L., Wang H., Lu Z.: ,All Solid-state Electrochromic Smart Window of
Electrodeposited WO; and Prussion Blue Film with PVC Gel Electrolyte”,
Supramolecular Science, pp.657-659, 5, (1998).

3. Su L., Xiao Z., Lu Z.: ,, All Solid-state Electrochromic Window of Electrode-
posited WO; and Prussion Blue Film with PVC Gel Electrolite”, Thin Solid
Films, pp. 285-289, 320, (1998).

4. Su L., Wang H., Lu Z.: ,All-Solid-State Electrochromic Window of Prussion
Blue and Electrodeposited WO; Film with Poly(Ethylene Oxide) Gel Elektro-
lyte” Materials Chemistry and Physics pp.266-270, 56 (1998).

5. Dini D., Decker F., Masetti E., J. Appl.Electrochem. 647, 26 (1996).

6. Su L., Xiao Z., Lu Z.: ,,All Solid-state Electrochromic Device with PMMA
Gel Electrolyte”, Materials Chemistry and Physics, pp.180-183, 52, (1998.

7. Sekhon S.S., Prodeep, Agnihotry S.A., in B.V.R. Chowdari, Lai K., Agni-
hotry S.A., Khare N., Sekhon S.S., Srivastava P.C.,Chandra S. (Eds.), Solid
State Tonics: Science and Technology, World Scientific, p217, 1998.

8. Sekhon S.S., Deepa , Agnihotry S.A.:,.Solvent Effact on Gel Electrolytes
Containing Lithium Salts”, Solid State Ionics, pp.1189-1192, 136-137, (2000)

9. Bohnke O., Frand G., Rezrazi M., Rousselot C., Truche C., Solid State
Ionics, pp. 97-105, 66 (1993).

10. Agnihotry S.A., Pradeep, Sekhon S.S.: ,PMMA Based Gel Electrolyte for
EC Smart Windows”, Electrochimica Acta, pp. 3121-3126, 44 (1999).

11. Agnihotry S.A., Nidhi, Pradeep, Sekhon S.S.:,Li" Conducting Gel Electro-
lyte for Electrochromic Windows”, Solid State Ionics pp.573-576, 136-137
(2000). :

12. Sekhon S.S., Arora N., Agnihotry S.A.: ,PAN-Based Gel Electrolite with
Lithium Salts”Solid State Ionic, pp.1201-1204, 136-137 (2000).

116

Elektrolit do wielowarstwowych urzadzen elektrochromowych

THE ELECTROLITE FOR ELECTROCHROMIC DEVICES

Abstract

The paper is a review of investigations solid polymeric electrolites and the results of the research
anew gel electrolyte for electrochromic devices. Polimer gel electrolytes (polimer-salt-solvent sys-
tem) for use in electrochromic devices application contained:

— Lithium salt : LiClO, - lithium chlorate(VHl) , LiIN(CF;80,y, — lithium trifluorosulfonimide or

LiCF;SO; — lithium triflate,
~ Based polimer: poly(ethylene oxide) — PEO, poli(vinyl chloride) — PVC, poliacrylonitryle — PAN,

polimethylmetacrylate -PMMA,

— Solvent (or mixed solvent): propylene carbonate (PC), ethylene carbonate (EC),

— y-butyrolacton (y-BL), tetrahydrofuran {THEF).

Poly(ethylene oxide) PEO — based polymer electrolytes, containing lithium chlorate(VII) (LiClOy)
and using mixed solvent propylene carbonate (PC) + ethylene carbonate (EC) are presented the gel
electrolyte prepared. The hight conductivity attained by the gels (3,4 mS-cm’') at room temperature
and thermally stable, make them very promising for electrochromic devices.

Keywords: Gel electrolyte; Electrochromic devices; Lithium salt; Based polimer; Solvent

Praca zostala wykonana w ramach realizacji projektu badawczego Nr 7 TO8D 018 19 spon-
sorowanewgo przez Komitet Badaft Naukowych.
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