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Abstract: The study summarises the experimental examination of an automotive magnetorheological (MR) shock absorber under electrical 
and mechanical excitations, investigates its current and force responses and the energy dissipation in the system. The aim of experiments 
was to acquire measurement data that allows in next step of the research program to engineer an energy harvesting device for the  
absorber. The work covers basic technical data of the absorber, description of the experimental set-up, scenario of testing program 
and test results of the device. Of particular importance is the influence the operating current, piston displacement amplitude and piston  
velocity have on the absorber’s response. 
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1. INTRODUCTION 

The property of magnetorheological (MR) fluids manifesting itself 
by changes in the material’s apparent viscosity when exposed to 
a magnetic field has made them attractive for use in many 
applications, including the automotive industry (Choi and Sung, 2008; 
Choi and Han, 2012; El-Kafafy et al., 2012; Sung and Choi, 2009). 
One of the most spectacular application in this field was the semi-
active vehicle suspension system that utilized MR dampers for real-
time control of the motion of a vehicle. Presently MR dampers are 
installed in various types of vehicles: passenger cars and sports 
vehicles, to improve the ride comfort by controlling undesired 
vibrations. The principal design parameters of MR dampers intended 
for vehicle suspension application are the magnetic gap in which MR 
fluid flows between upper and lower chambers, the radius of the 
piston, and bobbin structures involving the coil turns. By choosing 
appropriate values of these principal design parameters, successful 
vibration control can be implemented. Extensive research efforts have 
brought major headway in response time improvements, higher 
dynamic range, effective control and better response at low body 
velocities of MR dampers (Gołdasz and Dzierżek, 2016; Koo et al., 
2006; Sapiński and Rosół, 2007; Strecker et al., 2015 a, b, c; Wu 
et al., 2011). 

The aspect of MR damper applications that has received a great 
deal of attention recently is energy harvesting (Sapiński, 2014; Wang 
and Bai, 2013; Xinchun et al., 2015) whereby an MR damper in 
a typical confguration is driven by energy harvested from a vehicle 
while in motion. The mechanical energy that otherwise would be 
unused and lost through heat is converted into electricity and used for 
monitoring of an associated MR damper output. 

The object of this study is the Magnetic Ride absorber used in 
cars of series Audi TT Quatro. The aim of the work is to evaluate 
the absorber’s performance through experiments. The current 

responses of the device are determined when the amplifier is 
operated in the voltage and current mode, the force responses are 
determined when the device is subjected to a particular excitation 
from a range of displacements inputs. The obtained experimental 
results allow a special harvester to be designed such that the 
tested absorber can be energized (controlled) when implemented 
in a laboratory model of an automotive semi-active suspension 
system with energy harvesting capability 

2. SPECIFICATION OF THE SHOCK ABSORBER 

The structure of the investigated MR shock absorber is shown 
in Fig. 1. The device has a typical configuration of mono-tube flow-
mode damper with an annular gap (Gołdasz and Sapiński, 2015). 
Geometrical parameters of the absorber are: piston stroke 178 mm, 
outer diameter of the cylinder 50 mm, the length with the piston in 
compression position 381 mm, the length with the piston in rebound 
position 559 mm. The cylinder is filled with 277 cm3 of MR fluid. The 
shock absorber comprises an accumulator 65 cm3 in volume, filled 
with nitrogen. The maximal current in the control coil should not ex-
ceed 5A. The device ought to be operated in the temperatures range 
(-30, 100) °C. The absorber’s force response in the stroke center 
position is 335 N. 

Accumulator

Piston head

Control coil
Piston rod

MR fluid

Seals

Fig. 1. Schematic diagram of the shock absorber 
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3. TESTING PROGRAM  

The main purpose was to determine the current response in 
the absorber’s control coil circuit to the applied step voltage exci-
tations and the force response under the triangular and sine in-
puts (piston displacements). 

Current responses were registered in the measurement sys-
tem shown schematically in Fig. 2. The system comprises a power 
supply, an amplifier, a AD/DA board installed in a PC. To ensure 
the correct operation of the amplifier (Sapiński et al., 2012), 
it needs a symmetrical DC voltage supply ± 12 V. The amplifier 
can operate either in voltage mode or current mode (in this case 
with an integrated PID controller). The amplifier ensures that the 
maximal current supplying the coil should not exceed 7 A (the 
non-inverting operational amplifier OPA549 was used here). 
Integrated internal circuits in the amplifier, based on AD629, 
AD8622 operational amplifiers and 10 mΩ resistor, permit the 
measurements of voltage u and current i. Registered signals are 
converted into voltage signals in the range ± 10 V. Input voltage 
or current in an amplifier is controlled via an analogue input to 
which voltage uc is supplied, in the range ± 10 V. The AD/DA 
board type RT-DAC 4 PCI [17] interacting with MATLAB/Simulink 
is used for generation of command signal uc and for voltage and 
current measurements. 

Ra

La

Amplifier

AD/DA board
MATLAB 

Simulink

uc u i

i

u

PC

Power supply

 
Fig. 2. Schematic diagram of the measurement system 

Power supply

AD/DA board
MATLAB 

Simulink

uc u i x F

Amplifier

PC

 
Fig. 3. Schematic diagram of the testing set-up 

Force responses were registered using the MTS 810 testing 
machine-based set-up (see Fig. 3) and the components of the 
measurement system shown in Fig. 2. To an AD/DA board two 
voltage signals are supplied (in the range ± 10 V) corresponding to 

the piston displacement x and force F measured on the MTS tester. 
The maximal rate of the piston motion implemented on the MTS 
tester was 150 mm/s. The measurement range of the force sensor 
was ± 5 kN. Registered signals were sampled with the frequency 
1 kHz and converted into voltage signals in the range ± 10 V. 

The testing procedure involved two stages. In the first stage the 
current responses were registered under the applied square and sine 
voltage signals uk(t), governed by formulas (1) and (2), respectively: 

𝑢𝑘(𝑡) = 𝑢𝑘(𝑡 + 𝑇) = {
𝑈𝑘 |𝑡| ≤

𝑇

2

0 |𝑡| >
𝑇

2

 
     

(1) 

T - period of the square voltage signal 

𝑢𝑘(𝑡) = 𝑈𝑘 ∙ sin⁡(2𝜋𝑓𝑡) 
  (2) 

f - frequency of the sine voltage signal.  

Values Uk for the square and sine voltage signals were 
chosen such that  the corresponding steady-state current levels Ik 
should be equal to 1, 3 and 5 A. The period T of the square 
voltage signal was 1 s and frequency f of the sine voltage signal 
uk(t) was varied in the range (0.1, 100) Hz with a step of 0.1 Hz. 
Signals were registered for 10 s. 

Current responses of the control coil are graphed as time 
histories  (see Fig. 4-6) and frequency characteristics expressing 
the magnitude of transfer admittance |Y| in the function 
of frequency, governed by formula (3). 

|𝑌𝑘(𝑓)| = 20𝑙𝑜𝑔 (
𝑖𝑘
𝑅𝑀𝑆

𝑢𝑘
𝑅𝑀𝑆) = 20𝑙𝑜𝑔

(

 
√1
𝑡 ∫

𝑖𝑘
2(𝑡)𝑑𝑡

𝑡

0

√1
𝑡 ∫

𝑢𝑘
2(𝑡)𝑑𝑡

𝑡

0 )

      (3) 

𝑢𝑘
𝑅𝑀𝑆, 𝑖𝑘

𝑅𝑀𝑆  - rms values of voltage and current.  

In the second stage force responses were obtained under the 
triangular and sine signals of piston displacement. Under the 
triangular excitations, the piston in its back and forth positions 
moved at the constant speed 150, 100, 50 and 10 mm/s, 
respectively. The amplitude Xm of the applied excitation was 75, 
25 and 5 mm. Frequencies f of the triangular input related to 
relevant amplitudes and velocities are summarised in Tab. 1. 
Amplitudes and frequencies registered under the sine excitations 
were identical as those under triangular inputs. 

Tab. 1. Frequencies of the applied triangular excitation 

Amplitude Xm  
 

Velocity v 
75 mm 25 mm 5 mm 

150 mm/s f = 0.5 Hz  f = 1.5 Hz f = 7.5 Hz 

100 mm/s f = 0.33 Hz f = 1 Hz f = 5 Hz 

50 mm/s f = 0.16 Hz f = 0.5 Hz f = 2.5 Hz 

10 mm/s f = 0.033 Hz f = 0.1 Hz f = 0.5 Hz 

4. RESULTS AND DISCUSSION 

4.1. Current responses 

Fig. 4 shows the current step responses ik(t) registered under 
the applied square voltage input uk(t) within one period. On that 
basis the resistance of the control coil was established (R=1.18 
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Ω). Fig. 5 and 6 shows the current responses ik(t) under the rising 
and trailing edge of the voltage signal uk(t) for the voltage and 
current modes of the amplifier operation. 

Tab. 2 summarises the time constants Tau and Tad of the 
control coil obtained for the rising and trailing edge and for two 
operation modes of the amplifier. The time constant Tau is defined 
as the time required to reach the 90% of the steady value 
of current Ik, whilst Tad is expressed as 10% of lk. 

 
Fig. 4. Current response to a step variation of voltage 

 

Fig. 5. Current response to a step variation of voltage – rising edge  

 

Fig. 6. Current response to a step variation of voltage – trailing edge 

In the voltage mode, the time constants depend solely on 
properties of the control coil integrated in the shock absorber piston. 
As shown in Tab. 2, the higher the steady state value of current Ik, 
the lower the time constants Tau and Tad, and in this mode 
of amplifier operation they do not differ by more than 15%. In the 
current mode, the values of time constants Tau and Tad are 2-3.8 fold 
lower than those registered in the voltage mode. Fig. 7 plots the 

transfer admittance magnitude |Y| of the control coil in the voltage 
mode. In the frequency range (0.1, 1) Hz the value of |Y| does not 
change with varied frequency and is equal to |Y|=1.35 dB. Cut-off 
frequency values fg for the steady-state current levels Ik 1, 3 and 5 A 
are 5.8, 6.5 and 7.1 Hz, respectively. Increasing the current Ik 
causes the cut-off frequency fg to rise, which is confirmed by 
variability patterns of time constants. The rates of |Y| decrease for 
frequencies f>fg and for steady-state current levels Ik: 1, 3 and 5 A 
they become 9, 11.4 and 12.3 dB/dec, respectively. 

Tab. 2. Time constant of the control coil 

Steady-state 
current level 

Voltage mode Current mode 

Ik Tau Tad Tau Tad 

1 A 54 ms 47 ms 14 ms 14 ms 

3 A 40 ms 43 ms 13 ms 16 ms 

5 A 31 ms 34 ms 11 ms 17 ms 

 

Fig. 7. Transfer admittance magnitude |Y| vs frequency 

4.2. Force responses 

In the second stage the investigations focused on the effects 
of operating current I variations in the control coil, amplitudes 
of piston displacement Xm and piston velocity v on the magnitude 
of force generated by the shock absorber. 

Effects of operating current 

Fig. 8 and 9 plot the dependence of force F and displacement x 
under the triangular excitations (constant velocity v of the piston 
motion in compression and rebound positions: 50 and 150 mm/s), 
corresponding amplitudes Xm: 75 and 25 mm. To facilitate the 
analysis of results, the range of generated forces ΔF is defined as the 
difference of forces registered for the displacement x=0 mm in the 
back and forth cycle of the piston motion. An increase of  current I 
from 0 to 5 A results in a nearly 14-fold increase of ΔF, irrespective 
of the displacement amplitude Xm. The average force value 
representing the shift of the force-displacement loop is associated with 
the reaction force of an integrated gas accumulator and 
is approximately equal to – 400 N. 

Fig.10 plots the dependence of dissipated energy Ed within one 
cycle of the piston back-forth motion on the current level I. It appears 
that energy Ed tends to increase nonlinearly with increasing current 
level I. For piston motion velocities 150 and 100 mm/s, the values 
of Ed in the investigated range of current I are similar whilst for V=50 
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mm/s these values are significantly lower for I>1.5 A, irrespective 
of the amplitude Xm. 

a) 

 
 

b) 

 
 
 

 

Fig. 8. Force vs displacement: a) V=50 mm/s; b) V=150 mm/s; Xm=75 mm 

a) 

 
 

b) 

 
 
 

 

Fig. 9. Force vs displacement: a) V=50 mm/s; b) V=150 mm/s; Xm=25 mm 

a) 

 
 

b) 

 
 

c) 

 
 

Fig. 10. Dissipated energy vs current: a) Xm=75 mm; b) Xm=25 mm; c) Xm=5 mm 

Effects of piston displacement amplitude 

Fig. 11 plots the force F vs piston displacement x dependence 
for the piston velocity V=150 mm/s and for the current levels I: 0, 
1, 3, 5 A. It appears that the piston displacement amplitude Xm 
does not affect the range of generated forces ΔF, irrespective 
of the actual current level I. This observation is confirmed by the 
linear dependence between dissipated energy Ed and displace-
ment amplitude Xm (see Fig. 12). 

Effects of piston velocity 

Fig. 13 plots the force F under the applied triangular excitation 
x with amplitude Xm=75 mm and for the current levels I: 0, 1, 3, 5 
A. With no power supply to the coil and for velocities v in the 
interval (10; 100) mm/s, the range of force ΔF will not significantly 
change.  ΔF will increase considerably (by nearly 56%) when the 
piston velocity becomes V=150 mm/s. For velocity V=50 mm/s 
(when I=1A) and V>100 mm/s (when I=3 A or I=5 A) there is 
a slight increase in ΔF. In the velocity range from 10 to 100 mm/s 
(when I=5A) there is a 8-fold increase in ΔF. 
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a) 

 
 

b) 

 
 

c) 

 
 

d) 

 
 

Fig. 11. Force vs displacement: a) I=0 A, b) I=1 A; c) I=3 A;  
              d) I=5 A, V=150 mm/s 

 

Fig. 12. Dissipated energy vs displacement amplitude; V= 150 mm/s 

a) 

 
 

b) 

 
 

c) 
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d) 

 
 

Fig. 13. Force vs displacement: a) I=0 A, b) I=1 A, c) I=3 A,  
              d) I=5 A, Xm=75 mm 

a) 

 
 

b) 

 
 

Fig. 14. Dissipated energy vs piston motion velocity: a) Xm =75 mm; b) Xm=25 mm 

 

Fig. 14 plots the relationship between dissipated energy Ed 
and velocity V for varied current levels I. With no power supply to 
the coil, the influence that velocity v has on dissipated energy Ed 
is negligible; when the coil is power-supplied the situation is en-
tirely different. Ed tends to grow significantly with velocity when 
V=50 mm/s (I≤1A) or V<100 mm/s (I>1A). Fig. 15 and 16 plot the 
dependence of F on piston displacement x and of the force F 
on piston velocity v under the sine excitation with the amplitude 
Xm=75 mm and frequency f=0.333 Hz (when the maximal velocity 
equals 150 mm/s), revealing a narrow hysteresis loop.  
 

 

Fig. 15. Force vs displacement under sine excitations 

 

Fig. 16. Force vs velocity under sine excitation 

5. SUMMARY 

This study summarises the experimental testing of an automo-
tive MR shock absorber under the electrical and mechanical exci-
tations. The goal of the experiments was to acquire measurement 
data of the shock absorber. The main focus is on current and 
force responses of the device. 

The obtained results lead the authors to the following conclu-
sions: 

 time constants Tau and Tad  derived basing on step responses 
(for the amplifier operated in the voltage mode) tend to de-
crease with increased current levels in the control coil, 

 this variability patterns of time constants Tau and Tad impact on 
the frequency characteristics (increasing the current levels 
leads to an increase of critical frequency fg), 

 current level has also influence on the rate of decrease of |Y| 
in the frequency characteristics for f>fg, 

 when current level is increased from 0 to 5A, the range of 
force ΔF generated by the absorber at the piston velocity 
V=50 mm/s varies from 157 N to 2200 N, for V=150 mm/s the 
force ranges from 257 N to 2457 N, 

 major determinants of the force range are the current level I 
and piston velocity v, whilst the effects of amplitude Xm are 
negligible. 
The experimental data seems to be sufficient to formulate the 

design objectives of an energy harvesting device for the investi-
gated shock absorber. The function of the harvester is to convert 
the energy of mechanical vibrations into electric energy required 
to power-supply (control) the shock absorber implemented 
in purpose-built laboratory model of a suspension system with 
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energy recuperation capability. As regards the obtained critical 
frequencies fg, one has to bear in mind that the resonance phe-
nomenon in the modeled system ought to occur at frequency 
f<5Hz. 

REFERENCES 

1. Choi S.B., Han Y.M. (2012), Magnetorheological Fluid Technology 
Applications in Vehicle Systems, Padstow, United States: CRC Press 
Taylor & Francis Group. 

2. Choi S.B., Sung K.G. (2008), Vibration control of magnetorheo-
logical damper system subjected to parameter variations, 
International Journal of Vehicle Design, 45, 94–110. 

3. El-Kafafy M., El-Demerdash S., Rabeih A. (2012), Automotive ride 
comfort control using MR fluid damper, Engineering, 4(4), 179–87. 

4. Gołdasz J., Dzierżek S. (2016), Parametric study on the 
performance of automotive MR shock absorbers, IOP Conf. Series: 
Materials Science and Engineering, 148, 012004. 

5. Gołdasz J., Sapiński B. (2015), Insight into Magnetorheological 
Shock Absorbers, Springer International Publishing AG Switzerland. 

6. Koo J.H., Goncalves F.D., Ahmadian M. (2006), A comprehensive 
analysis of the time response of MR dampers, Smart Materials and 
Structures, 15, 351–358. 

7. Sapinski B., (2014), Energy harvesting MR linear damper: prototyping 
and testing, Smart Materials and Structures, 23, 035021. 

8. Sapiński B., Jastrzębski Ł., Rosół M. (2012,) Power amplifier 
supporting MR fluid-based actuators, Proceedings of 13th 
International Carpathian Control Conference ICCC 2012, 612–616. 

9. Sapiński B., Rosół M. (2007), MR damper performance for shock 
isolation, Journal of Theoretical and Applied Mechanics, 1(45),  
133–146. 

10. Strecker Z., Mazurek I., Roupec J., Klapka M. (2015), Influence of 
MR damper response time on semiactive suspension control 
efficiency, Meccanica, 50, 1949–1959. 

11. Strecker Z., Roupec J., Mazurek I., Klapka M. (2015), Limiting 
factors of the response time of the magnetorheological damper, 
International Journal of Applied Electromagnetics and Mechanics, 
47(2), 541–550. 

12. Strecker Z., Roupec J., Mazurek I., Machacek O., Kubik M., 
Klapka M. (2015), Design of magnetorheological damper with short 
time response, Journal of Intelligent Material Systems and 
Structures, Special Issue Article, 1–8. 

13. Sung K.G.,  Choi S.B.(2009) Vibration control of vehicle suspension 
featuring magnetorheological dampers: road test evaluation, 
Transactions of the Korean Society for Noise and Vibration 
Engineering, Vol. 19 (3), 235–242. 

14. Wang D.H., Bai X.X. (2013), A magnetorheological damper with an 
integrated self-powered displacement sensor, Smart Materials and 
Structures, 22, 075001. 

15. Wu G., Feng Z., Zhang G., Hou Z., (2011), Experimental Study on 
Response Time of Magnetorheological Damper, 2nd International 
Conference on Artificial Intelligence, Management Science and 
Electronic Commerce (AIMSEC), 3968–3972. 

16. Xinchun G., Yonghu H., Yi R., Hui L., Jinping O., (2015), A novel 
self-powered MR damper: Theoretical and experimental analysis, 
Smart Materials and Structures, 24, 105033. 

17. http://www.inteco.com.pl/ 

This work is supported by AGH University of Science and Technology 
under research program No. 11.11.130.958. 

 

http://www.inteco.com.pl/


Aleksandr Blokhin, Arcadiy Nedyalkov, Lev Barakhtanov, Aleksandr Taratorkin, Abram Kropp                                                                                     DOI 10.1515/ama-2017-0040 
Multistage Mechanical Transmissions with Automatic Control for Advanced Trucks and Buses 

260 

MULTISTAGE MECHANICAL TRANSMISSIONS WITH AUTOMATIC CONTROL  
FOR ADVANCED TRUCKS AND BUSES 

Aleksandr BLOKHIN*, Arcadiy NEDYALKOV*, Lev BARAKHTANOV*, Aleksandr TARATORKIN*, Abram KROPP* 

*Transport Systems Institute, Nizhny Novgorod State Technical University, Minin st.,24, Nizhny Novgorod, 603950, Russian Federation 

alecsbl@mail.ru, centre@nntu.ru, barahtanov@yandex.ru, alexandr_tar@mail.ru, akropp@rambler.ru  

received 28 March 2016, revised 15 October 2017, accepted 18 October 2017 

Abstract: The study considers the basic trends of development of modern mechanical transmissions of trucks and buses. It provides 
the developed various series of multispeed transmissions with automatic control and a number of transmissions from 6 to 16 for trucks 
and buses. The paper shows the basic parameters of the standard series of new transmissions received on the basis of innovative tech-
nical solutions. It provides the results of experimental studies of 16-speed transmissions on a special test stand and on the road as part 
of a truck transmission. Theoretical and experimental data on the gear change time are compared. 
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1. TRENDS OF DEVELOPMENT OF MANUAL 
TRANSMISSIONS 

The transmissions of vehicles around the world most often 
have multispeed mechanical synchronized gearboxes with a fric-
tion clutch having such advantages as small weight and size, high 
reliability and service life, low cost, high energy performance as 
well as ease of maintenance and repair. 

In work (Crolla et al., 2009) the schemes and the general de-
scription of mechanical transmissions are presented, including 
with automated manual transmission (AMT), their advantages and 
disadvantages are described. It should be noted that at present 
AMT is widely used in vehicles, trucks, intercity buses and all-
terrain vehicles. Overview of the types of actuators and control 
systems of ATM is presented in the paper Ali et al. (2004). Elec-
tro-hydraulic (Lucente et al., 2007), electro-pneumatic (Jiang et 
al., 2011) and electro-mechanical (Kuroiwa et al., 2004, Karpukhin 
et al., 2015) actuators are the most used. Electro-hydraulic and 
electro-mechanical actuators are mainly used in cars and light 
commercial vehicles (Kuroiwa et al., 2004, Song et al., 2010). 
Medium and heavy-duty trucks, intercity buses and all-terrain 
vehicles have compressors that provide air compression and re-
ceivers - cylinders, which compressed air is stored, and that is 
why electro-pneumatic actuators are used there. As you know, the 
energy of compressed air is used to brake vehicles, control 
transmission, power take, remote tire inflation, etc. In this paper 
we consider AMT for trucks and buses. Clutch control systems for 
trucks with electro-pneumatic actuators are considered in the work 
(Langjord, 2011). The gearshift process and synchronization are 
discussed in detail in the works Lovas et al., (2006), Ivarsson et 
al., (2010), Junnarkar and Raibhole (2017). In some papers, the 
influence optimization of transmissions shift schedules on the 
traction performance and fuel consumption of vehicles is consid-
ered (Liao and Quail, 2011). 

For the majority of trucks, buses and road trains multispeed 

gearboxes are widely used.  Their use ensures high traction and 
speed, reduced fuel consumption and improved environmental 
properties. Such gearboxes can be rationally used with automatic 
and command (semi-automatic) control (AMT), which allows us to 
realize the benefits of a wide range of gear ratios, creates a more 
comfortable environment for the driver and improves traffic safety. 

The main trends in the development of modern manual trans-
missions are as follows: 
1. Increase the density of ratios in the entire range of the 

gearboxes, which primarily takes place in the gear boxes of 
trucks and super heavy-duty vehicles. 

2. Increase the range of ratios defining the limits of traction and 
speed characteristics of the vehicle. This allows to increase 
the traction of the vehicle or the road train and to reduce the 
slipping clutch operation at the same time, thereby increasing 
the reliability and longevity of its operation. 

3. Adoption of new structural schemes of gearboxes, allowing to 
provide the required number of gears. This is achieved using  
multispeed  gearboxes having a relatively small number of 
gear wheels and additional driving pairs of them in front of the 
main gear unit  (splitter) or planetary synchronized range gear 
installed behind the main gear unit, or through the use of the 
so-called hybrids, including both the front splitter, and the 
planetary range gear. 

4. The use of new design of compact energy-synchronizers using 
molybdenum covered friction cones, including double-cone 
ones. 

5. The trend of setting gears on the shafts on needle bearings in 
the separators, which can significantly increase the speed 
mode of the gearbox, and improve the aligning of the gears on 
the shafts. This constructive solution in combination with a 
lubricant under pressure, which is especially necessary for 
heavy gearboxes, provides a guaranteed reliable operation of 
the unit. 

6. The increasing use of the automated clutch control and gear 
shifting. Almost all well-known companies, such as, ZF, Volvo, 
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Mercedes-Benz, Scania, Renault, Eaton et al. establish a full-
time or on-demand automated electro-pneumatic gearbox 
control. 

7. We can see a trend of sharp increase of the engine torques 
while significantly increasing of the requirements to gearboxes 
for resources. 
Creation of the units corresponding to these requirements 

demands a lot of experimental work related to the utmost optimi-
zation of each element of the gearbox. The created promising 
gearboxes should have simple design solutions, proven tests and 
they should surpass in the output parameters the best-known 
analogues of leading companies in the field of transmissions. 

2. CHARACTERISTICS OF TRANSMISSIONS  
OF STANDARD SERIES  

Taking into consideration the current trends of development 
and applying forward-looking solutions the specialists of the Nizh-
ny Novgorod State Technical University named after R.E. Ale-
kseev (NNSTU) and the COM Group (Russia, Naberezhnye Chel-
ny, http://komgroup.ru) developed a standard series of advanced 
mechanical transmissions for light commercial vehicles, buses, 
road trains, heavy trucks and all-terrain vehicles for engines rang-
ing from 75 to 750 kW (100 to 1000 HP) in a range of torques 
from 360 to 3500 Nm. Standard series (Tab. 1) includes five basic 
sizes of  transmissions, three of which are 6-speed and two – 
multispeed, 8 and 16 speed gearboxes. The 8-speed gearbox 
consists of two gear units connected in one crankcase: from the 
basic 4-speed crankcase and 2-speed one.  

Tab. 1. Basic parameters of standard series of advanced  
             gearboxes 

Mo
difi-
cat-
ion
s 

Designation 
of the gear-

box 

Input 
point 
Nm 

Num
ber 
of 

gear
s 

Range Axle size  
on the 
ends of 

crankcase, 
mm 

Center 
distance, 

mm 

Weight,  
kg 

1 М6-300 360 6 9.25 295 100 51.5 

2 М6-700 750 6 9.10 380 135 120 

3 М6-1100 1300 6 9.10 460 165 205 

4 ТМ8-1300 1650 8 12.38 460 135 160 

5 ТМ8-2000/1 2200 8 13.77 485 170 245 

6 ТМ8-2700/2 2700 8 13.77 485 170 245 

7 ТМ8-3500 3500 8 14.16 520 170 275 

8 ТМ12-1800/1 1800 12 15.05 500 170 270 

9 ТМ12-2200/2 2200 12 15.15 500 170 270 

10 ТМ16-2000 2200 16 17.04 570 170 300 

11 ТМ16-3000 3000 16 16.87 570 170 300 

12 ТМ16-3500 3500 16 16.87 615 170 325 

 
Execution of works included the creation of original calculation 

methods, the development of design, prototyping, development 
of special test methods and carrying out bench, resource and 
functional tests, finishing the design on the basis of the test results 
and release of drawing documentation for preparation of the serial 
production. By the number of transmissions of synchronized 
steps, the transmitted maximum torque and power, the range and 
density of a number of gear ratios the gearbox of standard series 

correspond to modern best analogues, in particular, such well-
known ones as ZF, Volvo, Eaton, Mercedes-Benz, Scania, Re-
nault. In addition, for all multispeed gearboxes we developed orig-
inal friction clutch control mechanism shown in the works (Blokhin 
et al., 2015). 

In Tab. 1 the weight of the gearbox is shown without the clutch 
case. Index / 1 - refers to the modification of the gearbox with 
a higher direct transfer. Index / 2 - refers to the modification with 
the higher overdrive. The TM index means that the kinematic 
scheme of a mechanical gearbox includes the main gear formed 
according to the three-shaft design, with the planetary range gear. 

3. FEATURES OF THE DEVELOPED GEARBOX 

Positive features of three types of sex-staged gearboxes, cov-
ering nearly 4 times the torque range - from 360 to 1300 Nm, are 
as follows: 

 Axial dimensions, internal loss and weight of the gearboxes 
are located within 5-speed gearboxes or less.  A wide range 
of gear ratios eliminates the necessity of splitters in the 
transfer gearbox for such vehicles as "Jeep" and other all-
terrain vehicles, that simplifies and reduces the cost of the 
transmission unit; 

 A single, unified system of automated electro-pneumatic 
control; 

  A reduction in fuel consumption due to low internal losses 
and wide ratio coverage of the gearboxes.  
For the whole family of the TM model of the multispeed gear-

boxes, two of which - TM8-1300 and TM 16-2000 are basic sizes 
and 9 modifications (taking into account the possibility of applica-
tion of the highest transmission both direct and accelerating that 
at the extremely low cost expands the use of multispeed trans-
missions for a variety of engines and operating conditions of cars 
and trucks), were manufactured for the first time in the world with 
the use of a very simple three-shaft kinematic scheme without any 
additional supports and parasitic components when there are just 
three shafts, four supports and two crankcase parts. This allowed 
us to have an axial dimension of the base gearbox TM16-2000 85 
mm less compared to the same ZF gearbox (model - Astronic 
16AS 2200), although the latter has 2 intermediate shafts and 
a lower load-bearing capacity, which when converted to an equiv-
alent load bearing capacity increases the difference in the axial 
envelope from 85 to 133.5 mm and this is without difference of 20 
mm, due to the installation into the gearbox of two toothed cou-
plings instead of the synchronizers. Thus, with the same function-
al capabilities the difference in the axial envelope reaches to 
153.5 mm in favor of transmission TM16-2000. This, in particular, 
is one of the important indicators of the positive distinguishing 
features of the advanced technical level of the design solutions. 

Small axial dimensions and mass parameters of the gearbox-
es even when with their relatively overestimated bearing capacity 
allows us to use the unit with a relatively small engine torque, 
because eventually the lowest limit of the use of the gearbox is 
determined by its dimensional and weight parameters. Small 
weight of the gearbox allows you to have a smaller number 
of sizes and, therefore, more mass production, which will help to 
reduce the cost of the unit. 

At the same time we solved the problem of reducing of inter-
nal losses in gearboxes due to their original design, geometric and 
kinematic features. The internal losses in the gearbox TM16-2000 
make 1.3 kW against 2.65 kW in a similar gearbox ZF S16-220 
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(based on the results of the ZF Company on measuring mode - 
direct transmission at 2000 rpm). 

The main features of multispeed designs (8-12) of the gear-
boxes of the developed standard series are as follows (Blokhin, 
2016): 
1. When designing the gearboxes we used the so-called modular 

principle, according to which the gearbox is made from 
functionally independent units and mechanisms, as opposed 
to the method of construction from the parts and units that are 
not able to perform the overall functional requirements. 
Modularity means maximum unification of the units and parts, 
and the maximum possible exception of the intermediate 
parts, which do not comply with clear functions. In this case, 
the gearbox is already a module that can be equipped with 
both automatic and manual control. In its turn, the gearbox 
module consists of module units: the unit of the planetary 
range gear with the control element; the gearshift; the units of 
primary, intermediate and the gearbox main shafts. 

2. The source gear-box module differs from all known analogs by 
the following key features (see Fig. 1-2): 

 Back support of the gearbox mainshaft is located not in the 
additional wall of the transmission housing, but in the the cage 
of the planetary range gear that reduces losses to zero at 
turning on the highest range of the range gear; 

 Back support of the intermediate shaft is also located not 
in the additional wall, but in the crankcase of the range gear. 

 This allowed us to have two walls (two body parts) instead 
of four (three in the housing parts and one of the steel plate) 
is performed in reverse direction compared to generally 
accepted one that unloads bearings of the supports and 
greatly reduces internal losses, as the forward support bearing 
of the main shaft rotates on a relatively low speed, and the 
bearing of external supports is much faster. 

3. The design feature of the planetary shift stage compared to 
the widespread solutions is as follows: 

 For the range shifting we used the axially movable ring gear 
with internal teeth, which considerably simplifies the 
construction of the shifting elements and reduces the overall 
axial size; 

 Blockage of the planetary range gear is carried out when you 
connect the ring and sun gears. The traditional solution is to 
block by connecting the ring gear to the carrier. In the locking 
circuit used in the developed transmission, blockage is 
achieved 4 times faster; simultaneously it reduces synchroni-
zation time when the range gear is shifted from the lowest to 
the highest range 4-6 times. At the same time the axis of the 
sun gear and the satellites of the planetary range gear for any 
misalignment in the process of bending the output shaft are 
parallel, I. e, they are self-aligning. In the known transmissions 
their axis are crossed  the greater the amount of torque is, not 
allowing the proper contact pattern on the mating gears and 
contributing to a reduction of their durability and reliability. 

4. In the main gearbox, and the range gear we use compact 
synchronizers of the coupling type with molybdenum covered 
blocking rings. Three synchronizers of the main gear are 
unified. Similar synchronizers are used for planetary range 
gears. The TM series of boxes on the first gear used to 
provide additional cone reduction efforts at switching. 
The design of synchronizers has the following features: 

 Molybdenum consumption is reduced by 3 times by making 
the spiral grooves not on the molybdenum of the blocking ring, 
but on the ring gear that does not require expensive and 
complex process equipment required for processing of high 
hard molybdenum; 

 A fairly time-consuming operation of the synchronizer clamps 
assembly with coil springs and crackers (9 items all together) 
is eliminated by using two spring rings; 

 At the same time through the use of spring rings we 
eliminated the need for mating teeth on the couplings to limit 
the clutch stroke of the coupling that allows us to make the 
coupling on the universal standard equipment without using 
special very expensive broaching tools; 

 The design of the locking ring is greatly simplified, only 3 teeth 
out of 63 have been left; 

 The teeth blocking the synchronizer and shifting the gear are 
separated that maintains the geometry of the locking elements 
and increases their reliability during the operation; 

 The width of the hub is increased to maximum, up to 32 mm in 
boxes TM 16-2000, and in the other modifications, that 
reduces the possibility of self-switching of the transmission. 

5. The gearshift mechanism is configured as a separate unit and 
has the following features: 

 It simplifies the structure of the body parts and the assembly 
of the gearbox; 

 It reduces the length of the rods by 2-2.5 times; 

 It uses high-tech unified forks made from sheet steel for three 
synchronizers. 

 

Fig. 1. Longitudinal section of a transmission TM16-2000 

 
Fig. 2. Kinematic diagram of the  transmission TM16-2000 
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6. In accordance with a pronounced trend observed in the world 
of automated control systems for manual transmissions 
(АМТ), for the whole range of manual transmissions from M6-
300 to TM16-3500 the automated control systems are applied. 
Thus, the following kinds of control are possible: 

 Mechanical or pneumatic-mechanical (with servo- amplifier) 

 Electro-pneumatic: 

 Command (semi-automatic); 

 Automatic. 
For all modifications of the TM series of gearboxes there is 

a unified design of the pneumatic- mechanical, and the electro-
pneumatic control, including the main, backup and disaster control 
unit. 

Control of the main gear, splitter and the range gear is per-
formed by means of electro-pneumatic devices, made in the form 
of independent units. This solenoid controls are mounted directly 
on the actuators, thereby reducing the required amount of the 
input air hoses and increase the speed and reliability of the control 
system. 

It should be noted that in the process of work performance we 
used many years of experience in development of transmission 
of various dimensions and modifications, as well as control sys-
tems. The vast majority of technological and design solutions 
have been tested in the lab and on road, which ensures reliable 
operation of the applied constructional solutions and therefore 
gearboxes in general. 

Fig. 3 shows the control system of the multispeed manual 
transmission and the clutch. 

 

Fig. 3. The scheme of automatic transmission and clutch control:  
1 – the controller; 2 – the matching unit; 3 – the monitor;  4 – the 
main gear control mechanism; 5 – the splitter control mechanism; 
6 - splitter control mechanism; 7 - the clutch control mechanism;  
8 – the accelerator pedal;  9 – the ecu;  10 – the engine speed 
sensor;  11, 12 - the intermediate and output shaft speed sensor 

4. THE RESULTS OF LABORATORY BENCH TESTING 

We have manufactured samples of gearboxes (Fig. 4) with 
a manual, semi-automatic and automatic control. We’ve carried 
out a full range of functional bench tests. We’ve completed long-
run bench tests equivalent to 700 000 kilometers. 

Experimental studies were carried out on a special stand for 
testing transmissions with automatic and command control (Pa-
tents of the Russian Federation for utility model №154871, 

№154102), manufactured in the NNSTU named after R.E. Ale-
kseev (Fig. 5), (Blokhin et al., 2015, 2016, 2017). The stand al-
lows studying the efficiency of the units of manual transmissions 
(the clutch, the divider, the main reduction gear box, the splitter, 
definition of the unit efficiency, study of the synchronization pro-
cess, etc.) and mechatronic control systems for automatic 
or semi-automatic modes as. 

А) B) 

  

Fig. 4. Experimental samples of gearboxes: A) M6-700 b) TM8-2700 

 

Fig. 5.  The appearance of the stand for testing  ТМ16-2000  trans-
missions with automatic control 1 – the clutch  mechanism;  
2 – the studied multistage transmission; 3 – the drive motor;  
4 – the loading motor; 5 – the driveline; 6 – the inertial mass;  
7 – the remote control 

The studies were carried out on the test bench at the com-
mand and automatic modes at alternating pressure in the pneu-
matic system, different frequencies of rotation of the primary shaft 
and different values of diameter of the solenoid valve nozzle. 
Fig. 6 shows the results of the experimental studies. 

Fig. 7 shows the results of experimental studies of sixteen 
staged transmission TM16-2000 with experimental samples of the 
automatic and command drive control in the following sequence 2-
4-6-8. A signal from the microswitch of gears of the main gearbox 
is represented at channel №1, a signal from the pressure sensor 
in the accelerating mechanism of the clutch control is represented 
at channel №2, a signal from the pressure sensor in the power 
chamber of the clutch control mechanism is represented at chan-
nel №3 and a signal from the  microswitch of the clutch mecha-
nism is represented at channel №4. It is important to note that in 
the developed automatic transmissions the gearshift is always 
performed with the automatic clutch control (channels 2-4, Fig. 7). 

According to the experimental studies we determined the main 
parameters of the switch-over process: the total turn-on time of 
the transmission; the clutch on / off time; time of the pressure rise 
in the power cylinder, the main gearbox, the divider, the splitter; 
the response time of the main gear mechanism and a divider in 
the selection and a given transmission; the dynamic moments on 
the motor shaft and the output shaft of the transmission; the rota-
tional speed of the motor shaft and the output shaft of the trans-
mission.  



Aleksandr Blokhin, Arcadiy Nedyalkov, Lev Barakhtanov, Aleksandr Taratorkin, Abram Kropp                                                                                     DOI 10.1515/ama-2017-0040 
Multistage Mechanical Transmissions with Automatic Control for Advanced Trucks and Buses 

264 

 

 
Fig. 6 . The results of the experimental studies 

In addition, we determined the time of the clutch off\on, as one 
of the main parameters that characterize the quality of the clutch 
control. These parameters can be determined from Fig. 7, chan-
nels 2-3. The turn off time on average equals to 0.15 sec., and the 
turn on time equals to 0.30-0.35 sec., that is acceptable for heavy 
commercial trucks and buses. 

Tab. 2 shows the results of the calculations and the experi-
ments. Calculated values of synchronization time of certain stages 
and in all cycles of gear shifting differ from the experimental data 
by 10-25% maximum.  

 

Fig. 7.  The experimental data on the stand on the process  
             of a gear shift in the transmission TM16-2000  

Tab. 2. Results of the experimental and calculated values of the syn-
chronization time. Type of lubrication oil  - MC-20, temperature 
- 325-3350K. Turnover of the secondary shaft n2=0 equivalent 
moment of inertia including transmissions – y1=0.472 nm*sec2 

№ 

Result 
Experi
ment/ 

Calcula
tion 

Pres-
sure 

value, 
[N/m2] 

Rota-
tional 
speed 
of the 
input 
shaft 
n1, 

[rpm] 

Noz-
zle 
di-

ame-
ter d, 
[м2] 

Time-
to-

contact 
friction 
cones, 

[s] 

Syn-
chro
niza-
tion 
time 

in 
criti-
cal 
dis-
char
ge 

zone, 
[s] 

Syn-
chroni-
zation 
time in 

the 
subcrit-

ical 
dis-

charge 
zone , 

[s] 

Syn-
chroni-
zation 
time  in 

the 
zone of 

con-
stant 
pres-
sure, 

[s] 

Total  
sync
hroni
zatio

n 
time, 
[s] 

1 

 Exp. 
6.2·105 2000 2·10-3 

0.17 

0 0.29 0.6 

0.79 

2 0.18 0.83 

3 0.18 0.82 

4 Calc. 0.18 0.89 

5 

Exp. 
7.9·105 1060 2·10-3 

0.13 

0.04 0.30 0.033 

0.36 

6 0.14 0.35 

7 0,13 0.33 

8 Calc. 0.14 0.34 

9 Exp. 
9.4·105 2600 4·10-3 

0.04 
0.034 0.14 0.335 

0.51 

10 Calc. 0.058 0.51 

5. THE RESULTS OF ROAD TEST 

After obtaining a satisfactory result at the test stand the six-
teen speed transmission TM 16-2000 was installed on the vehicle 
KAMAZ-65117 (Fig. 8), (Blokhin et al., 2017). Its main technical 
parameters are presented in Tab. 3.  

Figs. 9 and 10 show the waveforms, matching several start-
ings of the vehicle KAMAZ-65117, having TM16-2000 transmis-
sion with automatic control on a flat supporting surface. 
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Fig. 8. The appearance of the vehicle KAMAZ 65117 

Tab. 3. Main Specifications of KAMAZ-65117 

The vehicle manufacturer КАМАZ, Russia 

The weight parameters and load 

The carrying capacity of the vehicle, kg 14500 

The total mass of the vehicle,  kg 24000 

The load on the rear axles, kg 18000 

The load on the front axle, kg 6000 

Engine 

Engine model КАМАZ 740.62.280 

Max. useful torque Nm (kgc.m) 

at crankshaft speed,  
rev / min 

1177 (120) 

1300 

Maximum net power, kW (hp) 

at crankshaft speed,  
rev / min 

206 (280) 

1900 

Working volume, l 11.76 

The location and number of cylinders V-type, 8 

Clutch 

Model ZF SACHS MFZ 430 

Transmission (gearbox) 

Мodel ТМ16-2000 

Main gear 

Gear ratio 5.94 

Tires 

Tire size 295/80 R22.5 

Tire brand TYREX 

Overall dimensions, mm 

Length x Width x Height 7800 х 2470 х730 

On channel № 1 (Fig. 9) we can see the pressure in the power 
chamber of the automatic clutch control mechanism. The maxi-
mum value of pressure is about 8 atm. The pressure at which the 
regulation is provided by the clutch position corresponds to  
2-2.2 bar. On channel № 2– we can the the pressure in the accel-
erator  mechanism of the clutch control. Maximum pressure is a 
bit more than 8 atm., the pressure in the valves when the clutch 
position is being adjusted is 2.6-2.8 atm. 

Channel № 3 is represented by the movement of the clutch 
fork rod. At the time of clutch engagement for gentle start of the 
vehicle the friction clutch plates differ by the amount of 70-80% of 
their maximum speed. Channel № 4 presents data on the re-
sponse time of the microswitch of the clutch on the basis of the 
analysis which will determine the time of the on / off of the clutch 
and the total time of a gear change (on average about 0.7 sec-
onds). 

Fig. 10 shows the nature of the pressure measurement in the 
power of the main gearbox and cavities divider. The movement 
took place on 1 and 2 in the main transmission gearbox (respec-

tively channels №5 and №6, Fig. 10) and the lower divider range 
(channel №7 Fig. 10). 

 
Fig. 9. Waveform of starting process of KAMAZ-65117 with TM16-2000 

transmission: Channel №1 – The pressure in the power chamber 
of the automatic clutch control mechanism; Channel №2 – the 
pressure in the accelerator of the clutch control mechanism; 
Channel №3 – the movement of the clutch fork; Channel №4 
 – response time of the clutch mechanism 

 
Fig. 10. Waveform of starting process of KAMAZ 65117 with TM16-2000 

transmission: Channel №5 – The pressure in the power chamber 
of the main gear at turning on even gears; Channel №6  – The 
pressure in power chamber of the main gear at  turning on even 
gears; Channel №7 – The pressure in the power chamber at the 
lower range of the splitter; Channel №8  – The pressure in the 
power chamber at the top range of the splitter 

Analysis of the results of the road research showed that 

at ambient temperatures above 0C the difference is 5-10% max. 
due to a more rapid decrease in pressure in the vehicle's receiver 

by several gear changes. At low outside temperatures, from -15C 

to -20C, the data of the laboratory and road conditions differ 
significantly, up to 35%. To some extent, this is due to additional 
freezing of the pipes when the vehicle is moving, which is difficult 
to simulate in our laboratory. 

Thus, in general, there is a high qualitative and quantitative 
convergence with the results of laboratory tests on the stand, and 
the results of theoretical research. 
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6. CONCLUSION 

1. The paper analyses the main trends in the development of 
mechanical staged gearboxes, on the basis of which we 
developed advanced standard series of manual gearboxes 
with automated control. . 

2. It presents the characteristics of advanced manual gearboxes 
from the developed standard series for automobiles, road 
trains and heavy trucks with engines ranging from 75 to 750 
kW (100 to 1000 hp) in the torque range from 360 to 3500 
Nm. 

3. It considers the basic design features of the unified technical 
multistage gearboxes on the basis of the leading technology 
solutions. We’ve found out that considering the number of 
gears of synchronized stages, transmitted maximum torque, 
power, range, density, number of gear ratios, and mass-
dimensional parameters the gearboxes from the standard 
series rank with the best world analogues. 

4. The paper contains a schematic diagram of automatic or 
command control of the developed multi-staged manual 
transmissions with microprocessor control.  

5. It represents the results of experimental studies on the 
specialized stand, as well as comparison of theoretical and 
experimental data. The discrepancy between the data is max. 
10-25%. 

6. In general, there is a high qualitative and quantitative 
convergence of the road test results with the results of 
laboratory tests carried out on a special stand, and the results 

of theoretical research. At ambient temperatures above 0С 
the difference is 5 ... 10% max, at lower temperatures,  from  

-15C to -20C, the difference increases to 35%. 
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Abstract: This paper explains the role of magnetorheological fluids and elastomers in today’s world. A review of applications  
of magnetorheological fluids and elastomers in devices and machines is presented. Magnetorheological fluids and elastomers belong to 
the smart materials family. Properties of magnetorheological fluids and elastomers can be controlled by a magnetic field. Compared  
with magnetorheological fluids, magnetorheological elastomers overcome the problems accompanying applications of MR fluids,  
such as sedimentation, sealing issues and environmental contamination. Magnetorheological fluids and elastomers, due to their ability  
of dampening vibrations in the presence of a controlled magnetic field, have great potential present and future applications in transport. 
Magnetorheological fluids are used e.g. dampers, shock absorbers, clutches and brakes. Magnetorheological dampers and magnetorheo-
logical shock absorbers are applied e.g. in damping control, in the operation of buildings and bridges, as well as in damping of high-tension 
wires. In the automotive industry, new solutions involving magnetorheological elastomer are increasingly patented e.g. adaptive system  
of energy absorption, system of magnetically dissociable [hooks/detents/grips], an vibration reduction system of the car’s drive shaft.  
The application of magnetorheological elastomer in the aviation structure is presented as well. 

Key words: Damper, Magnetorheological Fluid, Magnetorheological Elastomer, Smart Material, Shock Absorber, Application  

1. INTRODUCTION 

Scientists working in the area of material science, are contrib-
uting to the development of new materials or discovering new 
properties of already known materials. The 80’s of the XX century 
were the beginning point of a rapid increase of interests in materi-
als, which were named smart (Carlson, 2001; Kaleta, 2013; 
Bajkowski, 2014). This group of materials includes magnetorheo-
logical fluids and elastomers, which are characterized by the fact 
that they change their rheological properties under the influence 
of a magnetic field (Carlson 1999). The presented magnetorheo-
logical materials are very useful in solving damping problems, 
which are one of main engineering dilemmas of construction and 
exploitation of machines and devices (Bajkowski, 2014). A damp-
er is a mechanical device that has a dulling or deadening influ-
ence. Shock absorber, or shock damper is what you call a mech-
anism used for absorbing or partially eliminating the energy 
of sudden impulses or shocks in machinery or structures (Carlson, 
1994). Dampening devices have been around for a long time, 
even in early transportation means such as carriages. These 
devices have remained relevant for years, and with the fast devel-
opment of technology, there is a constant need to improve 
and revolutionize dampening mechanics. An example of devel-
opments in dampening devices is the use of  materials such as 
magnetorheological fluids, which have been used to create damp-
ers with better functionality and performance. Magnetorheological 
dampers have a very broad range of use, from seismic response 
reduction, to shock absorbers used in vehicles in order to provide 
comfortable riding over a rough terrain, or in bumpers of automo-
biles for reducing impacts during accidents (Imthiyaz, 2014; Li et 
al., 2016; MAGNERIDE™ Controlled Suspension System, 2013; 
http://robohub.org/icelands-ossur-wins-popsci-best-of-whats-new- 

award-for-symbionic-leg/). These fluids, however, have a series 
of disadvantages (sedimentation, sealing). This encouraged new 
solutions using magnetorheological elastomers, which overcome 
some of the difficulties which MR fluids create. One of the main 
assets of MR elastomers is the lack of sedimentation, as the 
ferromagnetic particles are embedded in a polymer matrix, which 
gives them a small range of motion. The achievable yield stress in 
MR fluids is also something that raises concern, as these smart 
fluids typically work in the post- yield region, while MR elastomers 
work in the pre-yield region. To add to that, MR elastomers do not 
need channels or seals to hold or prevent leakage, as they have 
a solid state of matter (Kaleta, 2013). 

These smart materials, however, are not only useful in damp-
ening technology, but also in motor shaft sealing mechanics, 
industrial treatment of polished surfaces, medicine, vibration 
isolation and more (Bajkowski, 2004; Bajkowski, 2005; Bajkowski, 
2006; Bajkowski, 2007; Bajkowski, 2014; Goncalves, 2005; Griffin, 
1998; Lee et al., 1999; Lee et al., 2009; Milecki, 2001; Milecki, 
2004; Milecki et al., 1999). 

In the second Section the magnetorheological fluids and mag-
netorheological elastomers are described. Then, in the third Sec-
tion the applications of such smart materials are shown. At the 
end, the paper is concluded. 

2. SMART MATERIALS – MAGNETORHEOLOGICAL FLUIDS 
AND ELASTOMERS 

As new technologies are being developed, smart materials 
have found a large number of applications over the years. These 
materials are unique, as their properties can be changed by an 
external stimuli. In the case of magnetorheological fluids and 

mailto:klaud14@gmail.com
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elastomers, viscoelastic and rheological properties can be con-
trolled by the application of a magnetic field  (Schwartz, 2009). 
Thanks to their specific characteristics, these materials create the 
ability to build systems with adaptive properties, which was im-
possible to achieve with conventional materials (Kaleta, 2013).  

2.1. Magnetorheological fluids 

MR fluids state of matter can be changed with the use of dif-
ferent levels of a magnetic field. These fluids are composed 
of magnetic particles suspended in a viscous fluid. With the ab-
sence of a magnetic field these fluids have a low viscosity, as the 
particles are not arranged. The particles are of a small size, 
measuring between 3 and 10 microns (Tao, 2011). The magnetic 
particles of an MR fluid are additionally covered with a special 
layer, enhancing their magnetic susceptibility and reducing their 
tendency to form aggregations. Other substances, including anti-
corrosion and anti-sedimentation substances, are also added 
in small amounts. The influence of a magnetic field causes 
changes in the physical properties of an MR fluid.The application 
of such a field forces the particles to acquire a magnetic dipole, 
and to then to move and align themselves along the lines of the 
magnetic flux. This change in the material appears as a rapid 
increase in apparent viscosity and the fluid developing into 
a quasi-solid state. The fluid develops controllable yield strength, 
while the change depends on the size and strength of the magnet-
ic field, as well as the composition of the fluid. After the disap-
pearance of an external magnetic field the liquid returns to its 
baseline. The structure of magnetorheological fluids, and the 
behavior of the fluids under no magnetic field and with applied 
magnetic field applied are presented in Fig. 1. Changes under the 
influence of a magnetic field appear in less than 10 milliseconds. 
Magnetorheological fluids retain their properties in the tempera-
ture range of -40 ÷150 [oC], while the yield point value for these 
liquids is in the range of 50 ÷ 100 [kPa] (Carlson and Weiss, 
1994).  

 
Fig. 1. Structure of magnetorheological fluids, ferromagnetic particles  

in a silicone oil suspension; (a) under no magnetic field,  
and (b) with magnetic field applied 

 Due to a difference in density and the force of gravity, the 
magnetic particles in a magnetorheological fluid settle out of the 
fluid in which they are entrained, making it lose its magnetic prop-
erties. Sedimentation is one of the greatest disadvantages of 
these smart materials, as additional measures have to be taken, 
e.g., introducing a single-walled carbon nanotube (SWNT) in CI 
based MR fluid (Fang et al., 2007), to create a device which over-
comes this problem. Another problem that has to be dealt with is 
potential leakage into unwanted areas of the mechanism and 
thickening after prolonged use which creates the need of re-
placement. Nevertheless, the application set for MR fluids is vast, 

thanks to its precise controllability and dynamic response.  

2.2. Magnetorheological elastomers 

Magnetorheological elastomers generally consists of a natural 
or synthetic rubber matrix interspersed with micron sized (typically 
3 to 5 microns) ferromagnetic particles. Elastomers such as rub-
ber are used as they are generally soft and/ or deformable at 
room temperature, elastomers can have the ability to reversibly 
extend from 5-700% depending on the specific material. Thanks 
to a specially designed structure, the magnetic particles cannot 
move freely within the matrix. Therefore, there is no sedimenta-
tion. Magnetic field application stimulates a non-linear and re-
versible change of some of the properties. The limited movement 
of particles results in a quicker response to a magnetic field than 
in MR fluids. Magnetorheological elastomers work in the post-yield 
region, which differentiates them from MR fluids. There are two 
main types of MR elastomers: polarized elastomers (anisotropic) 
which have a strictly organized internal structure and isotropic 
elastomers (Kaleta, 2013). The difference between these two 
kinds of MR elastomers, is that, during the production of aniso-
tropic elastomers, an external magnetic field is applied. Fig. 2. 
presents a SEM image of the two types of MR elastomer. 

 
Fig. 2. SEM images of MREs: a) anisotropic MRE ; and b) isotropic MRE 

(Li et al., 2013) 

 What distinguishes anisotropic MR elastomers from MR fluids 
is that when the external magnetic field is removed, the aniso-
tropic structure remains. The goal in the MR elastomers design is 
for the applied magnetic field to cause the greatest possible 
change in the materials properties. The size and shape of the 
magnetic particles, as well as the volume ratio of the magnetic 
particles to the matrix’s material, have an important impact on the 
rheological effect (Kaleta, 2013). MR elastomers unique charac-
teristics are what makes them have big market potential (Li et al., 
2013). 

3. MAGNETORHEOLOGICAL SMART MATERIALS  
IN APPLICATIONS 

3.1. Applications of magnetorheological fluids  

MR fluids have been found very useful in shock absorbers 
or dampers. These dampers are filled with a magnetorheological 
fluid, which, after the application of an external magnetic field 
changes from liquid to semi solid state, allowing the dampening 
characteristics to be controlled by the field. One of its main uses is 
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in semi-active vehicle suspensions which can adapt to road condi-
tions (Carlson et al., 2000). One of the leaders in MR fluid tech-
nology in vehicle suspensions is LORD corp., which is the exclu-
sive supplier of MR fluid technology to BWI for their Magneride 
primary suspension system for automotive applications. These 
systems are now used on more than 1,000,000 vehicles from 
multiple automotive OEMs including Ferrari, Audi, GM, Land 
Rover and others. Their MR fluids are of very high quality, advo-
cated of having a fast response time, dynamic yield strength, 
temperature resistance as well as a hard settling resistance (Int. 
1). This increase in commercial interest is largely due to the suc-
cess of research projects and through the efforts of Lord Corpora-
tion. Schematics of LORD MR dampers are presented in Fig.3. 

           
Fig. 3. Schematic of single ended MR damper and double ended MR 

damper, both produced by Lord (Spaggiari, 2013) 

 
Fig. 4. BWIGroup powertrain mount using magneto-rheological  

technology (Magneto-Rheological Mounts, 2013) 

Extensive analysis of the properties of magnetorheolgical flu-
ids is included in Seval Genc’s thesis (Genc, 2002), and the work 
of Fernando D. Goncalves (Goncalves, 2005). More information 
on MR fluids’ properties can also be found in works: (Rabinow, 
1948; Rabinow 1951; Nyawako and Reynolds, 2007). 

BWIGroup, a leading global supplier of ride control systems, 
has introduced into production a powertrain mount using magne-
to-rheological technology (Fig. 4). The mount contains an elec-
tromagnetic coil that can generate a variable magnetic flux across 
the fluid passages. When the coil current is off, the MR fluid is not 
magnetised, the iron particles are randomly dispersed within the 
fluid, and the fluid behaves like conventional hydraulic oil. When 
the coil is energized, the magnetic field causes the particles to 

align into fibrous structures in the direction of the magnetic flux. 
The strength of the bond between the particles in the structures 
is proportional to the strength of the magnetic field, so changing 
the current provides real-time variable damping with a very large 
range of force variation (Fang et al., 2007). 

Dampers and shock absorbers are used for example in vibra-
tion security systems, exploitation of buildings and bridges (Dyke 
et al., 1996; Dyke et al., 1998; Gordaninejad, 2002; Hiemenz and 
Wereley, 1999), and also in damping of vibrations of high – volt-
age wires (Sapinski et al., 2006; Sapinski and Snamina, 2007). 
The Dr. Franjo Tudjmann Bridge near Dubrovnik in Croatia has 
adaptive cable dampers installed which significantly reduce the 
oscillation amplitudes of the cables (Fig. 5.) (https://www.dywidag-
systems.com/emea/projects/project-details/article/dr-franjo-tudjma 
nn-bridge-dubrovnik-croatia.html). 

 
Fig. 5. Cable vibration dampers based on MR fluid technology 

(https://www.dywidag-systems.com/emea/projects/project-
details/article/dr-franjo-tudjmann-bridge-dubrovnik-croatia.html) 

Magnetorheological dampers are also used in the process 
of vibration damping of car’s suspension (Fig. 6) (Int. 3), in driver’s 
seats in large trucks, to reduce harmful vibration that are trans-
ferred to the human body (Sassi et al., 2005; Park and Jeon, 
2002), as well as in the construction of washing machines (Fig. 7). 
A simple, inexpensive magnetorheological fluid sponge designed 
for incorporation into washing machines consists of a steel bobbin 
and coil surrounded by a layer of foam saturated with MR fluid. 
The elements constitute a piston on the end of the shaft that is 
free to move axially inside a steel housing that provides the 
ma netic flux return path. The damping force is proportional to the 
sponge's active area (Carlson, 2002).  

 
Fig. 6. MagneRide controlled suspension system-magneto-rheological 

damper technology (MAGNERIDE™ Controlled Suspension  
System, 2013) 
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Fig. 7. Inexpensive magnetorheological fluid sponge designed  

for incorporation into washing machines (Carlson, 2002) 

Because of the possibility of changing their physical quanti-
ties, these fluids find use in sealing technology in different me-
chanical elements, such as, motor shafts working under special 
conditions, e.g., in mines, ventilator shafts and in elements 
of bioreactors and chemical reactors, and other mechanical ele-
ments. They are also used in precise industrial processing 
of polished surfaces (Bajkowski, 2014). The sealing system pre-
sented in Fig. 8 consists of a permanent magnet 3 placed be-
tween two rings with a high magnetic permeability 4. The magnet-
ic flux penetrates the rings 4 MR fluid 5 shaft 6 and ring 2 or bear-
ing 7 (Muc and Barski, 2007).  

 
Fig. 8. Schematic of a sealing system in a motor bearing element  

with the use of MR fluids (Muc and Barski, 2007) 

 
Fig. 9. Picture and schematic of a) MR based brake and  b) clutch,  

both produced by Lord (Spaggiari, 2013) 

Magnetorheological fluids are also used in the production 
of magnetorheological composites (Kaleta and Lewandowski, 
2007; Kaleta et al., 2007), in the construction of clutches and 
brakes (Fig. 9) (Kikuchi et al., 2009; Kikuchi et al., 2010; Park et 
al., 2008; Spaggiari, 2013), robots (Yoon et al., 2003), in CD and 
DVD drives (Szeląg et al., 2000), in medical activities, such as 
devices for rehabilitation (Avraam, 2009; Carlson, 2001), or in-
vitro methods (Flores and Liu, 2002), in printing (Muc and Barski, 

2007), in suspension of planes and helicopters (Skorupka, 2010), 
in the construction of guns (Poynor, 2001; Bajkowski M., 2006). 

Intensive work is being conducted on the broad use of magne-
torheological fluids in medicine, especially orthopedics (Bajkowski, 
2014). Examples are shown in Fig.10 and Fig. 11. 

 
Fig. 10. A detailed exploded perspective view of a magnetorheologically 

actuated prosthetic knee (Thorarinsson, 2006) 

 
Fig. 11. The microprocessor-controlled Rheo Knee This is the first  

prosthetic component to use magnetorheological fluid to control 
joint resistance (http://robohub.org/icelands-ossur-wins-popsci-
best-of-whats-new-award-for-symbionic-leg/) 

Another example of MR fluid application is in the stabilization 
of knee joints, elbows, and ankles after an operation or injury. The 
pressure applied to these joints can be controlled by magnetorhe-
ological dampers, which can help speed up the process of rehabil-
itation (Bajkowski, 2014). 

There is also potential for MR fluid dampers to be used in avi-
ation, with ongoing work on the application in the rotary wing 
industry to isolate vibrations from the aircraft structure and crew 
(Forte et al., 2004). There are three different ways in which MR 
fluid can be used: squeeze mode, valve mode and shear mode. 
The mode used depends on the designation of the damper. 
A device that uses squeeze mode has a layer of MR fluid that is 
placed between paramagnetic pole surfaces, while devices oper-
ating in shear mode have when a  layer of MR fluid  between two 
paramagnetic moving surfaces. Flow mode uses MR fluid to 
impede the flow of MR fluid from one reservoir to another. This 
last  mode can be used in dampers and shock absorbers, by 
using the movement to be controlled to force the fluid through 
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channels, across which a magnetic field is applied (Olabi and 
Grunwald, 2007; Poynor, 2001). Aside from the other disad-
vantages of MR fluids mentioned previously, they also  tend to be 
expensive and are still a limited feature. 

More information about magnetorheological fluids and their 
applications can be found in the book J. Bajkowskiego (Bajkowski, 
2014), and other publications (Skorupka, 2010; Kaleta, 2013; 
Milecki and Lawniczak, 1999; Sapinski, 2006; Goncalves, 2005; 
Schwartz, 2009; Muc and Barski, 2007; Carlson and Jolly, 2009; 
Spaggiari, 2013; Skalski, 2014; Tao, 2011; Genc, 2002). 

3.2. Applications of magnetorheological elastomers 

In comparison to MR fluids, MR elastomers are not widely 
used as dampening devices. Because of some of the downsides 
that MR fluids present, MR elastomers are starting to receive 
attention, as they have many potential engineering applications (Li 
et al., 2014). They have found function in developing adaptive 
tuned vibration absorbers and vibration isolation systems, since 
their stiffness changes within a magnetic field (Spaggiari, 2013; 
Carlson et al., 2000). A variable stiffness absorber based on 
magneto-rheological elastomer was designed, its features were 
published by The Transactions of Nonferrous Metals Society of 
China in 2009. Active and semi active vibration isolation systems 
based on magnetorheological materials were also created (Ba-
zinenkov et al., 2004; Xiao et al., 2009; Spencer et al., 2007). The 
devices shown in Fig. 12 and Fig. 13 use coils to generate the 
magnetic field. There are, however, few designs of dampers using 
MR elastomer technology.  

 
Fig. 12. The design of the damper based on MR elastomer:  

1 – foundation, 2 – magnetic core, 3 – electromagnetic core,  
4 – magnetic conductor  rings, 5 – membrane of the MR  
elastomer, 6 – air gap (Bazinenkov et al., 2004) 

Magnetorheological elastomers have a big potential, which 
can be used in the motorization industry. One of the solutions 
which includes MR elastomer is a patent (Watson, 1997) owned 
by Ford Motor Company, concerning the regulation of the suspen-
sion elements stiffness by implementing a sleeve with adjustable 
rigidity. In this solution, the magnetorheological elastomer 
is placed in between two sleeves; the one located inside is con-
nected with the moving parts of the suspension, and the one on 
the outside is connected with the bodywork. An additional part of 
the system is a coil located in between the composite and the 
inside cylinder. The rigidity of the magnetorheological composite 
is regulated with the coil in which the magnetic field is induced. 
This solution can reduce the oversteer and understeer of a vehicle 
and can reduce the noise generated by the vibrations of a car 
body. 

A similar solution was used to eliminate the vibrations of brake 
discs (Stewart, 1998). The previously described element consist-
ing of the two cylinders' discs with a layer of magnetorheological 
elastomer in between them was used in this method. Rigidity of 
the composite changes as the electric current going through the 
coil (which is reeled around the layer of elastomer) varies. The 
current value is set by the control system based on the data re-
ceived from the sensor in the braking system. 

 

 
Fig.13. Schematic configuration (a) and photograph(b) of MRE absorber 

(Xiao et al., 2009) 

  A method of fast regulation of the physical properties of the 
elastomer elements in cars can be found in literature available on 
this topic (Elie, 1999). In traditional solutions the elastomer parts, 
such as, sleeves in the suspension, parts of the engine fastening, 
the propulsion transfer system and exhaust system have un-
changeable physical properties. By replacing them with magne-
torheological elastomer and adding a control system, it is possible 
to vary their rigidity, and therefore to adjust the level of noise and 
vibration, moreover to eliminate dipping of the car during braking, 
oversteer and understeer.  

Thyssen Krupp AG company has developed a steering wheel 
column with an adaptive system of energy absorption in case 
of a crash, in which magnetorheological elastomer is applied to 
one of the elements (Klukowski, 2009). This solution differs from 
the previous one which has a metal element responsible for ener-
gy absorption. Due to the implementation of MRE, the new solu-
tion accommodates factors such as  the vehicle's velocity and 
driver's mass. 

General Motors has developed a system which absorbs ener-
gy during a crash (Barvosa-Carter, 2006). It can be installed 
inside headrests, seats, the dashboard, doors or over driver's and 
passengers' heads. This patented solution is composed of a rigid 
base and an elastic cover. In between them are the cylindrical 
elements made of magnetorheological elastomer with the coil 
reeled on them. The whole system is equipped with sensors and a 
control system. 

 Fig. 14 illustrates the reversibly expandable energy absorbing 
assembly in a pre-deployed, i.e. a stowed or original configuration. 
An exemplary reversibly expandable energy absorbing assembly, 
generally indicated as (10), utilizing actively controlled and engi-
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neered materials comprises a flexible covering (12) attached to 
a rigid support structure 14 (Barvosa-Carter, 2006). 

 
Fig. 14. A schematic illustrating an energy absorbing assembly 

in a stowed or pre-deployed configuration in accordance  
with the present disclosure (Barvosa-Carter, 2006) 

Automotive companies have patented solutions which can 
have applications not only in the motorization industry, but in 
others as well. For instance, GM has developed a system of 
magnetically dissociable [hooks/detents/grips] which contains MR 
elastomer in its conformation (Ottaviani, 2006). This particular 
system can be used for vibration elimination. 

Detents, which are opened and closed with the use of a mag-
netic field, were used to develop an entire system of separable 
securing of the various components of the car, for example clos-
ing the trunk lid or doors (Ottaviani, 2006). The proposed solution 
makes closing and opening of the lid easier, as well as absorbs 
more energy in case of an accident than the traditional single-
point locks. As shown in Fig. 15 a releasable fastener system, 
generally indicated as (10), comprises a loop portion (12) and a 
hook portion (14). The loop portion (12) includes a support (16) 
and a loop material (18) disposed on one side thereof whereas 
the look portion (14) includes a support (20) and a plurality of 
closely spaced upstanding hook elements (22) extending from 
one side thereof. The hook elements (22) are formed of a magne-
torheological elastomer that provides a shape changing and/or 
flexural modulus capability to the hook elements (22). The de-
scription can be find in (Ottaviani, 2006). 

 
Fig. 15. A cross sectional view of a releasable fasting system  

(Ottaviani, 2006) 

In the automotive industry, magnetorheological elastomers are 
used in the construction of engine covers or boots, for instance 
(Brei et al., 2006). In the proposed solution developed by General 
Motors Corporation and the University of Michigan, the cover, 

which in normal operation is close to the engine or luggage, de-
forms in the instance of a crash in such a way that it increases 
energy absorption. 

 Magnetorheological elastomer may be used as such a skin. 
Research is being done on the content of carbonyl iron particles, 
which are responsible for changing the rheology of the material in 
the presence of an external magnetic field. The first tests have 
shown that the properties of the material can be controlled by 
varying the external magnetic field. The process is completely 
reversible and the magnetorheological material bodes well in 
constructional solutions made of morphing structures. Fig. 16 
shows a new magnetorheological elastomer destined for use 
in aviation structures (Skalski, 2014). 

 
Fig. 16. View of a magnetorheological skin (Skalski, 2014) 

 
Fig. 17. A schematic view of the morphing structure  

with a magnetorheological elastomer (Skalski et al., 2014) 

In the reported Polish patent (Skalski et al., 2014) an airfoil 
with a variable shape was described. It has an elastic coating 
made from an active material (magnetorheological elastomer) 
allowing to change the aerodynamic characteristics of an aircraft 
wing or a rotary blade during flight. In this solution (Skalski et al.,  
2014) presented in Fig.17, a thin layer of magnetorheological 
elastomer (2) was placed on the upper side of the reversed wing 
(3). Magnets (1) were placed underneath this surface (12) in order 
to generate a strong magnetic field that would attract the MR 
elastomer (2) and therefore change the overall profile of the wing. 
One end of the MR elastomer (2) is connected to a shaft (4), 
second end is fixed to the wing (3). The control module (9) 
is connected to the power supply (8). The control module controls 
(9) the servomechanism (Skalski et al., 2014). 

4. CONCLUSIONS 

To sum up, as new technologies are being developed, magne-
torheological fluids and elastomers have found a large number 
of applications over the years. These materials are unique, 
as their properties can be changed by an external stimuli. In the 
case of magnetorheological fluids and elastomers, viscoelastic 
and rheological properties can be controlled by the application 
of an magnetic field. Thanks to their specific characteristics, these 
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materials create the ability to build systems with adaptive proper-
ties, which was impossible to achieve with conventional materials. 

These smart materials are used e.g. in dampers, shock ab-
sorbers, clutches and brakes. Magnetorheological dampers and 
magnetorheological shock absorbers are applied e.g. in damping 
control, in the operation of buildings and bridges, as well as in 
damping of high-tension wires. 

New solutions which regard implementing magnetorheological 
elastomers for automotive applications are constantly being pa-
tented/ licensed.  

In the aerospace industry magnetorheological elastomers are 
desirable for use in morphing structures. Morphing in aerospace 
applications is becoming more and more popular due to the pos-
sibility of increasing the productivity and efficiency of flight. With 
MR elastomers, the development of new aircraft structures be-
comes possible. The main challenge for the next years and dec-
ades will be to adapt, at industrial level, developments made in 
laboratories, like new structures with more flexibility and ability to 
distort in a controlled way. 
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Abstract: In this paper the characteristics of BaTiO3 ceramics synthesized by solid state method is presented. In order to receive  
the monophase ceramics the double activation and calcination were applied. A spray drier was used to granulate the powder of BaTiO3. 
Isostatic and uniaxial pressing were applied to manufacture the barium titanate pellets. The properties of fabricated BaTiO3 ceramics were 
determined at different stages of production. After the sintering phase, the hardness, the bending strength, the fracture toughness,  
and the coefficient of thermal expansion of barium titanate sinter were estimated. The BaTiO3 powder is characterized by spherical grains 
and the average size of 0.5 μm. The small value of the specific surface area of granulate ensured good properties of material mouldability 
and finally allowed to receive sinters of high density. 

Key words: Barium Titanate, MLAs, Multilayer Actuators, Solid State, Piezoelectric Ceramics 

1. INTRODUCTION 

Barium titanate, revealing both ferroelectric and piezoelectric 
properties, is a very desirable perovskite-type ceramic material 
in the field of electroceramics and microelectronics (Biglar et al., 
2015; Vijatović et al., 2008). BaTiO3 is destined for many applica-
tions in different industries, such as energy storage devices and 
multilayer actuators (MLAs) (Miot et al., 1995; Kao and Yang, 
1999). These applications require materials with a good density, 
a high dielectric constant and a low loss factor. BaTiO3 has be-
come one of the most important ferroelectric material. At Curie 
temperature the barium titanate transforms from paraelectric to 
ferroelectric phase (Ertuğ, 2013). Synthesis of materials with 
these properties needs highly pure, fine grained ceramics, which 
may be obtained from homogeneous reproducible powders 
of spherical particles (Miot et al., 1995; Kholodkova et al., 2012).  

Choi et al. (2008) underline that MLCs have been investigated 
because their advantages are high precision, little noise and low 
power consumption, compared with conventional multilayer actua-
tors (MLAs). Two types of multilayer actuators are considered, 
namely, stacked-disk and co-fired (Yoshikawa and Shrout, 1993). 
Fine grain powders used for fabrication piezoelectric materials has 
an effect on lower driving voltages and higher driving fields 
(Hackenberger et al., 1998; Luo et al., 2011). 

The properties of barium titanate have been the subject 
of study of many authors (i.e., Cai et al., 2011; Prado et al., 2016; 
Zheng et al., 2012). The powder fabrication method and the syn-
thesis procedure strongly influence  the features of barium titanate 
(Moura et al., 2009; Stojanovic et al., 1999; Vijatović et al., 2008). 

A lot of synthesis methods have been developed for the prep-
aration of barium titanate powders. Both the conventional solid 
state reaction methods, chemical methods and mechanochemical 

used to prepare barium titanate have been described in the litera-
ture. Large scale production is based on solid state reactions 
of mixed powders BaCO3 and TiO2 at high temperatures. How-
ever, this procedure results in agglomeration, poor chemical 
homogeneity and formation of secondary phases which harm the 
electrical properties of BaTiO3 (Kim et al., 2009, Othman et al., 
2014). However, the solid state method has the advantages of low 
production cost, precise stoichiometry control, operating simplicity 
and possibility of its application on mass production (Kao and 
Yang, 1999; Kholodkova et al., 2012).  

Considering the disadvantages of solid state method, search-
ing for development of barium titanate synthesis techniques was 
widely described by other authors. Wet-chemical methods at the 
temperature less than 100°C were applied for obtaining of 50-60 
nm particles (Kholodkova et al., 2012). Nguyen et al. (2007) have 
developed the hydrothermal synthesis. This technique is used for 
producing oxide layers on ceramic surfaces. The main ad-
vantages of hydrothermal method is a simple procedure and low 
temperature treatment. 

In this paper, the fabrication method and properties of barium 
titanate ceramics are described. The powder of BaTiO3 is synthe-
tized by solid state method. The goal of the investigation is to 
prepare suitable material for MLAs. At the end of the paper, all 
properties influencing the  application of obtained material for the 
multilayer actuator were discussed.  

2. EXPERIMENTS 

The powder of barium titanate was fabricated from the TiO2 
(99% of purity, Kronos, USA) and BaCO3 (99.5% of purity, Chem-
pur, Poland). The raw materials were mixed with isopropyl alcohol 

mailto:tomtrz@prz.edu.pl
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and milled in the mixer mill for two hours. The obtained powder 
was calcined in the electrical furnace for 8 hours at 1100°C. The 
double milling and calcination were necessary to obtain mo-
nophase material. The diffraction patterns were recorded by X-ray 
X’PertPROX diffractometer equipped with a detector of Cu Kα 
radiation. The particle size distribution of powder was determined 
using Mastersize 2000 (Melvern, United Kingdom). The specific 
surface area of powders was determined by using Autosorb-1 
analyzer (Quantachrome, USA).  

The morphology of powder was evaluated based on the SEM 
micrographs made by using HITACHI S-3400N/2007 microscopy. 
To ensure good mouldability the BaTiO3 powder was granulated 
with the use of Niro spray drier (GEA, Germany). The spray pres-
sure was equal to the equivalent of 40 mm water column. The 
values of inlet and outlet temperatures were equal to 220°C and 
80°C, respectively. The properties of received granulate i.e., the 
specific surface area and the phase composition were also deter-
mined. The isostatic and uniaxial pressing is used to manufacture 
the BaTiO3 pellets. 

The green pellets were sintered in the electrical furnace. The 
dilatometric curves were used to ensure the suitable sintering 
conditions. The maximal sintering temperatures were 1250, 1300, 
1350, 1400 and 1450°C. The both cooling and heating rates were 
set to 100°C/h. Sintered pellets were denoted, respectively: Ba-
TiO3(0), BaTiO3(1), BaTiO3(2), BaTiO3(3) and BaTiO3(4). 

The parameters characterizing the extent of material sintering: 
the apparent density, the apparent porosity, the water absorbabil-
ity were estimated for sintered pellets by method taking ad-
vantages of Archimedes law. In the next stage, the pellet of the 
average density, sintered at 1300°C (BaTiO3(1)) was considered 
and characterised in the direction of XRD and SEM. 

The mechanical properties such as the hardness, the bending 
strength and the fracture toughness, and the coefficient of thermal 
expansion were determined based on the fabricated beams. 
These beams were manufactured according to the procedure 
used to fabricate BaTiO3(1) pellets. The linear expansion coeffi-
cient was determined using a dilatometer (BÄHR-Gerätebau, 
Germany). The fracture toughness and Vickers hardness of Ba-
TiO3(1) were performed on 430/450SVD testing machine (Melit, 
Switzerland). The flexural strength of BaTiO3(1) specimen was 
determined on a standard universal testing machine Z030 
(Zwick/Roell, Germany)  equipped with a 3-point bending device. 

3. RESULTS AND DISCUSSION 

The XRD pattern of powder of BaTiO3 is shown in Fig. 1. The 
peaks of synthesized powder very well overlap with the standard 
ones. So, it was found that to obtain monophase powder the two 
mechanical activation and calcination processes are necessary. 

An analysis of the morphology of barium titanate presented 
in Fig. 2a led to conclude that powder was characterized by uni-
form structure. The dimensions of the individual grains are very 
similar and equal to 0.5 μm (Fig. 2b). The small number of grains 
have an average diameter of about 1 µm. 

In the Fig. 3 the distribution of particle size of BaTiO3 powder 
is presented. The particle size distribution ranged between 0.3 μm 
and 80 μm. 

However, the average particle size was equal to 1.59 µm. The 
grains of BaTiO3 powder had a tendency to create agglomerates. 
The average size of the separate grain is almost three times 

smaller than the size of particles of agglomerates. The similar 
conclusion was found by Yoon and Lee (2004) who analysed the 
mean particle size and specific surface area of barium titanate 
fabricated also by solid state technique. In our investigations the 
specific surface area of powder particles was equal to approxi-
mately 1.9 m2/g. Presented in Fig. 4 the XRD pattern of granulate, 
reveals also very well convergence to the standard pattern. 

 

Fig. 1. XRD pattern of BaTiO3 powder 

a) 

 
b) 

 
Fig. 2. SEM morphology of BaTiO3 powder in two different  
            magnifications: x4.00k (a) and x6.50k (b) 
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Fig. 3. The particle size distribution of BaTiO3 powder 

 

Fig. 4. XRD pattern of BaTiO3 granulate 

From data shown in Tab. 1 and Fig. 5 follows that the values 
of water absorbability and the apparent porosity of sintered pellets 
increase together with the maximal sintering temperature. The 
value of water absorbability increases with the sintering tempera-
ture (Tab. 1). Furthermore, the increasing in sintering temperature 
led to an increase of the apparent porosity (Fig. 5). In the range 
of apparent density between 5.80 and 5.87 g/cm3 the values 
of apparent porosity are very similar. The values of relative densi-
ty evaluated as the ratio of apparent density to the theoretical 
density are very similar (Table 1). Duran et al. (2002) and Miot et 
al. (1995) found that density of BaTiO3 sintered pellets based on 
the value of lattice constant is equal to 6.02 g/cm3. So, the ob-
tained relative density is in agreement with the results of other 
authors. 

Tab. 1. The physical properties of sintered pellets 

Material type Relative density, % Water absorbability, % 

BaTiO3(0) 97.01 0.03 

BaTiO3(1) 96.68 0.05 

BaTiO3(2) 96.84 0.06 

BaTiO3(3) 96.35 0.07 

BaTiO3(4) 97.51 0.09 

 

As we can see from the Fig. 6 the grains of barium titanate 
granulates exhibit a spherical shape that the dimensions varied 
between 25 μm and 35 μm. The spherical shape of granules is a 
result of granulation process. Before this process the BaTiO3 
powder was mixed with additives. So, the dimensions of powder 
granules did not change. During the granulation process the water 
slurry was sprayed. The specific surface area of BaTiO3 granulate 
(1.18 m2/g) is smaller than in the case of powder. 

 
Fig. 5. Effect of material type on selected physical properties  
            of sintered pellets 

a) 

 

b) 

 
Fig. 6. SEM micrograph of BaTiO3 granulate in two different  
            magnifications: x2.30k (a) and x6.00k (b) 
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The pressing and sintering of the samples caused the improv-
ing of phase composition of BaTiO3(1) pellet. The XRD pattern 
of BaTiO3(1) presented in Fig. 7 is better than in the case of gran-
ulate. 

 
Fig. 7. XRD pattern of BaTiO3(1) pellet  

a) 

 

b) 

 
Fig. 8. SEM micrograph of BaTiO3(1) pellet (a)  
            and the fracture surface (b) 

The SEM micrographs of BaTiO3(1) pellet presented in Fig. 8a 
reveal the densification of the grains due to compacting process. 
The small pores indicated in the Fig. 8b are a result of densifica-
tion process and correspond to the density of BaTiO3(1) pellet 
shown in Tab. 1. The smaller pores have a dimension of a few 
micrometers which is in agreement with the results of Yoon and 
Lee (2004). The size of the grains is very diversified. In the micro-
structure the large number of the grains with the size of 60-90 µm, 
and smaller number of grains with size between 1 and 3 µm are 
observed (Fig. 8a). 

To confirm the application of sintered BaTiO3 ceramic in multi-
layer actuators the additional mechanical properties i.e., the hard-
ness, the flexural strength, the fracture toughness and the coeffi-
cient of thermal expansion were determined. The value of fracture 
toughness of 0.83 MPa·m1/2 is comparable with the results 
of research of perovskite-type BaTiO3 ceramics conducted by 
Hwang and Niihara (1998). The hardness of the BaTiO3(1) beam 
was equal to 3.09 GPa, the value of the bending strength was 
78.1 MPa, while the coefficient of thermal expansion reached 
4.75.10-6 1/K. 

4. CONCLUSIONS 

The spherical grains of the size about 500 nm were indicated 
on SEM micrographs of powder but these small grains have 
an easy tendency to create agglomerates. The small value of the 
specific surface area of both powder and granulate ensured the 
good properties of material mouldability and finally allowed to 
receive sinters of high density. Obtainment of the high density 
of sinters was confirmed by the results of the apparent density 
and additionally photos of microstructure. The purity of powder, 
granulate and sinters was controlled by determining the phase 
compositions, which in all cases revealed the almost perfect 
barium titanate phase. The values of hardness, flexural strength, 
fracture toughness and coefficient of thermal expansion confirmed 
the usability of prepared perovskite-type BaTiO3 ceramic material 
on multilayer actuators. The microstructure of the pellets is com-
parable with the results found in the literature. However, to in-
crease the dielectric constant of BaTiO3, it is expected to produce 
fine-grained microstructure of ceramic material. It is possible, 
by special thermal treatment of BaTiO3 pellets to get the smaller 
size of particles. 
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Abstract: In this paper influence of temporal profile of the specific friction power (i.e. the product of the coefficient of friction, sliding veloci-
ty and contact pressure) on thermal stresses in a friction element during braking was investigated. Spatio-temporal distributions of thermal 
stresses were analytically determined for a subsurface layer of the friction element, based on the model of thermal bending of a thick plate 
with unfixed edges (Timoshenko and Goodier , 1970). To conduct calculations, the fields of dimensionless temperature were used. These 
fields were received in the article (Topczewska, 2017) as solutions to a one-dimensional boundary-value problem of heat conduction for a 
semi-space heated on its outer surface by fictional heat flux with three, different time profiles of the friction power.  

Key words: Frictional Heating, Temperature, Thermal Stresses, Time-Dependent Power of Friction 

1. INTRODUCTION 

As a result of friction, on the disc-pad contact surface during 
braking, high temperature and thermal stresses appear in friction 
elements. In these conditions the abrasive wear process is inten-
sified and braking efficiency is significantly lower. When thermal 
stresses exceed the ultimate strength of the friction material, then 
plastic deformations and thermal cracks on the brake disc surface 
may arise (Yevtushenko and Kuciej, 2010b; Kim et al. 2013; Wu  
et al. 2016). Therefore, thermal calculations of working elements 
are pivotal stage during braking systems design.  

Analytical equations to determine temperature and thermal 
stresses, generated as a result of frictional heating, are predomi-
nantly obtain from solution to a one-dimensional thermal problem 
of friction (Evtushenko et al., 2000; Yevtushenko et al., 2012; 
2014). Acceptance of a one-dimensional heat conduction model is 
reasoned for high values of Peclet number (for braking at high 
speed) (Blok, 1955). One of the approach to formulate thermal 
problems of friction during braking is based on a virtual separation 
of friction elements and heating their working surfaces by the heat 
fluxes with intensity proportional to the specific power of friction 
(Talati and Jalalifar, 2009; Yevtushenko and Kuciej, 2010b). Using 
this approach, in the paper (Evtushenko and Kutsei, 2006) distri-
butions of the non-stationary temperature and thermal stresses for 
a semi-infinite solid heated on its outer surface by the frictional 
heat flow modelled by a pulse with rectangular or triangular 
shape. Thermal problem of friction for a strip – semi-space (pad – 
calliper) tribosystem with linear time profile of frictional heat flux 
intensity effects on the outer surface of the strip were formulated 
and solved in the article (Yevtushenko et al., 2011). 

In the literature there is a lack of exact solutions to this type 
of problems with temporal profile of heat flux adequately de-
scribed the real braking processes. The experimental study (Chi-
chinadze, 1967) shows that this quantity may have a various 
forms, depends on working conditions, thermal stability of the 

friction pair and the way of contact pressure regulation.  
Influence of temporal profile of specific friction power on spa-

tio-temporal distribution of the temperature in a friction element 
during single braking was investigated in the article (Topczewska, 
2017). For this purpose a one-dimensional boundary-value prob-
lem of heat conduction for a homogeneous semi-space (brake 
disc) heated on its outer surface by the frictional heat flux was 
formulated and analytically solved. This problem was considered 
with three different time profiles of specific friction power (Chichi-
nadze, 1967). Obtained solutions determine transient fields 
of dimensionless temperature in the heated element. Based on 
received results it was established that temporal profile of the 
intensity of frictional heat flux has essential influence on tempera-
ture distribution in the working elements of brakes.  

The main aim of this work is to investigate the influence of se-
lected time profiles of intensity of the frictional heat flux on quasi-
static distribution of the thermal stresses in the friction element.  

2. TEMPERATURE 

It was assumed, that a homogeneous half-space (brake disc), 
from the initial moment  𝑡 = 𝑡0 = 0 to the end of the braking 
process (𝑡 = 𝑡𝑠), is heated on its free surface 𝑧 = 0 (friction sur-
face) (Fig. 1) by the frictional heat flux with intensity proportional 
to the specific power of friction 𝑞𝑖(𝑡) = 𝑞0 𝑞𝑖

∗(𝑡), 𝑖 = 1,2,3 (Chi-
chinadze, 1967): 

𝑞1
∗(𝑡) = 3(1 − 𝑡 𝑡𝑠⁄ )2, 𝑞2

∗(𝑡) = 6 𝑡 𝑡𝑠⁄ (1 − 𝑡 𝑡𝑠⁄ ),
  

𝑞3
∗(𝑡) = 6 (√𝑡 𝑡𝑠⁄ − 𝑡 𝑡𝑠⁄ ) , 0 ≤ 𝑡 ≤ 𝑡𝑠. 

(1) 

where 𝑞0 = 𝑓𝑉0𝑝0. 
Temporal profiles of the heat flux intensities (1) are character-

ized by that the braking work in the moment of standstill is equal 
for all these processes. 
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Fig. 1. Scheme of the problem 

Solutions to above-mentioned formulated thermal problem 
of friction, which were found in the paper (Topczewska, 2017), are 
the following distributions of dimensionless temperature 𝑇𝑖

∗, 𝑖 =

1,2,3 : 

𝑇1
∗(𝜁, 𝜏) = 2√𝜏{3 ierfc𝑍 − 2𝜏∗[2(1 + 𝑍2)ierfc𝑍 − Zerfc𝑍 +

 0.2𝜏∗2[(8 + 18𝑍2 + 4𝑍4)ierfc𝑍 − 𝑍(7 + 2𝑍2)erfc𝑍]},  

 𝜁 ≥ 0, 0 ≤ 𝜏 ≤ 𝜏𝑠 ,      (2) 

𝑇2
∗(𝜁, 𝜏) = 4𝜏∗√𝜏{[2(1 + 𝑍2)ierfc𝑍 − Zerfc𝑍] −  0.2𝜏∗[(8 +

18𝑍2 + 4𝑍4)ierfc𝑍 − 𝑍(7 + 2𝑍2)erfc𝑍]},  

 𝜁 ≥ 0, 0 ≤ 𝜏 ≤ 𝜏𝑠 ,      (3) 

𝑇3
∗(𝜁, 𝜏) = 𝜏∗{3√𝜋𝜏𝑠(erfc𝑍 − 2𝑍ierfc𝑍) − 4√𝜏[2(1 +

𝑍2)ierfc𝑍 − Zerfc𝑍]},  𝜁 ≥ 0, 0 ≤ 𝜏 ≤ 𝜏𝑠,      (4) 

where 
 

𝜁 =
𝑧

𝑎
, 𝜏 =

𝑘𝑡

𝑎2 , 𝜏𝑠 =
𝑘𝑡𝑠

𝑎2 , 𝑇0 =
𝑞0𝑎

𝐾
, 𝑇𝑖

∗ =
𝑇𝑖−𝑇𝑎

𝑇0
, 𝑍 =

𝜁

2√𝜏
,      (5) 

𝑎 = √3𝑘𝑡𝑠 is effective depth of the heat penetration inside brake 

disc (Chichinadze et al., 1979), 𝑇𝑎 is initial temperature, 𝐾, 𝑘 are 
thermal conductivity and thermal diffusivity, respectively. 

Based on the solutions (2)–(4) and the model of temperature 
bending of a thick plate with unfixed edges, the distributions 
of quasi-static thermal stresses in heated brake disc will be re-
ceived. 

3. THERMAL STRESSES 

Distribution of the transient temperature field in a brake disc 
(2)–(4), due to its free surface heating by the frictional heat flux 
with intensities (1), generate temperature strains and stresses, 
which may initiate the superficial cracks of the disc material. Ex-
perimental research shows that the strongest influence on the 
material cracking along the direction of the disc sliding, according 
to the scheme of the process (Fig. 1), has lateral normal compo-
nent of stress tensor 𝜎𝑦 (acting along the 𝑦-axis) (Jewtuszenko et 

al., 2015). For a one-dimensional model of frictional heating in the 
direction perpendicular to the friction surface – 𝑧, lateral and 
longitudinal normal components of the stresses are equal 
𝜎𝑦 = 𝜎𝑥 = 𝜎 (Timoshenko and Goodier, 1970). However, in case 

of plane state of stresses, normal component of the stress tensor 
𝜎𝑧, which acts in the direction of heating, is negligible.  

In accordance with model of thermal bending of a thick strip 
of the thickness 𝑐 = 𝑎 (𝜁 = 1) with unfixed ends, the dimension-
less field of lateral thermal strains 𝜀𝑦,𝑖

∗ (𝜁, 𝜏) = 𝜀𝑖
∗(𝜁, 𝜏) we find 

from the equation (Timoshenko and Goodier, 1970): 

𝜀𝑖
∗(𝜁, 𝜏) = ∫ 𝑇𝑖

∗(𝜁, 𝜏)𝑑𝜁

1

0

+ 12(𝜁 − 0.5) ∫ (𝜁 − 0.5)𝑇
𝑖

∗(𝜁, 𝜏)𝑑𝜁,

1

0

 

0 ≤ 𝜁 ≤ 1, 0 ≤ 𝜏 ≤ 𝜏𝑠 .       (6) 

where 𝑇𝑖
∗(𝜁, 𝜏), 𝑖 = 1,2,3 are fields of the dimensionless tempera-

ture (2)–(4).  
Writing the thermal strains (6) in the form:  

𝜀𝑖
∗(𝜁, 𝜏) = 𝑇̅𝑖

∗(𝜏)(4 − 6𝜁) + 6𝑀𝑖
∗(𝜏)(2𝜁 − 1),     (7) 

where dimensionless mean temperature 𝑇̅𝑖
∗(𝜏) and temperature 

momentum 𝑀𝑖
∗(𝜏), for three intensities of heat flux (1), we deter-

mine from the equations:  

𝑇̅𝑖
∗(𝜏) = ∫ 𝑇𝑖

∗(𝜁, 𝜏)𝑑𝜁
1

0
,   𝑀𝑖

∗(𝜏) = ∫ 𝜁𝑇𝑖
∗(𝜁, 𝜏)𝑑𝜁

1

0
,     (8) 

and substituting the dimensionless temperatures (2)–(4), to the 
relations (8), we have: 

𝑇̅1
∗(𝜏) = 4𝜏{3𝐼0(𝜏) − 2𝜏∗[2𝐼0(𝜏) + 2𝐼2(𝜏) − 𝐽1(𝜏)] +

0.2𝜏∗2[8𝐼0(𝜏) + 18𝐼2(𝜏) + 4𝐼4(𝜏) − 7𝐽1(𝜏) − 2𝐽3(𝜏)]},      (9) 

𝑀1
∗(𝜏) = 8𝜏√𝜏{3𝐼1(𝜏) − 2𝜏∗[2𝐼1(𝜏) + 2𝐼3(𝜏) − 𝐽2(𝜏)] +

0.2𝜏∗2[8𝐼1(𝜏) + 18𝐼3(𝜏) + 4𝐼5(𝜏) − 7𝐽2(𝜏) − 2𝐽4(𝜏)]},    (10) 

𝑇̅2
∗(𝜏) = 8𝜏𝜏∗{[2𝐼0(𝜏) + 2𝐼2(𝜏) − 𝐽1(𝜏)] − 0.2𝜏∗[8𝐼0(𝜏) +

18𝐼2(𝜏) + 4𝐼4(𝜏) − 7𝐽1(𝜏) − 2𝐽3(𝜏)]},    (11) 

𝑀2
∗(𝜏) = 16𝜏√𝜏𝜏∗{[2𝐼1(𝜏) + 2𝐼3(𝜏) − 𝐽2(𝜏)] − 0.2𝜏∗[8𝐼1(𝜏) +

18𝐼3(𝜏) + 4𝐼5(𝜏) − 7𝐽2(𝜏) − 2𝐽4(𝜏)]},     (12) 

𝑇̅3
∗(𝜏) = 2√𝜏𝜏∗{3√𝜋𝜏𝑠[𝐽0(𝜏) − 2𝐼1(𝜏)] − 8√𝜏[𝐼0(𝜏) + 𝐼2(𝜏) −

0.5𝐽1(𝜏)]},    (13) 

𝑀3
∗(𝜏) = 4𝜏𝜏∗{3√𝜋𝜏𝑠[𝐽1(𝜏) − 2𝐼2(𝜏)] − 8√𝜏[𝐼1(𝜏) + 𝐼3(𝜏) −

0.5𝐽2(𝜏)]},    (14) 

where integrals 𝐼𝑘(𝜏) and 𝐽𝑘(𝜏) are defined by the following for-
mulas: 

𝐼𝑘(𝜏) = ∫ 𝑍𝑘ierfc𝑍
𝑋

0
𝑑𝑍, 𝑘 = 0,1,2 …   (15) 

𝐽𝑘(𝜏) = ∫ 𝑍𝑘erfc𝑍
𝑋

0
𝑑𝑍, 𝑘 = 0,1,2 …   (16) 

where 𝑍 has the form (5) and 𝑋 = (2√𝜏)−1.  

Integrals 𝐼𝑘(𝜏) (15), we transform to the following form: 

𝐼𝑘(𝜏) =
1

√𝜋
𝑁𝑘(𝜏) − 𝐽𝑘+1(𝜏), 𝑘 = 0,1,2 …    (17) 

where 𝑁𝑘(𝜏) = ∫ 𝑍𝑘𝑒−𝑍2𝑋

0
𝑑𝑍, 𝑘 = 0,1,2 …    (18) 

Applying the recursive formula (Prudnikov et al., 1998): 

𝐽𝑘(𝜏) =
𝑘(𝑘−1)

2(𝑘+1)
𝐽𝑘−2(𝜏) + (𝑋2 −

𝑘

2
)

𝑋𝑘−1

𝑘+1
erfc𝑋 −

𝑋𝑘𝑒−𝑋2

√𝜋(𝑘+1)
 ,   (19) 

and 𝐽0(𝜏) = √𝜋
−1

− ierfc𝑋, 𝐽1(𝜏) =
1

4
erfc𝑋 −

1

2
𝑋ierfc𝑋,   (20) 

integrals 𝐽𝑘(𝜏), 𝑘 = 0,1,2 … (16) we write in the form: 

𝐽2(𝜏) =
1

3√𝜋
[1 − 𝑒−𝑋2

(𝑋2 + 1)] +
𝑋3

3
erfc𝑋,   (21) 

𝐽3(𝜏) =
1

8
[

3

2
erf𝑋 −

𝑋𝑒−𝑋2

√𝜋
(2𝑋2 + 3)] +

𝑋4

4
erfc𝑋,   (22) 

𝐽4(𝜏) =
2

5√𝜋
[1 − 𝑒−𝑋2

(
1

2
𝑋4 + 𝑋2 + 1)] +

𝑋5

5
erfc𝑋,   (23) 
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𝐽5(𝜏) =
5

8
[

1

2
erf𝑋 −

𝑋𝑒−𝑋2

3√𝜋
(

4

5
𝑋4 + 2𝑋2 + 3)] +

𝑋6

6
erfc𝑋,   (24) 

𝐽6(𝜏) =
6

7√𝜋
[1 − 𝑒−𝑋2

(
1

6
𝑋6 +

1

2
𝑋4 + 𝑋2 + 1)] +

𝑋7

7
erfc𝑋,   (25) 

Using the relations (Prudnikov et al., 1986): 

𝑁𝑘(𝜏) =
𝑘−1

2
𝑁𝑘−2(𝜏) −

𝑋𝑘−1

2
𝑒−𝑋2

, 𝑘 = 0,1,2 …   (26) 

where  𝑁0(𝜏) =
√𝜋

2
(1 − erfc𝑋),  𝑁1(𝜏) =

1

2
(1 − 𝑒−𝑋2

),   (27) 

we find the integrals 𝑁𝑘(𝜏), 𝑘 = 0,1,2 … (18): 

𝑁2(𝜏) =
1

4
√𝜋erf𝑋 −

𝑋

2
𝑒−𝑋2

,   (28) 

𝑁3(𝜏) =
1

2
[1 − 𝑒−𝑋2

(𝑋2 + 1)],   (29) 

𝑁4(𝜏) =
3

8
√𝜋erf𝑋 −

𝑋

2
𝑒−𝑋2

(𝑋2 +
3

2
),   (30) 

𝑁5(𝜏) = 1 − 𝑒−𝑋2
(

1

2
𝑋4 + 𝑋2 + 1).   (31) 

Substituting the relations (20)–(25) and (27)–(31) to the formu-
la (17) we obtain:  

𝐼0(𝜏) =
1

4
erfc𝑋 +

𝑋

2√𝜋
𝑒−𝑋2

−
𝑋2

2
erfc𝑋,   (32)  

𝐼1(𝜏) =
1

6√𝜋
(1 − 𝑒−𝑋2

) +
1

3
𝑋2ierfc𝑋,   (33) 

𝐼2(𝜏) =
1

16
erf𝑋 +

𝑋

8√𝜋
𝑒−𝑋2

(2𝑋2 − 1) −
𝑋4

4
erfc𝑋,   (34)  

𝐼3(𝜏) =
1

10√𝜋
[1 + 𝑒−𝑋2

(2𝑋4 − 𝑋2 − 1)] −
𝑋5

5
erfc𝑋,   (35) 

𝐼4(𝜏) =
1

16
erf𝑋 +

𝑋

24√𝜋
𝑒−𝑋2

(4𝑋4 − 2𝑋2 − 3) −
𝑋6

6
erfc𝑋,   (36)  

𝐼5(𝜏) =
1

7√𝜋
[1 + 𝑒−𝑋2

(𝑋6 −
1

2
𝑋4 − 𝑋2 − 1)] −

𝑋7

7
erfc𝑋.   (37) 

Substituting the solutions (20)–(25) and (32)–(37) to the di-
mensionless mean temperature 𝑇̅𝑖

∗(𝜏) and temperature momen-
tum 𝑀𝑖

∗(𝜏) (9)-(14), and received results to the equation (7),  
we obtain fields of dimensionless lateral deformations εi

∗(ζ, τ), i =
1,2,3.  

Knowing the dimensionless temperature (2)–(4) and thermal 
strains (7), distributions of the dimensionless thermal stresses 
𝜎𝑖

∗(𝜁, 𝜏) in the brake disc for three intensities of the frictional heat 
flux (1), we determine from the equations (Timoshenko and 
Goodier, 1970): 

𝜎𝑖
∗(𝜁, 𝜏) = 𝜀𝑖

∗(𝜁, 𝜏) − 𝑇𝑖
∗(𝜁, 𝜏),    (38) 

0 ≤ 𝜁 ≤ 1, 0 ≤ 𝜏 ≤ 𝜏𝑠 , 𝑖 = 1,2,3 

where  𝜎𝑖(𝜁, 𝜏) = 𝜎0𝜎𝑖
∗(𝜁, 𝜏), 𝜎0 =

𝛼𝐸𝑇0

1−𝜈
.    (39) 

E is Young’s modulus, α is linear thermal expansion coeffi-
cient and ν is Poisson’s ratio.   

4. NUMERICAL ANALYSIS 

Based on obtained analytical solutions, numerical analysis 
of the transient distributions of the temperature and quasi-static 
thermal stresses in a brake disc (half-space) for selected braking 
modes, i.e. for three different intensities of frictional heat fluxes 
(1). The following dimensionless parameters: spatial coordinate 𝜁, 
time 𝜏 and braking time 𝜏𝑆 = 1, which are determined by the 
equations (5) were used to perform numerical calculations.  

Spatio-temporal distributions of the dimensionless tempe-
rature 𝑇𝑖

∗(𝜁, 𝜏), 𝑖 = 1,2,3  generated due to frictional heating 

of the working surface 𝜁 = 0 by the heat fluxes with three 
intensities (1) and corresponding distributions of the quasi-static 
normal thermal stresses 𝜎𝑖

∗(𝜁, 𝜏), 𝑖 = 1,2,3 were presented in the 
Fig. 2. As follows from the functions (equations (1)), which 
describe the intensities of the frictional heat fluxes effects on the 
working surface of the brake disc, the profile of the first one 𝑞1

∗(𝜏) 
is characterized by the fact, that the maximum value occurs at the 
initial moment of braking (𝜏 = 0) and afterwards it decreases with 
time to zero at the moment of standstill  𝜏 = 𝜏𝑆 = 1. However 
intensities 𝑞𝑖

∗(𝜏), 𝑖 = 2,3 increase from zero at the initial moment  

(𝜏 = 0) to the maximum values at 0.5𝜏𝑠 for 𝑖 = 2 and at 0.25𝜏𝑠 

for 𝑖 = 3. After reached maximum value of the heat flux 
intensities they decrease to zero at the stop moment. Distributions 
of the temperature inside the brake disc, generated due to heating 
friction surface by the heat flux with the foregoing intensities, are 
shown in Fig. 2 a,c,e. Conducted analysis of the spatio-temporal 
distributions of temperature allow to establish, that the time of 
appearance of the maximum heat flux value has crucial influence 
both on the time of appearance maximum temperature on the 
friction surface, and on the temperature distribution inside the 
brake disc. If the maximum value of heat flux occurs in the initial 
stage of braking (𝑞1

∗(𝜏)) maximum value of temperature 𝑇1,max
∗ =

1.2 is reached at  𝜏max ≅ 0.317 𝜏𝑠. The time of appearance of the 
maximum temperature on the working surface of the disc 
increases with increasing the time to reach maximum value of 
frictional heat flux. For the intensities of heat flux 𝑞2

∗(𝜏) time 
 𝜏max = 0.75 𝜏𝑠 (𝑇2,max

∗ = 1.17) and for 𝑞3
∗(𝜏)  𝜏max ≅ 0.62 𝜏𝑠  

(𝑇3,max
∗ = 1.09) .  

In Fig. 2b,d,f, the dimensionless distributions of the quasi-
static thermal stresses 𝜎𝑖

∗, 𝑖 = 1,2,3 are presented, corres-
ponding to the spatial-time distributions of the dimensionless 
temperature (Fig. 2a,c,e.) in the brake disc. Overall character of 
the change of stresses state in the consider zone of the brake disc  
0 ≤ 𝜁 ≤ 1 is similar for all analyzed time profiles of the frictional 
heat flux intensities. In the initial stage of braking, in the 
subsurface region of the disc 0 ≤ 𝜁 ≤ 0.2, the compressive 
stresses 𝜎𝑖

∗ < 0 are generated. Value of these stresses 
decreases with time, to the sign change – which means that the 
tensile stresses take place. The time of change compressive 
stresses 𝜎𝑖

∗ < 0 into tensile stresses 𝜎𝑖
∗ > 0 depends on the time 

of appearance of maximum temperature value on the friction 
surface of the disc, i.e. the faster the maximum temperature is 
reached, the earlier becomes that change. In the case of heat flux 
intensity 𝑞1

∗(𝜏)  when the temperature achieved the greatest value 
at the time moment  𝜏max ≅ 0.317 𝜏𝑠 the time of the change of 
stress sign (appearance of the isoline of zero stress level) on the 
working surface and inside the disc is equal to 𝜏 = 0.53 (Fig. 2b). 
Whereas for the fluxes 𝑞𝑖

∗(𝜏), 𝑖 = 2,3 the change of the 
compressive stresses into tensile stresses, in the consider zone 
0 ≤ 𝜁 ≤ 0.2 , occurs at the time 𝜏 = 0.88 (Fig. 2d) and 𝜏 = 0.8 

(Fig. 2f). Similar character of the stresses appearance and its 
change can be observed in the region 0.75 ≤ 𝜁 ≤ 1. In the early 
stage of the heating process, the compressive stresses are 
generated, but their values are lower in comparison with the 
subsurface zone of the disc. Afterwards the stresses values 
decreases with time, to the sign change and the tensile stresses 
appear, in the similar way as in the subsurface region but also 
with lower values. 
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Fig. 2. Spatio-temporal distributions of the dimensionless temperatures 𝑇𝑖
∗:  𝑎) 𝑖 = 1;  𝑐) 𝑖 = 2;  𝑒) 𝑖 = 3; and the transverse thermal 

           stresses 𝜎𝑖
∗: 𝑏) 𝑖 = 1;  𝑑) 𝑖 = 2;  𝑓) 𝑖 = 3; inside the brake disc, for three time profiles of the heat flux intensities 

Between the above-mentioned regions, in the initial stage 
of braking, the tensile stresses are generated, which in the all 
consider cases of frictional heating is present in the whole time 
interval 0 < 𝜏 ≤ 𝜏𝑠. The greatest value of the normal compressive 
stresses in this region occurs in the case of the frictional heating 
of the disc by the heat flux with intensity 𝑞1

∗(𝜏)  and is equal 
𝜎1

∗ = 0.08 (Fig. 2b). Stresses appear in this zone, in the early 
stage of braking – at time moment 𝜏 ≈ 0.04. The time of 
occurrence of the maximum compressive stresses is almost equal 
to the time of appearance of the maximum values of tensile 
stresses on the heated surface, and for intensities of frictional 
heat fluxes 𝑞𝑖

∗(𝜏), 𝑖 = 2,3 is 𝜏 ≈ 0.4 (Fig. 2d) and 𝜏 ≈ 0.16 
(Fig. 2f), respectively. After reaching the maximum value, these 
stress decrease with time, and the region of its occurrence 

"narrows" and "moves" towards the depth 𝜁 = 1, to the 
replacement of the compressive stresses, adjacent to this region.  

Evolutions of the dimensionless thermal stresses on the 
friction surface of the disc for three frictional heating modes are 
presented in Fig. 3. On the friction surface 𝜁 = 0 , the maximum 
values of the dimensionless compressive stresses 𝜎1,min

∗ =

−0.29 , 𝜎2,min
∗ = −0.12 , 𝜎3,min

∗ = −0.13  are reached at the time 

moments 𝜏 = 0.04 , 𝜏 = 0.4 and 𝜏 = 0.16, respectively. After 
achieving the greatest value of the temperature (Fig. 2 a,c,e), 
compressive stresses on the heated surface disappear with time, 
and at the moments 𝜏 = 0.53  (𝑞1

∗(𝜏)), 𝜏 = 0.88  (𝑞2
∗(𝜏)) and 

𝜏 = 0.8  (𝑞3
∗(𝜏)) the sign of thermal stress change and tensile 

stresses appear, accompanied by the temperature decrease to 
the standstill moment. In cases 𝑞𝑖

∗(𝜏), 𝑖 = 2,3 tensile stresses 
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monotonically increase and reach maximum values 𝜎2,max
∗ =

0.05  and 𝜎3,max
∗ = 0.04  at the end of the braking process 

𝜏 = 𝜏𝑆 = 1. Whereas, in the process 𝑞1
∗(𝜏)  stresses increase, 

reaching the maximum value 𝜎1,max
∗ = 0.04  at the moment 

𝜏 = 0.88  and next, we can observe a slight fall of this value to the 
standstill. 

 

Fig. 3. Evolutions of the dimensionless transverse thermal 
            stresses 𝜎𝑖

∗, 𝑖 = 1,2,3  for three temporal profiles  
            of the intensities of frictional heat flux, on the working 
            surface of the disc 𝜁 = 0. 

5. CONCLUSIONS 

In this paper fields of the dimensionless thermal stresses 
in the brake disc heated by the frictional heat flux with intensity 
defined by three different temporal profiles were analytically 
determined. Conducted analysis allow us to make the following 
conclusions: 

 in the initial stage of braking, adjacent to the friction surface 
the compressive stresses appear, subsequently decrease to 
zero, then the tensile stress zone arise and persist until the 
end of braking; 

 increase of the time of achieving the maximum value of the 
specific friction power, results in increase of the time of 
occurrence of stress sign change on the heated surface; 

 rapid decrease of the disc temperature before the stop 
moment, causes the appearance of the tensile stresses with 
higher value on the friction surface. Exceed of the ultimate 
strength of the friction material by the value of this stress can 
cause the initiation of the superficial thermal cracks; 

 values and distribution of the thermal stresses, generated 
inside the heated brake disc, depends mainly on temporal 
profile of the specific friction power. 

 
Nomenclature: 𝑎 – effective depth of heat penetration [m]; 𝑐 – thickness 

of the strip [m]; 𝐸 – Young’s modulus [MPa]; erf(x) – Gauss error func-

tion; erfc (x) = 1 − erf(x) – complementary error function; ierfc(x) =

 π−1 2⁄ exp(−x2) − xerfc(x) – integral of complementary error func-
tion; 𝐾 – thermal conductivity [W K-1 m-1]; 𝑘 – thermal diffusivity [m2 s-1]; 

𝑞 – intensity of the heat flux [W m-2]; 𝑞∗ – dimensionless intensity of the 

heat flux; 𝑇 – temperature [K]; 𝑇∗ – dimensionless temperature;  

𝑇𝑎 – initial temperature [K]; 𝑇0 –temperature scaling factor [K]; 𝑡 – time 

[s]; 𝑡𝑠– braking time [s]; 𝑥𝑦𝑧 – spatial coordinates [m]; α – linear thermal 

expansion coefficient [K-1]; 𝜀∗ – dimensionless thermal strain; 𝜎0 –stress 

scaling factor [MPa]; 𝜎 – normal component of stress tensor [MPa]; 𝜎∗ – 

dimensionless component of stress tensor; 𝜏 – dimensionless time (Fou-

rier number); 𝜏𝑠 – dimensionless braking time; 𝜁 – dimensionless depth. 
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Abstract: Osteoporosis causes the bone mass loss and increased fracture risk. This paper presents the modelling of osteoporotic human 
lumbar vertebrae L1 by employing finite elements method (FEM). The isolated inhomogeneous vertebral body is composed by cortical out-
er shell and cancellous bone. The level of osteoporotic contribution is characterised by reducing the thickness of cortical shell and elasticity 
modulus of cancellous bone using power-law dependence with apparent density. The strength parameters are evaluated on the basis of 
von Mises-Hencky yield criterion. Parametric study of osteoporotic degradation contains the static and nonlinear dynamic analysis of 
stresses that occur due to physiological load. Results of our investigation are presented in terms of nonlinear interdependence between 
stress and external load. 

Key words:  Bone Tissue Elasticity, Finite Element Method, Lumbar Vertebrae, Osteoporosis

1. INTRODUCTION 

Osteoporosis is a disease characterized by low bone mass 
and micro-architectural deterioration of bone tissue. Due to the 
process of osteoporotic degradation, the thickness of cortical bone 
and apparent density of cancellous bone are significantly reduced. 
Osteoporosis is one of the major health problems, especially 
in elderly populations, and is associated with fragility fractures. 
Various social and medical aspects of the osteoporosis has been 
studied worldwide (Agarwal and Kalia, 2014; Lin and Lane, 2004, 
Cooper et al., 2011; Cummings and Melton III, 2002). Although 
osteoporotic fractures can occur anywhere in the human body, 
vertebral fractures are the most common among them, particularly 
in the elderly population. Vertebral fractures result in pain, func-
tional disability, affects the quality of life, and is associated with 
the increased mortality (Melton III et al., 2013; Johnell et al., 
2004).  

It could be mentioned that this disease affects over 200 million 
people over the world. It is estimated that one in three women 
and one in five men over the age of fifty worldwide will sustain 
an osteoporotic fracture. Hip and spine fractures are the two 
most serious fracture types, associated with substantial pain and 
suffering, disability, and even death. In 2010, 22 million women 
and 5.5 million men were estimated to have osteoporosis in the 
European Union; and among 3.5 million new fragility fractures, 
520,000 vertebral fractures were sustained. The economic burden 
of incident and prior fragility fractures was estimated at € 37  
billion (Svedbom et al., 2013). 

The modern understanding of the osteoporosis has been 

gained by the cooperative interaction of several scientific disci-
plines. Apart in depth knowledge of the bone biology, specific 
understanding of biomechanical behaviour is required. In combi-
nation with other studies, the mechanistic approach based 
on biomechanics and the numerical finite element analysis pro-
vide useful tools for research on the bone fragility and support 
a clinical prediction of bone fractures. The biomechanical re-
search, when compared to the branches of traditional aeronautical 
and civil engineering, provides not only a new application area but 
also a raft of challenges relating to the simulation of living tissues. 
Comprehensive discussion on the role of computational biome-
chanical simulations was raised up in the review paper (Doblare et 
al., 2004). The approach integrating numerical simulations, exper-
iments and theoretical knowledge as the major focus of future 
research was pointed out. Application of computational simula-
tions of factors and parameters that are difficult or impossible to 
examine experimentally will reduce or even replace experimental 
and clinical trials. 

Adequacy of the finite element simulations essentially de-
pends on the choice of mechanical approach and the develop-
ment of proper finite model. Generally, mechanical FE simulations 
are aimed to calculate variations of mechanical stress and strain 
fields while evaluation of strength, fracture risk and others synon-
ymous parameters is performed in secondary part of simulation.   

The FE models applied for mechanical analysis of the spine 
range from sub-micron scale assessment of vertebral bone up to 
the analysis of the whole spine and surrounding structures. De-
velopments of the entire human spine scale FE models and their 
simulations are rather limited (Watanabe et al., 2001; Okamoto 
et al., 2014). Here, vertebrae are connected via intervertebral 
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discs (IVD) and posterior elements having a relatively complex 
geometry. Numerical results obtained by applying a three-
dimensional FE model of the human body (Okamoto et al., 2014) 
illustrate that maximal stresses are distributed along the entire 
skeleton, but fractures and dangerous deformation are concen-
trated in the local fragment of  three vertebrae. Eight well-
established FE models of the lumbar spine (L1-L5) created by 
different research centres around the globe were compared to in 
vitro and in vivo measurements (Dreischarf et al., 2014). 

The earlier developments of spinal finite element models with 
a view to a standardized framework of verification, validation and 
sensitivity analysis were examined in the review paper (Jones and 
Wilcox, 2008). The scope of the above paper was restricted to 
review models of the vertebra, the intervertebral discs and short 
spinal segments. Several tendencies concerning various aspects 
of vertebral models could be distinguished in this review and 
in the further developments. The FE models largely depend on the 
material properties, geometry, meshing technique, etc. 

Regarding these results and extremely large difficulties 
in forming of the real geometry of spine, most of the studies focus 
on the simplified models. Recent developments are limited by 
smaller fragments of vertebrae (Łodygowski et al., 2005; Su et al., 
2009), but majority of the studies concerns vertebral body 
in isolation (Jones and Wilcox, 2008; Crowford et al., 2003; Ma-
quer et al., 2015; Provatidis et al., 2010), using also the simplified 
shape by excluding the posterior elements (McDonald et al., 2010; 
Garo et al, 2011).   

Vertebral body under consideration mainly comprises cancel-
lous bone core consisting of the trabecular network surrounded by 
compact bone in a form of external thin cortical shell. Character of 
these properties plays crucial role in development of the finite 
element models. It is obvious that the mechanical properties of the 
bone tissues in vertebral body are directly influenced by their 
microstructure (Bono and Einhorn, 2003). Thereby, the measure-
ment of bone mineral density is useful method in evaluation 
of fracture risk. Osteoporotic changes of the skeleton may be also 
quantified by the density- dependent bone strength degradation 
described by power-laws (Doblare et al., 2004). Compressive 
review and summary of elasticity–density relationships is are also 
presented by Helgason et al. (2008). Some recommendations are 
made for the application of elasticity–density relationships 
to subject-specific finite element studies (Helgason et al., 2008).  

Discrete structure of the bone tissue may be transferred to FE 
models in a number of ways. The voxel-based finite element 
models are patient-specific or specimen-specific models (Jones 
and Wilcox, 2008). The sample of vertebral body was generated 
on the basis of QCT (Crawford et al., 2003). Here, material prop-
erties are then defined on an element-by-element basis using 
densities derived from the scanned image data. This method 
represents a clinically feasible approach, unable to distinguish 
properties of the cortical shell. Presented applications illustrate, 
see (Jones and Wilcox, 2008) and (Crawford et al., 2003), that 
finite element model-derived estimates of strength are better 
predictors of in vitro vertebral compressive strength than clinical 
measurements of bone density using a computer tomography. 

A generic FE models are based on continuum description. 
Characterization of porous discrete micro-structure of trabecular 
tissues is non-unique and is still under development. The purely 
elastic inhomogeneous lumbar spine (L3 -L4) model including on 
the lumbar intervertebral disc, was considered (Su et al., 2009). 
In Crawford et al., (2003), by imaging observed inhomogeneity 
was implemented by nine elastic isotropic regions with different 

elasticity constants. Some of the models include plasticity (Mac-
donald et al., 2010; Garo et al., 2011). An anisotropic elastic–
visco-plastic-damage model was applied by Wolfram et al. (2012). 

The two-scale modelling approach proposed in series of 
works, where the macroscopic constitutive behaviour is deter-
mined on the properties of microstructure. Microscopic lattice 
network is used by McDonald et al. (2010). More comprehensive 
but computationally expensive approach used in Wierszycki et al. 
(2014) determines macroscopic constants directly on the detailed 
geometry of cancellous bone microstructure, where a porous 
representative cell of trabeculae of a cancellous bone is consid-
ered to be 3D solid body. 

For identification of loading level and strength of bone the 
classical continuum-level yield criteria are frequently adopted to 
the strength criteria. Hereby, the von Mises yield criterion is the 
mostly used criterion (Provatidis et al., 2010) applied for vertebral 
trabecular bone. A fabric-dependent, orthotropic Tsai–Wu yield 
criterion is proposed in Wolfram et al., 2012]. 

Qualitative verification of the FE models largely depends on 
the model geometry and meshing technique. Geometry models of  
vertebrae can be divided into two categories (Jones and Wilcox, 
2008). Geometry of models, whose are classified to the first cate-
gory, is obtained on the data of a particularly measured in vitro 
specimens and all voxel-based models belong to them. Generic 
models are computationally generated parametrical models 
whose values reflect an average of the real sizes. Continuum 
models of this category are used to represent inhomogeneous 
vertebra. This approach is basically applied for representation 
of anatomical geometry of cortical shell. The treatment of the 
cortical shell by FE differs across the range of single vertebral 
models. In several cases, thin (McDonald et al., 2010) or thick 
(Garo et al., 2011) shell elements may be used but 3D tetrahedral 
or brick elements still prevail. 

Simulation of the spine fragment involves the intervertebral 
discs (IVD) (Jones and Wilcox, 2008). The IVD presents a com-
plex inhomogeneous, anisotropic and porous structure, which 
behaviour is governed by biochemical processes as well as me-
chanical properties. Simulation of the mechanical behaviour 
of disc has led to a number of different approaches (Dreischarf 
et al., 2014; Łodygowski et al., 2005; Jaramillo et al., 2015. FE 
simulation of osteoporotic vertebrae loaded via healthy and de-
generated intervertebral disc calibrated against in vitro tests was 
demonstrated in Crawford et al. (2003). The three different viscoe-
lastic models of disc were considered in Gohari et al. (2013) and 
three  different viscoelastic finite element models were prepared 
for lumbar motion segment (L4/L5).  

In most of applications, the investigations were restricted by 
static loading, while consideration of the dynamic loads are rather 
limited (Garo et al., 2011; El-Rich et al., 2009). The present study 
is aimed at numerical investigating the influence of osteoporotic 
degradation of L1 lumbar vertebral body on the mechanical 
strength characterization. Evaluation of the contribution of time-
dependent load and degradation of mechanical properties 
is addressed due to dynamic load. 

2. METHODS AND MATERIALS 

2.1. Problem formulation 

The Von Mises-Hencky criterion is applied on research 
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of stresses, which occur on cortical shell of the model. The selec-
tion of this criterion is based on mechanical properties of the 
bone, which seem to behave as a ductile material (Dreischarft et 
al., 2014; Wolfram et al., 2012).  

It is defined in Eq. (1) below, where σ1, σ2 and σ3 are the max-
imum, intermediate, and minimum principal stresses respectively. 

σy is a yield stress (40 MPa). This value is specific for osteoporot-

ic bone (Nazarian et al., 2008). 

√
(σ1−σ2)2+(σ2−σ3)2+(σ3−σ1)2

2
= σy.                                        (1) 

In nonlinear dynamic analysis, the equilibrium equations of the 
dynamic system at time step t+∆t are: 

[𝑀] {𝑈′′} 
𝑡+∆𝑡

 
(𝑖) + [𝐶] {𝑈’} 

𝑡+∆𝑡 (𝑖) +

[𝐾] 
𝑡+∆𝑡 (𝑖) {∆𝑈} 

𝑡+∆𝑡 (𝑖) = {𝑅} 
 𝑡+∆𝑡 −  {𝐹} 

𝑡+∆𝑡 (𝑖−1),  
(2) 

where: [M] – mass matrix of the system, [C] – damping matrix of 
the system, t+∆t[K](i) – stiffness matrix of the system, t+∆t{R} – vector 
of externally applied nodal loads, t+∆t{F}(i-1) - vector of internally 
generated nodal forces at iteration (i-1), t+∆t[∆U](i) – vector of in-
cremental nodal displacements at iteration (i), t+∆t{U’}(i) – vector of 
total velocities at iteration (i), [M]t+∆t{U’’}(i) – vector of total accel-
erations at iteration (i) where damping matrix [C] was neglected or 
[C]=0. 

Using implicit time integration Newmark-Beta scheme and 
employing a Newton's iterative method, the above equations are 
cast in the form: 

[K] 
t+∆t (i)  {∆U}(i)  =  {R} 

t+ ∆ t (i),                         (3) 

where: t+∆t{R}(i) – the effective load vector and  t+∆t[K](i) – the effec-
tive stiffness matrix.  

The three-dimensional static and dynamic analysis was per-
formed using BRIGADE/Plus software. 

2.2. Geometry of the model 

The inhomogeneous lumbar vertebrae body consists of two 
basic structural members – outer cortical shell fulfilled by inner 
bone tissue. The initial anatomical geometry of the vertebral body 
is developed by using DICOM format data and the model is illus-
trated in Fig. 1. The height of the lumbar vertebral body model is 
approximately equal to 30 mm, the cross-sectional size is approx-
imately equal to 40 mm. Two intervertebral disks of 10 mm thick-
ness were also included to reflect boundary conditions with the 
neighbour trabecular. 

 
Fig. 1.  A) Frontal section view of the model, B) initial DICOM data format  
           (sagittal view) 

2.3. Mechanical properties of structural members 

Surrounding compact bone (cortical shell) is modelled as iso-
tropic elastoplastic continuum as described in McDonald et al., 
(2010). The inner cancellous bone is transversally isotropic and 
perfectly elastic. The stress-strain curve for cortical bone is pre-
sented in Fig. 2. Intervertebral disks were assumed isotropic and 
perfectly elastic. Mechanical properties of model members are 
presented in Tab. 1. 

 
Fig. 2. Stress-strain curve for cortical bone (E=8 GPa) 

The influence of osteoporosis is modelled by changing the 
thickness of cortical shell. In this research, we were investigating 
three models with thickness of 0.2, 0.4 and 0.5 mm first used in 
McDonald (2010) and Kim et al. (2013). Osteoporotic changes 
of the vertebrae is also characterised by decreasing modulus 
of elasticity of cancellous bone. Modulus of cancellous bone is 
determined according to power-law equations, which reflect the 
impact of apparent density. The selection of this equation is based 
on alignment of our research and data published by Helgason 
et al. (2008).    

Ecancellous = 4.730ρ1.56,                                                             (4) 

where: ρ – apparent density. In current research, it is in range 
between 0.10 and 0.30 g/cm3. 

Tab. 1. Elasticity constants and density parameters 

Part of the 
model 

 

 

Ez, 

MPa 

Ex=Ey, 

MPa 
νz νx=νy 

ρ, 

g/cm3 

Cortical shell  8000 8000 0.300 0.300 - 

Cancellous 
bone 

 
130-
720 

42-240 0.300 0.200 
0.10-
0.30 

Intervertebral 
disk 

 

 
10 10 0.495 0.495 - 

2.4. Loads and boundary conditions 

The bone is subjected by the physiological loads, which occur 
through daily activities. Generally, it presents the axially acting 
pressure load in the range between 0.15 and 0.75 MPa (Fig. 3). 
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These values are equivalent to 160-810 N compressive force.  
Due to nonlinear dynamic analysis, the load depends on the 

displacement values while it’s direction during compression 
changes with the deformed shape of the model.  

 
Fig. 3. Schematization of load due to compression test,  
            E1 – cortical shell; E2 – cancellous bone 

Time variation of the load is shown in Fig. 4 and is determined 
to simulate the effect of dynamic load bearing. The character of 
time curve is based on analysis of jumps using force platform 
(Linthorne, 2010). It is easy to find that in the first stage until 0.15 
MPa the loading is low and has static character while in the sec-
ond stage in the range of 0.15 and 0.75 MPa nonlinear behaviour 
is expected. Load was applied vertically on the surface of superior 
intervertebral disk. The bottom intervertebral disk was constrained 
from any motion.  

 
Fig. 4. Variation of dynamic load in time 

2.5. Meshing 

The model was meshed with triangular finite elements due to 
its curvature. The cortical and trabecular bone is presented as 3D 
structure and meshed by using volume tetrahedral finite elements. 
The number of finite elements of cortical bone was 7686 and the 
number of nodes – 16597, as for the most important part of the 
model. The number of finite elements of cancellous bone was 
12915, the number of nodes – 18313. The number of finite ele-
ments of intervertebral disks was only 3224 and the number of 
nodes – 5677, for it‘s not the primary part of the model. The model 
is characterized by 113 274 degrees of freedom. BRIGADE/Plus 
software was used. The meshed model is presented in Fig. 5. 

 
Fig. 5. Meshed parts of the model with finite elements: A) – intervertebral  

            disks and cortical shell, B) – cancellous bone 

3. NUMERICAL RESULTS AND DISCUSSION 

The numerical results of both static, dynamic analysis and 
their comparison are presented below. Also, the comparison 
between static and dynamic results is performed and presented 
graphically. 

3.1. Static analysis 

Stress distribution on cortical shell of the model is shown 
in Fig. 6. It shows that the highest von-Mises stresses occurred 
in the middle of the cortical shell on the front side of the model, 
and on its posterior side (Fig. 6).  

 
Fig. 6. Distribution of stress on cortical shell of the model under 0.3 MPa 
           load, with apparent density of cancellous bone 0.2 g/cm3 

 
Fig. 7. Relation between calculated and maximum Von Mises stress  
           on cortical shell of the model versus apparent density and load  
           for thickness of cortical shell 0.5 mm 

Fig. 7 shows a relation between calculated and ultimate 
(σult=40 MPa) Von Mises stress on cortical shell (0.5 mm thick-
ness) of the model versus apparent density and different load 
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values. The results show, that maximum calculated stress reach-
es 70% of ultimate stress due to 0.75 MPa load on model with 
apparent density of 0.1 g/cm3, though, it doesn’t reach the value 
of ultimate stress (40 MPa). It proves that cortical shell plays 
important role in whole strength of lumbar vertebral body and 
despite of poor apparent density (0.1 g/cm3) of cancellous bone, 
still can carry compression load safely. 

Figs. 8 and 9 show a relation between calculated and ultimate 
Von Mises stress for models with 0.4 and 0.2 mm cortical shell 
thickness. Maximal stress is about 35 MPa due to minimum ap-
parent density. It reaches 87% of ultimate stress and it is 25% 
higher than for the model with 0.5 mm thickness of cortical shell.              

 
Fig. 8. Relation between calculated and maximum Von Mises stress  
           on cortical shell of the model versus apparent density and load  
           for thickness of cortical shell 0.4 mm 

 
Fig. 9. Relation between calculated and maximum Von Mises stress  
           on cortical shell of the model versus apparent density  
          and load for thickness of cortical shell 0.2 mm 

Fig. 9 shows that strength load is 0.45 MPa, while apparent 
density of cancellous bone is less than 0.15 g/cm3. 

Obtained results are in good agreement with research of Kim 
et al. (2013), with difference about 5-10% for the model with low 
apparent density and thickness of cortical shell 0.2 mm. The 
maximum compressive load for model with 0.2 mm cortical shell 
thickness is 0.45-0.60 MPa (in addiction to apparent density), 
while McDonald (MacDonald et al., 2010) reports this value up to 
0.99 MPa. 

3.2. Dynamic analysis 

The stresses distribution in lumbar vertebra during dynamical 
analysis was computed. It is easy to see, that stress concentrators 
are more contrast, than due to static analysis. The highest value 
of stress appeared in the middle of cortical shell and it is in a good 
agreement with clinical observations (Agrawal and Kalia, 2014; 
Lin and Lane, 2004; Cooper et al., 2011; Cummings and Melton 
III, 2002; Melton III et al., 2013). The distribution of Von Mises 
stress on cortical shell of the model is shown in Fig. 10. 

 
Fig. 10. Distribution of Von Mises stress on cortical shell  
              of the model due to dynamic load 

Fig. 11 shows a relation between calculated and maximum 
(σult=40 MPa) Von Mises stress on cortical shell (0.5 mm thick-
ness) of the model versus apparent density and different load 
values. 

 
Fig. 11. Relation between calculated and maximum Von Mises stress  
              on cortical shell of the model versus apparent density and load.  
              Thickness of cortical shell is 0.5 mm 

Fig. 11 shows that failure of the model is expected due to 0.6 
MPa load while density of cancellous bone is less than  
0.1 g /cm3.  

Relations between calculated and maximum Von Mises stress 
on cortical shell of the model with 0.4 and 0.2 mm thicknesses 
versus apparent density and load are presented in Figs. 12, 13 
and 14. It shows, that failure of the model is expected due to 0.45 
MPa load while medium apparent density ~0.2 g/cm3 occurs.  
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Fig. 12. Relation between calculated and maximum Von Mises stress  
             on cortical shell of the model versus apparent density and load.  
             Thickness of cortical shell is 0.4 mm 

 
Fig. 13. Relation between calculated and maximum Von Mises stress  
             on cortical shell of the model versus apparent density and load.  
             Thickness of cortical shell is 0.2 mm 

 
Fig. 14. Relation between calculated and maximum Von Mises stress  
             on cortical shell of the model versus apparent density  
             and load (3D view) 

3.3. Comparison between static and dynamic results 

Distribution of stress due to dynamical load is more varied and 
there is the higher risk of shell overloading. The failure of the 
model is obtained by external 0.45 MPa load due to 0.15 g/cm3 
bone density in case of dynamical analysis. The same effect was 

observed in terms of static analysis, for 0.45 MPa load and 0.10 
g/cm3 cancellous bone density. It shows that dynamic loads are 
more dangerous for lumbar body (Fig. 15). 

 
Fig. 15. Dependence between von Mises stress, and density  
              of trabecular bone in model with 0.2 mm shell thickness  
              due to 0.45 MPa load 

The comparison of calculated and ultimate stress in linear 
static and nonlinear dynamic analysis gives notably higher result 
for nonlinear dynamics load and is highest for 0.75 MPa and 
lowest apparent density of trabecular bone (0.1 g/cm3). It is pre-
sented in Figs. 16-18. 

 
Fig. 16. Difference between Von Mises stress values due to static 
              and dynamic load for model with 0.5 mm cortical shell thickness 

Fig. 16 shows the difference between Von Mises stress values 
due to static and dynamic load for model with 0.5 mm cortical 
shell thickness. Now we observe that the difference between 
results of static and dynamic analysis increases as load enhanc-
es. Ratio between stress values due to 0.45 MPa load is 20%, 
while it increases up to 40% due to 0.60 MPa load. Due to 0.75 
MPa load value of stress reaches critical value in case of dynamic 
load, while the strength capacity is more than 25% in case 
of static load. 

Fig. 17 shows the difference between Von Mises stress values 
due to static and dynamic load for model with 0.4 mm cortical 
shell thickness. In this case, the ratio between stress values due 
to 0.15 MPa load is less than 25% while it reaches 50% due to 
0.45 MPa load, and strength capacity of dynamic load is exceed-
ed, while it has a 15% reserve due to static load.  
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Fig. 17. Difference between Von Mises stress values due to static  
              and dynamic load for model with 0.4 mm cortical shell thickness 

 
Fig. 18. Difference between Von Mises stress values due to static  
             and dynamic load for model with 0.2 mm cortical shell thickness 

Fig. 18 shows the difference between results of static and dy-
namic analysis for model with 0.2 mm thickness of cortical shell. 
The difference in results exceeds 25% due to 0.3 MPa load while 
the difference between stress values due to 0.15 MPa load is only 
15%. In both cases critical value of stress is reached due to 0.45 
MPa load. 

The results obtained also show that stress greatly depends on 
both thickness of cortical shell and apparent density of cancellous 
bone, though the primary role is being played by cortical shell, as 
it carries the major part of the load. On the other hand, a quality of 
cancellous bone, which is determined by its density, affects the 
value of stresses. In comparison, the value of failure of the model 
will be expected due to 0.45 MPa load for model with 0.2 thick-
ness of cortical shell (Fig. 13, 14, 15, 18), since apparent density 
of cancellous bone is smaller than 0.15 g/cm3. Also, the results of 
our research show, that static analysis is not reliable enough for 
predicting strength capacity of the osteoporotic lumbar vertebrae, 
with the variance in range of the results up to 50%. 

4. CONCLUSION 

The proposed model which consisted of cortical shell, cancel-
lous bone and intervertebral disks was treated for various grades 
of degenerative diseases. The numerical test was performed by 
applying the FEM tools. The problem was solved using tetrahedral 

finite elements according to complicated curvature of the model. 
The optimal mesh and number of finite elements were figured up 
on the basis of calculation accuracy and calculation time ratio. 
The von-Mises stress, which was assumed to verify the strength 
properties, was determined for three different thicknesses of 
cortical shell and different apparent density of cancellous bone (in 
range of 0.1—0.3 g/cm3). 

The results showed that the von-Mises stress was substantial-
ly higher under relatively low levels of apparent density, and criti-
cal due to thinner cortical shell, which suggests the high fracture 
risk even during daily activities. The results also showed that 
cortical shell is the most important component in aspect of lumbar 
body strength and the decrease of its thickness from 0.5 mm 
down to 0.2 mm leads to bone overloading.  

In addition, this model can be individualized according to the 
peculiar anatomical properties of the patient. For that case the 
DICOM format file should be extracted and processed using CAD 
software. Then the mechanical properties based on apparent 
density should be supplied to the developed model and the nu-
merical results of both static and dynamic loading could be used 
in order to verify the stressed state of the model. 
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Abstract: This paper describes the influence of some parameters significant to biomass pyrolysis on the numerical solutions  
of the non-isothermal nth order distributed activation energy model (DAEM) using the Gamma distribution and discusses the special case 
for the positive integer value of the scale parameter (𝜆), i.e. the Erlang distribution. Investigated parameters are the integral upper limit,  

the frequency factor, the heating rate, the reaction order, and the shape and rate parameters of the Gamma distribution. Influence of these 
parameters has been considered for the determination of the kinetic parameters of the non-isothermal nth order Gamma distribution  
from the experimentally derived thermoanalytical data of biomass pyrolysis. Mathematically, the effect of parameters on numerical solution 
is also used for predicting the behaviour of the unpyrolysized fraction of biomass with respect to temperature. Analysis of the mathematical 
model is based upon asymptotic expansions, which leads to the systematic methods for efficient way to determine the accurate  
approximations. The proposed method, therefore, provides a rapid and highly effective way for estimating the kinetic parameters  
and the distribution of activation energies.  

Key words: Biomass Pyrolysis, Distributed Activation Energy Model (DAEM), Non- Isothermal Kinetics, Gamma Distribution, Asymptotic 
Expansion, Erlang Distribution

1. INTRODUCTION 

There are various possible ways of converting biomass into 
valuable products (Szczodrak and Fiedurek, 1996). One of them 
is pyrolysis, which comes under purview of thermochemical pro-
cesses. While biomass undergoes pyrolysis process, it changes 
into gases, liquid oil and char. The details studies related to pyrol-
ysis and thermal analysis is reported by Colomba Di Blasi (Blasi, 
2008) and John E White (White and Legendre, 2011). Thermo-
gravimetric analysis (TGA) is mainly used for experimental obser-
vation of pyrolysis decomposition (Brown, 2001). The main objec-
tive of thermogravimetric analysis is to measure changes of mass 
as functions of time or temperature. 

Mathematically, it becomes complicated to describe biomass 
decomposition kinetics, as several reactions take place and their 
mechanism is unknown. There are various models which have 
been used to explain biomass pyrolysis, such as single-reaction 
and multi-reaction models (Carpart et al., 2004; Conesa et al., 
1995; Conesa et al, 2001; Pysiak and Badwi, 2004; Mysyk et al. 
2005; CriadoJ Pérez-Maqueda, 2005). The most common ap-
proach used is isoconversional model, which assumes that kinetic 
parameters, such as the frequency factor and activation energies, 
are not constant during the process of decomposition. Another 
model, which is also used for determination of kinetic parameters, 
is the lumped kinetics model. It postulates that an ultimate number 
of parallel nth order reactions take place. These partial reactions 
provide the information about overall decomposition run. Howev-

er, hitherto, the most accurate and up-to-date approach has been 
implemented for the modeling of biomass pyrolysis is the distrib-
uted activation energy model (DAEM) (Burnham and Braun, 1999; 
Burnham et al.,1995; Galgano and Blasi, 2003; Ferdous et al., 
2002). Comparatively, the principle of the lumped kinetic model 
is very similar to the DAEM. The only difference is in the number 
of expected decomposition reactions. However, lumped kinetic 
model contains around one-hundred decomposition reactions, 
it would be approaching the distributed activation kinetic model.  

The numerical solutions obtained, after implementing the as-
ymptotic expansion, of the kinetic model are used to determine 
the kinetic parameters. To predict realistic results, the parameters 
affecting the behaviour of numerical solution must be estimated. 
The effect of these parameters on the single –reaction models has 
been reviewed in literature (Brown, 2001). The distributed activa-
tion energy model (DAEM) has proven very successful to describe 
the pyrolysis of different types of biomass. Our study mainly fo-
cuses on the relevant parameters which affect the kinetics 
of pyrolysis. The DAEM also applies to the pyrolysis of other 
conventional sources of energy like coal, residual oils, resin chars 
(Teng and Hsieh, 1999) and kerogen (Lakshmanan and White, 
1994). This analytical method is not only used for thermal decom-
position of plant, or animal biomass (Giuntoli et al., 2009; Lapuer-
ta et al., 2004), but also for thermal decomposition of other mate-
rials such as medical wastes (Zhu et al., 2009), waste car tyres 
([Koreňová et al., 2006), printed circuit board wastes (Quan et al., 
2009), or sewage sludge (Otero et al. 2008; Folgueras et al. 
2003). Approximation to the non-isothermal distribution requires 
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many evaluations of double exponential term (DExp) which in-
volves rapidly varying functions, and this leads to significant nu-
merical difficulties. In addition to that the double exponential term 
arising in the DAEM, is investigated for the non-isothermal tem-
perature profile only. This double exponential term acts over 
a narrow range of activation energies, which varies as time pro-
ceeds. While approximating, the significant part of our analysis is 
to identify the importance of relative step width of the double 
exponential term as compared to the width of the initial distribution 
of volatiles released during pyrolysis. The main aim of this study is 
to use asymptotic methods to make accurate approximation to the 
integrals, and thereby predict the behaviour of the non-isothermal 
nth order DAEM by considering the effect of some relevant pa-
rameters on the pyrolysis of biomass and discuss the behaviour 
of distribution for the special case (Erlang distribution). 

2. THE NON-ISOTHERMAL NTH ORDER DAEM  
USING THE GAMMA DISTRIBUTION  
AND ITS ASYMPTOTIC APPROXIMATION 

The concept of distributed activation energy was originally 
propounded by Vand (1943). Pitt applied DAEM to the problem of 
coal devolatilization (Pitt, 1962). Later, it was used by Hanbaba 
and his co-workers (Hanbaba, 1968), and Anthony (Anthony, 
1974). Postulation of the model states that the decomposition 
mechanism takes many independent, parallel, first order chemical 
reactions with different activation energies which reflect variations 
in the bond strength of constituent of biomass. The development 
of the model here follows Howard (Howard,1981) and Solomon 
and Hamblen (Solomon and Hamblen, 1983). Assume biomass’s 

constituents are numbered 𝑖 = 1,2,3……𝑛, and the released 

(volatilized mass fraction for the ith constituent is 𝑉𝑖(𝑡). The initial 

mass of constituent i in the coal is 𝑉𝑖
∗. Each reaction is assumed 

to be first order, so that the rate of pyrolysis is given by equation 
(1) 

𝑑𝑉𝑖

𝑑𝑡
= 𝑘𝑖(𝑉𝑖

∗ − 𝑉𝑖)                                                                                (1) 

The rate coefficient is taken to be Arrhenius in the form 

𝑘𝑖 = 𝑘0𝑖𝑒
−
𝐸𝑖
𝑅𝑇 , 

where k0i is the pre-exponential or frequency factor (𝑠−1), 𝐸𝑖 is 

the apparent activation energy for constituent 𝑖 (kJ/mol), 𝑅 is ideal 
gas constant, and 𝑇(𝑡) is the time-dependent temperature (K) 
regime of the biomass. 

Equation (1) can be written as: 

(𝑉𝑖
∗ − 𝑉𝑖) = 𝑒

−∫ 𝑘𝑖𝑑𝑡
𝑡

0  

For i = 1, the model is referred to as the single first-order re-
action model (SFOR). In DAEM, the dependence on volatile num-

ber i is substituted by a continuous distribution function of activa-
tion energy E, so that the total fraction of volatile available to 
release from biomass is considered to follow distribution correctly 
(Equation (2)).  

𝑑𝑉∗ = 𝑓(𝐸)𝑑𝐸 

The solution then becomes: 

𝑉∗−𝑉

𝑉∗
=  ∫ exp (−∫ 𝑘0(𝐸)𝑒

−
𝐸

𝑅𝑇
𝑡

0
)

∞

0
𝑓(𝐸)𝑑𝐸                                    (2) 

The main purpose of using this model is to assume the initial 

distribution of volatile 𝑓(𝐸), the pre-exponential factors 𝑘0(𝐸), 
and then find the resulting time-dependence of the volatiles. This 
model involves reaction time scale, which gained lot of ac-
ceptance as it is most significant part of biomass devolatilization 
(Howard, 1981; Suuberg, 1983). The problem relating to DAEM is 
that the function 𝑓(𝐸) and 𝑘0(𝐸) are highly correlated, hence it is 
very complicated for us to determine both functions accurately. A 
common assumption has been considered to assume the con-
stant value of pre-exponential or frequency factors 𝑘0. By doing 
so, though analysis gets easier, but study is more focused to-
wards the uncertainty of reactant distributions. In this paper, ap-
proximation for the time-dependence of the volatiles is evaluated 
first, which is given by equation (2), where 𝑘0(𝐸) is replaced by 
the constant 𝑘0. The non-isothermal nth DAEM is given by equa-
tion (3) 

1 − 𝑋 =                                                                                     (3) 

{
 
 

 
 
∫ exp [−∫ 𝑘0

𝑡

0
exp (

−𝐸

𝑅𝑇
) 𝑑𝑡] 𝑓(𝐸)𝑑𝐸

∞

0
 (first order reaction)

∫ [1 − (1 − 𝑛 ∫ 𝑘0exp (
−𝐸

𝑅𝑇
)

𝑡

0
𝑑𝑡)]

(
1

1−𝑛
)
𝑓(𝐸)𝑑𝐸

∞

0
 for 𝑛 ≠ 1

   

where (1 − X) is the mass fraction of released volatile, 𝑛 is the 
order of reaction, and 𝑓(𝐸) is the distribution of activation ener-
gies. 

Mainly, f(E) is a Gaussian distribution function. As the selec-
tion of an appropriate distribution function for the molecular activa-
tion energies is very important component of our study, so it would 
be beneficial to select an asymmetric distribution for modeling the 
kinetics of biomass pyrolysis, such as the Gamma distribution, 
over a symmetrical one (Skrdla and Roberson, 2005). 

Moreover, the Gamma distribution is mathematically flexible 
and expressed as: 

𝑓(𝐸) =
𝐸(𝜆−1)𝑒

−
𝐸
𝜂

𝜂𝜆𝛤(𝜆)
 for 𝐸 > 0                                                  (4) 

where 𝜆 is positive scale parameter expressed in kJ/mol and, 𝜂 is 
dimensionless positive shape parameter. 

The mean and the variance of distribution are given by equa-
tion (5) and equation (6) respectively: 

𝐸0 = 
𝜆

𝜂
                                                                                        (5)  

𝜎2 =
𝜆

𝜂2
                                                                                        (6) 

Primarily, the Erlang distribution was given by A. K. Erlang to 
examine the telephonic-traffic engineering. Later, it was imple-
mented in the field of stochastic and biomathematics (Robeva, 
2010). Basically, the Erlang distribution is a special case of the 
Gamma distribution for the integer values of the scale parameter 

λ. For η =1, the distribution is exponential. For values of η ≥ 1, 
the distribution becomes ‘bell shaped’, and positively skewed. 
With increase in the value of η, the Gamma distribution ap-
proaches the Gaussian distribution more and more closely. In 
addition, attribute of distribution curve is also decided by the scale 
and shape parameters. However, the wide distribution pattern is 
chosen to simplify the given numerical problem of DAEM. Here, 
variance and mean of distribution functions are dependent on 
these parameters, which are evaluated with the help of equations 
(5) and (6). 

http://www.ncbi.nlm.nih.gov/pubmed/?term=Robeva%20R%5Bauth%5D
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3. SYSTEMATIC APPROXIMATIONS 

The integrand in equation (3) (first order) consists of two 
terms. The first term (DExp) of equation (3) is function of time, 
which in fact depends on the temperature history experienced 
experimentally by the biomass sample. The second part is invari-
ant of time, and depends on the distribution of volatiles in the 
sample. The behaviour of temperature dependent part is consid-
ered first, and approximations are derived that is useful to solve 
the double exponential term. The ramping temperature history 
only has been investigated, together with the Gamma distribution 
of volatiles. 

3.1. The double exponential simplification  

Approximations to the double exponential are considered, 

where 𝑇 varies linearly with time and having constant slope that 

indicates the heating rate (𝜃) of sample 𝐸 can take any positive 
value. The approach considered here is similar to that of Niksa 
and Lau (Niksa and Lau, 1993) and it involves much systematic 
and accurate approximation.  

DExp = exp(−∫𝑘0𝑒
−
𝐸
𝑅𝑇

𝑡

0

𝑑𝑡) 

For approximation of double exponential term, the first step is 
to consider the typical values of dependent parameters and func-
tions. The frequency factors (k0) are typically in range 

of k0~ 10
10 − 1013s−1, whereas the activation energies do-

main lies between 100-300 kJ/mol. The temperature dependence, 
however, consider according to the specified experimental re-
quirement. It varies from biomass to biomass, but typically the 
range of temperature varies as:  

1000 °𝐶 ≤ 𝑇 ≤ 2000 °𝐶 

Note: The DAEM model is also applicable to the combustion 
related problems where the extensive range of temperature 
is incorporated, and hence it is useful to extrapolate the simplifica-
tion made in the higher specified regimes of temperature, which 
is mentioned above. 

To demonstrate the proposed method, the ramping profile 
of temperature has been considered as follows 

T = θt, 

If the temperature is taken to ramp linearly, DExp becomes: 

DExp = exp (−∫𝑘0 𝑒
−
𝐸
𝑅𝜃𝑡

𝑡

0

𝑑𝑡) 

The integral in the exponent is approximated by using the 

conventional Laplace approach where the parameter 
E

Rθt
 is as-

sumed to be large and hence the dominant contribution from the 
integral is nearest to the maximum temperature experienced by 
the biomass sample. 

exp(−∫𝑘0 𝑒
−
𝐸
𝑅𝜃𝑡

𝑡

0

𝑑𝑡)~exp(
−𝑘0 𝑅𝜃𝑡

2

𝐸
𝑒
−
𝐸
𝑅𝜃𝑡) 

 as 
𝐸

𝑅𝜃𝑡
→ ∞       

(7) 

  
This approximate function can be written in the form: 

~exp (−exp (
𝐸𝑠 − 𝐸

𝐸𝑤
)) 

where again the function switches rapidly from zero to one with 
respect to increment of activation energy E, over a range of step 

size Ew around the central value Es, which can be approximated 
as follows: 
  

𝑔(𝐸) = (
𝐸𝑠 − 𝐸

𝐸𝑤
) 

Then equation (7) can be rewritten as: 

exp (−exp(𝑔(𝐸))) 

where: 

𝑔(𝐸) ≡ −
𝐸

𝑅𝜃𝑡
+  ln (

𝑘0𝑅𝜃𝑡
2

𝐸
) 

Expand g(E) with the help of Taylor series around Es by: 

𝑔(𝐸)~𝑔(𝐸𝑠) + (𝐸 − 𝐸𝑠)𝑔
′(𝐸𝑠) +

(𝐸−𝐸𝑠)
2

2!
𝑔′′(𝐸𝑠) +

⋯       
(8) 

Using equation (8) and the predefined function g(Es), Es and 

Ew are chosen such that: 

𝑔(𝐸s) = 0 and 𝑔′(𝐸s) =
−1

𝐸w
 

After solving these, we have: 

𝐸𝑠 = 𝑅𝜃𝑡𝑌(𝑘0𝑡) and 𝐸𝑤 = (
𝑅𝜃𝑡𝐸𝑠

𝑅𝜃𝑡+𝐸𝑠
) 

where Y(x) is Lambert W function defined to be one of the real 
roots of the equation: 

𝑌 𝑒𝑌 = 𝑥. 

Approximation for the small and the large values of x (corre-
sponding to short and long times) (Armstrong and Kulesza, 1981) 
can be taken as: 

𝑌~𝑥 − 𝑥2, 𝑥 ≪ 1, 

and 

𝑌~ ln(
𝑥

ln (
𝑥
ln𝑥

)
) , 𝑥 ≫ 1. 

DExp has been varied like a smoothed step-function, rising 

rapidly (for the large values of k0t) from zero to one in a range 

of activation energies of the step width Ew around the central 
value E = Es, where both Es and Ew vary with time. In equation 

(3), DExp is multiplied by the initial distribution f(E). The initial 
distribution is supposed to be centered around a value E0 and has 
a width designated by σ. The Gamma distribution function has 
been used, which is demarcated by the special case, i.e the Er-
lang distribution for its practical scope. The distribution can be 
either wide or narrow. Here we have discussed the wide distribu-

tion case only, where the initial distribution function f(E) is rela-
tively wide in compare with the width of DExp. Moreover, the 
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shape of the total integrand also depends on the distribution 
chosen. When the initial distribution is relatively wide compared to 

Ew, the total integrand behaves similar to an initial distribution 
f(E). But as time proceeds, it is progressively shifted from the left 
by the step-like DExp. The location of the maximum of the total 
integrand can move significantly, and the shape becomes quite 
skewed. 

From equations (3) and (7), the remaining mass fraction equa-
tion can be expressed as: 

1 − 𝑋 =  ∫ exp (−exp (
𝐸𝑠 − 𝐸

𝐸𝑤
))

∞

0

𝐸(𝜆−1)𝑒
−
𝐸
𝜂

𝜂𝜆𝛤(𝜆)
 𝑑𝐸  

Let:  

ℎ(𝐸) = −exp (
𝐸𝑠−𝐸

𝐸𝑤
) −

𝐸

𝜂
,  

then: 

1 − 𝑋 =  ∫ exp(ℎ(𝐸))

∞

0

𝐸(𝜆−1)

𝜂𝜆𝛤(𝜆)
 𝑑𝐸      

where Es and Ew are function of t as mentioned earlier. 

Energy is now rescaled as y =
E

E0
, so that the problem be-

comes: 

1 − 𝑋 =  
𝛼

𝛤(𝜆)
∫ 𝑦(𝜆−1)exp(ℎ(𝑦))
∞

0
 𝑑𝑦                                (9) 

ℎ(𝑦) = −exp (
𝑦𝑠−𝑦

𝑦𝑤
) − (𝜎√𝑦)

2
                                          (10) 

where the constant parameter α =  
σ2λ

E0
 . Note that in practice 

α ≪ 1. Time is also rescaled as τ = k0t. 
For linear ramping temperature T = θt, 

𝑦𝑠 =
𝑅𝜃𝜏𝑌(𝜏)

𝑘0𝐸0
, 𝑦𝑤 =

𝑦𝑠

(1 + 𝑌(𝜏))
 

Note: The ramping temperature can be generalized to the case 

of non-zero initial temperature T0 by simply replacing t with 

t +
T0

θ
 everywhere, else analysis will be changed. 

Approximations to equation (10) are studied by considering 
the initial distribution, centered around y =  1 with width 

√α
2λ

 , while DExp jumps from zero to one around y = ys with 
a width yw . 

3.2. The wide distribution case 

3.2.1. Gamma distribution  
(Generalized form of the Erlang distribution) 

The initial distribution much wider than DExp is considered. In 
this limit, as previously discussed, DExp jumps from zero to one 

near y = ys in a manner that has previously been approximated 
by the step function (Howard, 1981; Suuberg, 1983; Vand, 1943; 

Pitt, 1962). To apply this, the limit yw √α
2λ

≪ 1 is taken: 

𝐻(𝑦 − 𝑦𝑠) = {
0, 𝑦 < 𝑦𝑠
1, 𝑦 ≥ 𝑦𝑠

 

Equation (9) can be rewritten for first order and nth order reactions 

Case 1: For first order (𝐧 = 𝟏)reaction 

1 − 𝑋 =

 
𝛼

𝛤(𝜆)
∫ (exp(−exp (

𝑦𝑠−𝑦

𝑦𝑤
)) −

∞

0

𝐻(𝑦 − 𝑦𝑠)) 𝑦
(𝜆−1)exp (−(𝜎√𝑦)

2
)  𝑑𝑦 +

𝛼

𝜎2𝜆𝛤(𝜆)
 𝛤(𝜆, 𝜎2𝑦𝑠)  

where Γ(λ, σ2ys) is the upper incomplete Gamma function.  
The second integral in this equation is a complementary error 

function, therefore easily computed. In fact, many previous simpli-
fications (the step-function approximations) used just this term 
and neglected the first integral. The first integral term is the initial 
distribution multiplied by a function that is very small everywhere 
except in a neighbourhood of size yw around the point 
 y = ys. This integrand can, therefore, be approximated by ex-
panding the initial distribution term with the help of Taylor series 
about y = ys. 

Let: 

𝑍(𝑦) = 𝑦(𝜆−1)exp (−(𝜎√𝑦)
2
) 

𝑍(𝑦)~ 𝑍(𝑦𝑠) + (𝑦 − 𝑦𝑠)𝑍
′(𝑦𝑠) +

(𝑦−𝑦𝑠)
2

2!
𝑍′′(𝑦𝑠) +

(𝑦−𝑦𝑠)
3

3!
𝑍′′′(𝑦𝑠)+… 

𝑍(𝑦)~ 𝑍(𝑦𝑠) + (𝑦 − 𝑦𝑠)𝑍
′(𝑦𝑠) +

(𝑦−𝑦𝑠)
2

2!
𝑍′′(𝑦𝑠) +

(𝑦−𝑦𝑠)
3

3!
𝑍′′′(𝑦𝑠)  

~exp (−(𝜎√𝑦𝑠)
2
) [𝑦𝑠

(𝜆−1) − (𝑦 − 𝑦𝑠)ys
(𝜆−2)(−λ + 𝜎2𝑦𝑠 + 1) +

(𝑦−𝑦𝑠)
2

2
𝑦𝑠
(𝜆−3)(𝜎4𝑦𝑠

2 + 2(1 − 𝜆)𝜎2𝑦𝑠 + (𝜆
2 − 3𝜆 + 2)) −

(𝑦−𝑦𝑠)
3

6
𝑦𝑠
(𝜆−4)(𝜎6𝑦𝑠

3 + 3(1 − 𝜆)𝜎4𝑦𝑠
2 + (3𝜆2 − 9𝜆 + 6)𝜎2𝑦𝑠 −

𝜆3 + 6𝜆2 − 11𝜆 + 6)]  

Substituting 
y−ys

yw
= x, dy =  yw dx in equation (9),  

we have: 

~ exp (−(𝜎√𝑦𝑠)
2
) [𝑦𝑠

(𝜆−1) − 𝑦𝑤𝑥ys
(𝜆−2)(−λ + 𝜎2𝑦𝑠 + 1) +

(𝑦𝑤𝑥)
2

2
𝑦𝑠
(𝜆−3)

(𝜎4𝑦𝑠
2 + 2(1 − 𝜆)𝜎2𝑦𝑠 + (𝜆

2 − 3𝜆 + 2)) −
(𝑦𝑤𝑥)

3

6
𝑦𝑠
(𝜆−4)(𝜎6𝑦𝑠

3 + 3(1 − 𝜆)𝜎4𝑦𝑠
2 + (3𝜆2 − 9𝜆 + 6)𝜎2𝑦𝑠 −

𝜆3 + 6𝜆2 − 11𝜆 + 6)]  

1 − 𝑋 ~  

𝛼

𝛤(𝜆)
∫ (exp(−exp(−𝑥)) − 𝐻(𝑥))exp(−(𝜎√𝑦𝑠)

2
) [𝑦𝑠

(𝜆−1) −
∞

0

𝑦𝑤𝑥ys
(𝜆−2)(−λ + 𝜎2𝑦𝑠 + 1) +

(𝑦𝑤𝑥)
2

2
𝑦𝑠
(𝜆−3)

(𝜎4𝑦𝑠
2 +

2(1 − 𝜆)𝜎2𝑦𝑠 + (𝜆
2 − 3𝜆 + 2)) −

(𝑦𝑤𝑥)
3

6
𝑦𝑠
(𝜆−4)(𝜎6𝑦𝑠

3 +

3(1 − 𝜆)𝜎4𝑦𝑠
2 + (3𝜆2 − 9𝜆 + 6)𝜎2𝑦𝑠 − 𝜆

3 + 6𝜆2 − 11𝜆 +

6)] 𝑦𝑤𝑑𝑥 + 
𝛼

𝜎2𝜆𝛤(𝜆)
 𝛤(𝜆, 𝜎2𝑦𝑠)  

or 

1 − 𝑋~
𝛼

𝛤(𝜆)
exp (−(𝜎√𝑦𝑠)

2
) 𝑦𝑠

(𝜆−1)𝑦𝑤 [𝐿0 −
𝑦𝑤

𝑦𝑠
𝐿1(−λ + 𝜎

2𝑦𝑠 +

1) +
1

2
(
𝑦𝑤

𝑦𝑠
)
2
L2(𝜎

4𝑦𝑠
2 + 2(1 − 𝜆)𝜎2𝑦𝑠 + (𝜆

2 − 3𝜆 + 2)) −
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1

6
(
𝑦𝑤

𝑦𝑠
)
3
𝐿3(𝜎

6𝑦𝑠
3 + 3(1 − 𝜆)𝜎4𝑦𝑠

2 + (3𝜆2 − 9𝜆 + 6)𝜎2𝑦𝑠 −

𝜆3 + 6𝜆2 − 11𝜆 + 6)]  +
𝛼

𝜎2𝜆𝛤(𝜆)
 𝛤(𝜆, 𝜎2𝑦𝑠)                              (11) 

We know that:  

𝛤(𝜆, 𝜎2𝑦𝑠)

𝛤(𝜆)
= 1 − 𝑃(𝜆, 𝜎2𝑦𝑠) 

where P(λ, σ2ys) =
γ(λ,σ2ys)

Γ(λ)
 is the lower cumulative distribution 

for Gamma random variables and γ(λ, σ2ys) is the lower incom-
plete gamma function.  

𝐿0 ≈ −0.5772,  𝐿1 ≈ −0.98906 ,  𝐿2 ≈ −1.81496, 𝐿3
≈ −5.89037 

The remaining integral terms are evaluated by the expression: 

𝐿𝑛 ≡ ∫ 𝑥𝑛 (𝑒−𝑒
−𝑥
− 𝐻(𝑥))

∞

−∞
 𝑑𝑥  

Case 2: For nth order reaction (𝐧 ≠ 𝟏) 

Invoking the equation (3), we can derive the result for nth order 

reaction. As stated earlier, the term (
E

Rɵt
)∞, the exponential 

term raised to power(
1

1−n
), will vary from zero to one, and 

is approximated by using the binomial expansion. Hence, the 
equation (3) is written as: 

(1 − 𝑋)𝑛𝑡ℎ ~ ∫ [1 − exp (
𝐸𝑠−𝐸

𝐸𝑤
) +

𝑛

2
exp(2 (

𝐸𝑠−𝐸

𝐸𝑤
)) −

∞

0

(2𝑛−1)

6
exp(3 (

𝐸𝑠−𝐸

𝐸𝑤
)) +⋯ ]

𝐸(𝜆−1)𝑒
−
𝐸
𝜂

𝜂𝜆𝛤(𝜆)
𝑑𝐸   

(1 − 𝑋)𝑛𝑡ℎ ~ ∫ [1 − exp (
𝑦𝑠−𝑦

𝑦𝑤
) +

𝑛

2
exp(2 (

𝑦𝑠−𝑦

𝑦𝑤
)) −

∞

0

(2𝑛−1)

6
exp(3 (

𝑦𝑠−𝑦

𝑦𝑤
)) +⋯ ]

𝛼 𝑦(𝜆−1)exp(−(𝜎√𝑦)
2)

𝛤(𝜆)
𝑑𝑦     

After applying the wide distribution limit, the above equation 
is expressed in the form of Heaviside or unit step function as: 

(1 − 𝑋)𝑛th~∫ [1 − (exp (
𝑦𝑠−𝑦

𝑦𝑤
) − 𝐻(𝑦𝑠 − 𝑦)) +

∞

0

𝑛

2
(exp(2 (

𝑦𝑠−𝑦

𝑦𝑤
)) − 𝐻(𝑦𝑠 − 𝑦)) −

(2𝑛−1)

6
(exp(3 (

𝑦𝑠−𝑦

𝑦𝑤
)) −

−𝐻(𝑦𝑠 − 𝑦)) + ⋯ ]
𝛼 𝑦(𝜆−1)exp(−(𝜎√𝑦)

2)

𝛤(𝜆)
𝑑𝑦    

or: 

(1 − 𝑋)𝑛th ~ 
𝛼

𝜎2𝜆
(1 +

(𝑛−5)

6

𝛤(𝜆,𝜎2𝑦𝑠)

𝛤(𝜆)
) +

𝛼

𝛤(𝜆)
exp (−(𝜎√𝑦𝑠)

2
) 𝑦𝑠

(𝜆−1)𝑦𝑤 ([(𝑃0 +
𝑛

2
𝑀0 −

(2𝑛−1)

6
𝑁0) −

𝑦𝑤

𝑦𝑠
(𝑃1 +

𝑛

2
𝑀0 −

(2𝑛−1)

6
𝑁1) (−λ + 𝜎

2𝑦𝑠 + 1) +
1

2
(
𝑦𝑤

𝑦𝑠
)
2
(𝑃2 +

𝑛

2
𝑀2 −

(2𝑛−1)

6
𝑁2) (𝜎

4𝑦𝑠
2 + 2(1 − 𝜆)𝜎2𝑦𝑠 + (𝜆

2 − 3𝜆 + 2)) −

1

6
(
𝑦𝑤

𝑦𝑠
)
3
(𝑃3 +

𝑛

2
𝑀3 −

(2𝑛−1)

6
𝑁3) (𝜎

6𝑦𝑠
3 + 3(1 − 𝜆)𝜎4𝑦𝑠

2 +

(3𝜆2 − 9𝜆 + 6)𝜎2𝑦𝑠 − 𝜆
3 + 6𝜆2 − 11𝜆 + 6)])                        (12) 

 

3.2.2. Erlang Distribution (Generalized Chi-squared 

distribution) (for the positive integer value of 𝝀 > 𝟎) 

Case 1: First order reaction 

For Erlang distribution, we can rewrite the equation (11) as: 

1 − 𝑋~ 
𝛼

(𝜆−1)!
exp (−(𝜎√𝑦𝑠)

2
) 𝑦𝑠

(𝜆−1)𝑦𝑤 [𝐿0 −
𝑦𝑤

𝑦𝑠
𝐿1(−λ +

𝜎2𝑦𝑠 + 1) +
1

2
(
𝑦𝑤

𝑦𝑠
)
2
L2(𝜎

4𝑦𝑠
2 + 2(1 − 𝜆)𝜎2𝑦𝑠 + (𝜆

2 − 3𝜆 +

2)) −
1

6
(
𝑦𝑤

𝑦𝑠
)
3
𝐿3(𝜎

6𝑦𝑠
3 + 3(1 − 𝜆)𝜎4𝑦𝑠

2 + (3𝜆2 − 9𝜆 +

6)𝜎2𝑦𝑠 − 𝜆
3 + 6𝜆2 − 11𝜆 + 6)]  +

𝛼

𝜎2𝜆(𝜆−1)!)
 𝛤(𝜆, 𝜎2𝑦𝑠)         (13) 

In case of the Erlang distribution, we have: 

𝛤(𝜆, 𝜎2𝑦𝑠)

(𝜆 − 1)!
= 𝑃𝑟(𝜆, 𝜎2𝑦𝑠) ≈ 1 −∑

1

𝑓!

𝜆−1

𝑓=0

𝑒−(𝑦𝑠𝜎
2)(𝜎2𝑦𝑠)

𝑓 

where Pr(λ, σ2ys) is the cumulative distribution for the Poisson 
random variable.  

Case 2: nth order reaction 

 The nth order reaction case of the Erlang distribution is ex-
pressed as: 

(1 − 𝑋)𝑛𝑡ℎ ~ 
𝛼

𝜎2𝜆
(1 +

(𝑛−5)

6

𝛤(𝜆,𝜎2𝑦𝑠)

(𝜆−1)!
) +

𝛼

(𝜆−1)!
exp (−(𝜎√𝑦𝑠)

2
) 𝑦𝑠

(𝜆−1)𝑦𝑤 ([(𝑃0 +
𝑛

2
𝑀0 −

(2𝑛−1)

6
𝑁0) −

𝑦𝑤

𝑦𝑠
(𝑃1 +

𝑛

2
𝑀0 −

(2𝑛−1)

6
𝑁1) (−λ + 𝜎

2𝑦𝑠 + 1) +
1

2
(
𝑦𝑤

𝑦𝑠
)
2
(𝑃2 +

𝑛

2
𝑀2 −

(2𝑛−1)

6
𝑁2) (𝜎

4𝑦𝑠
2 + 2(1 − 𝜆)𝜎2𝑦𝑠 + (𝜆

2 − 3𝜆 + 2)) −

1

6
(
𝑦𝑤

𝑦𝑠
)
3
(𝑃3 +

𝑛

2
𝑀3 −

(2𝑛−1)

6
𝑁3) (𝜎

6𝑦𝑠
3 + 3(1 − 𝜆)𝜎4𝑦𝑠

2 +

(3𝜆2 − 9𝜆 + 6)𝜎2𝑦𝑠 − 𝜆
3 + 6𝜆2 − 11𝜆 + 6)])                        (14) 

The values of coefficients are estimated as: 

𝑃0 ≈ −0.36788 , 𝑃1 ≈ −0.23576,  𝑃2 ≈ −0.17273,  𝑃3 ≈
−0.13607,  

𝑀0 ≈ −0.56767,  𝑀1 ≈ −0.35150,  𝑀2 ≈ −0.25250,  𝑀3 ≈
−0.19642,  

𝑁0 ≈ −0.68326,  𝑁1 ≈ −0.41102,  𝑁2 ≈ −0.29061,  𝑁3 ≈
−0.22387.  

The remaining integral terms are evaluated as: 

𝑃𝑛 ≡ ∫ 𝑥𝑖(exp (−𝑥) − 𝑈(𝑥)) 𝑑𝑥 , 𝑖 = 0,1,2,3… .

∞

−∞

 

𝑀𝑛 ≡ ∫ 𝑥𝑖(exp (−2𝑥) − 𝑈(𝑥)) 𝑑𝑥 , 𝑖 = 0,1,2,3…

∞

−∞

 

𝑁𝑛 ≡ ∫ 𝑥𝑖(exp (−3𝑥) − 𝑈(𝑥)) 𝑑𝑥 , 𝑖 = 0,1,2,3…

∞

−∞
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4. APPLICATION OF THE FOREST WASTE 

For application perspective, the thermogravimetric analysis 
has been performed upon the sample of pine needles. The date of 
elemental composition and the calorific value have been obtained 
by using the CHNO-S analyser, and the bomb calorimeter, 
whereas the thermal degradation of the same sample has been 
carried out under the presence of inert atmosphere of nitrogen, 
and with the help of TG/DTG (SDT Q600 (TA, Perkin Elmer)) 
analyser. The range of temperature varied from 292 K to 873K in 
the furnace. The thermocouple type ‘R’ has been used to measure 
the sample and the furnace temperature. A vertical TG/DCS 
holder was used to hold the sample. To perform pyrolsis, a nitro-
gen purge flow rate was set at 100 ml/min, whose function is to 
remove the product gases. Thermogravimetric measurements are 
done at the heating rate of 10 °C/min. Al2O3 crucibles are used. 
The furnace space is inertized in order to eliminate the remaining 
oxygen. The mass of the samples is in between 20 mg to 21 mg. 

Thermogravimetric data has used for the prediction of nth-
order DAEM using the Gamma distribution (Fig. 8). Equations 
(11), (12), (13), and (14) are solved by using algorithm on the 
Matlab software. Each parameter is compared and reiterated until 
the root mean square error between experimental and simulated 
values is not less than equal to the maximum permissible error.  

Tab. 1. Elemental composition and the high heating value (H.H.V)  
             of pine needle sample 

C%  H% N %  O %  S% Ash% *H.H. V 
(kJ/kg) 

**V.M 
% 

53.7 5.21 0.61 32.13 0.22 4.72 19.5  70.1 
*H.H. V- Higher heating value 
**V.M - Volatile matter  

Tab. 2.  Comparative illustration of Gamma and Erlang distributions  
              with other distribution types 

Distribution Types 
Upper limit of ‘dE’ 

integrals 
Frequency factor 

(min-1) 

Gaussian  

(Dhaundiyal and 
Singh, 20016) 

   80 kJ/mol  1.75 E+06 

Weibull  

(Dhaundiyal and 
Singh ,2016) 

   23 kJ/mol  10E+03 

Gamma       150 kJ/mol   0.0015 

Erlang    150 kJ/mol   0.0015 

Tab. 3. Computed root mean square error 

Distribution function Root mean squared error (RMSE)** 

Gamma 10E-02 to 10E-03 

Erlang 10E-02 to 10E-03 

𝑅𝑀𝑆𝐸∗∗ = √
∑ ((1 − 𝑋𝑖)𝐸𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡𝑎𝑙 − (1 − 𝑋𝑖)𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑒𝑑)
𝑁
𝑖=1

𝑁
 

where 𝑁 is number of data points. 

a) 

 

b) 

 

Fig. 1. Effect of shape parameter of the Gamma distribution (𝜂)  

on the numerical results ( 𝑘0 = 5.7E-04 min-1, 𝜃 = 10 °C/min,  

𝑇0 =293 K and 𝜆 = 45.5 kJ/mol; (a) first order reaction,  

(b) nth order reaction, 𝑛 = 8.5) 

a) 

 

b) 

 

Fig. 2. Effect of scale parameter of the Gamma distribution (λ) on the 

numerical results (𝑘0= 5.7E-04 min-1, 𝜃 = 10 °C/min, 𝑇0 = 293 K 

and 𝜂 = 35; (a) first order, (b) nth order, 𝑛 = 8.5) 
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a) 

 
b) 

 

Fig. 3. Effect of heating rate on the numerical results (𝑘0= 5.7E-04 min-1, 

𝜆 = 45.5 kJ/mol, 𝑇0 =293 K and 𝜂 = 35; (a) first order,  
(b) nth order, 𝑛 = 8.5) 

a) 

 

b) 

 

Fig. 4.  Effect of upper limit (E∞) of d𝐸 integral on the numerical   

 results (𝑘0 = 5.7E-04 min-1, 𝜆 = 45.5 kJ/mol, 𝑇0 =293 K  

 and 𝜂= 35; (a) first order, (b) nth order, 𝑛= 8.5) 

a) 

 

b) 

 

Fig. 5. Effect of frequency factor (𝑘0) on the numerical results  

(𝜆 = 45.5 kJ/mol, 𝑇0 = 293 K and 𝜂 = 35; (a) first order,  

(b) nth order, n = 8.5) 

 

Fig. 6. Effect of reaction order (n) on the numerical results  
(𝜆 = 45.5 kJ/mol, 𝑇0  =293 K; and  𝜂 = 35) 

a) 
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b) 

 

Fig. 7. Effect of scale parameter of the Erlang distribution (𝜆) on the 

numerical results (𝑘0= 0.0047 min-1, 𝜃 = 10 °C/min, 𝑇0 =293 K 

and 𝜂 = 32; (a) first order, (b) nth order, 𝑛 = 6.8) 

a) 

 

b) 

 

Fig. 8. Comparison between the experimental data and the nth order 
DAEM prediction (a) The Erlang Distribution (b) The Gamma 
Distribution 

5. RESULTS AND DISCUSSION 

The shape parameter has been obtained for Gamma distribu-
tion by using the asymptotic approximation and the energy rescal-

ing (y) of activation energies. The influence of shape parameter 
of Gamma distribution on the numerical results is shown in Fig. 1. 
At the beginning of pyrolysis, the remaining mass fraction 

(1 − X) (equations 11 and 12) must be at vicinity of one. On the 
contrary, in Fig. 1, it is observed that the remaining mass fraction 
is less than one. However, as the value of shape parameter ap-

proaches 44 ≤ η, the upper half of curve approaches one. The 
distribution exhibits no inflexion for the lower value of shape pa-
rameter 39 ≥ η and the remaining mass fraction curves lead 
towards right as parallel to each other. The effect of scale pa-

rameter values (λ) of Gamma distribution on the numerical result 
is shown in Fig. 2. The decrease in the value of scale parameter, 

λ, reduces the slope of the remaining mass proportion (1 − X) 
(equations 11and 12) curves. The effect of positive integer value 
of scale parameter of Erlang distribution is depicted in Fig. 7. It is 

observed that the behaviour of scale parameter (λ) for Erlang 
distribution is opposite to that of Gamma distribution. As the value 

of λ ≤ 33, the remaining mass fraction curve has proximity with 
one for the Erlang distribution, which implies the good approxima-
tion is obtained at the beginning of pyrolysis. The variation has 
been observed as the second term is almost negligible in equation 
(14), and the remaining mass fraction behaves like the cumulative 
distribution function. The effect of heating rate on numerical re-
sults is illustrated in Fig. 3, where it is seen that the remaining 
mass proportion is slightly increased with the heating rate. It has 
been observed that the mass fraction curves are shifted up the 
temperature scale with an increase in the heating rate. The influ-
ence of the outer limit of ‘d𝐸’ on the numerical results of the non-
isothermal nth order DAEM is shown in Fig. 4. It reveals that 

remaining mass proportion is at vicinity of one for E∞ ≤
150 J/mol values. When the values of 𝐸 are more than 250 
J/mol, the results are not accurate and closely proximate to each 

other. Hence, 150 J/mol is used as the upper limit of the d𝐸 inte-
gral. The effect of the frequency factor (𝑘0) values on the numeri-
cal results is shown in Fig. 5. According to these curves, increase 

in k0 values causes (1 − X) (equations 11 and 12) curves to shift 
towards the left direction. The effect of the reaction order (𝑛) 
values on the numerical result is illustrated in Fig. 6. As the order 

of reaction increases, the lower half range of (1 − X) (equations 
11 and 12) curves shifted up. The prediction of nth order DAEM 
is depicted in Fig. 8. In the beginning of pyroylsis, Erlang distribu-
tion (Fig. 8a) and Gamma distribution (Fig. 8b) are in good 
agreement with the thermogravimetric data, but as time increases, 
the gamma distribution has relatively provided an accurate  
approximation for the conversion occurred at the higher tempera-
ture.  

Variation in the upper limit of activation energy and frequency 
factors for the different distribution function is shown in Tab. 3. 
But, in case of the Gamma and the Erlang distributions, it was 
found that evaluation of kinetic parameters at single heating rate 
led to the compensatory effect (Doyle,1962). Root mean squared 
error between Erlang and Gamma distribution functions is illus-
trated in Tab. 3.  

6. CONCLUSIONS 

In the asymptotic approximation of the nonisothermal nth order 
for knowing the influence of parametric values on the pyrolysis 

kinetics, 150 J/mol value is used as the limit of the outer dE inte-
gral. The variation of the frequency factor, heating rate, the reac-
tion order, the shape, and the scale parameter of the Gamma 
distribution as well as Erlang distribution affect the form of remain-
ing mass fraction curves. We also studied the influence of some 
parameters. The special case of Gamma distribution has been 
discussed to know the more practical aspect regarding the distri-
bution behaviour at lower and higher temperature regimes. It has 
been concluded that the Gamma distribution provides better 
approximation for conversion rate at higher temperature than that 
of the Erlang distribution. The Erlang distribution is found to be 
more suiTab. for pyrolysis reaction that took place for the lower 
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temperature regimes. Moreover, the results are very helpful 
to determine the kinetic parameters of the nonisothermal nth order 
Gamma DAEM from the thermo analytical data of biomass pyoly-
sis. It can also be concluded from comparative illustration that the 
two asymmetrical distribution functions (Weibull and Gamma) 
does not provide the same results (Tab. 3.)  
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Abstract: The calculation and measurement results of transients for an electrodynamic accelerator with permanent magnet support have 
been presented in this paper. The calculations have been made using the magnetostatic model in the Maxwell software, as well as  
using a Matlab/Simulink transient model. The waves of mechanical parameters (projectile velocity and acceleration, force) and electric 
ones (excitation current and capacitor voltage) have been analyzed for different supply conditions (voltage value, capacitance).  
The efficiency and projectile energy have been studied as well. The mathematical models have been verified experimentally using  
the original laboratory stand. A good conformity between calculation and measurement results has been obtained. 

Key words: Electrodynamic Accelerators with Permanent Magnets, Field-Circuit Modelling, Transient Calculation,  
                     Measurement Verification 

1. INTRODUCTION 

Electrodynamic accelerators (railguns) have become increas-
ingly popular in recent years. There are carried out many works 
and researches in terms of both military (McNab and Beach, 
2007; Gosiewski and Kłoskowski, 2008; Hundertmark et al., 2013) 
and industrial applications (Poniaev et al., 2015; Hogan et al., 
2013; Domin and Kluczczyński, 2013) of the device. The railguns 
are an alternative for coilgun constructions (Waindok and Mazur, 
2011; Piskur, 2010), mostly due to better performance (efficiency, 
projectile velocity). A disadvantage of such electrodynamic accel-
erator is the high cost of assembling and problem with rails and 
electric contact degradation (Cooper et al., 2007; Tang et al., 
2015; Wild et al., 2014). Another problem is a very high current 
peak of kA to even MA appearing in some milliseconds. 
The efficiency of the device is low, as well. 

In order to increase the efficiency of the railgun there 
is a need not only to perform the experimental work, but also to 
create a proper calculation model, which would simulate the phys-
ical object with sufficient accuracy (Kluszczyński and Domin, 
2015). The proper model could be used, for example, in order to 
increase the thrust, without increasing the excitation current 
(Waindok and Piekielny, 2013; Gieras et al., 2011). One of the 
method is the optimization of the magnetic circuit. It requires the 
development of a magnetostatic model using field analysis, for 
example 3D finite element method (FEM). The transient model is 
very important as well. It enables to follow the influence 
of supplying parameters and initial conditions on the waves con-
nected with discharges, which allows to improve the efficiency 
of the whole system. 

In the paper, the calculation and measurement results for the 
original electrodynamic accelerator with iron core and permanent 
magnets have been presented. The device has been developed 

in the Department of Electrical Engineering and Mechatronics 
at Opole University of Technology. The calculations have been 
carried out using a field-circuit model of the device (Zimon et al., 
2012). For magnetostatic analysis, the Maxwell software has been 
used. The parameters obtained in the field calculations have been 
used in the transient (circuit) model, which has been implemented 
in the Matlab/Simulink software. 

2. PHYSICAL MODEL 

The picture of the accelerator with ferromagnetic core and 
permanent magnets is presented in Fig. 1a. The magnetic field 
has two sources: a current flowing through the circuit and perma-
nent magnets. The iron core has been used in order to focus the 
magnetic field lines in the projectile area. Therefore, in relation to 
the core-less accelerator, the thrust could be increased for the 
same excitation current value. 

Before construction of a prototype, some calculations have 
been carried out in order to set up the dimensions of the core and 
permanent magnets (Fig. 1b). The following design constraints 
have been assumed: a cross-section of each rail less than 
100 mm2, the distance between them a=12 mm, the length of the 
device l=200 mm. The non-linear characteristic of the core has 
been measured and taken into account (Fig. 2). The measure-
ment has been performed for a ring-shaped magnetic sample 
(Tumanski, 2011). The sinusoidal voltage supply system has been 
used. The magnetic field strength in the magnetic circuit has been 
determined with using the Ampere’s circuital law. The magnetic 
flux density value in the sample has been determined according to 
Faraday’s law, using the mean value of the induced voltage. 

The projectile core of 25 mm length (Fig. 3) has been made 
of PF CC 201 material (textolite). The PF CC 201 has been cho-
sen due to its ease processing, low mass (m=2.5 g), relatively 
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high stiffness and high heat resistance. The reduction of the mass 
allows to take the shot at smaller values of the excitation current. 
The active part of the projectile is made of an OFC (Oxygen-Free 
Copper) wire, which ensures a good electric contact between rails 
and the projectile. The OFC wire was selected due to high con-
ductivity and friction resistivity, which is very important in dynamic 
systems with high current values. The rails have been made 
of brass. 

 
Fig. 1. Electrodynamic accelerator with ferromagnetic core  

 and permanent magnets: a) picture of the prototype;  
 b) cross-section (dimensions in mm) 

 
Fig. 2. Measured B/H curve of the used ferromagnetic core 

 
Fig. 3. Picture of the projectile 

 
Fig. 4. Electrical circuit diagram 

The electrical circuit diagram of the original laboratory stand 
(Piekielny, 2015) is shown in Fig. 4. It consists of two main parts: 
the power supply circuit and measuring system. The power source 
is a capacitor bank with a total capacity of 96 mF and nominal 
voltage of 350 V. To trigger the shot a high power thyristor was 
used (model T95-1900 from Kubara LAMINA Company). During 
the shot the following signals are recorded using an oscilloscope: 
the voltage on the capacitor bank U, the excitation current I and 
the average muzzle velocity of the projectile v. The current meas-
urement was made by recording the voltage drop on a 0.517 
mOhm resistance. Velocity of the projectile was determined 
by measuring the flying time through the optical gate. 

3. MATHEMATICAL MODEL 

In order to determine the magnetic field integral parameters, 
the finite element method, implemented in the program Maxwell, 
has been used. The voltage boundary conditions were assumed 
on the rails ends (Fig. 5). On the outer boundaries the zero Di-
richlet condition has been assumed. The eddy current effect has 
been neglected. Using this model, the integral parameters of the 
field have been determined. The magnetic flux on the surface S 
(limited by the rails and projectile, Fig 6) was calculated with using 
the expression: 

Φ = ∫ B∙n𝑑𝑆
 

𝑆
  (1) 

where: Φ – magnetic flux on the surface S, 𝐁 – magnetic flux 
density vector, 𝐧 – unit vector normal to surface S, 𝑆 – surface 
limited by the rails and projectile, parallel to the plane YZ (Fig. 6). 

Lorentz force F acting on the projectile was calculated accord-
ing to equation: 

𝐅 = ∫ (𝐉 × 𝐁)𝑑Ω
 

Ω
  (2) 

where: 𝐉 – current density vector in the projectile, Ω – volume of 
the projectile. 

The dynamic inductance Ld of the accelerator was determined 
by the expression: 

𝐿𝑑 =
𝜕Φ

𝜕𝑖
=

1

𝑖

𝜕𝑊𝑚

𝜕𝑖
  (3) 

where: 𝑖 – current flowing through the rails, 𝑊𝑚 – magnetic 
energy. 

In order to select the proper mesh discretization, the calcula-
tions for two different meshes have been made (Fig. 5). In the first 
case an adaptive method for mesh generation has been used. 
The algorithm has created quite coarse mesh presented 
in Fig. 5a. In the second case, the maximum size of the mesh 
elements in each sub-area has been forced (Fig. 5b), which signif-

a) 

b) 
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icantly increases the number of elements (dense mesh). In table 
1, the calculation results for both types of mesh have been given. 
Due to small differences between obtained results (below 1.1% 
in case of thrust and below 0.2% for excitation current) and due to 
significantly shorter calculation time, the coarse mesh generated 
by an adaptive method, has been used. It should be mentioned, 
that the calculation time for magnetostatic models is a very im-
portant quantity, since the calculations of integral parameters 
(magnetic flux, force and inductance) are made for different posi-
tions of the projectile and different excitation current values. 

 

 
Fig. 5. Two analyzed discretization meshes: a) coarse mesh; 

  b) dense mesh 

Tab. 1. Comparison of the calculation results for two different meshes 

Mesh 

type 

Voltage Excitation 

current 

Force Calc. 

time 

Number  
of elements 

- U [V] I [A] F [N] t [h:m:s] n 

Dense 150 26274.13 543.26 7:28:09 1230778 

Coarse 150 26227.46 537.45 0:02:48 60046 

The analysis of accelerator operation is based not only 
on static, but also on the dynamic calculations. Thus, a field-circuit 
model have been developed for a transient analysis. The equa-
tions describing the dynamic model of the railgun have been 
obtained with using the Euler-Lagrange method: 

𝑑

𝑑𝑡
[
𝑣
𝑖

] = [

−
𝐷

𝑚
0

−
𝜕Ψ(𝑖,𝑥)

𝜕𝑥

𝐿𝑑(𝑖,𝑥)
−

𝑅

𝐿𝑑(𝑖,𝑥)

] [
𝑣
𝑖

] + [

𝐹(𝑖,𝑥)

𝑚

−
𝑞

𝐶

𝐿𝑑(𝑖,𝑥)

]  (4) 

The first equation describes the mechanical part of the sys-
tem, while the second one describes the electrical part. The above 
equations have been implemented in the Matlab–Simulink soft-
ware. The values of force and magnetic flux vs. position and 
excitation current values have been calculated with using the FEM 
magnetostatic model and included in the form of Look-up tables. 

4. MAGNETOSTATIC CALCULATION RESULTS 

The current density and the thrust values, as well as magnetic 
field distribution have been determined for different values of the 
excitation voltage (-60 V to 200 V). In Fig. 7a an exemplary distri-
bution of the current density (for U=150 V) has been shown (the 
projectile is placed in position zi=3 cm (Fig.6). 

 
Fig. 6. Initial position of the projectile 

The highest value of the current density is observed in the  
area of the projectile, on the inner edges of the conductive part 
(more than 3 kA/mm2). In Fig. 7b the magnetic flux density distri-
bution for U=150 V has been depicted. Accordingly to the current 
density distribution, the highest value of the magnetic flux density 
is observed in the projectile area (about 4.13 T). Such a high 
value is due to high current density value. In the iron parts of the 
railgun, the magnetic density value is much lower (below 2 T). 

 
Fig. 7. Calculation results for U=150 V: a) current density distribution   

  in the rails and projectile; b) magnetic flux density distribution 

The calculation results for electrodynamic force and magnetic 
flux vs. excitation current value I and projectile position z are 
presented in Fig. 8. The force value is almost insensitive vs. pro-
jectile position and changes exponentially vs. excitation current 
value. The magnetic flux changes linearly both vs. I and z.  
According to equation (4), in calculation of transients the dynamic 

a) 

b) 

a) 

b) 
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inductance Ld is an important parameter. The graph of the 
Ld=f(z, i) has been presented in Fig. 9. Its value weakly depends 
on the excitation current and is linearly dependent on the projec-
tile position coordinate. 

 

 
Fig. 8. Integral parameters vs. projectile position and excitation current  

 value: a) electrodynamic force; b) magnetic flux 

 
Fig. 9. Dynamic inductance vs. current value and projectile position 

5. TRANSIENT CALCULATION AND MEASUREMENT 
RESULTS 

The measurements for different capacitors and voltage values 
have been made. Some results are presented in Fig. 10. Increas-
ing of the capacitance values raises the discharge time and slight-
ly increases the peak current value (Fig. 10a). The capacitor 
voltage level affects only the current value – increasing of the 

voltage increases the current in approximately a linear way 
(Fig. 10b). 

  

 
Fig. 10. Current excitation waves for different supply parameters:  

    a) constant voltage value (U=150 V) - different capacity values;  
    b) constant capacitance value (C=96 mF) - variable voltage  
    values 

Using the original laboratory stand, a measurement verifica-
tion of the selected calculation results have been carried out. The 
resistance and inductance of supply cables were assumed to be 
equal R=2.75 mOhm and L=0.98 µH, respectively. Due to the 
motion of the projectile additional parameters have to be included 
i.e. mass of the projectile m=4.51 g, coefficient of the kinetic fric-
tion D=0.2 Ns/m and the value of the air resistance coefficient 
Cx=1.05. 

 
Fig. 11. Calculation and measurement results of the current waveform  

    for U=150 V and C=96 mF 

In Fig. 11, results of calculated and measured current wave-
forms for U=150 V and C = 96 mF are presented. The current 
peak visible in the measurement results is due to commutation 

b) 

a) 

b) 

a) 
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of the thyristor, which switches off the inductive circuit under non-
zero conditions and generates a voltage disturbance in the circuit. 
The current is measured based on the voltage drop on the resis-
tor. Thus the voltage disturbance is visible in measured waves. 

There are also visible differences between measured and cal-
culated shape of current waves (Fig. 11). Therefore, some modifi-
cations have been proposed in the mathematical model. From the 
experimental research came out, that in the system some time 
lags are existing between the thyristor triggering time and the 
response time of the circuit rails-projectile. The system behaves in 
some ways like a transmission line. Therefore, in the mathemati-
cal model, a fixed time delay block for the inductance value has 
been added. The delay time has been chosen based on the ex-
perimental tests as Δt=4.4 μs. After the delay time, the static 
inductance value of the accelerator circuit raises from 0 to 0.98 
µH. The results for the modified field-circuit model have been 
presented in Fig. 12a. In the case of current wave, a very good 
conformity between calculation and measurement results is ob-
served. The measured voltage wave on the capacitors differs 
slightly from the calculated one (Fig. 12b). However, the mathe-
matical model is sufficiently precise and could be used in future 
calculations. The negative value of the capacitor voltage is caused 
by the finite switching-off time of the thyristor (about 100 μs). 

The measurement verification of the projectile velocity has 
been made, as well (Tab. 2). The differences between calculated 
and measured results do not exceed 10 % and are observed for 
the lowest velocity values. In the case of the highest observed 
velocities, the difference does not exceed 1.1 %. 

  

 
Fig. 12. Measurement verification of the modified field-circuit model  

    for U=150 V and C=96 mF: a) excitation current vs. time;  
     b) voltage waves 

Tab. 2. The dynamic parameters for different power supply configurations 

Voltage Capacity Calculated current peak Measured current peak Calculated velocity Measured velocity Force 

U [V] C [mF] Imax [A] Imax [A] v [m/s] v [m/s] Fmax[N] 

150 96.0 26422 26692.5 61.35 60.98 549.74 

150 76.5 24868 25145.1 47.86 47.71 501.30 

121 96.0 21303 21276.6 42.23 44.64 395.18 

121 76.5 20045 20116.1 32.57 34.53 361.22 

101 96.0 17767 17620.9 30.62 33.78 302.03 

101 76.5 16715 16769.8 23.29 25.83 276.39 

             
Fig. 13. Calculated waves (U=150 V, C=96 mF): a) force and acceleration; b) position and velocity 

Using the field-circuit model, some additional calculations 
have been carried out. They concern quantities, which are very 
difficult to measure, i.e. thrust, acceleration, velocity and position 
of the projectile. The initial position of the projectile equal to zi=3 

cm has been included in the model. In Fig. 13 some results are 
presented. The shape of force and acceleration waves is the 
same (Fig. 13a). The maximum value of the acceleration reaches 
very high value (121890 m/s2), which is due to small mass of the 

a) 

b) 

b) a) 
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movable element and due to relatively high force (peak value 
of 549.74 N). Waveforms of the position and velocity (Fig. 13b) 
indicate, that the duration of force and current impulses (about 
1 ms) is much shorter than the duration of the projectile move-
ment in rails (about 4 ms). It means, that the capacitance could be 
increased in order to exploit the full potential of the presented 
accelerator. 

6. CONCLUSIONS 

A study of the mathematical and physical models of the elec-
trodynamic accelerator (railgun) with permanent magnets support 
has been presented in the paper. The obtained results allow to 
formulate some conclusions: 

 the capacitance value has an impact mainly on the duration of 
current pulse. Increasing the capacity influences only slightly 
the peak value of the excitation current (Fig. 10a).; 

 the initial capacitor voltage value affects mainly the excitation 
current value (Fig. 10b).; 

 mathematical models which do not take into account the 
additional time delay in the system do not simulate the physi-
cal object with a sufficient precision (Fig. 11).; 

 for the correct calculation of the projectile velocity, an appro-
priate choice of the friction coefficient value is important. 
The efficiency of the railgun has been determined as well. The 

measurement results have been presented in Tab. 3. In our tests 
the efficiency value did not exceed 1 % and increases along with 
the energy value. The future works will be focused on increasing 
this parameter. 

Tab. 3. Measured efficiency of the investigated accelerator 

Voltage Capacity Energy 
stored in the 
capacitors 

Kinetic 
energy of 
projectile 

Efficiency 

U [V] C [mF] E [J] E [J] η [%] 

150 96.0 1068.75 8.39 0.78 

150 76.5 843.75 5.13 0.61 

121 96.0 695.45 4.49 0.65 

121 76.5 549.04 2.69 0.49 

101 96.0 484.55 2.57 0.53 

101 76.5 382.54 1.50 0.39 

The level of complexity of the phenomena occurring in the 
electrodynamic accelerator is relatively high. Thus, some further 
investigations for improving both physical and computational 
models are planned. In particular, the development of the experi-
mental stand will be carried out. 
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Abstract: The paper presents novel boundary element technique for analysis of anisotropic thermomagnetoelectroelastic solids containing 
cracks and thin shell-like soft inclusions. Dual boundary integral equations of heat conduction and thermomagnetoelectroelasticity  
are derived, which do not contain volume integrals in the absence of distributed body heat and extended body forces. Models of 3D soft 
thermomagnetoelectroelastic thin inclusions are adopted. The issues on the boundary element solution of obtained equations  
are discussed. The efficient techniques for numerical evaluation of kernels and singular and hypersingular integrals are discussed. Nonlin-
ear polynomial mappings are adopted for smoothing the integrand at the inclusion’s front, which is advantageous for accurate evaluation  
of field intensity factors. Special shape functions are introduced, which account for a square-root singularity of extended stress and heat 
flux at the inclusion’s front. Numerical example is presented. 

Key words: Anisotropic, 3D, Thermomagnetoelectroelastic, Crack, Thin Inclusion 

1. INTRODUCTION 

Rapid development of modern multi-field materials and micro-
electro-mechanical technologies raises increasing attention to 
their modeling and simulation. Particular interest is focused on the 
issues of fracture mechanics of cracked and inhomogeneous 
thermomagnetoelectroelastic (TMEE) materials. Since TMEE 
materials are anisotropic by nature, their analysis is more compli-
cated than those of isotropic materials. 

The boundary element method (BEM) is widely applied in the 
crack analysis (Aliabadi, 1997), since it allows accurate evaluation 
of field intensity factors at the crack front and requires only 
boundary mesh. Various boundary element techniques were 
proposed for 3D crack analysis in multi-field materials (e.g. see 
Pan and Yuan (2000), Rungamornrat et al. (2015), Muñoz-Reja et 
al. (2016)). Nevertheless, only recently (Pasternak et al., 2017) it 
was developed general 3D BEM for analysis of 3D cracks in 
anisotropic medium, which couples both thermal and magneto-
electro-mechanical fields. 

Another issue is the analysis of thin 3D inclusions. Various 
techniques are introduced to study soft or rigid inhomogeneities; 
however, they are mainly limited to the cases of planar perfectly 
rigid inclusions (Mykhas’kiv et al. (2010), Selvadurai (2000, 
2002)). Also the models of thin inclusions should be accounted for 
in the modeling of semi-permeable cracks. 

Therefore, this paper utilizes previously developed dual 
boundary integral equations (Pasternak et al., 2017) for obtaining 
the dual BEM for TMEE solids containing discontinuity surfaces 
(heat flux, stress, electric displacement, magnetic induction, tem-
perature, displacement, electric and magnetic potentials disconti-
nuity). Models of soft semi-permeable shell-like inclusions are 
introduced and incorporated in the obtained integral equations for 

obtaining the solution to 3D crack and inclusion problems. The 
issues on the efficient numerical evaluation of kernel functions, 
integration of singular and hypersingular integrals and accurate 
determination of field intensity factors are discussed in details. 

2. GOVERNING EQUATIONS OF HEAT CONDUCTION  
AND THERMOMAGNETOELECTROELASTICITY 

According to Pasternak et al. (2017), in a fixed Cartesian 
coordinate system 𝑂𝑥1𝑥2𝑥3 the equilibrium equations, the 
Maxwell equations (Gauss theorem for electric and magnetic 
fields), and the balance equations of heat conduction in the 
steady-state case can be presented in the following compact form 

𝜎̃𝐼𝑗,𝑗 + 𝑓̃
𝐼

= 0,  ℎ𝑖,𝑖 − 𝑓
ℎ

= 0, (1) 

where the capital index varies from 1 to 5, while the lower case 

index varies from 1 to 3, i.e. 𝐼 = 1,2, . . . ,5. 𝑖 = 1,2,3. Here and 
further the Einstein summation convention is used. A comma at 
subscript denotes differentiation with respect to a coordinate 

indexed after the comma, i.e. 𝑢𝑖,𝑗 = ∂𝑢𝑖 ∂𝑥𝑗⁄ . 

In the assumption of small strains and fields’ strengths the 
constitutive equations of linear thermomagnetoelectroelasticity in 
the compact notations are as follows (Pasternak et al., 2017): 

𝜎̃𝑗 = 𝐶̃𝐼𝑗𝐾𝑚𝑢̃𝐾,𝑚 − 𝛽̃
𝐼𝑗

𝜃,  ℎ𝑖 = −𝑘𝑖𝑗𝜃,𝑗, (2) 

where: 

𝑢̃𝑖 = 𝑢𝑖, 𝑢̃4 = ϕ, 𝑢̃5 = 𝜓; 𝑓̃
𝑖

= 𝑓
𝑖
, 𝑓̃

4
= −𝑞, 𝑓̃

5
= 𝑏𝑚;

𝜎̃𝑖𝑗 = 𝜎𝑖𝑗 , 𝜎̃4𝑗 = 𝐷𝑗 , 𝜎̃5𝑗 = 𝐵𝑗;

𝐶̃𝑖𝑗𝑘𝑚 = 𝐶𝑖𝑗𝑘𝑚 , 𝐶̃𝑖𝑗4𝑚 = 𝑒𝑚𝑖𝑗 , 𝐶̃4𝑗𝑘𝑚 = 𝑒𝑗𝑘𝑚 , 𝐶̃4𝑗4𝑚 = −𝜅𝑗𝑚,

 

mailto:h.sulym@pb.edu.pl


DOI 10.1515/ama-2017-0047                                                                                                                                                          acta mechanica et automatica, vol.11 no.4 (2017) 

309 

𝐶̃𝑖𝑗5𝑚 = ℎ𝑚𝑖𝑗 , 𝐶̃5𝑗𝑘𝑚 = ℎ𝑗𝑘𝑚, 𝐶̃5𝑗5𝑚 = −𝜇
𝑗𝑚

,

𝐶̃4𝑗5𝑚 = −𝛾
𝑗𝑚

, 𝐶̃5𝑗4𝑚 = −𝛾
𝑗𝑚

;
𝛽̃

𝑖𝑗
= 𝛽

𝑖𝑗
,

𝛽̃
4𝑗

= −𝜒
𝑗
, 𝛽̃

5𝑗
= 𝜈𝑗(𝑖, 𝑗, 𝑘, 𝑚 = 1,2,3);  (3) 

𝜎𝑖𝑗  is a stress tensor; 𝑓𝑖 is a body force vector; 𝐷𝑖  is an electric 

displacement vector; 𝑞 is a free charge volume density; 𝐵𝑖  is a 
magnetic induction vector; 𝑏𝑚 is a body current; ℎ𝑖 is a heat flux; 

𝑓ℎ is a distributed heat source density; 𝑢𝑖 is a displacement vec-

tor; 𝜙, 𝜓 are the electric and magnetic potentials, respectively; 𝜃 
is a temperature change with respect to the reference tempera-

ture; 𝐶𝑖𝑗𝑘𝑚 are the elastic stiffnesses (elastic moduli); 𝑘𝑖𝑗  are 

heat conduction coefficients; 𝑒𝑖𝑗𝑘 , ℎ𝑖𝑗𝑘  are piezoelectric and 

piezomagnetic constants; 𝜅𝑖𝑗 , 𝜇𝑖𝑗 , 𝛾𝑖𝑗  are dielectric permittivities, 

magnetic permeabilities and electromagnetic constants, respec-
tively; 𝛽𝑖𝑗 , 𝜒𝑖  and 𝜈𝑖  are thermal moduli, pyroelectric coefficients 

and pyromagnetic coefficients, respectively. 
Thus, the problem of linear thermomagnetoelectroelasticity is 

to solve partial differential equations (1) and (2) under the given 
boundary conditions and volume loading. Since magneto-electro-
mechanical fields do not influence temperature field in the consid-
ered problem (uncoupled thermomagnetoelectroelasticity) the first 
step is to solve the heat conduction equation and the second one 
is to determine mechanical, electric and magnetic fields acting 
in the solid. 

3. DUAL BOUNDARY INTEGRAL EQUATIONS AND MODELS 
OF 3D SOFT SHELL-LIKE INCLUSIONS 

For modeling of solids with thin inhomogeneities, a coupling 
principle for continua of different dimension is often used (Sulym, 
2007). This principle involves the replacement of a thin inclusion 
with a surface of a field discontinuity for stress, electric displace-
ment, displacement, electric potential, temperature, and heat flux. 
Frequently a median surface of a thin inhomogeneity is chosen as 
the discontinuity surface. The inclusion is thus removed from 
consideration as a geometrical object, and it is assumed that the 
thermal, electric and mechanical influence of the inclusion is 
reduced to the influence of the above-mentioned discontinuity 
surface (Fig. 1). Thus, according to a discontinuity function meth-
od (Sulym, 2007), the study of a stress state of a solid (an exterior 
problem) is reduced to the study of the influence of unknown 
discontinuity functions and is considered without account of the 
inclusion’s material properties. It is clear that the thermoelectroe-
lastic state of the solid depends on these discontinuity functions, 
material properties of the solid, the geometrical features of the 
problem, the contact conditions at the thin inhomogeneity inter-
face, and the external load. 

On the other hand, due to a small thickness of the inclusion, 
the extended tractions and displacements, temperature and heat 
flux at the faces of the inclusion are related with each other. Cor-
responding relations, which include thermo-magneto-electro-
mechanical properties of the inclusion and its thickness, are called 
the mathematical model of a thin inclusion. This model does not 
depend on the properties of a medium containing an inclusion, 
and it can be considered as an interior problem. There are only 
three basic requirements for the mathematical model of a thin 
inclusion (Sulym, 2007): (a) the number of equations should equal 
to the number of the unknown discontinuity functions; (b) the 
model should be simple for further solution of the obtained system 
of equations; and (c) the model should simulate essential features 

of thermoelectroelastic behavior of the inclusion. 

 
Fig. 1. Simplification of a thin inclusion 

Since the coupling principle and a discontinuity function meth-
od consider exterior and interior problems independently, several 
inclusion models, which simulate different features of the inhomo-
geneity, can be developed for the same exterior problem, and 
using the same inclusion model one can solve different exterior 
problems. 

According to the philosophy of the discontinuity function ap-
proach the exterior problem of 3D TMEE is reduced to the follow-
ing system of dual boundary integral equations (see Pasternak et 
al. (2017)): 

 heat conduction 

1

2
Σ𝜃(𝐱0) = ∬ Θ∗(𝐱, 𝐱0)Σℎ𝑛(𝐱)𝑑𝑆(𝐱)

𝑆

            −CPV ∬ 𝐻∗(𝐱, 𝐱0)Δ𝜃(𝐱)𝑑𝑆(𝐱)
𝑆

,

1

2
Δℎ𝑛(𝐱0) = 𝑛𝑖(𝐱0)[CPV ∬ Θ𝑖

∗∗(𝐱, 𝐱0)Σℎ𝑛(𝐱)𝑑𝑆(𝐱)
𝑆

                −HFP ∬ 𝐻𝑖
∗∗(𝐱, 𝐱0)Δ𝜃(𝐱)𝑑𝑆(𝐱)

𝑆
],

  (4) 

 TMEE 

1

2
Δ𝑡̃𝐼(𝐱0) = 𝑛𝑗 [CPV ∬ 𝐷𝐼𝑗𝐾(𝐱, 𝐱0)Σ𝑡̃𝐾(𝐱)𝑑𝑆(𝐱)

𝑆

            −HFP ∬ 𝑆𝐼𝑗𝐾(𝐱, 𝐱0)Δ𝑢̃𝐾(𝐱)𝑑𝑆(𝐱)

𝑆

 

            +CPV ∬ 𝑄
𝐼𝑗

(𝐱, 𝐱0)Δ𝜃(𝐱)𝑑𝑆(𝐱)
𝑆

            + ∬ 𝑊𝐼𝑗(𝐱, 𝐱0)Σℎ𝑛(𝐱)𝑑𝑆(𝐱)
𝑆

],
  (5) 

where Σf = f + + f −; Δf = f + − f −; np is a unit outwards nor-

mal vector to the surface S (or its faces S+ and S−), which re-

places an inclusion; t̃I = σ̃Ijnj is an extended traction vector; 

hn = hini; CPV stands for the Cauchy Principal Value of the 
integral, and HFP stands for the Hadamard Finite Part of the 
integral. All the kernels are given explicitly by Pasternak et al. 
(2017). 
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The interior problem is then solved as follows. Using the phi-
losophy of the discontinuity function method and the coupling 
principle (Fig. 1) for the development of a shell-like inclusion 
model, one withdraws the inclusion from consideration as a geo-
metrical object, and transfers the contact tractions, displacements, 
surface charges, electric potential, temperature, and heat flux onto 
its median surface S (accordingly onto the faces S+ and S−, 
Fig. 1). Thus, the problem is reduced to the determination of the 
thermomagnetoelectroelastic state of a solid with the surface S of 
thermo-magneto-electro-mechanical field discontinuities. After 
development of the interaction conditions for a thin inhomogeneity 
along with the integral equations (4)–(5) concerning abovemen-
tioned field discontinuities for a solid, the thermoelectroelastic 
state of the latter can be determined. 

Consider the thermomagnetoelectroelastic state at a certain 

point y on the median surface of a thin transversely isotropic 

pyroelectric inclusion. Assume that the Ox′3 axis of a local coor-
dinate system Ox′1x′2x′3 is directed along the normal vector 

n+(y) of the surface S+ at the point y. All vectors in the local 
coordinate system are related with those of the global one by the 

relations t′̃ I = ΩIJt̃J, t̃I = ΩJIt′̃J, where Ω is a rotation matrix. 

The origin of the local coordinate system is placed at the median 

surface of the thin inclusion. Thus, f̃(−h) = f̃ + and f̃(h) = f̃ −, 

where f̃ is one of the scalars θ, hn or vectors ũi, t̃i; 2h = 2h(y) 
is the thickness of the inclusion at y. With the account of the 

identity n± = −ni±, the conditions of a perfect thermal, mechan-
ical, magnetic and electric contact of the inclusion and the solid 

are θ± = θi±, hn
± = −hn

i±, ũi
± = ũi

i±, t̃i
± = −t̃i

i±. Here the 

non-italic superscript “i” denotes values concerned with the inclu-
sion. 

According to Eq. (2), heat flux and extended stress inside the 
inclusion in the local coordinate system equal 

ℎ′3 = −𝑘′
3𝑗

i
𝜃′

,𝑗
;     𝜎′̃ 𝐼3 = 𝐶′

i

𝐼3𝐾𝑚

𝑢′̃ 𝐾, 𝑚 − 𝛽′̃𝐼3i𝜃.  (6) 

Integrating Eq. (6) over the thickness of the inclusion one can 
obtain 

   i

3 3 33

i i

31 ,1 3 32 ,2 3 ,

h

h

h h

h h

h dx k h h

k dx k dx

 

 



 

       

      



 
 

   i

3 3 3 3

i i i

3 1 ,1 3 3 2 ,1 3 3 3.

h

I I K K K
h

h h h

I K K I K K I
h h h

dx C u h u h

C u dx C u dx dx



 



  

        

         



  
  (7) 

According to the mean value theorem, 

         

         

         

avr

3 3 3

i i

avr

3

avr

3 3 3

i i

2

,

2

;

2

.

h

h

n n n

h

h

h

I I
h

I I I

h dx h h

h h h h h h h

dx h

h h h h

dx h

h t h t h h t

 
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 







   

      

  

      

  

        







y y y

y y y

y y y

  (8) 

For simplification of the model one can withdraw the interac-

tion of thermo-magneto-electro-mechanical fields in the directions 
normal and tangential to the inclusion’s median surface (as in the 
model of Winkler elastic foundation) by assuming that 

,1 3 ,2 3

,1 3 ,2 3

0, 0;

0, 0.

h h

h h

h h

K K
h h

dx dx

u dx u dx

 
 

 

    

    

 

 
  (9) 

In this case it is also assumed that 

  0nh y ,  0It  ,   (10) 

which allows to satisfy balance equations (1) identically. 
Then, according to Eqs. (6)–(9), one can obtain 

 
 
 

 

 
 

 
   

i

11

i

3 3 i

3

,

.

n

I K

I K I

k
h

h

C
t u

h



 


  


       

y
y y

y

y
y y y

y

   (11) 

Transforming (11) to global coordinates the following model of 
he thin thermomagnetoelectroelastic inclusion is obtained 
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Here T i

33
V Ω C Ω , T i

3
v Ω β . 

Reducing Eqs (4), (5), (10), (12) one obtains the sought sys-
tem of integral equations for a solid containing thin soft semi-
permeable shell-like inclusion 

 heat conduction 
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Thus the problem is reduced to determination of unknown 
temperature and extended displacement discontinuities from the 
system of integral equations (13), (14). It should be mentioned 
that for the sake of compactness the terms accounting for external 
boundaries of the solid (which thermo-magneto-electro-
mechanical loading is assumed to be given) are not written here. 
The explicit expressions for integral equations of external problem 
accounting for external boundaries of a solid can be found in 
(Pasternak et al., 2017). These terms are just the regular inte-
grals, and for infinite medium they can be reduced to certain 
spatial functions. 
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4. NUMERICAL SOLUTION OF OBTAINED EQUATIONS 

Since the singularities of obtained kernels are the same as for 
3D cracks, the solution strategy is the same as presented in (Pas-
ternak et al., 2017). The median surface of thin inclusion 
is meshed with quadrilateral discontinuous boundary elements. 
Special shape functions are used to catch the square-root singu-
larity, which also arises at inclusions front (see Sulym (2007)). 
Numerical evaluation of singular and hypersingular integrals 
is held with the help of modified Kutt’s quadrature. Polynomial 
mappings are used to smoothen the integrand. 

According to Sulym (2007) the field intensity factors vector 
at some point of inclusion’s front is defined as 

𝐤̃
(1)

= lim
𝐱→𝐱(𝐴)

√
𝜋

8𝑠(𝐱)
𝐋 ⋅ Δ𝐮̃

∗(𝐱), (15) 

where k̃(1) = [KII, KI, KIII, KD, KB]T; KI, KII, KIII are the 
stress intensity factors; KD, KB are electric displacement and 

magnetic induction intensity factors; L is a Barnett – Lothe tensor 
evaluated in the local coordinate system; and s(x) is an arc 

length evaluated from x to the selected point along the cross 
section of the crack with the normal plane. 

These field intensity factors for soft semi-permeable inclusions 
are close to those of a crack; therefore, they can be accurately 
determined numerically by the technique proposed by Pasternak 
et al. (2017). 

5. NUMERICAL EXAMPLE 

Consider a transversely isotropic pyroelectric medium, which 
has the following properties of barium titanate (BaTiO3) (Dunn, 
1993): 

 elastic moduli (GPa): 𝐶11 = 𝐶22 = 150; 𝐶33 = 146; 

𝐶12 = 𝐶13 = 𝐶23 = 66; 𝐶44 = 𝐶55 = 44; 𝐶66 =
(𝐶11 − 𝐶12) 2⁄ = 42; 

 piezoelectric constants (C/m2): 𝑒31 = 𝑒32 = −4.35; 
𝑒33 = 17.5; 𝑒15 = 𝑒24 = 11.4; 

 dielectric constants (nF/m): 𝜅11 = 𝜅22 = 9.86775; 𝜅33 =
11.151; 

 heat conduction coefficients (W/(m·K)): 𝑘11 = 𝑘22 = 𝑘33 =
2.5; 

 thermal expansion coefficients (K-1): 𝛼11 = 𝛼22 = 8.53 ⋅
10−6; 𝛼33 = 1.99 ⋅ 10−6; 

 pyroelectric constants (GV/(m·K)): 𝜆3 = 13.3 ⋅ 10−6; 

 the rest of constants are equal to zero. 
Here the Voigt notation is used in the indices of elastic moduli 

and piezoelectric constants, which changes the index pairs in Eq 
(3) with a single index as 11 ↔ 1; 22 ↔ 2; 33 ↔ 3; 23,32 ↔
4; 13,31 ↔ 5; 12,21 ↔ 6. 

Consider the thermoelectroelastic problem for a penny-
shaped disk inclusion of radius R, which lays in the isotropy plane 

Ox1x2. The medium is loaded with uniform heat h0 flowing along 

the polarization direction Ox3, which does not cause tertiary 
pyroelectricity (Pasternak et al., 2014). The median surface of 
inclusion is meshed with only 12 quadrilateral discontinuous 
boundary elements (Fig. 2). 

 

 
Fig. 2. Boundary element mesh of the disk inclusion 

Four central boundary elements Nos 1–4 use general quadrat-
ic shape functions, while other elements (Nos 5–12) utilize special 
shape functions to account for the square root singularity of stress 
and heat flux at the inclusion front (Pasternak et al., 2017). 

Inclusion’s material is characterized by its relative rigidity, 
permeability and thermal conductivity, which are assumed the 

same in this study, i.e. 𝐶33
i = r𝐶33, 𝜅33

i = 𝑟𝜅33, 𝑘33
i = 𝑟𝑘33, 

where r is the dimensionless parameter. The thickness of inclu-

sion is equal to 2ℎ = 0.02𝑅. It is also assumed that the plane 

Ox1x2 has zero temperature (with respect to the reference one). 

The normalization factors are equal to 𝐾𝜎 = ℎ0𝛽11𝑅√𝜋𝑅 𝑘11⁄ , 

𝐾ℎ1 = −2ℎ0√𝑅/𝜋. 

Fig. 3 depicts normalized stress intensity factors at inclusion’s 

front for very small values of parameter r < 10−4. They are close 
to those calculated for a thermally insulated impermeable crack by 
Pasternak et al. (2017), which validates proposed model of thin 
shell-like soft weakly permeable inclusion. 

 
Fig. 3. Field intensity factors of a very soft inclusion 

Fig. 4 depicts change in field intensity factor KII depending 

on the parameter r. The normalization factor is KII of a corre-
sponding penny-shaped crack. 
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Fig. 4. Dependence of field intensity factor on 𝑟 

One can see that the field intensity factor decrease monoto-

nously on r. It is also visible that the proposed inclusion model 

does not sufficiently describe rigid inclusions. For r > 1 field 
intensity factors and thus discontinuity functions are zero, the 
same as for a homogeneous material without inclusion. Therefore, 
another models should be developed to address this case. 
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Abstract: The article presents the results of research on the effect of extrusion tube geometry on the axial force being the key parameter 
of the dry ice piston extrusion process. The tests were carried out with the experimental set-up based on a cylindrical extrusion tube used 
alone and supplemented with reducer (orifice). The focus of the experiments was to determine the effect of compression tube reducer 
on the value of the force of resistance FOP in the dry ice compression process. Its value can subsequently be used as the basis  
for establishing guidelines for designing and building machines for compression and pelletizing of dry ice. 

Key words: Dry Ice, Carbon Dioxide, Compaction, Agglomeration Process, Extrusion Tube Reducer 

1. INTRODUCTION 

Waste materials generated during production processes can 
be recovered and reused, for example as raw materials. An ex-
ample of such materials is carbon dioxide generated in production 
of ammonia compounds (Chen et al., 2014). The amount of car-
bon dioxide generated in these processes is the highest on a 
percentage basis among all other sources of carbon dioxide emis-
sions (Fig. 1). Carbon dioxide is liquefied through compression 
and in this form it can be stored for further processing. The 
amounts of carbon dioxide generated in production processes 
often exceeds own needs of the factor. Hence, the surplus 
amounts are often supplied to other companies (Chen et al., 2014; 
Vansant, 2013). 

Expansion of liquid carbon dioxide produces carbon dioxide 
snow (Liu et al., 2012; Liu et al., 2010). The product has a tem-
perature of -78.8°C and sublimates at room temperatures (Chen 
et al., 2014; Masa et al., 2016; Mazzoldi et al., 2008; Uhlmann et 
al., 2010). This is why it is popularly known as dry ice. Maintaining 
low temperature accompanied with sublimation at normal temper-
atures make it particularly suitable for food industry applications 
(including dry ice blasting, disinfection in the food production, 
carbonating of water, low temperature storage of food products, 
etc.) (Dong et al., 2012; Li et al., 2016; Liu and Calvert et al., 
2012; Liu and Hirama et al., 2012;  Masa et al., 2016; Otto et al., 
2011; Spur, 1999; Ulhmann et al., 2010; Witte et al., 2017; Yama-
guchi et al., 2011).  

Dry ice snow can be then densified (compacted) to reduce 
storage volume and slow down the process of sublimation. Com-
pression extends the time for which dry ice remains in solid phase 
thus improving the characteristics desired in refrigeration applica-
tions (Chen et al., 2014; Górecki et al., 2015 and 2016; Masa et 
al., 2016). 

Dry ice compaction machines are most often based on hy-
draulic or crankshaft mechanisms. The review of available 
sources does not provide sufficient data needed for a detailed 
analysis of the dry ice extrusion process. Such analysis is indis-

pensable for evaluation of the process itself and to put forward 
solutions to improve its efficiency. 

 

Fig. 1. Main sources of CO2 (Spur, 1999) 

 

Fig. 2. Extrusion tube reducer 

The present research concerns piston extrusion technique im-
plemented with a specifically designed and built machine including 
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a multi-channel die and extrusion tube assembly. The paper 
focuses on the results of testing the compression tube reducer 
(Fig. 2), described in the patent application No. P.419432 which is 
an important part of the extrusion assembly having an effect on 
the compression efficiency. This concerns in particular reduction 
of the resisting surface area SPP (Fig. 4). 

2. DESIGN OF EXTRUSION TUBE ASSEMBLY  
USED IN THE PISTON TYPE EXTRUSION MACHINE 

The design of the extrusion tube used in the analysed piston 
extrusion machine is presented in Fig. 3. The analysed dry ice 
snow compression method features a sequence of operations 
performed in a loop. In the first step the snow particles 5 are 
introduced into the cylindrical tube 2 of DK diameter where they 
are compressed through piston displacement 1. The process of 
compression continues until the resistance force FOP caused by 
friction and shaping of the pellet in the die 3 equals the force Ft 
applied to the piston 1. In the next step the compacted material 
moves through the die plate until the piston has reached its end 
position at which point it starts to reciprocate to the initial position.  

 
Fig. 3. Piston-type extrusion assembly 1 – piston, 2 – extrusion tube,  
            3 – multi-channel die, 4 – spacing ring, 5 – dry ice snow,  
            6 – compressed dry ice snow 

 
Fig. 4. Multi-channel die, Din – channel inlet diameter,  

Dout – channel outlet diameter, a – length of barrel section, 
b – length of conical section, 2α – angle of convergence  
of the conical section, DK – extrusion chamber diameter, 
SPP – area of resisting surface 

The efficiency of the piston extrusion process depends primar-
ily on the design of the die plate including partly cylindrical and 
partly conical channels (Fig. 4). The die geometry influences the 
movement resistance as well as the final shape of the pellet. 
There are 61 channels, each comprising a conical section 
of length b and 2α angle of convergence followed by cylindrical 
(barrel) section of length a and diameter Dout. The die channels 
are all arranged within a hexagon with sides the length of e. Since 
the die is mounted within a cylindrical extrusion tube (No. 2 
in Fig. 3) the die plate surface SPP is perpendicular to axis Z.  

In order to determine the minimum external force Ft applied 

on the piston to effect densification of dry ice snow the test proce-

dure described in literature was used (Drzymała, 1988; Górecki 

et al., 2013; Malczewski, 1992). The test apparatus was MTS 

strength tester, model Insight 50 kN which allowed recording the 

force and displacement values at 10 Hz frequency. 

 
Fig. 5. Test set-up a) grips of the MTS strength tester including the test  
            assembly and alignment jig, b) cross-section of the test assembly  
            1 – cylindrical extrusion tube, 2 – base of the test assembly,  
            3 – piston, 4 – multi-channel die plate 5 – right-angle jig, 6 – grips 
            of the strength tester, 7 – spacing ring, P – compressed dry ice 
            snow (Górecki et al., 2013) 
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Fig. 6. Dry ice snow compression curve  
            in a multi-channel die extrusion system  

A special test assembly was used in the tests (Fig. 5). In or-

der to minimize the measurement error due to eccentric mounting 

of the compression head, the grips were equipped with a right-

angle jig to align the compression force in the direction perpendic-

ular to the specimen cross-section 5. 

Before starting the test the compression chamber 1 was filled 

with crushed dry ice. Subsequently the piston 3 was inserted into 

the extrusion chamber 2. The test set-up was complete with the 

test assembly fitted in the grips of the strength tester. The scale 

was zeroed and the procedure was started by lowering the piston 

3 downwards at a constant speed. When Ft reached the level 

of FOP the material started being pushed through the multi-channel 

die 4. 

The test was repeated ten times and the results were aver-

aged and presented as compression curves representing the 

change of force Ft as a function of piston displacement Z (Fig. 6). 

The average force Ft is 25.6 kN.  

3. COMPRESSION TUBE REDUCER 

The value of FOP force is influenced by the geometric param-

eters of the parts making up the compression chamber. One 

of them is the compression chamber reducer (Fig. 7, 8). The 

purpose of this piece is to reduce the area of the resistance sur-

face SPP.  

 

Fig. 7. Assembly comprising the multi-channel die plate and compression 
            tube reducer a) entire assembly, b) stress concentration reducer:  
            1 – reducer piece, 2 – multi-channel die plate 

 

Fig. 8. Assembly comprising the multi-channel die plate and compression 
            tube reducer: 1 – compression tube reducer, 2 – multi-channel die 
            plate, 3 – locating pin, SPP – resisting surface (P.419432) 

Since the shape of the reducer is not circularly symmetric  
(due to circular to hexagonal shape transition) two locating pins  
3 were used to align the elements (Fig. 8). 

The assembly obtained in this way can be fitted in the tube  
in which dry ice snow is compressed by a crank-driven piston  
(Fig. 9). 

 

Fig. 9. The processing assembly of the piston extrusion machine:  
            1 – cylindrical extrusion tube, 2 – multi-channel die plate,  
            3 – compression tube reducer, 4 – piston (P.419432) 

Reduction of the resisting surface SPP obtained by fitting the 
reducer affects the experimentally determined force applied on the 
piston Ft’. 

The test procedure was the same as described in the previous 
chapter. The test set-up was also the same (Fig. 10a) except that 
this time it included the compression tube reducer assembly 
besides the multi-channel die plate 4, 5 (Fig. 10b). 

Based on the above described kinematic structure the design 
of the research  

The test results were averaged and presented as a compres-
sion curve representing the change of force Ft’ as a function 
of piston displacement z (Fig. 11). 
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Fig. 10. Test assembly a) test assembly cross-section, b) location of the 
              reducer piece in the test assembly: 1 – extrusion tube, 2 – base  
              of the test assembly, 3 – piston, 4 – multi-channel die plate,  
               5 – tube reducer, 6 – locating pin, 7 – spacing ring,  
               A – compressed dry ice snow 

 
Fig. 11. Compression curve obtained with the multi-channel die plate  
              and compression tube reducer assembly 

The average value of the applied force Ft’ was 24.2 kN. Hence 
we get a difference of 1,5 kN between the values of Ft and Ft’. 

4. SUMMARY 

The tests of the compression tube reducer described in the 
patent application No. P.419432 have confirmed its influence on 
the value of the resistance force FOP. As it can be figured out from 
the diagram, the force decreased by 1.5 kN i.e. by ca. 5.8%.  

Considering the value of compression stresses in commercial 
dry ice extrusion machines there is a need for further research in 
order to build mathematical models describing the relation be-

tween the resistance force FOP and the compression tube parame-
ters. These mathematical models will be used to determine the 
optimum parameters of the compression assemblies of dry ice 
snow compression machines. 
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Abstract: The purpose of this research is unsatisfactory state of knowledge of the abrasive wear of composites with thermoplastic polymer 
as matrix material and reinforcing material in the form of short and focused carbon fibers that can be used in additive manufacturing  
technologies. The paper presents a conceptual design of an extrusion head used in Fused Deposition Technology, which allows  
for the implementation of appropriately stacked fibers at the level of detail production. Finite element simulation was performed to simulate 
the thermal effect of the system to demonstrate the effect of head cooling on the system. The assumed extrusion temperature 
of the material was obtained at a uniform nozzle temperature and stable temperature of the entire system. Flow simulation of thermoplastic 
polymer was carried out in the designed extrusion nozzle. By supplying 0.5 mm wire of 1.75 mm diameter thermoplastic material  
to the nozzle, the extrusion rate was 0.192 m/s. The proper design of the extrusion head for the intended applications  
has been demonstrated and the purpose of further research in this field has been confirmed. 

Key words: Additive Manufacturing, Fused Deposition Modelling, FEM Analysis, RFPC

1. INTRODUCTION 

Additive manufacturing technologies are one of the main pil-
lars of techniques related to Rapid Prototyping. Thanks to the 
constantly growing range of additive manufacturing methods and 
an ever-expanding number of available building materials it is 
possible to perform more and more specialized engineering de-
tails. Each manufacturing technology is characterized by some 
unique materials and components. One of the most widespread 
methods is Fused Deposition Modeling (FDM). It involves extru-
sion through a heated die of thermoplastic material and precisely 
laying it in the work space layer by layer until it reaches full detail. 

Polymeric materials are widely used in many industries, 
among others in aviation and automotive because of the favorable 
weight to strength ratio of the components. It is possible to broad-
en the scope of possible application by using composite fiber 
reinforced composite polymers arranged in a non-accidental 
manner. Currently there is a shortage of composite plastics with 
uniformly oriented short fiber reinforcements that can be used in 
manufacturing devices using Additive Manufacturing. The devel-
opment of this branch of materials will perform elements more 
resistant to wear than currently available. Carbon fiber reinforced 
polymer composites allow for high abrasion resistance while 
maintaining a low weight of the system. 

The tensile strength of the detail made on FDM polymer com-
posite with continuous carbon fiber has shown a significant in-
crease in mechanical properties compared to polymeric material 
without fiber additions (Gardner et al., 2016). The study of wear of 
polymer composites with metal oxide additives (Boparai et al., 
2016) showed a visible relationship between abrasion resistance 
and reinforcing additives of the composite. Lee and Huang (2013) 

fatigue analysis showed a significant effect of the layering of the 
material and its orientation relative to the main axis of the ana-
lysed parts on the strength values of the components. Abrasive 
wear of various polymers has been investigated - both for sliding 
friction and for rolling friction (Harrass et al., 2010), as well as the 
effect of temperature on abrasive wear on materials (Zhao et al., 
2015). 

Studies on the mechanisms of wear of polymer composites re-
inforced with carbon fibers (Kaczynski et al., 2014) indicate the 
important role of these materials in the production of elements 
working in different environments (Wilczewska and Kaczynski, 
2009). Comparative studies on abrasive wear of vinyl matrix and 
carbon fiber reinforcements and polymeric copolymers with identi-
cal matrix material and fiberglass additives (Suresha et al., 2009) 
have been performed to show better properties of carbon fiber 
composites. The results of a study conducted by Kumar and 
Panneerselvam (2016) on abrasive wear in polymer composites 
based on Nylon 6 with different percent fiberglass showed a sig-
nificant increase in abrasion resistance with increasing fiber con-
tent in the composite. Studies on polymer composites (Akinci et 
al., 2014) have shown a significant increase in abrasion re-
sistance at various test speeds (Aigbodion et al., 2015). In addi-
tion, studies (Wenzheng et al., 2015) have shown the relationship 
between FDM filamentation and the strength properties of manu-
factured parts  

At the same time, there is no in-depth research on the pro-
cesses of wear of composite materials with oriented arrangement 
of fibers used in additive manufacturing technologies. 

The authors devoted particular attention to the design of the 
FDM design with the possibility of application of short carbon 
fibers arranged in a targeted manner. Flow simulation of the ma-
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trix material through the extrusion nozzle and thermal analysis of 
the system under various cooling conditions was performed.  The 
presented results confirm the possibility of achieving the desired 
properties of the element by applying a suitable construction of 
the embossing head to the integrated feeders of the building 
materials. This will allow the targeted reinforcement fibers of a 
suitable length of the entire range of plastic having thermoplastic 
properties.  

2. DESIGN OF EXTRUSION HEAD 

2.1. Design assumptions 

The main task facing the extrusion head in the incremental 
manufacturing apparatus is to obtain a strictly controlled flow 
of the building material, maintain the appropriate temperature and 
extrusion speed of the material, which determines the appropriate 
engagement of the subsequent layers and surface of the work-
piece according to the requirements. The designed device should 
have a compact design and low weight due to the high accelera-
tion generated in this type of manufacturing machine. 

The authors have assumed that the designed head should be 
able to be installed on most FDM printing machines using a suita-
bly complex control system for the entire device. This will allow 
the use of polymeric materials in the standard filament format 
used in FDM machines. 

2.2. Matrix material 

Correct selection of the matrix material in the composite poly-
mer used in FDM technology allows to obtain a satisfactory me-

chanical property performed. Inappropriate selection of the used 
material can lead to premature degradation of the workpiece or 
lack of characteristic features. 

Another factor influencing the choice of the appropriate mate-
rial is its availability on the market in the form of a filament with 
fixed and well-defined diameter. This allows uncomplicated and 
precise dosing of the feed material. This also minimizes the cost 
of parts production due to the use of widely available materials. 

Tab. 1. Materials used in FDM printing technology 

Material Melting 
temp. [℃] 

Density 
𝒈/𝒄𝒎𝟑 

Abrasion 
resistance 

Avaliable on 
the market 

ABS 210 – 240 1.05 Good Very Good 

PLA 180 – 205 1.1 Poor Very Good 

Nylon 
PA66 

240 – 260 
(270) 

1.14 Very Good Good 

HDPE 170 – 190 0.965 Good Average 

 
Tab. 1 shows one of the most commonly used FDM materials. 

It is evident that to achieve the proper model properties, the print-
head must reach a temperature of 250 degrees Celsius. For 
further simulations, high density polyethylene (HDPE) and acrylo-
nitrile-butadiene-styrene copolymer (ABS) were used as the ma-
trix material.  

2.3. Extrusion head model 

Project extrusion head adapted to application-oriented rein-
forcement in the form of short carbon fiber was made in Solid-
Works 2016. Fig. 1 shows the main elements included in the 
designed layout and its overall dimensions.  

 
Fig. 1. Schematic Drawing of an Extrusion Head for use in FDM Technology 

Building material in the form of a filament having a diameter of 
1.75 mm passes through the plug-in connection – 2 – and then is 

drawn through the material feed roller – 1. The filament enters 
between a pinion gear mounted on the stepper motor shaft and 
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a bearing with a profiled outer race acting as a pressing element. 
This allows for a precise control of the amount of material fed with 
no slippage between the active elements. Then the material is 
carried out by Teflon tube – 3 – and reaches the base of the head 
– 4 . This detail serves as a basis for embedding further compo-
nents and serves as a heatsink for the entire system. This pre-
vents heat transfer to the top of the head and overheating of the 
precision stepper motors. The material hitting the nozzle – 6 – has 
the optimum temperature by heating the heating resistors ar-
ranged symmetrically – 5.  

The head base is cooled by blowing air at ambient tempera-
ture caused by the fan – 10 – from a specially shaped cooling 
channel. This eliminates the phenomenon of excessive heat 
convection to the upper part of the head where there are stepper 
motors. In addition, it prevents premature plasticization of the 
material which could lead to the folding of the filament and, con-
sequently, clogging of the head. The temperature of the extrusion 
nozzle is monitored by a thermistor – 11 – placed in direct contact 
with the nozzle. Control of the operation of the heating resistors is 
done by a computer with special software and a PID controller 
that minimizes temperature fluctuations.  

Short carbon fiber sections are placed in the intermediate con-
tainer – 9 – through the rotary feeder – 8. On the output shaft 
of the stepper motor – 7 – is mounted rack and pinion fiber stor-
age. This system is designed to accurately control the amount 
of reinforcement fed to the composite. It also allows the adminis-
tering of fibers only in the places where this is necessary and 
results from the operating conditions of the part produced which 
results in reduced use of expensive reinforcing material.  

 
Fig. 2. Extrusion process of fiber reinforced composite from nozzle 

 Fig. 2 shows an extrusion nozzle fixed in the base of the 
head and heated with two heating elements. Extrusion head has 
two transport channels – 1 – arranged symetrically in relation to 
the composite extrusion axis feeding the thermoplastic material to 
the nozzle. Channel – 2 – is supplied with  reinforcement fibers. In 
point – 3 – matrix material and fibers are mixed. At a short dis-
tance – 4 –  from the nozzle exit, the fibers are set at the correct 
deviation. Properly selected geometric features of the nozzle 
output – 5 – opening ensure the alignment of the reinforcement 
fibers in the output material with a deviation from the extrusion 
axis by up to 20 degrees. 

The head extrudes the circular cross section at the outlet due 
to the difficulty of producing nozzles with other output cross sec-
tions in the nozzle dimensions. The additional advantage of this 
cross sectional shape is the fact that Barus effect has been avoid-
ed by swirling the polymer stream leaving the head.  

The authors used a symmetrical construction of the head and 
a doubling of the most important elements of the head because of 
the need to properly position the carbon fibers in the extruded 
material. Bringing both sides of the matrix material allowed for 
correcting the set of short fibers on one wall of the nozzle. 

3. HEAD FEM ANALYSIS 

Computer simulations made by the authors were aimed 
at demonstrating the rationality of the proposed head design and 
finding possible locations for improvement. Two types of simula-
tion were performed: thermal simulation of the head during opera-
tion and flow of the matrix material through the extrussion nozzle. 
In both cases, the correct behavior of the system can be ob-
served. 

3.1. Thermal analysis 

As part of the work, the authors performed a thermal simula-
tion of the extrusion head. As the building material passing 
through the analyzed system, ABS was chosen because of the 
high plasticity temperature of up to 240 degrees Celsius, which is 
about 513.2 degrees Kelvin scale. It has been assumed that the 
components will be made of Aluminum PA6, Teflon, ABS and 
HSS tool steel.  

SolidWorks 2016 software with Flow Simulation module was 
used to simulate the behavior of a heat treated element under 
normal conditions of use. 

Two types of simulation were performed: without external 
cooling of the head base and with an external air flow directed at 
the head corresponding to the amount of air conveyed by a 
standard computer fan of these dimensions. This allowed us to 
check the suitability of the forced air flow in the head cooling. 

Simulation time adopted in both cases is 300 seconds. Nu-
merical analysis of simulated and experimental similar systems 
shows that after this time can be assumed that the system is in 
thermal equilibrium. 

Two heat sources were installed at the locations of the heating 
elements. On both cylindrical surfaces, a constant temperature of 
493.2 degrees Kelvin was applied which corresponds to the aver-
age actual temperature value needed to start the extrusion pro-
cess for the material. The ambient temperature of the model 
during its operation was determined to be a constant value of 
293.2 degrees Kelvin. 

The model was simplified before simulations, which allowed 
for a significant reduction in numerical calculations. Due to the 
reduction of the stepper motors model, the authors have assumed 
that the safe value for the entire system measured at the top 
of the connecting plate is 380 K.  

Fig. 3 shows the resulting temperature pattern in the emboss-
ing head after 300 seconds of simulation with two 493 K heat 
sources and without forcing the air circulation around the head 
radiator. It is evident uniform heating of the extrusion nozzle and 
its surroundings. With the distance from the heat source tempera-
ture is getting lower. The drop in temperature on the other ribs 
of the heat sink is noticeable.  

A heat of 404.4 K. was provided to the upper connecting ele-
ment of the designed head. This value is unacceptable because 
it results in higher temperature stepper motors which are particu-
larly sensitive to improper temperature. 
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Fig. 3. Results of thermal analysis without external cooling 

 

Fig. 4. Forced air flow stabilizing temperature of the extrusion head 

In the second thermal simulation of the extrusion head, a cool-
ing air flow was used to reduce the temperature in the upper part 
of the system. Other boundary conditions (e.g. heating surface 
temperature, material data) remained unchanged compared to the 
first simulation. Fig. 4 shows a simulated flow of air through the 
finned portion of the base of the head. The air flow rate was set at  
Q = 8.0x10-5 kg / s which corresponds to the value obtained from 
this type of fan. A temperature constant value of 293.4 K cooling 
air was adopted. 

 
Fig. 5. Results of thermal analysis with additional cooling  
           of the air stream 

The temperature distribution of the system during simulation 
with additional cooling is shown in Fig. 5. As can be seen in the 
previous example, here also a homogeneous temperature field in 
the extrusion nozzle corresponding to the temperature emitted by 
the heat source is visible. It is easy to see that the system compo-
nents are lower in temperature compared to the non-cooling 
system. The temperature of the upper connection plate is about 
364 K which the authors have accepted for content that is satis-
factory and safe for the operation of the whole system. In addition, 
the extruded material does not pass prematurely to the plastic 

state, which prevents clogging of the head and allows for proper 
properties. 

3.2. Material flow analysis 

As the second type of simulation performed, the authors 
adopted a simulated flow of building material through the de-
signed extrusion nozzle. The material analyzed was high density 
polypropylene HDPE. Simulations were carried out using ANSYS 
R17.0 with Polyflow add-in dedicated for the extrusion and injec-
tion molding of materials.  

 
Fig. 6. Finite element mesh of extrusion nozzle flow channels 

 
Fig. 7. Results obtained: 1) local shear rate and 2) velocity of extruded  
            material 

Fig. 6 shows the object on which the authors have studied the 
flow occurring in the head designed. This is the outline of the flow 
channels in the item. In order to shorten the computation time, 
a symmetry plane of the entire system is used. 

On both sides of the nozzle is feeding a suitable temperature 
building material, while the central inlet channel is fed short car-
bon fibers. The outlet diameter of the system has a diameter 
of 0.4 mm. This value allows the behavior of the respective di-
mensional accuracy of the workpiece at an acceptable time 
of manufacturing an object. 

 As one of the assumptions for the simulation is that the volu-
metric flow rate for both inputs of the circuit is equal and 
is 4.8106x10-9 m3/s. This value corresponds to the actual case 
of feeding on each side of a 0.5 mm filament segment of 1.75 mm 
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diameter in 1 second. In the simulation flow rate at the contact 

of the building material wall v = 0 m3/s and the free flow of the 
material from the nozzle. 

The results obtained by the authors are shown in Fig. 7. On 
the left side – subsection 1, the local shear rate of polymer mate-
rial in the designed nozzle was determined. It is evident that at the 
upper part of the system no distinct velocity difference in material 
layers is evident. At the point of narrowing of the nozzle and pass-
ing into the final extrusion profile, it is clear that the local shear 
rate is significantly increased.  

The velocity of extrusion of the building material from the noz-
zle is shown in Fig. 7, subsection 2. The flow of material is undis-
turbed. Extruded polymeric material shows no signs of stacking. 
The velocity of polymer material at the output of the head is 0.192 
m / s which corresponds to the values obtained in such extruders 
used in Fused Deposition Modeling technology. This shows that 
the correct simulation conditions and the design of the head and 
nozzle are correct. 

4. CONCLUSIONS 

The authors have presented a design of a Fused Deposition 
Modeling extrusion head in which it is possible to add composite 
reinforcement in the form of targeted short carbon fibers at the 
manufacturing stage of the model. The described method allows 
for quick and trouble-free change of both matrix and reinforcement 
material without the need for material expenditure and time loss-
es. It offers the possibility of obtaining a wide variety of compo-
nents for the study of different pairs of composite plastic rein-
forcement in the form of fibers. 

Simulations have shown the extrusion head components, the 
correctness of the structure and the validity of further work on this 
subject. The assumed extrusion temperature of the material was 
obtained at a uniform nozzle temperature and stable temperature 
of the entire system. Flow simulation of thermoplastic polymer 
was carried out in the designed extrusion nozzle. 

It is planned to create a prototype of an extrusion head and to 
produce samples for research on wear mechanisms of composite 
polymer materials with targeted fiber reinforcement produced on 
Additive Manufacturing devices. 
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Abstract: Kinematic model of the human knee joint, considered as one-degree-of-freedom spatial parallel mechanism, is used to analyse 
the spatial displacement of the femur with respect to the tibia. The articular surfaces of femoral and tibia condyles are modelled, based 
on selected references, as spherical and planar surfaces. The condyles are contacted in two points  and are guided by three ligaments 
modelled as binary links with constant lengths. In particular, the mechanism position problem is solved by using the vector method. 
The obtained kinematic characteristics are adequate to the experimental results presented in the literature. Additionally, the screw  
displacements of relative motion in the knee joint model are determined.  

Key words: Human Knee Joint Model, Kinematic Analysis, Parallel Mechanism, Constraint Equations, Vector Method

1. INTRODUCTION 

The human knee joint (Fig. 1) provides a large relative move-
ment of two bones (femur and tibia) that are constrained to remain 
in contact at two points and guided with three ligaments (ACL - 
anterior cruciate ligament, MCL – medial collateral ligament and 
PCL – posterior cruciate ligament), as mentioned in Sancisi, 
Parenti-Castelli (2010), Parenti-Castelli and Di Gregorio (2000) 
and Góra (2008). The knee is important in daily living activities 
and because  of the high incidence of injuries and diseases involv-
ing this joint, which considerably affect locomotion. Restoration 
of normal knee joint function and range of motion, as pursued by 
reconstructive surgery and rehabilitation, can be  achieved by re-
establishing the natural relationship between the geometrical 
shape of the articular surfaces and the geometry of the ligaments, 
as presented in Woo et al. (2006). Kinematic models of the knee 
joint are very useful for defining diagnostic procedures, for pre-
surgical planning, for functional assessment after knee surgery, 
and for designing prosthetic replacement devices.  

Kinematic models presented as equivalent mechanisms (M1 – 
planar, M2 – spherical or M3 - spatial),  with one degree of free-
dom (1-dof), can be used to analyse the relative motion of the 
femur with respect to the tibia, give in Parenti-Castelli and Di 
Gregorio (2000) and Sancis and Parenti-Castelli (2010). The 
considered mechanism contains two nonsymmetrical platforms 
(the femur and the tibia) with two contact points  and four legs 
(ACL, PCL, MCL and PF- patella-femoral joint).The passive mo-
tion of the tibia-femoral joint (TF) is not constrained from that of 
patella-femoral chain if knee flexion is externally imposed. Thus 
the two sub-joints (TF an PF) of the knee can be analysed sepa-
rately and in particular, tibio-femoral joint (with one degree-of-
freedom) can be used to replicate the passive motion without 
taking patella-femoral (PF) joint into consideration. Since no loads 

are applied to the joint during passive motion, the muscles remain 
inactive, they do not guide the knee and, as a consequence, they 
are not considered in this study. 

It has been observed that three ligaments (ACL, PCL and 
MCL) can be considered as isometric fibres (or cables) during the 
flexion of the unloaded knee. Thus, three  ligaments are modelled 
as binary links, each connected to the tibia and femur by a spheri-
cal joint. The other bundles are not tight and reach the limit be-
tween laxity and tension at the most. As a consequence, only 
isometric bundles guide the passive motion of the knee, while the 
others can be ignored in the model. 

More recent studies concern a knee joint modelling taking into 
account elasticity in ligaments, like in Sancisi and Parenti-Castelli 
(2011)  or in Saldias et al. (2013).  

Synthesis task, where for given functional characteristics 
wanted are selected dimensions of knee joint model, seems to be 
the most challenging. Innovative approaches are presented 
in Parenti-Castelli and Sancisi (2013) or in Saldias et al (2014). 

The present paper aims to enhance the knowledge of knee 
joint mobility by equivalent 1-dof spatial mechanism, based on the 
knee model proposed in Parenti-Castelli and Di Gregorio (2000) 
and Sancisi (2013) and applied in Di Gregorio and Parenti-Castelli 
(2003). The surfaces of the femur and tibia condyles are modelled 
by rigid spherical and planar in point contact with one another. 
In particular, the scope was to use vector method, given 
in   Morecki et al. (2002), to analyse position and displacement 
of the femur with respect to the tibia, and the path of the instanta-
neous screw axis. 

2. FORMULATION OF KINEMATIC MODEL 

Kinematic model (M3) of knee joint based on the  measure-
ment results from Parenti-Castelli and Di Gregorio (2000) was 
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used to analyse the relative position and displacement of the 
femur with respect to the tibia. There are two frames (Fig. 1) base 
reference system {xyz} embedded in the tibia and reference sys-
tem {xbybzb} fixed to the femur.  

 

              
Fig. 1. Schematic anterior view of the knee in flexion (Woo et al., 2006) 

 
The points Ai (i = 1, 2, 3) denote the centres of the joints, 

modelling the ligament insertions into the tibia; ai – the position 
vector of point Ai with respect to the origin of the system{xyz}. The 
points  Bi (i = 1, 2, 3) denote the centres of joints, modelling the 
ligament insertions into the femur and bib – the position vector of 
the point Bi with respect to the origin of the system {xbybzb},  
bi – the position vector with respect to the origin of the base sys-
tem {xyz}. The respective relation  is described by using the for-
mula: 

bi = b0 + Rb bib ,         i = 1, 2, 3            (1) 

where b0 – position vector of point B0 assumed as the origin of 
coordinate system  {xbybzb}, Rb – orientation matrix of the system 
{xbybzb} with respect to the system {xyz}. 

The position and displacement analysis of the spatial mecha-
nism can be accomplished in the following way. The sphere sur-
faces are removed from contact points with the planes πj (j = 4, 5) 
and the sphere centres Bj (j = 4, 5) are treated as coupler points of 
the transformed mechanism. The position of this mechanism (now 
with three degree of freedom) is described by three angles ϕi  
(i = 1, 2, 3), shown in Fig. 2, which can be treated as additional 
independent variables, with values to be find from closure equa-
tions. The position vectors b4 and  b5 of the platform points B4 and 
B5 can be found using the vector method described below, and 
their respective distances from the planar surfaces (π4, π5) can be 
described as functions of ϕi giving the closure equations of the 
mechanism, as described below. 

Since the sphere slides on the plane πj (j = 4, 5) its centre 
point Bj (j = 4, 5) always belongs to a parallel plane and is located 
at a distance equal to the radius rj. These conditions can be writ-
ten, as in Sancisi, Parenti-Castelli (2010) [10] and Parenti-Castelli, 
Di Gregorio (2000) [5] and Góra (2008) [2], as follows: 

Fi(1, 2, 3) = ||bj – oj|| - rj = 0,    j = 4, 5             (2) 

Fj(1, 2, 3) = njx(bjx – xj) + njy(bjy – yj) + njz(bjz – zj)  = 0  
                j = 4, 5                    (3) 

where: 
jn̂ = [njx, njy, njz]T , bj = [bjx, bjy, bjz]T, oj = [xj, yj, zj]T, 

bj – position vector of point Bj (j = 4, 5), i.e. curvature centre 
of femur condyle surface described in the system {xyz}; 

jn̂  – unit vector as the normal to the plane πj,  

 oj – position vector of the plane point Oj (O4 π4, O5 π5), de-
scribed in the system {xyz} (tibia). 

 Additional angles 1, 2, 3 (Fig. 2) are defined respectively as 

the angles between the pairs of unit vectors: (
21â ,

2d̂ ), (
23â ,

2d̂ ) 

and (
21â ,

1d̂ ), where:  

d1 = b1 – a1,   d2 = b2 – a2, 
a21 = a1 – a2,  a23 = a3 – a2,               (4) 
b21 = b1 – b2,  b23 = b3 – b2, 
d12 = b2 – a1,  d21 = b1 – a2 . 

 The general formula for finding one of three unit vectors can 
be treated as a subroutine used to calculate unknown unit vector

w


, when two unit vectors ( û and v


) and two dot products of 

each these vectors with the unknown unit vector w


 ( wv,wu ˆˆˆˆ  ) 

are known. The unknown unit vector w


 is determined by formula, 

given in Morecki et al. (2002): 

1)))ˆˆ(1))(ˆˆ(1](()ˆˆ(

ˆ))ˆˆ)(ˆˆ()ˆˆ((ˆ))ˆˆ)(ˆˆ()ˆˆ[((ˆ





vuvuvu

vwuvuwvuwvvuwuw

D
 

where 

)ˆˆ)(ˆˆ)(ˆˆ(2)ˆˆ()ˆˆ()ˆˆ(1 222
wvwuvuwvwuvu D  

By using this formula the following unit vectors can be determined 

in the specified order: 025242312
ˆ,ˆ,ˆ,ˆ,ˆ,ˆ bbbbdd . 

 The position vectors bm (m = 0, 1,...5) of points Bm are de-
scribed in the base system {xyz}. The solution procedure for de-
termining the position vectors bm of the femur points in the base 
system is presented in Tab. 1. 

Tab. 1. The following steps of the solution procedure  
             for the direct position problem by using vector method 

Step û  v̂  ŵ  bm 

1 
21â  23â  

2d̂  222212
ˆ),( dab d  

2 
12â  

12d̂  1d̂  1111 d̂ab d  

3 
21b̂  - 32d̂  23b̂  232323 b̂bb b  

4 
21b̂  23b̂  24b̂  242424 b̂bb b  

5 
21b̂  23b̂  25b̂  252525 b̂bb b  

6 
23b̂  24b̂  0b̂  0020 b̂bb b  

 
The analysed range of the permissible displacements was di-

vided into a finite number of discrete positions. The system 

of nonlinear equations (2) may be solved for two unknowns 2  

and  3  assuming the selected value of 1 . 

 On the basis of the algorithm described above a computer 
program in MATLAB was written. The solutions satisfied the geo-
metrical conditions are used to determine the successive positions 
of the considered mechanism and the respective femur displace-
ments as the function of the knee joint flexion angle. This algo-
rithm can be also used for the parameter estimation procedure of 
the equivalent mechanism, for example to determine the coordi-
nates of the ligament insertion points, that satisfied the correct 
mobility of the joint knee. 

xb 

zb 

z 

x 

B0 yb 

O 
y 

femur 
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Fig. 2. Model of the knee joint. Notations: di (i=1, 2, 3) - isometric  

ligament modelled as binary link, with Ai – joint at the tibia,  
Bi – joint at the femur. The surfaces of the femur condyles  
are modelled by spherical (r4 , r5) surfaces and tibia condyles  
as planar (π4 , π5) surfaces in contact with one another. The  
coordinate system {xyz} is fixed to the tibia and the system {xbybzb} 

is fixed to femur (Di Gregorio and Parenti-Castelli, 2003) 

Position of the femur and its relative displacement with re-
spect to the tibia, according to the model of the knee joint, can be 
described by using one input variable, for example flexion angle 
(α), like in Di Gregorio and Parenti-Castelli (2003). The solution for 
the position problem in the system {xyz} can be described by 

 position vectors (bm, m = 0, 1,...5) of the femur points;  

 position vector (ob) of the origin of the femur system;  

 orientation matrix (Rb) of the femur system with respect to the 
tibia system. 
The femur orientation with respect to the tibia can be de-

scribed by a sequence of three rotation angles: α – the flexion 
of the knee as the rotation angle around the y axis of the system 
{xyz}, β – rotation angle around the x axis, and  γ – rotation angle 
around the z axis. In accordance with Parenti-Castelli and Di 
Gregorio (2000), the following yields: 

Rb = Rz(-γ) Rx(β) Ry(α)             (5) 

Moreover these three angles are assumed equal to zero in the 
full extension configuration. The considered orientation matrix, 
defined in Di Gregorio and Parenti-Castelli (2003) and Parenti-
Castelli and Di Gregorio (2000), has the following expression: 

Rb = 





























ccssc

sssccccscssc

sscscscssscc

               (6) 

where the following notation is used: c = cos, s = sin. 
If the elements of the matrix (6) are known: 

Rb = 

















zzz

yyy

xxx

nml

nml

nml

                          (7) 

then the orientation angles can be calculated as follow: 

β = {arcsin(mz), π - arcsin(mz)} 

α = {arcsin(-lz/cosβ), π -  arcsin(-lz/cosβ)}                 (8) 

γ = {arcsin(mx/cosβ), π - arcsin(mx/cosβ)}   

Equating the respective elements of the matrices (6) and (7)  
the values of the orientation angles (8) are calculated.  

3. NUMERICAL EXAMPLES  

      The point coordinates and the link lengths of the knee joint 
model (Fig. 2), assumed as data according to Parenti-Castelli and 
Di Gregorio(2000), are given in Tab. 2 and 3.  

Tab. 2. Coordinates of the vectors ai described in the system {xyz},  
              bj

b – in the system {xbybzb}, the lengths di and rj [mm] 

i, j ai  bj
b  di rj 

1 [-3  0  0]T [19.2;16.9; 26.8]T 38.8 - 

2 [20.2  12.2  -18.3]T [16.8; -6.5; 10.8]T 34.8 - 

3 [-11.4  -2.4  -53.6]T [8.2; -34.1; 13.8]T 77,0 - 

4 - [5.1; -15.6; 19.1]T - 24.6 

5 - [3.0; 35.5; 27.1]T - 30.3 

Tab. 3. Coordinates of the vectors oj and the unit vectors 
jn̂  

              of the planes π4, π5 described in the system {xyz} 

j oj [mm] 
jn̂  [-] 

4 [5.1 -15.6 19.1]T [0.10  -0.25  0.96]T 

5 [3.0  35.5 27.1]T [0.21   0.16   0.97]T 

The position vectors bm of the femur points calculated by us-
ing the algorithm presented in Table 1 are given in Tab. 4. 

Tab. 4. Coordinates of the position vectors bm of the femur points  
             calculated for the determined values of additional angles 

Additional  
angles 

M bm [mm] 

1 = 45o  

2 = 101o  

3 = 51 o  

1 [34.7;   8.2;   7.5]T 

2 [19.1;-15.1;   3.3] T 

3 [22.1; -43.6;  1.8] T 

4 [28.9; -27.1; 11.2] T 

5 [36.7;   20.9; 28.6] T 

0 [  9.1;  -14.3; 21.7] T 

Orientation matrix of the femur system with respect to the 
base system, calculated by using the femur point coordinates is 
given by formula (7). The respective knee joint angles, calculated 
by using formula (8), are: α = 18o, β = 1.2o , γ = 2.5o. 

The femur pose with respect to the tibia is described by using 
the position vector okb (k – number of poses) and the orientation 
matrix Rkb dependent on the flexion angle as independent variable 
αk (k = 1, …, n).  

The determined coordinates of the system {xbybzb} origin of the 
(femur) in relation to the flexion angle (α) are presented in Fig. 3. 
The obtained characteristics are compared to the simulation 
results from Parenti-Castelli and Di Gregorio (2000). The greatest 
displacement in z direction, reaching 17 mm, is adequate to the 
reference model curve from Parenti-Castelli and Di Gregorio 
(2000). The obtained characteristics of the knee displacements 
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in x and y directions have the same profiles but are biased by ca 
1 mm with respect to the reference study. 

 
Fig. 3. The coordinates of the position vector b0 of the femur point B0  
            in relation to the flexion angle α. Comparison of the own results 
            with simulation from Parent-Castelli and Di Gregorio (2000) 

 
Fig. 4. Orientation  angles (β and γ) of the femur with respect to the tibia 
            in relation to the flexion angle (α). Comparison of the own results 
            with simulation and meausurements from Parent-Castelli and Di  
            Gregorio (2000) 

The knee joint angles β and γ as functions of the flexion angle 
α are illustrated in Fig. 3. These characteristics, achieved by using 
the formulated knee model, are compared to the results from 
Parent-Castelli and Di Gregorio (2000) consititng of simulation and 
experimental results in Wilson et al. (1998). Generaly, the 

formulated model gives adequate results to the reference model. 
However, at flexion angles above 40o some deviation 
is noticeable, especially for γ angle. This can be a consequence 
of an error propagation in the utilized numerical approach.  

4. SCREW DISPLACEMENTS FOR KNEE FLEXION 

For a finite femur body displacement, the screw parameters 
can be determined by using the coordinates of  three non-collinear 
points fixed to a body in some initial (n) and final (n+1) positions.  

The screw axis of the finite displacement of the body between 
its two positions (with the upper left index n and n+1) can be deter-
mined by using the formula, given in Morecki et al. (2002): 

)()(
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         (9) 

where:  

j
n

k
n

jk
n

bbb   – position vector of point Bj relative to Bk ,  

 corresponding to n –th position of the body; 

1,ˆ nne  – unit vector of the screw displacement axis;  

n,n+1 – angular displacement of the body from position n 
to position n + 1 around this axis 

Position vector of the axis point is described as 
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            (10) 

(pn,n+1) - position vector of this axis with respect to the base  
 system and  
(un,n+1) - body displacement along this  screw axis (Fig. 5).  

The value (un,n+1) of the linear displacement of the body along 
the screw axis is determined by the formula: 

)(ˆ 1
1, i

n
i

n
innu bbe  

           (11) 

Linear displacement of the body along the screw axis is de-
termined by the formula 

)(ˆ 1
1,1, i

n
i

n
nnnnu bbe  
                                (12) 

 

Fig. 5. Axis of the screw displacement of the body, described  

            by using the unit vector (
1,

ˆ
nne ) and the position vector (pn,n+1)  

             of the axis with respect to the base system 
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According to the described procedure, axes of the femur 
screw displacements are determined with respect to the base 
system. Selected screw parameters (e, p, u) are given in Tab. 5, 
where for example  n=1 corresponds to a finite displacement 
of the flexion angle between α=25o and α=30o. The obtained 
screw pitches (u) have relatively small magnitudes, what corre-
sponds to a pure rotation about the screw axis. 

Tab. 5. Parameters of the femur screw displacement with respect  
             to the base frame {xyz} determined for different flexion angles αn 

n 
αn 
[o] 

en,n+1 [-] pn,n+1 [m] un,n+1 [m] 

1 25 
[
 0.2185   
0.9740  
−0.0602

] [
0.8949 

−6.9560
4.9147

]x10-3 
-0.6800 

x10-3 2 30 

8 60 

[
 0.2692   
0.9585 

−0.0938
] [

9.1315
−40.3760 

7.6747
]x10-3 

 

 

0.0279 

x10-3 

 

 

9 65 

14 90 

[
0.3536
0.9278

−0.1190
] 

 

[
12.9343 

−38.6413
 9.9044

]x10-3 

 

0.5702 
x10-3 

 
15 95 

The following graphical representation of the screw axes ena-
bles better understating of a spatial character of this joint motion.  

The femur screw displacements with respect to the tibia refer-
ence system are illustrated in Fig. 6 by the screw axes with direc-
tion unit vectors (ea, eb, ec) and position vectors (Pa, Pb, Pc) for the 
three finite displacements (α = 250 and 300; α = 600 and 650;  
α = 900 and 950). It can be noticed, that the screw axes are mainly 
directed along lateral (y) axis of the base reference frame. Simul-
taneously, the screw axis position changes slightly for each knee 
flexion, what corresponds to a position change of an instantane-
ous rotation point in the knee joint. Additionally, the screw axes 
are positioned inside the joint, it means between the three liga-
ments. 

 

Fig. 6. Axes (ea, eb, ec) of the femur screw displacements with respect  
           to the base frame. Notations: a) α = 250 and 300; b) α =  600  
            and 650;  c) α = 900 and 950 

For further explanation of the knee joint model displacement 
(Fig. 2), the linear displacements of the curvature centres B4 and 

B5 of the femur condyle surfaces are investigated. Their coordi-
nates are presented in Fig. 7 in the tibia reference system {xyz} 
as functions of the flexion angle. The obtained changes in the 
coordinates are related to a quasi-rolling of the considered bones.  

 

Fig. 7. Coordinates of point Bj (j=4,5), i.e. curvature centre of femur 
            condyle surface, described in the system {xyz}as functions  
            of the flexion angle α 

5. CONCLUSIONS 

Kinematic model of the human knee joint, considered as par-
allel mechanism, was formulated to determine the spatial dis-
placement of the femur with respect to the tibia. The vector meth-
od was utilized for solving the direct position analysis (DPA) of the 
considered mechanism. The parameters of finite screw displace-
ments are derived for better explanation of the knee joint spatial 
motion. 

Numerical simulations proved effectiveness of the prepared 
algorithm. The elaborated algorithm can be used in the parameter 
estimation procedure of the equivalent mechanism, for example to 
determine the coordinates of the ligament insertion points, that 
satisfied the correct mobility of the joint knee. The formulated 
model enables to determine allowed ranges of the knee displace-
ments and possible collision between the ligaments and the 
bones. 

This algorithm can also be used for sensitivity analysis of the 
dimension tolerances on accuracy of the equivalent mechanism. 

It seems useful to consider the linear displacement along the 
instantaneous screw axis of the joint motion, as it is allowed in the 
actual joint. Estimation of the model parameters can improve the 
results from the numerical analysis. 

Further extensions of the kinematic model may led to solve 
static and elasto-static problems. The modified equivalent mecha-
nism with femur and tibia condyles modelled as spherical or gen-
eral shape surfaces may give better agreement with experiments. 
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Abstract: In the paper the newly designed at Poznan University of Technology (PUT) washing machine controller is presented. The com-
monly used in washing machines sensors, drives and other input-output elements are briefly described. The designed at PUT controller 
is based on 32-bit STM32 microcontroller. The used in this controller modules are described and their input/output signals and basics 
of operations are presented. The developed in the controller user-machine communication devices, elements and methods are described. 
The paper presents new washing machine programming methods and implementation software, such as voice recognition and intelligent 
programming of washing machine that were applied in the new controller. 

Key words: Washing Machine, Programming, Communication, Mechatronics  

1. INTRODUCTION 

In the last two decades the expansion of sector producing 
house equipment in Poland is observed. The production quantities 
and assortment of produced refrigerators, washing machines, 
cookers, etc. have increased significantly. Also new devices like 
dishwashers have been introduced to production. In Poland such 
big and famous companies like Indesit (Łódź), Whirpool 
(Wrocław), Electrolux (Świdnica, Żarów), BSH (Łódź, Wrocław), 
Samsung EPM (Wronki), Amica, Beko, Candy, Gorenje, Indesit 
have started production factories. Nowadays, Poland is one of the 
biggest producers of “white goods” in Europe. The export of sector 
producing house equipment in Poland is about 3% of the total 
polish export. In the first quarter of 2016 in Poland about 5.6 
million of so-called “big-white-goods” devices have been pro-
duced.  

Recently a new group of household electronics is strongly de-
veloped, which may work in a network called Internet-of-Things. 
Continuous miniaturization in electronic packages and growth in 
microcontroller performance causes new concept of an environ-
ment where everyday objects are connected to the Internet. This 
will lead users to consume resources more efficiently (Bourgeois 
et al., 2014; Risteska Stojkoska and Trivodaliev, 2017). 

Due to the growing demand for natural Human Machine 
Interfaces, a lot of concepts for robotic system that allows users to 
program an industrial robot using gestures and speech are 
proposed. Examples using ASR (automatic speech recgniotion) 
are described by (Anusuya and Katti, 2010; Neto et al., 2010; 
Norberto Pires, 2005).  

In the field of medical systems very futuristic applications can 
be found. In the paper (Gundogdu et al., 2017) ASR was 
developed to control the prosthetic robot arms. These solutions 
can be also applied in Smart Homes such as voice interface for 
the elderly people (Portet et al., 2013) or for improved comfort and 
autonomy at home (Chahuara et al., 2017). 

Gestures are another natural form of communication between 
humans. In the robotics field, several works have been done in 
order to identify and recognize motions and gestures performed 
by humans (Tsarouchi et al., 2016a; Tsarouchi et al., 2016b).  

In 2009 at Poznan University of Technology (PUT) a project 
financed by polish National Centre of Research and Development 
was started. Its main goal was to design of a new, advanced 
washing machine microcontroller. In this project some new solu-
tions have been proposed, tested and implemented in the control-
ler. 

In most commonly produced washing machines simple 8-bit 
microcontrollers are applied. For the last ten years, there are 32-
bit microcontrollers on the market (Brown, 2012; Mallikarjun, 
2006), cost of which compared to the cost of 8-bit microcontrol-
lers, is not significantly higher. However the design of controllers 
based on 32-bit microcontrollers is much more difficult and time 
consuming. This applies especially to startup process of 32-bit 
microcontrollers, which is much more complex. Moreover the 
available to such microcontrollers library is big. The design of 
printed circuit board (PCB) for 32-bit microcontroller requires high 
experience of the designer. The programming, testing and debug-
ging processes are also slightly different and more complicated. 

At the beginning of the paper the washing machine description 
is given. Its basic operation. processes and control methods are 
shortly described (Milecki and Pittner, 2015).Then the structure of 
designed at PUT washing machine controller is presented. In this 
controller a 32-bit STM32 microcontroller is used. In order to 
achieve flexibility the controller hardware structure is modular-
based. The individual modules are shortly described. Basic struc-
ture, the modules connection, their communication protocols and 
basics of cooperation between them are also briefly characterized. 
Also the used in the controller most important electronic circuits 
are described. In the next point the applied methods for communi-
cation between the user and the controller are presented. The 
main functions and possibilities of washing machine programming 
are described. The so called “intelligent” programming method is 
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presented. Also the voice communication in washing program 
settings is described. The most important advantages of a new 
controller are emphasized. 

2. WASHING MACHINE INPUT AND OUTPUT ELEMENTS 

In the modern washing machines several sensors and actua-
tors are applied (Bascetta et al., 2012). Some sensors can meas-
ure the parameters, giving analog electrical signals on the out-
puts. This enables control of the water level and temperature, spin 
speed, cycle program, load balancing, child lock systems, and 
noise reduction systems. For example, a push button switch is 
used as a “door-closed” sensor, that allows a complete circuit 
when the closed door pushes on it. Another example is a presso-
stat called as “fill-level” sensor, which measures the level of the 
water in a drum. This is in fact a linear pressure sensor, in which 
there are two chambers separated with elastic membrane. The 
upper chamber is directly connected to the atmosphere and the 
lower chamber is connected through a pipe with the bottom of the 
drum, where the pressure is proportional to the level of the water. 
As a result the diaphragm bends in proportion to the difference of 
pressures in both chambers. The membrane moved the connect-
ed to it a ferromagnetic core, which is  located in the middle of the 
coil supplied by sinusoidal generator.  

 

L1 

C1 

C2 

R1 R2 

+5V 

OUT 

T1 T2 

SENSOR GENERATOR 

 
Fig. 1. Pressostat and its electronic circuit 

The pressostat electric circuit is shown in Fig. 1. It consists 
of a NPN transistor, which input (Base) is connected to the coil, 
which inductance changes by ferromagnetic core according to the 
level of the water. The coil is connected to two capacitors, which 
creates a resonance circuit. This circuit creates a Colpitts genera-
tor, which frequency changes proportionally to the coil inductance 
changes. The output signal from generator is given to analog input 
of the microcontroller. If there is no water in a drum the generated 
frequency is equal to 26.7 kHz and when the drum is fully filled its 
frequency is equal to 20.8 kHz. 

Nowadays in most washing machines, for temperature meas-
urement the NTC thermistor is used. This is a semiconductor 
element with a non-linear resistanc-temperature characteristic 
(Fig. 2). This characteristic may be approximated by the following 
equation: 

3.294)ln(8.28  RT                                         (1) 

where: T – temperature in °C, R – NTC thermistor resistance 
in Ohms. 

In washing machine controller designed at PUT, this curve is 
reversed as shown in Fig. 2, stored in microcontroller’s memory 
and used for linearization. 

In cheap washing machines single phase brash AC motor is 

used, which typically is supplied by 230 VAC. The velocity of this 
motor is controlled by changing the supply voltage. Usually to this 
end a simple triac is used, which is switched on by pulses gener-
ated by the controller. 

 

 

Thermistor characteristic 

Inverse characteristic 

Aproximation 

   
Fig. 2. NTC thermostat characteristic, its approximation (blue)  
            and inverse curves (red) 

 
Nowadays in advanced modern washing machines the men-

tioned above single phase AC motor is replaced by special induc-
tive motor or by a multi poles brushless DC motor, which con-
struction is similar to torque motor. In this motor there are several 
coils on a stator and permanent magnets mounted in a rotor. The 
position of the rotor is measured by Hall sensors, which output 
signals are used to control of coils switching. These type of mo-
tors are called “direct drive” and can rotate with low velocity. 
Thanks to this the application of a belt transmission is not neces-
sary. For control of this motor a specialized and complicated 
controller should be applied.  

Other output elements used in washing machines are: water 
pump, electro-valves, heater and door lock electromagnet. Typi-
cally these elements are switched on and off by relays or by tri-
acs. In some washing machines also MEMS acceleration sensors 
are used, which enable the measurement of drum oscillations. 
Thanks to this the balance of laundry in the drum is controlled and 
the rotational velocity is adjusted accordingly, assuring safe and 
silent work. In some washing machines following sensors are 
used: leak detector, spin out-of-balance detector and mains failure 
sensor. They generate only on/off type signal, which is connected 
to the digital inputs of the controller. The heater is also controlled 
by triac, which is a very durable low-cost semiconductor element. 
Furthermore triacs are used for switching on and off of the electro 
valves and pump motor. In many washing machines produced 
nowadays, a commutated one-phase AC motor is applied, velocity 
of which is controlled using a triac in a wide range. 

3. STRUCTURE OF 32-BIT WASHING MACHINE 
CONTROLLER 

Since 1980 the microcontrollers are used as the washing ma-
chine controllers. This enabled the application of LED or LCD 
displays and creation of some buttons for programming and wash-
ing process supervision. Thanks to the application of micropro-
cessors the washing process can be controlled much more accu-
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rately. Thanks to advanced control algorithms applied in micro-
controllers, washers use less electricity to run the machine and 
also to set the water to the right temperature levels. The scheme 
block diagram of a new washing machine controller, which 
is designed at Poznan University of Technology is presented 
in Fig. 3. It is based on 32-bit microprocessor. 

In order to achieve flexibility the modular structure of the con-
troller was proposed. The basis is main board, on which the CPU 
board, input sensor block, communication ports like RS485 and 
USB, EEPROM and buzzer module were implemented. The heart 

of the controller is CPU board which is connected to the main-
board with a slot, enabling its easy replacement. In the CPU board 
the microcontroller type STM32F103ZET6 is installed. It is a 32-bit 
microcontroller based on CortexM3 core. The main board may 
communicate with different users interfaces. The simplest is the 
on/off switching panel and the most advanced is a color touch-
panel. The next controller board was high power unit, which 
is responsible for constant velocity control of the drum motor, and 
for switching on/off of such elements like: heater, valves, pump, 
door lock electromagnet etc. 
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Fig. 3. Washing machine controller block scheme 

All modules communicate with each other using serial inter-
face network. In the developed solution, different single electronic 
modules can be used. Thanks to this the controller may be easy 
adopted to different requirements, which is an important ad-
vantage. Each module may be autonomous, individually pro-
grammed unit assuring more safety work. In this approach, the 
user may design and create the controller’s structure, its capacity 
and ability and finally set its price. Moreover, the same main 
controller may be used in different washing machines but with 
different types of additional modules, for example drive controller 
or user interfaces. Thanks to such solution, the testing and in 
particular certification process is facilitated. In the designed proto-
type the digital outputs are connected through relays or through 
linear amplifier type ULN2003A. All digital inputs and outputs are 
opto-isolated. 

4. COMMUNICATION BEETWEEN MODULES  
IN THE WASHING MACHINE CONTROLLER 

In the described here washing machine controller three serial 
busses were implemented: SPI, RS-485 and USB, which assured 
internal communication between modules. The SPI was used for 
programming purposes, testing and commissioning, debugging 
and communication with EEPROM. The RS-485 was used for 
communication with High Power Controller like drive controller, 
relay modules, with user interfaces (LCD) and with Wireless Inter-
faces Controller. Throughout the project a few human-washing 
machine interfaces were designed, built and tested. The first one 
was a mechanical one with typical to washing machines rotary 
switch and LCD display. The last one was a color touch-screen 
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(Fig. 4). The controller was also equipped with a voice interface 
module which could be used for communication with, for example, 
blind users. The last interface was a USB, which enabled the wire 
communication with a PC based computer and was used for 
testing and diagnosis of the washing machine. In the project our 
proprietary direct drive controller was designed and built, but 
almost every other washing machine drive system could be used, 
i.e. single phase serial motor with triac, direct drive or synchro-
nous PM motor. 
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Interface 
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Controller 
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PC 
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Bluetooth 
High Power 

Controller  

 
Fig. 4. View of the controller communication RS-485 interface 

Additionally the wireless communication card was designed 
and connected to the controller. It enabled the connection with 
any device using Bluetooth system, for example with smartphone, 
PC, or pager. The special software for smartphone (Samsung S5) 
and PC (laptop) was written and implemented. It enabled the 
programming and supervision of washing machine using standard 
programs or user-customized ones. Smartphone or PC may be 
used instead of typical washing machine interface. Moreover, a 
so-called by us “intelligent programming” method was proposed 
and implemented. It enabled settling of the washing parameters 
using questions and answers. This method utilized control meth-
odology based on fuzzy logic. The next interface was a USB, 
which enabled the cable communication with PC. Additionally a 
special software for the service purposes thus for diagnostic, was 
worked at PUT. It could be activated and all washing machine 
elements could be tested in the diagnostic mode. Such solution is 
very useful and enable fast testing and washing machine diagno-
sis. 

5. VOICE COMMUNICATION AND INTELLIGENT WASHING 
MACHINE PROGRAMING 

The new possibilities to connect washing machine controller 
with PC or smartphone provide further flexibility and enhanced 
user experience. The voice communication enables the intuitive 
programming of a washing machine. In the designed controller the 
Google Speech Recognition System was adapted and used. This 
system is easy to use and assures the acceptable quality of voice 
recognition. 

The software for PC was written in Microsoft Visual Studio 
2010 environment, using object programming language C#. 
A start/stop algorithm was used for voice recognition, which ena-
bled the recognition of word starting and ending points. The voice 
signal from the microphone was constantly analyzed using RMS 
values calculation. For every ongoing 20 ms frame, the RMS 
value was calculated and compared with the previous one. If the 
set up threshold was exceeded, the starting or ending point of 
word would be detected. In the algorithm additional security tools 

like: minimum and maximum saying time were used. The com-
mand saying time and silence time were set basing on average 
value of energy, calculated as voice signal RMS during the time 
200 ms. These rules were implemented into an algorithm, which 
eliminated the false recognition of short brakes between words, 
which may be taken by the algorithm as stop. The scheme of the 
described above algorithm is shown in Fig. 5. The same algorithm 
was implemented on a smartphone with Android operating sys-
tem, but in this case the program was written in Java. 
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Fig. 5. Start/stop word recognition algorithm scheme     

In order to check the efficiency of the voice recognition, the 
system was tested. In the investigations 5 people were involved. 
All of them used the same 6 words i.e. commands, repeated 20 
times. In these tests following parameters were considered (see 
Tab. 1): server response time, confidence of recognition and 
recognition efficiency, defined as a proportion of properly recog-
nized command to saying commands. 

The investigations have shown that the recognition efficiency 
was almost 90% and the server response time was about 1.3 s, 
which is quite acceptable.  

For the designed washing machine controller a few new pro-
gramming methods were implemented. The first one is “Classic”, 
which enabled to choose the ready to use, useful washing pro-
grams. This programs are commonly prepared by the producers, 
like: Synthetics, Cottons, Wool, Delicate, Sensitive, Quick and so 
on. The user may only chose one of them using mouse when PC 
is applied or pressing the touch-screen when smartphone is con-
nected. There is also a possibility to change parameters using 
keyboard. 

The second method utilizes the advantages of voice commu-
nication. In this case the user can “tell” the controller the name 
of the program and the values of parameters. For example, the 
user may only tell: “cotton, temperature 60, rotation speed 1200, 
dirt medium, rinsing 2, delay 60”. The controller repeats every 
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word after recognition and the user has the opportunity to improve 
it repeating the last mentioned word.     

Tab. 1. Speech recognition investigation results 

User 
Response 
time [ms] 

Confidence 

(0 ÷ 1) 
Efficiency [%] 

# 1 1206 0.56 94.16 

# 2 1257 0.65 84.17 

# 3 1192 0.60 90.83 

# 4 1301 0.54 80.00 

# 5 1251 0.58 98.33 

Average 1242 0.59 89.50 

 Programming methods selection 

a) Intelligent 

 

 

b) Classic 

 

 

c) Voice 

 

 

d)  

 

 
Fig. 6. View of the controller communication interfaces  
            and view of the controller electronics 

Finally, a special washing machine programming method, 
called “Intelligent”, was proposed and implemented. It resembles 
the dialog between human and washing machine and is based 
on “Fuzzy Control” approach. During the programming phase the 
user has the possibility to set all parameters like: temperature, 
spin velocity, washing time, number of rinsing etc. in full range 
of washing machine possibilities. In the  programming the graph-
ical interface is used, which displays slider potentiometers on 
a screen. The user may move the slider, settling the washing 
parameters this way. All mentioned above programming methods 
are presented in Fig. 6. The software enables to switch intuitively 
and automatically between these three methods. For example, 
if the user starts to speak, the system is immediately going to 
voice recognition mode and so on. During the washing process its 
status is presented on a screen, and the user may stop the execu-
tion of the program, change some parameters and continue the 
washing process. The settled program and its parameters may be 
stored in the memory and induced again at any time. In Fig. 6d 
the view of the controller and smartphones during programming 
process are shown.    

6. SUMMARY 

The new 32-bit microcontroller designed and built at PUT was 
developed and implemented on the washing machine. Several 

prepared washing programs were tested, verified and approved. 
In the build controller both simple and advanced human-machine 
interfaces were developed. As a result the controller may be 
equipped with one, chosen for a client interface, like: typical inter-
face with switches and LCD, mono or color touch-screen. Alterna-
tively, the user may opt out of typical modules and may decide to 
use only smartphone or laptop for washing machine programming. 
Additionally the user may use the voice communication, pro-
gramming and parameters setting. In the project also special 
intelligent methods of washing machine programming have been 
developed. All prepared methods were successfully tested. The 
proposed human washing machine interfaces may be implement-
ed. The washing machines with such interfaces may be success-
fully offered on the market and find many clients. 
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Abstract: Mechanical cutting allows separating of sheet material at low cost and therefore remains the most popular way to produce lami-
nations for electrical machines and transformers. However, recent investigations revealed the deteriorating effect of cutting on the magnet-
ic properties of the material close to the cut edge. The deformations generate elastic stresses in zones adjacent to the area of plastically 
deformed and strongly affect the magnetic properties. The knowledge about residual stresses is necessary in designing the process. This 
paper presents the new apprach of modeling residual stresses induced in shear slitting of grain oriented electrical steel using mesh-free 
method. The applications of SPH (Smoothed Particle Hydrodynamics) methodology to the simulation and analysis of 3D shear slitting pro-
cess is presented. In experimental studies, an advanced vision-based technology based on digital image correlation (DIC) for monitoring 
the cutting process is used. 

Key words: Shear Slitting, Smoothed Particle Hydrodynamics, Grain Oriented Silicon Steel, Digital Image Correlation 

1. INTRODUCTION 

The process of forming parts from sheet metal using shearing 
frequently includes blanking, piercing, slitting, and trimming opera-
tions. This operations realized with high speed, are a very compli-
cated technological processes in which material undergoes plastic 
deformations. Grain oriented and non-oriented electrical steels are 
widely used for the manufacture of transformer cores, power 
reactors, hydro-generators, turbo-generators and other electrical 
equipment and apparatuses. Cutting operations for example: 
blanking, guillotining, edge trimming, shear slitting, or punching 
induce stresses in electrical steels and consequently magnetic 
properties are partially deteriorated. According to many authors, 
the reason for the deterioration of the magnetic properties is to 
change the distribution of flux density and hysteresis loss (Godec,   
1977; Gałęzia et al., 2012; Gontarz and Radkowski, 2012).    

The strong deformations are generated in tool-workpiece con-
tact zones which affect on its magnetic properties. The another 
problem of shearing processes is deterioration of cut surface 
quality by forming of burrs and rollover which may include increas-
ing the metal core eddy current loss. The burr also strongly diffi-
cult the packetizing. The analysis of state of stresses and strain 
in sheet after shearing using experimental methods is very prob-
lematic. This analysis is determined by invasive methods (Eg. by 
drilling a series of small openings through which wound measur-
ing winding) which increase the error margin and in many cases is 
impossible when thin sheets are analyzed. There are no known 
non-invasive methods of appointment.  

At the moment knowledge of the slitting of electrical steels is 
very limited and based mainly on experimental methods, which 
are often expensive and unable to be extrapolated to other cutting 
configurations. TeNyenhuis et al., (2000) analyzes the effect of 
slitting grain-oriented electrical core steel on iron loss which was 

investigated by comparing measurements performed by several 
prominent electrical core steel suppliers with a developed theoret-
ical model. Measurements showed loss increases that were very 
dependent on sheet width, somewhat dependent on flux density, 
and practically independent on material type or power frequency. 
The influence of slitting on core losses and magnetization curve 
of grain-oriented electrical steel was analyzed by Godec (1977).  

Analysis of current literature suggested the main challenge 
when cutting electrical steels is to obtain high quality products 
characterized optimum sheared edge condition, minimum surface 
damage, freedom from burrs, slivers, edge wave, distortion and 
residual stresses. Simulation of shear slitting processes in which 
the strip material is highly deformed is a major challenge of FEM 
codes which number is limited in current literature. The principal 
problem in using a conventional FE model with Langrangian mesh 
are mesh distortion in the high deformation (Golovashchenko, 
2006, Kałduński and Kukiełka, 2007, 2008, Kukielka et al., 2010). 
Classical Lagrangian, Eulerian and ALE methods such as finite 
element methods (FEM) cannot resolve the large distortions very 
well. Recent developments in so called mesh-free or meshless 
methods provide alternates for traditional numerical methods in 
modeling the technological processes (Bagci, 2011; Gąsiorek, 
2013; Jianming et al., 2011).  

In this paper, first, the applications of mesh-free SPH 
(Smoothed Particle Hydrodynamics) methodology to the simula-
tion and analysis of 3-D slitting process is presented. This method 
combines the advantages of mesh-free, Langrangian, particle 
methods and eliminate most of difficulties. At the moment in cur-
rent literature applications of mesh-free methods to modeling 
of shear slitting and other shearing processes is lacking. Devel-
oped model is used to analysis of residual stresses in grain ori-
ented electrical steels during and after process under different 
conditions. Next, the developed model is validated with experi-
mental research by using vision-based solutions. The effect 
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of selected process technological parameters on the mechanically 
affected zone on the workpiece is analyzed.   

2. BASIS OF THE SPH METHOD 

SPH is total Langrangian and is a truly mesh-free technique 
initially developed by Gingold and Monaghan (1977) for the analy-
sis and simulation of astrophysics problems. The idea of this 
method is to divide a continuum into discrete elements, called 
particles which are placed at some distance d from each other. 
This distance is called particle density d (Fig. 1).  

 

Fig. 1. Smoothing kernel in material volume and at the boundary 

The smoothing of field variables is performed in the area with 
radius h, called the smoothing length, over which the variables are 
smoothed by a kernel function. This means that the value of 
a variable in any spatial point can be obtained by adding the 
relevant values of the variables within two smoothed lengths. 

Sometimes relative to particle density smoothing length h̅ = h/d 
is used. In contrast to mesh methods such as, e.g., the FEM, in 
which the mesh distorts in the case of large deformations, the 
SPH method can be used to model processes accompanied by 
large deformations. The SPH approximation of the equation for 
continuum mechanics uses the following approaches. A function 

f(x) is substituted by its approximation Af(x, h), characterising a 
body condition. For example, the velocities of a body’s points in a 
particular area are approximated with the following expression:   

𝐴𝑓(𝑥, ℎ) = ∫ 𝑓(𝑦) ∙ 𝑊(𝑥, ℎ)𝑑𝑦,  (1) 

where W(x, h) is a smoothed kernel function (Heisel et al., 2013). 

The size of the smoothing kernel is defined by the function of Θ : 

𝑊(𝑥, ℎ) = (
1

ℎ(𝑥)𝑝) ∙ Θ(𝑥),  (2) 

where p is the dimension of space. 
The majority of the smoothing kernels used in the SPH meth-

od is represented as cubic B-spline, determining the selection of 
the function Θ as follows: 

Θ(𝑥) = 𝐶 ∙ {

1 −
3

2
∙ 𝑥2 +

3

4
∙ 𝑥3,                      𝑖𝑓|𝑥| ≤ 1

1

4
∙ (2 − 𝑥)3,                         𝑖𝑓 1 ≤ |𝑥| ≤ 2

0                                                      𝑖𝑓 2 ≤ |𝑥|

  (3) 

where C is the normalisation constant. Integration time step can 
be determined by the following equation: 

∆𝜏 = 𝐶∆𝜏 ∙ min𝑖 (
ℎ𝑖

𝐶𝑖+𝑣𝑖
),  (4) 

where i is the particle number; C∆τ is the time step increase coef-

ficient; vi is the velocity of particle i. It is important to notice that 
coefficient C∆τ directly influences the integration time step. 

The smoothing length in LS-DYNA solver used in this work 
dynamically varies so that the number of neighbouring particles 
remains relatively constant. It is realized by recalculating the 
smoothing length in accordance with the average particle density: 

ℎ = ℎ0 (
𝑑0

𝑑𝑖
)

1/𝑝

,   (5) 

or by solving the continuity equation: 

𝑑ℎ

𝑑𝑡
=

1

𝑑
∙

ℎ

𝑑
∙

𝜕𝑑

𝜕𝑡
, (6) 

where d0 and h0 are the initial density and the initial smoothing 
length.   

A quadratic approximation of the particle motion is mainly 
used for the SPH method. A motion of the particles can be de-
scribed here with the following equation: 

𝜕𝑣𝑖
𝛼

𝜕𝑡
= ∑ 𝑚𝑗

𝑁
𝑗=1 ∙ (

𝜎𝑖
𝛼𝛽

𝑑𝑖
2 +

𝜎𝑗
𝛼𝛽

𝑑𝑗
2 + 𝐴𝑖𝑗) ∙

𝜕𝑊𝑖𝑗

𝜕𝑥
𝑖
𝛽 ,  (7) 

where j is particle number; N is the number of neighbouring parti-

cles; vi
α =

dxi
α

dt
 is the velocity of particle i; mj is the mass of 

particle j; σi
αβ

, σj
αβ

,  are the stress tensors of i and j particles 

respectively; di and dj are the densities of i and j particles re-

spectively; Aij are the specific external forces; Wij = W(xi −

xj, h) is the smoothing kernel. 

3. CONSTITUTIVE MODEL FOR MATERIAL 

In slitting models, accurate and reliable flow stress models are 
considered as highly necessary to represent workpiece materials 
constitutive behavior. The constitutive material model reported by 
Johnson and Cook (1985) was employed in this study, it is often 
used for ductile materials in cases where strain rate vary over 
a large range and where adiabatic temperature increase due to 
plastic heating cause material softening. The model can be repre-
sented by Eq (8): 

𝜎𝑌 = [𝐴 + 𝐵(𝜀 ̅𝑝)𝑛][1 + 𝐶ln𝜀 ∗̇][1 − (𝑇∗)𝑚],  (8) 

where σY is the equivalent flow stress, ε̅p is the equivalent plastic 
strain, A, B, and n are strain hardening constants; C is the strain 

rate hardening constant, and m is the thermal softening constant 

that modifies the homologous temperature term, T∗. The homolo-

gous temperature is defined as, T∗ =
T− Tr

Tm− Tr
, where T is the 

temperature of the material, Tr is a reference temperature (typi-

cally room temperature), and Tm is the melt temperature of the 

material. The term, ε∗̇, is the normalized strain rate of the material 

or  ε∗̇ =
ε̇̅p

ε̇0
 , where ε̇0 = 1.0s−1. A dilatation of the material is 

based on the value of equivalent plastic strain at element integra-
tion points. Failure occurs when D = 1. The damage parameter 
follows a cumulative damage law given by Eq (9): 
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𝐷 = ∑
∆𝜀̅𝑝

𝜀𝑓
,            (9) 

where ∆ε̅p is the increment of the equivalent plastic strain during 

an integration cycle and εf the equivalent strain to fracture under 
current conditions of strain rate, temperature, pressure and equiv-
alent stress (Bohdal et al., 2015, Gontarz and Radkowski, 2012, 
Heisel et al., 2013). ET 122-30 (0,3 mm thick) grain oriented steel 
which is often employed for industry, is used to simulate typical 
production conditions. The mechanical and physical properties of 
material are shown in Tab. 1. The Johnson-Cook constitutive 
model constants are shown in Tab. 2.     

Tab. 1. Mechanical and physical properties of work material  
  (Bohdal et al., 2015) 

Density 
[kg/dm3] 

Silicon 
content 

[%] 

Yield 
point 
[MPa] 

Tensile 
strength 
[MPa] 

Elongation 
[%] 

Hardness 
[HV5] 

7.65 3.1

 

300

 

370

 

11 160

 

Tab. 2. The Johnson-Cook constitutive model constants  
   for ET 122-30 steel (Bohdal et al., 2015) 

A [MPa] B [MPa] C N M 

104.3 445.6 0.041 0.46 0.54 

4. SPH MODEL OF SHEAR SLITTING PROCESS 

Slitting differs from the other shearing operations such as 
blanking and punching as it involves the rotation of blades and 
hence the material is cut in two directions simultaneously instead 
of one. A thorough understanding of the process of slitting would 
thus require that a three-dimensional analysis of the process be 
conducted. A three-dimensional SPH model of slitting was 
developed in the general purpose finite element software package 
LS-DYNA  and presented in Fig. 2a. The model is created based on 
the experimental configuration and the geometrical parameters 
of the test stand shown in Fig. 2b. For the monitoring of slitting 
process, a high-speed camera i-SPEED TR with zoom lens and 
light sources are used. 

The slitting machine (KSE 10/10) consists of two rotary knives 
(where: r1 = r2 = 15 mm, r3 = 20 mm) driven by the engine. The 
contact between the knives and sheet (where: l = 80 mm,  
wi = 40 mm) is considered non-sliding contact that uses  
a polyurethane roll, which move the sheet in the horizontal 
direction. The kinematics of the different components is as 
follows: first the upper knive moves vertically with the constant 
velocity v1 in order to cut the sheet thickness. Then, the sheet 
moves along Z axis with the constant velocity v2 = 3 m/min as a 
result of knives and roll rotations. In order to reduce the model 
size and shorten the computational time the strip is modeled by 
SPH particles while the tools (knives) are considered as rigid 
bodies, and modeled by the traditional finite element method. The 
contact between tools and the deformable sheet metal is 
described using Coulomb’s friction model, and constant 
coefficients of static friction μs = 0.08 and kinetic friction  
μd = 0.009 are accepted.   

A series of numerical simulations are carried out to determine 
the optimal parameters of the solver, and to obtain a minimum 
prediction error of slitting variables and minimal simulation cost. 
The computer simulations are executed for different initial particle 

densities: d1 = 0.025 mm, d2 = 0.02 mm, d3 = 0.016 mm, d4 = 0.014 
mm, d5 = 0.0125 mm. As a simplifying assumption the flat state of 
the deformation is assumed (Fig 3). 

a) 

 
b) 

 
 

Fig. 2. a) SPH simulation model of shear slitting process, b) experimental  
 test stand:  1 – knives, 2 –  sheet holder, 3 – engine,  
 4 – clearance regulator, 5 – drive pedal, 6 – slitting velocity   
 regulator, 7 –  high-speed camera     

a) 

 

 
b) 

 

 
 Fig. 3. Stress intensity distribution in plastic flow phase of the process for  

  different initial particle density: a) d2 = 0.02 mm, b) d3 = 0.016 mm 

upper knive 

polyurethane roll 

clearance 

α 
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An initial particle density of d4 = 0.014 mm is selected as 
a optimal SPH particle density for used model dimensions. This 
initial particle density is selected so as to have a reasonable 
number of particles at the thickness of the sheet (Fig. 3). Larger 
density does not illustrate the material flow features and stress 
distributions appropriately becouse the material consist of many 
empty spaces beetwen particles (Fig. 3a). Smaller initial particle 
density strongly increase the computing time. Stabilization of the 
stress distribution, its values and slitting force in each time step is 
reached when d ≤ 0.014 mm. 

From our previous researches it’s clear that changing the 
values of smoothing length between h = 1.05 ÷ 1.3 (recommen-
ded by solver options) has a small influence on stress distribution, 
its values and deformation state (Bohdal, 2016). Higher values 
of smoothing length strongly increase the simulation time, without 
significant effect on maximum stress variables and deformation 
state during process. For presented analyses in this paper a value 
of h = 1.2 is used.   

5. SIMULATION RESULTS 

5.1. Analysis of slitting  mechanism 

Proposed method using advanced vision based system allows 
for analysis of states of deformations in cutting area, propagation 
of cracking and analysis of its trajectory. An analysis of areas of 
high displacements and strains taking into account geometrical 
and physical nonlinearities of the process is possible.  

Example results are given at Figs. 4 – 7.  

a) 

 
b) 

 

Fig. 4. Elastoplastic phase of the slitting process: a) image from camera, 
b) SPH simulation (equivalent stress distribution)   

During the slitting process four main phases can be observed: 
elastic, elastoplastic, elastoplastic in which damage occurs, initia-
tion and propagation of cracks leading to final rapture.  During the 
first part of the process at crack front area, the upper and lower 
knives indent the sheet, pulling down some surface material. The 
greatest deformation of material occurs near the cutting edges 
of the tools in this phase (Fig. 4). First step of formation of rollover 
can be observed.  

During the second phase the intensive plastic flow of the ma-
terial in the surroundings of the cutting surface can be observed 
(Fig. 5a). A characteristic distortion of SPH particles in this areas 
can be seen (Fig. 5b). Both in numerical model and experimental 
investigations the plastic strain localization zones propagate much 
faster from the lower knive blade than from the upper knive (Figs. 
5a, b). The deformation zone is non-symmetric with respect to the 
top and bottom knives. It can be observed the large distortions 
of the SPH particles near the bottom edge of sheet just before 
burr formation (Fig. 5b). The mechanically affected zone in this 

area is extended along the x direction. Since the crack will initiate 
and propagate through the localization zone, the cut surface will 
be curved and the burr will form because the crack will not run to 
the bottom blade tip (Fig. 5c). Comparison of the characteristic 
features of material separation geometry obtained from numerical 
model and experiment shows good agreement in the length 
of burnished and rollover areas (Fig. 5c). Some differences occur 
in the measurement of the fracture area, because in the SPH 
model moment of separation of material is delayed.  

a) 

 
b)       c) 

 

Fig. 5. Elastoplastic phase in which damage occurs: a) image from camera,  
 b) SPH simulation (equivalent stress distribution), c) image from 
 camera with visible initiation and propagation of cracks         

rollover 
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fracture 

0,15 mm 
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As the sheet slits, it moves tangentially to the blade (Fig. 6). 
This causes the area of contact with the knive blade on the sheet 
to be inclined to the horizontal at an angle. It can be seen that the 
stresses form some bending moments. The sheet is bent twice to 
conform to the shape of the knives (Fig. 6a). The highest equiva-
lent stress appears in the primary deformation zone, and a large 
plastic deformation also exists around this zone. A characteristic 
shear stress distribution extended along the x direction is ob-
served under the upper knive edge (Figs. 6a and b). At the final 
stage of the process the tool - sheet contact zone is reduced (Fig. 
6c). The bending moment increases which may cause rapture 
of the material at the end of the shearing line and burr formation.   

a) 

 
b) 

 
c)

 
Fig. 6. Equivalent stress distribution in various stages of process:  

 a) 5% step time, b) 60% step time, c) 95% step time  

5.2. Parametric study 

In this section, we illustrate the present solution procedure’s 
capability to reproduce the effects of chosen process technologi-
cal parameters such as the rake angle of the upper knive α, and 
clearance hc on the mechanically affected zone on workpiece. 
According to works (Meehan and Burns, 1996; TeNyenhuis et al., 
2000; Pluta et al., 2004; Chodor and Kukielka, 2007; Chodor and 
Kukielka, 2014; Kulakowska et al., 2014) the deformation-affected 

zone after cutting process extends to several millimeters away 
from the cut edge and possibly occupies the entire sample vol-
ume. Thus, understanding the local degradation of the material 
due to the cutting process is crucial for improving the fabrication 
process and also for the design and simulation of electrical ma-
chines.  

The computer simulations and experiments are executed for 
different rake angle values of α = 5 ÷ 40°, and clearance values of 
hc = 0.02 ÷ 0.1 mm. Figure 7 shows the influence of analyzed 
process parameters on the extend of deformation affected zone. 
As the horizontal clearance increases, the deformation affected zone 
increases. The maximum width of deformation affected zone was 
found using a horizontal clearance of hc = 0.1 mm. Reducing the 
clearance to hc = 0.02 mm significantly reduced the affected zone 
for used rake angles. Unfavourable deformation conditions occur 
when the rake angle is set to the middle range (20 - 25°). The width of 
deformation affected zone carry out then approximately 170 - 190 
μm. Increasing the rake angle from α = 25° to α = 40°  significantly 
reduces this area at the analysed velocities and vertical clearances.     
 
 

 
 

Fig. 7. Influence of rake angle α and clearance hc on the width of 
deformation affected zone 

6. CONCLUSIONS 

The paper presents a possibility to apply the mesh-free SPH 
method for the analysis of the shear slitting operation. The objec-
tive of this study was to develop a three-dimensional model of the 
slitting process of grain oriented electrical steel. This model 
should provide insight into this process, which can be used to 
improve the quality and productivity of slitting. Obtained results 
showed a significant effect of selected process parameters on the 
residual stresses and width of deformation affected zone on work-
piece. Knowledge about residuals stresses and deformation zone 
is very important in designing process. The good agreement 
between simulation results and the experimental data have con-
firmed the correctness and credibility of the model. Actual investi-
gations concern the analysis of slitting parameters both on residu-
al stress fields and magnetic properties of electrical steels. In 
modeling using SPH further work is still to be done in order to 
introduce some other effects concerning the behavior of the rolled 
metal sheets as the damage induced anisotropy and the spring-
back effects.   
 

burr area 
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ABSTRACTS 

Łukasz Jastrzębski, Bogdan Sapiński 
Experimental Investigation of an Automotive Magnetorheological Shock Absorber 

The study summarises the experimental examination of an automotive magnetorheological (MR) shock absorber under electrical and mechanical excitations, 
investigates its current and force responses and the energy dissipation in the system. The aim of experiments was to acquire measurement data that allows 
in next step of the research program to engineer an energy harvesting device for the absorber. The work covers basic technical data of the absorber,  
description of the experimental set-up, scenario of testing program and test results of the device. Of particular importance is the influence the operating  
current, piston displacement amplitude and piston velocity have on the absorber’s response. 

Aleksandr Blokhin, Arcadiy Nedyalkov, Lev Barakhtanov, Aleksandr Taratorkin, Abram Kropp 
Multistage Mechanical Transmissions with Automatic Control for Advanced Trucks and Buses 

The study considers the basic trends of development of modern mechanical transmissions of trucks and buses. It provides the developed various series  
of multispeed transmissions with automatic control and a number of transmissions from 6 to 16 for trucks and buses. The paper shows the basic parameters 
of the standard series of new transmissions received on the basis of innovative technical solutions. It provides the results of experimental studies  
of 16-speed transmissions on a special test stand and on the road as part of a truck transmission. Theoretical and experimental data on the gear change 
time are compared. 

Paweł Skalski, Klaudia Kalita 
Role of Magnetorheological Fluids and Elastomers in Today’s World 

This paper explains the role of magnetorheological fluids and elastomers in today’s world. A review of applications of magnetorheological fluids  
and elastomers in devices and machines is presented. Magnetorheological fluids and elastomers belong to the smart materials family. Properties  
of magnetorheological fluids and elastomers can be controlled by a magnetic field. Compared with magnetorheological fluids, magnetorheological  
elastomers overcome the problems accompanying applications of MR fluids, such as sedimentation, sealing issues and environmental contamination.  
Magnetorheological fluids and elastomers, due to their ability of dampening vibrations in the presence of a controlled magnetic field, have great potential 
present and future applications in transport. Magnetorheological fluids are used e.g. dampers, shock absorbers, clutches and brakes. Magnetorheological 
dampers and magnetorheological shock absorbers are applied e.g. in damping control, in the operation of buildings and bridges, as well as in damping  
of high-tension wires. In the automotive industry, new solutions involving magnetorheological elastomer are increasingly patented e.g. adaptive system  
of energy absorption, system of magnetically dissociable [hooks/detents/grips], an vibration reduction system of the car’s drive shaft. The application  
of magnetorheological elastomer in the aviation structure is presented as well. 

Mojtaba Biglar, Magdalena Gromada, Feliks Stachowicz, Tomasz Trzepieciński 
Synthesis of Barium Titanate Piezoelectric Ceramics for Multilayer Actuators (MLAs) 

In this paper the characteristics of BaTiO3 ceramics synthesized by solid state method is presented. In order to receive the monophase ceramics  
the double activation and calcination were applied. A spray drier was used to granulate the powder of BaTiO3. Isostatic and uniaxial pressing were applied  
to manufacture the barium titanate pellets. The properties of fabricated BaTiO3 ceramics were determined at different stages of production. After  
the sintering phase, the hardness, the bending strength, the fracture toughness, and the coefficient of thermal expansion of barium titanate sinter  
were estimated. The BaTiO3 powder is characterized by spherical grains and the average size of 0.5 μm. The small value of the specific surface area  
of granulate ensured good properties of material mouldability and finally allowed to receive sinters of high density. 

Katarzyna Topczewska 
Thermal Stresses Due to Frictional Heating with Time-Dependent Specific Power of Friction 

In this paper influence of temporal profile of the specific friction power (i.e. the product of the coefficient of friction, sliding velocity and contact pressure)  
on thermal stresses in a friction element during braking was investigated. Spatio-temporal distributions of thermal stresses were analytically determined  
for a subsurface layer of the friction element, based on the model of thermal bending of a thick plate with unfixed edges (Timoshenko and Goodier , 1970). 
To conduct calculations, the fields of dimensionless temperature were used. These fields were received in the article (Topczewska, 2017) as solutions  
to a one-dimensional boundary-value problem of heat conduction for a semi-space heated on its outer surface by fictional heat flux with three, different time 
profiles of the friction power. 

Oleg Ardatov, Algirdas Maknickas, Vidmantas Alekna, Marija Tamulaitienė, Rimantas Kačianauskas 
The Finite Element Analysis of Osteoporotic Lumbar Vertebral Body by Influence of Trabecular Bone Apparent Density  
and Thickness of Cortical Shell 

Osteoporosis causes the bone mass loss and increased fracture risk. This paper presents the modelling of osteoporotic human lumbar vertebrae L1  
by employing finite elements method (FEM). The isolated inhomogeneous vertebral body is composed by cortical outer shell and cancellous bone. The level 
of osteoporotic contribution is characterised by reducing the thickness of cortical shell and elasticity modulus of cancellous bone using power-law  
dependence with apparent density. The strength parameters are evaluated on the basis of von Mises-Hencky yield criterion. Parametric study of osteoporotic 
degradation contains the static and nonlinear dynamic analysis of stresses that occur due to physiological load. Results of our investigation are presented  
in terms of nonlinear interdependence between stress and external load. 

Alok Dhaundiyal, Suraj B. Singh 
Asymptotic Approximations to the Non- Isothermal Distributed Activation Energy Model for Biomass Pyrolysis 

This paper describes the influence of some parameters significant to biomass pyrolysis on the numerical solutions of the non-isothermal nth order distributed 
activation energy model (DAEM) using the Gamma distribution and discusses the special case for the positive integer value of the scale parameter (λ),  
i.e. the Erlang distribution. Investigated parameters are the integral upper limit, the frequency factor, the heating rate, the reaction order, and the shape  
and rate parameters of the Gamma distribution. Influence of these parameters has been considered for the determination of the kinetic parameters  
of the non-isothermal nth order Gamma distribution from the experimentally derived thermoanalytical data of biomass pyrolysis. Mathematically, the effect  
of parameters on numerical solution is also used for predicting the behaviour of the unpyrolysized fraction of biomass with respect to temperature. Analysis 
of the mathematical model is based upon asymptotic expansions, which leads to the systematic methods for efficient way to determine the accurate  
approximations. The proposed method, therefore, provides a rapid and highly effective way for estimating the kinetic parameters and the distribution  
of activation energies. 
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Andrzej Waindok, Paweł Piekielny 
Transient Analysis of a Railgun with Permanent Magnets Support 

The calculation and measurement results of transients for an electrodynamic accelerator with permanent magnet support have been presented in this paper. 
The calculations have been made using the magnetostatic model in the Maxwell software, as well as using a Matlab/Simulink transient model. The waves  
of mechanical parameters (projectile velocity and acceleration, force) and electric ones (excitation current and capacitor voltage) have been analyzed  
for different supply conditions (voltage value, capacitance). The efficiency and projectile energy have been studied as well. The mathematical models have 
been verified experimentally using the original laboratory stand. A good conformity between calculation and measurement results has been obtained. 

Iaroslav Pasternak, Heorhiy Sulym  
Boundary Element Analysis of Anisotropic Thermomagnetoelectroelastic Solids with 3D Shell-Like Inclusions 

The paper presents novel boundary element technique for analysis of anisotropic thermomagnetoelectroelastic solids containing cracks and thin shell-like 
soft inclusions. Dual boundary integral equations of heat conduction and thermomagnetoelectroelasticity are derived, which do not contain volume integrals 
in the absence of distributed body heat and extended body forces. Models of 3D soft thermomagnetoelectroelastic thin inclusions are adopted. The issues  
on the boundary element solution of obtained equations are discussed. The efficient techniques for numerical evaluation of kernels and singular  
and hypersingular integrals are discussed. Nonlinear polynomial mappings are adopted for smoothing the integrand at the inclusion’s front,  
which is advantageous for accurate evaluation of field intensity factors. Special shape functions are introduced, which account for a square-root singularity  
of extended stress and heat flux at the inclusion’s front. Numerical example is presented. 

Jan Górecki, Ireneusz Malujda, Krzysztof Talaśka, Dominik Wojtkowiak 
Dry Ice Compaction in Piston Extrusion Process 

The article presents the results of research on the effect of extrusion tube geometry on the axial force being the key parameter of the dry ice piston extrusion 
process. The tests were carried out with the experimental set-up based on a cylindrical extrusion tube used alone and supplemented with reducer (orifice). 
The focus of the experiments was to determine the effect of compression tube reducer on the value of the force of resistance FOP in the dry ice compression 
process. Its value can subsequently be used as the basis for establishing guidelines for designing and building machines for compression and pelletizing  
of dry ice. 

Artur Prusinowski, Roman Kaczyński 
Simulaton of Processes Occurring in the Extrusion Head Used in Additive Manufacturing Technology 

The purpose of this research is unsatisfactory state of knowledge of the abrasive wear of composites with thermoplastic polymer as matrix material  
and reinforcing material in the form of short and focused carbon fibers that can be used in additive manufacturing technologies. The paper presents  
a conceptual design of an extrusion head used in Fused Deposition Technology, which allows for the implementation of appropriately stacked fibers  
at the level of detail production. Finite element simulation was performed to simulate the thermal effect of the system to demonstrate the effect of head  
cooling on the system. The assumed extrusion temperature of the material was obtained at a uniform nozzle temperature and stable temperature  
of the entire system. Flow simulation of thermoplastic polymer was carried out in the designed extrusion nozzle. By supplying 0.5 mm wire of 1.75 mm  
diameter thermoplastic material  to the nozzle, the extrusion rate was 0.192 m/s. The proper design of the extrusion head for the intended applications  
has been demonstrated and the purpose of further research in this field has been confirmed. 

Marta Góra-Maniowska, Józef Knapczyk 
Displacement Analysis of the Human Knee Joint Based on the Spatial Kinematic Model by Using Vector Method 

Kinematic model of the human knee joint, considered as one-degree-of-freedom spatial parallel mechanism, is used to analyse the spatial displacement  
of the femur with respect to the tibia. The articular surfaces of femoral and tibia condyles are modelled, based on selected references, as spherical  
and planar surfaces. The condyles are contacted in two points  and are guided by three ligaments modelled as binary links with constant lengths.  
In particular, the mechanism position problem is solved by using the vector method. The obtained kinematic characteristics are adequate to the experimental 
results presented in the literature. Additionally, the screw displacements of relative motion in the knee joint model are determined. 

Andrzej Milecki, Roman Regulski 
Washing Machine Controller with a New Programming  

In the paper the newly designed at Poznan University of Technology (PUT) washing machine controller is presented. The commonly used in washing  
machines sensors, drives and other input-output elements are briefly described. The designed at PUT controller is based on 32-bit STM32 microcontroller. 
The used in this controller modules are described and their input/output signals and basics of operations are presented. The developed in the controller  
user-machine communication devices, elements and methods are described. The paper presents new washing machine programming methods  
and implementation software, such as voice recognition and intelligent programming of washing machine that were applied in the new controller. 

Łukasz Bohdal, Katarzyna Tandecka, Paweł Kałduński 
Numerical Simulation of Shear Slitting Process of Grain Oriented Silicon Steel using SPH Method 

Mechanical cutting allows separating of sheet material at low cost and therefore remains the most popular way to produce laminations for electrical machines 
and transformers. However, recent investigations revealed the deteriorating effect of cutting on the magnetic properties of the material close to the cut edge. 
The deformations generate elastic stresses in zones adjacent to the area of plastically deformed and strongly affect the magnetic properties. The knowledge 
about residual stresses is necessary in designing the process. This paper presents the new apprach of modeling residual stresses induced in shear slitting  
of grain oriented electrical steel using mesh-free method. The applications of SPH (Smoothed Particle Hydrodynamics) methodology to the simulation  
and analysis of 3D shear slitting process is presented. In experimental studies, an advanced vision-based technology based on digital image correlation 
(DIC) for monitoring the cutting process is used. 
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