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Abstract: This paper offers a test method for rheological behavior of mortars with different mobility and different composition, which are 
used for execution of construction work. This method is based on investigation of the interaction between the valve ball and the mortar  
under study and allows quick defining of experimental variables for any composition of building mortars. Certain rheological behavior  
will permit to calculate the design parameters of machines for specific conditions of work performance – mixing (pre-operation), pressure 
generation, pumping to the work site, workpiece surfacing. 
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1. INTRODUCTION 

Adoption of innovative mechanised technologies of finishing 
works execution broadens application of hauling equipment 
for mortar mixtures and tender mixes pipelining. For this purpose, 
the usage of highly productive short-duration pulse mortar pumps 
provides an opportunity to mechanize not only the supply 
of constructional materials to working places, but also to execute 
the main processing steps: mechanized plastering and decorative 
coating in the process of finishing the walls; laying mortar mixtures 
when sealing structural joints; mixture placing on the floor, damp-
proofing.  

Best practices in operating mortar pumps when phasing 
in mechanized technology points to further improvement of these 
machinery through their reliability growth and by reducing energy 
costs for repumping at the cost of flow fluctuation decrease and 
volumetric losses in the fluid end of the mortar pump (Korobko  
and Vasyliev, 2012).  

User experience of mortar pumps lends credence to the fact, 
that the level of mortar mixtures’ volumetric losses during repump-
ing is pretty much conditioned upon the interaction between the 
operating environment and mortar pump’s working members, that 
are defined by their elastic characteristics. However, the deficien-
cy of quantitative characteristics of elastic characteristics of mortar 
mixtures with different composition and mobility adds complexity 
to the development of effective ways of improving volume efficien-
cy of the created new-generation mortar pumps. That’s why theo-
retical studies and field researches of mortar mixtures’ elastic 
characteristics are sorely needed for the improvement of the ways 
of mortar mixtures’ pipelining.  

The major complications in the process of repumping mortar 
mixtures are caused by their rheological characteristics. The 
mortar mixture is structured thixotropic liquid, the main rheological 
characteristics of which are structured viscosity and critical shear 
stress. When lowering the mobility of the mortar to the technologi-
cally required magnitude (10…8 cm), these figures assume the 

values, where the advance of mortar mixture flow over the pipe-
line evokes rather strong resistance. Under such conditions the 
process of filling the processing chamber with mortar mixture is 
made difficult under the influence of pressure decrease from the 
level 0.1 MPa. Service conditions of valve operation also decline, 
what causes the delay of the valve closure and sometimes on-
state “hanging” and dramatic reduction of pump volumetric effi-
ciency (Korobko, 2016).  

With allowance for this, taking into account the abovesaid pe-
culiarities when developing and estimating service properties 
of hauling equipment is an important task. 

Construction mix as a service which is piped through pipe-
lines, has a set of features that must be taken into account in the 
design of  mortar pumps, as well in their operation. 

Mobility of construction mixtures can be increased by adding 
fluidifiers into them. Highly mobile mixtures with the mobility  
of 11-12 cm are used for spraying the first coat when plastering 
surfaces in order to increase the cohesive resistance of the plas-
tering coat with the brick masonry. Mixtures with mobility  
of 8-9 cm are transferred through pipelines with difficulty; they are 
hardly sucked into the sucking working chamber of the mortar 
pump; valve balls may “hover” in them, what may cause failure 
in the operation of mortar pumps. However, these mixtures allow 
to lay on maximum-deep plaster layers during the minimum 
amount of passes; furthermore, they bring less moisture into 
building constructions. 

The main processing characteristics of plasters: 

 easy laying on, which  is characterized by the mobility 
of construction mixture, in other words – by the  ability to flow 
under the influence of its own weight or external forces; 

 water fixation - the property to retain excess water in the 
process of suction, thereby there are no water losses when 
laying mortar mixture on the porous soil, as well as it 
unscrambles insignificantly during the transportation 
of  mortars; 

 compressive breaking strength of the mortar stone; 
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 freeze-thaw durability, which is determined by the ability 
of mortar mixture sample to withstand in a water-saturated 
state of a certain number of cycles of alternate freezing 
and thawing. 
The slurry formulation comprises a significant number (up to 

70% of volume) of dispersed hard phase. But such state 
of solution is not stable. If the size or the direction of speed 
changes due to the hard phase immiscibility or aggregation, there 
arise deposits of solid particles, which increase the resistance to 
flow advance and seal paravalvular blowholes. In addition, if the 
pump stops for extended lengths of time, except immiscibility, 
partial hardening of the pumped medium takes place, especially 
on hydraulic binding agents. Consequently, routine breaks in the 
work of pump require timeous flushing of cavities in the pro-
cessing chamber and pipelines. 

Density composition of solids drastically worsens operation 
conditions of friction couples in the fluid end of the mortar pump – 
seals, muff, piston and rod. Another disadvantage, that acceler-
ates rubbing parts’ wear, is the presence in the solution of water, 
which in combination with chemically-active cementing phases 
causes corrosive action, in other words, it conditions erosion 
corrosion and particulate erosion of the mortar pump’s parts. 

Against this background, an important task is to take into ac-
count the mentioned peculiarities in estimating and developing the 
service properties of hauling equipment.  

When analyzing the influence of solution properties on the 
pumping process, it is necessary to use their flow factor, which is 
in the range of 5 ... 12 cm and characterizes the convenience of 
transportation and mortar laying on workpiece surfaces. However, 
this characteristic does not reveal the interaction between the 
solution and pump components and can describe this process 
only when building empirical statistic dependences.  

In this regard, when developing new samples of mortar 
pumps, it seems essential and important today to analyze the 
method of scoring the properties of solutions in order to reveal the 
mechanism of  manifestation of these properties in the process of 
conveyance by the mortar pump.  

Rheological properties of solutions are determined by using 
the viscometres of rotatory operation. The principle of operation 
of these devices is based on the studying of relative rotational 
motion of cylinders, between which the test medium is situated. 
The usage of this method for building mortars is limited by the slot 
width between the cylinders and is efficient only for very workable 
plasters. The value of structured viscosity and shift voltage de-
pend mainly on the flow rate (the intensity of structural links de-
struction). In different sources the represented data on the signifi-
cance of the pointed out rheological properties have quite a broad 
band, as they were received in different velocity (kinematic) condi-
tions. In this regard, when developing a machine with specific 
operating factors, it is necessary to do measuring operations on 
the used solution in order to correct real value of thresholds, 
which characterize rheological properties of the service (medium). 

The required properties of the mortar are achieved by cement-
aggregate compatibility, namely by the amount of material by 
weight or volume, which falls per 1 m3 of mortar mixture, or by the 
ratio of each mortar’s component to the binder also by mass or 
volume, at that the binder discharge is taken as a unit (Chen et 
al., 2013; Kheradmand M. et al., 2014).  

It should be noted that during pipeline transportation it is nec-
essary to provide plasticity of mortar mixture and appropriate 
convenience of pumping under pressure. The latter is peculiar to 
such mixtures, that during transportation by the mortar pump do 

not form stagnation zones or sand seals in pressure hoses, and 
are pumped as a continuous flow. These showings are deter-
mined by the mobility of the mixture and they are provided by 
adjusting to the required condition in the mixer of the plastering 
machine (Kim K.H. et al., 2012). 

Further improvement of the facilities for mortar mixture supply 
through pipelines and the development of rational parameters of 
the structural components in the fluid end of the mortar pump with 
minimal resistance to pumping under pressure require studying 
the interaction of the working body and the valve assemblies with 
the flow of the pumped medium. In order to get that done, again, 
it is necessary to define rheological characteristics of the pumped 
mortar mixture. 

2. MEASURING TECHNIQUE FOR RHEOLOGICAL 
PROPERTIES OF MORTAR MIXTURES 

Flow behavior of mortar mixtures, which belong to structural 
fluids (Almeida and Sichieri, 2007; Binici et al., 2012; González-
Fonteboa and Martínez-Abella, 2008), can be characterized to the 
fullest extent possible by the formula of Shvedov-Bingham  

𝜏 = 𝜏0 + 𝜂 ⋅
𝑑𝑉

𝑑𝑛
, (1) 

where: τ – is the shear stress, Pa; τ0- is the critical shear stress, 
after the achievement of which  the liquid comes into motion, Pa; 

η – is the absolute viscosity coefficient Pas; 
dV

dn
 – is the velocity 

gradient in the cross flow direction. 
The critical shear stress τ0 and the absolute viscosity coeffi-

cient η are the main rheological properties of the service under 
consideration and determine the nature of the interaction between 
mortar mixture flow with the elements of the fluid end of the mortar 
pump.  

The value of the indicated parameters varies over the resi-
dence time of the static fluid (at zero speed) and depends on 
a number of factors (Cuia et al., 2015). This is, in particular, the 
ratio of the mortar mixture ingredients, the quantity  of water, 
which is comprised into the mortar mixture, the flow rate of speed. 
In addition, rheological characteristics depend on specific meas-
urement conditions (Perrot et al., 2013).  

This explains the wide disagreement in the values of the men-

tioned parameters τ0 and η, given in different  literature sources 
(Assaad and Daou, 2014; Reis et al., 2011). Therefore, in the 
process of pumping the mortar mixture, it is necessary to define 
the indicated parameters for mortar mixtures with fixed composi-
tion and specified mobility.  

In view of this, the usage of traditional viscosity measurement 
devices is obstructed, as far as in order to carry out measure-
ments within the broad range of flow and different slurry formula-
tion every time it is necessary to readjust the equipment with the 
objective of ensuring proper measuring conditions. 

In addition, these devices perform the viscosity measurement 
at a certain speed of medium motion, so the obtained results can 
be considered adequate only under certain conditions.  

Volarovich viscosimeter is the most appropriate for the evalua-
tion of rheological parameters of sand-lime mortars with different 
mobility (Kockal, 2016). But it has a rather complex structure and 
requires high accuracy of manufacturing and assembling of its 
components.  

Having regard to the above, we have proposed a test method 
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for determining the rheological properties of mortar mixtures with 
different mobility, which is the study of the interaction between 
a metal ball and the test solution.  

An example of a study of the interation between a spherical 
body and the liquid is the Stokes problem of a slow static flowing 
round the ball, in which the main influence is created by pressure 
and friction forces, and inertial components are not taken into 
account. A real example, closest to such a movement, is a slow 
drop of the ball in very viscous liquid (Korobko B and Vasyliev, 
2014), to which sand-lime mortar can also be relevant.  

The solving of the Stokes problem, when the ball is flowed 
round by structural liquid, the rheological behavior of which is 
determined by Shvedov-Bingham’s law (1), takes the following 
form:  

 the normal stress pattern on the ball surface of radius r at 
static relative motion of a ball and of the liquid at the velocity 

of V0 is as follows  

𝑝 = −
3

2
⋅
𝑉0⋅𝜂

𝑟
⋅ 𝑐𝑜𝑠𝜑, (2) 

where: 𝜑 – is the central angle between the direction of the veloci-

ty vector �⃗� 0 of flow and the normal to the concerned element of 
the spherical surface of the ball;  

 shear stresses, caused only by viscosity and velocity 
gradients in the boundary layer, are spread on the surface of 
the ball in this way:  

𝜏𝜂 =
3

2
⋅
𝑉0⋅𝜂

𝑟
⋅ 𝑠𝑖𝑛𝜑, (3) 

and with a glance to the critical shear stress of the environment 

𝜏0 (1)  

𝜏𝜂 = 𝜏0 +
3

2
⋅
𝑉0⋅𝜂

𝑟
⋅ 𝑠𝑖𝑛𝜑. (4) 

The forcing, which is a measure of the interaction between a 
ball and structural liquid, consists of two components  

𝐹 = 𝐹′ + 𝐹′′. (5) 

The components of the force 𝐹 are defined as the sum of pro-
jections of elementary efforts, caused by the availability of normal 
𝑝 and shear 𝜏 stresses on the surface of the ball (Fig. 1):  

𝐹′ = ∫ 𝜏𝑐𝑜𝑠[90° − (180° − 𝜑)]𝑑𝑆,
𝑆

 

 𝐹′′ = ∫ 𝑝 cos(180° − 𝜑)𝑑𝑆.
𝑆

  

Formula (5) after the conversion of expressions for 𝐹′ and 𝐹′′ 
will be of the following form  

𝐹 = ∫ 𝜏𝑠𝑖𝑛𝜑𝑑𝑆 − ∫ 𝑝𝑐𝑜𝑠𝜑𝑑𝑆,
𝑆𝑆

 (6) 

where: 𝑑𝑆 – is the area of the ball’s surface element,  

𝑑𝑆 = 2𝜋𝑟2𝑠𝑖𝑛𝜑𝑑𝜑. 
Having inserted the relations (2) and (4) into (6), we will get 

the formula for determining the resistance force 𝐹, which occurs 

when a ball of radius 𝑟 moves with respect to the mortar mix at 

a speed of 𝑉0:  

𝐹 = ∫ (𝜏0 +
3

2

𝑉0𝜂

𝑟
𝑠𝑖𝑛𝜑) 𝑠𝑖𝑛𝜑2𝜋𝑟2𝑠𝑖𝑛𝜑𝑑𝜑 −

𝜋

0

−∫ (−
3

2

𝑉0𝜂

𝑟
𝑐𝑜𝑠𝜑) 𝑐𝑜𝑠𝜑2𝜋𝑟2𝑠𝑖𝑛𝜑𝑑𝜑,

𝜋

0
  

𝐹 = 𝜋2𝑟2𝜏0 + 6𝜋𝑉0𝑟𝜂. (7) 

 

Fig. 1. The scheme of interaction between the ball  
            and the flow of mortar mix 

The first summand of the expression (7) is independent of the 

structural solution viscosity η and the speed of ball’s movement. 
It defines the component of the total force, which is necessary for 
shifting the ball towards the mortar mix, which creates static re-

sistance to its motion, caused by the presence of τ0 stress. The 
second summand is determined by the traverse speed of the ball 

V0 relative to the mortar mix.  
Analyzing the expression (7), we can come to the conclusion, 

that the determination of rheological parameters τ0 and η of the 
mortar mix should be carried out in two stages.  

At first it is necessary to define the force, at which there oc-
curs the shift of the ball of radius r, which is in the mortar mix. This 

allows you to calculate the value of τ0, provided that at the begin-
ning of the shift of the ball its speed through mortar mix becomes 

zero. Then the expression (7) will be as follows Fτ = π2r2τ0, 
from which  

𝜏0 =
𝐹𝜏

𝜋2𝑟2. (8) 

The value Fτ is defined as the difference between the external 

force F0, at which the ball shear occurs, and the buoyancy force 

FA.  
Then there are measured the speed V0 and the nature of 

ball’s motion in the mortar mix under the action of constant exter-

nal force F. After determination of the velocity V0 and the stress 
τ0 on the basis of the expression (7) there is calculated the value 

of the plastic solution viscosity η  

𝜂 =
𝐹−𝜋2𝑟2𝜏0

6𝜋𝑉0𝑟
. (9) 

With allowance for the buoyancy force, the calculating formu-
lae (8) and (9) ultimately will be of the following form:  

𝜏0 =
𝐹0−

4

3
𝜋𝑟3𝑔𝜌

𝜋2𝑟2 , (10) 

𝜂 =
F−

4

3
𝜋𝑟3𝑔𝜌−𝜋2𝑟2𝜏0

6π𝑉0𝑟
, (11) 

where: ρ – is the density of the test solution, kg/m3, g – is the 
gravitational acceleration, m/s2. 

In order to study the interaction between the ball and the test 
solution, we have used the apparatus (see Fig. 2), which consists 
of a steel ball 1, rigidly connected with the steel rod 2. At the rod 
there was located bearing plate 3 for the load of balance weights. 
At determining the initial shift of the ball, on the end of the rod 
there is placed a pointer against the corresponding scale mark, 
situated on the bracket 4, which is connected to the blending 
hopper. When investigating the ball’s motion pattern in the mortar 
mix on the bracket 4, there is set a displacement pickup of induc-
tive type 5.  
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Fig. 2. The device for measuring rheological characteristics  
            of the mortar mix 

Measurements are performed in such a way. The ball 1 is 
submerged into the freshly-mixed sand-lime mortar with the pro-
portion of ingredients 1: 3 in such a way, so that it would be com-
pletely covered with the mortar. Balance weights are consistently 
set on the bearing plate 3 in such a way, so that the difference in 
load between them would be no more than 5 g. Keeping watch 
over the pointer, we fix the shear couple of the ball. The magni-
tude of applied force 𝐹0, which corresponds to the beginning of 
shift, is defined as the sum of fare weight of a ball with a rod and 
the weight of balance weights, established on the bottom.  The 
density of the mortar mix is determined by weighing the fixed 

volume of the mortar. Then the critical shear stress 𝜏0 for the test 
solution is determined from the formula (10). The mobility of the 
mortar mix is measured by using the slump cone "StroyTsNIL". 
When measuring the ball’s rate of descent in the test solution, the 
load weighing 2.5 ... 3 times larger than 𝐹0 is set on the bearing 
plate (this is necessary to ensure the sinking of the ball in the 
mortar mix). The mortar mix is stirred in the slurry blender. Imme-
diately after the shut-down of the stirring the ball 1 is sunk in such 
a way, so that it would be completely covered by the mortar mix, 
and it is held in this position. The self-recording instrument is 
switched on and the ball is released. 

 
Fig. 3. The displacement diagram, showing the movement  
            of the ball 60 mm in diameter in the sand-lime mortar  
            with the composition 1:3 and with the medium workability of 8 cm  

In Fig. 3 there is given a displacement diagram, showing the 
movement of the ball 60 mm in diameter in the sand-lime mortar 
with the composition 1: 3 and with the medium workability of 8 cm.  

The chart shows that at a certain period of time the ball is 
moving at a constant speed (points 2-3), that is, the interaction 

process is stationary in nature. One cell of the diagram in the 
horizontal direction corresponds to 0.01 s. The analysis of the 

diagram testifies that the full time of the ball’s release 𝑇 is equal 
to 0.39 (segment 𝑇 = 39 mm), and the ball’s stationary motion 𝑡1 

= 0.27 s (segment 𝑡1= 27 mm). The ball’s depth of immersion is 
determined based on the results of the movement sensor calibra-
tion (in the diagram 𝐿 = 323 mm, 𝑙1, = 255 mm). 

The study of the received diagram allows to determine the ve-
locity of the ball in the mortar mix at the steady motion area ac-

cording to the formula V0 =
l1

t1
 and, using the relationship (11), to 

calculate the value of the plastic viscosity of the test solution η. 
The criterion which determines the process of hydrodynamic 

interaction between a valve ball and the flow of mortar is Reynolds 
criterion, which characterizes the effect of medium viscosity forces 
while flowing round the ball. In estimating flow motion of viscous 
medium in cylindrical space Reynolds criterion is as follows: 

𝑅𝑒 =
𝑉02𝑟

𝜂
𝜌. (12) 

When investigating the medium motion, which has got struc-
tured viscosity, the generalized parameter of Reynolds ought to 
be determined in the following way: 

𝑅𝑒∗ = 𝑅𝑒
6𝜂𝑉0

6𝜂𝑉0+𝜏02𝑟
. (13) 

Using the above mentioned methods, we have carried out 
measurements by applying the sand-lime mortar with the compo-
sition 1:3 and with the medium mobility ranging from 8 to 12 cm. 
The  results of measurement are using a 40, 50 and 60 mm diam-
eter steel ball are given in the Tab. 1.  

Tab 1. The measuring results of rheological characteristics  
             of sand-lime mortar mixes with different mobility  

Mobility, 
[сm] 

Density 𝜌, 

[kg/m3] 

𝑑, 

[mm] 
𝐹0, [N] 

𝜏0, 

[Pa] 
𝐹, [N] 

𝑉0, 

[m/s] 

𝜂, 

[Pas] 
𝑅𝑒∗ 

8 2100 

60 7.75 610.22 24.07 0.94 30.53 3.21 

50 5.10 608.43 15.30 0.74 29.20 2.14 

40 3.14 607.92 8.40 0.45 31.22 0.93 

10 2000 

60 6.42 473.60 17.85 1.21 16.71 7.03 

50 4.21 475.70 11.75 1.06 15.07 5.65 

40 2.55 479.56 8.40 0.93 16.69 3.72 

12 1900 

60 4.80 303.86 11.43 0.98 12.00 7.40 

50 3.09 303.21 7.86 0.89 11.41 5.93 

40 1.81 301.51 5.25 0.81 11.27 4.47 

For checking the proper use of analytic consistent patterns, 
the authors have sized up the actual magnitude of Reynolds 
parameter, which is the criterion of the process’ temporal homo-
geneity. The calculation data of 𝑅𝑒∗ according to the formula (13) 
for every dimension are listed in the table 1.  This parameter value 

in all dimensions does not exceed 𝑅𝑒∗ = 10, what offers an 
opportunity to draw a conclusion about the accuracy of the devel-
oped methodology. 
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3. CONCLUSIONS 

The analysis of the obtained measured data and calculation 
data points out that in case of reduction in diameter of the ball, its 
zero-time shift in the mortar of certain mobility requires less ef-
forts. When increasing the mobility of the mortar, the effort of 
zero-time shift of the ball of certain diameter decreases either.  

Calculation data for each ball testify that the values of bounda-
ry traction of the shift and the coefficient of structured viscosity of 
the mortar of certain mobility are in narrow interval, that does not 
exceed systematic inaccuracy of measurements. That is why for 
the mortar of target slump these dimensional characteristics can 
be determined as arithmetical average of measured data for each 
ball. Moreover, in case of increase of mobility of the analyzed 
mortar, the values of boundary traction of the shift and the coeffi-
cient of structured viscosity decrease substantially. It makes it 
possible to confirm that rheological properties of building mortars 
depend only on their consistence.   

The proposed method makes it possible to quickly determine 
the rheological properties of mortar mixes and other structural 
liquids, which follow Shvedov-Bingham’s law, immediately prior to 
their conveyance by the mortar pump. 

It will allow to predict energy costs during the work of equip-
ment set for plastering: expenditures for mixing in the mixer tap,   
injection of grout by the mortar pump and transportation of mor-
tars by pipeline. The design extent of power consumption will help 
to determine the necessary propulsive output as part of equipment 
set.  
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Abstract: One of the issues related to formation flights, which requires to be still discussed, is the stability of formation flight in turns, 
where the aerodynamic conditions can be substantially different for outer vehicles due to varying bank angles. Therefore, this paper pro-
poses a decentralized control algorithm based on a leader as the reference point for followers, i.e. other UAVs and two flocking behaviors 
responsible for local position control, i.e. cohesion and repulsion. But opposite to other research in this area, the structure of the formation 
becomes flexible (structure is being reshaped and bent according to actual turn radius of the leader. During turns the structure is bent bas-
ing on concentred circles with different radiuses corresponding to relative locations of vehicles in the structure. Simultaneously, UAVs' air-
speeds must be modified  according to the length of turn radius to achieve the stability of the structure. The effectiveness of the algorithm 
is verified by the results of simulated flights of five UAVs.  

Key words: Unmanned Aerial Vehicles, UAVs Formation, Rigid Formations, Flexible Formations 

1. INTRODUCTION 

The problem of UAVs formations flights has been intensively 
studied for many years in many research centers all over the 
world. Most of the research in this field is focused on three differ-
ent approaches, i.e. formation flights based on a rigid virtual struc-
ture (Norman and Hugh, 2008; Ren and Beard, 2004; J. Shan and 
Liu, 2005; Cai et al., 2012; Seo et al., 2009; Askari et al., 2015) or 
a flexible virtual structure (Low and Ng, 2011), swarms using 
biologically inspired flocking behaviors (Quintero et al., 2013; 
Kownacki and Ołdziej, 2015; 2016; Virágh et al., 2014) and rela-
tions based on the model of leader – follower (Xingping et al., 
2003; Yun et. al., 2008; Ambroziak and Gosiewski, 2014). In the 
first approach, UAVs create a rigid structure, where relative dis-
tances between UAVs should be constant during a flight as much 
as it is possible (Norman and  Hugh, 2008). Achieving this be-
comes a challenge because it requires not only precision control 
but also real-time motion synchronization. Therefore, in Low and 
Ng, (2011) a model of flexible virtual structure is proposed, where 
relative distances can be slightly varied during turns. But pro-
posed structure of control is centralized and it does not consider 
a collision risk inside the formation as it relies on local generation 
of reference trajectory for each UAV on basis of the reference 
trajectory of the leader. The second approach applies behaviors 
which are inspired by the flocking behaviors of birds. Also, in this 
case, local flight control depends on information sharing at least 
between the nearest neighbors of the vehicle (Kownacki and 
Ołdziej, 2015; 2016). Otherwise, the vehicle cannot determine its 
own behaviors, especially repulsion or cohesion. The last ap-
proach, based on the leader-follower relation, is relatively the 
simplest one, but as it was proved it requires control switching 
between position control and the course control to achieve the 

effective flight (Ambroziak and Gosiewski, 2014).  
Despite some progress in the field of multi-UAV systems, 

a control algorithm, which would offer the effective flight control in 
real applications for fixed-wing UAVs, has not been thoroughly 
developed yet. This fact is especially related to the issue of the 
stability of the formation flight in turns, where each vehicle makes 
a turn under different aerodynamic conditions as the result of 
different speeds and different bank angles. Problems with finding 
an appropriate solution arise from the limitations of available 
technology and the nature of small fixed-wing UAVs being nonho-
lonomic robots, whose high dynamics combined with small time 
constants make them sensitive to any external disturbances. 
Therefore, a position control in a formation requires a real-time 
processing of navigational data acquired from others UAVs, and it 
should involve especially a problem of synchronization of flight 
parameters and their actual errors (Norman and  Hugh, 2008). 
In turn, this requires a lot of bytes to be transmitted smoothly 
through a wireless communication network inside the formation, 
what in most cases becomes another technological problem.  

To avoid these issues, in contrast to the model in Low and Ng, 
(2011), we propose a decentralized control algorithm based 
on a leader as the reference point for other UAVs and two flocking 
behaviors responsible for local position control, i.e. cohesion and 
repulsion. The flow of navigational data is organized on the model 
of cascade, in which transmission is initialized by the leader, 
whose data is sequentially forwarded by next follower in the struc-
ture. This simplifies the structure of wireless network inside the 
formation. But opposite to our previous research (Kownacki and 
Ołdziej, 2015; 2016), the structure of the formation becomes 
flexible (the structure is being reshaped and bent according to 
actual turn radius of the leader. During turns, the structure is bent 
basing on concentered circles with different radiuses correspond-
ing to relative locations of vehicles in the structure. Simultaneous-
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ly, UAVs' airspeeds must be modified according to length of turn 
radius to achieve the stability of the structure.  

2. FORMATION FLIGHT WITH ALGORITHM OF FLEXIBLE 
STRUCTURE 

Regardless to the applied control algorithm, a typical for-
mation flight assumes that relative distances between vehicles 
must be constant as much as possible. Therefore, UAVs for-
mation usually uses structures, which define reference positions 
of each UAV in relation to a chosen reference point. The most 
convenient way, from the practical point of view, is to use a leader 
of a formation as the reference point to determine desired posi-
tions of other UAVs, which will play the role of followers. Accord-
ing to this, the leader must broadcast its actual position and orien-
tation angles to allow the followers to calculate their reference 
positions in the structure, which become set-points for the local 
control of UAV. In the proposed approach, local low level control 
is based on two flocking behaviors, i.e. cohesion and repulsion 
(Kownacki and Ołdziej, 2015; 2016). The shape of the formation 
structure may be any as long as the distances between vehicles 
are exactly defined in a local coordinates frame associated with 
the formation. In the presented studies, a shape of reversed letter 
‘V’ is used to create a simulated formation of five UAVs. This kind 
of structure will allow determining clearly noticeable differences 
between trajectories of the followers flying on opposite sides 
of the formation structure. A simulated structure of UAVs for-
mation with local coordinate system for reference positions is 
presented on Fig. 1. 

 
Fig. 1. A structure of the formation of five UAVs  
            based on the shape of reversed letter ‘V’ 

According to the formation structure presented in Fig. 1, refer-
ence positions of UAVs can be determined by predefined points 
located in a local coordinate frame L, whose origin is placed at the 
gravity centre of the leader, and its axes are parallel to the axes of 
the leader’s body. Therefore, coordinates of these points can be 
expressed by equation (1). In the equation, index i in the sub-
scripts refers to the order of UAVs placed behind and in reference 
to the leader, identically on its both sides. While index j refers 
respectively to the left (j=L) and to the right (j=R) side of the 
leader.   

𝑃𝑖𝑗
𝐿 = [

𝑥𝑖𝑗
𝐿

𝑦𝑖𝑗
𝐿

𝑧𝑖𝑗
𝐿

] =

{
 
 

 
 [
−𝑖 ⋅ Δ𝑥
𝑖 ⋅ Δy
0

]  𝑗 = 𝑅

[
−𝑖 ⋅ Δ𝑥
−𝑖 ⋅ Δy
0

]  𝑗 = 𝐿

                                            (1) 

where: i – the order of UAVs in chain on the left side (j=L) or on 

the right side (j=R) in reference to the leader, Δ𝑥, Δy – spacings 
between UAVs, respectively in xL and yL axis. 

If the formation structure is rigid, the coordinates of those 

points 𝑃𝑖𝑗
𝐿  in the global frame G, which is related to local horizon 

and the north, will be determined by a transformation, which com-
bines a shift of coordinates by the leader’s coordinates given 
in the frame G and a rotation around the leader’s gravity centre 
about its orientation angles i.e. roll, pitch and heading. The trans-
formation can be defined by a following equation: 

𝑃𝑖𝑗
𝐺 = 𝑃𝐿𝐷

𝐺 + 𝐷𝐺
𝐿(𝜙𝐿𝐷, 𝜃𝐿𝐷 , 𝜓𝐿𝐷) ⋅ 𝑃𝑖𝑗

𝐿                                      (2) 

where: 𝐷𝐺
𝐿  – a rotation matrix defining elementary rotations 

between the formation frame L and the inertial frame G,  𝑃𝐿𝐷
𝐺  – 

the position of the leader in the inertial frame G,  𝑃𝑖𝑗
𝐺   – the 

reference position of the i-th UAV flying on the right (j=R) or left 

side (j=L) of the leader given in the inertial frame G, 𝑃𝑖𝑗
𝐿   – the 

reference position of the i-th UAV on the right (j=R) or left side 

(j=L) of the leader given in the local frame L, 𝜓𝐿𝐷 – a heading 
angle of the leader, 𝜙𝐿𝐷 – a roll angle of the leader, 𝜃𝐿𝐷 – a pitch 
angle of the leader. 

 
Fig. 2. Ground projections of trajectories of reference UAVs positions  
            for a formation flight based on a rigid structure 

Unfortunately, the approach based on the rigid structure can 
result in deformations of reference trajectories, which are 

evolutions of points 𝑃𝑖𝑗
𝐺  in time, especially while the formation 

makes a turn maneuver. Rotations of the local frame L around the 
leader’s gravity centre make turn radiuses of the followers greater 
than it is in the case of the leader and finally the formation 
structure is disturbed as it is shown in Fig. 2. 

The deformations of UAVs trajectories in Fig. 2 are a strong 
argument against the use of the approach of the rigid structure. 
Therefore, a new approach, which will use a flexible structure 
should be proposed. In the approach of the flexible structure, the 
formation structure will be constantly modified according to actual 
turn radius of the leader. This means also that the reference 
positions of the followers will be modified in relation to the refer-

The leader 

xL
 

yL
 

-x 

-x 

-y 

-y 

y 

-x 
y 

PL
1R 

PL
2R
 

PL
2L
 

PL
1L
 

0 

-x 

The followers 

-200 0 200 400 600 800 1000 1200 1400 1600
0

100

200

300

400

500

600

x [meters]

y
 [

m
e

te
rs

]

Ground projections of trajectories of the structure nodes

x [ m] 

y
 [

 m
] 

Result of frame L 

rotations 



Cezary Kownacki Leszek Ambroziak                                                                                                                                                                              DOI 10.1515/ama-2017-0026 
Flexible Structure Control Scheme of a UAVs Formation to Improve The Formation Stability During Maneuvers 

180 

ence point, and relative distances between UAVs will not be con-
stant. In the flexible structure, reference positions of the followers 
during turns can be defined by finding points of intersections 
between concentric circles, whose radiuses are determined by a 
sum of turn radius of the leader (R) and coordinates of UAVs 

reference positions in y-axis of the frame L (y), and lines passing 
through the center of these circles. The lines will create arcs on 
the trajectory of the leader, which start in the position of the lead-

er, and whose widths are equal to ix, coordinate of reference 
position in x-axis of frame L for the i-th UAV. The idea of the 
flexible structure of a UAVs formation is presented in Fig. 3. 

The main rule of the flexible structure in Fig. 3 can be defined 
briefly as the change of expression of reference positions of UAVs 
in the local frame L from Cartesian coordinates to polar coordi-
nates only when the leader's roll angle is different from zero. In 
both coordinates systems, relative coordinates of UAVs positions 

in reference to the leader, i.e.positive and negative multiplications 

of x and y (eq. 1), remain the same, but in the case of polar 
coordinates system, they are given as widths of arcs and differ-
ences in lengths of turn radiuses. Moreover, the origin of polar 
coordinates system is located at the center of a circle being a part 
of the leader's trajectory. To determine reference positions of 
UAVs in the frame G, it is necessary to identify a Cartesian repre-

sentation of relative distances x and y expressed as polar 
coordinates. Let’s start with a definition of concentric circles in the 
frame L, which is as follows: 

{
𝑥𝑖𝑗
2 + (𝑦𝑖𝑗 − 𝑅)

2
= (𝑅 − 𝑦𝑖𝑗

𝐿 )
2
, 𝜙 < 0,

𝑥𝑖𝑗
2 + (𝑦𝑖𝑗 + 𝑅)

2
= (−𝑅 − 𝑦𝑖𝑗

𝐿 )
2
, 𝜙 ≥ 0.

                        (3) 

where: R – turn radius of the leader, xij, yij – coordinates of points 
forming trajectory of the i-th UAV flying on the right (j=R) or on the 

left side (j=L) of the leader, given in the frame L, 𝑦𝑖𝑗
𝐿  –coordinate 

of the reference position in y-axis of the frame L for the i-th UAV, 
which is flying on the right (j=R) or on the left side (j=L) of the 

leader,  - actual roll angle of the leader. 
In the next step, equations of lines should be defined. These 

lines intersect the leader’s trajectory. Intersection points together 

with y-axis specify arcs widths equal to 𝑥𝑖𝑗
𝐿  –coordinates of the 

reference positions of UAVs in x-axis of the L frame. Angles be-
tween those lines and y-axis of the L frame  are given by equation 
(4). 

𝛼𝑖𝑗 =
|𝑥𝑖𝑗
𝐿 |

|𝑅|
.                                          (4) 

where: R – turn radius of the leader, 𝑥𝑖𝑗
𝐿  – coordinate of reference 

position in x-axis of the frame L for the i-th UAV flying on the right 
(j=R) or on the left (j=L) side of the leader.  

Therefore, equations of those lines can be formulated as fol-
lows: 

{
𝑦𝑖𝑗 − 𝑅 = 𝑥𝑖𝑗 ⋅ 𝑡𝑔 (

𝜋

2
− 𝛼𝑖𝑗) , 𝜙 < 0,

𝑦𝑖𝑗 + 𝑅 = −𝑥𝑖𝑗 ⋅ 𝑡𝑔 (
𝜋

2
− 𝛼𝑖𝑗) , 𝜙 ≥ 0.

                        (5) 

If we take right sides of equations (5) and put them respective-
ly into corresponding expressions on the left sides of equations 

(3), we will obtain 𝑥𝑖𝑗
𝐿𝐹  - coordinate of reference position of UAV 

in x-axis of the frame L. Because the followers are always placed 
behind the leader, i.e. on the left side of y-axis of the frame L, the 
sign in the front of  square root is negative. 

If we take right sides of equations (5) and put them respective-
ly into corresponding expressions on the left sides of equations 

(3), we will obtain 𝑥𝑖𝑗
𝐿𝐹  - coordinate of reference position of UAV in 

x-axis of the frame L. Because the followers are always placed 
behind the leader, i.e. on the left side of y-axis of the frame L, the 
sign in the front of  square root is negative. 

{
 
 

 
 
𝑥𝑖𝑗
𝐿𝐹 = −√

(𝑅−𝑦𝑖𝑗
𝐿 )

2

1+𝑡𝑔2(
𝜋

2
−𝛼𝑖𝑗)

, 𝜙 < 0,

𝑥𝑖𝑗
𝐿𝐹 = −√

(−𝑅−𝑦𝑖𝑗
𝐿 )

2

1+𝑡𝑔2(
𝜋

2
−𝛼𝑖𝑗)

, 𝜙 ≥ 0.

                         (6) 

To determine coordinates of UAVs reference positions in y-
axis of the frame L, right sides of equations (6) should be substi-
tuted in the place of  𝑥𝑖𝑗  in equations (5). The equation for coordi-

nate 𝑦𝑖𝑗
𝐿𝐹 , is given as follows: 

{
 
 

 
 
𝑦𝑖𝑗
𝐿𝐹 = −𝑡𝑔 (

𝜋

2
− 𝛼𝑖𝑗) ⋅ √

(𝑅−𝑦𝑖𝑗
𝐿 )

2

1+𝑡𝑔2(
𝜋

2
−𝛼𝑖𝑗)

+ 𝑅, 𝜙 < 0,

𝑦𝑖𝑗
𝐿𝐹 = 𝑡𝑔 (

𝜋

2
− 𝛼𝑖𝑗) ⋅ √

(−𝑅−𝑦𝑖𝑗
𝐿 )

2

1+𝑡𝑔2(
𝜋

2
−𝛼𝑖𝑗)

− 𝑅, 𝜙 ≥ 0.

         (7) 

 
Fig. 3. The idea of the flexible structure of a UAVs formation. On the left side, there is the formation structure, which is modified according to the leader’s 

turn radius R, and on the right side, there is the initial structure for a straight line flight 
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Both equations (6) and (7) define together coordinates of ref-
erence positions of UAVs in the flexible structure in the frame L, in 
situation when the formation makes a turn or starts an orbit-
following flight scheme. Coordinates in z-axis remain constant and 
they are equal to zero. To implement local controls based on the 
rules of birds flocking, each UAV must know its reference position 
given in the global frame G. But in contrast to the rigid structure 
approach, reference positions in the local frame L should be 
rotated around the leader only about its heading angle. Hence, the 
transformation from the frame L to the frame G is given by equa-
tion (8), which splits the problem into separate cases, i.e. when an 
absolute value of the leader’s roll angle is below and above value 
of 𝝓𝒎, at which formation control switches to the flexible structure 
mode. 

   𝑃𝑖𝑗
𝐺 =

{
  
 

  
 
𝑃𝐿𝐷
𝐺 +𝐷𝐺

𝐿(𝜓𝐿𝐷) ⋅ [

𝑥𝑖𝑗
𝐿𝐹

𝑦𝑖𝑗
𝐿𝐹

0

] |𝜙| > 𝜙𝑚,

𝑃𝐿𝐷
𝐺 + 𝐷𝐺

𝐿(𝜓𝐿𝐷) ⋅ [

𝑥𝑖𝑗
𝐿

𝑦𝑖𝑗
𝐿

0

] |𝜙| < 𝜙𝑚.

                        (8) 

where: 𝐷𝑔
𝐿  – rotation matrix defining a rotation between the frame 

L and the inertial frame G,  𝑃𝐿𝐷
𝐺   – the position of the leader in the 

inertial frame G,  𝑃𝑖𝑗
𝐺   – the reference position for the i-th UAV, 

flying on the right (j=R) or left side (j=L) of the leader, given in the 

inertial frame G, 𝑥𝑖𝑗
𝐿𝐹 , 𝑦𝑖𝑗

𝐿𝐹   – coordinates of the reference position 

of the i-th UAV flying on the right (j=R) or left side (j=L) of the 
leader, given in the local frame L, 𝜓𝐿𝐷 – a heading angle of the 

leader, 𝜙𝑚 – the roll angle of the leader at which the formation 

control switches to the flexible structure mode.  

Reference positions 𝑃𝑖𝑗
𝐺  in the frame G are used to calculate 

local controls of UAV, whose main purpose is to minimize errors 
of position tracking. This means that the algorithm of the flexible 
structure becomes a high level of control, providing coordinates of 
reference positions as input for a middle level of controls i.e. a 
control of position tracking. In turn, the control of position tracking  
together with a necessary control of collision avoidance between 
UAVs generates set-points for a low-level controls which manages 
deflections of control surfaces of UAV. In this way, the overall 
control of UAV is organized in a form of three-stage cascade 
control, which is presented in Fig. 4.   

As the base for both controls of position tracking and collision 
avoidance, flocking behaviors of birds, in particular, behaviors of 
cohesion and repulsion can be successfully applied, what was 
proved in the previous research ((Kownacki C. and Ołdziej D., 
2015; Kownacki C. and Ołdziej D., 2016)). However here, the 
meaning of cohesion and repulsion behaviors should be adapted 
to the approach of formation flights. Therefore, the behavior of 
cohesion is used to move UAV towards its reference position 
instead of a gravity centre of a flock, and airspeed of UAV should 
be proportional to tracking errors or calculated with PID terms with 
a dead zone applied around the reference position. In turn, the 
behavior of repulsion secures UAV against collisions with another 
UAV, which is a preceding in the structure. The idea of applying 
behaviors of cohesion and repulsion in a formation flight is shown 
in Fig. 5. 

 

 
Fig. 4. The structure of the local control of UAV, which is organized in the form of tree-stage cascade control: the first stage – the algorithm of flexible 

structure, the second stage – flocking behaviors (cohesion and repulsion), the third stage – low level control of flight parameters, roll, pitch,  
heading and airspeed 

 
Fig. 5. The idea of using behaviors of cohesion and repulsion in the flight of formation based on the flexible structure. Green dotted circles represent dead 

zones around reference position, where there is no cohesion and airspeed is the same as the leader’s, Red dotted circles represents zones  
of repulsion around each UAV with except of the leader.    
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As it was mentioned, cohesion behavior moves UAV towards 
assigned reference position in the formation structure with an 
airspeed, which is proportional to a distance between an actual 
position of UAV and its reference position, and this distance has 
a meaning of a tracking error. Cohesion behavior is acting only 
when this tracking error is greater than specified maximal dis-
tance, which is a radius DC of dead zones around reference posi-
tions (green dotted circles in Fig. 5). Dead zones are required 
because they prevent from the instability of flight when the track-
ing error is nearby zero. Then even a small change of UAV posi-
tion in relation to the assigned reference position can produce 
a rapid step change in control signals generated by cohesion 
behavior. Therefore, UAV should track its reference position 
keeping a specified distance and inside the dead zone its air-
speed should be the same as the leader’s. A direction of flight 
towards reference position determined by cohesion behavior 
is expressed as a vector defined by the equation below. 

𝐾𝐶𝑖𝑗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  =  
1

|𝐴𝑃𝑖𝑗
𝐺⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗|
∙ 𝐴𝑃𝑖𝑗

𝐺⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗       𝐴𝑃𝑖𝑗
𝐺⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  = 𝑃𝑖𝑗

𝐺⃗⃗⃗⃗  ⃗ −  𝑃𝑈𝐴𝑉𝑖𝑗
𝐺⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗.     (9) 

where: 𝐴𝑃𝑖𝑗
𝐺⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗   – a vector which is defined as a difference between 

the coordinates (𝑃𝑈𝐴𝑉𝑖𝑗
𝐺⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗) of the i-th UAV flying on the right (j=R) 

or left side (j=L) of the leader, given in the inertial frame G and the 

coordinates 𝑃𝑖𝑗
𝐺⃗⃗⃗⃗  ⃗ of assigned reference position in the virtual struc-

ture , |𝐴𝑃𝑖𝑗
𝐺⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | - is a distance between the i-th UAV and the refer-

ence position in the structure. This is also position tracking error. 
As it was mentioned, the airspeed of UAV should be propor-

tionally adjusted to the tracking error and it should be constant or 
at least reduced to the half of the leader’s speed when the track-
ing error is smaller than the radius DC. Reducing the airspeeds of 
the followers allows decreasing their turn radiuses in reference to 
the leader’s. Hence, a relation between airspeed and the tracking 
error is defined by equation (10): 

𝑆𝑖𝑗
𝑑 =

{
𝐾𝑝 ⋅ cos(𝜙) ⋅ [|𝐴𝑃𝑖𝑗

𝐺⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | + 𝐾𝐼 ⋅ ∫ |𝐴𝑃𝑖𝑗
𝐺⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | 𝑑𝜏 + 𝐾𝐷 ⋅

𝑑|𝐴𝑃𝑖𝑗
𝐺⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗|

𝑑𝑡

𝑡

0
] , |𝐴𝑃𝑖𝑗

𝐺⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | ≥ 𝐷𝑐 ,

𝛽 ⋅ 𝑆𝑖  ,                             |𝐴𝑃𝑖𝑗
𝐺⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | < 𝐷𝑐 .

(10) 

where: KP, KD, KI  – gains of PID terms, |𝐴𝑃𝑖𝑗
𝐺⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | – the distance 

between the i-th UAV and its assigned reference position in the 

structure (the tracking error), 𝑆𝑖𝑗
𝑑  – the desired airspeed of the i-th 

UAV, Si – the leader’s airspeed, DC – a radius of dead zones 

around the nodes in the virtual structure,  - the leader’s current 

roll angle,  - scaling factor to reduce speed when tracking error is 
lower than DC.    

The role of repulsion behavior is to secure the formation from 
collisions between UAVs. It repulses a UAV from another UAV 
which is a preceding in reference to the leader's position, only 
when distance between both UAVs is smaller than a safe distance 
DR. Therefore, each UAV must know only the position of its 
precedor. This simplifies information sharing in the formation. 
A vector, which represents the direction of repulsion is as follows: 

𝐾𝑖,𝑖−1
𝑅⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  =  {

1

|𝑃𝑖𝑗
𝐺𝑃𝑖−1,𝑗

𝐺⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗|
∙ 𝑃𝑖𝑗

𝐺𝑃𝑖−1,𝑗
𝐺⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗       |𝑃𝑖𝑗

𝐺𝑃𝑖−1,𝑗
𝐺⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗| ≤ 𝐷𝑅  ,

        0                         |𝑃𝑖𝑗
𝐺𝑃𝑖−1,𝑗

𝐺⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗| > 𝐷𝑅 ,

       (11) 

𝑃𝑖𝑗
𝐺𝑃𝑖−1,𝑗

𝐺⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ = 𝑃𝑖𝑗
𝐺⃗⃗⃗⃗  ⃗ −  𝑃𝑖−1,𝑗

𝐺⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗.              (12) 

where: 𝑃𝑖𝑗
𝐺⃗⃗⃗⃗  ⃗, 𝑃𝑖−1,𝑗

𝐺⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ –  positions respectively of the i-th and the (i–1)-

th vehicle flying on the left (j=L) or the right (j=R) side of the 

leader, |𝑃𝑖𝑗
𝐺𝑃𝑖−1,𝑗

𝐺⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗| – a distance between UAVs, DR – the minimum 

permissible distance between two UAVs. 
The current direction of UAV flight will be dependent on a 

combination of all behaviours - cohesion and repulsion, which is 

simply defined as a sum of vectors 𝐾𝑖,𝑖−1
𝑅⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗    and 𝐾𝐶𝑖𝑗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  . Vector 𝐾𝑖𝑗⃗⃗ ⃗⃗  ⃗, 

being a sum of vectors 𝐾𝑖,𝑖−1
𝑅⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗    and 𝐾𝐶𝑖𝑗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  , is used to calculate set-

point for low-level flight control, i.e. desired pitch and desired 
heading. 

𝐾𝑖𝑗⃗⃗ ⃗⃗  ⃗ = 𝐾𝑖,𝑖−1
𝑅⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  +  𝐾𝐶𝑖𝑗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  .                                       (13) 

These set-points are defined by following equations. 

𝐾𝑖𝑗⃗⃗ ⃗⃗  ⃗ = [

𝑥𝑖𝑗
𝑦𝑖𝑗
𝑧𝑖𝑗
],                                             (14) 

Ψ𝑖𝑗
𝑑 = 𝑎𝑡𝑎𝑛2 (

𝑥𝑖𝑗

𝑦𝑖𝑗
),                                                                 (15) 

Θ𝑖𝑗
𝑑 = 𝑎𝑡𝑎𝑛2 (

𝑧𝑗

√𝑥𝑖𝑗
2+𝑦𝑖𝑗

2
).                                                       (16) 

where: 𝐾𝑖𝑗⃗⃗ ⃗⃗  ⃗ – a vector which defines the resultant direction of 

flight, Ψ𝑖𝑗
𝑑  – the desired heading angle, Θ𝑖𝑗

𝑑   – the desired pitch 

angle. 
The control vector, which is the input for low-level of flight con-

trol, can be finally defined as: 

𝑢𝑖𝑗⃗⃗⃗⃗  ⃗ = [

Ψ𝑖𝑗
𝑑

Θ𝑖𝑗
𝑑

𝑆𝑖𝑗
𝑑

] .             (17) 

To show the differences between the presented approach 
of flexible structure and virtual rigid structure a series 
of simulations were made in Matlab – Simulink. In the simulations, 
a formation of five UAVs flew through different sequences of three 
waypoints, each time it made at least one turn of about 90 
degrees. Results of flights simulation making a comparison 
between rigid and flexible structure approaches are presented 
in next section. 

3. RESULTS 

To identify the main differences in both approaches 
to formation structures, the same sequence of waypoints and the 
same flight parameters were used to simulate flights, once based 
on the rigid structure algorithm and once on the proposed 
algorithm of the flexible structure. Making a comparison between 
trajectories of reference positions and UAVs for both approaches 
allows assessing how much the flexible structure improves the 
parallelism of UAVs trajectories, what is the main aim of the 
research. In simulation PD regulators are used to control 
airspeeds (eq. 10) and actual headings (low-level control) of the 
followers. Following parameters were also applied: the leader’s 
airspeed 10 m/s, range of repulsion DR=1 meter, the radius of 
dead-zones around reference positions in the structure DC=5 
meters, maximum roll angle for each UAV about 300, initial 
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headings 900, initial positions of UAVs are placed in accordance to 
location in the structure of the formation. Fig. 6 presents 
trajectories of UAVs and trajectories of their reference positions 
for the case of the flexible structure approach on the left and for 
the case of the rigid structure approach on the right. In Fig. 7, 
it can be noticed that in the case of rigid structure, headings 
of outer UAVs in the structure differ from others, i.e. they oscillate 
in moments when they are flying on the inner sides of turns. But 
those differences do not correlate with the shape of reference 

trajectories what reflects in the fact that trajectories of the UAVs 
turn in opposite direction. Therefore, the most probable reason for 
the deformations in trajectories of the formation based on the rigid 
structure approach are overshoots in the roll angle control, which 
occur at the time of rapid changes of reference positions. And this 
happens only in the case of rigid structure, what can be proved 
by plots of roll angles in Fig. 8 and plots of reference heading 
in Fig. 9. 

 
Fig. 6. Trajectories of reference positions and UAVs, respectively for the flexible structure approach: (a) – trajectories of reference positions,  

 (b) – trajectories of UAVs, and the rigid structure approach: (c) – trajectories of reference positions, and (d) - trajectories of UAVs    

 
Fig. 7. Headings of UAVs, respectively for the flexible structure approach (a) and the rigid structure approach (b)    

Flexible structure approach Rigid structure approach a) 

b) 

c) 

d) 
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Fig. 8. Roll angles of each UAV in the formation, respectively for the flexible structure approach (a) and the rigid structure approach (b) 

 
Fig. 9. Reference heading angles of followers in the formation, respectively for the flexible structure approach (a) and the rigid structure approach (b)    

 
Fig. 10. Airspeeds of each UAV in the formation, respectively for the flexible structure approach (a) and the rigid structure approach (b)   

 
Fig. 11. Tracking error of each UAV in the formation, respectively for the flexible structure approach (a) and the rigid structure approach (b) 
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Differences between plots of reference headings in Fig. 9 
explain higher oscillations of roll angles in the case of the rigid 
structure approach, which next destabilize the structure of the 
formation. Therefore, trajectories of UAVs flying on the inner side 
of turn cease to be parallel to others. Applying the flexible 
structure instead of the rigid structure decreases these oscillations 
as the result of generating smoother reference trajectories for the 
followers. This situation is also confirmed by the position tracking 
error and airspeeds signals presented in Figs. 10 and 11. 
Tracking errors are significantly lower during formation flight with 
flexible structure what also impacts on the control of airspeed as a 
function of them. Airspeed increases with the growth of tracking 
error and decreases if it is getting smaller. 

4. CONCLUSIONS 

The main purpose of the research on algorithms of formation 
flight designed to UAVs is achieving collective, synchronized and 
autonomous flight of several UAVs like it could be done by pilots. 
This still is difficult due to applied technology, which limits possibil-
ities of real-time synchronization between UAVs. Therefore, the 
most of research is focused on approaches of leader-follower or 
virtual rigid structure, where the positions of UAVs are related to 
the leader’s position by using predefined geometrical relations. 
This simplifies the exchange of navigation data between UAVs in 
the formation, but achieving constant geometrical relations, like it 
is in rigid structures. becomes more difficult in the case of non-
holonomic robots, to which fixed-wing UAVs belong. Applying rigid 
structures to non-holonomic robots can result in structure rotations 
which deform trajectories of reference positions causing over-
shoots in angles of roll and heading.  

In the research, the proposition of the new algorithm, which 
applies a flexible structure to organize formation flights is dis-
cussed. The main difference between the proposed algorithm and 
the approach based on virtual rigid structure is reshaping of the 
structure in accordance with the turn radius of the leader. Simula-
tions results present that applying the flexible structure approach 
allows minimizing the impact of structure rotations when the lead-
er changes its heading. Thus, coordinates of reference position do 
not change rapidly in relation to the UAV, what minimizes heading 
angle error and reduces oscillations of roll angle. In turn, a stable 
flight results in better parallelism of trajectories. Applied behaviors 
of cohesion and repulsion, together with dedicated airspeed con-
trol are enough to minimize positions tracking errors effectively. 
However, tracking errors cannot be smaller than the radius of the 
dead zone required to stabilize the flight when even a small posi-
tion displacement can result in a step change of heading error. 
This issue can be eliminated by heading synchronization what will 
be the next step of the research. 
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Abstract: The study summarises the results of experimental examination of velocity sensing capability in a prototype of a magnetorheolog-
ical damper with power generation (MRD). The device has two main components: an electromagnetic power generator and an MR damp-
er. The study outlines the structure of the device with the main focus  on the generator part,  and provides results of tests performed under 
the idle run. The discussion of demonstrates the potentials of MRD action as a velocity-sign sensor and presents key issues which need to 
be addressed to enable its real life applications. 

Key words: MR Damper, Power Generator, Voltage, Velocity, Sensing 

1. INTRODUCTION 

Recent years have witnessed a major advances in self-
powered MR dampers which are able to recover energy from 
external excitations and to adjust themselves to excitations by 
varying damping characteristics. It has also been established that  
information about relative velocity across such MR dampers can 
be extracted on voltage generated by the generator giving the 
devices  the self-sensing capability i.e. can act as a velocity sen-
sors. An increasing number of research reports on this subject 
have appeared in the last decade. For example, (Jung et al., 
2009) investigated experimentally the sensing capability of the 
generator incorporated in the MR damper-based vibration control 
system and demonstrated that the device may be considered as a 
velocity-sign sensor. Also, (Jung et al., 2010) studying a sensing 
capability of such system showed that the generator could act as 
a velocity sensor for common control methods in MR damper-
based systems. (Wang et al., 2010) proposed an integrated rela-
tive displacement self-sensing MR damper to realize the integrat-
ed relative displacement sensing and controllable damping. Based 
on the extension of the presented idea, the prototype of such MR 
damper was designed, fabricated and tested by (Wang and Bai, 
2013). (Chen and Liao, 2010) reported that it is possible to engi-
neer an MR damper with the power generation feature which 
integrates energy harvesting, dynamic sensing and MR damping 
technologies in a single device. Also, (Chen and Liao, 2012) 
performed theoretical and experimental studies of an MR damper 
prototype which had both self-powered and self-sensing capabil-
ity. (Zhu et al., 2012) presented self-powered and sensor-based 
MR damper systems since such systems could be particularly 
useful in large-scale civil constructions where the power supply is 
impractical. (Li et al., 2013a, 2013b) presented an innovative 
concept of a mechanical motion rectifier which converts bidirec-
tional motion into unidirectional motion. 

This paper deals with velocity sensing of the MRD prototype 

and recalls three former works of the author (Sapiński, 2011, 
2014, Sapiński et al., 2016)). The study is organized as follows. 
Section 2 describes the structure of the device with the main focus 
on the power generator part. Section 3 provides results of tests 
performed under idle run to demonstrate the self-sensing poten-
tials. The conclusions are given in Section 4. 

2. STRUCTURE OF THE DEVICE 

The sectional view of the MRD with numeric symbols (1-17) 
indicating its crucial components is shown in Fig. 1. Two main 
components are the electromagnetic power generator (harvester) 
and the MR damper. The generator is axially symmetrical and 
complete with three systems of permanent magnets (three mag-
nets in each), two inner spacers (height 9 mm) and two outer 
spacers (height 6.5 mm), and the coil (height 18.5 mm, inside 
diameter 31 mm, outside diameter 77 mm, distance between coil 
sections 5 mm) with two winding sections incorporating 273 turns 
each, wound on a carcass (height 20.5 mm, wall thickness 1 mm) 
with copper foil with one-sided insulation (foil thickness – 0.05 
mm, insulation thickness – 0.03 mm). The magnets made of 
NdFeB grade N35, are ring-shaped (inside diameter 12 mm, 
outside diameter 30 mm, height 5 mm) and display axial magneti-
sation with direction indicated by arrows. The magnets and spac-
ers are mounted on a non-magnetic stainless steel shaft. Coil 
winding sections, placed inside a housing (height 50 mm, wall 
thickness 3 mm), are connected such that as the moving part 
moves with surrounding vibration, they experience a change in 
flux linkage and thus induced voltages should sum up. The coil  
housing and spacers are made of ferromagnetic steel SAE 1215. 
The generator components are placed inside the housing, locked 
with the lower and upper covers. Sleeves provided in the cover 
ensure the axial movements of the piston rod. The fixture to hold 
the generator is attached to the lower cover. The height of an air 
slit between the carcass and the magnet systems is 0.5 mm. 
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Fig. 1. Sectional view of the MRD: 1 – piston rod, 2 – brass lid, 3 – rubber 

seals, 4 – piston, 5 – control coil, 6 – wire, 7 – damper housing,  
8 – device housing, 9 – brass connector, 10 – rod, 11 – neodymi-
um magnets, 12 – spacers, 13 – housing, 14 – coils, 15 – lid,  
16 – slip sleeves, 17 – holder 

The damper is an axially-symmetrical single-tube damper with 
a circumferential slit. The piston rod made of non-magnetic aus-
tenite stainless steel is attached to the piston via ferromagnetic 
kidney plates and sealed with rings. The rings together with the 
sleeves are placed in two co-axial guides to guide the piston rod. 
The damper coil is made of copper wire 0.4 mm in diameter 
wound on the carcass, forming 306 windings. The coil is placed 
on the core made of ferromagnetic steel SAE 1215. The lead 
power-supplying the control coil is let out via a hole in the piston 
rod. The damper housing, made of ferromagnetic steel SAE 1025, 
is locked on both ends by covers made of austenitic stainless 
steel. The damper contains 36.5 ml of the MR fluid.  The re-
sistance of the generator coils is 141 mH and the resistance is 
2.45 Ω. The geometric parameters of the device are summarised 
in (Sapiński, 2014). 

3. TESTS, RESULTS AND DISCUSSION 

The MRD was tested in the test rig (see Fig. 2) that incorpo-
rates the MTS test machine (www.mts.com), the data acquisition 
system comprising a portable computer, I/O board DAQPad-
6052E of National Instruments and the supporting software Lab-
View. The MTS machine was programmed to generate sine and 
triangular excitations with an amplitude of 0.01 m and a frequency 
of 1 Hz and 6 Hz. Tests were carried out during the idle run of the 
MRD generator part. The measurements of output voltage (elec-

tromotive force) 𝑢 were taken and position x was duly registered. 

The values of 𝑢 and 𝑥 were recorded in 10 cycles of the piston 
motion. The sampling frequency for each channel was 1 kHz per 

cycle. The piston velocity �̇� was obtained by differentiating the 

position 𝑥. 
The results revealed the velocity sensing capability of the 

MRD, demonstrated by exemplary plots shown in Figs 3−4 show-

ing the time histories (relative time t∙f) of piston velocity �̇� and 
voltage 𝑢 induced in the generator under sine excitations with 
amplitude of 0.01 m and frequency of 1, 3 and 6 Hz. It is apparent 
that plots in Fig. 4 agree with  the plots in Fig. 3, though there are 
certain discrepancies. Plots of velocity �̇� plots follow the sine 

wave patterns whilst of voltage 𝑢 are shaped like deformed sine lines. 

These deformations are related to configuration of the magnetic circuit 
in the generator (the system of magnets) and the associated flux 
density distribution. Plots reveal characteristic peaks, resulting from 
the changes of the piston velocity sign. It appears that velocity plots 
are not smooth, which is caused by the fact the velocity signal is 
obtained via numerical differentiation of the registered position signal 

𝑥, which involves noise. This issue can be illustrated by comparing 
the graphs in Fig. 5, plotting the differentiated signal of an ideal sine 
wave and that produced by the test machine, registered as a sine 

wave (excitation) 𝑥 and then differentiated. It is worthwhile to mention 
that velocity and voltage plots pass through the zero point at the 
identical time instants. 

 
Fig. 2. Schematic diagram of the test rig 
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Fig. 3. Time histories of velocity x ; sine excitation, amplitude 0.01 mm 
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Fig. 4. Time histories of voltage u; sine excitation, amplitude 0.01 mm  
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Fig. 5. Time histories of velocity after differentiating and calculating x ; 

             sine excitation, amplitude 0.01 m, frequency 3 Hz 

It should be noticed that for an ordinary electromagnetic pow-
er generator the permanent magnets generate the magnetic field 
whose distribution in the generator’s region is determined by 
configuration of magnets and their position with respect to the 
coils’ housing. The magnets remaining in respective movement 
with regard to the coil give rise to induction of voltage in the coil, 
that voltage being proportional to the velocity. In consideration of 
the fact that velocity of magnets is low, the effects of eddy cur-
rents induced in conducting elements of the generator can be 
neglected. Then the output voltage is proportional to the velocity. 
However, for the specially designed power generators the rela-
tionship between these two quantities is not always straightfor-
ward. Therefore, to obtain the direct information about velocity, 
special velocity sensing algorithms have to be developed. 

In the work (Sapiński et al., 2016) only the self-powered capa-
bility of the MRD was tested. The main objective of the tests 
performed in this study was to confirm that the MRD could provide 
information about velocity across the damper that could be useful 
for controlling system dynamics. This can be achieved by imple-
mentation of  control algorithms that utilize the velocity across the 
damper to determine control output (Karnopp et al., 1974; Jansen 
and Dyke, 2000). As demonstrated in (Chen and Liao, 2012) such 
approach requires an appropriate sensing function. For this pur-
pose the authors proposed and validated a velocity-sensing 
method for the developed self-sensing MR damper with power 
generation. The method, however, requires real-time signal pro-
cessing. The advantage of the defined sensing function is that it 
can be applicable to various control algorithms. Moreover the 
developed device will have good performance for broad vibration-
damping applications.  

As described in Section 2, the MRD has the damper part and 
the generator part. The damper part, having a piston assembly, is 
moveable to the cylinder under an external excitation while the 
generator part produces electrical power according to the relative 
movement between the piston and the cylinder assembly. On the 
basis of the acquired 𝑢 and calculated �̇� data sets registered at 
sine and triangular excitations with an amplitude of 0.01 m and a 
frequency of 1 Hz and 6 Hz, the relationship between these two 
quantities was identified. In this procedure the function polyfit.m 
available in MATLAB was used. Let us assume that that the rela-

tionship between e andẋ can be approximated by the following 
polynomial of 1-st order 𝑢 = 𝜅�̇� + 𝜎. If so, the value of direc-

tional coefficient κand shift coefficient σ have to be calculated. 

Fig. 6 compares the plot of rms 𝑢 versusẋobtained from experi-

mental data with that calculated in the identification procedure. 
The plot denoted by dash line was derived on the calculated 

coefficients  𝜎=0 V. It can be seen that rms 𝑢 
as function �̇� is nearly linear. Time histories of velocity �̇� and 

𝑢 = 21.86ẋ obtained under sine excitation at amplitude of 0.01 
m and frequency of 1 and 4 Hz are shown in Fig. 7. 
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Fig. 6. Voltage rms u vs. velocity x  
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Fig. 7. Time histories of velocity x and voltage u; sine excitation,  

             amplitude 0.01 mm, frequency: a) f=1 Hz, b) f=4 Hz 

4. SUMMARY 

The study investigates the  velocity sensing capability in the 
MRD prototype. For this purpose the generator part of the device 
was tested under the idle run in laboratory conditions. The meas-
urements of output voltage of the generator and position were 
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taken and the tests results were processed accordingly. The 
obtained time histories of voltage and velocity were then ana-
lysed. The linear relationship between voltage and velocity was 
established enabling the comparison of registered voltage and 
velocity signals reconstructed from voltage data sets. The discus-
sion of test results reveals that in order to reconstruct the velocity 
signal from the voltage produced by the generator a special veloc-
ity-sensing method involving real-time signal processing has to be 
developed. The tested velocity sensing capability of the MRD is 
most useful for collecting dynamic information required for system 
dynamics control.  

Further research efforts will concentrate on the method devel-
opment and its validation at higher excitation frequencies and on 
reconstruction of velocity signals from voltage produced by apply-
ing an accelerometer instead of the position sensor. 
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Abstract: The high-speed steel HS 6-5-2 cutting inserts coated with TiN were subjected to ion implantation with both silicon (dose 
2x1017Si+/cm2) and silicon with nitrogen ions (dose (1+1)x1017(Si+ + N+)/cm2) on the subsurface layer of the rake face. Microhardness was 
examined before and after ion implantation. The composition and structural properties of the subsurface layer were examined by Glow 
Discharge Optical Emission Spectroscopy (GD-OES).  The turning tests of 40H construction steel with the use of the cutting inserts im-
planted and non-implanted were performed. During the tests the two components of the net cutting force (the main cutting force Fc and 
feed force Ff) as well as the wear parameters  VB on the major flankalong with  the surface roughness (Ra) were measured. The implanted 
inserts exhibited higher durability compared to non-implanted ones.  

Keywords: Ion Implantation, TiN, Silicon, HSS,  Turning 

1. INTRODUCTION 

Good resistance to impact loads of  HSS tools means that 
they are still used during various types of machining. The limiting 
factor in their application is faster loss of cutting properties during 
processing at higher cutting speeds. Improving the wear re-
sistance of these steels can be achieved using several methods, 
egz.: by powder metallurgy for the manufacturing (Lindskog, 
1993), by the PVD processes for coatings (Keenan et al., 1998) 
or the use of the ion technology to modify the properties of the 
steels' surface layer or coatings (Hensel et al., 1989; Narojczyk 
et al., 2005; Zhang et al., 2004; 2007). Ion implantation into the 
working surfaces of cutting tools allows to change certain of their 
characteristics (depending on the choice of dopant elements and 
the parameters of the process) (Liu et al., 1995; Perez et al., 
1999; Shalnov et al., 2011; Mikula et al., 2011; Baojian et al., 
2014). Implanted ions change the structure and chemical compo-
sition of the surface layer (Sun et al., 2010). The consequence 
of these changes is an increase of the wear resistance. The re-
search done by other authors (Gerth et al., 2008; Kieckow et al., 
2006; Martev et al., 2008; Mikula et al., 2011; Musil, 2012) show 
that the method of ion implantation can create transition layer with 
specified composition which enhances the adhesion of the TiN 
layer into the substrate and thereby improves its utility properties. 

Good example of this technology may be the modification 
of TiN coatings with aluminum, boron or silicon ions, which stabi-
lize the coating at higher temperatures (Zhang et al., 2004; 2007; 
Yang et al., 2007; Grančič et al., 2014). The purpose of this study 
was to evaluate the effect of ion implantation of silicon or silicon 
and nitrogen into the TiN subsurface layer on the properties of the 
rake face of HS 6-5-2 inserts. 

2. EXPERIMENTAL PROCEDURE 

For the purpose of the study, the samples from HS 6 – 5 – 2  
(SW7M) high speed steel have been prepared in the form 
of SPUN 1203 04 (Fig. 1) standard inserts, and in the form 
of 3 mm cylinders with the diameter of 28 mm. The samples were 
coated with TiN (process: BALINIT®A by Balzers Sp. z o.o. 
Polkowice). The subsurface layer of the rake faces of all samples 
were subjected to ion implantation with silicon (Si+) or silicon with 
nitrogen (Si+ + N+) ions. Parameters of the process have been 
presented in Tab. 1. 

 
Fig. 1. The SPUN 1203 04 insert from HS 6 – 5 – 2 with TiN 

Tab. 1. Parameters of high speed steel HS 6-5-2 inserts implantation. 

HS 6-5-2 Inserts Ion Energy 
Non implanted - - 

Implanted with Si+ 2x1017 Si+/cm2 80 keV 
Implanted with Si+ + N+ (1+1)x1017 (Si+ + N+)/cm2 80 keV 

The implantation was carried in TITAN direct beam ion 
implanter with MEVVA type ion source (fig. 2). Vacuum in the 
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implanter working chamber was at a level of 2÷4·10-4 Pa and the 
sample temperature did not exceed 200°C. 

The machining parameters were gathered in the Tab. 2. The 
turning tests were performed without cooling liquid. The geometry 
of the inserts used during machining were the following: tool 
clearance αo = 60, tool rake angle γo = 50, tool cutting edge angle  
κr = 750, corner radius rε = 0.4 mm (Fig. 3). 

 
Fig. 2. The samples used for the tests 

 
Fig. 3. The geometry of the insert used during turning 

Tab. 2. Cutting conditions for the turning tests 

Cutting speed vc 
[m/min] 

Feed rate f 
[mm/rev] 

Cutting depth ap 
[mm] 

50 0.1 1 

In order to determine the changes in the subsurface layer 
of the TiN coatings caused by implantation, the element composi-
tion analysis was performed on cylindrical samples. The Glow 
Discharge Optical Emission Spectrometry (GD-OES) was per-
formed on JY 10000 RF spectroscope by Jobinn Yvon. This is a 
known method used for analyzing the chemical composition of the 
surface layers (Barbaszewski et al., 1989; Seidel et al, 1997). 
Atoms are sputtered from the sample surface in an argon (Ar) 
glow discharge. The sputtered atoms recombine with electrons 
in the plasma discharge. The light emitted from this recombination 
is analyzed using an optical emission spectrometer in order to 
obtain a depth profile of chemical composition (Fig. 4) (Toshiba, 
2015). 

The following elements were found in the surface layer: titani-
um (Ti), chromium (Cr), nitrogen (N), silicon (Si), tungsten (W), 
molybdenum (Mo), vanadium (V), and iron (Fe). Results have 
been presented in the Fig. 5. 

Hardness measurements of layers prior and post implantation 
were done with the Vickers 402 MVD hardness meter by Wilson 
Wolpert. 

Turning tests on annealed 40H steel of hardness 180 HB were 
performed on prepared samples. Tests were performed on AVIA 
Turn 30 turning machine. The wear of the samples was deter-
mined by periodic measurements of the wear parameters  VB on 
the major flank (Fig. 6) using microscope. The measurements of 
the surface roughness of the machined surfaces (Ra) were per-
formed on SJ301 by Mitutoyo after each turning (Fig. 7).  

 
Fig. 4. Principle of operation RF GD-OES (Toshiba, 2015) 

The forces during machining were measured with load cell 
dynamometer capable of measuring cutting force Fc and feed 
force Ff  components. The average values were presented in the 
Fig. 8. 

3. RESULTS  AND DISCUSSION 

The results of hardness measurements for both, implanted 
and non implanted TiN layers indicate a slight increase of silicon 
implanted layer, whereas in the case of silicon plus nitrogen im-
plantation, the hardness decreased (Tab. 3). 

Tab. 3. Hardness of the TiN coatings 

HS 6-5-2 Inserts Hardness  [HV0.1] 
Non implanted 940 ± 27 

Implanted with Si+ 965 ± 32 
Implanted with Si+ + N+ 870 ± 22 

The former case is the effect of introduction of the silicon ions 
into the crystal lattice, the latter is probably due to nitrogen ions 
knocking out previously implanted silicon ions from the TiN sur-
face layer. 

The results of chemical analysis of the HS 6-5-2 inserts' TiN 
surface layers are presented in the Fig. 5. 

Implanted layers indicate the presence of silicon with maxi-
mum at a certain depth from the surface (which is innate to this 
kind of processes). 

Measurements of HS 6-5-2 steel inserts with implanted and 
non-implanted coatings, conducted after machining, indicate 
significant wear decrease on the major flank (VB parameter), 
especially in the case of silicon plus nitrogen implantation (Fig.6). 

Similar tendency was observed in the case of roughness 
measurements (Ra) (Fig. 7) of the machined surfaces, especially 
when silicon plus nitrogen implanted inserts were used, where Ra 
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decreased by 50%. 
The values of cutting forces (Fc) during machining with im-

planted samples, were observed to be smaller compared with 
non-implanted case. This is especially clear  for the feed force  
(Ff) in fig. 8. This is probably due to the change in the conditions 
of friction on the rake face of the cutting insert as a result of ion 
implantation. Similar results were also observed by other re-
searchers (Shalnov et al, 2011; Yang et al., 2007). 

 

  

 
 

 
 

 
Fig. 5. The chemical composition of the TiN layer on high speed steel  

 HS 6-5-2: a) non implanted, b) implanted with Si,  
 c) implanted with Si+N 

 
Fig. 6. The mean values flank wear during the turning of steel 40H  

  with the use inserts HS 6-5-2 with TiN 

 
Fig. 7. Average workpiece surface roughness, Ra, during the turning  
            of steel 40H with the use inserts HS 6-5-2 with TiN 

 
Fig. 8. The mean values cutting forces during the turning of steel 40H     
            with the use inserts HS 6-5-2: 1 – TiN,  2 – TiN implanted Si,   
            3 – TiN implanted Si + N 

4. CONCLUSION 

Presented laboratory measurements and machining tests 
of the inserts made from high speed steel HS 6-5-2 with TiN 
coating further subjected to ion implantation with silicon and sili-
con plus nitrogen revealed that: 

 significant decrease of the feed force Ff after the silicon 
and silicon plus nitrogen implantation, 

a) 

b) 

c) 

Si 

Si 
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 improved wear resistance on the major flank (VB) especially 
after the silicon plus nitrogen implantation, 

 improved quality of the machined surface (Ra decrease 
the value to 50% after the implantation of silicon and 
nitrogen), 

 the process of implantation of TiN coating did cause not case 
a significant change in the hardness of the layer. 
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Abstract: The reluctance network model of a permanent magnet tubular motor (PMTM) has been presented in the paper. The reluctance 
values of the magnetic circuit have been calculated with using analytical expressions. The air gap reluctance has been determined 
with using both analytical expressions and the finite element method (FEM). Using the calculation model, the flux values coupled with 
the windings have been obtained and used in the calculations of force value. The calculated results have been compared with numerical 
and measured ones. 

Keywords: Reluctance Network Method, Tubular Linear Motors, Electrodynamic Force Calculation 

1. INTRODUCTION 

Linear electric motors, which convert electric energy directly 
into mechanical thrust, have become increasingly popular in many 
applications, such as manufacturing automation (Gieras et al., 
2011), transportation (Gieras et al., 2011), power generation, 
fatigue testing of materials (Tomczuk and Waindok, 2009) etc. 
In Fig. 1a the permanent magnet tubular motor (PMTM) has been 
presented (Tomczuk et al., 2012). It has been used in a drive for 
fatigue test stand. It is an original construction developed in De-
partment of Electrical Engineering and Mechatronics at Opole 
University of Technology. 

There are many various calculation methods used in the anal-
ysis of PMTM (Gieras et al., 2011; Tomczuk et al., 2012). Nowa-
days, FEM method is widely used (Tomczuk et al., 2007). Howev-
er, it demands the knowledge of the field theory for formulation 
of the boundary problems and application of a computer package 
dedicated for the magnetic field analysis. In order to formulate 
some hints for design (initial values for geometry) and for evalua-
tion of the field analysis the analytical methods are needed (Che-
vailler et al., 2004). In case of tubular motors an analytical ap-
proach, which applies Fourier series is commonly used (Wang 
and Howe, 2005; Wang et al., 1998; 2003; Amara and Barakat, 
2010; Bianchi, 2000; Boroujeni et al., 2009; Gysen et al., 2011). 
In case of flat linear motors, beside Fourier series (Chung and 
Gweon, 2002), the reluctance network model (RNM) is very often 
used (Batdorff and Lumkes, 2009; Kazan and Onat, 2011; 
Okonkwo, 2006; Polinder et al., 2003; Sheikh-Glalavand et al., 
2010) including the Carter coefficient (Gieras et al., 2011). In the 
presented paper, the RNM method is used for the calculation 
of tubular motor. This method is understood by all who know the 
solving of circuits and is available for everybody because it does 

not demand some commercial computer applications. The execu-
tion time for this case is relatively short, as well. 

2. PHYSICAL MODEL 

The picture and cross section of the analyzed linear motor 
have been presented in Fig. 1. The definitions of main dimensions 
are given in Fig. 2. The parameters of the motor are given 
in Tabs. 1 and 2. The presented construction has been designed 
for fatigue testing of materials. Thus, it have to be characterized 
by high reliability and good dynamic properties. In order to 
achieve these requirements, the moving coil construction has 
been developed. 

  

Fig. 1. a) Picture of the PMTM, b) Cross section 

 

a) b) 

mailto:a.waindok@po.opole.pl
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Fig. 2. Dimension symbols of the motor 

Tab. 1. Dimensions of the PMTM 

Dimension symbol Value [mm] 

Ri 8 

Ro 40 

δ 6.8 

ds 16 

wp 15 

wpk 13 

wm 26 

wc 4 

hc 37 

Tab. 2. Main parameters of the PMTM 

Parameter Value 

Nominal constant force [N] 400 

Maximum force [N] 600 

Nominal current [A] 2.4 

Maximum current [A] 3.6 

Nominal stroke [mm] 15 

Nominal frequency [Hz] 50 

3. RELUCTANCE NETWORK MODEL 

The RNM model of the PMTM is presented in Fig. 3a. The lin-
ear properties of the steel has been assumed. In order to deter-
mine the linear magnetic permeability, the nonlinear B/H curve 
has been linearized (Fig. 3b). The value μr=434 has been as-
sumed and used in the RNM model. 

The fluxes in the motor section are given in Fig. 4. In case 
of steel cores and permanent magnets, the reluctance values 
(Fig. 3a) for such elements can be calculated using the standard 
expressions: 

 Permanent magnet reluctance 

𝑅μ𝑚 =
𝑤𝑚

μ0μ𝑟𝑚𝑆𝑚

=
0.026

4π⋅10−7⋅1.048⋅0.004825
= 4.09 ⋅ 106   

1

H
     (1) 

 Border ferromagnetic rings reluctance 

𝑅μ1 =
ln(

𝑅𝑜+δ+𝑑𝑠/2

𝑅𝑖
)

μ0μ𝑟2π𝑤𝑝
=

ln(
0.04+0.0068+0.008

0.008
)

4π⋅10−7⋅434⋅2π⋅0.013
= 43.2 ⋅ 103   

1

H
 (2) 

 Outer stator reluctance 

𝑅μ2 =
𝑤𝑚+𝑤𝑝

μ0μ𝑟𝑆
=

0.026+0.015

4π⋅10−7⋅434⋅0.000551
= 13.6 ⋅ 103   

1

H
          (3) 

 Ferromagnetic rings reluctance 

𝑅μ3 =
ln(

𝑅𝑜
𝑅𝑖

)

μ0μ𝑟2π𝑤𝑝
=

ln(
0.04

0.008
)

4π⋅10−7⋅434⋅2π⋅0.015
= 31.3 ⋅ 103   

1

H
       (4) 

where: 

 The permanent magnet cross-section area equals the ring 
surface 

𝑆𝑚 = π ⋅ (𝑅𝑜
2 − 𝑅𝑖

2) = π ⋅ (0.042 − 0.0082) =

4.825 ⋅ 10−3  m2  
(5) 

 Outer stator cross-section area 

𝑆 = π ⋅ ((𝑅𝑜 + δ + 𝑑𝑠)
2 − (𝑅𝑜 + δ)2) 

= π ⋅ (0.06282 − 0.04682) = 5.509 ⋅ 10−3  m2 
(6) 

In the case of calculation the air gap reluctance, which is rela-
tively long, the leakage flux lines have to be taken into account 
(Fig. 4). The simple expression (Fig. 2, Tab. 1) 

𝑅μδ =
ln(

𝑅𝑜+δ

𝑅𝑜
)

μ02π𝑤𝑝
=

ln(
0.04+0.0068

0.04
)

4π⋅10−7⋅2π⋅0.015
= 1.326 ⋅ 106   

1

H
           (7) 

doesn’t give the correct value, which leads to calculation errors 
in magnetic flux determination. Thus, some calculations of the air-
gap reluctance have been carried out with using the finite element 
method (FEM). In Fig. 5, the simplified model of the air-gap and 
permanent magnet system, created in FEMM software, have been 
presented. It contains only two permanent magnets and one air 
gap. In Tab. 3 the dimensions of the model are given. In Figs. 6 
and 7 the calculation results of the air gap reluctance have been 
presented. In case of FEM calculations both, linear (Fig. 7a) and 
nonlinear (Fig. 7b) magnetic materials were considered. Compar-
ing Figs. 7a and 7b, it is visible that the properties of the steel 
does not influence the calculation results significantly. The differ-
ences do not exceed 1% (Fig. 8a). Due to relatively huge air gap, 
its reluctance calculated from expression (7) (Fig. 6) is much 
higher, than the real one (Fig. 7). The differences exceed 100% 
(Fig. 8b). Thus, a correction factor k has been introduced. Its 
value depends on the air gap and ferromagnetic ring dimensions 
(Fig. 9). In order to obtain more correct value of the reluctance, we 
should introduce the factor in the expression (7). After multiplica-
tion the expression (7) by this factor we obtain more precise re-
sult: 

𝑅μδ𝑘 = 𝑘 ⋅ 𝑅μδ = 0.5694 ⋅ 1.326 ⋅ 106 = 

754.8 ⋅ 103   
1

H
 . 

(8) 
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Fig. 3a. The reluctance network model of the PMTM

 
Fig. 3b. Nonlinear B/H curve of the steel 

Tab. 3. Dimensions of the model in Fig. 5 

Dimension Value [mm] 

wpk 13 

wm 26 

ds 6 

Ri 8 

Ro 40 

wp 10÷20 

δ 3÷10 

 

Fig. 4. Magnetic field distribution in the air gap of the PMTM 

  

Fig. 5. Simplified model of an air-gap analyzed with using FEM 

 
Fig. 6. Results obtained from eq. (7) 
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Fig. 7. Results from the FEM calculations:  a) linear model, b) nonlinear model 

  

Fig. 8. Relative differences between:  a) linear and nonlinear FEM models, b) nonlinear FEM and analytical models 

 
Fig. 9. Correction factor for the analytical model vs. wp and δ dimensions 

For the magnetic flux determination, we need not only the re-
luctance values, but also the magnetomotive forces (MMF). The 
MMF force of the permanent magnets can be easy calculated 
using their coercive force Hc: 

Θ𝑚 = 𝑤𝑚 ⋅ 𝐻𝑐 = 0.026  [m] ⋅ 950000  [
A

m
]

= 24700  A. 
(9) 

Due to a small value of the MMF of the excitation winding 
in comparison with the permanent magnet MMF, the former one 
has been neglected. 

Using the magnetic potential method the linear system 
of equations could be formulated in matrix form (Fig. 3a): 

[
 
 
 
 
 
 
𝐺11 𝐺12 0 0 𝐺15 0 0
𝐺21 𝐺22 𝐺23 0 0 𝐺26 0
0 𝐺32 𝐺33 𝐺34 0 0 𝐺37

0 0 𝐺43 𝐺44 0 0 0
𝐺51 0 0 0 𝐺55 𝐺56 0
0 𝐺62 0 0 𝐺65 𝐺66 𝐺67

0 0 𝐺73 0 0 𝐺76 𝐺77]
 
 
 
 
 
 

⋅

[
 
 
 
 
 
 
 
𝑉μ1

𝑉μ2

𝑉μ3

𝑉μ4

𝑉μ5

𝑉μ6

𝑉μ7]
 
 
 
 
 
 
 

=

[
 
 
 
 
 
 
 
2Θ𝑚/𝑅μ𝑚

−2Θ𝑚/𝑅μ𝑚

2Θ𝑚/𝑅μ𝑚

−2Θ𝑚/𝑅μ𝑚

−Θ𝑚/𝑅μ𝑚

0
0 ]

 
 
 
 
 
 
 

,                                                                    

(10) 

where: 

𝐺11 = 𝐺44 =
1

𝑅μ𝑚+𝑅μ1+𝑅μ2

+
1

𝑅μ3+𝑅μδ

+
1

𝑅μ𝑚

, 

𝐺22 = 𝐺33 =
1

𝑅μ3+𝑅μδ

+
2

𝑅μ𝑚

, 

𝐺55 =
1

𝑅μ𝑚+𝑅μ1+𝑅μ2

+
1

𝑅μ3+𝑅μδ

+
1

𝑅μ2

, 

𝐺66 = 𝐺77 =
1

𝑅μ3+𝑅μδ

+
2

𝑅μ2

, 

𝐺12 = 𝐺21 = 𝐺23 = 𝐺32 = 𝐺34 = 𝐺43 = −
1

𝑅μ𝑚

, 

𝐺15 = 𝐺51 = −
1

𝑅μ𝑚+𝑅μ1+𝑅μ2

−
1

𝑅μ3+𝑅μδ

, 

a) b) 

a) b) 
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𝐺26 = 𝐺62 = 𝐺37 = 𝐺73 = −
1

𝑅μ3+𝑅μδ

, 

𝐺56 = 𝐺65 = 𝐺67 = 𝐺76 = −
1

𝑅μ2

. 

After solution of the system above, the magnetic potential val-
ues in the nodes of the circuit in Fig. 3a were obtained. They are 
used for calculation of the fluxes in the motor magnetic circuit. 

The electrodynamic force could be calculated from the simple 
expression: 

𝐹 = 𝐵𝐼𝑙.                                                                                   (11) 

However, in our case it is difficult to including the magnetic 
flux density values by points. Thus we have used more proper and 
convenient expression with the total magnetic flux value 

𝐹 = Φ
𝐼𝑁

ℎ𝑐
.                                                                                 (12) 

In Fig. 10, the magnetic force values vs. the current intensity 
values, are presented. The results from linear RNM have been 
compared with the results from the finite element analysis and 
from the measurement results. A very good conformity between 
measurements and RNM calculation results is observed. The 
results from FEM method with nonlinear B/H characteristic differ a 
little bit more from measurement values. However, the differences 
are not significant (less than 7%). 

 
Fig. 10. Magnetic force vs. current value 

4. CONCLUSIONS 

In many cases, when we are designing an electromagnetic 
device with relatively big air gaps the magnetic reluctances can be 
calculated with analytical expressions. When the gaps are very 
small and the magnetic circuit shape is complicated the finite 
element method (FEM) should be used. Thus, in many cases the 
analytical models are a good alternative to the numerical ones. 
They are characterized by very short calculation time, under 
acceptable accuracy. 

Of all the analytical methods, the reluctance network method 
(RNM) is easiest and simplest. For the presented PMTM calcula-
tions, it has only one disadvantage – the proper determination 
of the air-gap reluctance is quite difficult. It influences the results 
significantly. In the presented case of TLM (tubular linear motor) 
with relatively large air-gap, there is no correction coefficient (in 
the literature) for analytical calculation of the reluctance. In the 
paper, the FEM method has been used for determination of the 
correction coefficient. 

Using the calculation model, the flux values coupled with the 
windings have been obtained and used in the calculations of the 
force value. The calculated results have been compared with 
numerical and measured ones. The measurement validation of 
the presented method confirms its correctness. 
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Abstract: In the paper, computational homogenization approach is used for recognizing the macroscopic permeability from the microscop-
ic representative volume element (RVE). Flow of water, at both macro and micro level, is assumed to be ruled by Darcy law. A special  
averaging constraint is used for numerical flow analysis in RVE, which allows to apply macroscopic pressure gradient without the necessity 
to use directly Dirichlet or Neumann boundary conditions. This approach allows arbitrarily shaped representative volumes and eliminates 
undesirable boundary effects. Generated effective permeability takes into account the structuring effects, what is an advantage over other 
homogenization methods, like self-consistent one.  

Key words: Computational Homogenization, Permeability, RVE, Minimal Kinematic Boundary Conditions

1. INTRODUCTION 

In broad class of disordered porous materials with clear ma-
trix-inclusions internal structure, the flow of fluid can be described 
by Darcy equation at both, micro and macro level. This is for 
example the case of concrete and sand-clay soils. In order to 
determine the macroscopic response with accurate account for 
microstructural characteristics and evolution, computational ho-
mogenization strategy can be exploited (see Geers et al., 2001, 
Feyel, 2003; Kousnietsova et al., 2010). When using this micro - 
macro strategy there is actually no necessity to define homoge-
nized macroscopic constitutive equations. Instead, the constitutive 
behavior at macroscopic integration points is determined by aver-
aging the response of the deforming microstructure. This enables 
a straightforward application of the method to geometrically and 
physically non-linear problems, making it a particularly valuable 
tool for the modeling of evolving non-linear heterogeneous micro-
structures under complex macroscopic loading paths. 

Computational homogenization needs, at each macroscopic 
integration point, a microscopic representative volume to be de-
fined and boundary value problem (BVP) to be solved. One of the 
concerns in homogenization theory is the kind of boundary condi-
tions (BCs) which should be applied to this BVP. Recently, new 
concept in this area has been proposed, called minimal kinematic 
boundary conditions (see Mesarovic S.D. and Padbidri J., 2005; 
Inglis at al., 2008; Wojciechowski M. and Lefik M., 2016). This 
approach consists in applying special averaging constraint to the 
microscopic problem, instead of usual Dirichlet or Neumann 
boundary conditions. This allows for arbitrary shapes of RVE and 
eliminates undesirable boundary effects which may appear when 
e.g. periodic BCs are applied. 

In the paper we use the computational approach for recogniz-
ing the macroscopic permeability from the microscopic repre-
sentative volume element (RVE), which takes into account propor-

tions, arrangement and shape of the material constituents. In the 
following, the homogenization scheme is formulated, the solution 
by finite element method is presented and the illustrative example 
is shown. Paper ends with some discussion and conclusions. 

2. HOMOGENIZATION FRAMEWORK 

Let’s consider microstructurally complex porous material for 
which a representative volume element (RVE) 𝛺 can be defined. 

In case of laminar flow, local flux 𝑢𝑖 in the RVE is given by Darcy 
equation (skipping source terms): 

𝑢𝑖 = −
𝑘𝑖𝑗

𝛾
𝑝,𝑗  (1) 

where 𝑝,𝑗 : is a pressure gradient, 𝑘𝑖𝑗  is a permeability tensor 

depending on the position in RVE (in velocity units) and 𝛾 is a 
specific weight of the fluid. Averages of the microscopic fluxes and 
pressure gradients over domain 𝛺 are given by: 

𝑃,𝑗 =
1

𝛺
∫ 𝑝,𝑗𝑑𝛺

𝛺

, (2) 

𝑈𝑖 =
1

𝛺
∫ 𝑢𝑖𝑑𝛺

𝛺

. (3) 

These values are assumed to be related via the effective permea-

bility tensor 𝐾𝑖𝑗 , such that: 

𝑈𝑖 = −
𝐾𝑖𝑗

𝛾
𝑃,𝑗 . (4) 

The above equation describes macroscopic behavior of the com-
posite. The fundamental concept from which the existence and 
consistency of the above averages can be derived is the Hill 
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macrohomogeneity condition (Hill, 1965), which in case of Darcy 
flow is written as (Du X. and Ostoja-Starzewski M., 2006): 

∫ 𝑢𝑖𝑝,𝑖𝑑𝛺
𝛺

=
1

𝛺
∫ 𝑢𝑖𝑑𝛺

𝛺

∫ 𝑝,𝑖𝑑𝛺.
𝛺

 (5) 

 
Fig. 1. Scheme of the computational homogenization for Dacy flow 

Homogenization problem considered here is formulated as fol-

lows: find solution 𝑝 of the compatibility equation 𝑢𝑖,𝑖 = 0 defined 

on 𝛺, subject to some macroscopic pressure gradient 𝑃,𝑗  in such 

a way that equation (2) is fulfilled. From this solution microscopic 

𝑢𝑖 and macroscopic 𝑈𝑖 and 𝐾𝑖𝑗  are then derived (see Figure 1 for 

homogenization scheme). The above can be viewed as a problem 
of minimization of total potential energy (see again Du X. and 
Ostoja-Starzewski M., 2006) with additional averaging constraint: 

min
𝑝

[∫ −𝑝,𝑖

𝑘𝑖𝑗

𝛾
𝑝,𝑗

𝛺

𝑑𝛺]   subject to  

− 𝛺𝑃,𝑘 + ∫ 𝑝,𝑘𝑑𝛺
𝛺

= 0 

(6) 

which can be converted to unconstrained minimization by means 

of Lagrange multipliers 𝜆𝑘  (Bertsekas, 1982): 

min
𝑝

[∫ −𝑝,𝑖

𝑘𝑖𝑗

𝛾
𝑝,𝑗

𝛺

𝑑𝛺 + 𝜆𝑘 (−𝛺𝑃,𝑘 + ∫ 𝑝,𝑘𝑑𝛺
𝛺

)]. (7) 

3. FINITE ELEMENT METHOD FORMULATION 

Solutions 𝑝 of the above homogenization problem have to be-

long to the Sobolev functional space 𝐻1(𝛺) (at least), and this is 
assured by piecewise polynomial base functions used in FEM 
discretizations (see e.g. Babuška I. and Strouboulis T., 2001; 

Brenner S.C. and Scott R., 2007). Let’s assume the domain 𝛺 is 

discretized into 𝑒 = 1, … , 𝐸 elements such that 𝛺 = 𝛺1 ∪ … ∪
𝛺𝐸 = ∑ 𝛺𝑒𝑒 . Let’s assume also, that each element has 𝑛 =
1, … , 𝑁 nodes in which the solution will be known. Pressures and 
its spatial derivatives inside elements are then given by linear 
combinations: 

𝑝𝑒(𝐱) = 𝜙𝑒𝑛(𝐱) 𝑝𝑒𝑛 , 

𝑝𝑒,𝑖(𝐱) = 𝜙𝑒𝑛,𝑖(𝐱) 𝑝𝑒𝑛 
(8) 

where: 𝑝𝑒𝑛 are the nodal pressures and 𝜙𝑒𝑛(𝐱) are element 
interpolation functions defined on global Cartesian coordinates. 
For numerical integration pressure values at Gauss points inside 
elements need to be known. If number of these points per element 

is marked as 𝑔 = 1, … , 𝐺, then arrays of pressures and their 
derivatives for the discretized domain are written as: 

𝑝𝑒𝑔 = 𝜙𝑒𝑔𝑛𝑝𝑒𝑛 , 

𝑝𝑒𝑔𝑖 = 𝜙𝑒𝑔𝑛𝑖𝑝𝑒𝑛 
(9) 

where: 𝜙𝑒𝑔𝑛, 𝜙𝑒𝑔𝑛𝑖  are appropriate arrays of interpolation func-

tions and their derivatives. Minimization problem (7) can be now 
rewritten with discretized pressure field, replacing integrals with 
sums over elements and integration points: 

min
𝑝

[∑ 𝑝𝑒𝑚

𝑒

(− ∑ 𝑤𝑒𝑔𝜙𝑒𝑔𝑚𝑖

𝑘𝑒𝑔𝑖𝑗

𝛾
𝜙𝑒𝑔𝑛𝑗

𝑔

) 𝑝𝑒𝑛

+ 𝜆𝑘 (−𝛺𝑃,𝑘 + ∑ ∑ 𝜙𝑒𝑔𝑛𝑘𝑝𝑒𝑛

𝑔𝑒

)] = 

min
𝑝

[∑ 𝑝𝑒𝑚

𝑒

𝐴𝑒𝑚𝑛𝑝𝑒𝑛

+ 𝜆𝑘 (−𝛺𝑃,𝑘 + ∑ 𝐵𝑒𝑛𝑘𝑝𝑒𝑛

𝑒

)] 

(10) 

where: 𝑘𝑒𝑔𝑖𝑗  is an array of permeability tensors at Gauss points 

and 𝑤𝑒𝑔  are weights of numerical integration. Moving from Ein-

stein notation to the usual matrix representation of the finite ele-
ment interpolations give us: 

min
𝐩

[∑ 𝐩𝑒
T

𝑒

𝐀𝑒𝐩𝑒 + 𝛌T (−𝛺𝐏 + ∑ 𝐁𝑒
T𝐩𝑒

𝑒

)]. (11) 

Finally, dropping the sum over elements (i.e. performing global 
assembling) we get: 

min
𝐩

[𝐩T𝐀𝐩 + 𝛌T(−𝛺𝐏 + 𝐁T𝐩)] = min
𝐩

[Π(𝐩, 𝛌)] (12) 

where: 𝐩 is global vector of unknown pressures of the length 𝑀 

(𝑀 - total number of nodes in discretization), 𝐀 is a global linear 

operator of the size 𝑀 × 𝑀, 𝐁 is a problem specific matrix of the 
size 𝑀 × 𝐷 (𝐷 - space dimension: 2 or 3), 𝛌 is a vector of un-

known Lagrange multipliers of the length 𝐷, and 𝐏 is a vector of 
known, macroscopic pressure gradient to be applied, also of 
length 𝐷. Solution of the problem is found by differentiation of the  

resulting potential Π with respect to unknown 𝐩 and 𝛌 and equat-
ing derivatives to 0: 

∂Π(𝐩, 𝛌)

∂𝐩
= 𝐀𝐩 + 𝐁𝛌 = 𝟎, (13) 

∂Π(𝐩, 𝛌)

∂𝛌
= 𝐁T𝐩 − 𝛺𝐏 = 𝟎. (14) 

The above is a system of linear equations: 

[
𝐀 𝐁

𝐁T 𝟎
] [

𝐩
𝛌

] = [
𝟎

𝛺𝐏
]. (15) 

For this problem only minimal set of Dirichlet boundary condi-
tions should be applied, without introducing any additional pres-
sure gradient and flux. This is achieved simply by fixing pressure 
at certain level: 𝑝 = 𝑝0 at single, arbitrary boundary point of the 
domain (or at arbitrary boundary node of its discretization). 

Macroscopic, effective permeability can be now calculated 

from the observation, that Lagrange multipliers 𝛌 have interpreta-
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tion of macroscopic average flux, with minus sign, i.e.: 𝛌 = −𝐔 
(see Wojciechowski M. and Lefik M., 2016). Combining equations 
(13) and (14) give us then: 

𝛺𝐏 = (𝐁T𝐀−1𝐁)𝐔, 

𝐔 = 𝛺(𝐁T𝐀−1𝐁)−1𝐏 
(16) 

and from equation (4) we get finally the effective permeability: 

𝐾𝑖𝑗 = 𝐊 = −𝛾𝛺(𝐁T𝐀−1𝐁)−1. (17) 

One should note that there is no direct dependence between 
effective permeability and macroscopic pressure gradient, thus 

the same result will be obtained for any 𝑃,𝑗 . This means that 

explicit solution of the system of linear equations (15) is actually 
not needed. This will be true unless microscopic constitutive 

equation is nonlinear, i.e. unless operator 𝐀 is pressure depend-
ent. In addition one can observe, that equation (17) needs a kind 

of inversion of the operator 𝐀 which might be costly for large 
number of the RVE discretization nodes (or even impossible). 
However, in these cases numerical differentiation can be used. 

4. NUMERICAL EXAMPLE 

Presented homogenization method for Darcy flow has been 
implemented in the frame of finite element package fempy 
(Wojciechowski, 2014). We performed calculations for exemplary 
two-dimensional representative volume of the sand-clay mixture 
(for permeability properties of such materials see e.g. Juang and 
Holtz, 1986; Chapuis, 1990; Revil and Cathles, 1999; Kacprzak, 
2006; Boutin et al., 2011). RVE of the reference size about 5 mm 
is considered, with irregular boundary adjusted to the randomly 
generated grain distribution (see figure 2). Average particle size 
diameter has been chosen uniformly, in a random way, from the 
range 0.1 - 1 mm. The shape of sand grains is also irregular. 
Volume ratio of grains is assumed to be equal to 𝐺 = 0.4. Sand 
grains are assumed to be impermeable. Matrix consists in satu-

rated kaolin clay with the void ratio 𝑒𝑐 = 1. Following the results 
reported by Kacprzak (2006) and Boutin et al. (2011) (see e.g. 
paragraph 4.4 in this second reference) the permeability tensor for 

such clay paste is taken as 𝑘𝑐 = [[10−9, 0], [0, 10−9]] m/s. 

Also, specific weight for water 𝛾 = 9.807 kN/m3 is taken for 
calculations. 

 

 

Fig. 2. Geometry of the representative volume element (dimensions in millimeters) and part of finite element discretization

 

Fig. 3. Pressures p [kPa] and Darcy flux u [m/s] distribution inside the RVE after application of macroscopic pressure gradient.  
 On the right hand side: zoom on the flux vectors.
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Geometry of the RVE has been discretized into 3-noded, tri-
angular, linear finite elements. Very fine discretization (10647 
nodes, 21003 elements) is used for better handling grain shapes, 
but also coarser mesh should provide acceptable results (it was 
not tested though). In this example the reference pressure has 

been taken as 𝑝0 = 0 kPa at single boundary point of the dis-
cretization, and the macroscopic pressure gradient of the value 

𝑃,𝑗 = [1, 1] kPa/m is applied. 

Results of the calculations are showed in Fig. 3.  The flow oc-
curs from top-right to bottom-left of the RVE, reflecting the applied 
macroscopic pressure gradient. The flux is zero inside the sand 
grains and varies in clay matrix taking the largest values in “bot-
tlenecks” between grains. From this solution the macroscopic 

average flux is established from (3) as: Ui = [−3.74 ∙
10−11, −3.72 ∙ 10−11] m/s. Also the homogenized, macro-
scopic  permeability tensor calculated from equation (17) is equal 
to: 

Kij = [ 3.69 ∙ 10−10 −3.22 ∙ 10−12

−3.22 ∙ 10−12 3.68 ∙ 10−10 ] m/s. 

It’s straightforward to verify, that equation (4) holds for these 
results. 

5. DISCUSSION OF RESULTS 

Macroscopic permeability obtained in numerical example is 
generally anisotropic, but it is almost equal in both Cartesian 

directions, i.e. 𝐾 = 𝐾11 ≅ 𝐾22 ≅ 3.7 ∙ 10−10 m/s. This indi-
cates that the randomly generated RVE is appropriate for the 
considered problem – statistically isotropic at macroscale. The 

difference between 𝐾11 and 𝐾22, and also the small skew com-

ponent  𝐾12 should then tend to zero with increasing size of RVE. 
Comparisons to the oedometric laboratory tests reported by 
Kacprzak (2006) and Boutin et al. (2011) show, that computed 
permeability 𝐾 falls, as expected, into the range of variation of 
experimental results performed for similar volume ratio of sand 
grains and void ratio of clay paste. 

Computational approach provides generally better approxima-
tion of the mixture permeability than  simplified analytical meth-
ods. Self-consistent homogenization scheme for 2D case gives 
effective filtration coefficient equal to: 

𝐾𝑆−𝐶 = 𝑘𝑐 ∙
1 − 𝐺

1 + 𝐺
. (18) 

Exactly the same result will arise also from Mori-Tanaka homoge-
nization scheme. For the parameters used in numerical example 

the above equation gives coefficient 𝐾𝑆−𝐶 = 4.3 ∙ 10−10 m/s, 
which is larger than numerically obtained 𝐾. This could be 
explained by the fact, that the structuring effects, i.e. irregular, 
elongated paths of water flow through the RVE, visible in figure 3, 
have been automatically taken into account in computational 
results, which is not the case in analytical result. One should note 
that the proposed numerical approach will produce reliable 

effective parameters for any 𝐺 and 𝑘𝑐 , also if these parameters 
vary both at microscopic and macroscopic level. Conversely, in 
case of the mentioned analytical self-consistent method special 
extensions with additional grain distribution and concentration 
parameters have to be considered, in order to catch microscopic 
structuring effects (see e.g. Boutin, 2011). 

6. CONCLUSIONS 

Computational homogenization approach is an attractive 
method for dealing with Darcy flow in heterogeneous porous 
media. This is because of the possibility of taking into account 
local proportions, arrangements, shapes and permeability param-
eters of composite constituents. At every integration point of 
macroscopic problem such locally defined representative volume 
elements can be loaded with local macroscopic pressure gradi-
ents, in an average sense, to get the macroscopic flux vectors. In 
general, effective macroscopic permeability is actually not neces-
sary to be explicitly established in this approach. However, as we 
have showed, obtaining it is quite straightforward and reliable. In 
numerical example, the obtained effective permeability takes into 
account the structuring effects in the sand-clay mixture and this is 
an advantage in comparison to other homogenization methods. 

In this paper only an illustrative example of single RVE analy-
sis is presented, without actual macroscopic problem, as the main 
goal was presentation of the computational approach. Also, no 
special analysis is performed for establishing the adequate size 
and discretization of the RVE. Instead we relied on large repre-
sentative volume with fine finite elements. It should be empha-
sized, that the shape of RVE used in this paper is rather unusual 
in numerical homogenization, where square or box shapes are 
commonly used, for easy application of linear or periodic kinemat-
ic BCs (pressure gradients in this case). Irregular shape of RVE is 
possible thanks to the novel method of application of macroscopic 
pressure gradient. The influence of RVE shape on homogeniza-
tion results is however an open topic and should be addressed in 
future works. 
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Abstract: Promising ways of energy efficiency gain of spindles with fluid flow bearings are offered. New design of journal hybrid flow bear-
ing which contains spherical bearing pockets and adjustable valves with relay control system is offered to improve energy efficiency 
of spindle units of machine tools. To reduce power losses of fluid bearings at high speed special lubrication based on water with integrated 
system of corrosion protection is offered. Results of theoretical research of energy consumption of grinding machine tool with a new design 
of spindle hybrid bearings are presented. Power losses of the spindle unit with both new design and base design of journal bearings 
are assessed. Effectiveness of new design of spindle hybrid bearings at high operating speeds is shown. 

Keywords: Energy Efficiency, Power Losses, Hybrid Fluid Bearing, Spindle, Machine Tool,  
                    Low Viscosity Lubrication, Corrosion Protection

1. INTRODUCTION 

According to the data of the works (Diaz et al., 2011; Estomad 
Project, 2013) great influence on current consumption in the 
course of processing is made by a spindle drive (about 30 %) 
and auxiliary machine tool units (to 60 % from general expenses 
on electric power). At the same place, it is specified that power 
consumption by a spindle unit and power consumption for lubri-
cant oil inlet for its lubrication and cooling vary in the range from 
50-70 % depending on processing conditions on CNC machine. 
Energy efficiency of main motion drive will decrease if it works 
below rated power. On the other hand, maximum allowed power 
of spindle limits the speed of cutting and productivity of machining 
process. 

Energy efficiency indicators of a spindle unit are mostly pro-
vided with a correct choice of type and design of its bearings (Cao 
et al., 2017). Fluid film bearings provide high rotational accuracy 
and high indicators of stiffness and damping compared with other 
types of spindle arrangements. However, at use of viscous lubri-
cant oils as operating liquids hydrostatic bearings are character-
ized by big losses of capacity on friction and, as a consequence, 
vigorous heating at increased rotational frequencies (Perovic, 
2012; Wardle, 2015). For example, at high-speed cutting on lathes 
it is established that at rotational frequency of 8000 rpm and 
cutting capacity of 30 kW losses on friction in hydrostatic bearings 
reach 35 kW (Perovic, 2012). 

Lubrication of hydrostatic bearings with low viscous liquids, 
in particular, water presents separate interest considering con-
stantly increasing requirements concerning specific speed 
of spindles. In work (Nakao et al., 2012) prospects of application 
of water lubrication is noted, designs of bearings are specified. 
However, question of anticorrosive protection of bearings and 
systems of their supply are highlighted insufficiently in technical 
literature and require further research. 

It is commonly known that energy efficiency of spindle drive 
will decrease at growth of cutting speed which is caused by in-
crease of mechanical and hydraulic power friction loss. According 
to the data (http://hyprostatik.de) it is established that power loss 
in high-speed (more than 100,000 rpm) spindle with hydrostatic 
bearings increases by 3-4 times in comparison with low-speed 
ones (to 4,000 rpm) and makes about 30 % of spindle drive pow-
er. 

Thus, there is a contradiction in technological machining sys-
tem between simultaneous maintenance of high values of produc-
tivity and energy efficiency of machining processes on machine 
tools. Moreover, existing technical solutions of fluid film spindle 
bearings are designed either for roughing of materials at low 
cutting speeds or high-speed finishing with low loading on the 
spindle of machine tool. 

Overcoming of the specified contradictions will allow creating 
machine tools with expanded technological possibilities, by com-
bination of processing with significant loadings, high-speed pro-
cessing simultaneously providing energy efficiency gain and 
reduction of production cost. 

2. PROMISING WAYS OF ENERGY EFFICIENCY GAIN 
OF SPINDLES WITH FLUID FLOW BEARINGS 

Scientific approaches to energy research of machine tools and 
their components are characterized by a wide variety. Obviously, 
the most rational one is a systematic approach to designing 
of energy efficient machine constructions that can analyse ele-
ments and subsystems of machines and their interrelationships 
within a given hierarchical structure. 

Regarding spindle units with fluid bearings two promising 
ways are offered (Fig. 1), namely, energy efficiency gain of exist-
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ing elements of power systems and improving of structure effi-
ciency of control systems. 

Analysis of spindle energy flow should be performed in two 
dimensions: space and time. Spatial dimension involves analysis 
of energy flows in components and systems of the spindle unit, 
such as analysis of electricity consumption of spindle drives, 
analysis of power loss due to friction in bearings. Method of struc-
tural analysis is appropriate to identify processes and systems 
which are characterized by significant power consumption. 

 
Fig. 1. Promising ways to increase energy efficiency of spindles  
            with fluid bearings 

Determination of energy loss can be made through appropri-
ate passport data of separate mechanism subsystems or by 
known theoretical or empirical relationships. The best option 
in terms of adequacy of the obtained values of energy loss 
is experimental research. However, this approach is associated 
with considerable investments, characterized by long duration and 
is not always possible, especially in production environment. The 
most promising approach in terms of preliminary prognosis 
of energy consumption is the use of special software to analyse 
energy flow in processing (Estomad Project, 2013), but it requires 
apriori information on energy options and expanding of libraries 
of standard elements in order to take into account a broad range 
of power equipment. 

Construction of generalized energy balance allows to identify 
"narrow" place of systems characterized by significant power 
consumption. The next phase - synthesis is directed on overcom-
ing of these technical contradictions in the system; it begins with 
development of mathematical models, usually numerical model-
ling and experimental studies of mechanisms and machine sys-
tems with significant power. 

A promising way to reduce power consumption is to decrease 
power loss in bearing system tools, reducing weight, inertia, ac-
celeration of moving parts while ensuring high rates of accuracy, 
rigidity and heat resistance. Power loss in spindle units takes 
place primarily due to energy loss in mechanical and hydraulic 
elements of system, energy losses in motors. 

For example, it was found that high-speed cutting power loss 
due to friction in the hydrostatic spindle bearing can exceed cut-
ting power (Wardle, 2015; Chasalevris et al., 2016). Search 
of rational design solutions for units of friction and bearing lubrica-
tion systems is determined to minimize energy loss. Improvement 
of efficiency of hydraulic systems is possible by minimizing 
of volumetric, mechanical and hydraulic energy losses. 

Reduced mass and inertia of moving parts reduces material 
and energy output of machines in general. Reduction of weight 

and inertia can reduce reactive power and electric energy loss 
which affects positively power consumption when accelerating 
work of the spindle. In addition, weight reduction can reduce 
energy loss in spindle bearings, raise vibration frequency of the 
system, and as a result, machining productivity.  

Energy efficiency can be also increased due to the modular 
design structure of hydraulic power units that reduces pressure 
loss in highways and local supports; thermal stabilization of envi-
ronment through convective heat removal through the walls of the 
tank and supply system elements. 

Reducing energy consumption is also possible by improving 
of accuracy and specific speed of spindle bearings. This allows us 
to use high-speed processing of materials. Compared to the 
traditional usage high-speed processing can reduce specific 
energy consumption for processing workpieces by several times 
(Singh et al., 2012; Zahedi et al., 2015). 

Replacement of machine components on energy efficient 
ones allows saving up to 25% of consumed electricity (Gross-
mann, 2015). For example, motors of smaller sizes that are more 
energy efficient may be also used with a moderate acceleration 
of moving parts of the machine. 

Use of hydraulic accumulators for partial supply of hydraulic 
executive mechanisms allows to increase efficiency of throttles 
adjustment and to reduce power consumption by more than three 
times (Grossmann, 2015). 

Use of special regulators (flow rate, pressure and power regu-
lators) allows increasing of pump efficiency in several times. 
Similar results can be achieved by use of adaptive adjustment 
based on microprocessor control. It should be noted that one 
of the most effective solutions for minimization of energy con-
sumption is application of unregulated pumps with frequency 
control in fluid supply system to spindle bearings. 

Efficiency control systems, use of continuous monitoring 
of energy consumption play significant role in resource saving. 
Thus, control of machines should be adjusted to minimize energy 
options while ensuring high performance. Modern machines rep-
resent complex mechatronic systems with lots of measuring and 
converting elements for various purposes and principles of action. 
Improving of energy efficiency management systems and monitor-
ing can be achieved through standardization and integration 
of these interfaces (Estomad Project, 2013). 

Promising way to improve efficiency of industrial equipment 
is energy recovery. Regarding machine tools the recovery 
of kinetic energy during braking of high speed spindles using 
blocks of capacitors to store electrical energy is the most effective 
way of energy use (Pfefferkorn et al., 2009; Takabi et al., 2015). 

3. DEVELOPMENT OF HIGH-SPEED HYBRIDFLUID 
CONSTRUCTION OF THE BEARING 

In Chernihiv National University of Technology design of high-
speed hybrid fluid bearing was developed to reduce energy loss 
and improve rapidity of spindle (Fedorynenko et al., 2014). 

Increase of rapidity and efficiency of fluid bearing performance 
is achieved by spherical bearing pockets to which compressed 
fluid flows through adjustable fluid valves. 

Implementation of bearing pockets to spherical form reduces 
power consumption caused by abrupt changes of flow form which 
reduces power loss because of viscous friction while increasing 
the rotor speed (Badescu, 2016). 

Use of adjustable valves for fluid supply to the bearing with in-
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creasing frequency rotor allows stopping fluid flow to pockets 
of bearing, resulting in proceeds to the hydrodynamic bearing 
mode, thus reducing power loss as viscous friction and fluid flow. 
This causes increasing rapidity bearing. 

Power system of hybrid fluid adjustable journal bearing is di-
vided into five branches for supply of each of the pockets (Fig. 2). 
Each of the proportional valves 5–9 are previously adjusted to the 
required throughput of oil. For adjustment and control of power 
systems multipoint distribution valve 1 is designed, use of two 
gauges allows to control pressure in the bearing pockets. 

During hydrostatic bearing fluid supply mode compressed fluid 
comes to five bearing pockets through valves 5-9, setting up a 
permanent throughput. Spindle speed is determined by encoder 4, 
after it a digital signal goes to microprocessor controller 3. 

While speed of spindle exceeds pre-set limit, microprocessor 
controller 3 disables oil supply to valves 5, 8, 9, leaving valve 6 or 
7 enabled. As a result, the bearing is operating in the hydrody-
namic lubrication mode. While reducing rotation speed below the 
pre-set limit, controller 3 turns on the flow of the operating fluid to 
all bearing pockets, thereby restoring hydrostatic lubrication mode 
to ensure high load carrying capacity and radial stiffness of the 
bearing when operating at low speeds. 

Friction and pumping power losses are reduced by decreasing 
of fluid supply to pockets in hydrodynamic mode and spherical 
bearing pockets. It allows increase of operating speed of bearing 
rotation. 

4. RESEARCH RESULTS OF CONSTRUCTION  
OF HIGH-SPEED HYBRID FLUID BEARING 

One of the main factors determining possibility of hydraulic lu-
brication of spindle at high operating speeds is energy loss in 
bearing spindle hub. Total energy loss in the bearings of hydraulic 
type consists of viscous friction loss Рµ in oil bearing layers and 
loss for pumping the operating fluid Рq. 

Estimation of total energy loss in fluid bearing is made using 
the formula: 

𝑃Σ = 𝑃𝜇 + 𝑃𝑞. 

Loss of power Рµ and Рq in hydrostatic bearing is determined 
using the formula (Fedorynenko et al., 2016): 

𝑃𝜇 = 0,022 ∙ 10−13 ∙
𝜇 ∙ 𝐷3 ∙ 𝑛2 ∙ (𝐿 ∙ 𝜃 + 𝑙𝑜 ∙ 𝜑)

𝛿
, 

𝑃𝑞 = 𝑝𝐻 ∙ 𝑄, 

where:µ − dynamic viscosity fluid, Pa·s∙10-3; D – spindle diameter 
(front bearing), mm; n – spindle speed, rpm; L – length of operat-

ing surface of hydrostatic sleeve, mm; l0 – land axial length, mm; 

δ – value of diametrical clearance, mm; θ – angular size of tan-

gential lands, radians;  – corner pocket size in tangential direc-
tion, radians; pH − pump pressure, Pa; Q – operating fluid flow, 
m3/s. 

During work in hydrodynamic lubrication mode supply of oper-
ating fluid is required only for cooling of viscous zone. Bearing 
capacity is provided by hydrodynamic effect. Therefore, during 
hydrodynamic mode it is advisable to supply with operating fluid 
only one bearing pocket, thus reducing consumption of oil by 
several times, resulting in corresponding decrease in power loss 
for pumping of operating fluid in resistance during mode of hydro-
dynamic lubrication as compared to loss in hydrostatic mode. 

It is known (Mahner et al., 2016) that the growth of dynamic 
viscosity of operating fluid leads to corresponding increase in 
power loss to viscous friction resistance, and with increasing 
frequency of spindle this process is more intense. 

 
Fig. 2. Power system of controlled journal bearing: 1 – multipoint distribu-

tion valve; 2, 14 – pressure detectors; 3 – microprocessor control-
ler; 4 – encoder; 5-9 – proportional valves; 10 – accumulator;  
11 – pressure switch; 12, 20 – check valves; 13, 17,19 – filters; 
15, 22 – electric motors; 16, 21 – fixed displacement pumps;  
18 – pressure relief valve; 23 – coolant device; 24 – tank 

Thus, in order to minimize energy loss it is offered to use ap-
propriate operating fluids with low-viscosity (kinematic coefficient 
of viscosity ν <1 cSt) for lubrication of high speed spindles. It is 
offered to use lubricating medium with fluid from distilled water 
with a complex system of corrosion protection - corrosion inhibitor 
and protector. 

Forming high indicators of corrosion resistance of friction pairs 
is a determining factor to ensure high operational reliability 
of spindle bearings in general. Investigation of corrosion-
electrochemical behaviour of hydrostatic bushings carried out by 
a complex system using an electrochemical method and physical 
and mechanical tests on fatigue. 

It is established that the use of corrosion inhibitor –   
ε-caprolaktam with concentration of 1 g/L (Tsybulia et al., 2011) is 
an effective way to protect power system elements of hydrostatic 
bearing. To increase effectiveness of corrosion protection of the 
supplies system additional use of electrochemical method was 
offered. In relation to the inhibition, it does not require constant 
monitoring. As the tread, we propose use of zinc. Standard elec-
trode potential of zinc in water is - 0.761 V, and iron - 0.44 V, with 
this combination on zinc will focus on anode process, and on the 
elements protected by cathode process. 

Constructive response tread protection is offered in the form 
of fitting that is placed in the injection hydraulic line feed system 
spindle bearings. The fitting is made of zinc, directly connected by 
tapered thread with manifold injection of hydraulic pumps. 

As we can see, use of special low-viscosity lubrication can re-
duce total energy losses in the bearing by almost 6 times (Fig. 3) 
comparing to mineral oilI-5A (µ=5∙10-3 Pa∙s, at temperature of 50 
degrees Celsius). 

http://www.multitran.ru/c/m.exe?t=2162669_1_2&s1=%EA%E8%ED%E5%EC%E0%F2%E8%F7%E5%F1%EA%E0%FF%20%E2%FF%E7%EA%EE%F1%F2%FC
http://www.multitran.ru/c/m.exe?t=2162669_1_2&s1=%EA%E8%ED%E5%EC%E0%F2%E8%F7%E5%F1%EA%E0%FF%20%E2%FF%E7%EA%EE%F1%F2%FC
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Thus, total energy loss in the modernized bearing is lower by 
1.5 times during hydrostatic lubrication mode and 4 times during 
hydrodynamic mode than loss in the base version of bearing  
(Fig. 4, a). 

a) 

 

b) 

       

Fig. 3. Dependence of total energy loss P in the bearing: a – on the 
speed n of spindle: 1 – special low-viscosity lubrication, 2 – oil  
I-5A; A – hydrostatic lubrication mode; B – hydrodynamic lubrica-
tion mode; b – supply pressure pH (solid curves – special low-
viscosity lubrication; dashed curves - lubrication with oil I-5A):  
3, 7 - n = 2,000 rpm; 4,8 - n = 5,000 rpm; 5,9 - n = 10,000 rpm;  
6 - n = 20,000 rpm 

In Fig. 4, dependence of total energy loss on Р effective 
power during grinding Рef and overall power consumption while 

grinding details on grinding machine tools Рt (Рt= Р+ Рef) 
on the speed of spindle n is presented. 

The developed construction has relay control of lubrication 
mode which is realised by microcontroller device. The output 
characteristics of hybrid bearing are changed step-like at transi-
tion from hydrostatic to hydrodynamic mode of lubrication and vice 
versa due to the relay control system of the lubrication mode. As 
is seen from Figs. 3 and 4, actuation of the relay controller leads 

to abrupt change of power losses Р, Pt at spindle speed of 6,000 
rpm due to the change of fluid supply to the bearing pockets at 
transition to another lubrication mode. 

With increasing of spindle speed up to 6,000 rpm when the 
bearing still works in hydrostatic lubrication mode, power Рef dif-
fers by 14% from Рt during processing of the details (final grinding 
of steel 45). While increase of the speed of rotation from 6,000 to 
20,000 rpm takes place at installed hydrodynamic lubrication 
mode, Рef relation to Рt during processing of the details is in the 
range of 4 to 7%. 

Assessment of energy efficiency of base and modernized 
bearing of spindle is performed in terms of specific electricity 
consumption of machine tool (Ep) (the ratio of consumed electrici-
ty facilities to the volume of products produced during the same 

time under certain conditions). Energy loss of main motion and 
total power consumption of auxiliary machinery and machine were 
taken into consideration while determining specific consumption 
of electric energy. 

a) 

 

b) 

       
Fig. 4. Dependence of total energy loss P (a) and energy losses P 

during grinding details (b) on the speed n of spindle: 1 – controlled 
bearing; 2 – prototype; A – hydrostatic lubrication mode;  
B – hydrodynamic lubrication mode 

It was discovered that when spindle rotation speed is up to 
10,000 rpm, unit costs of electricity of basic and modernized 
machines differ slightly. But with increasing of rotational speed up 
to 20,000 rpm rapid growth of energy consumption base model 
machine (Ep) is observed to value of 2.91, but power consumption 
of machine tool with upgraded model of a new type of bearing 
is 1.2. 

One of the main spindle indicators that determine machining 
accuracy is bearings stiffness. To evaluate static radial stiffness 

Cb of bearings we used the formula 𝐶𝑏 = 𝑑𝑊 𝑑𝑒⁄ , where W – 
radial bearing film force at static loading; e – bearing eccentricity 
under external force acting. 

Bearing film force W can be define as: 𝑊 = √𝑊𝑥
2 + 𝑊𝑦

2, 

where 𝑊𝑥 , 𝑊𝑦 – projections of the force W on the coordinate axes 

X and Y respectively. Let us consider translational movements of 
bearing journals without misalignment. In such case for idealized 
bearing surfaces (no account of surfaces imperfection tenden-
cies), we can define forces as: 

𝑊𝑥 =
𝐷𝐿

2
∫ 𝑝 (𝑝) cos (𝑝) 𝑑𝑝,   

2

0

 

𝑊𝑦 =
𝐷𝐿

2
∫ 𝑝 (𝑝) sin (𝑝) 𝑑𝑝,

2

0

 

where: 𝑝(𝜑𝑝) – pressure function on the bearing surface;  

𝜑𝑝 – polar angle of the bearing surface. 

а) 
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Determining pressure function 𝑝(𝜑𝑝) in hydrostatic bearings 

is a separate and complicated task. The procedure for determina-
tion of the pressure function was considered in detail in the works 
(Fedorynenko et al., 2015; 2016).  

Theoretical plots are given for precise lathe UT16A in Fig. 5. 
As is seen in Fig. 5, stiffness of the prototype and the hybrid 
bearing in the hydrostatic mode of lubrication are approximately 
equal. Stiffness of the hybrid bearing in the hydrodynamic lubrica-
tion mode (curve 2) is less than the prototype (curve 1) and in-
creases with the spindle speed. It should be noted that stiffness of 
the hybrid bearing satisfies conditions of a high-speed finish turn-
ing machining. 

Hydrostatic spindle thermal stability is of key importance to 
achieve high accuracy of machining. The main sources of heat 
in the hydrostatic spindle are bearings. In the works (Salazaraet 
al., 2017; Zuo et al., 2013) it is noted that in order to increase 
spindle thermal stability it is necessary to minimize heating of the 
fluid in slide bearings. Fig. 5 shows temperature rise T for a 
single pass of lubricant between bearing inlet and outlet of the 
prototype design (curve 3) and hybrid bearing (curve 4) depending 
on the spindle speed. T parameter was estimated by formula 
(Rowe, 2012): 

𝑇 =
𝑝𝐻(1 + 𝐾)

𝑐
 

where: 𝐾 = 𝑃 𝑃𝑞⁄ ;  – fluid density, kg/m3; c – specific heat 

capacity, J/kg K. 

 
Fig. 5. Radial bearing stiffness Cb (solid curves) and fluid temperature 

rise T (dashed curves) vs spindle speed n: 1, 3 – prototype;  
2, 4 – controlled bearing 

 

Fig. 6. Experimental values of the rotor thermal offsets x, y along X 
and Y coordinates respectively at turning machining: solid line  
– pocket pressure equals 2 MPa; dashed line – pocket pressure 
equals 3 MPa 

As we can see, hybrid spindle bearings design provides fluid 
heating 2.6 times less that prototype at maximum spindle speed. 

Spindle heat resistance is characterized by offset of the spin-
dle axis under the action of thermal field in machining process. 
Fig. 6 shows offsets x, y of the spindle rotor with hydrostatic 
bearings during turning machining of workpieces depending on 
the lubricant temperature T inside front bearing. Rotor displace-
ments were measured by laser sensors mounted on two coordi-
nate axes X and Y at distance of 200 mm from the front spindle 
bearing. Precise mandrel was installed in the rotor to measure 
spindle offsets. The workpieces were fixed to the mandrel by 
a special fixing device. The method of experimental studies of 
rotor offsets is considered in detail in the works (Fedorynenko 
et al., 2016; Huang et al., 2016). 

Increase of lubricant temperature due to friction in the hydro-
static bearing leads to a substantial displacement of the rotor on 
its overhang area. Increase of pockets pressure in the bearing up 
to 3 MPa reduces the rotor offsets up to 2 times in a horizontal 
plane. Use of a hybrid design of spindle bearings makes it possi-
ble to reduce rotor thermal offsets by 3-4 times at turning machin-
ing in comparison with the prototype. 

5. CONCLUSIONS  

Developed scientific approaches can be used to improve en-
ergy performance of high-speed fluid bearings of spindles as well 
as to design new facilities based on analysis of similar purpose. 

According to the results shown in the article, due to a new de-
sign of controlled journal hybrid bearing it was possible to reduce 
total energy loss in enhanced resistance by 1.5 times during hy-
drostatic lubrication mode and 4 times during hydrodynamic mode 
compared to loss in the base version of the bearing. Beside this, 
application of the hybrid bearings allows us to reduce spindle 
thermal offsets at turning machining up to 4 times compared with 
hydrostatic journal bearings.  

Effective way to improve energy efficiency of spindles with flu-
id bearings is application of operating fluids with low viscosity. Use 
of special lubrication based on water with corrosion inhibitor  

( - caprolaktam) can reduce energy loss in journal bearing almost 
by 6 times at spindle speed 20,000 rpm compared with lubrication 
by mineral oils. 

It is established that with spindle speed of 20,000 rpm energy 
consumption of lather machine tool with the new design of journal 
spindle bearings is reduced by 2.4 times in comparison to the 
base one. 

Prospects for future research include experimental validation 
of received theoretical results and optimization of bearings design 
to find optimal solutions for energy efficiency and productivity. 
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Abstract: Paper presents a report of a research work that concerns possibilities of freight wagons modernization using new composite ma-
terials. The main aim of presented work was to verify the possibility of inference from the dynamic response of the wagon about the 
changes in its technical condition. During the presented works tests on real objects were carried out using Macro Fiber Composite (MFC) 
piezoelectric transducers glued to the freight wagon’s frame. The dynamical response of the wagon was measured while the object was 
driving. On the next stage the measured signal was generated on a laboratory stand using electrodynamic modal shaker and vibrations 
of the laboratory model were measured. Measured signals were juxtaposed on charts and analysed. The aim of this work was to verify 
if it is possible to detect the change in the system using measurements of vibrations that are being generated during exploitation of the 
freight wagon. 

Keywords: Dynamic Response, Freight Wagon, Piezoelectric Transducers, Smart Materials, Analysis of Vibration 

1. INTRODUCTION 

The aim of presented research work was to modernize the 
analysed wagon during its renovation using new materials. This 
work is a continuation of the previous research works concerned 
with analysis of new, composite materials application in freight 
wagons (Wrobel et al., 2015; Baier and Zolkiewski, 2013; Placzek 
et al., 2015 a,b). Effects that are to be achieved by the moderniza-
tion are better corrosion protection of the wagon elements, easier 
unloading of the wagon in winter conditions (no freezing of the 
cargo to the sides and floor of the wagon), reduction of the weight 
of the wagon while its load increases and easier management 
of freight wagons during exploitation. The 4-axle open wagon 
series EAOS type 1415 A3 produced by BREC Belgium is being 
taken into consideration because it is one of the most popular type 
of wagons designed to unload with the use of tipplers.  

An opportunity to apply new materials and new methodology 
allows designing devices and systems that, for example are more 
effective, have better properties and lower costs of production.  
This is why a lot of effort is spent on development of any types 
of devices that are used (Jamroziak, 2013; Rusinski et al., 2012; 
Tuma, 2009; Jamroziak et al., 2013). Smart materials, so the 
materials that can change one or more of their properties during 
operations and this change can be controlled bring a lot of new 
possibilities as well. Piezoelectric transducers which are widely 
used in many kinds of technical devices and number of their 
applications are still increasing are also smart materials. They 
properties caused that they can be used in large variety of appli-
cations, for example in vibration damping or excitation, energy 
harvesting systems, as sensors or in order to obtain precise ele-
ments positioning (Tuma et al., 2011; Placzek, 2015; Buchacz et 

al., 2014, 2015).  
In 1996 Macro Fiber Composites (MFC) was invented by 

NASA. MFC transducer is consists of rectangular piezo ceramic 
rods sandwiched between layers of adhesive, electrodes and 
polyimide film. Main benefits of the MFC are: increased strain 
actuator efficiency, damage tolerance, environmentally sealed 
packages, available as elongators and contractors (Placzek et al., 
2015b; Buchacz et al., 2015). The development of transducers 
allows new applications of piezoelectric materials and improves 
operation of existing devices.  

In this work some benefits obtained by using new piezoelectric 
transducers application is presented. In previous works for exam-
ple efficiency of both PZT and MFC transducers used as actuators 
of the mechanical system was presented. An analysis of the 
considered mechatronic system was done using a discrete-
continuous mathematical model and an approximate method 
presented in previous publications (Placzek, 2015; Buchacz et al., 
2014, 2015). On the other hand, computer aided methods 
of designing, manufacturing and product life cycle management 
are also powerful tools that helps to design and produce modern 
technical devices (Paprocka et al., 2014; Banas et al., 2015; 
Monica, 2015; Klarecki et al., 2015). Modern systems include 
elements from different science areas, such as mechanics, elec-
tronics and informatics. Such connection brings new possibilities 
and new effects, so those systems can be called mechatronic 
systems (Buchacz and Galeziowski, 2012; Gwiazda et al., 2015).  

Rail transport is a very important part of the modern economy, 
one of the components determining its dynamic development. It is 
therefore important to conduct research and taking action aimed 
at the development and refinement of this branch of industry. 
Numerous studies are conducted, aimed at introducing new tech-
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nologies and solutions, both in terms of railway infrastructure and 
logistics management systems, as well as in traction vehicles 
themselves (Grebowski and Zielinska, 2015; Oleszak et al., 2013; 
Stypula; Stypula, 2009; Bruni et al., 2011; Connolly et al., 2014; 
Hecht 2009; Herwig and Bruhwiler, 2011; Jönsson et al., 2008, 
Kovalev et al., 2009; Mehrpouya and Ahmadian, 2009). Such 
actions directly translate into an increase in its effectiveness, 
safety, reduction of burden on the environment and society. This 
paper contains a report on the part of works conducted in the 
research and development project entitled "Analytical and experi-
mental studies and determination of the structural features 
of components and assemblies in innovative structure of repaired 
wagons". This project is realized within the Program of Applied 
Research by Institute of Engineering Processes Automation and 
Integrated Manufacturing Systems of Silesian University of Tech-
nology together with consortium partners: company DB Schenker 
Rail Poland SA and Germaz. The main objective of the project is 
to develop a technology of modernization of freight wagons for the 
transport of coal and aggregates, through the use of innovative 
materials and technologies to repair this type of wagons during 
periodic repairs. Actions which have been undertaken within the 
project are to improve the operating conditions considered types 
of wagons by increasing their resistance to corrosion and freezes 
transported cargo to the shell of the body in the winter conditions, 
and thus an easier unloading (Wrobel et al., 2015; Baier and 
Zolkiewski, 2013; Placzek et al., 2015 a,b). An additional objective 
is also verification of strength of modernized carriages and an 
estimation of the possibility of reducing their weight, while main-
taining or increasing the permissible load. One of elements of the 
project is also to develop a system for diagnosing the technical 
condition of the modernized shell of wagon body during operation. 
For this purpose the use of non-destructive testing methods 
of technical state of constructions will be used, including methods 
that use the analysis of dynamic response of the object. Therefore 
research is conducted which examines the possibility of use of the 
foils with piezoelectric properties as sensors used in the system 
of vibration measurement of tested items (Placzek et al., 2015a). 
These research efforts are a continuation of previous work related 
to the analysis of possibilities to use of composite materials 
as a part of the wagons boxes shell. Application of the composite 
panels to the freight wagon’s body shell was proposed as the 
solution that can solve mentioned problems during exploitation 
of freight wagons (Wrobel et al., 2015; Baier and Zolkiewski, 
2013; Placzek et al., 2015 a,b). The composite panels composed 
of fiberglass and epoxy resin were proposed. They will be mount-
ed on the body shell using rivet nuts. What is more the body shell 
of the modernized freight wagon will be painted using an anti-
corrosion agent. 

2. A PROCESS OF QUALIFICATION TO REPAIR 

The main aim of the system designed for of inferred from the 
dynamic response of the wagon about the changes in its technical 
condition is to support a process of freight wagons qualification to 
repair. At this moment all freight wagons should be verified about 
their technical condition at a certain time interval. During the 
qualification process a qualifying protocol is used. In the DB 
Schenker Rail Poland SA Company in order to decide which 
elements of the freight wagon should be repaired or replaced by 
the new ones the protocol includes such data as: 

 the type of the analysed freight wagon; 

 the drawings of the analysed type of wagons including views 
of all side walls and the floor; 

 the identification number of the wagon; 

 the date and type of the previous repair and the date and type 
of the actual renovation; 

 the table with listed elements of the wagon with the possibility 
to mark whether the item is suitable for repair, replacement, 
or whether it is in good technical condition; 

 the signatures of the responsible people and the place 
for other notes. 
During mentioned research work also a statistic analysis 

of data from qualifying protocols were analysed in order to verify 
if there are elements the most exposed to damage during stand-
ard exploitation of the freight wagons. Qualifying protocols from 
years 2012 up to 2014 were analysed. The number of analysed 
protocols was 298 for different types of freight wagons. Protocols 
were scanned and sorted taking into account types of freight 
wagons. Data from protocols were analysed in order to specify the 
percentage of repairs of individual wagons elements. Obtained 
results were presented on charts. In order to analyse date from 
protocols elements of the freight car’s box were named and 
marked on the scheme of the freight wagon. In Fig. 1 names 
of the EAOS 1415 A2 and A3 wagon’s elements designations are 
presented. The front of the wagon is indicated by the position 
of the brake cylinder. 

 
Fig. 1. Designation of EAOS 1415 A2 and A3 wagon’s elements,  
            where symbols denotes: L – the left side, R – the right side,  
            F – the front, B – the back of the wagon   

The most important, taking into account assumption of mod-
ernization of the freight wagons using composite panels mounted 
to the wagon’s shell of the body, is the information about the 
damage of its elements. Percentage of repairs of individual ele-
ments of the shell of the body is presented in Fig. 2. 

 
Fig. 2. Percentage of individual elements repairs of the body shell  
            of freight wagon EAOS 1415  
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Presented results of qualifying protocols analysis shows that 
there are some different between percentage of repairs of differ-
ent elements of the freight wagons body shell. In case of type 
EAOS 1415 freight wagons it can be noticed that elements of the 
side walls were repaired more often than elements of the front 
wall and the back wall. What is more it can be noticed that even 
simetrical elements of the freight wagon (ex. L3 and R3) have 
different values of percentage of repairs. It can be explain by the 
random characteristic of the corrosion process of freight cars. 
It should be mentioned that in order to obtain more precise infor-
mation about the process of damage of individual elements of the 
freight wagons body shell during their exploitation it is necessary 
to carry out a more accurate operational documentation starting 
from the production of wagons, which will take into account oper-
ating conditions of carriage, such as the type of transported cargo, 
as well as all carried out repairs.  

The system that is to be developed should inform about de-
struction of the wagon’s body shell during standard operation 
of the wagon. This should help to detect of major defects 
of wagon's body shell without transporting it to the service station. 
In order to develop such system it is necessary to verify the pos-
sibility of inference from the dynamic response of the wagon about 
the changes in its technical condition during its standard opera-
tion. 

3. MEASUREMENTS OF WAGON’S VIBRATION  
DURING OPERATION  

At the first step of the carried out tests measurements of the 
wagon’s elements vibration during operation were carried out.  

The object of research is the four axial freight wagon of ordi-
nary type Eaos 1415-A3 production BREC Belgium. It is present-
ed in Fig. 3. It was being taken into consideration because it is 
one of the most popular types of wagons designed to unload with 
the use of tipplers. 

 
Fig. 3. The considered type of freight wagon

Channel 1 

 

Channel 2 

 
Channel 3 

 

Channel 4 

 
Fig. 4. The measured profile of excitations (empty wagon and max. speed 10 km/h) 

Measurements were carried out using analogue input card 
type NI-9215 (http://www.ni.com/pdf/manuals/373779a_02.pdf) 
and portable device NI cDAQ-9191 (http://www.ni.com/datasheet/ 
pdf/en/ds-371) – the compact 1-Slot chassis which allows Send 
data to a host PC over Ethernet or IEEE 802.11 Wi-Fi. As sensor 
M-8514-P1 model of Macro Fiber Composite transducer was used 

with active area 85 x 14 mm (http://www.smart-material.com/MFC-
product-main.html). Four sensors were glued on the surface of the 
frame and body shell of the tested wagon and connected to the 
portable measurement system for data acquisition. Measurements 
were carried out while the observed train was driving (locomotive 
and two wagons) with the maximum travelling speed about 

http://www.ni.com/datasheet/
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10 km/h. The speed of the train was limited  as a result of the 
applicable regulations because measurements were carried out in 
the area of the railway repair company. There was no agreement 
to conduct research during normal exploitation. The train was 
driving a section of about 400 meters, stopped and then it was 
returning. The test was repeated five times to verify the repeatabil-
ity of the results. Measurements were made in repair facility of DB 
Schenker Rail Poland in Rybnik. Measurement points were as: 

Channel 1 – the centre of the top band of the box, interior of 
the freight wagon; 

Channel 2 – the support frame – the bottom surface of the 
main, outer beam of the frame; 

Channel 3 – the support frame – the inner surface of the main, 
outer beam of the frame; 

Channel 4 – the support frame – side surface of the cross-
beam. 

Measuring points were selected on centre points of main 
beams of the wagon’s frame and on the centre of the top band 
of the box because it was predicted that deformation of surfaces 
of these elements of the wagon construction will be the biggest. 
This was important for the measurements using MFC piezoelectric 

foils glued on surfaces of these elements.  
The main aim of the measurements was to acquire a profile 

of excitations that are elements of the freight wagon exposed to 
during exploitation of the wagon. This profile was in the next step 
used in tests using laboratory stands in order to verify their dy-
namical response onto the excitation occurring during operation. 
In Fig. 4 examples of results of measurements obtained for the 
described channels are presented. The measured profile of exci-
tations occurring during operation for empty wagon and maximal 
speed 10 km/h for all measuring points is presented. The red 
vertical line separates two operating ranges: in the first range the 
wagon was pulled by the locomotive, while in the second one the 
wagon was pushed by the locomotive. 

It can be observed that the electric voltage generated by the 
piezoelectric MFC sensors has not a high value but measured 
signal can be used in order to reproduce the extortion profile 
course during laboratory tests. 

The measured signal was then analysed used Fast Fourier 
Transform to verify the resonance zones of the vibrating elements. 
An example of results of measured signal FFT analysis obtained 
using Hanning window is presented in Fig. 5.  

 

  
 

  
Fig. 5. An example of results of measured signal FFT analysis  

The carried out measurements proved that results are repeti-
tive and can be used in laboratory tests. During all measurements 
it could be observed that obtained results are repeatable (taking 
into account range of possible measurement errors) for all tested 
measuring points without influence of the weather conditions and 
temperature. It can be concluded that Macro Fiber Composite 
piezoelectric transducers proposed as sensors in developed 
system could be successfully used. They have a lot of advantages 
which causes that they can be proposed as a very good solution, 
for example they can be easily applied to the structure by gluing it 
to its surface. They are produced in the form of thin foils, so they 
also can be easily laminated into the structure of the composite 
panels that will be mounted in the modernized freight wagons. 

What is more they are resistant to weather conditions and do not 
require additional power source. What is more, for a low frequen-
cies measurments the store & hold amplifier can be used with the 
MFC transducers what can improve precision of measurements 
(http://www.smart-material.com/MFC-product-main.html). 

4. MEASUREMENTS USING LABORATORY STAND 

The composite panels composed of fiberglass and epoxy res-
in were proposed. They will be mounted on the body shell using 
rivet nuts. What is more the body shell of the modernized freight 
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wagon will be painted using an anti-corrosion agent. Application 
of the new materials in the considered freight wagons is connect-
ed with the need to conduct a series of studies of the proposed 
materials properties, taking into account their strength analysis, 
abrasion resistance, fatigue resistance, and other properties 
important because of the working conditions in the modernized 
freight wagons. Very important property that has strong influence 
onto the safety of the modernized freight wagons exploitation 
is also the verification of the new elements flammability. Results 
of those studies were presented in other papers (Wrobel et al., 
2015; Baier and Zolkiewski, 2013; Placzek et al., 2015 a,b). 

a) 

 

b) 

 
Fig. 6. The type of type 418V freight wagon (a) and its CAD model (b) 

a) 

 

b) 

 
Fig. 7. The CAD model of the tested piece of 418V freight wagon’s side  
            (a) and The CAD model of the laboratory stand (b) 

At the next step the measured profile of vibration excitation 
that is a result of the operation of the freight wagon was used for 
tests on a created laboratory stand. The laboratory stand was 
prepared for strength analysis of a side of a hopper freight wagon 
type 418V. This type of wagon is presented in Fig. 6. 
In Fig. 7a) a CAD model of the tested piece of the freight wagon’s 
side is presented. In carried out measurements the laboratory 
stand for strength analysis of the 418V freight wagon side element 
was used. A CAD model of the stand with the analysed wagon’s 
side is presented in Fig. 7b). The side’s element was prepared in 
1:2 scale. 

During measurements the freight wagon’s side was excited 
using vibration test system produced by TIRA GmbH. As sensors 
also Macro Fiber Composite M-8514-P1 piezoelectric transducers 
were used and connected with analogue input cards and portable 
device NI cDAQ-9191. Measurements were carried out with and 
without composite panels mounted to the wagon’s side using rivet 
nuts. The aim of this work was to verify if it is possible to detect 
the presence of composite panels mounted to the tested wagon’s 
side element. The tested element was excited using electrody-
namic shaker and vibration profile obtained during the measure-
ments carried out on the real freight wagons. Vibrations of the 
analysed side were measured in four measuring points using MFC 
piezoelectric transducers. The MFC sensors were glued to the 
surfaces of the side’s frame as well as to the sheet metal fill. 
Measuring points were selected on centre points of main beams 
of the wagon’s side model and on the centre point of the compo-
site panel. It was predicted that deformation of surfaces of these 
elements of the wagon’s side model will be the biggest. 

5. RESULTS 

Results obtained for measuring points on the side’s frame and 
on the sheet metal fill for the wagon’s side model with and without 
composite panels are presented in this work. As the next step 
of the carried out analysis the Fast Fourier Transform of meas-
ured signals was carried out in order to verify if any change in the 
obtained results can be observed. Results of the FFT analysis 
of measured signals obtained for the system with and without 
composite panels are juxtaposed in Fig.9 up to frequency 200 Hz. 
The red line denotes results obtained for the model of the freight 
wagon’s side without any additional element while the blue line 
denotes results for the model with composite panels. The panels 
were made of fiberglass and epoxy resin with thickness 6 mm. 
They were mounted using rivet nuts. 

It can be noted that for both measuring channels the analysed 
system has higher values of the amplitude for all frequencies 
of vibrations in case when there is no composite panels mounted. 
Such results can be very useful for the algorithm that will be use 
in the system designed for modernized freight wagons technical 
condition monitoring during their exploitation. There may be 
a possibility to detect destruction of the mounted composite pan-
els by the system on the basis of measured signals from applied 
piezoelectric foils. The system should also detect if the freight 
wagon is loaded or it is used empty and inform about its status 
using GPS system. Such information can be very useful for better 
managing of freight wagons and for data collecting in the system 
that should record the history of the wagons exploitation.  
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a) 

 
 

b) 

 
Fig. 9. Results of the FFT analysis of measured signals juxtaposed for the system witch (the blue line) and without (the red line) composite panels  
            for channel 1 (a) and channel 2 (b) 

6. CONCLUSIONS 

Carried out tests and measurements on freight wagons as 
well as using laboratory stands proved that Mecro Fiber Compo-
site piezoelectric transducers can be successfully used as sen-
sors for measurements of freight wagon’s elements vibrations. 
They can be easily applied to the surface of monitoring structure 
as well as laminated in composite panels that will be used during 
proposed freight wagons modernization. What is more they can 
be easily protected to weather conditions. 

During carried out tests on the real freight wagon the speed 
was limited and it was lower than speed of a train during its 
standard exploitation. It caused that values of measured signals 
were lower than they can be predicted in application on freight 
wagons for standard operation. However, using measured profile 
of excitation it was possible to infer about the status of the labora-
tory stand. Taking into account obtained results of laboratory tests 
it was possible to conclude whether composite panels are con-
nected to the tested model of the freight wagon’s side or they are 
lacked. Obtained results allows to conclude that proposed method 
of control of technical condition of modernized freight wagons may 
be a good solution.  

In further research more measurements on laboratory stands 
and especially on real objects during their standard   exploitation 
will be carried out in order to verify repeatability of the obtained 

results and to take into account influence of various conditions 
such as weather conditions, deformations of the wagon’s body 
shell that are results of its exploitation, mainly unloading using 
excavators etc. The influence of changes in monitored system 
created during its exploitation appears as a main problem which 
may result in system malfunction.  
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Abstract: This paper proposes the novel technique for analysis of dynamic stress state of multi-connected infinite plates under the action 
of weak shock waves. For solution of the problem it uses the integral and discrete Fourier transforms. Calculation of transformed dynamic 
stresses at the incisions of plates is held using the boundary-integral equation method and the theory of complex variable functions. The 
numerical implementation of the developed algorithm is based on the method of mechanical quadratures and collocation technique. For 
calculation of originals of the dynamic stresses it uses modified discrete Fourier transform. The algorithm is effective in the analysis of the 
dynamic stress state of defective plates.  

Key words: Stress State, Plate, Incision, Weak Shock Wave  

1. INTRODUCTION 

In metallurgy, machinery, construction and other industries 
a significant part of processes includes the presence of a variety 
of dynamic loads, which are caused by technological and me-
chanical processes. A variety of the dynamic loads are exerted 
in the structures of buildings by the wind and the seismic forces. 

The dynamic loads result in the periodic changes of stresses. 
They may be within a single cycle, as a vibration or pulse packets, 
and a combination thereof. Dynamic load of any of these types 
may have a shock character. 

The vibration-shock and shock loads can lead to the damage 
which cannot be explained by the excess of the yield stress or the 
accumulation of fatigue phenomena. 

The use of the shock load by the ultrasound pulses has been 
effective in the study of the material defects. These methods are 
described in the book of Isbell (2005). 

Sound pulses are transformed into shock waves, weak due to 
significant energy dissipation. The transition of shock waves 
through the domain of any defects, including cracks and pores, 
is accompanied with dispersing. Scattering of shock pulses gives 
essential information about the defect condition. Evaluation 
of diffraction parameters can predict the strength of the solid.  

Dynamic stress state, which is occurred by the interaction of a 
shock wave scattered by the holes and incision in the plates 
differs from the case of quasi-static deformation.  

In the literature, the study of dynamic stress state of the plates 
with holes was conducted by various methods. 

In the works of Guz et al. (1978) and Kubenko (1967) the 
study of the distribution of dynamic stresses in the plate with 
a circular hole by the action of the shock load, which is applied to 
the boundary, is based on the Laplace transform with usage of the 
series method. 

In the works of Benerjee (1994) and Brebbia et al. (1984) for 
the solving of the problems the singular integral equations are 
received by using the Laplace transform. 

In the work of Popov at al. (2009) by using the Laplace trans-
form it is studied the dynamic stress state of elastic bodies with 
inclusions. 

In the works of Myhas’kiv et al. (2009) for the solution of dy-
namic problems for the bodies with inclusions and cracks it is 
used the finite-difference method in time and method of integral 
equations. 

In the works of Ayzenberg-Stepanenko et al. (2012, 2013) 
with using finite-difference algorithms it is obtained the description 
of fronts and front zones with a minimal influence of spurious 
effects of numerical approximation. 

By using a modified finite-difference method with respect to 
time and the method of Fourier series with respect to the angular 
variable in the works of Onyshko et al. (2015) it is got the time 
dependence of the dynamic stress concentration on the hole for 
plane dynamic problem of the theory of elasticity.  

In the works of Pasternak et al. (2013) the study of dynamic 
stresses in the plates due to the antiplane deformation is conduct-
ed using the Fourier transform. 

In the works of O. Mikulich (Shvabyuk et al., 2015) the method 
of study the stress concentration in the plates with holes and 
incisions for time-harmonic case is developed. This method is 
based on the application of the boundary integral equation method 
and the theory of function of complex variable. For the numerical 
calculation the methods of mechanical quadrature and collocation 
are used. Results of numerical calculations showed that the algo-
rithm is effective for investigation of the action of time-harmonic 
loads. 
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2. SOLUTION OF THE PROBLEM 

2.1. Statement of the problem 

In applying of the Fourier transform it is existed the following 
relation between original and transformed function:  

𝑓(𝑥, 𝜔) = ∫ 𝑓(𝑥, 𝑡)𝑒−𝑖𝜔𝑡𝑑𝑡,
∞

−∞

   

𝑓(𝑥, 𝑡) =
1

2𝜋
∫ 𝑓(𝑥, 𝜔)𝑒𝑖𝜔𝑡𝑑𝜔.

∞

−∞
 (1) 

This paper applies the Fourier transform (1) to study of the 
dynamic stress state of infinite plate with an incision. 

Consider the equation of the motion of the isotropic plate 
written for displacements (Brebbia et al., 1984): 

(𝑐1
2 − 𝑐2

2)𝑢𝑖,𝑖𝑗 − 𝑐2
2𝑢𝑗,𝑖𝑖 + 𝑏𝑗 =

𝜕2𝑢

𝜕𝑡2 ,  (2) 

where: 𝐮(𝐱, 𝑡) = {𝑢𝑗(𝐱, 𝑡)}, 𝑗 = 1; 2 is the vector of the displace-

ment of the point 𝐱 = {𝑥1, 𝑥2}, c1
2 =

E

(1−2)
, c2

2 =
E

2(1+)
 are 

speeds of expansion and shear waves, Е is the Young's modulus, 

𝜌 is the density of the material;  is the Poisson ratio, 𝐛 = {𝑏𝑗} is 

the vector of mass forces, i= 1;  2, ( ),𝑗  means for differentiation 

with respect to 𝑥𝑗 , 𝑡 is time. 

Applying transform (1) to equation (2) one obtain  

(𝑐1
2 − 𝑐2

2)�̃�𝑖,𝑖𝑗 − 𝑐2
2�̃�𝑗,𝑖𝑖 + �̃�𝑗 + 𝜔2�̃�𝑗 = 0,  (3) 

where:  

�̃�𝑗 = ∫ 𝑢𝑗(𝑥, 𝑡)𝑒−𝑖𝜔𝑡𝑑𝑡,
∞

−∞
 �̃�𝑗 = ∫ 𝑏𝑗(𝑥, 𝑡)𝑒−𝑖𝜔𝑡𝑑𝑡.

∞

−∞
 This 

equation is equivalent to the equation of time-harmonic motion 
with a cyclic frequency ω (Brebbia et al., 1984). 

This approach allows conducting the research in the field of 
transforms of displacements; thereby the effect of the time factor 
is isolated. 

Consider the case when incident weak shock wave is scat-
tered by the incision at the plate. This weak shock wave is similar 
to (Gruber at al., 2013), which is given by the potential in the form: 

𝜙(𝐱, 𝑡) = {
𝜙0𝑓 (

𝐱

𝑎
− 𝑐1

𝑡

𝑎
) , 𝑡 ≥ 0,

0, 𝑡 < 0;
   𝜓(𝐱, 𝑡) = 0. 

Here 𝜙0 is a constant (Gruber et al., 2013), 𝑎 is a characteris-
tic of length. Applying transform (1) to this formula leads to 

�̃�(𝐱, 𝑡) = 𝜙0̃
𝑎

𝑐1
𝑓 (

𝜔𝑎

𝑐1
) 𝑒−𝑘1𝐱;  �̃�(𝐱, 𝑡) = 0, (4) 

where:  𝑓(𝜔) = ∫ 𝑓(𝑡)𝑒−𝑖𝜔𝑡𝑑𝑡
∞

−∞
.  

 
Fig. 1. Model of the plate 

In further studies modulation of impulse from the time is 
chosen in the form of weak shock waves (Pasternak et al., 2013): 

𝑓(𝑡) = 𝑝∗𝑡
𝑛∗𝑒−𝛼∗𝑡 , 𝑡 > 0, 𝑛∗ ≥ 0,  

where: 𝑓(𝜔) = 𝑝∗(𝑛∗)! (𝛼∗ + 𝑖𝜔)−𝑛∗−1. 
Consider an infinite plate with an incision that is under the 

weak shock wave (4) (Fig. 1). The problem consists in determina-
tion of the dynamic stresses at the boundary of incision at the 
plate. 

The centre of gravity of the plate is placed at the origin 

of a Cartesian coordinate system 𝑂𝑥1х2. Symbol D denotes the 

domain occupied by the plate, and 𝐿 is the boundary of the do-
main 𝐷.  

The boundary conditions of the problem are written as (Breb-
bia et al., 1984): 

𝜎𝑛|𝐿 = 𝛷1(𝐱, 𝑡), 𝜏𝑠𝑛|𝐿 = 𝛷2(𝐱, 𝑡),   (5) 

where: 𝛷1(𝐱, t), 𝛷2(𝐱, t)  are the predetermined functions. Ap-
plying the Fourier transform (1) to the boundary conditions (5) 
leads to 

�̃�𝑛|𝐿 = 𝛷1̃(𝐱, 𝜔), �̃�𝑠𝑛|𝐿 = 𝛷2̃(𝐱, 𝜔). (6) 

2.2. Integral equations of the problem  

For the plane stress state the potential solution for transforms 
of displacements is selected as (Bonnet, 1995): 

�̃�𝑗(x, 𝜔) = ∫ 𝑝𝑖(𝐱
0, 𝜔)𝑈𝑖𝑗

∗ (𝐱, 𝐱0, 𝜔)𝑑𝑠
𝐿

,  (7) 

where 𝑝1, 𝑝2  are unknown complex potential functions. Integra-

tion along the boundary is performed within variables 𝑥1
0, 𝑥2

0, 

where 𝐱0 = {𝑥1
0, 𝑥2

0}. The representation of the images 𝑈𝑖𝑗
∗  

should be choosing with the regard to Zommerfeld radiation condi-
tion, since the plate is infinite. It has the form (Brebbia et al., 
1984):  

𝑈𝑖𝑗
∗ =

1

2𝑐2
2 (𝛿𝑖𝑗 −  ∙ 𝑟𝑖𝑟𝑗), (8) 

where:   

 = 𝐾0(𝑘2𝑟) +
1

𝑘2𝑟
(𝐾1(𝑘2𝑟) −

𝑐2

𝑐1
𝐾1(𝑘1𝑟)); 

 = 𝐾2(𝑘2𝑟) − (
𝑐2

𝑐1
)
2

𝐾2(𝑘1𝑟), 

𝑟𝑗 =
𝑟

𝑥𝑗
, 𝑟 = √(𝑥1 − 𝑥1

0)2 + (𝑥2 − 𝑥2
0)2, 𝑘𝑗 =

𝑖𝜔

𝑐𝑗
, 𝐾𝑚(𝑟) are 

Bessel functions of the third kinds, 𝑗 = 1, 2, 𝑚 = 0, 1, 2. 
For determination of unknown boundary functions  𝑝1, 𝑝2  the 

calculation of stresses at an arbitrary point of the plate are per-
formed by the formula (Savin, 1968): 

�̃�𝑛 =
𝜎11+𝜎22

2
+

1

2
(𝑒−2𝑖𝛼 (

𝜎11−𝜎22

2
+ 𝑖𝜎12) + 𝑒2𝑖𝛼 (

𝜎11−𝜎22

2
−

𝑖𝜎12));   �̃�𝑠𝑛 =
𝑖

2
(𝑒2𝑖𝛼 (

𝜎11−𝜎22

2
− 𝑖𝜎12) − 𝑒−2𝑖𝛼 (

𝜎11−𝜎22

2
+

𝑖𝜎12)),  (9) 

where: 𝛼 is the angle between the normal �⃗�   to the boundary of 
the plate and the axis Ох1. 

Substituting the representation for displacements (7) in the 
formulas (9), we obtain formulas for determining stresses at the 
boundary of the plate: 

�̃�𝑛 = ∫ 𝑓1(𝑧, 𝜁)𝑞𝑑𝜁
𝐿

+ ∫ 𝑓2(𝑧, 𝜁)𝑞𝑑𝜁
𝐿

; 

�̃�𝑛 = ∫ g1(z, ζ)qdζ
L

+ ∫ g2(z, ζ)qdζ
L

,                              (11) 



DOI 10.1515/ama-2017-0033                                                                                                                                                          acta mechanica et automatica, vol.11 no.3 (2017) 

219 

where: 𝑞 =
𝑖𝑝𝑑𝑠

𝑑𝑡
 is an unknown function, which had to be deter-

mined, ζ = x1
0 + ix2

0, 𝑓𝑘(𝑧, 𝜁), 𝑔𝑘(𝑧, 𝜁), 𝑘 = 1, 2 are known 
functions, which contain Bessel functions of third kind and are 
obtained similarly to those in Mikulich (2016). 

Integration of functions 𝑓𝑘(𝑧, 𝜁), 𝑔𝑘(𝑧, 𝜁), 𝑘 = 1,2 for 
small values of the argument leads to singularity. To establish 
their characteristics we use the asymptotic expressions for the 
Bessel functions of the third kind for small values of the argument 
(Cohen, 2007).  

Let us perform the limiting transition when (𝑥1, 𝑥2) → 𝐿 
in the last formula according to Plemelj-Sokhotski formulas (Savin, 
1968). Consequently, integral equations for determination of the 
unknown functions 𝑞 and 𝑞  for given loading at the boundary are 
obtain: 

𝑅𝑒 (
𝑞

2
) − 𝐼𝑚 (𝐴1 ∫

𝑞𝑑𝜁

𝑧 − 𝜁
+

𝐿

𝑑𝑧

𝑑𝑧̅
(𝐴2 ∫

�̅�𝑑𝜁 ̅

𝑧 − 𝜁𝐿

+ 𝐴3 ∫
(𝑧̅ − 𝜁)̅𝑞𝑑𝜁

(𝑧 − 𝜁)2
𝐿

)) + 

+∫ 𝑓1
𝑅(𝑧, 𝜁)𝑞𝑑𝜁

𝐿
+ ∫ 𝑓2

𝑅(𝑧, 𝜁)𝑞𝑑𝜁
𝐿

= 𝛷1̃(𝐱, 𝜔);         (12) 

𝐼𝑚 (
𝑞

2
) − 𝑅𝑒 (

𝑑𝑧

𝑑𝑧̅
(𝐴2 ∫

�̅�𝑑𝜁 ̅

𝑧 − 𝜁𝐿

+ 𝐴3 ∫
(𝑧̅ − 𝜁)̅𝑞𝑑𝜁

(𝑧 − 𝜁)2
𝐿

)) 

+∫ g1
R(z, ζ)qdζ

L
+ ∫ g2

R(z, ζ)qdζ
L

= Φ2̃(x, ω),         

where: 𝐴𝑖 , 𝑖 = 1. .3 are constants, that in the case of plane stress 

state are as follows 𝐴1 =
1+𝜈

4𝜋𝜈
;  𝐴2 =

3−𝜈

4𝜋
;  𝐴1 =

1+𝜈

4𝜋
, 𝜈 is a 

Poisson's ratio, functions 𝑓1
𝑅, 𝑓2

𝑅 , 𝑔1
𝑅 , 𝑔2

𝑅   are known and regular 
(Mikulich, 2016).  

2.3. Numeric solution algorithm  

For calculation of the dynamic stresses at the infinite plate 
with incision the algorithm (Shvabyuk et al., 2016) is applied. The 
incision in the plates is modeled as an elliptic hole with axis ratio 
of 10.  

Replacing the integrals at the system of integral equations 
(12) with the specified quadrature formulas (Eshkuvatov et al., 
2009), the system of linear algebraic equations for determination 
of the nodal values of unknown boundary functions 𝑞 and �̅� is 
obtained: 

𝑞𝑠+�̅�𝑠

4
+ ℎ ∑ 𝑓1𝑠𝑛𝑞𝑛

′
𝑛

𝑁

𝑛=1

+ ℎ ∑ 𝑓2𝑠𝑛�̅�𝑛̅
′
𝑛

𝐾

𝑛=1

= �̃�1𝑠, 

𝑞𝑠−�̅�𝑠

4𝑖
+ ℎ ∑ 𝑔1𝑠𝑛𝑞𝑛

′
𝑛

𝑁
𝑛=1 + ℎ ∑ 𝑔2𝑠𝑛�̅�𝑛̅

′
𝑛

𝐾
𝑛=1 = �̃�2𝑠,  (13) 

where: 𝜓 = 𝜓(𝜃), 0 < 𝜃 < 2𝜋 is a set of parametric boundary 

equations, 𝑓𝑗𝑠𝑛 = 𝑓𝑗(𝜁𝑛 , 𝑧𝑠), 𝑔𝑗𝑠𝑛 = 𝑔𝑗(𝜁𝑛 , 𝑧𝑠), 𝑗 = 1, 2; 𝑧𝑠 =

𝜓(𝜃𝑠), 𝜁𝑛 = 𝜓(𝜃𝑛),  𝜃𝑛 = 𝑛ℎ, 𝜃𝑠 = 𝜃𝑛 +
ℎ

2
, ℎ =

2𝜋

𝑁
, 𝑁  is 

a set of points of the partition boundaries, �̃�1𝑠, �̃�2𝑠 are known 
functions, which are determined by (4).  

After determination of the unknown functions, dynamic stress-
es of the plate are calculated by dependencies, which are ob-
tained in accordance with representation (7) by providing singular 
components in the kernels of equations and consequently using 

Plemelj-Sokhotski formulas:  

�̃�𝜃𝑠 =
𝑞𝑠+�̅�𝑠

4
+ ℎ ∑ 𝑦1𝑠𝑛𝑞𝑛

′
𝑛

𝑁

𝑛=1

+ ℎ ∑ 𝑦2𝑠𝑛�̅�𝑛̅
′
𝑛

𝐾

𝑛=1

+ 

+𝐺2𝑠,                                                                                          (14) 

where: 𝑦𝑗𝑠𝑛 = 𝑦𝑗(𝜁𝑛 , 𝑧𝑠), 𝑗 = 1, 2; 𝐺2𝑠  is a known function, 

which is determined as a potential of reflected wave by (4). 
For determination of the original of calculated dynamic stress-

es it is used the type of representation received from (1): 

𝜎𝜃(𝑥, 𝑡) =
1

2𝜋
∫ 𝜎�̃�(𝑥, 𝜔)𝑒𝑖𝜔𝑡𝑑𝜔.

∞

−∞

 

At numeric calculations of unknown quantities it can be im-
plemented based on the discrete Fourier transform, which proved 
effectiveness in the calculations for antiplane deformation (Pas-
ternak at al., 2013). A transforms of mentioned hoop stresses are 
complex. For calculation of originals of the dynamic stresses it is 
used a modified discrete Fourier transform: 

𝜎𝜃(𝑡𝑘) =
1

𝑇
(∑ �̃�𝜃(𝜔𝑛)

𝐾−1
𝑛=−𝐾 𝑒𝑥𝑝 (2𝜋𝑖

𝑛𝑘

𝐾
) − ∑ �̃�𝜃(𝜔𝑛)

𝐾−1
𝑛=−𝐾 ),          (15) 

where: 𝑡𝑘 =
𝑘𝑇

𝐾
,   𝑘 = −𝐾. . 𝐾 − 1, 𝑇  is time of weak shock 

wave propagation, 𝐾 is a number of elements of discrete sample, 

𝜔𝑛 =
2𝜋𝑛

𝑇
 are frequency of sample. To optimize the numerical 

calculations by the formula (15) fast discrete Fourier transform 
(Ramamohan at al., 2010) is used, where the number of elements 
is chosen as follows 𝐾 = 2𝑚 , 𝑚 is a positive integer. The calcu-

lations are performed for dimensionless time parameter  𝒯 =

𝑡
𝑐1

𝑎
 . 

2.4. Numeric calculation of stresses in the plate  

Let’s study the dynamic stress state of the plate with incision 
from the actions of a weak shock wave. Potential of the waves is 
written as (4) with pulse duration 𝑡 =  1 𝑠. At numerical calcula-
tions the parameters of the shock wave at formula (4) are chosen 

as  𝛼∗ =  10, 𝑝∗ =  185, 𝑛∗ =  2. 
The incision is modelled as an elliptical hole with axes 𝑎 and 

0.1𝑎. At the calculations, it was assumed that the wave front is 

directed along the axis 𝑂𝑥1. The study is conducted for the di-

mensionless time parameter 𝒯 ∈ (0,
𝑇𝑐1

𝑎
) , 𝑇 = 4 𝑠. For addi-

tional testing of the algorithm the center of incision is shifted along 

the axis at a distance 𝒯0 = 𝑇0
𝑐1

𝑎
, 𝑇0 = 2 𝑠. In this case, before 

the wave reaches the boundary of incision (𝒯∗ = 𝑇∗
𝑐1

𝑎
, 𝑇∗ = 1 𝑠) 

dynamic stresses should be zero. 
Since derived from the formula (15) the values of the originals 

of dynamic stresses 𝜎𝜃 are complex in general, the results of 
numerical calculations graphically presents both real and imagi-

nary values of dynamic circular stresses 𝜎𝜃
𝑅 = 𝑅𝑒(𝜎𝜃), 𝜎𝜃

𝐼 =
Im(𝜎𝜃). Since the potential (4) is selected to be a complex one, 
real and imaginary parts of stresses correspond to the real and 
imaginary parts of complex loading given by (4). 

Fig. 2 shows the change of the real and imaginary values of 

the dynamic stresses related to 𝜎0, which are calculated at the 
points A and B of the boundary. Here and in further calculations 
the value of 𝜎0 is chosen to be 1. 

http://www.worldcat.org/search?q=au%3ARao%2C+K.+Ramamohan&qt=hot_author
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Fig. 2.  Effects of weak shock waves on the incision at the plate 

Fig. 2 shows that the dynamic stresses at the point B start 

growing at time 𝒯∗ = 𝑇∗
𝑐1

𝑎
, 𝑇∗ = 1 𝑠, when the shock wave 

reaches the semi-major axis of the incision. This is because the 
incision itself becomes the stress concentrator due the waves 
reflected from its boundary. This phenomenon is consistent with 
the principle of Huygens-Fresnel. Wave dissected by the hetero-
geneity propagates along the boundary of the incision, and the 
reflected wave portion extends from the boundary of the incision. 

At time  𝒯∗∗ = 𝑇∗∗
𝑐1

𝑎
, 𝑇∗∗ = 3 𝑠 the shock wave reaches the right 

border of the incision. Increasing of stresses at the boundary of 

incision at time 𝒯𝑟 = 𝑇𝑟
𝑐1

𝑎
, 𝑇𝑟 = 3.5 𝑠 is associated with the 

effect of the reflected wave. The intensity of the dynamic stresses 

decreases at 𝒯𝑒 = 𝑇
𝑐1

𝑎
, 𝑇 = 4 𝑠, when shock wave passes 

through the incision and is damped by reflected waves. 
The reliability of the calculations is confirmed with the fact that 

the dynamic stresses are close to zero until the weak shock wave 
achieve the boundary of incision. 

For a complete study of the dynamic stress state of the plate 
with an incision the time distributions of the absolute value of 

stresses for the interval of dimensionless time parameter 𝒯∗ ∈

(2
𝑐1

𝑎
;  3

𝑐1

𝑎
) are studied. The calculation results for the step 

∆𝒯∗ = 0.2
𝑐1

𝑎
  are shown in Fig. 3. 

 
Fig. 3. Time slices of dynamic stresses distributions in the plate  

Fig. 3 shows the effect of a weak shock wave at the incision 
accompanied by a reflected wave that moves along the boundary 
of the incision and causes a local increase in stresses in the plate. 
This reflected wave fades quickly and reduces its intensity. 

Let’s study the influence of weak shock waves with two suc-

cessive pulses with duration 𝑡 =  1 𝑠 on the stress state of the 
plate with the incision. The study is held for the case when the first 

shock impulse is induced at time parameter 𝒯 = 0, and the 

second is at 𝒯1 = 𝑇1
𝑐1

𝑎
, 𝑇1 = 1 𝑠. Shock pulses have the same 

intensity. Research is conducted for the dimensionless time pa-

rameter 𝒯 ∈ (0, 𝑇
𝑐1

𝑎
) , 𝑇 = 4 𝑠. 

For the mathematical setting of shock loads one can apply the 
time-shifting theorem and linearity theorem for the Transform (4) 
(Ramamohan at al., 2010). At numerical calculations the parame-

ters of both pulses of the shock wave are chosen as 𝛼∗ =  10,
𝑝∗ =  185,  𝑛∗ =  2. 

 
Fig. 4. The action of the weak shock waves with two pulses  
            on the incision in the plate 

Fig. 4 shows that dynamic stresses at the point A start grow-

ing at time 𝒯 = 0 due to the effects of the first shock wave pulse. 
The action of the second pulse at the moment of time parameter 

𝒯1 = 1
𝑐1

𝑎
  is imposing forward and backward from the right side 

of the boundary of incision of the waves. This leads to decrease of 
the intensity of dynamic stresses. Further action of reflected 
waves doesn’t cause a significant increase in dynamic stresses. 

Let’s study the influence of intensity of pulses of weak shock 
wave to dynamic stress state of the plate with the incision. Calcu-
lations are held for the case of the weak shock wave in the form of 
two pulses of varying intensity and duration.  

The first pulse lasts 𝑡 =  1 𝑠. The second pulse is twice 
weaker than the first and lasts twice longer. The study is held for 
the case when the first shock pulse is induced at time 𝒯0  =  0, 

and the second is at 𝒯1  =  𝑇1
𝑐1

𝑎
, 𝑇1 = 2 𝑠. For the mathemati-

cal setting of shock loads one can apply the time-shifting theorem 
and linearity theorem of the transform (4) (Ramamohan at al., 
2010). In numerical calculations the parameters of the shock 
waves have been identified as (4) at 𝛼 ∗ =  10, 𝑝 ∗ =
 185, 𝑛 ∗ =  2 for the first pulse and 𝛼 ∗ =  5, 𝑝 ∗ =  23, 𝑛 ∗
 =  2 for the second. Research is conducted for the time parame-

ter 𝒯∗ ∈ (0;  8
𝑐1

𝑎
). 

 
Fig. 5. Effects of weak shock waves with two pulses of varying intensity  
           on incision at the plate 
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Fig. 5 shows that dynamic stresses at the point A start grow-

ing at time 𝒯 = 0 due to the effects of the first shock wave pulse. 

The action of the second pulse at 𝒯1  =  2
𝑐1

𝑎
 is the imposition 

of the incident and reflected waves. This leads to increase 

in dynamic stresses 𝒯 ∈ (2.2
𝑐1

𝑎
, 4

𝑐1

𝑎
). Further action of reflect-

ed waves doesn’t cause a significant dynamic growth.  

3. SUMMARY  

The technique developed in this paper allows studying the dy-
namic stresses at the boundary of incisions in plates under the 
action of weak shock waves. Using Fourier transform of time-
variable the dynamic problem reduces to a finite number of time-
harmonic problems. To determine the original of dynamic stresses 
the formula of numerical Fourier inverse transform is modified.  

Based on the numerical algorithm the dynamic stresses in the 
plate with incision for different cases of shock loading are calcu-
lated.  

The advantage of the proposed algorithm is the ability of de-
termination of the dynamic stresses along the entire boundary, 
and not at the only specific point. This makes it possible to inves-
tigate in details the dynamic stress state of defective plates. 
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Abstract: The essence of the undertaken topic is application of the continuous sky-hook control strategy and the Extended Kalman Filter 
as the state observer in the 2S1 tracked vehicle suspension system. The half-car model of this suspension system consists of seven loga-
rithmic spiral springs and two magnetorheological dampers which has been described by the Bingham model. The applied continuous sky-
hook control strategy considers nonlinear stiffness characteristic of the logarithmic spiral springs. The control is determined on estimates 
generated by the Extended Kalman Filter. Improve of ride comfort is verified by comparing simulation results, under the same driving con-
ditions, of controlled and passive vehicle suspension systems.  

Key words: Continuous Sky-Hook Control Strategy, Extended Kalman Filter, Military Vehicle, Nonlinear Model,  
                     Semi-Active Suspension System, Simulation

1. INTRODUCTION 

Effective vibration damping of the hull of a tracked vehicle im-
proves working conditions of vehicle crew, which affects the 
growth of conducting fire accuracy (Machoczek and Mężyk, 2015; 
Rybak et al., 2011). As a result, the success of combat operations 
can be indirectly dependent on properties of the suspension sys-
tem. It stimulates the development of modern tracked vehicle 
systems. Nowadays, suspension structures use conventional 
passive systems and semi active or even active systems. Semi-
active systems provide the ability to generate variable damping 
force and for this reason these systems are control systems. Their 
primary task is to reduce an impact of changes in shape of sub-
strate on the chassis.  

 
Fig. 1. The logharithmic spiral springs package of the modernized 2S1  
            tracked vehicle suspension system 

Original version of 2S1 chassis is equipped with, ia. fourteen 
road wheels. The suspension system of each road wheels con-
sists a rocker and a torsion bar (Fig. 1), which imparts stiffness in 
this system (Jurkiewicz et al., 2014; Nabagło et al., 2014). The 
torsion bar is considered as a relatively simple and reliable solu-

tion. The disadvantages of this component are reduction of space 
in the vehicle and reduction of vehicle resistance against anti-tank 
mines. In recent years, the project of modernization of the 2S1 
suspension system has been performed. The torsion bars have 
been replaced by logarithmic shaped spiral springs. Damping 
properties were improved by the compression of oil by the coils of 
spiral springs. Unfortunately, the impact of control of oil pressure 
on the vibration transmission characteristics has proved to be 
insufficient. Based on this observation, the magnetorheological 
dampers in the theoretical model of 2S1 suspension system have 
been applied (Nabagło et al., 2015). The chamber of such damper 
is filled with magnetorheological fluid. This fluid exposed to mag-
netic field changes its state from free-flowing liquid to semi-solid 
state so the damping characteristic can be continuously controlled 
by proper changes of magnetic field (Bajkowski, 2012). One of the 
advantages resulting from the application of magnetorheological 
dampers in suspension systems is the possibility of adjusting the 
damping force to the current driving conditions and to the actual 
weight of the vehicle, which among others includes the mass 
of vehicle equipment.  

The result of application magnetorheological dampers is semi-
active system. Semi-active systems are used to control energy 
dissipation. For this reason, in this kind of systems it is possible to 
adopt control algorithms which provide an increase of the ride 
comfort. In case of military vehicles or special purpose vehicles 
the ride comfort significantly affects the quality of soldier’s work 
(Jamroziak et al., 2013). The exposure of the human body to the 
vibrations could cause a muscular, sensory, intellectual and emo-
tional fatigue or even health problems. It follows that the ride 
comfort is meaningful for the efficiency of operations on the battle-
field. The main goal of this work was assumed on this basis. 
Researches are focused on the structure of a control system 
which guarantees an increase of the ride comfort. 
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In case of ride comfort oriented systems sky-hook control is 
widely used. Since 1974, the sky-hook control has been mostly 
used in automobile suspension systems (Lam and Liao, 2003; 
Simon and Ahmadian, 2001). In recent years, applications of this 
control in railway vehicles are also considered (Li and Goodall, 
1999). Machoczek et. al. applies the sky-hook control theory in 
model of military multi-wheeled vehicle (2015). Evaluation of 
suspension is made by comparison of the displacement, velocity 
and acceleration amplitudes of vehicle hull, measured in the 
vertical direction. The authors indicate advantages resulting from 
the usage of semi-active suspension. Moreover, skyhook control 
algorithm with energy regenerative system has been studied by 
Sapiński et al. and Snamina et al. (2011, 2009). The interest of 
sky-hook control strategy is also observed in case of military 
vehicles. Nabagło et al. notes that sky-hook control strategy may 
improve ride comfort in tracked vehicles (2015). For purpose of 
this work, the continuous sky-hook control strategy was applied 
due to good results observed in so-called quarter-car model of the 
2S1 suspension system. Researches have showed reduction of 
vertical velocity amplitude and increase of ride comfort, in relation 
to the model of 2S1 with passive suspension system. In this arti-
cle, the nonlinearity of logarithmic spiral springs was considered in 
the continuous sky-hook control strategy formulation. 

The continuous sky-hook control strategy depends on some 
state variables of the suspension system, such as the vertical 
velocity of the sprung mass and the vertical velocities of unsprung 
masses. The method, which produces the estimates of these 
unknown variables with high accuracy is the discrete Kalman filter. 
This algorithm, based on measurements of control signals and 
variables representing observable behaviour of the system deter-
mines the internal state. It is assumed, that in the theoretical 
model of the 2S1 suspension system the measured output varia-
bles are suspension deflections in first and last axles. The so-
called half-car model was used in simulation research in this 
paper. 

The application of magnetorheological dampers determine 
nonlinearity in equation of motion of the tested 2S1 suspension 
model. For this reason, the Extended Kalman Filter was consid-
ered as the appropriate way of state estimation (Julier and 
Uhlmann, 2004). The Extended Kalman Filter calculates current 
state on the basis of measurements of control signals and output 
variables representing observable behaviour of the system. In 
addition to the observation of a nonlinear system, this method 
minimizes the impact of disturbances which affect to control pro-
cess and measurement process. Lindgärde as the main source of 
those disturbances gives interference that may be related to 
vibrations generated by the engine of the vehicle (2002). As an 
alternative measurement of relative velocity of the sprung mass 
and unsprung mass, Lindgärde uses differentiation of signal gen-
erated by suspension deflection sensor which are previously 
undergone conventional filtration by a low pass Butterworth filter. 
However, he argues, that the Kalman filter is preferred solution 
due to smaller estimation error. 

The paper is organized as follows: in section II the 2S1 sus-
pension system is described and the theoretical model with mag-
netorheological dampers is introduced. The continuous sky-hook 
control strategy which takes into account nonlinearity of logarith-
mic spiral spring is described in next section. Section IV is devot-
ed to state estimation by the Extended Kalman Filter. In section V 
the results of simulation research are presented. Conclusions and 
observations are included in last section. 

2. THE 2S1 SUSPENSION SYSTEM 

The 2S1 platform is used in many military vehicles of Polish 
Land Forces among which may be mentioned about self-propelled 
mortar RAK, self-propelled howitzer M120G, armoured command 
staff and command vehicles. The original version of 2S1 vehicle 
suspension system uses torsion bars as parts introducing stiffness 
to the suspension system. Torsion bars have been popular after 
the Second World War. Stiffness characteristic of these elements 
is not progressively non-linear. The stiffness does not increase in 
a non-proportional way, during twisting of the torsion bar.  

The modernization of the 2S1 suspension system includes the 
use of logarithmic spiral springs. Static characteristic of the loga-
rithmic spiral spring is progressive nonlinear, which is shown in 
Fig. 2.b, is progressive nonlinear for large value of suspension 
deflection. It should be noted that this characteristic represents 
the results of laboratory measurements with the use of spring with 
thickness 3 [mm]. 

In addition to the progressivity, further advantage of suspen-
sion structure based on spiral springs in relation to the original 
suspension with torsion bars, is improvement of damping proper-
ties. This results from the presence of the oil in package of spiral 
springs. Control of oil pressure is another factor influencing the 
damping characteristics of the suspension. 

 
a)                                                                   b) 

       
Fig. 2. Logarithmic spiral spring: a) shape of the spring;  
            b) stiffness characteristic when oil pressure equals 0 [bar] 

In order to perform simulation studies the static characteristic 
of logarithmic spiral spring was described by polynomial 
approximation of experimental data. It was assumed, that the 
static characteristic for negative deflection of suspension is a 
symmetry with respect to the origin. With such assumptions, the 
approximated function has the following form: 

𝐹𝑠(𝑧𝑤) = 𝑘15𝑧𝑤
5 + 𝑘14𝑧𝑤

4 + 𝑘13𝑧𝑤
3 + 𝑘12𝑧𝑤

2 + 𝑘11𝑧𝑤  (1) 

where: 𝐹𝑠 – approximation of spring force of logarithmic spiral 
spring, 𝑘11…𝑘15 – approximation function coefficients, z𝑤 –
relative displacement of sprung mass and unsprung mass. 

Fig. 1 shows the modified suspension with applied the pack-
age of logarithmic spiral springs. The theoretical model of the 
suspension has been enhanced with magnetorheological damper 
by Nabagło et al. (2015). Magnetorheological damper is charac-
terized by low power consumption and fast response to changes 
of current value flowing through the electrical coil. However, this 
element causes great difficulties during designing process of 
control system due to the nonlinear dynamic (Spencer et al., 
1997). Two magnetorheological dampers generate force which 
can be determined by the following Bingham model (Sapiński and 
Filuś, 2003): 
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𝐹𝑡1 =
2

𝜋
(𝑓𝑎 + 𝑓𝑏𝑖1)𝑎𝑟𝑐𝑡𝑔(𝑝𝑣11) + 𝑣11(𝑐𝑎 + 𝑐𝑏𝑖1), (2) 

𝐹𝑡7 =
2

𝜋
(𝑓𝑎 + 𝑓𝑏𝑖7)𝑎𝑟𝑐𝑡𝑔(𝑝𝑣17) + 𝑣17(𝑐𝑎 + 𝑐𝑏𝑖7). (3) 

In above equations, 𝑣11 and 𝑣17 are relative velocities be-
tween the damper pistons and the damper rods respectively. 
Quantities 𝑖1 and 𝑖7 are the electric current intensity signals. 

Elements 𝑓𝑎 + 𝑓𝑏𝑖1 and 𝑓𝑎 + 𝑓𝑏𝑖7 are Coulomb friction coeffi-

cients. Elements 𝑐𝑎 + 𝑐𝑏𝑖1 and 𝑐𝑎 + 𝑐𝑏𝑖7 describe the viscous 
friction coefficients. 

Before formulating the theoretical model, following assump-
tions have been made. It was assumed that temperature does not 
affect magnetorheological fluid properties, as well as lack of leak-
age of this fluid. The nonlinear stiffness characteristic associated 
with spiral springs has been adopted. Linear stiffness and linear 
damping of road wheels were assumed. The sprung mass and 
unsprung masses were concentrated in points. Furthermore, 
bilateral constraints were assumed. It means that road wheels 
always have a contact with substrate. The theoretical model for 
such simplified structure of the 2S1 tracked vehicle suspension 
system (Fig. 2) is shown below. Equation of motion of unsprung 
mass in first axle has following form: 

𝑚1�̈�1 = 𝐹𝑘21 + 𝐹𝑐21 − 𝐹𝑘11 − 𝐹𝑡1. (4) 

For unsprung masses in axles from the second to the sixth 

these equations are as follows (index 𝑖 – axle number): 

𝑚𝑖�̈�𝑖 = 𝐹𝑘2𝑖 + 𝐹𝑐2𝑖 − 𝐹𝑘1𝑖. (5) 

Equation for unsprung mass in the last axle: 

𝑚7�̈�7 = 𝐹𝑘27 + 𝐹𝑐27 − 𝐹𝑘17 − 𝐹𝑡7. (6) 

Dynamics of vertical motion of the centre of gravity of the ve-
hicle hull has been described in a manner as shown below: 

𝑚�̈� = 𝐹𝑡1 + 𝐹𝑡1 + ∑ 𝐹𝑘1𝑗
7
𝑗=1 . (7) 

Dynamic equation of rotational motion of the vehicle hull 
around the pitch axis has been described by the following equa-
tions: 

𝐽𝑥�̈�𝑥 = ∑ 𝑙𝑗𝐹𝑘1𝑗
7
𝑗=5 − ∑ 𝑙𝑗𝐹𝑘1𝑗

4
𝑗=1 + 𝑙7𝐹𝑡7 − 𝑙1𝐹𝑡1. (8) 

Constants 𝑘21…𝑘27 and 𝑐21…𝑐27 are stiffness and damping 

coefficients of respective road wheels. 𝐽𝑥 defines moment of 
inertia around the pitch axis. Constants 𝑙1…𝑙7 expresses distance 
from the centre of gravity of the vehicle hull to further axles. Final-

ly, quantity d is half of the vehicle hull width. Signals  𝑔1…𝑔7 
represent external excitation signals as road profile functions 
travelled by the vehicle road wheels. It can be therefore concluded 
that control of suspension system is an example of vibration isola-
tion system. Variables 𝐹𝑘1…𝐹𝑘7 are forces exerted by com-
pressed logarithmic spiral springs being part of the 2S1 suspen-
sion system. According to (1) these forces can be described as 
follows: 

𝐹𝑘1𝑖 = 𝐹𝑠(𝑧𝑤𝑖) (9) 

where index 𝑖 means number of vehicle axle so 𝑧𝑤𝑖  are relative 
displacements of sprung mass and unsprung masses. These 
variables, for first four axles, can be calculated according to the 
following equation: 

𝑧𝑤𝑖 = 𝑧 − 𝑧𝑖 + 𝑙𝑖𝑧𝑖.                                                                (10) 

In next three axles of vehicle, the relative displacements of 

sprung mass and unsprung masses are described by: 

𝑧𝑤𝑖 = 𝑧 − 𝑧𝑖 − 𝑙𝑖𝑧𝑖.                                                                (11) 

Prior to the formulation of state-space model based on equa-
tions (4) – (16) following state variables were assumed: 𝑥1…𝑥14 – 

displacements and velocities of the unsprung masses; 𝑥15 and 

𝑥16 – displacement and velocity of the sprung mass; 𝑥17 and 𝑥18 
– angles and angular velocities around pitch axis. The electric 

current intensity signals 𝑖1 and 𝑖7 were described by control 𝑢1 

and 𝑢2. The substrate profiles and derivatives of the road profile 
signals were assumed as control 𝑢3…𝑢16. The state-space rep-
resentation of the simplified 2S1 suspension system (Fig. 3) for 
such variables has form: 

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
�̇�1

�̇�2

�̇�3

�̇�4

�̇�5

�̇�6

�̇�7

�̇�8

�̇�9

�̇�10

�̇�11

�̇�12

�̇�13

�̇�14

�̇�15

�̇�16

�̇�17

�̇�18]
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

=

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝑥2
1

𝑚1
(𝐹𝑘21 + 𝐹𝑐21 − 𝐹𝑘11 − 𝐹𝑡1)

𝑥4
1

𝑚1
(𝐹𝑘21 + 𝐹𝑐21 − 𝐹𝑘11 − 𝐹𝑡1)

𝑥6
1

𝑚1
(𝐹𝑘21 + 𝐹𝑐21 − 𝐹𝑘11 − 𝐹𝑡1)

𝑥8
1

𝑚1
(𝐹𝑘21 + 𝐹𝑐21 − 𝐹𝑘11 − 𝐹𝑡1)

𝑥10
1

𝑚1
(𝐹𝑘21 + 𝐹𝑐21 − 𝐹𝑘11 − 𝐹𝑡1)

𝑥12
1

𝑚1
(𝐹𝑘21 + 𝐹𝑐21 − 𝐹𝑘11 − 𝐹𝑡1)

𝑥14
1

𝑚1
(𝐹𝑘21 + 𝐹𝑐21 − 𝐹𝑘11 − 𝐹𝑡1)

𝑥16

𝑚−1(𝐹𝑡1 + 𝐹𝑡1 + ∑ 𝐹𝑘1𝑗
7
𝑗=1 )

𝑥18
1

𝐽𝑥
(∑ 𝑙𝑗𝐹𝑘1𝑗

7
𝑗=5 − ∑ 𝑙𝑗𝐹𝑘1𝑗

4
𝑗=1 + 𝑙7𝐹𝑡7 − 𝑙1𝐹𝑡1)]

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

.(12) 

 
Fig. 3. Simplified model of the 2S1 suspension system where:  

𝐹𝑡1, 𝐹𝑡7 – forces generated by magnetorheological dampers; 

𝐹𝑠1 …𝐹𝑠7 – forces generated by logarithmic spiral springs; 

𝑘21 …𝑘27 and 𝑐21 …𝑐27 – stiffness and damping coefficients 
of road wheels; 𝑚, 𝐽𝑥 – sprung mass and its moment of inertia; 

 𝜑𝑥 – angle of vehicle hull’s rotational motion around pitch axis; 

𝑧1 …𝑧7 – vertical displacements of unsprung masses; 𝑔1…𝑔7 –  

external excitation signals of road profile functions 

Above formula describes nonlinear multidimensional state-
space system. Suspension deflections in axes of magnetorheolog-
ical dampers were set as the measured output signals. The output 
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matrix was adopted as: 

       𝐻 = [
1 ⋯ 0 ⋯ −1 ⋯ +𝑙1 0

0 ⋯ 1 ⋯ −1 ⋯ −𝑙7 0
]

𝐶𝑜𝑙.         1            13             15              17   18

.                 (13) 

Finally, the output equation has the form: 

𝑦 = 𝐻𝑥                                                                                    (14) 

where: 𝑦 is 2-dimensional vector of observable state variables 
and 𝑥 is 18-dimensional state vector. 

3. THE SKY-HOOK CONTROL STRATEGY 

The sky-hook control has been proposed by Karnopp et al. 
(1974). In ideal case a viscous damper is connected with sprung 
mass and abstract sky which is fixed in stationary coordinate 
system. Such configuration reduces the vertical vibration of the 
sprung mass, which directly translates into increase of ride com-
fort. However, this configuration is not physically realizable. Appli-
cation of an element, between sprung and unsprung masses, with 
controllable damping characteristic is a method to realize sky-
hook control strategy. For purposes of this article the continuous 
sky-hook control strategy was applied in half-car model of the 2S1 
tracked vehicle suspension system. The force generated by ab-
stract viscous damper connecting the centre of gravity of the 
vehicle hull with inertial frame is defined as follows (Machoczek 
and Mężyk, 2015): 

𝐹𝑠𝑘𝑦 = 𝜁𝑠𝑘𝑦𝑏𝑐𝑟 �̇�.                                                                     (15) 

Parameter 𝜁𝑠𝑘𝑦 is a non-dimensionless quantity which in the 

case of critical damping is equal 1. Critical damping coefficient 𝑏𝑐𝑟  
for the adopted model of the 2S1 suspension system has the 
following form: 

𝑏𝑐𝑟 = 2√𝑚𝑲                                                                          (16) 

where: 𝑲 [N/m] is stiffness of logarithmic spiral springs. This 
parameter is specified in more details at the end of this chapter. 
Substitution of (16) to (15) gives force which abstract viscous 
damper should generate. To adopt the sky-hook control strategy, 
this force must be equal to the force produced by two magne-
torheological dampers 

F𝑡1 + F𝑡2 = 2𝜁𝑠𝑘𝑦�̇�√𝑚𝑲.                                                      (17) 

Because vibration control of the 2S1 suspension system is in-
vestigated only in vertical direction it was assumed that F𝑡1 =
F𝑡7. Hence, these forces are equal: 

F𝑡1 = F𝑡2 = 𝜁𝑠𝑘𝑦 �̇�√𝑚𝑲.                                                        (18) 

This equation can be considered as a control law. To apply 
this law, it is necessary to introduce inverse models of magne-
torheological dampers. The inverse of equations (2) – (3) due to 

variables 𝑖1 and 𝑖7 leads to: 

𝑖 =
𝜁𝑠𝑘𝑦�̇�√𝑚𝑲−2𝜋−1𝑓𝑎𝑎𝑟𝑐𝑡𝑔(𝑝𝑣)−𝑐𝑎𝑣

2𝜋−1𝑓𝑏𝑎𝑟𝑐𝑡𝑔(𝑝𝑣)+𝑐𝑏𝑣
 .                                (19) 

Appropriate substitution of variables 𝑣1 and 𝑣7 to 𝑣 leads to 
current intensity signals 𝑖1 and 𝑖7. The flow of electrical currents 

𝑖1 and 𝑖7 through the windings of magnetorheological dampers 

should obtain the desired values of damping forces F𝑡1 and F𝑡7. 

Variables 𝑖1 and 𝑖7 are the input variables of the state space 

model (12) designated as 𝑢1 and 𝑢7. Vertical velocity 𝑧 of the 

sprung mass is state variable 𝑥16. Variables 𝑣1 and 𝑣7 are rela-
tive velocities between the unsprung masses 𝑚1, 𝑚7 and sprung 

mass 𝑚. Therefore, following equations can be written: 

𝑣1 = 𝑥2 − 𝑥16 + 𝑙1𝑥18,                                                          (20) 

𝑣7 = 𝑥14 − 𝑥16 − 𝑙7𝑥18.                                                        (21) 

Since the stiffness characteristic of logarithmic spiral springs 
(1) is non-proportional to the suspension deflection, the stiffness 
parameter 𝑲 is computed as a sum of proper slopes of tangent 
lines to the curve presented in Fig. 2.b. Modelled suspension 
system consists of seven springs with nonlinear stiffness charac-
teristics so 𝑲 could be described as: 

𝑲 = ∑ 𝑘1𝑖
7
𝑖=1 .                                                                          (22) 

Each 𝑘1𝑖 where 𝑖 =  1…7 are slopes of tangent lines to the 
function (1) calculated in current value of deflections: 

𝑘1𝑖 = [
𝜕𝐹𝑠(𝑧𝑤)

𝜕𝑧𝑤
]
𝑧𝑤𝑖

.                                                                   (23) 

Substitution of the proper values of variables 𝑧𝑤𝑖 , which are 

showed in (10) and (11), leads to the stiffness parameter 𝑲: 

𝑲 = ∑ [
𝜕𝐹𝑠(𝑧𝑤)

𝜕𝑧𝑤
]
𝑧𝑤𝑖

7
𝑖=1 .                                                            (24) 

Finally, the inverse model of magnetorheological damper has 
the form: 

𝑖 =

𝜁𝑠𝑘𝑦�̇�√𝑚 ∑ [
𝜕𝐹𝑠(𝑧𝑤)

𝜕𝑧𝑤
]
𝑧𝑤𝑖

7
𝑖=1 −2𝜋−1𝑓𝑎𝑎𝑟𝑐𝑡𝑔(𝑝𝑣)−𝑐𝑎𝑣

2𝜋−1𝑓𝑏𝑎𝑟𝑐𝑡𝑔(𝑝𝑣)+𝑐𝑏𝑣
.           (25) 

Above equation is used to compute electric current intensity 
signals which control the magnetorheological dampers. 

4. THE EXTENDED KALMAN FILTER 

R. E. Kalman has presented modern idea of state estimation 
in 1960 at National Aeronautics and Space Administration (NASA) 
Ames Research Centre in Mountain View, California. The method 
of R. E. Kalman was considered as a possible solution to the 
problem of estimating trajectories of spacecraft which were in-
tended to be used during manned flights to the Moon. In 1961, the 
research team led by Stanley F. Schmidt has conducted simula-
tion study of navigation system taking into consideration the Kal-
man's method. Stanley F. Schmidt has introduced modifications in 
the standard algorithm to obtain possibly the most accurate ap-
proximations of the state vector in nonlinear system. The result of 
his work is the Extended Kalman Filter which is now the most 
widely used method of state estimation in nonlinear systems. 

The Kalman Filter is a minimum mean-squared error estimator 
of the sate vector (Becerra et al., 2001; Julier and Uhlmann, 
2004). It is a result of minimizing expected value of quadratic cost 

function 𝐽 =  𝐸[(𝑥 –  �̂�𝑘)(𝑥 –  �̂�𝑘)
𝑇], where 𝑥 ∊ ℛ𝑛 is a state 

vector and  �̂�𝑘 ∊ ℛ𝑛 is an estimator of this vector. Minimization of 
the cost function 𝐽 leads to: 

�̂�𝑘 = 𝐸[𝑥|𝑌𝑘].                                                                          (26) 

𝑌𝑘  is a vector which has the form [y(t1), y(t2), . . . , y(t𝑘)], 
where y(t𝑖) ∊ ℛ𝑝 for all 𝑖 ∊  {1…𝑘} are vectors of discrete 
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system output. Above formula determines the direction of mean-
squared estimation, which considers events related to the esti-
mated parameter. 

The process control and observed measurements in the 2S1 
suspension system may be distributed due to noises. In the fol-

lowing, it is assumed that the process noise 𝑤(𝑡) is additive 
noise. The random excitations signals adopted as the additive 
process noise may be caused by air resistance or friction in con-
tact between suspension elements. Their source may also be 
engine or other machinery of the vehicle equipment. The output 

vector 𝑦(𝑡) is measured by a sensor which is corrupted by an 
additive measurement noise 𝑣(𝑡) also. To apply standard algo-

rithm of the Extended Kalman Filter, the random signals 𝑤(𝑡) and 

𝑣(𝑡) are assumed as stationary random processes. Positive-
definite, constant in time, the diagonal matrix 𝑄 ∊ ℛ𝑛×𝑛 is the 

covariance matrix of the process noise 𝑤(𝑡) ∊ ℛ𝑛. Matrix 

𝑅 ∊ ℛ𝑝×𝑝 is a covariance matrix of measurement noise 𝑣(𝑡) ∊
ℛ𝑝 and is also positive definite, constant in time and diagonal. 
The expected values 𝐸[𝑤(𝑡)] and 𝐸[𝑣(𝑡)] are equal to zero. 

Moreover, random vectors 𝑤(𝑡) and 𝑣(𝑡) are assumed as 
Gaussian white noise. Considering mentioned disturbances, the 
model described by equations (12) and (14) now has the following 
form (Becerra et al., 2001): 

�̇�(𝑡) = 𝑓(𝑥(𝑡), 𝑢(𝑡)) + 𝑤(𝑡),                                              (27) 

𝑦(𝑡) = ℎ(𝑥(𝑡)) + 𝑣(𝑡).                                                         (28) 

And finally, it is assumed that the expected value 

𝐸[𝑤(𝑡)𝑣(𝑡)𝑇] is equal to zero matrix, which means that the 
process noise and measurement noise are not correlated.  

Implementation of the Extended Kalman Filter in a digital con-
trol unit requires a discrete form of equations (27) and (28). These 
equations, using the definition of a derivative, assuming a step 
size 𝛥 and 𝑡 =  𝑡𝑘, take the from: 

𝑥(𝑡𝑘+1) = 𝑓(𝑥(𝑡𝑘), 𝑢(𝑡𝑘))𝛥 + 𝑤(𝑡𝑘)𝛥 + 𝑥(𝑡𝑘),             (29) 

𝑥(𝑡𝑘+1) = ℎ(𝑥(𝑡𝑘+1), 𝑢(𝑡𝑘)) + 𝑣(𝑡𝑘+1).                          (30) 

The model (29) describes the so-called discrete-time Gauss-
Markov random process. It follows from the fact, that 𝑤(𝑡) is 
additive Gaussian random vector. Whereas, the Markov property 

stems from the fact that system state at time 𝑡𝑘 depends only on 
the state at the previous time 𝑡𝑘−1. 

The Extended Kalman Filter is two-phase state estimation al-
gorithm of non-linear dynamic system. The idea of this method is 
to linearize the non-linear system at a point in state-space whose 
coordinates specify current value of the estimator and to apply the 
linearized description to calculate next estimate (Julier and 
Uhlmann, 2004). The Extended Kalman Filter is first order approx-
imation of the standard Kalman filter because the linearization is 
based on first order Taylor series expansion. Estimation process, 
which is determined by (26), has following structure: 

𝑥(𝑡𝑘|𝑡𝑘−1) = 𝑓(𝑥(𝑡𝑘−1|𝑡𝑘−1), 𝑢(𝑡𝑘−1))𝛥 + 𝑥(𝑡𝑘−1|𝑡𝑘−1),   (31) 

𝑃𝑘|𝑘−1 = 𝐴𝑘−1𝑃𝑘−1|𝑘−1𝐴𝑘−1
𝑇 + 𝑄,                                           (32) 

𝐾𝑘 = 𝑃𝑘|𝑘−1𝐻𝑘
𝑇[𝐻𝑘𝑃𝑘|𝑘−1𝐻𝑘

𝑇 + 𝑅]
−1

,                                     (33) 

𝑥(𝑡𝑘|𝑡𝑘) = 𝑥(𝑡𝑘|𝑡𝑘−1) + 𝐾𝑘 (𝑦(𝑡𝑘) − ℎ(𝑥(𝑡𝑘|𝑡𝑘−1))),       (34) 

𝑃𝑘|𝑘 = [𝐼 − 𝐾𝑘𝐻𝑘]𝑃𝑘|𝑘−1[𝐼 − 𝐾𝑘𝐻𝑘]
𝑇 + 𝐾𝑘𝑅𝐾𝑘

𝑇                       (35) 

where: 𝑥(𝑡𝑘|𝑡𝑘−1) and �̂�(𝑡𝑘|𝑡𝑘) are a priori and a posteriori esti-
mators of the state vector and they are associated with prediction 

and update phase respectively. 𝑃𝑘|𝑘−1 and 𝑃𝑘|𝑘  are error covari-

ance matrices of these estimators. The matrix 𝐾𝑘  is called the 

Kalman gain. 𝐴𝑘−1 is the matrix of partial derivatives of nonlinear 

function (27) with respect to vector 𝑥. For discrete system, it has 
form: 

𝐴𝑘−1 = [𝐼 + 𝛥 [
𝜕𝑓

𝜕𝑥
]
(�̂�(𝑡𝑘−1|𝑡𝑘−1),𝑢(𝑡𝑘−1))

].                                   (36) 

Finally, 𝐻𝑘 ∊ ℛ𝑝×𝑛 is the matrix of partial derivatives of func-
tion (28) with respect to vector 𝑥. This matrix does not change its 
form since the output equation is linear: 

𝐻𝑘 = 𝐻.                                                                                    (37) 

5. SIMULATION RESEARCH 

In simulation research, which was carried out in MATLAB, fol-
lowing assumptions have been adopted. It was assumed, that the 
2S1 tracked vehicle enters on elevation of height 0.1 [m] with 
velocity 0.832 [m/s]. In the first stage of study, the passive sus-
pension was examined. In this case, values of electrical currents 

𝑖1 and 𝑖7 flowing through the windings of magnetorheological 
dampers were set to 0 [A]. Values of damping forces of each 
magnetorheological damper result only from the relative dis-

placements 𝑣1 and 𝑣7. In the next stage of study, the continuous 
sky-hook control strategy was tested. The control strategy is 
defined by equation (25). 

Furthermore, the presence of disturbances affecting control 
process and measurement process was introduced. These dis-
turbances were set as white noise. The Extend Kalman Filter was 
introduced to minimize their impact as the state estimator in pas-
sive case and in control case. 

 
Fig. 4. Estimation of vertical displacement of the centre of the gravity 

of the vehicle hull and response of the system not affected by 
white noise 

Fig. 4 shows the vertical displacement of the centre of gravity 
of the 2S1 tracked vehicle in which semi-active suspension 
is controlled by the continuous sky-hook control strategy. The 
graph shows the influence of the Extended Kalman Filter in the 
system affected by process noise and measurement noise. The 
graph shows also the response of the system in which process 
noise and measurement noise have not been introduced and the 
algorithm of Extended Kalman filter has not been used. Initializa-
tion of the algorithm requires assumptions about the initial value 
of a posteriori estimator and the initial value of a posteriori error 
covariance matrix. The estimator of the state is a random vector 
whose values are depended on the error covariance matrix. In-
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crease of accuracy estimation results from update this matrix 
in each discrete step time. 

 
Fig. 5. Vertical displacement of the centre of the gravity of the vehicle hull 

in passive and controlled systems 

The above Fig. 5 shows vertical displacement of the centre 
of the vehicle hull in passive suspension system and controlled 
suspension system. Fig. 6 is a comparison of the vertical velocity 
of the centre of the vehicle hull between passive suspension 
system and controlled suspension system, in which formulated 
continuous sky-hook control strategy was applied. Time-domain 
analysis show the advantage of proposed semi-active suspension 
system. 

 
Fig. 6. Vertical velocity of the centre of the gravity of the vehicle hull in 

passive and controlled systems 

In the following stage of the simulation research, two vibration 
transmissibility characteristics were made. The transmissibility 
characteristic is the key measure of quality of the vibration control 
system. Fig. 7 shows logarithmic transmissibility characteristics 
from the input 𝑢 to the vertical displacement of the centre of the 

gravity of the vehicle hull, which is designed as 𝑥17. It should be 
mentioned that the current values flowing through the windings of 
magnetorheological dampers can vary in range from 0 to 5 [A]. 

 
Fig. 7. Logarithmic vibration transmissibility characteristics of the tracked 

vehicle hull 

To compare transmissibility function values in selected fre-
quencies the following characteristic are introduced. The graph 
shows the result of dividing the value of the dimensionless trans-
missibility characteristic of passive system by the value of the 
dimensionless transmissibility characteristic of controlled system, 
which is finally multiplied by 100 [%]. 

 
Fig. 8. Comparison of dimensionless transmissibility characteristic values 

in passive and controlled suspension system 

6. CONCLUSION 

Estimated state variables provide the possibility to control the 
2S1 suspension model through the continuous sky-hook control 
strategy. On the basis on measurements of substrate profile and 
two physical variables, which are relative displacements between 
the damper pistons and the damper rods, eighteen state variables 
are estimated. The use of the Extended Kalman Filter brings 
many simplifications. The Extended Kalman Filter does not bring 
delays which occur in the case of conventional filtration where 
filters like Butterworth filter, Chebyshev filter etc. are applied. The 
problem may be implementation of this algorithm in digital control 
unit. 

Time characteristics (Fig. 5, 6) indicate that the continuous 
sky-hook control strategy takes into account the nonlinearity of 
spiral springs reduces amplitudes of vertical displacement and 
vertical velocity of the centre of gravity of the vehicle hull and 
shortens the time needed to achieve the appropriate level. Com-
parison of vertical velocities of the vehicle with controlled suspen-
sion and with passive suspension leads to achieve the increase of 
ride comfort. Also, this can have a positive affect the function of 
gun stabilization system which means the increase in accuracy of 
conducting fire. 

Vibration transmissibility characteristics, which are presented 
in Fig. 7, show that the continuous sky-hook control strategy is 
effective. The transmissibility characteristics in natural frequency 
of the vehicle hull have significantly lower values in case when the 
continuous sky-hook control strategy is applied. Also, it should be 
mentioned, that the proposed control strategy, in compare to 
passive suspension system leads to lower values of displacement 
amplitudes in range between natural frequencies of the sprung 
mass and unsprung masses. This fact is confirmed by the Fig. 8. 
It can be assumed, that there is an increase of ride comfort of the 
vehicle crew in whole range of frequency of excitation signal. In 
case of linear suspension model similar result was achieved by 
Laalej et al. (2012). During work over formulating sky-hook control 
strategy, the nonlinear characteristic of spiral spring has been 
considered in this article. 
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Abstract: The study deals with the pinch mode of magnetorheological (MR) fluids’ operation and its application in MR valves. By applying 
the principle in MR valves a highly non-uniform magnetic field can be generated in flow channels in such a way to solidify the portion of the 
material that is the nearest to the flow channel’s walls. This is in contrary to well-known MR flow mode valves. The authors investigate 
a basic pinch mode valve in several fundamental configurations, and then examine their magnetic circuits through magnetostatic finite-
element (FE) analysis. Flux density contour maps are revealed and basic performance figures calculated and analysed. The FE analysis 
results yield confidence in that the performance of MR pinch mode devices can be effectively controlled through electromagnetic means.  

Key words: MR Fluid, Pinch Mode, Valve, Magnetostatic Model 

1. INTRODUCTION 

MR effect is manifested by changes in the material's apparent 
viscosity when it is exposed to magnetic field of sufficient magni-
tude (Jolly et al., 1996). The changes are controllable, fast and 
reversible. The feature has made the material attractive for use 
in vibration damping applications in particular. By considering the 
manner in which the material is operated, MR fluid based devices 
can be classified into four categories: flow-mode (Gołdasz and 
Sapiński, 2015, Simms et al., 2001, Yao et al., 2002), shear mode 
(Wereley et al., 2007), squeeze mode (Boelter and Janocha, 
1998, Jolly and Carlson, 1996), pinch mode (Goncalves and 
Carlson, 2009). Hybrid devices utilize more than one operating 
mode of MR fluids (Yazid et al., 2014). 

 
Fig. 1. Pinch mode valve concept (Goncalves and Carlson, 2009) 

In this paper the so-called pinch mode is of interest. The re-
cent invention of pinch mode valves as shown in Fig. 1 (Carlson 

et al., 2007) utilizes flow channels in which MR fluid is energized 
by a highly non-uniform magnetic field. The pressure at the inlet is 
P, and by varying the effective diameter Deff the inventors 
claimed the flow rate through the valve Q can be adjusted. The 
valve features a non-magnetic spacer that separates the magnetic 
poles. Hence, the magnetic flux is directed in parallel to the fluid 
flow direction. According to the inventors the valve can be operat-
ed in a manner similar to that of a controllable orifice via field 
induced yield stress modifications – the material is solidified near 
the walls of the channel it flows through. Effectively, most of the 
fluid flow may occur the relatively narrow zone in the middle of the 
flow channel – see Fig. 2. In the figure the areas with little or no 
flow are characterized by high yield stresses. However, the pinch 
mode devices have received the least research attention, and 
available data are scarce (Carlson et al., 2007, Goncalves and 
Carlson, 2009).  

 
Fig. 2. Simulated MR fluid flow between parallel plates  
           and with high yield stress zones near channel walls 

The purpose of this paper was to examine the steady-state 
performance of an MR valve that can be operated in pinch mode. 
The authors highlight several configurations of this valve, then 
proceed with a FE magnetostatic study of this device’s model at 
various levels of the control coil current. The obtained results are 
then presented in the form of flux density contour maps and 
averaged flux density vs. current characteristics, respectively. 

mailto:deep@agh.edu.pl
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2. MR VALVE 

The pinch mode valve is illustrated in Fig. 3. In the figure the 
numeric symbols indicate the key components of the valve. The 
valve is axi-symmetric. The core (1) houses the coil (2), the flow 
channel (3) and the non-magnetic spacer (4). The current in the 
coil induces the magnetic flux in the core assembly that passes 
the core, and is then directed into the flow channel. With this 
spacer-core-fluid arrangement the material is likely to solidify 
at areas near the flow gap walls. Contrary to flow mode valve, 
in pinch mode valves the flux passes the flow gap in the direction 
parallel to the fluid flow.  

z

r

1

2

3

4

 
Fig. 3. Pinch mode valve schematic layout: 1 – core, 2 – coil,  
           3 – flow channel, 4 – non-magnetic spacer 
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Fig. 4. Pinch mode serial valve schematic layout: 1 – core, 2 – coil,  
           3 – flow channel, 4 – non-magnetic spacers 

In detail, the illustrated control valve height is 20 mm, and its 
outer diameter is 21 mm. The flow gap outer diameter is 4 mm. 
The non-magnetic spacer length is 2 mm. The control coil window 
size is 4x14 mm (width x height), and it incorporates N=150 turns 
of 0.51 mm dia. copper wire. The core material is low carbon steel 
alloy of the SAE 1010 grade, and the MR fluid’s material charac-
teristics are that of 26% Fe vol. Following Carlson et al. (2007), 
the core assembly may contain one coil or more control coils in 
series or parallel. Utilizing multiple spacers in the flow gap simply 
increases the activation area, and the effective output range. Such 
exemplary configuration is shown in Fig. 4. 

The configuration revealed in Fig. 3. incorporates three 2 mm 
long spacers to influence the magnetic field distribution in the flow 
gap. Again, the length of the spacing sections is 2 mm each. The 
coil and the core assemblies are identical with the design of 
Fig. 3. Several other configurations of such MR valve were high-
lighted by Carlson et al. (2009) and the reader should refer to their 
patent application for further details. 

3. MAGNETOSTATIC ANALYSIS 

In this section the valve’s geometry is subject to an FE analy-
sis of the magnetic circuit of the valve. The analysis is extended to 
the configurations of MR valve incorporating multiple serial coils 
and/or multiple spacers.  

First, the valve’s geometry highlighted in Fig. 3 was basis for 
the axi-symmetric 2D (two-dimensional) model developed in 
FEMM ver. 4.2. The obtained results were shown in Figs. 4 
through 10. Specifically, the flux density variation in the control 
gap area directly above the non-magnetic spacer is revealed in 
Fig. 5. In this figure ‘0’ denotes the gap’s centreline, and ‘2’ refers 
to the inner diameter of the flow channel. The results were com-
puted for the coil ampere turns (NI) range from 150 AT to 750 AT. 
For example, the figure shows that the flux density varies from 
appr. 0.68 T to 0.82 T for the highest excitation input of 750 AT. 
Moreover, the simulations show that the normal component of the 
flux density vector is nearly 0, and the observed contribution is 
due to the tangential component only. Next, by averaging the flux 
density distribution in the region above the spacer the flux density 
vs. coil ampere turns characteristics in Fig. 6 could be obtained. It 
is then apparent that using the above configuration of Fig. 3 the 
control gap’s flux density can be effectively manipulated by vary-
ing the control coil’s current input level. Finally, flux density maps 
in Fig. 7 reveal that the highest magnetic flux concentration in the 
flow channel is directly in the area above the spacer.  

 
Fig. 5. Flux density variation in the flow channel 

 
Fig. 6. Averaged flux density variation vs. coil ampere turns 
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Fig. 7. Flux density contour maps and flux line distribution in single gap pinch mode,  
           a) 150 AT, b) 300 AT, c) 450 AT, d) 600 AT, e) 750 AT, f) flux lines at 750 AT 

 
For comparison, by analyzing the serial configuration the au-

thors arrived at the numerical results highlighted in Fig. 8 through 
10. Again, Fig. 8 illustrates flux lines distribution in the assembly, 
and Fig. 9 shows the averaged flux density B in the control gap 

vs. coil ampere turns. Specifically, the figure reveals a significantly 
lower effective output range for the serial configuration as the flux 
is required to pass through 3 air gaps. However, the activated 
area is 3 times larger than that of Fig. 3. Finally, Fig. 9 reveals 

a) b) 

c) d) 

e) f) 
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averaged flux density vs. coil current calculated for a serial control 
gap configuration in which multiple coils were connected in series. 
The configuration that is illustrated in Fig. 10 features 3 coils of 50 
wire turns each. The effective flux density output of this valve is 
almost identical to that of Fig. 9 for the same ampere turns level 
(750 AT total). 

 

 
Fig. 8. Flux lines at 750 AT in multiple pinch mode gaps 

 
Fig. 9. Flux density vs. coil ampere turns in multiple pinch gap valve 

 

Fig. 10. Flux density map; 750 AT total in serial coil configuration 

Moreover, as shown in the case of the serial coil and serial 
control gap configurations (see Figs. 8 and 10), respectively, the 
results revealed that the effective flux density is severely degrad-
ed, however, the energized surface area is significantly higher 
when compared against the design concept illustrated in Fig. 3. 

4. SUMMARY  

The so-called pinch-mode particular is the least examined 
of all operating modes of MR fluids. The amount of information 
available to researchers on this subject is limited, and hence the 
interest in such study. Goncalves and Carlson (2007) compared 
their valve to a controllable orifice in which the ‘orifice’ function 
was performed by the fluid solidified near the flow channel’s walls 
rather than across the flow gap. Therefore, the authors commence 
their analysis by developing a magnetostatic model of a pinch 
mode valve with one control gap and one coil assembly, and then 
extend it to the analysis of a valve with serial flow gaps and serial 
coils. The results have shown that the output of this valve can be 
effectively controlled through modifications of the coil current level 
in the assembly. It is not known yet to what magnitude the com-
puted performance of this valve will influence the smart fluid’s 
rheology, and the resulting pressure vs. flow characteristics.  
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Abstract: In this paper the investigations of magnetostriction as well as DC magnetic properties for composites doped with Terfenol-D  
particles are presented. All investigations were performed for the materials with 35%, 46% and 70% volume fraction of the Terfenol-D  
particles surrounded by epoxy matrix. Moreover, the bulk Terfenol-D alloy was tested. The obtained results show that the magnetization  
of the composite materials increases with increasing the volume fraction of Terfenol-D particles. Similar dependence as for magnetization 
was observed for the magnetostriction measurements. Although the magnetostriction of composite material is smaller than for solid  
Terfenol-D it is still tens of times bigger than in case of traditional magnetostrictive materials. Obtained results gives opportunity to use 
these materials for variety applications such as actuators and sensors. 

Key words: Magnetostriction, Magnetic Properties, Smart Materials, Active Materials 

1. INTRODUCTION 

Giant Magnetostrictive Materials (GMM) can convert magnetic 
energy into mechanical energy (they act as an actuator) or me-
chanical energy into magnetic energy (sensor) (Engdhal, 2000) 
with a very high efficiency, which allow them to be widely used in 
aeronautic, automotive, shipborne and civil engineering construc-
tions as well as in medical sciences, extractive industry, acoustic 
equipment. 

One of the materials which belongs to the Giant Magnetostric-
tive Materials (GMM) is Terfenol-D (Schwartz, 2002). Due to its 
unique properties Terfenol-D is widely used in various applications 
(e.g.: dampers, actuators, harvesters (Arnold, 2007, Daia et al., 
2011, Li et al., 2010, Moss et al., 2012, Zhang et al., 2009)). 
Unfortunately, despite that Terfenol-D has many advantages, the 
bulk material has also an important drawbacks, such as low ten-
sile strength and the occurrence of eddy currents as a result of 
work in AC magnetic field at high frequencies (Jia et al., 2009). In 
order to eliminate such drawbacks researchers work on compo-
sites containing the Terfenol-D particles (Kaleta et al., 2011, Dong 
et al., 2010, Dong et al., 2011, Lu and Li, 2010, Diquet et al., 
2009). This involves necessity to examine properties of these new 
types of composite materials. 

In this paper we present the investigation on magnetostriction 
and DC magnetic properties, for Terfenol-D based composites. 
The main goal of performed investigations was to determine the 
role of Terfenol-D particles addition on magnetic properties of the 
produced materials. Additionally  the results obtained for the 
composites were compared with the bulk Terfenol-D. 

2. MATERIAL 

In this study, the magnetostrictive composites (also referred to 
as GMMc) were used. Samples were made by combining the 

epoxy resin and the GMM material (Terfenol-D) powder. At first, 
the epoxy resin Epolam 2015 (from Axons Technologies compa-
ny) was mixed with the curing agent. Next, the appropriate 
amount of Terfenol-D powder with particle size of about 5-300µm 
(Gansu Tianxing Rare Earth Functional Materials Co., Ltd.) was 
added. The particles size distribution, and the shape and size 
of the particles are shown in Fig. 1. 

a) 

 

b)     

 
Fig. 1. Terfenol-D powder: a) grain-size analysis, b) the shape and size  

of the particles 
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The manufacturing procedure consisted in intensive mixing 
of all the ingredients until their complete homogenization. The 
mixture was then vacuum vented, poured into the dedicated cylin-
drical containers and subjected to initial polarization, which pre-
vent sedimentation process. After that, the material was once 
again vented in the vacuum chamber to eliminate the air intro-
duced during the mixing stage. The out-gassed samples were put 
in between the two strong neodymium magnets (which would lead 
to their final polarization) until the epoxy resin was completely 
cured. The scheme of a complete preparation process is shown 
in Fig. 2. The manufacturing procedure was described in greater 
detail in (Kaleta et al., 2011). 

 
Fig. 2. Scheme of the consecutive processes in the manufacturing  
           of the magnetostrictive composite 

The specimens with three 35%, 46% and 70% volume fraction 
of Terfenol-D powder were obtained. In short prepared compo-
sites were described as composite 35%, composite 46% and 
composite 70%. The strong magnetic field (0,5T) was used to 
rotate the particles in such a way that their internal domain struc-
ture was parallel to the field lines. As a result of such particle 
alignment, the magnetic field (H) which, acting parallel to the 
sample axis, activates the composite, will cause the particles to 
rotate. In this way the resulting magnetostriction should be 
stronger than in the case of randomly dispersed particles. 

3. MICROSTRUCTURE 

The goal of investigations was to determine the properties of 
the produced composite materials and to determine potential 
differences in relation to the bulk Terfenol-D. 

At first observations of a cross-sectional area of the produced 
composite samples were carried out. These studies were carried 
out on a scanning electron microscope S-3400N HITACHI. Fig. 3 
presents the surface morphology of the composite samples. 

More detailed analysis of images with  high magnification 
shows that there is no discontinuity between the applied polymer 
matrix and Terfenol-D particles. This is mainly due to the low 
viscosity and relatively low shrinkage of epoxy resin, making it 
possible to good wetting each of the particles of a magnetostric-
tive material. 

a) 

 

b)     

 
Fig. 3. Image of the composite sample surface made on scanning  

electron microscope, a) composite 46% with magnification 110x  
b) composite 70% with magnification 130x,  
1 – particles of Terfenol-D powder, 2 – epoxy resin 

Moreover, studies on the determination of the crystallographic 
phases of the samples were performed. These studies were 
carried out in the powder X-ray diffractometer Rigaku Ultima IV. 

 
Fig. 4. X-ray diffractograms obtained for the example composite sample 

(46%) and bulk Terfenol-D 

Obtained results shown in Fig. 4, where the X-ray diffracto-
grams of one of prepared composite sample (composite 46%) and 
bulk Terfenol-D were compared. This measurements allow for the 
verification of the crystallographic structure of the composite 
material. The obtained results showed that the methodology of 
composite material production did not affect in any way on the 
crystallographic structure of the Terfenol-D particles used during 
the manufacture of the samples. 
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4. MAGNETOMECHANICAL PROPERTIES 

The tests of magnetomechanical properties were carried out 
at room temperature, for the specific and constant value of the 
initial stress which was applied by the MTS testing machine. The 
machine kept the constant load on each specimen, during the 
experiment. The magnetic field strength (H) was limited by the 
magnetic circuit, it was 0 ÷ 175kA/m. These measurements were 
conducted with use of the Hall probe (placed inside the coil), for 
both positive and negative H values to check, if the magneto-
striction of prepared composite does not depend on the sign of 
magnetic field. The sample displacement (∆λ) was measured 
using the innovative method of Fibre Bragg Grating (FBG) sen-
sors. In this way the influence of the electromagnetic field on the 
results was eliminated. What is more this is a very precise method 
of measurements , due to the fact that resolution of the sensor is 2 
ppms. The FBG method is described in more detail in (Błażejew-
ski et al., 2011). The strain sensors were placed directly on the 
specimens. Additionally, during the tests the temperature inside 
the coil was measured and kept on constant level. All parameters 
were saved using automatic measurement system. 

 
Fig. 5. Magnetostriction ∆λ for the composite material and the monolithic 

Terfenol-D, at pre-stress σ0=1MPa 

 
Fig. 6. Magnetostriction ∆λ for the composite material and the monolithic 

Terfenol-D, at pre-stress σ0=7MPa 

The results obtained from the magnetostriction tests per-
formed for the composites and bulk Terfenol-D materials, with pre-
stress of σ0=1MPa are shown in Fig. 5. The pre-stress σ0 is speci-
fied as an initial compressive load subjected to the sample during 
the experiment. It is visible that the maximum value of  magneto-
striction measured at magnetic field of 175kA/m for the composite 

material consisting 35% volume fraction of Terfenol-D particles 
and bulk Terfenol-D alloy is equal to 495ppm and 910ppm, re-
spectively. For the composites with higher volume fraction of 
Terfenol-D particles the magnetostriction values are higher than 
for the composite 35%, but it was still lower than for the bulk 
material. However, the highest value of magnetostriction was 
obtained for the composite with highest volume fraction of GMM 
particles (composite 70%). 

a) 

 

b)     

 
Fig. 7. Influence of the prestress σ0 on the magnetostriction λ max,  

for a) the composite material and bulk Terfenol-D,  
and b) for composites materials 

In order to determine the magnetomechanical properties 
of the composites, the magnetostriction values ∆λmax were com-
pared, i.e. the values obtained for the maximum magnetic field 
strength H=175kA/m. A comparison of the results for the compo-
site materials and for the bulk Terfenol-D, at 1MPa of initial stress, 
is shown in Fig. 5. It is clearly visible that the magnetostriction of 
composite materials is lower than the magnetostriction of the bulk 
material. The curves in Fig. 6 presents the comparison of the 
results obtained for the composite materials and bulk Terfenol-D 
for the higher value of the pre-stress (7MPa). 

Comparing this graph (Fig. 6) with the previous one (Fig. 5) it 
can be noticed that for the higher pre-stress values the difference 
in magnetostriction between the composite materials and the bulk 
Terfenol-D is increasing. 

The influence of the change in the pre-stress applied on the 
composites and the bulk Terfenol-D material, for the whole pre-
stress range, is shown in Fig. 7. It is visible that for composite 
material the magnetostriction values tend to increase for the pre-
stress up to 6MPa. For the higher values of pre-stress the magne-
tostriction decrease. There is a similar tendency in the case of the 
monolithic Terfenol-D, but the point in which the decrease in ∆λ 
appears is shifted towards higher values. The magnetostriction 
values attained for the composite are distinctly lower compared to 
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the monolithic material. It might be caused by the mutual interac-
tions between the Terfenol-D powder and the composite matrix. 

5. MAGNETIC PROPERTIES 

Magnetic measurements were performed by using a VersaLab 
unit (Quantum Design) with Vibrating Sample Magnetometer 
option.  

To determine the temperature and DC magnetic field magne-
tization (M) dependence for the composites and bulk Terfenol-D 
materials the M(T,H) characteristics were recorded. These inves-
tigations were taken in the temperature range from 50K to 400K 
and magnetic field range up to 3T. The exemplary hysteresis 
loops for the investigated alloys measured at room temperature 
are shown in Fig. 8. 

 
Fig. 8. Room temperature magnetization versus magnetic field  

for the composites and bulk Terfenol-D material 

 
Fig. 9. Coercivity of composite material and solid Terfenol-D  

as the function of temperature 

Changes of coercivity Hc versus temperature are presented in 
Fig. 9. The Hc value was taken from the magnetization measure-
ments. It is clear that with increasing the measurements tempera-
ture decreases value of coercivity. These characteristics are very 
similar for all tested materials, and are related to the fact that, the 
magnetic interaction between particles at low temperatures are 
reduced, and thus the more energy must be provided to rotate the 
magnetic domains inside of the material. The result of such 
a characteristic is the appearance of coercive field for measure-
ments of materials at low temperatures. With increasing tempera-
ture (greater than 200K) for all examined materials the coercive 
fields values were reduced. 

6. CONCLUSIONS 

The obtained results show that the magnetization of the com-
posite materials increases with increasing the volume fraction of 
Terfenol-D particles. The decrease of magnetization with decreas-
ing the volume fraction of Terfenol-D particles in composites is 
due to the larger distance between the magnetic particles in 
a polymer resin, and thus decrease in magnetic interactions be-
tween them. 

Although the magnetostriction of composite material is smaller 
than for solid Terfenol-D it is still tens of times bigger than in case 
of traditional magnetostrictive materials such as: iron, nickel, 
cobalt for which magnetostriction values are respectively 40, 50 
and 55ppms. Obtained results gives opportunity to use these 
materials for variety applications such as actuators and sensors. 
Furthermore in the near future it is possible that these materials 
will be used also in devices for energy harvesting applications. 
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Abstract: The article discusses typical, operational systems for monitoring vibrations of jet engines, which constitute the propulsion 
of combat aircraft of the Armed Forces of the Republic of Poland. After that, the paper presents the stage of installing vibration measuring 
sensors in the direct area of one of the jet engine bearings, which is a support system for its rotor. The article discusses results of carried 
out analyses of data gathered during tests of the engine in the conditions a jet engine test bed. Results of detecting damages to the bear-
ing, using sensors built in the direct area will be presented. 

Key words: Jet Engine, Damage Of Bearings, Vibroacoustic Method, Envelope Method 

1. INTRODUCTION 

Using vibroacoustic processes for diagnosing mechanical de-
vices systems from many known reasons, with the basic one 
being the fact that, as a residual process, which accompanies the 
functioning of the machines, they are a good carrier of information 
about their technical condition. They reflect the most significant 
phenomena undergoing in the machines (e.g. impacts, defor-
mations, stresses), on which their proper functioning depends 
(Bloke, Mitchel, 1972). Moreover, they are characterized by ease 
of measurement, high speed of transmitting information and a 
complex time, amplitude and frequency structure, which ensures 
their high utility in the form of possibility to assess the condition of 
the whole machine, as well as its elements. Whereas, for devices 
of simple construction, it is quite simple to distinguish between 
symptoms associated with proper (correct) functioning and the 
growing damage symptoms. In the case of more complex devices, 
with a jet engine being such, the issue is no longer so unambigu-
ous (Cempel, 1989; Randall, 2011). Complex structure and dis-
ruption, e.g. from combustion processes, required adaptation of 
known measures of vibroacoustic signals or even the develop-
ment of new ones. Because some of the jet engines operated by 
the Polish Armed Forces has only simple systems for monitoring 
their vibrations, which control the change of rotor imbalance and 
some do not have it at all, an important issue is the one of having 
reliable algorithms, possible to apply with the aim of an expanded 
and reliable evaluation of their technical condition, using additional 
control-measurement instruments. The article discusses effects of 
such works, associated with the installation of additional sensors 
in the direct area of the tested jet engine bearing and the detec-
tion of its damage (Report of the Division for Aeroengines of Air 
Force Institute of Technology, 2011). 

2. TYPICAL OPERATIONAL JET ENGINE VIBRATIONS 
MONITORING SYSTEMS 

Typical diagnostic systems used in the operation of combat 
aircraft jet engines, use the measurement of the body vibration at 
one point. For example, the AŁ-21F3 engine, propulsion of the Su-
22 aircraft, has one sensor of the MB-27-1Г type, fixed on the 
front body of the compressor (Engine 88. Technical description 
and operating manual,1995). It is intended to process the linear 
speed of vibrations acting in horizontal radial direction on the 
electrical signals proportional to the movement speed of the mag-
net in the coil. It cooperates with a block of discreet commands 
BDK-89, which generates information for the vibration level indica-
tor in the cabin's pilot. Signalling of an increased vibration level is 
activated, in the case of reaching, in the band 50÷200 [Hz], a 
vibration speed equal to 88 [mm/s] in the engine rotational speed 
range of 54%÷80% and after reaching a vibration speed equal to 
55 [mm/s] in the engine rotational speed range over 80%. Infor-
mation about exceeding is also forwarded to the on-board record-
ed, as a single command. Moreover, information about the current 
vibration level is forwarded, via the engine monitoring connection, 
to the control panel of its parameters, during the on-ground test 
PNK-89 and is used to evaluate the vibration level at individual, 
stable ranges of the rotational speed.  

A similar approach was used in the case of the RD-33 engine, 
which was the propulsion of the MiG-29. The vibration control 
system uses a sensor of the same type, the MB-27-1Г (Engine 89. 
Technical description,1998), installed on the body of the front 
supports of the high pressure compressor. It cooperates with 
a block of discreet commands BDK-88, which generates infor-
mation for the vibration level indicator in the cabin's pilot, through 
illuminating a red signalling plate "Decrease rotations of the left 
(right)", displaying a signal "Vibrations of the left (right)" on the 
monitor of the "Screen", and a voice information "Vibrations of the 
left (right), decrease rotations of the left (right) engine". Signalling 
of an increased vibration level is activated, in the case of reaching 
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a vibration speed higher than 30 [mm/s], in the band of rotational 
frequency changes, for a period of time longer than 3[s]. Infor-
mation about the current vibration speed value and exceeding the 
value, as a single command, is also given to the on-board record-
er. Moreover, information about the current vibration level is for-
warded, via the engine monitoring connection, to the control panel 
of its parameters, during the on-ground test PNK-88 and is used 
to evaluate the vibration level at individual, stable ranges of the 
rotational speed.  

In the case of a jet engine form the TW3-117 family, which is 
the propulsion of the Mi-17 and Mi-24 helicopters, also one MB-03 
sensor was used, fixed to the front body of the compressor (Heli-
copter Mi-24D. Technical description. Avionics, 1981). It is 
a supplementing element of the vibration control system IW-500Je 
(Fig. 4). At a vibration speed level equal to 45 [mm/s], it illumi-
nates a yellow signalling plate in the pilot's cabin, saying "Left 
(right) engine increased vibrations". After reaching a vibration 
level of 60 [mm/s], red signal plate will illuminate, which says 
"Turn off left (right) engine". It also generates the above binary 
signals for the on-board recorder. A controlled range of frequen-
cies covers the interval 190÷340 [Hz], with the cut-off frequencies: 
lower - 90 [Hz], upper - 680 [Hz], and the irregularity of the ampli-
tude characteristic ≤15%. Sensitivity threshold ≤5 [mm/s]. 

A more complex engine vibration monitoring system was used 
in the Tu-154M aircraft with engines of the type D-30KU-154. It 
has two vibration measurement systems (Russian IW-50 (Engine 
D-30KU-154. Technical description and operating manual, 1992) 
and an additional AVM-219 made by Vibrolot). For each of the 
engines, the IW-50 system has two sensors: first one, installed in 
the area of the front support vertical peripheral direction, the 
second one in the area of the rear support vertical radial direction. 
The AVM-219 also has two sensors: the first one, installed in the 
front support area horizontal radial direction, however, shifted by 

180 degrees in relation to the IW-50 sensor; the second one, 
in the rear support area horizontal radial direction. The recorder, 
for each of the engines, saves data on the values of vibrations, 
measured with three of the four available sensors (with the excep-
tion of vibrations measured with the sensor of the IW-50 system, 
installed in the front support area) and one binary signal, which 
informs about increased engine vibrations. The pilot's cabin has 

two control panels installed (one for each of the two, above men-
tioned systems), which allow to monitor the vibrations measured 
by each of the four sensors and a light signalling system, which 
informs about exceeding the vibrations for each of the engines 
separately. A vibration level of 55 [mm/s] causes the yellow sig-
nalling plate "Вибрация велика" to illuminate, while a level of 65 
[mm/s], the red signalling plate "Опасная вибрация". Additionally, 
the AVM-219 system's control panel has a switch, which allows to 
control the value „2×n2 – second harmonic of the rotational speed 
WWC”, whose value is not recorded by the on-board recorder of 
the aircraft, but is only controlled during an on-ground test. 

The discussed above, sample operational vibration measure-
ment systems, as mentioned before, only deliver quantitative 
information and not qualitative, i.e., they inform about the change 
of an average vibration speed value in a band, covering a scope 
of changes of the engine's rotational frequency, rarely, its second 
multiplexing, without giving a reason of the changes. They are 
closed systems, with a limited measuring range, without the pos-
sibility of the user interfering in order to obtain additional diagnos-
tic information. They also have a small number of sensors. That is 
why this study is an example of the possibility to diagnose, using 
sensors in new locations and applying new methodologies. 

3. GENERAL CHARACTERISTICS OF THE OBJECT AND 
CARRIED OUT WORKS 

The object of the test is the bearing (Żokowski at al., 2009), 
constituting a structural element of the middle support of the 
engine rotor, which is the main load of the bearing, as well as of 
the other two (Fig. 1.). The rotor is a seven-speed axial compres-
sor and a single-speed, horizontal arm reaction turbine, couple 
with a splined coupling. The compressor with bearings is on the 
front trunnion in a ball bearing, with a separated inner ring (front 
bearing) and on the rear trunnion (middle bearing) in the roller 
bearing. The front shaft end is supported in the middle bearing of 
the power transmission, through a splined coupling and in the 
back end, in the roller bearing (rear bearing). 

 
Fig. 1. Cross-section of the engine with marked bearings 

As a result of structural, maintenance and operational factors, 
the operation would lead to damages of the middle bearing, de-
tected by the personnel during maintenance service works. More-
over, the engine did not have a vibration measurement system.  

That is why, the below studies confirm the possibility to detect 
damages of the bearing, through analysing the vibroacoustic 
signal (Dwojak, Rzepiela, 2003). That is why, inside the engine, 
on appropriate support, directly on the tested bearing, two single-
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axis piezoelectric vibration transmitters of the type 2248M1, made 
by Endevco (Fig. 2) were built, with one on the horizontal axis 
(point A marked PKY) and the second on the vertical axis (point B 
marked PZY). 

 
Fig. 2. Cross-section of the engine with marked bearings 

Then, during the test of the engine in the engine test bed, with 
an operational bearing, followed by an implemented damage, the 
saved vibroacoustic signals were registered and analysed at a 
frequency of 25 [kHz]. The tested bearing was a used bearing, 
which came from an engine with the expired service life resource 
and the damage implemented (Żokowski et al., 2015), was in the 
form of the damage to one rolling element (Fig. 3a) and the inner 
race (Fig. 3b). 

The envelope signal narrowband analysis method was used to 
analyse the signal (Report of the Division for Aeroengines of Air 
Force Institute of Technology, 2011; Muthukumarasamy and 
Ganeriwala, 2009). The results were juxtaposed in the form 
of a power spectrum of the determined envelopes: fBPFO - defect 
of the outer race, fBPFI - defect of the inner race, fBSF - defect of the 
rolling element, fFTF - defect of the rolling cage, for bearing param-
eters according to Tab. 1) and average power values of the an 
envelope, respectively, in the Y and Z axes, marked and Penv_PKY 
and Penv_PKZ. 

 
Fig. 3. Bearing damage form: a - rolling element, b - internal race 

Tab. 1. View and parameters of the tested bearing 

 

Parameter name Value 

Number of rolling 
elements 

22 

Rolling element 
diameter 

10 

Pitch diameter 105 

Contact angle  0 
 

4. TEST RESULTS 

Measurements of the signals generated by an operational 
bearing were taken during a cold start-up of the engine (without 
feeding and igniting fuel). Then, at rotor frequency of 32.7 [Hz], 
the determined values of the bearing characteristic frequencies 
and their average power (Report of the Division for Aeroengines 
of Air Force Institute of Technology, 2011) were listed in Tab. 2 
(with the center frequency of 6400 [Hz] and band of 600 [Hz]. The 

envelope power spectrum for axes Y and Z is presented in Fig. 4 
and 5 (Report of the Division for Aeroengines of Air Force Institute 
of Technology, 2011). 

Tab. 2. Bearing parameters at rotor speed of 32.7 [Hz] 

Frequency designation f [Hz] 
Penv_PKY  
[(m/s2)2] 

Penv_PKZ  
[(m/s2)2] 

fBPFO 325.65 0.0242 0.0377 

fBPFI 394.21 0.0186 0.0352 

fFTF 14.8 0.0343 0.0486 

fBSF 170.23 0.0162 0.029 

0.5*fBSF 8511 0.0242 0.03 

Measurements of the signals generated by a damaged bear-
ing were taken during a cold start-up of the engine (without feed-
ing and igniting fuel) and during a hot test. For the cold start-up, at 
rotor frequency of 33.1 [Hz], the determined values of the bearing 
characteristic frequencies and their average power (Report of the 
Division for Aeroengines of Air Force Institute of Technology, 
2011) were listed in Tab. 3 (with the center frequency of 6400 [Hz] 
and band of 600 [Hz]. The envelope power spectrum for axes Y 
and Z is presented in Fig. 6 and 7 (Report of the Division for 
Aeroengines of Air Force Institute of Technology, 2011). For the 
hot test, at rotor frequency of 120.1 [Hz], the determined values of 
the bearing characteristic frequencies and their average power 
(Report of the Division for Aeroengines of Air Force Institute of 
Technology, 2011) were listed in Tab. 4 (with the center frequency 
of 6400 [Hz] and band of 1550 [Hz]. The envelope power spec-
trum for axes Y and Z is presented in Fig. 7 and Fig. 8 (Report of 
the Division for Aeroengines of Air Force Institute of Technology, 
2011). 

Tab. 3. Bearing parameters at rotor speed of 32.7 [Hz] 

Frequency designation f [Hz] 
Penv_PKY  
[(m/s2)2] 

Penv_PKZ  
[(m/s2)2] 

fBPFO 329.91 0.0673 0.0751 

fBPFI 399.36 0.0306 0.0357 

fFTF 15.0 0.143 0.201 

fBSF 17245 0.0335 0.051 

0.5*fBSF 8623 0.0421 0.188 

Tab. 4. Bearing parameters at rotor speed of 120.1 [Hz] 

Frequency designation f [Hz] 
Penv_PKY  
[(m/s2)2] 

Penv_PKZ  
[(m/s2)2] 

fBPFO 1194.64 3.3 1.4 

fBPFI 1447.35 0.5 1.2 

fFTF 54.35 2.5 4.5 

fBSF 624.9 1.5 3.9 

0.5*fBSF 312.5 2.7 4.8 



Mariusz Żokowski, Paweł Majewski, Jarosław Spychała                                                                                                                                                DOI 10.1515/ama-2017-0037 
Detection Damage in Bearing System of Jet Engine Using the Vibroacoustic Method 

240 

 
Fig. 4. Power spectrum determined with the envelope narrowband analysis method - point A 

 

Fig. 5. Power spectrum determined with the envelope narrowband analysis method - point B 

 

Fig. 6. Power spectrum determined with the envelope narrowband analysis method - point A 

 
Fig. 7. Power spectrum determined with the envelope narrowband analysis method - point B 
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Fig. 8. Power spectrum determined with the envelope narrowband analysis method - point A 

 
Fig. 9. Power spectrum determined with the envelope narrowband analysis method - point B 

5. CONCLUSIONS 

The tested bearing was a used bearing, which came from an 
engine with the expired service life resource, thus already having 
operational wears/damages of the particular elements of its struc-
ture. That is probably why, in the bearing envelope spectrum, 
already in its initial state, observed are all computation frequen-
cies of the studied bearing. However, when comparing the levels 
of the determined average powers of the signal of the bearing, 
treated as operational (Fig. 10, 11 - red colour) in relation to the 
damaged one (Fig. 10, 11 - blue colour), there is a visible increase 
of the frequencies fBPFO, fBSF and 0,5∙fBSF as directly associated 
with the damage of the internal race and the rolling element. 
There was also a significant increase of the power of frequency 
fFTF, which is theoretically associated with the defect of the rolling 
cage. 

 
Fig. 10. Average characteristics frequency powers of bearing at point A 

 
Fig. 11. Average characteristics frequency powers of bearing at point B 

Generally, it was confirmed, that with jet engines, it was pos-
sible to analyse the bearing technical condition with the envelope 
vibroacoustic signal narrowband analysis. Whereas, when com-
paring the signal powers determined at cold start-up (rotor is 
rotated by a generator-starter and no fuel combustion processes 
occur – Tab. 3) and during a test of the engine (correct engine 
operation, at a small gas range, with present combustion pro-
cesses – Tab. 4), there is visible even a one-hundred-fold differ-
ence in value. That in mind, during the trend analysis, we need to 
pay attention to the engine's operation range. 
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Abstract: Vibrating conveyors also named bowl feeders are a common equipment for conveying goods into production systems. These 
systems are used for the supplying of a certain number of goods to an individual designed interface and simultaneously arranging a correct 
orientation of the goods conveyed by the same time. This type of conveyor is used in various industries, such as for example automotive 
industry, electronic industry and medical industry. The target of this article is to determine a dynamic model and mechanical parameters 
by means of testing, and a numerical simulation of a ready-to-operate conveyor under standard working conditions. 

Key words: Vibrating Conveyor, Bowl Feeder, Resonance Frequencies, Dynamic Model, Mechanical Parameters 

1. INTRODUCTION 

The bowl feeder that was used for determination of the dy-
namic model and mechanical parameters for future testing and 
numerical simulations was originally built to forward parts for the 
electronic industry and is shown in Fig. 1. 

 
Fig. 1 Bowl feeder for testing  

The technical specification of the bowl feeder was as follows 
in Tab. 1 and in Fig. 2: 

Tab. 1. Parameters of the bowl feeder 

A B C D 

700 mm 450 mm 400 mm 300 mm 

F G H K 

535 mm 485 mm 190 mm 48 mm 

L Total mass Capacity Moving mass 

130 mm 123 kg 12 kg 33 kg 

 
 

 

 
Fig. 2. Parameters of the bowl feeder (http://www.sortimat.com/de/ 
            mediadb/Zufuhr/Downloads/sortimat_ZFTdt_techdata_WF.pdf) 

The spring material of the bowl feeder is "Durostone”, similar 
to the present available quality UPM S16 fibre-reinforced plastic. 
Each of the three springs (flat spring packages) is installed under 
15° to a vertical boundary line. The excitation device is composed 
by three electromagnetic vibration exciters. Each of them 
is placed close to the spring (Fig. 3). 

B
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a – top mass of 

the bowl feeder 
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Fig. 3. Springs package with excitation device  

2. DETERMINATION OF THE BOWL FEEDER DYNAMIC 
MODEL 

The assembly of the bowl feeder includes two principal parts, 
a conveying element with a conical form and a supporting cylindri-
cal element (Griemert and Römisch, 2015; Sebulke 2017). The 
first was indexed by character N and the other by character S. 
Both parts are connected by springs and they are uniformly dis-
tributed around their rotational axes 𝑦𝑁  and 𝑦𝑆 . In our case, there 
were used three flat springs packages. Each package was de-

clined by angle 𝛽𝑁𝑆 to the axis plane, it had its stiffness and the 

total values of all springs packages were defined as 𝑘𝑁𝑆. The 
total damping coefficient was described by value 𝑏𝑁𝑆 (Lanets 
etal., 2016). 

The conveying element was defined by its mass mN and by 
its moment of inertia 𝐽𝑁𝑦 around rotational axis 𝑦. The supporting 

element had mass 𝑚𝑆, the moment of inertia 𝐽𝑆𝑦 , and it was 

placed on rubber springs with total stiffness 𝑘𝑆𝑅𝑥  and 𝑘𝑆𝑅𝑦 , and 

with total damping coefficients 𝑏𝑆𝑅𝑥  and 𝑏𝑆𝑅𝑦. The whole system 

was fixed with a rigid connection to the frame (Nendel, 2008; 
Risch, 2008; Decker, 2014). 

 
Fig. 5. Mechanical model of the bowl feeder with transformation plane  
           (own source) 

In the dynamic model of the system, each flat springs package 
is replaced by a rod and a spring with a perpendicular effect. All 
three rods create a joint mechanism between two parts of the 
bowl feeder (Harris, 2005; Buja, 2007; Mata 2016). 

The movement of the bowl feeder system can be described 

with help of four coordinates, two translations 𝑦𝑁 , 𝑦𝑆  and two 
rotations 𝜑𝑁𝑦, 𝜑𝑆𝑦. The relative movements of both parts are 

defined: 

𝑦𝑁𝑆 = 𝑦𝑁 − 𝑦𝑆   (1) 

and 

𝜑𝑁𝑆𝑦 = 𝜑𝑁𝑦 − 𝜑𝑆𝑦 . (2) 

In these intentions four differential equations describing the 
movement of the bowl feeder system can be written: 

𝑚𝑁�̈�𝑁 + 𝐹𝑏𝑁𝑆𝑦 + 𝐹𝑘𝑁𝑆𝑦 + 𝐹𝑉𝑀 cos 𝛽𝑁𝑆 = 𝐹𝑁𝑆𝑦 , (3) 

𝐽𝑁𝑦�̈�𝑁𝑦 + 𝑀𝑏𝑁𝑆𝑦 + 𝑀𝑘𝑁𝑆𝑦 − 𝑟𝑉𝑀𝐹𝑉𝑀 sin 𝛽𝑁𝑆 = 0 , (4) 

𝑚𝑆�̈�𝑆 + 𝑏𝑆𝑅𝑦�̇�𝑆 − 𝐹𝑏𝑁𝑆𝑦 + 𝑘𝑆𝑅𝑦𝑦𝑆 − 𝐹𝑘𝑁𝑆𝑦 −

−𝐹𝑉𝑀 cos 𝛽𝑁𝑆 = −𝐹𝑁𝑆𝑦  (5) 

and 

𝐽𝑆𝑦�̈�𝑆𝑦 + 𝑏𝜑𝑆𝑅𝑦�̇�𝑆𝑦 − 𝑀𝑏𝑁𝑆𝑦 + 𝑘𝜑𝑆𝑅𝑦𝜑𝑆𝑦 − 𝑀𝑘𝑁𝑆𝑦 +

+𝑟𝑉𝑀𝐹𝑉𝑀 sin 𝛽𝑁𝑆 = 0 , (6) 

where force 𝐹𝑉𝑀 is a connection force between the conveying 
part and the supporting part which is transferred by the joint 

mechanism of both parts. Force 𝐹𝑁𝑆𝑦 is the exciting force be-

tween the conveying part and supporting part.  
For an example, the following parameters for the characters 

have been chosen: 

𝑚𝑁 = 90 𝐾𝑔                    𝐹𝑁𝑆 = 2310𝑁  

𝑚𝑆 = 33𝐾𝑔                      𝐽𝑁 = 3,9 𝐾𝑔𝑚² 

𝛽 = 15°                             𝐽𝑆 = 1,1 𝐾𝑔𝑚² 

𝑘𝑁𝑆 =5698007 
𝑁

𝑚
          𝑏𝑁𝑆 = 880

𝐾𝑔

𝑠
 

The other dynamic forces are calculated as follows: 

𝐹𝑏𝑁𝑆𝑦 = 𝑏𝑁𝑆�̇�𝑁𝑆 , (7) 

𝐹𝑘𝑁𝑆𝑦 = 𝑘𝑁𝑆𝑦𝑁𝑆  , (8) 

𝑀𝑏𝑁𝑆𝑦 = 𝐹𝑏𝑁𝑆𝑥𝑟𝑉𝑀 = 𝑏𝑁𝑆𝑟𝑉𝑀
2 �̇�𝑁𝑆𝑦 , (9) 

and 

𝑀𝑘𝑁𝑆𝑦 = 𝐹𝑘𝑁𝑆𝑥𝑟𝑉𝑀 = 𝑘𝑁𝑆𝑟𝑉𝑀
2 𝜑𝑁𝑆𝑦 ,  (10) 

where: 

𝐹𝑏𝑁𝑆𝑥 = 𝑏𝑁𝑆�̇�𝑁𝑆  , (11) 

and 

𝐹𝑘𝑁𝑆𝑥 = 𝑘𝑁𝑆𝑥𝑁𝑆  . (12) 

Torsional damping coefficient 𝑏𝜑𝑆𝑅𝑦  and torsional stiffness 

𝑘𝜑𝑆𝑅𝑦 are: 

𝑏𝜑𝑆𝑅𝑦 = 𝑏𝑆𝑅𝑥𝑟𝑆𝑅
2    (13) 

and 
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𝑘𝜑𝑆𝑅𝑦 = 𝑘𝑆𝑅𝑥𝑟𝑆𝑅
2  . (14) 

The relation between relative coordinates 𝑦𝑁𝑆  and 𝜑𝑁𝑆𝑦  

is done by joint mechanism: 

𝑦𝑁𝑆 = 𝜑𝑁𝑆𝑦𝑟𝑉𝑀 tan 𝛽𝑁𝑆  . (15) 

In order to make a simplification of the calculation of equations 
(3) to (6), it is possible to write the balance of forces in the trans-
formation plane (Fig. 6) as follows (Pešík, 2012):  

 
Fig. 6. Dynamic model in the transformation plane (own source) 

𝑥𝑁𝑟 = 𝑟𝑉𝑀𝜑𝑁𝑦 , (16) 

𝑥𝑆𝑟 = 𝑟𝑉𝑀𝜑𝑆𝑦 ,   (17) 

𝑥𝑁𝑆𝑟 = 𝑟𝑉𝑀𝜑𝑁𝑆𝑦 ,  (18) 

𝑦𝑁𝑟 = 𝑦𝑁 ,  (19) 

𝑦𝑆𝑟 = 𝑦𝑆 ,  (20) 

 𝑦𝑁𝑆𝑟 = 𝑦𝑁𝑆  (21) 

𝐽𝑁𝑦 = 𝑚𝑁𝑟𝑟𝑉𝑀
2  . (22) 

𝐽𝑆𝑦 = 𝑚𝑆𝑟𝑟𝑉𝑀
2  . (23) 

By introduction of  coordinate 𝑠𝑁𝑆𝑟  the number of unknown 
functions decreases to three: 

𝑥𝑁𝑆𝑟 = 𝑠𝑁𝑆𝑟 cos 𝛽𝑁𝑆  (24) 

and 

𝑦𝑁𝑆𝑟 = 𝑠𝑁𝑆𝑟 sin 𝛽𝑁𝑆 . (25) 

After the adjustment of the equations (3) to (6), it is possible to 
write in the matrix form (Decker, 2014): 

�̅��̈̅� + �̅��̇̅� + 𝐾�̅� = �̅� .  (26) 

where are  mass matrix:  

�̅� = |
𝑚𝑁sin2𝛽𝑁𝑆 + 𝑚𝑁𝑟cos2𝛽𝑁𝑆 𝑚𝑁𝑟cos𝛽𝑁𝑆 𝑚𝑁sin𝛽𝑁𝑆

𝑚𝑁𝑟cos𝛽𝑁𝑆 𝑚𝑆𝑟 + 𝑚𝑁𝑟 0
𝑚𝑁sin𝛽𝑁𝑆 0 𝑚𝑆 + 𝑚𝑁

| ,   (27) 

 

 

damping matrix: 

�̅� = |

𝑏𝑁𝑆 0 0

0 𝑏𝑆𝑅𝑟
𝑟𝑆𝑅

2

𝑟𝑉𝑀
2 0

0 0 𝑏𝑆𝑅𝑦

| , (28) 

 stiffness matrix: 

𝐾 = |

𝑘𝑁𝑆 0 0

0 𝑘𝑆𝑅𝑟
𝑟𝑆𝑅

2

𝑟𝑉𝑀
2 0

0 0 𝑘𝑆𝑅𝑦

| , (29) 

 coordinates vector:  

�̅� = |

𝑠𝑁𝑆𝑟

𝑥𝑆𝑅

𝑦𝑆𝑅

|  (30) 

and exciting vector: 

�̅� = |
𝐹𝑁𝑆𝑦𝑠𝑖𝑛𝛽𝑁𝑆

0
0

| . (31) 

From the matrix equation (26) it is to calculate time vector 

function q̅. The parameters of the bowl feeder system are either 
known or can be measured. The mass parameters of the convey-
ing and supporting parts are defined in the production documenta-
tion. The stiffness and damping parameters are a bit difficult to 
measure and some differences can be expected between the 
parameters measured in a static or a dynamic way. 

3. EXPERIMENTAL DETERMINATION 
OF DYNAMIC PARAMETERS 

Many dynamic parameters can be taken from the technical 
documentation of the bowl feeder (Tab. 1), the others are calcu-
lated or very often measured during the correct excited oscillation. 

The primary task of the bowl feeder is the generation of micro 
throws, and by doing this, the conveyance of goods. Therefore the 
excitation of bowl feeder free oscillating was realized by a rubber 
coated hammer in the tangential direction and the oscillation was 
observed in the vertical direction. For this test, the sensor was 
mounted vertically under the spiral path of the bowl. 

The base for the experimental determination of the dynamic 
parameters is the measurement of free oscillation kinematic val-
ues. The results of this step are time and frequency functions 
of acceleration (Fig. 7 and Fig. 8).  

 
Fig. 7. Time function of acceleration in vertical direction by free oscillation  
           (Machine laboratory, HSZG) 
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Fig. 8. Frequency function of acceleration in vertical direction  
            by free oscillation (Machine laboratory, HSZG) 

As mayor natural frequency, 50 Hz is identified in Fig. 8. The 
excitation frequency of the operating bowl feeder is 50 Hz as well. 
That shows, the bowl feeder is operation on resonance. 

The data supplying necessary information on amplitudes de-
crease and frequencies. From the time function of acceleration 
it is possible to find the damping parameters of the bowl feeder 
system, and the frequency function gives information about its 
natural frequencies. 

In the followed case of the bowl feeder, there is to determine 
relative weak damping and three principal natural frequencies 

which correspond to three coordinates of vector function q̅. 
The identification of the dynamic parameters is simpler by 

a reduction of the system, for example - the system with only one 
degree of freedom. There is considered the stiffness of the rubber 
springs of the infinitive value. In reality, the supporting part is fixed 
to the frame and then the equation (26) in case of the free oscilla-
tion is reduced to form: 

(𝑚𝑁 sin2 𝛽
𝑁𝑆

+
𝐽𝑁𝑦

𝑟𝑉𝑀
2 ∙ cos2 𝛽

𝑁𝑆
) �̈�𝑁𝑆 + 𝑏𝑁𝑆�̇�𝑁𝑆 +

+𝑘𝑁𝑆𝑠𝑁𝑆 = 0 . (32) 

From the equation (32), values of damping coefficient bNS 

and stiffness 𝑘𝑁𝑆 are determined with help of comparing meas-

ured and calculated time function �̈�𝑁𝑆 (Lanets et al., 2016). 
The simplified system is excited and brought in free oscillat-

ing. Measured acceleration �̈�𝑁𝑆 of coordinate 𝑠𝑁𝑆 is shown 
in Fig. 9 as the time function. 

 

            
Fig. 9. Time function of acceleration measured (black function)  
            and calculated (blue function) on the simplified system  
            (authors result) 

The values of parameters 𝑏𝑁𝑆 and 𝑘𝑁𝑆 are chosen so that 
the measured and calculated time function may show the same 
or similar curve. 

After obtaining of the parameters 𝑏𝑁𝑆 and 𝑘𝑁𝑆, the system 
of the bowl feeder can be returned in the more general configura-
tion as is illustrated in the Fig. 6 and the method is repeated for 
the parameters 𝑏𝑆𝑅𝑥 , 𝑏𝑆𝑅𝑦, 𝑘𝑆𝑅𝑥  and 𝑘𝑆𝑅𝑦. 

4. SUMMARY 

The paper deals with the determination of dynamic parame-
ters of a bowl feeder conducted with a comparison method 
of simulation and testing results. 

The behaviour of the bowl feeder dynamic system is simulated 
by free oscillation. The results of this simulation are kinematic 
functions of the bowl feeder oscillation, above all the acceleration 
time function with data about natural frequencies and the damping 
of the system. It is advantageous to simplify the dynamic system 
and thus the kinematic functions, as well, to determine its parame-
ters and advance step by step as far as the full system of the bowl 
feeder. The same time functions are measured by testing of the 
bowl feeder in the corresponding configuration of the system. 
By identical behaviour of simulated and measured functions 
the dynamic parameters are defined in equations of motion. 
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ABSTRACTS 

Bogdan Korobko, Ievgen Vasyliev 
The Test Method for Rheological Behavior of Mortar for Building Work 

This paper offers a test method for rheological behavior of mortars with different mobility and different composition, which are used for execution 
of construction work. This method is based on investigation of the interaction between the valve ball and the mortar under study and allows quick 
defining of experimental variables for any composition of building mortars. Certain rheological behavior will permit to calculate the design  
parameters of machines for specific conditions of work performance – mixing (pre-operation), pressure generation, pumping to the work site, 
workpiece surfacing. 

Cezary Kownacki Leszek Ambroziak 
Flexible Structure Control Scheme of a UAVs Formation to Improve The Formation Stability During Maneuvers 

One of the issues related to formation flights, which requires to be still discussed, is the stability of formation flight in turns, where the aerodyna-
mic conditions can be substantially different for outer vehicles due to varying bank angles. Therefore, this paper pro-poses a decentralized  
control algorithm based on a leader as the reference point for followers, i.e. other UAVs and two flocking behaviors responsible for local position 
control, i.e. cohesion and repulsion. But opposite to other research in this area, the structure of the formation becomes flexible (structure is being 
reshaped and bent according to actual turn radius of the leader. During turns the structure is bent basing on concentred circles with different ra-
diuses corresponding to relative locations of vehicles in the structure. Simultaneously, UAVs' airspeeds must be modified  according to the length 
of turn radius to achieve the stability of the structure. The effectiveness of the algorithm is verified by the results of simulated flights of five UAVs. 

Bogdan Sapiński 
Laboratory Testing of Velocity Sensing in an MR Damper With Power Generation 

The study summarises the results of experimental examination of velocity sensing capability in a prototype of a magnetorheological damper  
with power generation (MRD). The device has two main components: an electromagnetic power generator and an MR damper. The study  
outlines the structure of the device with the main focus  on the generator part,  and provides results of tests performed under the idle run.  
The discussion of demonstrates the potentials of MRD action as a velocity-sign sensor and presents key issues which need to be addressed to 
enable its real life applications. 

Jerzy Narojczyk, Dmitrij Morozow 
Modification of TiN coatings by Ion Implantation 

The high-speed steel HS 6-5-2 cutting inserts coated with TiN were subjected to ion implantation with both silicon (dose 2x1017Si+/cm2)  
and silicon with nitrogen ions (dose (1+1)x1017(Si+ + N+)/cm2) on the subsurface layer of the rake face. Microhardness was examined before 
and after ion implantation. The composition and structural properties of the subsurface layer were examined by Glow Discharge Optical Emission 
Spectroscopy (GD-OES).  The turning tests of 40H construction steel with the use of the cutting inserts implanted and non-implanted were  
performed. During the tests the two components of the net cutting force (the main cutting force Fc and feed force Ff) as well as the wear 
 parameters  VB on the major flankalong with  the surface roughness (Ra) were measured. The implanted inserts exhibited higher durability  
compared to non-implanted ones. 

Andrzej Waindok, Bronisław Tomczuk 
Reluctance Network Model of a Permanent Magnet Tubular Motor 

The reluctance network model of a permanent magnet tubular motor (PMTM) has been presented in the paper. The reluctance values  
of the magnetic circuit have been calculated with using analytical expressions. The air gap reluctance has been determined with using both  
analytical expressions and the finite element method (FEM). Using the calculation model, the flux values coupled with the windings have been 
obtained and used in the calculations of force value. The calculated results have been compared with numerical and measured ones. 

Marek Wojciechowski 
Minimal Kinematic Boundary Conditions for Computational Homogenization of the Permeability Coefficient 

In the paper, computational homogenization approach is used for recognizing the macroscopic permeability from the microscopic representative 
volume element (RVE). Flow of water, at both macro and micro level, is assumed to be ruled by Darcy law. A special averaging constraint is used 
for numerical flow analysis in RVE, which allows to apply macroscopic pressure gradient without the necessity to use directly Dirichlet  
or Neumann boundary conditions. This approach allows arbitrarily shaped representative volumes and eliminates undesirable boundary effects. 
Generated effective permeability takes into account the structuring effects, what is an advantage over other homogenization methods, like  
self-consistent one. 

Dmytro Fedorynenko, Serhii Sapon, Sergiy Boyko, Anastasiia Urlina 
Increasing of Energy Efficiency of Spindles with Fluid Bearings 

Promising ways of energy efficiency gain of spindles with fluid flow bearings are offered. New design of journal hybrid flow bearing which contains 
spherical bearing pockets and adjustable valves with relay control system is offered to improve energy efficiency of spindle units of machine 
tools. To reduce power losses of fluid bearings at high speed special lubrication based on water with integrated system of corrosion protection  
is offered. Results of theoretical research of energy consumption of grinding machine tool with a new design of spindle hybrid bearings  
are presented. Power losses of the spindle unit with both new design and base design of journal bearings are assessed. Effectiveness  
of new design of spindle hybrid bearings at high operating speeds is shown. 
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Marek Płaczek, Andrzej Wróbel, Andrzej Buchacz 
Structural Tests of Freight Wagons on the Basis of Signals Generated By Piezoelectric Macro Fiber Composites 

Paper presents a report of a research work that concerns possibilities of freight wagons modernization using new composite materials. The main 
aim of presented work was to verify the possibility of inference from the dynamic response of the wagon about the changes in its technical  
condition. During the presented works tests on real objects were carried out using Macro Fiber Composite (MFC) piezoelectric transducers glued 
to the freight wagon’s frame. The dynamical response of the wagon was measured while the object was driving. On the next stage the measured 
signal was generated on a laboratory stand using electrodynamic modal shaker and vibrations of the laboratory model were measured. Measured 
signals were juxtaposed on charts and analysed. The aim of this work was to verify if it is possible to detect the change in the system using 
measurements of vibrations that are being generated during exploitation of the freight wagon. 

Olena Mikulich, Vasyl’ Shvabjuk, Heorgij Sulym  
Dynamic Stress Concentration at the Boundary of an Incision at the Plate Under the Action of Weak Shock Waves 

This paper proposes the novel technique for analysis of dynamic stress state of multi-connected infinite plates under the action of weak shock 
waves. For solution of the problem it uses the integral and discrete Fourier transforms. Calculation of transformed dynamic stresses  
at the incisions of plates is held using the boundary-integral equation method and the theory of complex variable functions. The numerical  
implementation of the developed algorithm is based on the method of mechanical quadratures and collocation technique. For calculation  
of originals of the dynamic stresses it uses modified discrete Fourier transform. The algorithm is effective in the analysis of the dynamic stress 
state of defective plates. 

Andrzej Jurkiewicz, Janusz Kowal, Kamil Zając 
Sky-Hook Control and Kalman Filtering in Nonlinear Model of Tracked Vehicle Suspension System 

The essence of the undertaken topic is application of the continuous sky-hook control strategy and the Extended Kalman Filter as the state  
observer in the 2S1 tracked vehicle suspension system. The half-car model of this suspension system consists of seven logarithmic spiral springs 
and two magnetorheological dampers which has been described by the Bingham model. The applied continuous sky-hook control strategy  
considers nonlinear stiffness characteristic of the logarithmic spiral springs. The control is determined on estimates generated by the Extended 
Kalman Filter. Improve of ride comfort is verified by comparing simulation results, under the same driving conditions, of controlled and passive 
vehicle suspension systems. 

Janusz Gołdasz, Bogdan Sapiński 
Magnetostatic Analysis of a Pinch Mode Magnetorheological Valve 

The study deals with the pinch mode of magnetorheological (MR) fluids’ operation and its application in MR valves. By applying the principle  
in MR valves a highly non-uniform magnetic field can be generated in flow channels in such a way to solidify the portion of the material  
that is the nearest to the flow channel’s walls. This is in contrary to well-known MR flow mode valves. The authors investigate a basic pinch mode 
valve in several fundamental configurations, and then examine their magnetic circuits through magnetostatic finite-element (FE) analysis.  
Flux density contour maps are revealed and basic performance figures calculated and analysed. The FE analysis results yield confidence  
in that the performance of MR pinch mode devices can be effectively controlled through electromagnetic means. 

Rafał Mech, Jerzy Kaleta 
Influence of Terfenol-D Powder Volume Fraction in Epoxy Matirx Composites on their Magnetomechanical Properies 

In this paper the investigations of magnetostriction as well as DC magnetic properties for composites doped with Terfenol-D particles  
are presented. All investigations were performed for the materials with 35%, 46% and 70% volume fraction of the Terfenol-D particles surrounded 
by epoxy matrix. Moreover, the bulk Terfenol-D alloy was tested. The obtained results show that the magnetization of the composite materials  
ncreases with increasing the volume fraction of Terfenol-D particles. Similar dependence as for magnetization was observed  
for the magnetostriction measurements. Although the magnetostriction of composite material is smaller than for solid Terfenol-D it is still tens  
of times bigger than in case of traditional magnetostrictive materials. Obtained results gives opportunity to use these materials for variety  
applications such as actuators and sensors. 

Mariusz Żokowski, Paweł Majewski, Jarosław Spychała 
Detection Damage in Bearing System of Jet Engine Using the Vibroacoustic Method 

The article discusses typical, operational systems for monitoring vibrations of jet engines, which constitute the propulsion of combat aircraft  
of the Armed Forces of the Republic of Poland. After that, the paper presents the stage of installing vibration measuring sensors in the direct area 
of one of the jet engine bearings, which is a support system for its rotor. The article discusses results of carried out analyses of data gathered 
during tests of the engine in the conditions a jet engine test bed. Results of detecting damages to the bearing, using sensors built in the direct  
area will be presented. 

Martin Sturm, Lubomir Pesik 
Determination of a Vibrating Bowl Feeder Dynamic Model and Mechanical Parameters 

Vibrating conveyors also named bowl feeders are a common equipment for conveying goods into production systems. These systems are used 
for the supplying of a certain number of goods to an individual designed interface and simultaneously arranging a correct orientation of the goods 
conveyed by the same time. This type of conveyor is used in various industries, such as for example automotive industry, electronic industry and 
medical industry. The target of this article is to determine a dynamic model and mechanical parameters by means of testing, and a numerical 
simulation of a ready-to-operate conveyor under standard working conditions. 
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