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Abstract: In the paper experimental investigations related with analysis of navigational precision of three chosen GNSS receivers 
are shown. Used receivers allow for measurement of navigational signals in following modes of operations: receiving signals from single-
frequency GPS system, dual-frequency GPS/GLONASS system, and receiving signals from GPS constellation with use of differential 
measurements. In the last mode the base station and mobile receiver were configured for transmitting/receiving differential corrections by 
pair of industry-grade radio modems. The most important features and configuration of navigational receivers for conducted experiment 
are presented. Afterward the features of computer program designed especially for simultaneous acquisition, analysis of quality parame-
ters and archiving of navigational signals  are shown. The results of conducted investigations are also shown. For each of the receivers 
quantity and quality parameters such as maximum and minimum numbers of visible satellites and DOP (dilution of precision) parameters 
achieved during the experiment are given.  

Key words: GNSS Receivers, DGPS Measurements, GPS, GLONASS 

1. INTRODUCTION 

Global navigational satellite systems are nowadays used 
in different domains such as: communication, localization and 
tracking of vehicles (Cobano et al., 2010), precision agriculture 
(Perez-Ruiz et al., 2011) and unmanned aerial vehicles (Słowik, 
Gosiewski 2012). Also every new smartphone is now equipped 
in GNSS receiver – and their users use locationbased services 
(http://www.gsa.europa.eu). Accuracy of GNSS systems is also 
advancing. The receivers have more and more channels, which 
are used for increased precision of GNSS measurements by 
augmentations systems such as SBAS and EGNOS, also time 
of signal reacquisition is reduced. Nevertheless position meas-
urements read by GNSS receivers are always effected by the 
errors. This is result of e.g. disturbances of navigational signal 
path (ionospheric, tropospheric, multipath effect) (Deng-feng 
et al., 2009). One of proposed solution for increasing quality 
of GNSS readings is to use the differential measurements. 
It required two GNSS receivers, configured for differential meas-
urements and communication system which allow exchange the 
navigational corrections between them (Bakuła et al., 2009). 
Another solution are receivers which can obtain navigational 
signals from more than one GNSS system e.g. concurrent use 
of GPS and GLONASS. This approach was presented in the 
papers of Defraigne (2011), Kuzin (2007) and  Kuter (2010). 

In the paper the experimental research of three different type 
GNSS receivers was conducted. The measurements from receiv-
ers mentioned below were compared: 
a) GPS receiver, 
b) GPS mobile receiver and base station – working in differential 

mode (RTK-20), 

c) GPS/GLONASS receiver. 
The authors have shown features of used navigational receiv-

ers, described computer application created for simultaneous 
reading, archiving and analyzing of data. Afterward from obtained 
data, the quality parameters which characterize received naviga-
tional signals and results from experiment as imitation of traveled 
path were shown. Therefore mentioned parameters are PDOP 
(Position Dilution of Precision) and HDOP (Horizontal Dilution 
of Precision) (Specht, 2007). 
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where: 𝜎 – error of navigational parameter, 𝜎𝑥 , 𝜎𝑦, 𝜎𝑧 – mean 

square errors of computed position in three directions (𝑥, 𝑧, 𝑦). 

2. EXPERIMENT SETUP 

In described experiment the research was conducted on Bi-
alystok University of Technology area. During investigations the 
three receivers were used at the same time, with the same 
weather conditions and with the same amount of visible satellites 
of GNSS systems. This solution was determined to reduce impact 
of signals propagation errors in the path from satellites to receiv-
ers, which will be the case if every of the receivers were investi-
gated separately. For this purpose, special hardware configuration 
and frame for all of the receivers were made. Furthermore the 
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base station was configured for differential measurements. The 
dedicated computer application was written which allow reading 
data frames in NMEA-0183 format simultaneously from three 
receivers. These application was used for acquisition of data on 
the mobile computer (through TTL-USB and USB ports).  

2.1. Data Acquisition Software 

Due to character of investigations – necessity of concurrent 
analysis of signals derived from three sources of navigational 
measurements, no commercially available applications which 
allow for simultaneously connection of three different types 
of receivers was found. That is a cause for developing of the 
dedicated computer application, which enable parallel read and 
processing of navigational data from three different receivers. 
The aforementioned program was developed in C# and Visual 
Studio IDE and enable concurrent backup, processing and signal 
analysis from three investigated GNSS receivers. That allow for 
recording navigational position and comparison of  properties and 
quality characteristics of receivers in the same time. Beside 
measurement the application allow for reading and analysis 
of saved data. The chosen features of the application: 

 concurrent use of three GNSS receivers, with reading and 
backup of data frames from GNSS receivers in NMEA-0183 
format, their processing and saving as text files; 

 NMEA-0183 data frame decomposition – in graphical form 
(in the form of charts of chosen characterics), and number 
representation of obtained measurements of geographical 
longitude and latitude, amount of currently visible satellites, 
quality parameters as PDOP, HDOP and VDOP; 

 visualization of path travelled with use of OpenStreetMap 
online service as arbitrary chosen path in the form of finite set 
of real numbers which are geographical longitude and latitude. 

 

Fig. 1. Control panel of data acquisition and processing application  
           (Mrozek, 2013) 

2.2. GNSS Receivers 

In the paper three different GNSS receivers were used. All 
of them was seen as serial devices with different COM numbers, 
given by operating system.  

Main features of GPS Mouse Skytraq SJ-5210 (which con-
tains SiRFStar III chipset) were described in (http://www. 
skytraq.com). The second receiver shown in Fig. 2. Is described in 
(https://www.maritex.com.pl). For differential measurements de-
vices described in (http://www.novatel.com), showed below were 
used: 

 

Fig. 2. On the left GPS Mouse Skytraq SJ-5210, on the right GNSSGMS 
          G9 – picture of the receiver with USB-TTL interface in cover 

 

Fig. 3.  On the right - picture of base station Novatel FlexPak G2-V2-L1 
             with Novatel GPS-701-GG antenna, on the left mobile receiver  
             GNSS Novatel OEMV-1DF mounted on dedicated power board  
             with  ANT-35C1GA-TW-N antenna 

Receivers described above were connected to mobile com-
puter by USB ports, which enable reading position and others 
parameters included in data frames of NMEA protocol. 

Base station and mobile receiver were configured for receiving 
differential corrections by radio link (pair of industrial grade radio 
modems).  

 

Fig. 4. Diagram of receivers communication during the experiment 

3. CONDUCTED EXPERIMENT 

As a part of experiment the concurrent reading, processing 
and saving navigational data from three different GNSS receivers 
(GPS, GPS+GLONASS and DGPS) during travelling by foot 
on determined path (Fig. 5). In the point indicated as start and end 
point of the path (red dot on the blue line near the middle of figure) 
the DGPS base station with radio modem configured for sending 
navigational corrections was located. The red arrow denote the 
direction of movement. The dotted line mean parts of the path 
in which impact of buildings on quality of measurements were 
observed. In this places the break of data link with navigational 
corrections occurred most frequently. 
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Fig. 5. The path on which the reading, processing and saving of navigational signals from GNSS receivers was made 

 
Fig. 6. The characteristic of geographical latitude (a) and longitude (b) changes – vertical lines indicate data frames when the connection  
            between radio modems for DGPS measurements was broken  

 
Fig. 7. Characteristic of changes of latitude and longitude in degrees  

a) b) 
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Fig. 8. The PDOP (a) and HDOP (b) characteristic of acquired  navigational signals 

 

Fig. 9. Navigational signals received by three GNSS receivers ploted on the experiment map – horizontal lines indicates data frames when communication  
            between radio modems for DGPS measurements was corrupted 

a) 

b) 
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4. EXPERIMENT RESULTS 

Based on navigational data acquired during the experiment 
analysis od received signals were made.  The most important 
parameters are described in tables 1-3.  

Tab. 1. Number of used satellites 

 GPS GPS+GLONASS DGPS 

min. no of available 
satellites 

6 12 0 

max. no of available 
satellites 

10 20 9 

In the table above maximum and minimum number of visible 
satellites are shown. Number 0 for DGPS measurement indicates 
communication link break between radio modems which were 
sending navigational corrections from base station to mobile 
receiver.  

Tab. 2. Values of DOP parameters 

 GPS GPS+GLONASS DGPS 

PDOP min 1.7 0.84 1.7 

PDOP max 4 1.34 9999 

HDOP min 0.9 0.54 0.9 

HDOP max 2.1 0.9 9999 

VDOP min 1.5 0.64 0 

VDOP max 3.3 1.16 121.4 

Values 9999 and 121.4 from Tab. 2 are unacceptable – they 
occurred in the moment of communication link break between 
radio modems of base station and mobile receiver.  

Tab. 3. Changes of geographical lattitude and longitude 

Changes of geographical latitude 

 GPS GPS+GLONASS DGPS 

∆x 
min[°] 

-0.000565 -0.0003151317 -0.000147205 

∆x 
max[°] 

0.0002783333 0.0002171683 0.0004066933 

Changes of geographical longitude 

∆y 
min[°] 

-0.001025 -0.00047172 -0.0004219867 

∆y 
max[°] 

0.0007216667 0.00039619 0.0006247 

In the Tab. 3 the minimal and maximal  scope of changes 
of geographical latitude and longitude is shown.  

5. CONCLUSIONS 

In the paper authors prepared and conducted experimental 
analysis and comparison of work and quality parameters of re-
ceived navigational data for three different GNSS receivers. 
For investigations the following devices was chosen: one-
frequency GPS, dual frequency GPS+GLONASS and one fre-

quency differential GPS. These devices was mounted on dedicat-
ed frame for their simultaneous work. Due to lack of available 
software, the dedicated computer application for acquisition, 
processing and saving of received data frames was written. 
The experiment was conducted on Bialystok University of Tech-
nology Campus Area, where during the travel by foot the impact 
of building for quality of measurement was observed. Based on 
measurement and analysis of quality parameters, the best quality 
and availability of measurement were provided by dual frequency 
receiver which use the biggest number of satellites. In the case 
of DGPS receiver unacceptable values of PDOP and HDOP 
parameters occurred due to the break of communication link 
between base station and DGPS mobile receiver connected with 
entering area with high buildings. These moments were described 
in table 2 and on Fig. 6 and 9 by vertical and horizontal lines.  
In future works use of WiFi or circular communication is planned 
for sending navigational corrections between base station 
and mobile DGPS receiver. 
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Abstract: As a result of an explosion under a military vehicle, the risk of threat to life and health of the crew increases. Examination 
of this event in terms of the security of soldiers comes down to a complex analysis of the mutual interaction of the body of a soldier, seating 
and structural elements of the vehicle. As a result, shock wave impacts can cause tremor resulting from the construction of the vehicle 
and acceleration of the passenger's body. This study attempts to analyze the impact of an explosion of an improvised explosive device 
(IED) under the military vehicle with the risk of cervical spine injuries of soldiers. The analysis was carried out using numerical methods 
in the LS-DYNA program and was carried out taking into account the variable displacement values and acceleration recorded during 
the\ explosion. The study used a model of the body of a soldier in the form of a Hybrid III 50th Male Dummy.  

Key words: Cervical Spine, Dynamic Overload, Underbody Blast Loadings, Injury Risk Curves, Military Environments

1. INTRODUCTION 

Analysis of data from the Military Institute of Medicine base 
indicates a large percentage of cervical spine injuries occurring 
in Polish soldiers serving in Afghanistan in the period from June 
2010 to April 2014. In 91 incidents, 312 of soldiers were injured 
(18 dead), of which 69 incidents were caused by an explosion 
of improvised explosive devices (IEDs). In 44 explosions the 
shock wave effected soldiers moving in the Rosomak type 
wheeled Armored Personnel Carriers (APCs). More than one third 
of all injuries resulted from bruises, twisted, fractures and struc-
tural injuries of the spine. Fig. 1 illustrates the incidence 
of dysfunction at different levels of the spine. 

 
Fig. 1. The proportion of spinal dysfunction  (Wojtkowski et al., 2014; 
            Brzozowski et al., 2014) 

The largest number of injuries occur in segments of the cervi-
cal spine, lumbar and thoracic (Wojtkowski et al., 2014, 

Brzozowski et al., 2014). Military vehicles are exposed to the 
impact of a strong shock wave created by the explosion of explo-
sive devices under the wheels, the hull or the side of the vehicle 
as well as sudden changes resulting in uncontrolled movement 
of unsecured items from inside the vehicle (Yang et al., 2013). 
The authors of various studies indicate that the high amplitude 
of shock waves caused by an explosion results in the effects 
of local and global construction of the vehicle. In the initial shock 
wave phase, acceleration increases until it contacts the bottom 
of the body followed by a contact, wave reflection and retransfer 
of the structure of the vehicle, wherein depending on the structure, 
elastic and plastic deformation is formed. High amplitude and 
short duration pulse impact acceleration cause the transfer 
of heavy loads by foot and pelvis to other body parts of soldiers, 
which takes about 50 milliseconds after detonation. The global 
effect is related to the energy absorbed by the vehicle emitted by 
the shock wave. Depending on the weight, the vehicle absorbs 
some of the energy - between 10 and 20 ms, and the transporter 
begins to float, reaching a maximum peak height between 100 
and 300 ms. The impact of the explosion on the vehicle and the 
crew is shown in Fig. 2. During this incident the soldiers are most-
ly at risk of injury (Sławiński et al., 2013, Ramasamy et al., 2011, 
Heider et al., 2010, Krzystała et al., 2011a). Fig. 3 shows a snap-
shot of the AMV Rosomak after IED explosion under the hull of 
the vehicle (Slawinski’s own resources, Afghanistan, 2012). 

Seat belts are standard equipment of the seats in the AMV 
Rosomak, but the need for rapid entry and exit from the vehicle 
during a mission often means that soldiers ignore this protection. 
The aim of the study was to analyze the impact of the use of seat 
belts to the risk of cervical spine injuries to the driver and passen-
gers of the military vehicle as a result of an explosion caused 
by overrunning onto an explosive device. 
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Fig. 2.  The sequence of events during the detonation of an IED (Developed in accordance with HFM-090/TG-25, 2007, Krzystała et al., 2011b)  

 
Fig. 3. AMV Rosomak after IED explosion (Slawinski’s own resources,  
            Afghanistan, 2012) 

2. METHOD 

The study attempts to assess the risk of cervical spine injuries 
of the driver and soldiers in the range of the AMV Rosomak ar-
mored amphibious assault vehicle caused by explosive mine 
under the right front wheel. The study was based on a dynamic 
numerical analysis in the LS-DYNA program using the explicit 
integration method to solve  fast changing time problems. In the 
first step of research a simplified geometry of the AMV Rosomak 
vehicle was prepared (Fig. 4) having the correct distribution 
of seats, in the range of assault designed for soldiers-passengers 
(P2, P3, P4, P5) and in the driver's compartment (P1). The geo-
metric model was digitized using four-node solid elements. 
In order to take into account the weight of the vehicle, a concen-
trated mass of main components: turret - 2900 kg, drive unit 2200 
kg and 8 of the wheels with a suspension of 270 kg per wheel was 
used in the model (Operating Instructions, description and use 
Rosomak 2005). The thickness of the painted steel sheet con-
struction increased from 7 to 11mm. In order to obtain realistic 
weight of the AMV Rosomak of 22000kg, the density of the mate-
rial was increased. In the model, the mass centre occurs as zero-
dimensional single-node elements. Absorption conditions were 
simulated to support the hull on a system of springs (three per 
wheel) with non-linear and asymmetrical characteristics. 

The input data related to the movement of the vehicle needed 
to analyze body movements of soldiers in operating conditions 
were chosen based on the guidelines given by Nilakantan (2009). 
The output of the simulation obtained an explosion at the right 
front wheel, registering records of displacement measurement 
points in the time of 300 ms. Building on a set of data provided by 
the Nilakantan et al (2009), forcing the vehicle was described 
as an impulse floor speed - 10.7 m / s. The chart of the command 
floor speed induced by the explosion of the load is shown in Fig. 5 
(Nilakantan et al., 2009). 

a)  

b) 

 
Fig. 4. Model of the AMV Rosomak: a) the distribution of passengers-  
            soldiers in a three-dimensional coordinate system (x- the direction  
            of travel, y – perpendicular direction to the direction of travel,  
            z – vertical direction), b) digitized model 

 
Fig. 5.  Expected speed of the vehicle floor under the impulse  
            of detonation (Nilakantan et al., 2009) 
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Fig. 6. Model: a) Mannequin type Hybrid III 50th Male Dummy, b) head  
           and cervical spine indicating the measuring point, c) hip belt 

In the second stage, the impact of detonating the load on the 
body of a soldier driving a combat vehicle was examined (P1) and 
two soldiers in the range of amphibious assault in extreme place-
ment: P3-seating closest to the place of explosion and P4-seating 
situated furthest away from it.  A variant of the fastened hip belt 
and its omission were considered for each of the cases (Fig. 6c). 
In the study the mannequin type model of a soldier used was the 
Hybrid III 50th Male Dummy (Fig. 6a). 

During the analysis a change of acceleration and trajectory 
displacement of the measurement point located on the neck por-
tion of the spine, at the height of the C1 circle with respect to the 
mounting points of the seat (Fig. 6b) in the coordinate system 
inside the vehicle at the time of 140ms was recorded. 

3. RESULTS 

Analysis of the impact of detonation on wheeled APCs under 
the right front wheel showed significant displacement in the Z 
vertical axis of 30cm and a small rotation on the sides (10cm) 
for both measuring points positioned on the floor and on the wall 
of the compartment of amphibious assault at an altitude of fas-
tening the seat, which is shown in Figs. 7 and 8. 

The results of the effect of the load detonation on the dis-
placement of the soldiers' body are shown as characteristics 
depending on the x, y, z displacement components in time 
(Fig. 9). There are differences in the range of movements for each 
of the directions in the coordinate system of the vehicle on the 
graphs. In the case of the soldier driver (P1), the smallest move-
ment of the cervical spine ranging up to a maximum of 100 mm 
was observed along the y-axis. This indicates that during the 
explosion under the right wheel,  less displacement of driver to the 
side occurs. The largest absolute displacement value is present 
in the x and z direction. In driver (P1) with a fastened belt and 
without belts, large displacement in the x direction can cause 
whiplash injury and spinal compression injury. Attaching the belt 
to the driver's seating during the event results in the displacement 
values in the x direction not being characterized as linear, but 
wavy, which indicates a limitation of neck movement with the head 
and forcing their oscillatory motion. 

 
Fig. 7. Charts of displacement components of hull measuring point 

 
Fig. 8. Displacement of hull 

In the P4 soldier (most distant from the place of explosion) 
with and without fastened belts, the component of displacement 
in the x-axis achieves peak values. Soldiers P3 and P4 are 
at higher risk of compression injuries associated with a shift in the 
z direction. We observe the movement of both dummies in the x 
direction as a consequence of the distribution of seats along the 
walls of the amphibious assault compartment and the slowdown of 
vehicle as a result of the explosion. As a result, it exposes the 
cervical spine to lateral bending. In the variant with a fastened 
seat belt, x displacement reaches a value of approximately four 
times lower than displacement values when the belt is not fas-
tened. In this case, changing the position of the measuring point 
on the neck of a soldier (P4) in the y direction has a value almost 
twice higher than for the P3 soldier. It is worth noting that the 
displacement in the case of the P4 soldier with a fastened seat 
belt has a positive and negative value which also indicates the 
possibility of flexion - hyperextension or flexion-rotational injury 
taking into account the displacement in the x-axis.  
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Fig. 9. Charts of displacement measuring points of driver dummies P1  passengers P4 and P5 with and without seat belt  
            in the co-ordinate system x-direction of travel, y-perpendicular direction to the direction of travel z-vertical direction 

 

 

Fig. 10. Charts of acceleration measuring point of P3 and P4 dummies, with and without a seat belt 
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The analysis of accelerations recorded at the point of meas-

urement of the cervical spine for a P3 and P4 soldier (Fig. 10) 
showed the greatest acceleration in the direction of the z-axis. 
The greatest absolute accelaration values were reported in the P3 
passenger without a seatbelt and it was almost 2 times higher 
than in the same case for the P4 passenger. The acceleration was 
recorded at 100 ms, which, as confirmed by the analysis of the 
course of the shock wave is most likely to damage the anatomical 
structures. It is worth noting that the P4 passenger is located 
closest to the explosion site and receives the greatest accelera-
tion from the floor and the affixed place of their seating. Recogniz-
ing the mechanism and direction of movement enables the predic-
tion of possible traumatic changes in the neck column of soldiers 
exposed to the shock wave. 

4. DISCUSSIONS 

Injuries of passengers of military vehicles are the result 
of floor acceleration changes occurring as a result of pressure 
from the blast. The mechanism of compressive strength of the 
cervical spine is caused by exulting the soldier with the seat and 
his head hitting the roof of the vehicle. In analysing the cases 
of explosion in front part of the vehicle, it should be noted that the 
driven vehicle crashing into an explosive charge comes to a halt 
as a result and there is destabilization and displacement in the 
vertical or upright-side which was also observed in the test case. 
Doing so may prevent other traumatic mechanisms than only 
compression. It is important to study both displacements caused 
by the explosion and displacement transmitted through seats 
on the individual segments of the bodies of soldiers (Ramasamy 
et al., 2011). Three-dimensional analysis of the trajectory move-
ment of each of the soldiers enables the probable dysfunction 
of the cervical spine caused by extortion as an IED explosion to 
be specified. The cervical spine is particularly susceptible to dam-
age when the corps of the body relative to the neck is subjected to 
sudden acceleration or deceleration (Schmitt et al., 2010, Cronin, 
2011). The results obtained in the course of research allow for the 
classification of cases with soldiers in two groups. The first one is 
a P1 soldier-driver, the other is a P3 and P4 amphibious assault 
soldier. The basis of classification is to consider the neck and 
head movement relative to the force derived from an IED explo-
sion. In both cases there is a displacement of all the soldiers 
in the z-axis and x-axis, which is the direction of travel of the 
vehicle. The difference is the location of the seat relative to the 
direction of travel, wherein the P1 soldier is seated in the direction 
of driving, and in the perpendicular direction, additionally sitting 
opposite each other. The consequence of such an arrangement 
of seating is the back movement of the P1 driver, causing the 
forward bend and backward hyperextension in the sagittal plane 
in the case of belts fastened to the sides and flexion in the frontal 
plane for the P3 and P4 soldiers. For the the variant without belts, 
which forces  oscillatory motion in the direction of the x-axis,  
displacement in accordance with only one vector - flexion of P1, 
and lateral bending one side of P3 and P4, is observed. Cronin 
(2014) describes the phases of whiplash injury in his work. Kine-
matic response of the cervical spine and head during this type 
of damage is reduced to generating "S" shape in the neck in the 
first phase, by withdrawing the lower vertebrae in the back (exten-
sion) and upper vertebrae with the head forward (flexion). Then 

there is movement of the head backwards and hyperextension as 
a result of inertia of the entire spinal column (Cronin, 2014). 
A similar trajectory can be observed in our case for the P1 soldier, 
so an accession of ligament damage which can cause instability is 
probability. The mechanism of whiplash injury may cause damage 
to both the back (PLL - posterior longitudinal ligament) and front 
(ALL - anterior longitudinal ligament) ligaments. Depending on the 
vector of the applied load during accelerated and delayed injury, it 
can include a hyper flexion mechanism (destruction of the LF 
Flavum Ligament and the ISL Interspinous Ligament) or hyperex-
tension (destruction of the ALL anterior longitudinal ligament and 
tear of the FC Facet Capsule) (Ivancic et al., 2004, Panjabi et al.,  
2006). Leahny (2012) conducted an experimental and numerical 
simulation studying the impact of whiplash injury to the ligaments 
of the kinematics of the spine. The researcher found that dam-
aged ligaments do not limit movement and are primarily responsi-
ble for the increase of its range, thus reducing stability. At the 
same time stating that after the simulation of whiplash injury, the 
relaxed ligaments force the necessity of using the same degree 
of clinical stabilization as in patients with completely torn struc-
tures (Leahy et al., 2012). Instability associated with dysfunction 
of the ligaments can lead to dislocation of the spine column (col-
umn buckling or fracture), thereby causing pressure on the nerve 
structures and vessels. As shown for each soldier, there is con-
siderable displacement in the vertical axis Z, which increases the 
risk of the head hitting the roof of the vehicle. This results in a high 
probability of compression injury. According to the experimental 
studies of Denis (1983) compression fracture is located most often 
in the middle of the front of the vertebral body; however, it often 
comes up to the rear surface and the endplates, which may result 
in fragments penetrating deep into the spinal cord (Denis, 1983).  

 The type of dysfunction occurring on the traumatology base 
depends on where and how the tissue structures are load. Injuries 
of the upper segments are directly related to the force applied 
from the skull to the atlanto-occipital joint, and the lower segments 
are caused by impact forces directly to the vertebral body and the 
lever arm of force of several adjacent segments as in the case 
of P1 soldiers (Cusick et al., 2002). Similar conclusions were 
reached by Daffner (2006) and Robertson (2002) analyzing the 
cases in medical databases. The researchers showed that the 
fracture occurred at every level of the vertebrae, but the large 
majority of cracks occur in the extreme segments (Daffner et al., 
2006, Robertson et al., 2002). The damage at these levels are 
usually caused by trauma on the mechanism of compression and 
flexion, causing comminuted fractures of the vertebral bodies 
(DeWit et al., 2012). According to Pintar (1998) in order to evalu-
ate mechanisms of cervical injuries, the analysis of the rate 
of increase in the force and value and direction plays a key role. 
The researcher confirms that most of the damage of the cervical 
spine and the spinal cord is due to fractures and dislocations 
which are caused by the compression and flexion mechanism. 
Experimental studies determined that there is a 50% probability 
of damage at a load speed of 4.5 m / s and achieving a force 
of 3.9kN (Pintar et al., 1998). 

Experimental studies have shown that damage to the lower 
segments of the cervical spine occurs when the operating accel-
eration is in the range of 17-25g (g=9.81m/s^2). In the case 
of appreciable accelerations of 34-38g it was noted that the result-
ing dysfunctions are located at the upper vertebrae and at the 
connection of the skull to the spine (Levine, 1994). Analysis of the 
studies of absolute acceleration values for a  P3 and P4 soldier 
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is in the range corresponding to Levine (1994) and the possibility 
of injuries in the lower segments of the cervical spine. The maxi-
mum acceleration values of 5.72 g were reported for a P3 soldier 
located on the seat closest to the explosion in the case of a hip 
belt not being fastened. In the case of a lap belt being fastened, 
acceleration in the z-axis was almost 75% lower. For a P4 soldier, 
the situation was opposite. In the variant of a fastened lap belt, 
acceleration in the z-axis was 30% higher than in the case of the  
hip belt being omitted. It should be noted that the explosion 
caused displacement for this passenger in the Z-axis of 150mm 
higher than in variant despite a fastened seat belt. 

 

 

 

 
Fig. 11. The strain distribution in the intervertebral discs and spine  
              column: a) P4 without belts, b) P4 with belts, c) P3 without belts,  
              d) P3 with belts 

Strain distribution as shown in Fig. 11 was analyzed for P3 
and P4 soldiers. According to their placement, the biggest chang-
es on the destructive ground occurred in the lower segments 
of the cervical spine, which were confirmed by the results ob-
tained in the research of Levine (1994) (Levine, 1994). This was 
particularly noticeable in the structure of the C5C6 and C6C7 
intervertebral disc. Bambach (2013) also conducted research 
on the impact of a passenger's head hitting the roof of the vehicle 
during a collision and the possibility of cervical spine injuries. The 

results obtained by the researcher are similar to results obtained 
in the study. Bambach (2013) states that most of the damage 
occurs at the level of C5-C7, and the mechanism of damage 
is compression with the head extension or lateral bending. 
As a result of these mechanisms, Bambach informs that fracture 
of the lamina vertebral, intervertebral joint dysfunction, anterior 
longitudinal ligament (ALL) and posterial longitudinal ligament 
dysfunction (PLL) most often occurs (Bambach et al., 2013). 

Hryciów (2013) has sought to assess the level of dynamic 
loads acting on an armored personnel carrier and its crew during 
frontal collisions at low speeds. The study provides that there is a 
substantial threat to soldiers, resulting from the high level of load 
inertia during impact and deceleration of the vehicle in the way. As 
a result of experimental collision studies using dummies of the 
Hybrid III 50th Male dummy localized between the amphibious 
assault and the driver (all fastened in with a lap safety belt) the 
researcher analyzes the trajectory movement of soldiers. In the 
case of the driver, the maximum flexion of the cervical spine after 
120 ms from the moment of impact is observed. 

Due to the use of the safety belt, movement of the whole body 
is limited. After 340 ms from the moment of impact, the head 
is tilted up to the rear and the trunk is halted on the seat, which 
is characteristic in case of frontal collisions. Different behavior 
is observed for a dummy in range of amphibious assault. Approx-
imately 220 ms after collision, maximum displacement of the 
dummy occurs. The trunk and head are first bent to the right, with 
the simultaneous forward inclination and slight rotation of the 
vertical axis. Hryciów notes the displacement acting on the neck 
of the dummies during the 5 trials, which are in the range 2.44-
5.97g are similar to results obtained by us for P3 and P4 soldiers 
(Hryciów et al., 2013). 

It is worth noting that the highest probability of compression 
injury occurred in the P3 soldier without belts with whom we rec-
orded the biggest acceleration in the x-axis of up to a value 
of nearly 90g. This fact can be explained by the smallest distance 
of the seat in relation to the explosion site.  

Vertebral fractures are combined with application of variable 
force and hence Yogananda and Stemper (2013) drew attention 
to the issue of the vertical load of cervical spine in relation to 
combat injuries. The basis of their study was to measure the force 
acting on the vertical axis of the cervical spine during the com-
pression and swinging impact, and effect of dynamic loads on the 
spine intact. Injuries differ from each other, during the action of the 
mechanism of pure compression, vertebral compression occurs 
and flexion mechanism causes distraction of the rear parts of the 
spine and injuries of joints, in reaction to stress in the upper part 
of the cervical spine injuries occur and fracture of endplates sepa-
rating adjacent intervertebral discs. Yogananda and Stemper 
(2013) put forward the thesis that other biomechanical reaction 
results are to be obtained by applying axial compressive force to 
formulations, but by using a higher loading speed (Yoganandan 
et al., 2013).  

Knowledge about the mechanisms of damage and  of the cer-
vical spinal column resulting from the instability in combat is es-
sential in clinical practice. Anticipation and correct diagnosis 
of dysfunction and their classification as stability or instability 
is extremely important both in the prognosis and during first con-
servative treatment  or surgical field hospitals. 

b) 

a) 

c) 

d) 
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5. CONCLUSION 

Irrespective of the seating of the soldier, in connection with 
displacement in the vertical axis, there is a high probability 
of hitting his head on the roof of the vehicle thereby a compres-
sional injury to the cervical spine occurs. The effect of fastening 
belts is undoubtedly significant, since they protect the soldier 
before moving under the influence of mass forces and the head 
hitting hull fittings. The use of safety belts affect the trajectory 
of head movement in relation to the body, giving rise to displace-
ment of the neck in the sagittal and lateral plane. 
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Abstract: The paper presents the results of fatigue loading simulation applied to bimetallic model using the Chaboche kinematic hardening 
rule. Three cases of simulations were performed: (i) without residual stresses; (ii) considering residual stresses and (iii) considering  
asymmetrical geometry of bimetal, i.e. cross area reducing under tension period of loading. Experimental results exhibit the ratcheting 
phenomenon in titanium-steel bimetallic specimens. The observed ratcheting phenomenon could be explained by the third case of simula-
tion which is supported by detection of microcracks in the vicinity of welded area.  

Key words: Ratcheting Phenomenon, Explosive Welding, Cyclic Loading, The Chaboche Kinematic Hardening Model 

1. INTRODUCTION 

Bimetallic plates are sometimes required in specific industry 
equipment where different physical properties are needed 
in single plate. One layer of bimetallic plate offers for example 
excellent resistance against corroding medium and the second 
one provides appropriate mechanical stiffness and strength 
(Sulym et al., 2016; Ganczarski and Szubartowski, 2015). But, 
these different physical properties are often the reason that the 
required materials are unweldable by standard methods. In such 
case one of the alternatives is to use explosive welding technolo-
gy (Findik, 2011; Crossland, 1982). This technology applies ener-
gy of detonation that accelerates one metallic material (the flayer) 
that collides to the base material and the metallic bond is formed. 
However, depending on explosive welding parameters and me-
chanical properties of parent materials the interface between the 
joint metals is characterized by different types of inhomogeneities 
(Paul et al., 2012; Lazurenko et al., 2016; Gloc et al., 2016). 
These inhomogeneities could be considered as defects and stress 
rising factors having influence on the monotonic and fatigue 
strengths (Song et al., 2011; Karolczuk et al., 2013). Besides, the 
unique mechanical and structural properties of joint area there are 
also residual stresses locked during explosive welding or intro-
duced by the heat treatment (Karolczuk et al., 2014). Experi-
mental tests under fully reversed cyclic loading exhibit ratcheting 
phenomenon in titanium-steel bimetallic specimens (Karolczuk 
et al., 2013). According to (Hubel, 1996) if the element has inho-
mogeneous elastic-plastic properties the structural ratcheting 
could appear since the two materials undergo plastic strains under 
different stress states.  

There are two aims of the paper. The one is to show that the 
structural ratcheting in titanium-steel plate could not be simulated 
using the Chaboche hardening model even taking into account 
residual stresses. The second aim is to propose a model able 
to simulate the ratcheting phenomenon in the bimetallic plate.  

2. EXPERIMENT 

The tested and analyzed specimens were cut out from large 
bimetallic plate (4330x3150 mm) obtained during explosive weld-
ing process. The titanium plate (Titanium Grade 1) with thickness 
equal to 6 mm was cladded on the steel plate (S355J2+N) 
with thickness equal to 40 mm. The part of plate for specimens 
was cut out from the corner and the ignition point was in the cen-
ter of the plate. The chemical composition and basic mechanical 
properties of parent materials are presented in Tab. 1 and 2. 
The bimetallic plate after the welding process was subjected 
to the heat treatment. The heat treatment consists in soaking 
by 90 minutes at 600oC. After the heat treatment the plate under-
goes the cold flattening process. The flat specimens were cut out 
from the bimetallic plate and subjected to fatigue tests described 
in details in Karolczuk et al. (2013), Karolczuk and Kowalski, 
(2014). 

Tab. 1. Chemical composition of parent materials 

S355J2+N steel (in weight-%) Titanium Grade 1 (in weight-%) 

C C Si Mn P S C Fe H N O Ti 

0.22 0.22 0.55 1.60 0.025 0.025 0.10 0.20 0.015 0.03 0.18 99.5 

Tab. 2. Mechanical properties of S355J2+N steel and Tytanium Grade 1 

Material ReH, MPa Rm, MPa E, GPa , - A5, % 

S355J2+N 382-395 598-605 206-220 0.27-0.30 24-34 

Titanium Grade 1 189-215 (Rp02) 308-324 100-105 0.37-0.39 43-56 

3. THE CHABOCHE HARDENING MODEL 

The Chaboche model applied in simulation is a basic version 
consisted in the following decomposition rule of the kinematic 
hardening (Chaboche et al. 1979, 2012): 

mailto:a.karolczuk@po.opole.pl
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𝑑𝒂 = ∑ 𝑑𝒂(𝑖)3
𝑖=1 , 

d𝒂(𝑖) =
2

3
𝐶(𝑖)𝑑𝜀𝑝 − 𝛾(𝑖)𝒂(𝑖)𝑑𝑝, 

𝑑𝑝 = √
2

3
𝑑𝜀𝑝: 𝑑𝜀𝑝, 

(1) 

where: 𝑎 – back stress tensor, 𝐶(𝑖), 𝛾(𝑖) – material parameters,  

𝜀𝑝 – plastic strain tensor, : – inner product, 𝑑 – increment. 
The constitutive equations (1) were completed with the associated 
flow rule: 

𝑑𝜀𝑝 = 𝑑𝜆
𝜕𝑓

𝜕𝒔
=

𝑑𝒔:𝒏

𝐻
𝒏,            (2) 

where: 𝐻 – the plastic modulus, 𝑠 – the deviatoric stress tensor,  

𝑛 – tensor normal to yield surface 𝑓 of the Huber-Mises-Hencky 
hypothesis 

3

2
(𝒔 − 𝒂): (𝒔 − 𝒂) − 𝜎𝑦

2 = 0,  (3) 

where y is the yield stress.  

4. IDENTIFICATION OF MATERIALS PARAMETERS  
FOR THE CHABOCHE HARDENING MODEL 

One of the main problem in the Chaboche hardening model 

is identification of values of material parameters: 𝐶(𝑖), 𝛾(𝑖). In the 
identification procedure the standard Ramberg-Osgood plastic 
strain-stress characteristic was used: 

𝜀𝑎
𝑝 = (

σa

𝐾′
)

1
𝑛′⁄

,  (4) 

where: 𝜀𝑎
𝑝 – plastic strain amplitude; 𝜎𝑎 – stress amplitude; 𝐾’, 𝑛’ 

– cyclic hardening coefficient and exponent, respectively. The 
materials constants are presented in Tab. 3. 

Tab. 3. Mechanical properties of S355J2+N steel and Titanium Grade 1 
            (Karolczuk and Kowalski, 2014; Gómez et al., 2011) 

Material K’, MPa n’, - 

S355J2+N 721 0.1258 

Titanium Grade 1 190 0.0641 

Under uniaxial stress state (monotonic tension) the constitu-
tive equation of the Chaboche model could be solved and the 
relation between tension stress and plastic strain is as follows: 

σa = σy + ∑
𝐶(𝑖)

γ(𝑖)
(1 − 𝑒−γ(𝑖)εa

p

)3
𝑖=1 . (5) 

Identification procedure consisted in a minimization of param-
eter δW being the function of: 

δ𝑊 =
∫|d𝑊|

𝑊RO
100%  (6) 

where: 𝑊RO = ∫(εa
p)𝑛′𝐾′dεa

p,  (7) 

d𝑊 = (σy + ∑
𝐶(𝑖)

γ(𝑖) (1 − 𝑒−γ(𝑖)εa
p

)3
𝑖=1 − (εa

p
)

𝑛′
𝐾′) 𝑑εa

p
. (8) 

In other words, it is a minimization of difference in plastic 

strain energy densities (areas under the curves 𝜀𝑎
𝑝

− 𝜎𝑎) calcu-
lated using both curves, i.e. eq. 4 and 5. Minimization was per-
formed using iteration algorithm of the interior point method (func-
tion fmincon in Matlab R2011b - optimization toolbox). Final fitting 
features between both curves are presented in Figs. 1 and 2. The 
values of determined material constants are presented in Tab. 4.  

 
Fig. 1. The stress-strain curves and 𝑑𝑊 (eq.8) parameter plots  

 with the computed materials constants for the Chaboche model  
 for the S355J2+N steel 

 

 
Fig. 2. The stress-strain curves and 𝑑𝑊 (eq.8) parameter plots  

  with the computed materials constants for the Chaboche model  
  for the titanium grade 1 
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Tab. 4. Material parameters for the Chaboche hardening model  

Material y, MPa C(1), MPa C(2), MPa C(3), MPa (1) (2) (3) 

S355J2+N 226 107508 17359 2453 1434 188 0 

Titanium Grade 1 105 36823 4221 446 2474 223 0 

5. BIMETALLIC MODEL 

Loading scheme and model geometry are presented in Fig. 3. 
The equilibrium equations were formulated with the following 
assumptions: 
─ full and perfect connection between metals in form of plane 

without defects, 
─ uniform distribution of strain increments 𝑑, 

─ stress increment distributions 𝑑(𝑇𝑖), 𝑑(𝑆𝑡) are uniform 
for each layer, 

─ uniaxial stress state ( 𝑧𝑧 0, Fig.3). 

 

Fig. 3. Geometry and loading condition of bimetallic model 

The equilibrium equations are written in the following forms 

𝑑(𝑇𝑖)𝑔(ℎ − ) + 𝑑(𝑆𝑡)𝑔 − 𝑑𝐹 =  0 (9) 

𝑑(𝑇𝑖)𝑔(ℎ − )(ℎ + )/2 + 𝑑(𝑆𝑡)𝑔2/2
− 𝑑𝐹ℎ/2 − 𝑑𝑀 =  0 

(10) 

where: d(Ti), d(St)– stress increments in titanium and steel 

layers, respectively; dF – force increment, dM – moment incre-
ment. Equation (9) is treated as the aim function that together with 
the constitutive equations of material hardening is solved incre-

mentally in Matlab software. Residuals Er(t) of equation (9) are 
traced and plotted in Figs. in next paragraph.  

6. SIMMULATIONS 

Analysis of influence of sinusoidal loading 𝐹(𝑡) =
𝐹𝑎𝑠𝑖𝑛(2𝑓𝑡) (where 𝑓 – frequency of loading; 𝑓 = 4 Hz) 
on cyclic behavior bimetallic layers was performed with force 
amplitude 𝐹𝑎=24500 N that corresponds to experimental fatigue 

life 𝑁𝑒𝑥𝑝 equal to 26570 cycles. The observed ratcheting phe-

nomenon for this specimen is shown in Fig. 4. Fig. 5 presents 
the changes in mean value of total strain cycle by cycle. The 
mean strain rate oscillates around 10-7 1/cycle.  

In simulations two initial stress state were considered (Tab. 5). 
In the case 0 it is assumed that residual stresses in both metals 
are equal to zero and in the second case it is assumed that resid-

ual stress state in titanium is -100 MPa (z direction, Fig. 3). 
The negative value comes from residual stress measurement 
and analysis of the heat treatment process (Karolczuk et al., 

2014). The positive value of residual stress in steel comes from 
the equilibrium of forces. 

 
Fig. 4. Hysteresis loops 𝐹 −   showing ratcheting phenomenon, i.e. 

            strain accumulation in direction of tension,  
            where 𝑛 = 𝑁/𝑁𝑒𝑥𝑝 (damage degree) 

 
Fig. 5. Evolution of mean value of total strain  
            and estimated mean strain rate  

Tab. 5. Simulation cases 

Material Titanium Grade 1 S355J2+N  

Simulation res, MPa res, MPa 

0 0 0 

1 -100 50 

Results of simulations are presented in Figs. 6 and 7, where: 

(a), (b) final positions or yield surfaces in space 𝑧 − 𝑦 for steel 

and titanium, respectively; (c) stress courses for steel and titani-
um; (d) strain courses; (e) hysteresis loops; (f) residuals of Eq. 9. 

It could be noticed that the maximum value of 𝐸𝑟(𝑡) does not 

exceed the value of 510-6 N. The strain amplitudes and mean 
values are stabilized after tens of cycles. Detailed analysis 
of stability of strain courses is presented in Figs. 8-11. Figs. 8a 

and 10a present simulated hysteresis loops 𝐹 − , where  is 
calculated without the residual stress influence, i.e. the starting 

point is assumed as 𝐹(𝑡 = 0) = 0 then (𝑡 = 0) = 0 (in tita-
nium and steel layers, as measured by extensometer during 
fatigue test). Figs. 8b and 10b present the changes in the ampli-
tudes and mean values of strain during subsequent cycles. 
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Fig. 6. Behavior of bimetal under cyclic loading and case 0 of simulation  

 
Fig. 7. Behavior of bimetal under cyclic loading and case 1 of simulation  

 
Fig. 8. Simulation: case 0. (a) Hysteresis loops  − 𝐹;  

           (b) strain amplitudes 𝑎 and mean values 𝑚  

           in function number of cycles 𝑁 

The rates of strain amplitudes 𝑑𝑎/𝑑𝑁 and mean values 

𝑑𝑚/𝑑𝑁 show precisely that for case 0 of simulation the strain 
rates achieve value below 10-10 1/cycle after 37 cycles and 
for case 1 of simulation the strain rates achieve value below 10-10 

1/cycle after 49 cycles. The rate value equal to 10-10 1/cycle could 
be treated as stabilization since, e.g. after 106 cycles the 
accumulated strain would be equal to 10-4, i.e. around 2.5 % of 
strain amplitude. In case 1 of simulation the mean value of stress, 
i.e. residual stresses are relaxed very quickly in a few first cycles.  

 
Fig. 9. Simulation: case 0. Rates of strain amplitudes 𝑎  

            and mean values 𝑚 in function number of cycles 𝑁 

The conclusion is that different cyclic properties of parent ma-
terials and even existence of residual stresses are not the cause 
of the experimentally observed ratcheting phenomenon.  

 
Fig. 10. Simulation: case 1. (a) Hysteresis loops  − 𝐹; (b) strain  

              amplitudes 𝑎 and mean values 𝑚 in function number  

              of cycles N 

 
Fig. 11. Simulation: case 1. Rates of strain amplitudes 𝑎  

              and mean values 𝑚 in function number of cycles N 

-200 -100 0 100 200
-200

-100

0

100

200


z
(Ti), MPa


y
(T

i)
, 

M
P

a

(b)


res
(Ti) = 0 MPa

-400 -200 0 200 400
-300

-200

-100

0

100

200

300


z
(St), MPa


y
(S

t)
, 

M
P

a

(a)


res
(St) = 0 MPa

0 1 2 3 4 5
-500

0

500


, 

M
P

a

 

 
(c)


z
(Ti)


z
(St)

0 1 2 3 4 5

-2

0

2

4
x 10

-3


, 

-

t, s

 

 
(d)


z
(Ti)


z
(St)

-3 -2 -1 0 1 2 3 4

x 10
-3

-200

0

200

, -


, 

M
P

a

 

 

(e)


z
(Ti)-

z
(Ti)


z
(St)-

z
(St)

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
-5

0

5
x 10

-6

t, s

E
r,

 N (f)

-200 -100 0 100 200
-200

-100

0

100

200


z
(Ti), MPa


y
(T

i)
, 

M
P

a

(b)


res
(Ti) = -100 MPa

-400 -200 0 200 400
-300

-200

-100

0

100

200

300


z
(St), MPa


y
(S

t)
, 

M
P

a

(a)


res
(St) = 50 MPa

0 1 2 3 4 5
-500

0

500


, 

M
P

a

 

 
(c)


z
(Ti)


z
(St)

0 1 2 3 4 5
-4

-2

0

2

4
x 10

-3


, 

-

t, s

 

 
(d)


z
(Ti)


z
(St)

-4 -2 0 2 4

x 10
-3

-200

0

200

, -


, 

M
P

a

 

 

(e)


z
(Ti)-

z
(Ti)


z
(St)-

z
(St)

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
-5

0

5
x 10

-6

t, s

E
r,

 N (f)

-5 0 5

x 10
-3

-3

-2

-1

0

1

2

3
x 10

4

,-

F
, 
N

(a)

0 10 20 30 40 50
0

0.5

1

1.5

2

2.5

3

3.5

4
x 10

-3

N, cycles



(b)

 

 


a


m

0 5 10 15 20 25 30 35 40 45 50
-12

-10

-8

-6

-4

-2

0

2
x 10

-5

d

/d

N

N, cycles

 

 

d
m

/dN

d
a
/dN

-5 0 5

x 10
-3

-3

-2

-1

0

1

2

3
x 10

4

,-

F
, 
N

(a)

0 20 40 60
-0.5

0

0.5

1

1.5

2

2.5

3

3.5

4
x 10

-3

N, cycles



(b)

 

 


a


m

0 5 10 15 20 25 30 35 40 45 50
-12

-10

-8

-6

-4

-2

0

2
x 10

-5

d

/d

N

N, cycles

 

 

d
m

/dN

d
a
/dN



DOI 10.1515/ama-2016-0040              acta mechanica et automatica, vol.10 no.4 (2016) 

269 

The other reasons of ratcheting phenomenon in the analyzed 
bimetal that could be consider are specific structural and mechan-
ical properties of joint area. During the collision of flayer plate 
with base plate very high pressure around 19-50 GPa is created 
in time around 2-5 𝑠 (Walczak, 1989; Crossland, 1982) 
as a result thin very hard layer of intermetallics is formed (Paul 
et al., 2011) sometimes with larger local melted areas. Those 
melted areas could already have very short cracks (Fig. 12) be-
fore fatigue test. The melted areas could be the places of stress 
concentration and fatigue crack initiators (Fig. 13). 

 
Fig. 12. Photo of joint area of one of tested bimetallic specimen  
              before fatigue test  

 
Fig. 13. Photo of joint area after fatigue test (steel – low part of photo) 

 
Fig. 14. Simulation with different crack lengths 𝐿0. Rates of strain mean  

              values 𝑚 in function number of cycles 𝑁  

              for different crack lengths 

In the third simulation the micro crack with length 𝐿0 is intro-
duced into model. This introduction is very simplified just in order 
to simulate the difference in force transmission between tension 
and compressive period of loading. Thus, under tension the crack 
decreased the cross section of specimen by 𝐿0 − 𝑔 (Fig. 3) 
equally in both layers and under compressive period the cross 
section is not changed. The tension period were defined as 
(𝑡) > 0 and 𝑑𝐹/𝑑𝑡 > 0. The results of simulations are pre-
sented in Fig. 14.  

Fig. 14 shows that the strain rate of mean values strongly de-
pends on the simulated crack length. For the crack length equal 
to 0.0001 mm the strain rate is close to experimental one, i.e. 10-7 
1/cycle (Fig. 5). 

7. CONCLUSIONS 

─ Different elastic-plastic properties of parent materials used 
in the applied bimetallic and material models cannot explain 
the ratcheting phenomenon. 

─ The ratcheting phenomenon could be simulated using asym-
metrical geometrical model of bimetal, i.e. cross area reduced 
under tension period of loading. 

─ The simulated strain rate using asymmetrical geometrical 
model of bimetal is very sensitive to the applied asymmetry.  
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Abstract: This paper discusses the causes and the effects of plastic deformation of double reduced sheets under uniaxial and biaxial load-
ing. It focuses on the specific inhomogeneity and localization of plastic deformation, which is analysed in detail. The uniaxial and the hy-
draulic biaxial tensile tests were used for material testing and the results were compared and evaluated. The final part of the paper deals 
with the microstructure of material deformations. 

Key words: Tinplates, Double Reduction, Tensile Tests, Plastic Deformation 

1. INTRODUCTION 

An accurate determination of mechanical properties is one 
of the key issues in the analysis of behaviour of material defor-
mation. Tinplate forming is characterized by a phenomenon 
of specific inhomogeneity, of which causes and effects are ana-
lysed in this paper. Tinplates can be classified according to the 
type of production, into the simply reduced (SR) and the double 
reduced (DR) sheets. The thickness of the sheets is effected by 
the method of production, and it ranges from 0.13 to 0.50 mm. 
A significant strain hardening of the material occurs during the 
process of production, with the use of a cold rolling tandem mill. 
This adverse effect is eliminated either by a continuous annealing 
(CA) or by a batch annealing (BA). Protection tin coating is ap-
plied on the modified material, it brings several advantages such 
as excellent formability, sufficient strength and corrosion re-
sistance (European Standard 2001). Modern tinplate has several 
important advantages, including excellent drawability combined 
with good strength, good solderability and corrosion resistance. 

DR tinplate is currently and mostly tested by the tension test 
(uniaxial tensile test). However, this test showed that there 
is severe variance in the case of identified mechanical and plastic 

properties. Significantly high variance is observed in the case 
of material plasticity which is demonstrated through the material 
elongation. The measured properties of DR tinplate after the 
elongation, which were identified by the uniaxial tensile test, tend 
to be very low (starting at 0.2%). We tried to experimentally test 
the behaviour of DR tinplate by means of a hydraulic biaxial ten-
sile test which uses hydrostatic bulging and to analyse the root 
causes of non-homogenous plastic deformation with subsequent 
disruption of tested specimens during tension test (Spišák et al., 
2012). 

2. LOCAL PLASTIC DEFORMATION AND ITS PROGRESS  

Plastic deformation of material can be generally divided into 
and dealt with at the three levels, namely micro, meso and macro 
level. In a majority of low-carbon sheets, deformation takes place 
evenly along the whole length of the test specimen, until a certain 
phase of the process where the loss of stability occurs, which 
is manifested through the local narrowing and thinning of the 
specimen (Fig. 1). 

                     
Fig. 1. Ways of loss of stability of the test specimen: a) without localization of deformation, b) Marciniak model, c) several slip lines  

(European Standard EN 10202:2001, 2001) 
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The reduction of width and thickness of the material continues 
until another type of the stability loss in the area appears. The loss 
of stability of the plate appears as a local change, there is 
a change of its thickness along the certain line. This type of de-
formation can be observed as a local thinning visible on the sur-
face of the specimen (Fig. 1b). Its width depends on the thickness 
of the sheet. The local thinning continues until the slip strips ap-
pear across its whole length. When the loss of stability of the 
material occurs, local deformation appears in the form of shear 
bands (Fig. 1c) at the moment when the load reaches the maxi-
mum. Methods for localization of deformation as well as the condi-
tions of the loss of stability were described by many authors (Hill, 
1952; Marciniak, 1978; Swift, 1952). 

Generally, there are three basic models of the loss of stability, 
which are accepted (Fig. 1), including a model of the diffusion 
thinning (Swift, 1952), the localized thinning (Hill, 1952) and 
a model of the initial inhomogeneity in the material – Fig. 1b 
(Marciniak, 1978).  

Deformation proceeds at a decreased stress level, known 
as the lower yield stress, but it is inhomogeneous. The specimen 
is divided into the regions where the strain is relatively high (Lü-
ders strain) and the regions which are still elastic. The distinct 
plateau in the stress-strain curve is characterized by the propaga-
tion of Lüders bands. The propagation of Lüders bands is influ-
enced by many factors including crystal structure, grain size, 
composition and microstructure, shape and stiffness of the testing 
specimen, strain rate and the type of loading. Experimental study 
of local deformation has been described previously by the authors 
(Zhang and Jiang, 2004). It was found out that the strain at the 
beginning of Lüders band is lower than the total strain. Generally, 
this phenomenon is important in the process of material defor-
mation (Zhang and Jiang, 2004a, b). 

3. MATERIAL FOR THE EXPERIMENTAL RESEARCH 

Tinplate TH 415 CA with the thickness of 0.18 mm was used 
for the experiment. The tinplate had been processed by double 
reduction and continuous annealing. The specimens were taken in 
the rolling direction (0°) and the direction perpendicular to the 
rolling direction (90°). The chemical composition of the material 
is given in Tab. 1. 

Tab. 1. Chemical composition of the material TH 415 CA expressed  
             in [wt. %] 

Fe C Si Mn P S Cu Al 

99.52 0.075 0.022 0.130 0.014 <0.002 0.030 0.065 

Cr Mo Ni V Ti Nb Co W 

0.009 0.013 0.005 0.009 <0.002 0.018 0.036 0.048 

In order to identify the mechanical properties of the tested ma-
terial, uniaxial tensile test (Fig. 2a) and hydraulic biaxial tensile 
test (Fig. 2b - Bulge test) were conducted. The plastic deformation 
is observed in particular areas on the specimens. The specimens 
were difficult to evaluate because numerous damages occurred 
out of the measured section of specimens. Besides the defor-
mation in the observed area, there occurred damage in other 
locations, with cracks of different shapes; however, major part of 
the specimen remained without plastic deformation, as illustrated 
in Fig. 3. Mechanical properties of the tested material TH 415 CA 
obtained from uniaxial tensile test are shown in the Tab. 2. 

a) 

 

b) 

 

Fig. 2. Specimen No. 27: a) uniaxial tensile test,  
             b) hydraulic biaxial tensile test 

a) 

 

b) 

 

c) 

 

Fig. 3. Detail of plastic undeformed parts of specimen after uniaxial 
tension test: a) local deformation with a fracture, b) local 
deformation without a fracture, c) fractured material after plastic 
deformation and without plastic deformation  

Tab. 2. Mechanical properties of material obtained  
             from uniaxial tensile test 

Specimen 
number 

Rp0,2    [MPa] Rm   [MPa] A50   [%] 

÷27 0° 450.7 443 21.61 

÷27 90° 504 499.7 1.89 

The specimen obtained from hydraulic biaxial test after failure 
is documented in Fig. 2b. Slip bands were clearly visible in the 
deformed area of specimens. Anisotropic properties obtained from 
this test are shown in Tab. 3. 

Tab. 3. Mechanical properties of tested steel sheet obtained  
             from hydraulic biaxial tensile test 

Specimen 

number 
Rp0,2  [MPa] Rm  [MPa] A   [%] hdome   [mm] 

÷27 370 507. 3 12.59 17.7 
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4. EXPERIMENTAL METHODS 

Uniaxial tensile test was carried out on the TIRA test 2300. 
Test conditions and the shape of the specimen corresponded to 
standards STN EN 10002-1+AC1 and STN 42 0321. 

Hydraulic biaxial tensile test was performed on the equipment 
for hydraulic bulging (Bulge test). The test plate is clamped be-
tween the bottom plate and die with a diameter of 80 mm. 
The blankholder prevents pulling material through the rib located 
in die. Fluid pressure is used for deformation and subsequent 
burst of the specimen. The plastic properties of the tested plate 
are identified from the height of the bulge and shape of the crack 
after the bulge is damaged. Hydraulic biaxial tensile tests are 
used for  evaluation of parameters such as yield strength Re, 
ultimate tensile strength Rm, total elongation of specimen A50 and 
the height of bulge h. Hydraulic bulge test was performed using 
six specimens of steel sheet TH 415CA with thickness 0.18 mm 
and size 130 mm x 130 mm. 

 Subsequently, metallographic observation of material struc-
ture was performed. Specimens were observed and evaluated 
using a GX 71 Olympus light microscope. Specimens were taken 
from deformed parts after uniaxial (Fig. 4) and hydraulic biaxial 
tensile tests (Fig. 5). Figs. 4 and 5 show areas marked with high-
lighted detail “C” for metallographic observation, which is shown 
in Figs. 6 and 7.    

a) 

 

b) 

 

Fig. 4. Specimen for metallographic observation: a) detail “C”,  
  b) after  uniaxial tensile test 

 
Fig. 5. Specimen for metallographic observation – detail   “C”  

 and for the analysis of the chemical composition  
 of the material – detail “D” (hydraulic biaxial tensile test) 

5. EXPERIMENTAL RESULTS AND THEIR ANALYSIS 

 Tinplate TH 415 CA was used for metallographic observation 
of the microstructure. After uniaxial tensile test in the 0° direction, 
the microstructure showed significantly elongated grains 
in the rolling direction, which is the result of the double reduction 
(Fig. 6a). The microstructure of the specimen taken in the 90° 
direction is characterized by uniform structure (Fig. 6b). The local-
ization of deformation and fracture of specimens in the tensile test 
can be explained by Marciniak’s theory, according to which the 
localization of deformation occurs in areas with a strong inhomo-
geneity of the material. Inhomogeneity of the material can cause 
changes in the surface micro-geometry; internal inhomogeneity 
of the material can cause a lot of surface defects. The depth 
of defects plays the main role in this process. Non-metallic inclu-
sions – oxides were observed at these locations and at the cou-
pling of the base material with deformation slivers. Their presence 
depends on the material conditions of annealing (Fig. 6a, b). 

a) 

 

b) 

 

Fig. 6. Deformed material structure after uniaxial tensile test taken from 
place “C”: a) rolling direction 0°, b) rolling direction 90° 

The average value of elongation of tinplate in the 0° direction 
was 2%, and it reached 22% in the 90° direction. Significant dif-
ference was observed in the mechanical properties of specimen 
taken in the 0° and 90° direction, particularly in their non-
deformed parts. The value of elongation difference observed in 
most cases was up to 100 %.  

 
Fig. 7. Deformed material structure after hydraulic biaxial tensile test test               
            taken from place “C” in rolling  direction 0°: a) area of fracture,   
            b) base material 
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To determine the properties of tinplate, hydraulic biaxial ten-
sile test appeared to be preferable. The average value of elonga-
tion of this material was 13%. The microstructure of the deformed 
material was also characterized by a uniform structure in the 
failure area, which was typically plastic with a significant narrow-
ing (Fig. 7a, b). Breakage of the specimen is initiated at a particu-
lar location when the slip bands and thinning occur. They are not 
able to resist the increasing tension, which results in the failure 
of material. 

6. CONCLUSIONS 

Firstly, this paper described the causes and consequences 
of the loss of stability and violations of tinplate in uniaxial and 
biaxial tensile loading. Secondly, it analysed the deformation and 
loss of stability in individual tests. The metallographic structure 
of material was observed, which served for the analysis of the 
structure and mechanism of plastic deformation. At the very be-
ginning of plastic deformation in the uniaxial tensile test, the slip 
lines are generated; these exist in areas with inner inclusions in 
material. In these spots, as tension force increases, deformation 
is localized in the area of slip plains without spreading plastic 
deformation along the whole length of test specimen. The test 
specimen disrupts in this spot.  

In case of hydraulic biaxial tensile test, the difference between 
yield strength Rp0.2 and Rm is higher. Plastic deformation occurs 
in various directions (suitably oriented grains), thus the difference 
is not localized in its slip plain.  

Based on the results we can conclude that uniaxial tensile test 
does not provide objective information regarding the plastic prop-
erties of material. Hydraulic biaxial tensile test is more suitable for 
DR tinplate thinner than 0.18 mm, as it provides more objective 
information on plastic properties of DR tinplate. 
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Abstract: Investigations of the surface layer characteristics of selected kinds of low-alloy high-speed steel after grinding were carried out. 
They were carried out on the flat-surface grinder with a 95A24K grinding wheel without cooling. The influence of grinding parameters was 
defined especially for: the quantity of secondary austenite, surface roughness, microhardness and grinding efficiency with a large range 
of grinding parameters: grinding depth 0.005–0.035 mm, lengthwise feed 2–6 m/min, without a cross-feed on the whole width of the sam-
ple. It was found that improvement of grinding properties of low-alloy high-speed steels is possible by efficient selection of their chemical 
composition. The value of the grinding efficiency is conditioned by grinding forces, whose value has an impact on the grinding temperature. 
To ensure high quality of the tool surface layer (i.e. a smaller amount of secondary austenite, lack of wheel burn and micro-cracks) in the 
case of sharpening of tools made of low-alloy high-speed steel, the grinding temperature should be as low as possible. 

Key words: Grinding, High-Speed Steel, Microhardness, Secondary Austenite, Surface Roughness

1. INTRODUCTION 

Grinding and sharpening are the final operations in the manu-
facturing of cutting tools. Under the influence of these operations, 
in the tool surface layer occur e.g. structural changes, surface 
stresses, plastic deformations and others (Józwik and Pietras, 
2013). These phenomena determine the quality of the tools to a 
great extent, which mainly depends on the state of the surface 
layer (Jaworski and Trzepieciński, 2016b; Li and Axinte, 2016; 
Uhlmann et al., 2016). Grinding is an integral process composed 
of several simultaneous sub-processes, and chemical additives 
can affect these sub-processes. The past reports on the effect 
of physico-chemical parameters of the environment on mechani-
cal properties and grindability of materials were reviewed by El-
Shall (1984). The degree of the effect of grinding on the properties 
of high-speed steel depends on such factors as the abrasive, the 
workpiece, the type and parameters of grinding, coolant, etc. 
(Ding et al., 2015). For example, increasing the speed of grinding 
or lengthwise feed leads to grinding burns on the surface layer 
of the workpiece or tool made of steel with low grindability. The 
mathematical model relating the heat transfer between the grind-
ing wheel, fluid, and the workpiece is presented by Gu et al. 
(2004). Coolant fluids have been used in grinding processes to 
reduce workpiece temperature and decrease the risk of thermal 
damage (Tawakoli et al., 2011) In addition, thanks to their lubri-
cant properties fluids serve to enhance process performances 
(Torrance, 1978). 

Many studies have shown that the formation of grinding burns 
denotes the formation of a clear layer having an austenitic-
martensitic microstructure on the hardened steel surface, due to 
secondary hardening (El-Rakayby and Mills, 2013; Romano et al., 
2006; Zhou et al., 2016). This shows that the temperature in the 

grinding zone exceeds the transition temperature 𝐹𝑒𝛼  −  𝐹𝑒𝛾.  

In grinding, the literature generally distinguishes two transient 
temperatures: a background temperature rise and a local temper-
ature rise (Lefebvre et al., 2012). The background temperature 
results from the cumulative effect of all local heat sources on the 
ground surface. The background temperature damages the work-
piece subsurface, whilst the temperature flashes and heat gener-
ated at the grain/workpiece interface increase the wear rate 
(Lefebvre et al., 2008; 2012). The grain–workpiece interactions at 
the local level and the wheel–workpiece interactions at the global 
level are studied by Hou and Komanduri (2004). The first attempt 
to correlate actual grinding temperatures with structural metallur-
gical changes in the workpiece was reported by Littman and Wulf 
(1955). The heat is primarily carried away to the machined part, 
because the cross-section and volume of the chip are very small, 
and the grinding wheel hardly conducts heat. Stresses are formed 
in the surface layer under the influence of heating and phase 
transformations. The magnitude of stresses may even exceed the 
allowable stress of the workpiece, which can lead to the formation 
of micro-cracks on the surface of the workpiece. Thermal damage 
is one of the main factors which affects workpiece quality, so it is 
especially important to understand the underlying factors which 
affect the grinding temperatures. The use of superabrasive grind-
ing wheels is known to reduce the risk of thermal damage of the 
workpiece (Rowe et al., 1995). A comprehensive overview 
of thermal analyses for grinding processes and the effect of grind-
ing temperatures on thermal damage is provided by Malkin and 
Guo (2007). The changes in the microstructure of the steel as 
a result of grinding depend on its chemical composition and pa-
rameters of the grinding (Abidi et al., 2013; Jaworski and Trze-
pieciński, 2016b). These changes can be divided into two catego-
ries: 

 changes related to the establishment of microstructure 
of secondary hardening with tempering; and 
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 changes related to the establishment of microstructure with 
different degrees of tempering. 
On the whole, in the surface layer, one changed zone of sec-

ondary hardening or secondary tempering, or several zones can 
be created i.e. secondary hardening, transient and secondary 
tempering (Bonek, 2014; Moravcik et al., 2012). During the sec-
ondary hardening, a clear outer surface layer consisting of a large 
amount of austenite, usually ~10–70%, is normally formed. Aus-
tenite is formed at high intense heat, is very stable, and hardly 
decomposes upon cooling. However, the decomposition of high-
speed steels occurs from 400–450°C during the heating. Walton 
et al. (2006) found that the effect of the heating rate due to the 
grinding conditions have a significant influence on the A3 austenit-
ic transition temperature. A review of early works concerned on 
hardening of alloy steel surfaces by grinding was done by Tor-
rance (1978). 

Because all of the mentioned changes in the surface layer 
when sharpening of tools directly affect the durability of the tools, 
they can be used to assess the grindability of high-speed steel. 
Steel grindability can be interpreted as a comprehensive parame-
ter that allows one to characterise the ability of steel to provide the 
required properties of the surface layer under certain conditions 
(Urbaniak, 2006). For grindability assessment, a knowledge of the 
efficiency of the grinding process of a particular grade of steel is 
also important. The grindability strongly depends on the tendency 
of grinding wheels to blunt. Therefore, to determine the grindabil-
ity, first we must examine all the physical processes that occur 
during the grinding. The characteristics of ground surface layer 
depend on the depth of microhardness variation, depth of occur-
rence of structural modifications in the surface layer, micro-cracks 
forming and surface roughness (Foeckerer et al., 2013; Jaworski 
and Trzepieciński, 2016a; Oliveira et al., 2009; Weiss et al., 2015; 
Zhang et al., 2015). The grindability of high speed steel in terms of 
specific grinding energy versus undeformed chip thickness and 
maximum temperature rise versus specific material removal rate 
is presented by Krajnik et al. (2011). 

Wear and tear of cutting and grinding tools is one of the most 
important characteristics that define the accuracy of technological 
system of parts machining (Arsecularatne et al., 2006; Jaworski et 
al., 2014; Jaworski et al., 2016). Recognition of the machining 
properties and defining the tool operational reliability as one of the 
elements of that system is realised through the help of experi-
mental data about wear and tear of a knife-edge, depending on 
machining time or path (Kulesza et al., 2012). 

Here, the measurements of parameters of the surface layer 
and grinding efficiency of selected kinds of low-alloy high-speed 
steel were carried out. The aim of the investigations is to find the 
effect of grinding depth and lengthwise feed on such grinding 
parameters as the quantity of secondary austenite, surface 
roughness, microhardness, and grinding efficiency. 

2. MATERIALS AND METHOD 

The cubicoid samples have dimensions of 6 x 6 x 65 mm. The 
heat treatment was carried out according to the recommendation 
of suitable standards. The selected physical-mechanical proper-
ties of the tested steels are shown in Tab. 1. 

The investigations were carried out on the flat-surface grinder 
with a disk-type grinding wheel 95A24K without cooling. The 
influence of the grinding parameters was defined especially for: 
quantity of secondary austenite, roughness of surface, microhard-

ness and coefficient of grinding with a large range of grinding 

parameters: 𝑣𝑐  = 20 m/s, 𝑎𝑝 = 0.005–0.035 mm, 𝑣𝑓  = 2–6 m/min, 

without cross-feed on the whole width of sample. After each study, 
the disk-type grinding wheel was dressed by diamond dresser. 
The temperature was measured using a half-artificial thermocou-
ple according to methodology, which is known. The force was 
measured using a dynamometer, whereas the roughness of the 
surface was measured using Surtronic 3+ profilograph and the 
microhardness using the Brivisor KL2 microhardness tester on 
oblique cuts. The surface roughness is calculated by choosing 
cut-off length of 0.8 mm, according to the recommendation of ISO 
3274:1998 and ISO 4288:1998 standards. The amount of sec-
ondary austenite both on the surface and in depth was determined 
using a Philips device. 

3. RESULTS AND DISCUSSION 

3.1. Microhardness 

To increase the efficiency of sharpening by means of increas-
ing its parameters, it is better to increase lengthwise feed than the 
grinding depth. The microhardness of the surface layer in relation 
to the grinding depth was measured on the skew-polished sec-
tions. The microhardness of HS3-1-1 steel has undergone con-
siderable modification together with an increase of grinding depth 

(Fig. 1). The decrease of microhardness can be observed at 𝑎𝑝 = 

0.015 mm and increase of microhardness at 𝑎𝑝 = 0.025–0.035 

mm. The decrease of hardness for HS6-5-2 steel is not observed 

at all cutting depths and decrease of hardness at 𝑎𝑝 = 0.035 mm 

is less substantial (Fig. 2). Results confirm higher propensity to 
structural modifications for HS3-1-1 steel during grinding. At the 

distance from the surface layer 𝑑𝑠 = 0.02 mm for both steels the 
change of microhardness value is not observed. 

 
Fig. 1. Effect of grinding depth on microhardness of HS3-1-1 steel 

3.2. Secondary austenite 

In many investigations (e.g., Bonek, 2014; Sinopalnikov and 
Grigoriew, 2003) the amount of secondary austenite is a main 
criterion in the evaluation of surface layer quality during tools 
sharpening.  
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Tab. 1. Low-alloy high-speed steel grades – chemical constitution and physical-mechanical properties 

Steel grade 

Chemical constitution in % wt. Physical-mechanical properties 

C W Mo Cr V Si Hardness HRC 
Bending strength 

 Rg, MPa 
Impact resistance, 

J/m2 
Hardening 

temperature, ºC 

HS3-3-3 1.00 2.98 2.83 4.27 2.30 - 64 3400÷3800 3.2·105÷4·105 1180÷1210 

HS2-5-2 0.99 1.67 4.79 3.78 1.15 - 64 3000÷3400 4·105÷4.5·105 1080÷1170 

HS3-1-1 1.11 3.35 1.15 4.65 1.75 2.05 63÷68 3000÷3600 4.6·105 1080÷1170 

HS6-5-2 0.82 5.55 5.13 4.27 2.06 - 64 3200÷3600 4.8·105 1200÷1230 

 

 
Fig. 2. Effect of grinding depth on microhardness of HS6-5-2 steel 

The effect of grinding depth in a range of 0.005–0.035 mm on 
the amount of secondary austenite for HS3-1-1 and HS6-5-2 
steels is presented in Fig. 3. The amount of secondary austenite 
for HS3-1-1 steel is larger than for HS6-5-2 steel and increases 
with increasing grinding depth. 

 
Fig. 3. The influence of grinding depth on the amount of secondary 

austenite 

The influence of lengthwise feed on the amount of secondary 
austenite for both on the surface layer and at the depth of 0.01 
mm is shown in Fig. 4. The amount of secondary austenite at the 
depth of 0.01 mm deceases with increasing lengthwise feed; 

however at a lengthwise feed 𝑣𝑓  = 6 m/min, the amount of austen-

ite is almost imperceptible. With lengthwise feed increase, austen-

ite is located in more thin layers, which is proved by decreasing its 
content at a depth of 0.01 mm, although its amount is considera-
bly higher on the surface layer (Fig. 4). The impact of grinding 
depth on the amount of austenite on the surface layer is present-
ed more distinctly. 

 
Fig. 4. The influence of lengthwise feed on the amount of secondary 

austenite for HS6-5-2 high-speed steel 

3.3. Surface roughness 

Results of the measurement of the Ra parameter are present-
ed in Fig. 5 and Tab. 2. Substantial differences of surface finish 
for selected steel grades are not observed.  

 
Fig. 5. Effect of grinding depth on the Ra parameter value 
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The value of Ra parameter increases together with an in-
crease of grinding depth (Fig. 2) and lengthwise feed (Tab. 2),  
for all steels used. Furthermore, the quite linear relation between 
the roughness average Ra and the grinding depth is observed 
(Fig. 5). Differences in the surface finish do not have an impact  
on the machinability of tools. 

Tab. 2. Effect of lengthwise feed vf on the roughness of the average  
      Ra value 

Steel grade vf, m/min Ra, µm 

HS3-1-1 
4 0.67 

6 0.80 

HS3-3-3 
4 0.63 

6 0.77 

HS6-5-2 
4 0.71 

6 0.86 

HS2-5-2 
4 0.63 

6 0.74 

3.4. Grinding ratio 

The value of grinding efficiency can be, to a certain degree, 
the characteristic of efficiency and quality of low-alloy high-speed 
steel grinding process. The value of this parameter is evaluated 
using (Jaworski, 2002): 

𝐾 =  𝑄𝑚/𝑃𝑦  (1) 

where: 𝑄𝑚  – the amount of material that is removed, 𝑃𝑦 – invert-

ed grinding force. 
The values of grinding efficiency are shown in Fig. 6. Low-

alloy high-speed steel has poorer grinding properties than HS6-5-
2 steel, with the exception of HS2-5-2, where that ratio is slightly 
higher. Other investigations of the grinding efficiency value 
(Masłow, 1974) have shown that in the case of grinding of HS3-1-
1 steel using a CBN grinding wheel, the grinding efficiency value 
is 2.5 times greater than in the case of grinding using a corundum 
grinding wheel. Furthermore, in the case of grinding using the 
corundum wheel, the value of the grinding efficiency is the same 
for each grade of low-alloy high-speed steel. 

 
Fig. 6. The grinding efficiency for selected grades of low-alloy high-speed  

  steels during grinding using corundum (B151V180SBs) and CBN  
  (95A24K) wheels at 𝑣𝑐 = 20 m/s, 𝑣𝑓  = 2 m/min  

   and 𝑎𝑝 = 0.005 mm 

Because there is a direct relationship between the grinding 
temperature and the quality of the surface layer, to improve the 
grinding efficiency it is necessary to create the conditions allowing 
us to reduce cutting forces and the temperature in the surface 
layer of high-speed steel. This can be achieved by using cutting-
tool lubricants (Brinksmeier, 1999). However, in industrial condi-
tions, tool sharpening is usually carried out without the use 
of cutting-tool lubricants and therefore more efficient in this case 
is the use of cubic boron nitride (CBN) grinding wheels (Sallem 
and Hamdi, 2015). 

4. CONCLUSIONS 

We have shown that the characteristics of ground surface lay-
er depend on the depth of microhardness variation, the depth 
of occurrence of structural modifications in the surface layer, and 
the amount of secondary austenite and process parameters. 
To ensure a lack of burn and micro-cracks during the sharpening 
of tools made of low-alloy high-speed steel, the grinding tempera-
ture should be maintained as low as possible. To achieve this aim, 
the following criteria must be met: use of a borazon abrasive disk, 
decreasing the sharpening parameters, or selection of optimal 
grinding fluids for the specific conditions. To increase the efficien-
cy of sharpening by means of increasing its parameters, it is 
better to increase the lengthwise feed than the grinding depth. 
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Abstract: In the paper the dynamic response of thin-walled, spot-welded prismatic frusta subjected to axial impact load is investigated. 
The parametric study into the influence of several parameters on the energy absorption capability, expressed by some crashworthiness  
indicators is performed, using Finite Element simulations. FE model is validated by experimental results of quasi-static and dynamic  
(impact) tests. Results of initial study concerning influence of spot welds are presented. Some conclusions are derived from the parametric 
study into the influence of frustum angle and wall thickness upon the energy absorption capability.  
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1. INTRODUCTION 

Dynamic response of structures in the plastic range is a signif-
icant problem in the case  of energy absorbers. Such a structural 
member converts totally or partially the kinetic energy into another 
form of energy. One of the possible design solutions is the con-
version of the kinetic energy of impact into the energy of plastic 
deformation of a thin-walled metallic structural member. There are 
numerous types of energy absorbers of that kind cited in the 
literature (Alghamidi, 2001). 

Thin-walled metal tubes are widely used as energy absorption 
systems in automotive industry due to their high energy absorp-
tion capability, easy to fabricate, relatively low price and sustaina-
bility at collapse.  

A designer of any impact attenuation device must meet two 
main requirements. The initial collapse load (peak load) must not 
be too high in order to avoid unacceptably high impact velocities 
of the vehicle. On the other extreme, the main requirement is 
a possibly highest energy dissipation capacity, which may not be 
achieved if the collapse load of the impact device is too low. Thus, 
maximizing energy absorption and minimizing peak to mean force 
ratio by seeking for the optimal design of these components are of 
great significance. Many efforts have been made so far by several 
researchers to reduce the peak load at initial stage of the crushing 
process and simultaneously to increase  energy absorption capac-
ity in metal tubes, acting as energy absorbers.  

One of the solutions are flaws or dents acting as triggers. 
A trigger may induce the most desirable crushing (collapse) mode, 
leading to higher energy absorption and mean to peak crushing 
force ratio. Ferdynus (Ferdynus and Kotełko, 2015) performed the 
static analysis of axially compressed square section tube with 
dents in the corners. A parametric study into an optimal dents 
situation and geometry with respect to the energy absorption 
capacity of tubes with dents subjected to axial impact was per-
formed by the same author in Abbasi et al., (2015).  

In last few years  research was carried out into another solu-
tion, namely an application of multi-cornered thin-walled tubes as 
energy absorbing members. Abbasi et al. (2015) investigated 
crushing behavior and energy absorption of hexagonal, octagonal 
and 12-edge thin-walled columns.  Reddy et al. (2015) continued 
to analyze  the similar problem for 12-edge columns of different 
geometry. Ali et al. (2015) analyzed axial crushing of pentagonal 
and cross-shape thin-walled tubes. Another solution, bitubal ener-
gy absorber was investigated experimentally under quasi-static 
load by Sharifi et al. (2015).  

An alternative solution are  compressed thin-walled frusta 
(truncated circular cones or prisms) (Alghamdi, 2001), currently 
used as impact attenuation members in car structures, mainly due 
to the reduction of the peak crushing load in relation to parallele-
piped. There are few published results, concerning this type of 
energy absorbing members. Very recently, Sarkabiri et al. (2015) 
published the results of multi-objective crashworthiness optimiza-
tion of thin-walled conical groove tubes filled with polyurerthane 
foam. They stated, that the conical angle reduces the peak crush-
ing force, however it reduces also the absorbed energy.  

2. SUBJECT AND OBJECTIVES OF THE ANALYSIS  

The subject of investigation was a thin-walled prismatic frus-

tum on square foundation of constant edge length 𝑎 = 90 mm and 
height ℎ =160 mm, shown in Fig. 1, subjected to axial, dynamic 
(impact) compressive load.  

The first objective of the research was the investigation into an 
influence of spot welds on the crushing behavior of the frustum. 
Particularly, situation, number of spot welds and their diameter 
were taken into account in the analysis.  

The main objective  was the parametric study into the energy 
absorption capacity, ultimate load and  mean crushing load of 
thin-walled prismatic frusta subjected to axial impact compressive 
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force.  Particularly, the influence of the angle of inclination of the 
frustum wall was examined.  

 
Fig. 1. Thin-walled spot welded frustum 

There are several crashworthiness indicators (Jones, 2003) 
used to evaluate the crashworthiness of the energy absorbing 
structure (energy absorber). In the present analysis the following 
indicators are applied: 

 energy absorption (EA); 

 mean crushing force (MCF); 

 crash load efficiency (CLE). 
The typical crushing force – displacement curve for a thin-

walled member subjected to axial impact  is shown in Fig. 2.  

 
Fig. 2. Exemplary force – displacement curve for thin-walled member   
            under axial impact   

The energy absorbtion (EA) is calculated as an following inte-
gral: 

 𝐸𝐴(𝑑𝑥) = ∫ 𝐹(𝑥)𝑑𝑥
𝑑𝑥

0
                                                           (1) 

where dx is a crushing distance (see Fig. 2).  The mean crushing 

force (MCF) for a given crushing deformation dx is calculated as: 

𝑀𝐶𝐹 =
𝐸𝐴(𝑑𝑥)

𝑑𝑥
                                                                            (2)  

Crash load efficiency is a mean crushing force (MCF) to peak 

crushing force (PCF – see Fig.2) ratio: 

𝐶𝐿𝐸 =
𝑀𝐶𝐹

𝑃𝐶𝐹
⋅ 100%                                                                  (3) 

In the parametric study the above mentioned indicators were 
determined in terms of the angle of inclination of the frustum and 
its wall thickness. 

3. FINITE  ELEMENT MODEL 

Finite element calculations were carried out using  commercial 
code Abaqus (Finite Element calculations carried out in Abaqus 
by CYFRONET AGH. MNiSW/IBM_BC_HS21/PŁódzka/013/2013)  

and explicit dynamic analysis (Dassault Systems, 2013). An FE 
model of the column was created using 4-node shell elements 
S4R. A column model was situated between two rigid elements 
R3D4 (Fig. 3). Between upper and lower rigid elements and the 
column Tie links were applied. In the analysis the residual stress-
es coming from forming process of the metal sheet were taken 
into account. FE simulation of sheet folding process was per-
formed. Then, the equivalent residua stresses obtained in this 
simulation were used as initial conditions in the explicit analysis of 
impact behaviour.  

a)                                                     b) 

                
Fig. 3. FE model: a)-  frustum model, b)- spot weld model 

 
Fig. 4. Material characteristics for varying strain rates 

The spot welds were modelled using the rigid beam elements 
(Fig. 3b), situateted between two overlapping shell elements. 
Using the FASTENER elements nodes in the area of the spot 
weld were connected.  

𝜎(𝜀 ̅𝑝̇𝑙, 𝜀𝑝̅𝑙) = 𝜎0(𝜀𝑝̅𝑙) ∙ 𝑅(𝜀 ̅𝑝̇𝑙)            (4) 

where: 𝜎0 – static (initial) yield stress, 𝜀 ̅𝑝̇𝑙 – equivalent plastic 

strain rate, 𝑅 – yield stress ratio, 𝜀𝑝̅𝑙 – equivalent plastic strain. 

The rate-dependent  elasto-plastic material model, taking into 
account the strain rate and strain hardening has been applied, the 
constitutive relation of which is given in (4). Equivalent stress and 
equivalent plastic strain were calculated using Huber-Mises yield 

criterion. The coefficient 𝑅 was determined for subsequent equiv-
alent plastic strain rates from tensile and compressive test curves 
(Fig.4)  corresponding to subsequent strain rates. First, material 
parameters were determined in tensile and compressive static 
tests, in order to obtain a basic stress-strain curve. Then, on the 
basis of the data from literature (Kaczyński and Rusiński, 2014), 
curves corresponding to subsequent strain rates were determined. 
Afterwards, calibration of the material model was carried out using 
Abaqus program (Dassault Systems, 2013).  

Calculations were carried out for high quality steel Dual Phase 

DP 800, with main strength parameters: yield stress  𝜎0 =  590  
MPa, 

Young modulus 𝐸  = 210  GPa. From the same material col-
umns (frusta) for experimental tests were fabricated.  
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4. EXPERIMENTAL VALIDATION OF FE RESULTS 

Experimental verification of FE simulations was carried out 
both for quasi-static and dynamic (impact) load. Quasi-static tests 
were performed on the testing machine Instron, with the load 

velocity 𝑣0 = 600 mm/min. The comparative load-shortening 
diagram and failure modes obtained theoretically and experimen-
tally are shown in Fig. 5. The agreement of FE simulation results 
and experimental results of  quasi-static tests was satisfactory.  

Preliminary impact tests were performed on the drop-hammer 
rig, described in detailes in Kotełko et al., (2014). The comparative 
load-time  diagram for the parallelepiped is shown in Fig. 6. The 
agreement in the case of impact load was also satisfactory, alt-
hough the discrepancy of experimental and theoretical results was 
larger in the final stage of failure, which was partially caused by 
additional vibrations measured by the accelerometer (Kotełko 
et al., 2014).  

a) 

 
b)                                                   c) 

  
Fig. 5: a) Load-shortening comparative diagram for quasi-dynamic  load: 
            frustum angle α = 5º, 𝑡 = 1 mm, b) failure mode (experiment), 

            c) – failure mode (FE simulation) 

 
Fig. 6. Load-time comparative diagram for dynamic  load   
            for parallelepiped  (𝛼 = 0º), 𝑡 = 1, 𝑣0 = 6.19 m/s 

5. RESULTS OF PARAMETRIC STUDY 

5.1. Influence of spot welds on the frusta crushing behavoiur 

There are very few fragmented information about an influence 
of spot welding on the crushing behavior of thin-walled members 
subjected to axial impact (Rusiński et al., 2004). 

In the present study the influence of the diameter and number 
of spot welds was investigated. Fig. 7 shows load-shortening 
diagrams for the frusta of angle 5º of the same number of spot 
welds, but of different diameter. In Fig.8. the influence of the 
number of spot welds of the same diameter is presented. The 
results of the study indicate, that that the diameter and number 
of spot welds do not influence the crushing behavior of frusta 
significantly.  

 
Fig. 7. Influence of spot weld diameter. Wall  thickness 𝑡 = 1 mm, 𝛼 = 5 ̊ ,  

           spot weld diameter 𝑑 = 8 mm, 𝑑 = 4 mm, 𝑛=8   

 
Fig. 8. Influence of spot weld diameter. Wall  thickness 𝑡 = 1 mm, 𝛼 = 5 ̊,  

            spot weld diameter 𝑑 = 8 mm, 𝑛=8 and 𝑛=4 

5.2. Parametric study of energy absorption capability 

The parametric study was focused on the  analysis into an op-
timal angle of frustum wall inclination (frustum angle) with respect 
to the energy absorbed, mean crusshing force (MCF) and crash 
load efficiency (CLF).   

The subject of the parametric study was the frustum with 

8 Spot welds of diameter 𝑑= 8 mm. Frusta of different wall thick-
ness were examined.  
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Fig. 9. Influence of frustum angle on the crushing behaviour;  
            wall thickness 𝑡 = 0.8 mm 

 
Fig. 10. Crash load effeciency (CLE)  

 
Fig. 11. Energy absorption (EA)  

 
Fig. 12. Energy absorption (EA) for wall thickness 𝑡 = 0.8 mm 

Fig. 9. shows load-shortening diagrams for the frustum of wall 

thickness 𝑡=0.8 mm and for different frustum angles. The struc-
tural crushing  behaviour is similar for all frustum angles. Howev-

er, a significant decrease of peak crushing force with the increase  
of frustum angle is observed. In Fig. 10 CLE indicator in terms 
of frustum angle for different wall thickness values, which were 
examined, is presented. Fig.11 shows the energy absorption (EA) 
in terms of frustum angle for wall thickness values from 𝑡 = 1  

to 𝑡 = 1.8. Similar diagram for one wall thickness t = 0.8 mm 
is presented in Fig.12. Fig.13. indicates the decrease of peak 
crushing force with the increase of frustum angle for wall thick-

ness 𝑡 = 0.8 mm.  

 
Fig. 13. Peak crushing force in terms of frustum angle  
              for wall thickness 𝑡 = 0.8 mm  

6. FINAL REMARKS 

The results of the parametric study indicate significant de-
crease of peak crushing force with the increase of frustum angle 
(see Fig. 9 and 13).  

The influence of frustum angle on the crashworthiness indica-
tors are different for different wall thickness values. Relation of the 
energy absorption in terms of frustum angle is non-linear. For the 

lowest examined wall thickness (𝑡 = 0.8 mm) , there are two opti-
mal values of the frustum angle (𝛼 = 1º and 𝛼 = 5º) , for which EA 
indicator is of maximum value. However, the increase of EA with 
respect to parallelepiped is not significant. For larger values 
of wall thickness the energy absorption is influenced by the frus-

tum angle insignificantly. The ecception is wall thickness 𝑡 = 1.2 
nmm, for which EA indicator decreases significantly.  

Crash load efficiency (CLE) increases with the increase 

of frustum angle for wall thicknes 𝑡 = 0.8 mm only. For other 
examined values of wall thickness the influence is minor.  

The presented results indicate, that  research should be con-
tinued for wider range of geometric parameters. Thus, further 
parametric study is planned into multi-objective optimization 
of frusta under investigatuion, using response surface techniques.  
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Abstract: Abstract. We consider a numerical solution of the initial-boundary value problem for the homogeneous wave equation with the 
Neumann condition using the retarded double layer potential. For solving an equivalent time-dependent integral equation we combine the 
Laguerre transform (LT) in the time domain with the boundary elements method. After LT we obtain a sequence of boundary integral equa-
tions with the same integral operator and functions in right-hand side which are determined recurrently. An error analysis for the numerical 
solution in accordance with the parameter of boundary discretization is performed. The proposed approach is demonstrated on the numer-
ical solution of the model problem in unbounded three-dimensional spatial domain.  

Key words: Boundary Integral Equation, Time-Domain Boundary Integral Equation, Wave Equation, Sobolev Spaces,  
                     Generalized Solution, Retarded Surface Potentials, Laguerre Transform, Boundary Elements Method 

1. INTRODUCTION 

The development of efficient numerical methods for initial-
boundary value problems for the wave equation in unbounded 
three-dimension spatial domains is actual for simulation of wave 
processes. In this formulation, approaches based on retarded 
potentials are widely used since they reduce the time-dependent 
problem in the unbounded domain to an integral equation on the 
bounded surface. Theory of such time-domain boundary integral 
equations (TDBIEs) for the wave equation was first developed by 
Bamberger and Ha-Duong (1986a, 1986b). In these papers the 
Galerkin method for TDBIEs was also proved. However, practical 
usage of the Galerkin method has some computational complexi-
ty, caused by the presence of dependency of potential density on 
the time and the spatial coordinates (so-called delay). It requires 
very precise spatial quadrature on parts of boundary elements 
which depend on delay, see, for example, Ha-Duong (2003) and 
Mykhas'kiv et al. (2014). 

To overcome such difficulties after traditional discretizations 
on spatial variables some auxiliary problems may be considered 
for taking into account the time dependency. In particular, a con-
volution quadrature method (Lubich, 1994) has been utilized in 
many applications (see, for example, Laliena and Sayas, 2009; 
Monegato et al., 2011; Sayas and Qiu, 2015, and references 
there). It is based on sustainable methods for ordinary differential 
equations and is more efficient than Galerkin or collocation time 
approximations. 

Another method is to apply the Fourier-Laplace integral trans-
form with respect to the time variable as proposed in Bamberger 
and Ha-Duong (1986a), Ha-Duong (2003) and in Dominguez and 
Sayas (2013). This method is well suitable for theoretical investi-
gations, however, the corresponding numerical inverse operation 
is complicated (except for some cases). In this respect the La-
guerre transform (LT), for which the inverse transform is to find 

the sum of corresponding Fourier-Laguerre serie, proved to be 
more constructive. In combination with the method of boundary 
integral equations (BIEs) such transform was used in papers 
Halazyuk et al. (1984), Jung et al. (2010), Litynskyy and 
Muzychuk (2015a), Lyudkevych and Muzychuk (1990), Chapko 
and Johansson (2016), Vavrychuk (2011) for numerical solution of 
various evolution problems. 

In Litynskyy and Muzychuk (2015b, 2016) generalized solu-
tions of the Dirichlet and Neumann initial-boundary value prob-
lems for the wave equation with homogeneous initial conditions 
were built by using the retarded potentials in some weighted 
Sobolev spaces, where desired solutions and densities of poten-
tials allow the LT with respect to the time variable. Using this 
transform the Dirichlet and Neumann problems were reduced to 
sequences of BIEs. This work is dedicated to applying of the 
boundary elements method (BEM) to obtained equations in the 
case of the Neumann problem. 

We begin in Section 2 with defining the Neumann initial-
boundary value problem for the wave equation and then we re-
duce it to an infinite triangular system of BIEs using LT. In Section 
3 we rewrite it as a sequence of equations with the same integral 
operator in the left-hand side and apply the BEM to it with error 
analysis. At the end we consider results of the numerical experi-
ment on solving of the model problem. 

2. REDUCTION OF THE NEUMANN PROBLEM  

TO AN INFINITE SYSTEM OF BIEs 

Let 𝛺− be a domain in ℝ3 with Lipschitz boundary 𝛤, 𝛺 :=

ℝ3\𝛺−, ℝ+: = (0,∞), 𝑄:= 𝛺 × ℝ+, 𝛴:= 𝛤 × ℝ+, and 𝝂(𝑥) be a 

unit vector in the direction of the outward normal to the surface 𝛤 
at a point 𝑥 ∈ 𝛤. 

We consider the initial-boundary value problem: find a function 
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𝑢(𝑥, 𝑡), (𝑥, 𝑡) ∈ 𝑄, that satisfies (in some sense) the homogene-
ous wave equation  

𝜕2𝑢(𝑥,𝑡)

𝜕𝑡2
− 𝛥𝑢(𝑥, 𝑡) = 0,    (𝑥, 𝑡) ∈ 𝑄,                (1) 

homogeneous initial conditions  

𝑢(𝑥, 0) = 0,    
𝜕𝑢(𝑥,0)

𝜕𝑡
= 0,      𝑥 ∈ 𝛺,           (2) 

and the Neumann boundary condition  

𝜕𝝂(𝑥)𝑢(𝑥, 𝑡) = 𝑔(𝑥, 𝑡),      (𝑥, 𝑡) ∈ 𝛴.                (3) 

Here Δ is the Laplacian and 𝜕𝝂 denotes the normal derivative. 
To solve the problem (1)-(3) we use the retarded double layer 

potential  

(𝒟𝜆)(𝑥, 𝑡): =
1

4𝜋
∫  𝛤 𝜕𝝂(𝑦)(

𝜆(𝑧,𝑡−|𝑥−𝑦|)

|𝑥−𝑦|
)|𝑧=𝑦𝑑𝛤𝑦 , (𝑥, 𝑡) ∈ 𝑄,         (4) 

where 𝜆: 𝛤 × ℝ → ℝ is a density. It is known (see, e.g., Bamberg-
er and Ha-Duong, 1986a or Polozhyy, 1964) that if an arbitrary 
function 𝜆(𝑦, 𝜏), (𝑦, 𝜏) ∈ 𝛤 × ℝ, is smooth enough and 𝜆(𝑦, 𝜏) =
0 when 𝑦 ∈ 𝛤, 𝜏 ≤ 0, then function  

𝑢(𝑥, 𝑡): = (𝒟𝜆)(𝑥, 𝑡),    (𝑥, 𝑡) ∈ 𝑄,           (5) 

satisfies (in the classical sense) the wave equation and initial 
conditions (2). 

Note that for a sufficiently smooth density 𝜆 and surface 𝛤 we 

can express the operator 𝜕𝝂 as 𝜕𝝂(𝑥)𝑢(𝑥,⋅) = 𝝂(𝑥) ⋅ 𝛻𝑥𝑢(𝑥,⋅), 

where 𝛻𝑥 is the gradient operator. Then there exists the following 
limit  

(𝒲𝜆)(𝑥, 𝑡): =
1

4𝜋
𝝂(𝑥) ⋅ 𝑙𝑖𝑚

𝑥′→𝑥
𝛻𝑥′ ∫  𝛤 𝝂(𝑦) ⋅ 𝛻𝑦 (

𝜆(𝑧,𝑡−|𝑥′−𝑦|)

|𝑥′−𝑦|
) |𝑧=𝑦𝑑𝛤𝑦,           (6) 

where 𝑥′: = 𝑥 − 𝜀𝝂(𝑥) ∈ 𝛺, 𝜀 > 0, denotes a point close to the 
point 𝑥 ∈ 𝛤. We say that 𝑥′ approaches 𝑥, 𝑥′ → 𝑥, when 𝜀 → 0. 

The function 𝑢 satisfies the boundary condition (3), if the function 

𝜆 is a solution of the retarded potential integral equation (RPIE)  

(𝒲𝜆)(𝑥, 𝑡) = 𝑔(𝑥, 𝑡), (𝑥, 𝑡) ∈ 𝛴.                   (7) 

We shall briefly give the essential notions of the Laguerre 
transform in the weighted Lebesgue space 𝐿𝜎

2 (ℝ+; 𝑋) with some 
parameter 𝜎 > 0 and weight 𝜌𝜎(𝑡) = 𝑒

−𝜎𝑡, 𝑡 ∈ ℝ+. Here 𝑋 is a 
Hilbert space with an inner product (⋅,⋅)𝑋 and an inducted norm 
|| ⋅ ||𝑋. Elements 𝑣 ∈ 𝐿𝜎

2 (ℝ+; 𝑋) are measurable functions 
𝑣:ℝ+ → 𝑋 such that ∫  

ℝ+
||𝑣(𝑡)||𝑋

2  𝑒−𝜎𝑡𝑑𝑡 < ∞. This space is 

equipped with the inner product  

(𝑣, 𝑤)𝐿𝜎2 (ℝ+;𝑋): = ∫  
ℝ+
(𝑣(𝑡), 𝑤(𝑡))𝑋  𝑒

−𝜎𝑡𝑑𝑡, 𝑣, 𝑤 ∈ 𝐿𝜎
2 (ℝ+; 𝑋),      

                                 (8) 

and the norm  

||𝑣||𝐿𝜎2 (ℝ+;𝑋): = √(𝑣, 𝑣)𝐿𝜎2 (ℝ+;𝑋),    𝑣 ∈ 𝐿𝜎
2 (ℝ+; 𝑋).         (9) 

It is well-known (Reed and Simon, 1977) that the space 
𝐿𝜎
2 (ℝ+; 𝑋) is complete. We will assume that the elements of 

space 𝐿𝜎
2 (ℝ+; 𝑋) are extended with zero for non-positive argu-

ments. 
For any 𝑚 ∈ ℕ (set of natural numbers) let us denote the 

weighted Sobolev space as  

𝐻𝜎
𝑚(ℝ+; 𝑋) ≔ {𝑣 ∈ 𝐿𝜎

2 (ℝ+; 𝑋)| 𝑣
(𝑘) ∈ 𝐿𝜎

2 (ℝ+; 𝑋), 𝑘 = 1,𝑚}  (10) 

with the norm ||𝑣||𝐻𝜎𝑚(ℝ+;𝑋): = (∑  𝑚
𝑘=0 ‖𝑣

(𝑘)‖
𝐿𝜎
2 (ℝ+;𝑋)

2
)
1/2
. Here 

derivatives 𝑣𝑘(𝑘 ∈ ℕ) are understood in terms of the space 
𝒟′(ℝ+; 𝑋), elements of which are distributions with values in the 
space 𝑋. 

We introduce a couple of notations. As the sequence of ele-

ments of set 𝑋 we understand a vector-column 𝒗:= (𝑣0, 𝑣1, . . . )
𝛵. 

All possible sequences of elements of the set 𝑋 are denoted by 
𝑋∞. We consider the Hilbert space 
𝑙2(𝑋):= {𝒗 ∈ 𝑋∞ |    ∑  ∞

𝑗=0 ||𝑣𝑗||𝑋
2 < +∞} with the inner product 

(𝒗,𝒘) = ∑  ∞
𝑗=0 (𝑣𝑗 , 𝑤𝑗)𝑋, 𝒗,𝒘 ∈ 𝑙2(𝑋), and the norm ||𝒗||𝑙2(𝑋): =

(∑  ∞
𝑗=0 ||𝑣𝑗||𝑋

2 )1/2, 𝒗 ∈ 𝑙2(𝑋). Recall that for 𝑋 = ℝ we have 

𝑙2(ℝ) = 𝑙2: = {𝒗 ∈ ℝ∞ |     ∑  ∞
𝑗=0 |𝑣𝑗|

2 < +∞}. 

Now let us give the definition of the Laguerre transform and 
outline some of its properties (Litynskyy and Muzychuk, 2015b). 
Consider a mapping ℒ: 𝐿𝜎

2 (ℝ+; 𝑋) → 𝑋∞ which operates accord-
ing to the rule  

𝑓𝑘: = 𝜎 ∫  
ℝ+
𝑓(𝑡)𝐿𝑘(𝜎𝑡) 𝑒

−𝜎𝑡𝑑𝑡,      𝑘 ∈ ℕ0 ≔ ℕ ∪ {0},         (10) 

where {𝐿𝑘(𝜎 ⋅)}𝑘∈ℕ0 are Laguerre polynomials, which form or-

thogonal basis in the space 𝐿𝜎
2 (ℝ+) (Keilson et al., 1980). Also 

consider the mapping ℒ−1: 𝑙2(𝑋) → 𝐿𝜎
2 (ℝ+; 𝑋), which maps an 

arbitrary sequence 𝒉 = (ℎ0, ℎ1, . . . , ℎ𝑘 , . . . )
𝛵 to a function  

ℎ(𝑡):= (ℒ−1𝒉)(𝑡) = ∑  ∞
𝑘=0 ℎ𝑘  𝐿𝑘(𝜎𝑡), 𝑡 ∈ ℝ+.           (11) 

  
Proposition 2.1 (theorem 2 from Litynskyy and Muzychuk, 
2015b) The mapping ℒ: 𝐿𝜎

2 (ℝ+; 𝑋) → 𝑋∞ that maps the arbitrary 
function 𝑓 to the sequence 𝒇 = (𝑓0, 𝑓1, . . . , 𝑓𝑘 , . . . )

𝛵 according to 
the formula(10), is injective and its image is the space 𝑙2(𝑋), and  

||𝑓||𝐿𝜎2 (ℝ+;𝑋)
2 =

1

𝜎
∑  ∞
𝑘=0 ||𝑓𝑘||𝑋

2 .         (12) 

In addition, for the arbitrary function 𝑓 ∈ 𝐿𝜎
2 (ℝ+; 𝑋) we have an 

equality  

ℒ−1ℒ𝑓 = 𝑓,           (13) 

where the mapping ℒ−1: 𝑙2(𝑋) → 𝐿𝜎
2 (ℝ+; 𝑋) is the inverse to ℒ 

and maps the arbitrary sequence 𝒉 = (ℎ0, ℎ1, . . . , ℎ𝑘 , . . . )
𝛵 to the 

function ℎ according to the formula (11).    
  

Definition 2.2 (Litynskyy and Muzychuk, 2015b) Let 𝜎 > 0 
and 𝑋 be a Hilbert space. Mappings ℒ: 𝐿𝜎

2 (ℝ+; 𝑋) →

𝑙2(𝑋)     𝑎𝑛𝑑      ℒ−1: 𝑙2(𝑋) → 𝐿𝜎
2 (ℝ+; 𝑋), mentioned in Proposi-

tion 2.1, are called, respectively, direct and inverse Laguerre 
transforms, and the formula (12) is an analogue of the Parseval 
equality.   

   

Definition 2.3 (Litynskyy et al., 2009) Let 𝑋, 𝑌, 𝑍 be arbitrary 
sets and 𝑞: 𝑋 × 𝑌 → 𝑍 be some mapping. By a q-convolution  of 
sequences 𝒖 ∈ 𝑋∞ and 𝒗 ∈ 𝑌∞ we understand the sequence 
𝒘:= (𝑤0, 𝑤1, . . . , 𝑤𝑗 , . . . )

𝛵 ∈ 𝑍∞, whose elements are obtained 

by the rule  

𝑤𝑗: = ∑  
𝑗
𝑖=0 𝑞(𝑢𝑗−𝑖 , 𝑣𝑖) ≡ ∑  

𝑗
𝑖=0 𝑞(𝑢𝑖 , 𝑣𝑗−𝑖),    𝑗 ∈ ℕ0;       (14)  

the q-convolution of 𝒖 and 𝒗 is shortly written in the form 𝒘 =
𝒖 ∘
𝑞
𝒗.   

If 𝑋=ℒ(𝑌,𝑍) is the space of linear operators acting from the 
space 𝑌 into the space 𝑍 and  𝑞(𝐴, 𝑣):= 𝐴𝑣, 𝐴 ∈ ℒ(𝑌, 𝑍), 𝑣 ∈ 𝑌, 
then for components of the q-convolution of arbitrary sequences 
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𝑨 ∈ (ℒ(𝑌, 𝑍))∞ and 𝒗 ∈ 𝑌∞ we will have the following formula  

𝑤𝑗 = ∑  
𝑗
𝑖=0 𝐴𝑗−𝑖𝑣𝑖 ,    𝑗 ∈ ℕ0,              (15) 

and will write 𝒘:= 𝑨 ∘
𝑍
𝒗. 

Now let’s consider a sequence of functions  

𝑒0(𝑧): =
𝑒−𝜎|𝑧|

4𝜋|𝑧|
,    𝑒𝑘(𝑧):=

𝑒−𝜎|𝑧|

4𝜋|𝑧|
(𝐿𝑘(𝜎|𝑧| − 𝐿𝑘−1(𝜎|𝑧|)), 𝑘 ∈ ℕ,

𝑧 ∈ ℝ3\{0}.           (16) 

Based on the above, in the space 𝐻1(𝛺): = {𝑣 ∈ 𝐿2(𝛺)||𝛻𝑣| ∈
𝐿2(𝛺)} we can define a function sequence  

𝒖(𝑥):= (𝑫 ∘
𝐻1(𝛺)

𝝀)(𝑥),    𝑥 ∈ 𝛺,         (17) 

where 𝝀 = ℒ𝜆 for any 𝜆 ∈ 𝐿𝜎
2 (ℝ+; 𝐻

1/2(𝛤)) and the sequence 𝑫 
is composed of operators 𝐷𝑘: 𝐻

1/2(𝛤) → 𝐻1(𝛺, 𝛥), 𝑘 ∈ ℕ0, given 
by the rule  

(𝐷𝑘𝜉)(𝑥):=
1

4𝜋
∫  
𝛤
𝜉(𝑦)𝝂(𝑦) ⋅ 𝛻𝑦𝑒𝑘(𝑥 − 𝑦)𝑑𝛤𝑦.        (18) 

Here 𝐻1(𝛺, 𝛥): = {𝑣 ∈ 𝐻1(𝛺)|  𝛥𝑣 ∈ 𝐿2(𝛺)}, 𝐻1/2(𝛤) denotes a 
space of traces of elements of 𝐻1(𝛺) on the surface 𝛤 and 
𝐻−1/2(𝛤):= (𝐻1/2(𝛤))′. If 𝑢 is expressed by the retarded double 
layer potential (4) with some density 𝜆 then the sequence (17) 
represents the transformation 𝒖 = ℒ𝑢 (Litynskyy and Muzychuk, 
2016). Similarly, applying the LT to the equation (7), we obtain a 
BIE system  

𝑾 ∘
𝐻−1/2(𝛤)

𝝀 = 𝒈    𝑖𝑛    𝑙2(𝐻−1/2(𝛤)),         (19) 

where 𝒈 = ℒ𝑔 and 𝑾: 𝑙2(𝐻1/2(𝛤)) → 𝑙2(𝐻−1/2(𝛤)) is a se-
quence of boundary operators  

(𝑊𝑘𝜉)(𝑥) ≔
1

4𝜋
𝝂(𝑥) ⋅ lim

𝑥′→𝑥
𝛻𝑥′ ∫  

𝛤

𝜉(𝑦)𝝂(𝑦) ⋅ 𝛻𝑦𝑒𝑘(𝑥
′ − 𝑦)𝑑𝛤𝑦 ,     

𝑘 ∈ ℕ0.           (20) 

After finding the solution 𝝀 = (𝜆0, 𝜆1, . . . )
𝛵  of the BIEs (19), 

the generalized solution of the problem (1)-(3) can be presented 
as a sum of the series  

𝑢(𝑥, 𝑡) = ∑  ∞
𝑘=0 (∑  𝑘

𝑖=0 𝐷𝑘−𝑖𝜆𝑖(𝑥)) 𝐿𝑘(𝜎𝑡),    (𝑥, 𝑡) ∈ 𝑄.       (21) 

 
Proposition 2.4 (theorem 2.4 from Litynskyy and Muzychuk, 
2016) Let 𝑔 ∈ 𝐻𝜎0

𝑚+4(ℝ+; 𝐻
−1/2(𝛤)) for some 𝜎0 > 0 and 

𝑚 ∈ ℕ0. Then there exists a unique generalized solution of the 
problem (1)-(3), it belongs to the space 𝐻𝜎0

𝑚+1(ℝ+; 𝐻
1(𝛺)) and for 

any 𝜎 ≥ 𝜎0 such an inequality holds  

||𝑢||𝐻𝜎𝑚+1(ℝ+;𝐻1(𝛺)) ≤ 𝐶||𝑔||𝐻𝜎𝑚+4(ℝ+;𝐻−1/2(𝛤)),        (22) 

where 𝐶 > 0 is a constant that is not dependent on 𝑔. 
In addition, the generalized solution of the problem (1)-(3) can 

be obtained by the inverse transform 𝑢 = ℒ−1𝒖, where 𝑢𝑗 ∈

𝐻1(𝛺, 𝛥) (𝑗 ∈ ℕ0) are the corresponding components of the q-
convolution (17), and elements of the sequence 𝝀 ∈ 𝑙2(𝐻1/2(𝛤)) 
are solutions of BIE system (19), in which 𝒈 = ℒ𝑔. 

3. BEM FOR THE INFINITE BIE SYSTEM 

We have now the new representation (21) of the solution 
of the problem (1)-(3) and the infinite BIE system (19) with un-
known functions 𝝀 = (𝜆0, 𝜆1, . . . )

𝛵. It is easy to see that the sys-

tem (19) can be rewritten as a sequence of BIEs  

{
 
 

 
 
𝑊0𝜆0 = 𝑔0    𝑖𝑛    𝐻

−1/2(𝛤),

𝑊0𝜆1 = 𝑔̃1    𝑖𝑛    𝐻
−1/2(𝛤),

    .    .    .    .    .    .    .    .    .    
𝑊0𝜆𝑘 = 𝑔̃𝑘     𝑖𝑛    𝐻

−1/2(𝛤),    𝑘 ∈ ℕ,
    .    .    .    .    .    .    .    .    .    

        (23) 

with recursive right-hand sides  

𝑔̃𝑘: = 𝑔𝑘 − ∑  𝑘−1
𝑖=0 𝑊𝑘−𝑖𝜆𝑖 ,    𝑘 ∈ ℕ.         (24) 

For every 𝑘 ∈ ℕ0  the corresponding 𝑘-th equation of (23) is a 
hypersingular equation that has the form  

𝑊0𝜂 = 𝑓    𝑖𝑛    𝐻
−1/2(𝛤).          (25) 

It has a unique solution 𝜂 ∈ 𝐻1/2(𝛤) for an arbitrary function 
𝑓 ∈ 𝐻−1/2(𝛤) (Hsiao and Wendland, 2008). We can choose (by 
some criteria) value 𝑁 and find from (23) the first components 
𝜆0, 𝜆1, . . . , 𝜆𝑁. Then the approximate solution of the problem (1)-
(3) is the partial sum  

𝑢𝑁(𝑥, 𝑡) = ∑  𝑁
𝑗=0 (∑  𝑘

𝑖=0 𝐷𝑘−𝑖𝜆𝑖(𝑥)) 𝐿𝑘(𝜎𝑡),    (𝑥, 𝑡) ∈ 𝑄.       (26) 

We are now in position to apply the BEM for finding unknown 
functions. Consider in 𝐻1/2(𝛤) a sequence of finite-dimensional 
subspaces 𝑋𝑀 ⊂ 𝐻1/2(𝛤), 𝑀 ∈ 𝑁, assuming that {𝜙𝑖}𝑖=1

𝑀  is a 
basis of 𝑋𝑀. The numerical solution of the equation (25) can be 
presented as a linear combination  

𝜂𝑀: = ∑  𝑀
𝑖=1 𝜂𝑖𝜙𝑖 ∈ 𝑋

𝑀          (27) 

that is a solution of such variational equation  

〈𝑊0𝜂
𝑀, 𝜂〉𝛤 = 〈𝑓, 𝜂〉𝛤     ∀𝜂 ∈ 𝑋

𝑀.         (28) 

Applying the Galerkin method, that is taking the elements of the 

basis 𝜙𝑗 as test functions in order to find the vector of unknown 

coefficients 𝜼[𝑀]: = {𝜂𝑖}𝑖=1
𝑀 ∈ ℝ𝑀, we will get a system of linear 

algebraic equations (SLAE)  

𝑊0
[𝑀]
𝜼[𝑀] = 𝒇[𝑀].           (29) 

where 𝑊0
[𝑀]
[𝑗, 𝑖]: = 〈𝑊0𝜙𝑖 , 𝜙𝑗〉𝛤 , 𝑓𝑗

[𝑀]
: = 〈𝑓, 𝜙𝑗〉𝛤 ,    𝑖, 𝑗 = 1,𝑀. 

As a result of the 𝐻1/2(𝛤)-ellipticity of the operator 𝑊0, the matrix 

𝑊0
[𝑀]

 is positive definite (Costabel M., 1988; Hsiao and Wedland, 

1977; Schtainbah, 2008). Therefore, the system (29) has a unique 
solution for an arbitrary right-hand side ∀𝑀 ∈ 𝑁. 

Let 𝛤𝑀̃ = ⋃  𝑀̃
𝑙=1 𝜏𝑙 be some approximation of the boundary 𝛤 

composed of triangular boundary elements {𝜏𝑙}𝑙=1
𝑀̃  with vertices 

{𝑥[𝑙1], 𝑥[𝑙2], 𝑥[𝑙3]}. We assume that vertices of all triangles have a 

global numbering {𝑥𝑘}𝑘=1
𝑀∗

 and for each point 𝑥𝑘 there exists an 
associated set ℐ(𝑘) of numbers of those triangles that have this 
point as a vertex. We treat the value ℎ:= max

𝑙=1,𝑀̃
(∫  𝜏𝑙

d𝑠)1/2 as the 

parameter of the spatial approximation. 
Note that each triangle can be projected on a “standard”' tri-

angle 𝜏:= {𝜉: = (𝜉1, 𝜉2) ∈ 𝑅
2:  0 < 𝜉1 < 1, 0 < 𝜉2 < 1 − 𝜉1}.  

Following Dautray and Lions (1992) and Schtainbah (2008), func-
tions 𝜙1

1(𝜉) = 1 − 𝜉1 − 𝜉2, 𝜙2
1(𝜉) = 𝜉1 and 𝜙3

1(𝜉) = 𝜉2, defined 

locally on the triangle 𝜏, form a set {𝜑𝑖
1}
𝑖=1

𝑀
, 𝑀 = 𝑀∗, that contains 

linearly-independent on 𝛤𝑀̃ functions. Moreover, supp 𝜑𝑖
1 =

⋃  𝑙∈ℐ(𝑖) 𝜏𝑙 =: 𝜏𝑖
∗. Then the numerical solution 𝝀ℎ: = (𝜆0

ℎ, 𝜆1
ℎ, . . . )𝛵 

of the BIE system (23) is sought in the form  

𝜆𝑘
ℎ = ∑  𝑀

𝑙=1 𝜆𝑘,𝑙
ℎ 𝜑𝑙

1    ∈ 𝑆ℎ
1(𝛤):= span{𝜑𝑖

1}
𝑖=1

𝑀
, 𝑘 ∈ 𝑁0,       (30) 
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where {𝜆𝑘,𝑙
ℎ }

𝑙=1

𝑀
 are the unknown coefficients. In order to find the 

vector 𝜆𝑘
ℎ: = {𝜆𝑘,𝑙

ℎ }
𝑙=1

𝑀
∈ ℝ𝑀 we obtain the following SLAE from 

(29)  

𝑾0
ℎ𝝀𝑘

ℎ = 𝒈𝑘
ℎ −∑  𝑘−1

𝑖=0 𝑾𝑘−𝑖
ℎ 𝝀𝑖

ℎ,    𝑘 ∈ 𝑁 ,        (31) 

where  

𝑊𝑗
ℎ[𝑖, 𝑙] = ∫  

𝜏𝑖
∗ 𝜑𝑖

1(𝑥)𝜕𝜈(𝑥) ∫  
𝜏𝑙
∗ 𝜑𝑙

1(𝑦)𝜕𝜈(𝑦)𝐸𝑗(𝑥 − 𝑦)𝑑𝑠𝑦𝑑𝑠𝑥, 𝑗 =

0, 𝑘,            (32)  

𝑔𝑘
ℎ[𝑖] = ∫  

𝜏𝑖
∗ 𝜑𝑖

1(𝑥)𝑔̃𝑘(𝑥)𝑑𝑠𝑥,    𝑖, 𝑙 = 1,𝑀.        (33) 

After finding the consequent vector 𝛌k
h we can compute the corre-

sponding element of the sequence 
𝒖ℎ: = (𝑢0

ℎ, 𝑢1
ℎ, . . . , 𝑢𝑘

ℎ, . . . , 𝑢𝑁
ℎ , 0, . . . )𝛵: 

𝑢𝑘
ℎ(𝑥) = ∑  𝑘

𝑗=0 (𝐷𝑗𝜆𝑘−𝑗
ℎ )(𝑥), 𝑥 ∈ 𝛺.         (34) 

Having 𝒖ℎ, the numerical solution of the Neumann problem is 
found by the formula  

𝑢𝑁,ℎ(𝑥, 𝑡) = ∑  𝑁
𝑗=0 𝑢𝑘

ℎ(𝑥) 𝐿𝑘(𝜎𝑡),    (𝑥, 𝑡) ∈ 𝑄.        (35) 

Let us obtain, following Hsiao and Wedland (1977), an a priory 
error estimate of the numerical solution after the introduction of 
Sobolev spaces of piecewise-smooth on the boundary 𝛤 func-

tions. Let 𝛤 be a union 𝛤 = ⋃  𝑁̃
𝑖=1 𝛤𝑖 of surfaces 𝛤𝑖 (𝛤𝑖 ∩ 𝛤𝑗 = ∅ 

when 𝑖 ≠ 𝑗), each of which has a sufficiently smooth parameteri-
zation 𝛤𝑖: = {𝑥 ∈ 𝑅

3 ∶  𝑥 = 𝜒𝑖(𝜉), 𝜉 ∈ 𝜏̃𝑖 ⊂ 𝑅
2}. Then, using the 

set of the non-negative functions 𝜙𝑖 ∈ 𝐶0
∞(𝑅3) such that 

∑  𝑁̃
𝑖=1 𝜙𝑖(𝑥) = 1    ∀𝑥 ∈ 𝛤,        𝜙𝑖(𝑥) = 0    ∀𝑥 ∈ 𝛤\𝛤𝑖 , 

an arbitrary piecewise-smooth function can be given in a form  

𝑣(𝑥) = ∑  𝑁̃
𝑖=1 𝜙𝑖(𝑥)𝑣(𝑥) = ∑  𝑁̃

𝑖=1 𝑣𝑖(𝑥)    ∀𝑥 ∈ 𝛤,         (36) 

where 𝑣𝑖(𝑥):= 𝜙𝑖(𝑥)𝑣(𝑥)    ∀𝑥 ∈ 𝛤𝑖. Taking into account the 
parameterization of the fragments 𝛤𝑖, we consider Sobolev spaces 
𝐻𝑠(𝜏̃𝑖), elements of which are functions 𝑣̃𝑖(𝜉):= 𝑣𝑖(𝜒𝑖(𝜉)) when 
𝜉 ∈ 𝜏̃𝑖 , with corresponding norms and semi-norms  

||𝑣̃𝑖||𝐻𝑠(𝜏̃𝑖) ≔ (∑  |𝛼|≤𝑚 ||𝜕𝛼𝑣̃𝑖||𝐿2(𝜏̃𝑖)
2 )

1

2, 

|𝑣̃𝑖|𝐻𝑠(𝜏̃𝑖) ∶=  ( ∑  
|𝛼|=𝑚

|𝜕𝛼𝑣̃𝑖|𝐿2(𝜏̃𝑖)
2 )

1
2, 𝑠 = 𝑚 ∈ 𝑁 ; 

|𝑣̃𝑖|𝐻𝑠(𝜏̃𝑖) ≔ ( ∑  
|𝛼|=𝑚

∫  
𝜏̃𝑖

∫  
𝜏̃𝑖

|𝜕𝛼𝑣̃𝑖(𝜉) − 𝜕
𝛼𝑣̃𝑖(𝜂)|

2

|𝜉 − 𝜂|2+2𝜎
𝑑𝑠𝜉𝑑𝑠𝜂)

1
2,   

  𝑠 = 𝑚 + 𝜎, 𝜎 ∈ (0,1).          (37) 
Here ∂𝛼 is a notation of the partial derivative with a multi-index 
𝛼 = (α1, α2). Moreover, for functions that are defined on the 
whole boundary 𝛤, we use the semi-norm  

|𝑣|𝐻𝑠(𝛤): = (∑  𝑁̃
𝑖=1 |𝑣̃𝑖|𝐻𝑠(𝜏̃𝑖)

2 )1/2.         (38) 

Lemma 3.1  Let 𝝀 ∈ (𝐻𝑠(𝛤))∞ for some 𝒔 ∈ [
1

2
, 2] be the exact 

solution of the BIE system (23), which satisfies an inequality  

∑  ∞
𝑗=0 |𝜆𝑗|𝐻𝑠(𝛤) < +∞.          (39) 

Then for any values of parameters 𝑁 ∈ ℕ0 and 𝑇 ∈ ℝ+ the follow-
ing error estimates hold  

‖𝜆𝑁(⋅, 𝑡) − 𝜆𝑁,ℎ(⋅, 𝑡)‖
𝐻
1
2(𝛤)

≤ 𝐶̃𝑁,𝑇ℎ
𝑠−
1
2∑ 

𝑁

𝑘=0

|𝜆𝑘|𝐻𝑠(𝛤),   

  𝑡 ∈ (0, 𝑇),           (40) 

|𝑢𝑁(𝑥, 𝑡) − 𝑢𝑁,ℎ(𝑥, 𝑡)| ≤ 𝐶̃𝑁,𝑇
∗ ℎ𝑠−

1
2∑ 

𝑁

𝑘=0

|𝜆𝑘|𝐻𝑠(𝛤),     

𝑥 ∈ 𝛺,    𝑡 ∈ (0, 𝑇),           (41) 

where 𝐶̃𝑁,𝑇  and 𝐶̃𝑁,𝑇
∗  are constants independent of ℎ.   

Proof. Let us fix two arbitrary values 𝑁 ∈ ℕ0 and 𝑇 ∈ ℝ+ and 
consider 𝛿𝑁,𝑇: = ||𝜆

𝑁(⋅, 𝑡) − 𝜆𝑁,ℎ(⋅, 𝑡)||𝐻1/2(𝛤) = ||∑  𝑁
𝑘=0 (𝜆𝑘(⋅) −

𝜆𝑘
ℎ(⋅))𝐿𝑘(𝜎𝑡)||𝐻1/2(𝛤)  for any 𝑡 ∈ (0, 𝑇). Setting 𝐶𝑁,𝑇: =

max
𝑡∈[0,𝑇],𝑘=0,𝑁

|𝐿𝑘(𝜎𝑡)| we can write  

𝛿𝑁,𝑇 ≤ 𝐶𝑁,𝑇 ∑  𝑁
𝑘=0 ||𝜆𝑘 − 𝜆𝑘

ℎ||𝐻1/2(𝛤).         (42) 

Note that for any function 𝜆𝑘, which satisfies an equation like (25), 
the inequality (39) yields the following estimate (Schtainbah, 
2008)  

||𝜆𝑘 − 𝜆𝑘
ℎ||𝐻1/2(𝛤) ≤ 𝐶̃𝑘ℎ

𝑠−1/2|𝜆𝑘|𝐻𝑠(𝛤),    𝑘 ∈ 𝑁0,                    (43) 

where 𝐶̃𝑘 are constants independent of ℎ. Using this inequality 
and setting 𝐶̃𝑁,𝑇: = 𝐶𝑁,𝑇max

𝑘=0,𝑁
{𝐶̃𝑘} we obtain (40) from (42). 

Since in the case of Lipschitz boundary all functions 𝐸𝑗(𝑥 −⋅) 

are bounded and infinitely continuously differentiable on 𝛤 for any 
fixed point 𝑥 ∈ 𝛺, we get inequality ||𝜕𝜈(⋅)𝐸𝑗(𝑥 −⋅)||𝐻−1/2(𝛤) ≤

𝑐𝑗
∗ = 𝑐𝑜𝑛𝑠𝑡. Taking it and (43) into account by the Generalized 

Cauchy-Schwarz inequality we obtain |𝑢𝑘(𝑥) − 𝑢𝑘
ℎ(𝑥)| =

|∑  𝑘
𝑖=0 〈𝜕𝜈(⋅)𝐸𝑘−𝑖(𝑥 −⋅), (𝜆𝑖 − 𝜆𝑖

ℎ)  〉𝛤| ≤ 𝑐̃𝑘ℎ
𝑠−1/2∑  𝑘

𝑖=0 |𝜆𝑖|𝐻𝑠(𝛤), 

where 𝑐̃𝑘 are constants independent of ℎ. Using this estimate, the 
rest of the proof for (41) can be carried out analogously to the 

proof for (40).∎ 

4. RESULTS OF THE COMPUTATIONAL EXPERIMENT 

Let us demonstrate the suggested method to solve some 
model problem and assess the accuracy of numerical solutions. 
Let the domain 𝛺:= 𝑅3\𝛺− be outside of a cube 𝛺−: = [−1,1] ×
[−1,1] × [−1,1] and the function 𝑔(𝑥, 𝑡): = −𝜕𝜈(𝑥)𝑣(𝑥, 𝑡),

(𝑥, 𝑡) ∈ 𝛴, in the boundary condition (3) is defined by means of a 
spherical impulse 𝑣(𝑥, 𝑡): = 𝑓3(𝑡 − |𝑥| + 1)|𝑥|

−1, (𝑥, 𝑡) ∈ 𝑄, 
where 𝑓3 is a cubic 𝐵-spline. 

Tab. 1. Convergence behavior of 𝑢0
ℎ(𝑥) at points 𝑥 = (𝑥1, 0,0)   

 𝑢0
ℎ(𝑥) 𝒖𝟎(𝒙) 

𝒙𝟏 𝑴 = 𝟓𝟖𝟖 𝑴 = 𝟏𝟐𝟎𝟎 𝑴 = 𝟏𝟕𝟐𝟖 

1.2 4.97567

× 10−1 

5.16241

× 10−1 

5.23443

× 10−1 

5.58600

× 10−1 

1.5 2.19226

× 10−1 

2.26607

× 10−1 

2.29583

× 10−1 

2.45252

× 10−1 

2.0 6.07058

× 10−2 

6.25240

× 10−2 

6.32929

× 10−2 

6.76676

× 10−2 

3.0 5.50191

× 10−3 

5.64833

× 10−3 

5.71311

× 10−3 

6.10521

× 10−3 

4.0  5.59834

× 10−4 

5.73967

× 10−4 

5.80360

× 10−4 

6.19688

× 10−4 
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Since the function 𝑣 satisfies the wave equation in Ω we can 
use it as a analytical solution of the Neumann problem (1)-(3). 
Following Muzychuk and Chapko (2012), we can also consider 
elements of sequence 𝒗(𝑥) = 𝓛𝑣(𝑥,⋅), 𝑥 ∈ 𝛺, as exact values 
for q-convolution 𝒖ℎ(𝑥), computed according to the formula (34) 
on the solution 𝝀h of BIE (23) with 𝑔𝑘 = −𝜕𝜈𝑣𝑘, 𝑘 ∈ ℕ0, in right-
hand side. 

At first we consider how parameter ℎ of BEM, that depends on 

the number 𝑀 of boundary elements on the surface 𝛤, has effect 

on the approximation error of elements of the sequence 𝒗 via 
corresponding elements of the sequence 𝒖ℎ . Table 1 contains 

values of numerical solutions 𝑢0
ℎ computed with various values 𝑀. 

As expected, at all points of observation these values tend to 
corresponding exact values 𝑢0 with decreasing of the value ℎ. 
Note, that components 𝑢𝑘

ℎ, 𝑘 ∈ ℕ, have the same convergence 
behaviour.  

Tab. 2. Error analysis of 𝑢0
ℎ(𝑥) 

   𝑴   𝜹𝒉   𝒆𝒐𝒄   𝜺𝒉(%)  

 300  0.03539    8.34  

588  0.02565  0.957  5.92  

768  0.02254  0.967  5.16  

972  0.02011  0.969  4.58  

1200  0.01815  0.985  4.11  

1728  0.01518  0.992  3.32  

Let us now compute values 𝛿ℎ: = ||𝑢0
ℎ − 𝑢0||𝐿2(𝑎,𝑏) and 

𝜀ℎ: = 𝛿ℎ||𝑢0||𝐿2(𝑎,𝑏)
−1 ⋅ 100%, where (𝑎, 𝑏) is a spatial interval 

from which observation points 𝑥 are taken, and also evaluate the 
estimated order of convergence 𝑒𝑜𝑐:= (𝑙𝑛 𝛿ℎ𝑗 − 𝑙𝑛𝛿ℎ𝑗+1)(𝑙𝑛ℎ𝑗 −

𝑙𝑛ℎ𝑗+1)
−1 (Schtainbah, 2008), where ℎ𝑗 and ℎ𝑗+1 are parameters 

of consequent spatial discretizations. Computed with 𝑎 =
(1.2, 0, 0) and 𝑏 = (10, 0, 0) results are given in Tab. 2. They 
highlight that 𝑒𝑜𝑐 ≈ 1 for this class of problems. Note, that an 
analogous behaviour is intrinsic also to 𝑢𝑘

ℎ, 𝑘 ∈ ℕ. 
On Figure 1 numerical solutions 𝑢ℎ,𝑁(𝑥, 𝑡) of the Neumann 

problem (1)-(3), computed with various values of the parameter N 

in the partial sum (35) and 𝑀 = 972, are plotted as a comparison 
against the analytical solution 𝑣(𝑥, 𝑡). As we can see these results 
have close agreement in some initial time interval already for not 
large values 𝑁. This interval can be enlarged with increasing 𝑁. 
Numerical solutions 𝑢ℎ,𝑁(𝑥, 𝑡) computed with 𝑁 = 40 and 

𝑀 = 972 are presented on Figure 2. They demonstrate signal 
propagation at different observation points 𝑥. 
 

 

Fig.1. Numerical solutions 𝑢ℎ,𝑁(𝑥, 𝑡) of problem (1)-(3)  
          at point 𝑥 = (2,0,0) with various values 𝑁  

 

Fig. 2. Numerical solutions 𝑢ℎ,𝑁(𝑥, 𝑡) of problem (1)-(3)  
            at points 𝑥 = (𝑥1, 0, 0) 

5. CONCLUSION 

The proposed method enables us to find the numerical solu-
tion of the Neumann problem for the homogeneous wave equation 
with homogeneous initial conditions.  Applying the LT, we omit the 
delay in the retarded double layer potential and in the time-domain 
BIE making computation process clearer. As result we obtain the 
sequence of BIEs which enable us to use the BEM efficiently.  

  Results of computational experiments confirm apriori error 
estimates that are obtained in the article. 
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Abstract: The paper describes modelling and testing of the piezoelectric beam as energy harvesting system. The cantilever beam with two 
piezo-elements glued onto its surface is considered in the paper. As result of carried out modal analysis of the beam the natural frequen-
cies and modes shapes are determined. The obtained results in the way mentioned above allow to estimate such location of the piezo-
actuator on the beam where the piezo generates maximal values of modal control forces. Experimental investigations carried out in the la-
boratory allow to verify results of natural frequencies obtained during simulation and also testing of the beam in order to obtain voltage 
from vibration with help of the piezo-harvester. The obtained values of voltage stored on the capacitor 𝐶0 shown that the best results are 

achieved for the beam excited to vibration with third natural frequency, but the worst results for the beam oscillating with the first natural 
frequency.  

Key words: Cantilever Beam, Piezo-Actuator, Energy Harvesting System, Modal Analysis  

1. INTRODUCTION 

Vibration-based energy harvesting has received a great atten-
tion in the past decade. Research motivation in this field is due to 
the reduced power requirement of small electronic components 
such as the wireless sensors used in structural health monitoring 
applications. Research in this area involves understanding the 
mechanics of vibrating structures, the behaviour of piezoelectric 
materials and the electric circuit theory. This promising way of 
powering small electronic components and remote sensors has 
attracted researches from different disciplines of mechanical and  
electrical engineering.  

As described main editors of the book (Priya and Inman, 
2009) exist three basic mechanisms of conversation vibration to 
electric energy: electromagnetic (Arnold, 2007; Williams and 
Yates, 1996), electrostatic (Roundy et al., 2002), and piezoelectric 
(Sodano et al., 2005). These transduction mechanisms in the last 
decade have been widely investigated by researches for vibration-
based energy harvesting. The literature of the last eight years 
shows that piezoelectric transduction has received the most atten-
tion for vibration to electricity conversation. Especially, it is shown 
in review articles (Anton and Sodano, 2007; Bai et al, 2015; Bor-
owiec, 2015; Chen et al., 2006; Friswell et al., 2012; Tan et al., 
2015) which the simulation and experimental results proved that 
vibration to energy conversation by piezoelectric might be used 
in many applications. In these references probem of non-linear 
of the piezoelectric elements  is considered in order to achieve 
maximum harvested energy. 

Typically, a piezoelectric harvester is a cantilever beam with 
piezo-ceramic layers located on the a vibrating shake. As a result 
of vibration of the beam the dynamic strain induced in the piezo-
ceramic layers generates an alternating voltage output across the 
electrodes covering the piezo-ceramic layers. In many cases such 
approach allow to determine the mathematical model of the beam 
that can be used in many practical applications. 

In the present paper problem of conversion vibration to elec-
tric energy for active cantilever beam is described. In considered 
case the beam is excited to vibration by the piezo-stripe actuator 
located on the top side of the beam in quasi-optimal location. 
As a result of applied sinusoidal excitation to the piezo-actuator 
with frequency equals natural frequency the voltage from the 
piezo-harvester is obtained. The experimental investigations 
carried out at the lab stand show how the excitation of the beam 
may influence on the voltage derived from the piezo-harvester 
located on the free end of the beam. In results of such analysis 
can see relationship between mechanical and electrical part 
of consider smart beam.   

2. MODELLING OF THE BEAM – ANALYTICAL APPROACH 

In this section the mathematical model of the cantilever beam 
with piezo-actuator and the piezo-harvester shown in Fig.1 
is  analytically formulated. 

 
Fig. 1.The cantilever steel beam with the piezo-actuator  
           and the piezo-harvester 

The model of the beam for the first four lowest natural fre-
quencies is determined for given actuator locations. In result 
of such assumed assumptions the equation of forced vibrations 
of the beam can be  written as: 
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∂4𝑦(𝑥, 𝑡)

𝑑𝑥4
+ 𝑎𝑧

2
∂2𝑦(𝑥, 𝑡)

𝑑𝑡2
= 

1

𝐸𝑏𝐼𝑏

𝐹𝐴(−δ(𝑥 − 𝑥1) + 2δ(𝑥 − 𝑥2) − δ(𝑥 − 𝑥3)) 

(1) 

where: 𝑎𝑧 = √
ρ𝑏𝐴𝑏

𝐸𝑏𝐼𝑏

, 𝛿 – Dirac function. 

Eq.(1) has been rewritten after modal transformation to the fol-
lowing form: 

∂4𝑦(𝑥,𝑡)

𝑑𝑥4
+ 𝑎𝑧

2 ∂2𝑦(𝑥,𝑡)

𝑑𝑡2
= ∑ 𝐹𝐴𝑛𝑈𝑛(𝑥)∞

𝑛=1          (2) 

where: 𝐹𝐴𝑛 = 𝐹𝐴(−𝑈𝑛(𝑥1) + 2𝑈𝑛(𝑥2) − 𝑈𝑛(𝑥3)) – modal 
transversal force of the piezo-actuator. 

Transformations presented in Eq.(2) lead to determine of the 
mode shapes of the beam. However before to do need consider 
the boundary conditions of the piezoelectric beam expressed 
in following form:  

Fixed end:  

𝑦(𝑥, 𝑡) = 0and 
∂𝑦(𝑥,𝑡)

∂𝑥
|

𝑥=0
= 0                                        (3) 

Free end:  𝑀(𝑥, 𝑡) =
∂2𝑦(𝑥,𝑡)

∂𝑥2
|

𝑥=𝑙
= 0 and 𝐹(𝑥, 𝑡) =

∂3𝑦(𝑥,𝑡)

∂𝑥3
|

𝑥=𝑙
= 0 

As results of boundary conditions the displacement 

𝑦(𝑥, 𝑡) is splitted into variable described in space  – 𝑈(𝑥) and 
variable dependent in time – 𝑇(𝑡). Such approach leads to de-

termining of the modes shapes 𝑈𝑛(𝑥) that it expressed in the 
following form (Kelly, 2007):  

𝑈𝑛(𝑥) = (sh𝑘𝑛𝑙 + sin𝑘𝑛𝑙)(ch𝑘𝑛𝑥 − cos𝑘𝑛𝑥) +

−(ch𝑘𝑛𝑙 + cos𝑘𝑛𝑙)(sh𝑘𝑛𝑥 − sin𝑘𝑛𝑥)
 (4) 

where: 𝑘𝑛𝑙 =
2𝑛−1

2
π for  𝑛 = 1,2,3.  

The mechatronic system shown in Fig.1 is transformed to 
equivalent model that it is shown in Fig. 2 The obtained model is 
described by mass, spring, damper and the piezo structure energy 
storage system.  

M

Controller

z(t)

Piezoelectric Element Energy Storage System 

Ce

K η 

FA(t)

Θ 

Cp

 
Fig. 2. The euqivalent model for a piezoelectric vibration energy  
            harvesting system 

As it can be seen in Fig.2 the model consists a vibrating pie-
zoelectric element which generates an AC voltage which next is 
stabilize to DC voltage. Especially it is important in case of wire-
less sensors that they require such supply. The obtained in this 
way model is electromechanical system which it is expressed as: 

{
𝑀𝑧̈(𝑡) + η𝑧̇(𝑡) + 𝐾𝑧(𝑡) + Γ𝑉𝑝(𝑡)

𝐼(𝑡) = Γ𝑧̇(𝑡) − 𝐶𝑝𝑉̇𝑝(𝑡)
                                     (5) 

where: 𝑀 – effective mass of the system, 𝜂 – coefficient of damp-

er, 𝐾 – effective stiffness of the system, 𝛤 – electromechanical 
coupling factor, 𝑉𝑝(𝑡) – the output voltage of equivalent system. 

Moreover, above calculations lead to determine of the electro-
mechanical behaviour of the beam. In this order need to define 
Generalized Electromechanical Coupling Factor known in the 
literature as GEMC factor 𝛤 that it shows relationship between 
mechanical and electrical parameters of the piezo-energy har-
vester element. This factor is expressed in the following form 
(Koszewnik et al., 2015): 

Γ2 = 𝑘31
2𝑘𝑝𝐶0                                                                        (6) 

where: 𝑘31 – coupling coefficient for length extensional, 𝑘𝑝 – 

stiffness of the piezoelectric material, 𝐶0 – output capacitance. 
Taking into account form of the GEMC factor described with 

Eq.(6) and  the equation of maximum power output derived from 
harvester expressed as: 

𝑃𝑂𝑈𝑇_𝑀𝐴𝑋 =
𝐹𝐴

2

8𝑑
|ω=ω𝑛

𝑑=𝑑𝑒=𝑑𝑚

                                                       (7) 

where: 𝑃𝑂𝑈𝑇_𝑀𝐴𝑋  – the maximum value of the power output, 𝜔𝑛 

– the natural frequency of the beam, 𝑚 𝑑𝑒 , 𝑑𝑚𝑚 – the electrical 
and mechanical damping. 

Quasi-static electro-mechanical behavior of the beam can be 
described in a following form: 

[
𝐹𝐴

𝑄
] = [

𝑘𝑏 Γ

Γ −𝐶0
] [

Δ𝑥

𝑈
]                                                       (8) 

where: 𝐹𝐴 – the force applied to the structure,  𝑄 – the charge on 
the piezo, 𝑘𝑏 – the stiffness of the beam, 𝛥𝑥 – elongation,  

𝑈 – output voltage.  
In case of assumed perfect link between the piezoelectric lay-

er and the beam (𝛥𝑥 = 𝑧 ) is possible transformation of Eq.(8) to 
form: 

[
𝐹𝐴

𝑄
] = [

𝑘𝑏 Γ

Γ −𝐶0
] [

𝑧

𝑈
]                                                         (9) 

where: 𝑧 – the displacement of free end of the beam. 
Finally, the force 𝐹𝐴 applied to the beam structure can be ex-

pressed as sum of mechanical part of the beam caused by mass 
velocity and electrical part caused by mounted piezoelectric ele-
ments expressed in the following form: 

𝐹𝐴 = 𝑘𝑏𝑧 + Γ𝑈                                                                     (10) 

3. MODELLING OF THE BEAM – NUMERICAL APPROACH 

The cantilever beam with two rectangular piezoelectric stripes 
(an actuator and a harvester) glued onto its surface is shown 
in Fig.1. The steel beam has the dimension of 25x400x1.5mm, 
while the actuator QP20N and the piezo-harvester V21B are 
single piezoelectric stripes of 25x50x0.76 mm and 16.6x36.6x0.5, 
respectively. The parameters of the cantilever beam are collected 
in Table.1. The model of the piezo-actuator is considered 
as a “static coupled model” (Gosiewski and Koszewnik, 2007) with 
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the difference that the piezo-stripe is divided into two equal seg-
ments. As a result the bending moment generated by the piezo-
actuator is represented by a couple of opposite site forces con-
centrated at the segment’s edge as it is shown in Fig.1 .  

Tab. 1.  Parameters of a cantilever beam 

Parameter  Value 

Length l 0.4 m 

Width b 0.025 m 

Thickness t 0.0015 m 

Youngs modules Eb 210 GPa 

Density ρb 7800 kg/m3 

4. MODAL ANALYSIS OF THE BEAM  

Modal analysis of the piezoelectric beam is divided into two 
steps. In the first step of simulations the natural frequencies and 
mode shapes of the beam are determined. In this order FEM 
model of the beam shown in Fig.1 is used and next  investigated 
with help of Ansys software. In results of these analysis the first 
four lowest natural frequencies and mode shapes are achieved. 
The obtained results are shown in Fig. 3 and Tab. 2.  

 

 

 

 

Fig. 3. The first four lowest mode shapes of  the cantilever beam.  
            The red colour denotes maximum displacement of the beam,  
            but the blue line denotes minimum displacement  

Tab. 2.  First four natural frequencies of the piezoelectric beam  

 1st mode 2nd mode 3rd mode 4th mode 

Natural 
frequency  

of the beam 
[Hz] 

7.13 48.34 141.9 288.2 

Next, the investigations is focused to determine such location 
of the piezo-actuator where this piezo generates maximal control 
forces. In this case the piezo is shifted onto surface on the beam 
from fixed end to free end of the beam with step equal 1/2 length 
of the piezo. For each location of the piezo-actuator the modal 
control forces are calculated and shown in Fig. 4.   

 

 

 

Fig. 4. Influence of the location of the piezo-actuator  

           on modal control force for the first three lowest mode shapes 

Taking into account the obtained results shown in Fig.4 it can 
be noticed that the maximal modal control forces are generated by 
the piezo-actuator works with the third mode shape but minimal 
control force when it works with the first mode shapes. Then, 
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based on the obtained results can assume that consider piezo will 
excite beam to vibration in maximal way in vicinity of extremum 
of the modal control forces. So, in order to achieve maximum 
voltage from the piezo-harvester located on free end of the beam 
the piezo-actuator should be located on the beam in distance 
of 225 mm from the fixed end. Further experimental investigations 
carried out at the stand lab are shown in Fig. 5 and allow to verify 
this actuator location on the beam.  

5. EXPERIMENTAL INVESTIGATIONS 

The active cantilever beam has been experimentally investi-
gated. For this purpose the laboratory stand consists of a steel 
beam with piezo-actuator QP20N, piezo harvester V21BL with 
energy harvester power condition system EHE004 is used. 
In order to drive the piezo-actuator the bipolar amplifier Piezo-
mechanik SVRbip/150 is used.  On the other hand in order to 
measure the vibration of the beam the laser sensor 
LQG1O65PUQ is used.  

 

Fig. 5. Photo of the stand lab with the piezoelectric beam 

The experimental investigations also were carried out in two 
steps. In the first step the beam was investigated in the frequency 
domain in order to validate the obtained results in a computer 
simulation. For this purpose a chirp signal as a signal excitation in 
following form 𝑢(𝑡) = 5𝑠𝑖𝑛(𝜔𝑡) in selected frequency range 
from 5 Hz to 450 Hz is generated from Digital Signal Analyzer 

(DSA). Then, the amplified periodic signal 𝑢(𝑡) is applied to the 
piezo-stripe actuator and in the same time the vibration of the 
beam is measured by the laser sensor. As a result of these inves-
tigations the frequency response of the beam is obtained which is 
shown in Fig. 6. The connection scheme of the laboratory stand 
during frequency response measurement is shown in Fig. 7.  

Taking into account the obtained experimental Bode plot of 
the piezoelectric beam and Tab. 2 it can be noticed that only first 
two lowest natural frequencies are close to frequencies with simu-
lations. Therefore, in order to proper excite of the beam to vibra-
tion is used analyser DSA which allows to generate sinusoidal 

signal u(t) with natural frequency equal 𝑓1=7.07[Hz], 𝑓2=46.4 
[Hz] or 𝑓3=141.9 [Hz]. In results of these excitations the part of 
mechanical energy is converted to electric energy by used piezo-
harvester V21B located on free-end of the beam and next con-
verted with AC to DC by an energy harvester power condition 
(EHPC) system type of EHE004 which is also located on the 
beam. The scheme of this converter is shown in Fig. 8. 

In results of this conversion voltage with AC to DC was possi-
ble its measured and recorded. As we can see in Figs. 9-11 the 
measurements of voltage in the capacitor are carried out for the 
three lowest natural frequencies of the beam. 

 
Fig. 6. Experimental Bode plot of the displacement’s cantilever beam  

           with the piezo-actuator QP10N and the piezo-harvester V21B  

 

 
Fig. 7. Schematic diagram of the stand lab to determine modal  

            parameters of the beam 

 

 

Fig. 8. The energy harvester power condition system type of EHE004.  
            The VIN denotes input voltage, the GND denotes ground,  
             the VSTORE denotes voltage stored in an embedded capacitor  
             C=200 µF, and the OUT - output voltage (VCC) 

 

Fig. 9. The voltage stored on the capacitor for the first natural frequency  

            of the beam (𝑓1=7.07 Hz) 
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Fig. 10. The voltage stored on the capacitor for the second natural  

              frequency of the beam (𝑓2=46.4 Hz) 

 

Fig. 11. The voltage stored on the capacitor for third natural frequency  

              of the beam (𝑓3=141.9 Hz) 

Taking into account recorded voltage it can be noticed that 
excitation to vibration of the beam with the first natural frequency 
is unsatisfying, because the measured voltage from piezo har-
vester very slowly increase to a value of approximately 7 mV. 
Similar behaviour can be seen when the beam is excited to vibra-
tion with second natural frequency. Then, the measured voltage 
on the capacitor achieved only 0.7 V after long time of oscillation. 
Finally, the best results are obtained during vibration of the beam 
with third natural frequency. In this case the recorded voltage from 
EH element achieved value equals 1.2 V. This level of voltage 
may supply for example a red LED type diode. 

6. SUMMARY AND CONCLUSION 

The paper shows modelling and testing of the cantilever beam 
with glued onto its surface two piezoelectric elements work as 
actuator and harvester. The process of harvesting energy from 
vibration of the beam was carried out in three steps. In the first 
step consider piezoelectric beam is analytically analyzed in order 
to show its electro-mechanical behavior. Next, based on the simu-
lation results the modal parameters of the beam are calculated by 
using of Ansys software. The obtained results allowed to deter-
mining optimal location of the piezo-actuator where the piezo 
generates maximal modal control forces.  

The last step of investigations has been related with experi-
mental testing of the beam on the stand lab. In result of proper 
excitation of the beam to vibration with using Dynamical Signal 
Analyzer was possible measure and record the voltage derived 

from the harvester and verified results obtained in simulations. 
The results with Figs. 9-11 shown cases achieve of maximal and 
minimal voltage derived from the capacitor mounted on the EHPC 
system. Summary obtained results  we can notice that exist 
strongly coupling between mechanical part of the system ex-
pressed in form of modal control forces and electrical part - volt-
age generated by the piezo-harvester. Approach described in the 
paper leads to design of vibration control system with using fuzzy-
logic controller which ensures obtain the highest indicator  of 
harvesting energy from excited to vibration the beam in selected 
frequency range. Results of this investigations will describe 
in further paper. 

REFERENCES 

1. Anton S.R., Sodano H.A. (2007),  A review of power harvesting 
using piezoelectric materials, Smart Materials and Structures, 16,  
1-21. 

2. Arnold D. (2007), Review of microscale magnetic power generation, 
IEEE Transactions on Magnetics, 43, 3940-3951. 

3. Bai Y., Havranek P., Tofel P., Button T.W. (2015) Nonlinear 
piezoelectric devices for broadband air-flow energy harvesting, The 
European Physical Journal Special Topics, 224, 2675-2685. 

4. Borowiec M. (2015), Energy harvesting of cantilever beam system 
with linear and nonlinear piezoelectric model, The European Physical 
Journal Special Topics,  224, 2771-2785. 

5. Chen S.N., Wang G.J., Chien M.C. (2006),  Analytical modeling of 
piezoelectric vibration-induced micro power generator, Mechatronics, 
16, 387-397. 

6. Friswell M.I., Ali S.F., Adhikari S., Lees A.W., Bilgen O., Litak G. 
(2012), Nonlinear piezoelectric vibration energy harvesting from a 
vertical cantilever beam with tip mass, Journal of Intelligent Material 
Systems and Structures,  23, 1505-1521. 

7. Gosiewski Z., Koszewnik A. (2007), Modeling of beam as control 
plane for vibration control system, Solid State Phenomena, 144,  59-
64. 

8. Kelly S.G. (2007), Advanced Vibration Analysis, CRC Press. 
9. Koszewnik A., Grześ P., Walendziuk W. (2015), Mechanical and 

electrical impedance matching in a piezoelectric beam for energy 
harvesting, The European Physical Journal Special Topics, 224, 
2719-2731. 

10. Priya S., Inman D.J. (2009), Energy harvesting technologies, 
Springer Verlag, New York. 

11. Roundy S., Wright P.K., Rabaey J. (2002), Micro-electrostatic 
vibration-to-electricity converters, Proceedings of the ASME 2002 
International Mechanical Engineering Congress and Exposition. 

12. Sodano H., Inman D., Park G. (2005), Generation and storage of 
electricity from power harvesting devices, Journal of Intelligent 
Material Systems and Structures, 16, 67-75. 

13. Shu Y.C., Lien I.C. (2006), Analysis of power output for piezoelectric 
energy harvesting systems, Smart Materials and Structures, 15, 
1499-1512. 

14. Tan D., Leng Y.G., Gao Y.J. (2015) Magnetic force of piezoelectric 
cantilever energy harvesters with external magnetic field, The 
European Physical Journal Special Topics, 224, 2839-2853. 

15. Williams C.B., Yates R.B. (1996), Analysis of a micro-electric 
generator for microsystems, Sensors and Actuators, 52, 8-11. 

The work is supported by Ministry Science and Higher Education under 
the research project No. S/WM/1/2016 



Janette Brezinová, Anna Guzanová, Dagmar Draganovská, Pavlo O. Maruschak, Mariana Landová     DOI 10.1515/ama-2016-0046 
Study of Selected Properties of Thermally Sprayed Coatings Containing WC and WB Hard Particles 

296 

STUDY OF SELECTED PROPERTIES OF THERMALLY SPRAYED COATINGS  
CONTAINING WC AND WB HARD PARTICLES 

Janette BREZINOVÁ*, Anna GUZANOVÁ*, Dagmar DRAGANOVSKÁ*, Pavlo O. MARUSCHAK**, Mariana LANDOVÁ*  

*Faculty of Mechanical Engineering, Department of Mechanical Technology and Materials,  
Technical University of Košice, Mäsiarska 74, 040 01 Košice, Slovakia 

**Faculty of Computer Technologies, Department of Automation of Technological Processes and Productions,  
Ternopil Ivan Pul'uj National Technical University, Ruska str., 56, Ternopil, Ukraine 

janette.brezinova@tuke.sk, anna.guzanova@tuke.sk, dagmar.draganovska@tuke.sk,  
maruschak.tu.edu@gmail.com, mariana.landova@tuke.sk  

received 23 February 2016, revised 29 November 2016, accepted 2 December 2016 

Abstract: The paper presents results of research of the essential characteristics of two kinds of advanced coatings applied by HVOF tech-
nology. One studied coating: WB-WC-Co (60-30-10%) contains two types of hard particles (WC and WB), the second coating is eco-
friendly alternative to the previously used WC-based coatings, called "green carbides" with the composition WC-FeCrAl (85-15%). In green 
carbides coating the heavy metals (Co, Ni, NiCr) forming the binding matrix in conventional wear-resistant coatings are replaced by more 
environmentally friendly matrix based on FeCrAl alloy. On the coatings was carried out: metallographic analysis, measurement of thick-
ness, micro-hardness, adhesion, resistance to thermal cyclic loading and adhesive wear resistance (pin-on-disk test). One thermal cycle 
consisted of heating the coatings to 600°C, dwell for 10 minutes, and subsequently cooling on the still air. The number of thermal cycles: 
10. The base material was stainless steel AISI 316L, pretreatment prior to application of the coating: blasting with white corundum, applica-
tion device JP-5000. 

Key words: Coating, HVOF Technology, Adhesion, Friction Coefficient, Thermal Loading 

1. INTRODUCTION 

The components of production machines in technical practice 
are stressed by various operating conditions (transmitted forces, 
pressures, temperature, environment, etc.). By the influence 
of these diverse effects, in the majority of machines and their 
components stresses occurs, which causes unwanted damage 
of the surface (wear, deformation, corrosion, cracks, fractures 
etc.). To avoid substantial damage of surfaces of machinery com-
ponents, there have been developed various methods of forming 
protective layers, resistant to operating conditions. Thermal spray-
ing technology also belongs to such methods. Coatings formed 
using thermal spraying technology for its high hardness and wear 
resistance even at higher operating temperatures are often ap-
plied in many fields of industry, especially in automotive, aero-
space, energy, engineering, manufacturing and mining industry. 

Recently, just cermet coatings containing hard WC particles 
in metallic matrix applied using HVOF (High Velocity Oxygen 
Fuel) technology was seen as a less dangerous and more envi-
ronmentally friendly alternative to hard chrome plating (Bolelli, 
2012). Because the WC-based powders contain heavy metals 
such as Co and Ni (Brezinova et al., 2015; Aw and Tan, 2006; 
Żórawski, 2013; Sahraoui et al., 2010; Saha et al., 2011; Wood, 
2010; Hulka et al., 2011; Hong et al., 2013a, b; Santana et al., 
2008; Berget et al., 2007; Mati et al., 2007; Zavareh et al., 2015; 
Kaur et al., 2009), there is very strict logistics of powders used for 
coatings formation in the HVOF process. Currently, effort of mate-
rials scientists is focused on developing new powders, in which 

these elements in metallic matrix is eliminated and are replaced 
by other alloys. One of them is the powder WC-FeCrAl, called 
"green carbides". 

The aim of the experiment was to evaluate the characteristics 
of the two types of coatings containing hard carbide particles in 
Co and also in Co-free matrix with respect to their tribological 
properties in atmosphere and in a corrosive environment (Brezi-
nova et al., 2011, 2012, 2013). 

2. MATERIALS AND METHODS 

The base material for production of test samples was stainless 
steel AISI 316L. The test samples were of a cylindrical shape with 
a diameter of 25 mm and a length of 70 mm. The coatings were 
applied to the front area of the cylinder. Before powder spraying 
the base material was abrasive blast cleaned using white alumi-
num oxide with grain size of 0.56 mm, air pressure of 0.4 MPa, 
blasting angle of 90° and a blasting distance of 300 mm (Brezino-
va et al., 2015; Staia et al., 2000). The coating was applied by 
HVOF technology using TAFA JP-5000 spraying system under 
spraying parameters recommended by the powder manufacturer. 

Powders used: 
─ WC-WB-Co (60/30/10), agglomerated and sintered, grain size 

+15/-45 µm, used for wear and corrosion protection in molten 
metal (for Zn bath rolls in Continuous Galvanizing Lines), 

─ WC-FeCrAl (85/15), agglomerated and sintered, grain size 
+15/-45 µm, wear resistant coating with Ni- and Co-free me-
tallic binder, replacement for WC-Co or WC-Ni. 
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The quality and thickness of coatings were assessed on 
metallographic sections using light and electron microscopy. The 
microhardness of the coatings was evaluated also on the metallo-
graphic sections (HV 0.1, 15 s) 

The coatings were evaluated as-sprayed and after thermal cy-
cles. One thermal cycle consisted of heating to 600 °C, dwell time 
of 10 min in furnace, followed by natural air cooling at room tem-
perature. The number of cycles: 5 and 10. 

Adhesion of coatings was determined by pull-off test (using 2K 
adhesive Loctite 9497) and wear resistance of coatings by pin-on-
disc test (load 1.5 N, velocity 0.02 m.s-1, duration of test 60 min, 
environment: atmosphere and immersion in 1 M NaCl solution, 
a static counterpart SiC ball). 

3. RESULTS AND DISCUSSION 

The thickness of the coatings was evaluated on several metal-
lographic cross-sections. The cross-section of the coatings dis-
played by means of light microscopy (LM) is shown in Fig. 1. 
There the thickness of the coatings can be seen. 

a) 

 
b) 

 

Fig. 1. Metallography section of the coatings: a) WC-WB-Co,  
            b) WC-FeCrAl, LM 

There is is a visible interface between the substrate and the 
coating in Fig. 1. The interface is broken, corresponding to profile 
of surface after grit blasting. The coating good fills all valleys in 
the surface, in the interface are not present any defects. 
The coatings are well anchored in surface irregularities. Average 
coatings thickness varies from 145 to 174 µm. 

More detailed analyses of the structure of coatings were per-
formed using SEM. The microstructure of the coating at magnifi-
cation 5000× is showed in Fig. 2. 

The coating WB-WC-Co consists of two types of hard particles 
(WC and WB) in soft binding Co matrix which ensures the coher-
ence of carbides. The coating WC-FeCrAl contains hard particles 
of WC in a matrix based on FeCrAl alloy. Results of EDX analysis 
of chemical composition of coatings as-sprayed and also after 
thermal cycles are shown in Fig. 3. 

a) 

 
b) 

 

Fig. 2. SEM image of the coatings: a) WC-WB-Co, b) WC-FeCrA 

  

 
Fig. 3. EDX line scan composition profiles 

Results showed that there are no changes in chemical com-
position of the coatings caused by thermal cyclic load. 

The hardness of the coating WC-WB-Co was found between 
1200 and 1300 HV 0.1 and hardness of coating WC-FeCrAl be-
tween 1000 and 1100 HV 0.1. Adhesion of both coatings as 
sprayed, or after thermal cyclic loading exceeded the cohesive 
strength of the adhesive used (>50 MPa). The results of determi-
nation of thickness, hardness, and adhesion of coatings are sum-
marized in Tab. 1. 



Janette Brezinová, Anna Guzanová, Dagmar Draganovská, Pavlo O. Maruschak, Mariana Landová     DOI 10.1515/ama-2016-0046 
Study of Selected Properties of Thermally Sprayed Coatings Containing WC and WB Hard Particles 

298 

Tab.1. Results of the tests 

WC-WB-Co 

Number of thermal 
cycles 

0 

(as sprayed) 

5 10 

Thickness / µm 145 151 160 

Hardness HV0.1 1303 1325 1229 

Adhesion / MPa >56 >51 >50 

WC-FeCrAl 

Thickness / µm 165 157 174 

Hardness HV0.1 1075 1050 1069 

Adhesion / MPa >50 >56 >54 

Wear resistance of coatings as-sprayed and after the thermal 
cycles was evaluated by pin-on-disk test under dry friction condi-
tions in the atmosphere and also immersed in the NaCl solution. 
The course of the friction coefficient during pin-on-disc test states 
Fig. 4. 

a) 

 
b) 

 

Fig. 4. Friction coefficient of the coatings after 5 and 10 thermal cycles  
            in the atmosphere a) and in NaCl solution b) 

Friction coefficient of the coatings in the atmosphere after the 
initial start-up became stabilized at a value of 0.1, and immersed 
in NaCl solution was stabilized below 0.1. During adhesive friction 
test in corrosive solution, the coefficient of friction stabilized 
at a lower value than in atmosphere. 

The appearance of the coatings surface in wear track and out 
of wear track is shown in Fig. 5. 

Weight loss of coatings after pin-on-disk test was minimal so 
could not be determined although the resolution of the balance 
was 10 to the negative 4th power [g], as confirmed also appear-
ance of wear track. Surface of coatings in wear track and out of 
wear the track is almost identical, they are visible no signs of 
particles removed from coating material. Conversely, on the static 
counterpart was found visible loss of material, Fig. 6. 

Material loss of each static counterpart is the same, judging by 
size of wear area - there are no differences between friction pairs 
as sprayed and after thermal cycling, as well as no differences 
between tests in the atmosphere and NaCl solution. 

  
surface of coatings in wear track 

  
surface of coatings out of wear track 

WC-WB-Co WC-FeCrAl 

Fig. 5. Surface of the coatings in wear track and out of wear track 

  
after 5 thermal cycles 

  
after 10 thermal cycles 

after contact with WC-WB-Co 

  
after 5 thermal cycles 

  
after 10 thermal cycles 

atmosphere NaCl 
after contact with WC-FeCrAl 

Fig. 6. Appearance of static balls 

On the surface of static balls used in NaCl solution corrosion 
products are present. 
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4. RESULTS 

Both coatings exhibited comparable properties as for thick-
ness (140-170 µm), hardness (1300 and 1050 HV0.1), adhesion 
(> 50 MPa), and also in terms of adhesive wear resistance (non-
measurable weight loss, low friction coefficient: 0.1 in the atmos-
phere and also in NaCl solution). It can be concluded that “green 
carbides” coating is environmentally more friendly replacement for 
coatings containing Co and Ni without reducing the performance 
of the coating. 
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Abstract: Neidhart type suspension units composed of metal-elastomer torsion springs can be a good alternative to steel helical springs 
in applications such as vibration absorbers or vehicle suspension systems. Assembling this type of spring requires initial preload of the 
elastomeric working elements, which determines their operating properties.The results of experimental tests and numerical simulations 
concerning the preload of elastomeric working elements in Neidhart type suspension units are presented in the paper. The performed re-
search made it possible to propose a new calculation model for determining the preload force value acting on the elastomeric cylindrical 
elements applied in this type of suspension unit. The results obtained using the proposed model exhibit good convergence with FEM simu-
lation results within the range of the tested geometrical and material properties.  

Key words: Hyperelastic Materials, Neidhart Spring, Metal-Elastomer Spring

1. INTRODUCTION 

Metal-elastomer elastic joints exhibit, as opposed to metal 
springs, good damping properties, which is the reason behind 
their wide application in vibration reduction systems or rotating 
machinery suspension systems, among others. Generally, this 
type of joint consists of rectangular shaped elastomeric elements 
bonded to rigid plates (Gent et al., 2007). However, such a con-
struction has significant limitations, because, in the case of com-
pression loading, nonuniform stress distribution in elastomeric 
elements causes a risk of extensive heat generation (Banić et al.,  
2012), stress concentration and, as a result, damage of the ele-
ment. These phenomena are the reasons why, in the design 
practice for vibration isolators, deformations of compression-
loaded elastomeric elements are limited to about 10-15% of the 
elastomeric component thickness (Rivin, 2003). Significantly 
preferable stress distributions can be obtained when an elasto-
meric element has a cylindrical shape and is loaded radially by 
two rigid plates (Neidhart R., 1969). Rivin and Lee demonstrated, 
by means of experiment (1994) and by numerical calculations 
(1996), that elastic joints of such a construction can withstand 
deformations in the compression mode even as high as 40%, 
without the risk of the unfavorable phenomena described above. 
An example of the practical application of such a construction 
is the Lastosphere vibration isolator, produced for many years by 
the Lord Corporation.  

It should be noted, however, that these structures were not 
able to compete with coil springs in terms of the maximum 
achievable deformation. Only the metal-elastomer torsion joint 
patented by Hermann Neidhart and its later modifications have 
made it possible to obtain deformations characteristic for helical 
springs, and damping properties characteristic for rubber-like 
materials.  

The construction of a metal-elastomer torsion spring, called – 
from the name of its inventor – a Neidhart spring, was patented in 
1955 (Neidhart H., 1955) and was a development of structures 
applied earlier in vehicle suspension systems. Over the years, the 
number of applications of Neidhart springs has increased and the 
field of their utilization also include the examples outside the 
automotive industry. Currently, among the numerous examples of 
this solution's applications, supports of vibrating machinery (vibrat-
ing screens, vibrating conveyors), belt and chain tensioners, 
vibration isolators, pressure rollers and so on can be mentioned 
(Fig.1). 

 
Fig.1. Examples of typical applications of Neidhart springs: a) vibration 

isolation; b) transmission belt tensioner (http://www.rosta.ch) 

Although Neidhart springs have been used for more than six 
decades, no extensive analysis of this construction can be found 
in the literature (Wodziński, 2003). The current situation is not 
conducive to the popularization of this solution, due to the lack of 
information concerning the rules for designing such springs and 
the influence of geometrical and material parameters on their 
operating properties. The static and dynamic properties of metal-
rubber torsion springs depend on their geometry and the composi-
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tion of the rubber compound (Samaca Martinez et al., 2013; Has-
san et al., 2012; Chokanandsombat and Sirisinha, 2013) used to 
manufacture working cylinders. By making modifications in these 
two fields, one can obtain such spring properties that are most 
suitable in certain applications. Therefore, the article shows the 
results of experimental tests conducted in order to define the 
characteristics of rubber compounds used to produce the working 
elements of the tested springs. In the second part of the article, 
the relation between dimensions of the spring elements and the 
lateral force required to exert initial deformation of rubber cylin-
ders is developed. There are, to the knowledge of the authors, no 
such formulas available in the literature that would allow one to 
approximate the relation between the geometric parameters  
of Neidhart type springs and assembly preload force. Knowledge 
of this force may be utilized in the design process of springs with 
specified reaction torque characteristics. 

The aim of the study is to analyze the influence of the geomet-
rical and material parameters of metal-elastomer torsion springs 
on the value of the preload reaction force between the rigid metal 
elements of the spring and elastomeric working elements. 

2. CONSTRUCTION OF NEIDHART SPRINGS 

A typical Neidhart type spring consists of an outer square 
tube, inner square shaft and four cylindrical elastomeric elements 
that are mounted between the tube and shaft in such a way that 
the shaft is rotated with respect to the tube by 45°, as shown in 
Fig. 2. It can be seen in Fig. 2a that elastomeric cylinders are 
significantly compressed in a radial direction, which provides the 
initial preload of the spring.  

 
Fig.2. Construction of the metal-elastomer spring: a) unloaded spring; b) 

loaded spring; A – inner dimension of the square tube, B – outer 
dimension of the shaft, C – elastomeric working element 

As shown in Fig. 2b, the spring transfers torsional loads, how-
ever, it can also withstand lateral loads. The angular movement 
of the shaft with respect to the tube should be limited to only about 
30° due to the risk of unacceptably high deformation and strain 
of the elastomeric elements. The spring units shown in Fig. 2 can 
be mounted into sets as shown in Fig. 1a to transfer lateral 
movements. 

3. HYPERELASTIC MATERIAL MODEL 

Rubber, being an elastomer, is classified as a hyperelastic 
material. In the literature, one can find many models of such 
materials, of which the best known are the Neo-Hookean, 
Mooney-Rivlin, Arruda-Boyce and Ogden models (Bower, 2010; 
Boyce and Arruda, 2000; Kim et al., 2012). Besides the listed 
ones, due to significant differences in the properties of hyperelas-

tic materials, there are many other models that have been devel-
oped for specific groups of materials (Lu et al., 2010). 

Elastomeric material models are usually presented as a func-
tion of the elastic strain energy density. This is a starting point to 
determine the stress in a given state of load. To determine the 
parameters of the elastomer material, the static test of axial ten-
sion, compression or shear of an appropriately shaped test sam-
ple should be performed on a material testing machine. The cho-
sen material model parameters can be obtained by fitting the 
theoretical curve to the experimental one. 

The Mooney-Rivlin model (Mooney, 1940; Rivlin, 1948; Bar-
anowski et al., 2012) is utilized in this paper. In this model, the 
strain energy density function U can be expressed in the form 
(Bower, 2010): 

𝑈(𝐼1̅, 𝐼2̅) = 𝐶10 ∙ (𝐼1̅ − 3) + 𝐶01 ∙ (𝐼2̅ − 3) 

+𝐷1 ∙ (𝐽 − 1)2  (1) 

where: 𝐶10, 𝐶01, 𝐷1 – material constants in MPa. 

𝐼1̅ = 𝐽−2
3⁄ ∙ 𝐼1 

𝐼2̅ = 𝐽−4
3⁄ ∙ 𝐼2  

where: 𝐼1, 𝐼2 – invariants of the left Cauchy-Green tensor B. 

𝐁 = 𝐅 ∙ 𝐅𝑇 = [

𝜆1
2 0 0

0 𝜆2
2 0

0 0 𝜆3
2

] 

𝐼1 = 𝑡𝑟(𝐁) = 𝜆1
2 + 𝜆2

2 + 𝜆3
2

 

𝐼𝟐 =
1

2
[(𝑡𝑟 𝑩)2 − 𝑡𝑟 (𝑩𝟐)] = 𝜆1

2𝜆2
2 + 𝜆2

2𝜆3
2 + 𝜆3

2𝜆1
2
 

𝑭 =  [

𝜆1 0 0
0 𝜆2 0
0 0 𝜆3

]  

𝐽 = 𝑑𝑒𝑡(𝑭) = 𝜆1 ∙ 𝜆2 ∙ 𝜆3 

where: F – deformation gradient tensor, 𝜆1, 𝜆2, 𝜆3 – principal 
stretches. 

 
Fig. 3. Coordinate system for a cylindrical sample 

Material testing of the rubber samples was based on an uniax-
ial compression test in direction 1 (Fig. 3). For such a case, it can 

be assumed that 𝜆2 = 𝜆3: 

𝜆2 = 𝜆3 = √
𝐽

𝜆1

= √
𝐽

𝜆
 

𝜆1 = 𝜆 

To simplify the material model, a specimen was treated as be-

ing made from an incompressible material thus 𝐽 = 1. This as-
sumption is very close to reality in the case of rubber. True princi-
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pal stresses can be obtained from the formulas presented below 
(Bower, 2010): 

𝜎𝑖𝑗̃ = 2 [(
𝜕𝑈

𝜕𝐼1

+ 𝐼1

𝜕𝑈

𝜕𝐼2

) 𝐵𝑖𝑗 − (𝐼1

𝜕𝑈

𝜕𝐼1

+ 2𝐼2

𝜕𝑈

𝜕𝐼2

)
𝛿𝑖𝑗

3
 

−
𝜕𝑈

𝜕𝐼2

𝐵𝑖𝑘𝐵𝑘𝑗] + 𝑝𝛿𝑖𝑗 

𝜎11̃ =
4

3
[𝐶10 ∙ (𝜆2 −

1

𝜆
) + 𝐶01 ∙ (𝜆 −

1

𝜆2)] + 𝑝  

𝜎22̃ = 𝜎33̃ = −
2

3
[𝐶10 ∙ (𝜆2 −

1

𝜆
) + 𝐶01 ∙ (𝜆 −

1

𝜆2)] + 𝑝  

𝑝 =
𝜎11̃ + 𝜎22̃ + 𝜎33̃

3
 

Because the specimen sidewall is unconstrained therefore 

𝜎22̃ = 𝜎33̃ = 0 and true stress in the direction of the compres-
sion axis is described by: 

𝜎11̃ = 2𝐶10 ∙ (𝜆2 −
1

𝜆
) + 2𝐶01 ∙ (𝜆 −

1

𝜆2) (2) 

After dividing both sides of (2) by 𝜆, the engineering stress 
was obtained: 

𝜎11 = 2𝐶10 ∙ (𝜆 −
1

𝜆2) + 2𝐶01 ∙ (1 −
1

𝜆3) (3) 

𝜆 = 1 + 𝜀 

𝜀 =
𝑧 − 𝑧0

𝑧0

 

where (Fig. 4a): 𝜀 – strain, 𝑧0 – initial sample height, 𝑧 – sample 
height during test. 

The relationship (3) for compressive stress on a central axis is 
necessary for determining the rubber material constants. Compar-
ing equation (3) with the results obtained from a compression test 
would allow the values of C10 and C01 to be estimated. 

4. ESTIMATION OF MATERIAL CONSTANTS 

Experiments were carried out on an MTS 810 testing machine 
(Fig. 4c) and based on the ISO 7743 standard. Cylindrical sam-
ples were made of a chloroprene rubber CR with a diameter of 29 
mm and length of 13 mm. Specimens were axially compressed 
under a strain control with the rate of 10 mm/min till the axial 

strain ε≈-0.3  was reached. It corresponded with the absolute 

change in the height by Δz≈4 mm. Next the strain was relieved 

with the same rate. Contact surfaces between the sample and 
testing machine plates were coated with a lubricant. This allowed 
friction force to be reduced during a radial expansion of the mate-
rial and prevented specimen deformation into a barrel shape 
during compression (Fig. 4b). The described loading cycle was 
repeated three times for each sample. In total, there were 15 
samples. The relation between the stress and strain recorded 
during the single experiment is presented in Fig. 5. It shows an 
elastic hysteresis of the tested rubber. The compression curve 
changes during the experiment and stabilizes after the first load-
ing cycle. The stress value at the maximum strain is reduced in 
the second cycle. The relaxation time of the compressed material 
is quite long, because stress increases in the second and third 

cycles can be observed for strains larger than ε≈0,04 which 

means that lasting deformations took place. 
 

 
Fig. 4. Experimental technique: a) specimen dimensions;  
             b) specimen Ø29x13 during test, c) test stand 

 
Fig. 5. An example of an elastic histeresis for a tested rubber sample 

 
Fig. 6. Comparison between Mooney-Rivlin model curve  
           and experimental results for the compression test 
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Material constant estimations were based on the compression 
curve from the third loading cycle. The reason is that the last 
curve should be similar to a stabilised material compression re-
sponse in the working spring. When the object of interest is the 
force needed for an initial deformation of the rubber cylinders 
directly during spring assembly, the curve from the first cycle 
should be used instead. The material constants C10 and C01 were 
determined using the least squares method by fitting function (3) 
to the experimental curves.  For further analysis, the mean values 
of C10 and C01 from all 15 samples  were used. Their values were 
equal to C10=0.2461 and C01=0.3271. In Fig. 6, a theoretical curve 
for the Mooney-Rivlin model was compared with the experimental 

results. Strain values visible in fig. 6 were shifted by ε≈0.04 com-

pared to Fig. 5 due to the lasting deformation occurring in the third 
cycle. 

5. SPRING ASSEMBLY PRELOAD FORCE 

An elastic reaction force exerted by a single rubber cylinder in 
an unloaded Neidhart spring could be recreated by pushing a 
cylinder sample into the 90° V groove, as it is shown in Fig. 7. 
Considering only one rubber element instead of all four at the 
same time is possible because of the two symmetry planes that 
exist in the examined spring. Elastic deflection of the sample is 

described by the variable Δh=h0-h. For the compressed cylindrical 

sample of the dimensions Ø10x42 Δh is equal to ca. 3 mm, which 

corresponds to the deflection in typical Neidhart rubber springs. 

 
Fig. 7. Alternative setting for a quarter of Neidhart rubber spring:  

 1 – pressure plate, 2 – rubber cylinder, 3 – plate with groove 

 

Fig. 8. Sample Ø10x42 on testing stand 

The experiment was prepared and carried out to simulate the 
situation above. A cylindrical sample of the dimensions Ø10x42, 
placed horizontally in the V groove cut in the steel plate (Fig. 8), 
was compressed along its axis. The test was repeated for four 
samples on the same testing machine, like in the previous exper-

iment. During the test, compression force and deflection Δh were 

recorded. Each sample underwent three identical loading cycles 

where Δh reached a maximum value of 3 mm. For further analy-

sis, only the compression curve P(Δh) from the last cycle, after 

stabilization of the sample response, was used. 

6. FEM SIMULATIONS 

Based on the previous experiment, the exact system was rec-

reated in the ANSYS 16 version FEM simulation program. The 
simulation model (Fig. 9) consists of two rigid bodies (grooved 
plate and pressure plate) and a deformable body (cylindrical 
rubber element). Material constants for the CR rubber necessary 
to carry out the simulation were assumed according to the mean 
values C10 and C01 presented in the earlier section. The existence 
of two symmetry planes in the model – longitudinal and transverse 
– allows only a quarter of the whole system to be recreated. In the 
place of the removed fragment, the symmetry boundary conditions 
have to be placed on specific surfaces. Thanks to this simplifica-
tion, the computing resources and time needed for performing the 
simulation were reduced. The model of the single rubber cylinder 
visible in Fig. 9 was divided into 17,000 finite elements of the type 
SOLID285. On the section surfaces of each of the three parts, the 
symmetry condition was assigned. The grooved plate was fixed in 
place and loading was exerted by a pressure plate with displace-
ment applied vertically. The force necessary for deformation of the 

sample by the given value (Δh=3 mm) was recorded as a reaction 

force on the pressure plate during the simulation.   
A comparison of the simulation and experimental results is 

presented in Fig. 10. Similar progress of the compressive force as 

a function of Δh for FEM and experimental values allows one to 

assume that the prepared simulation reflects the actual physical 
process to a satisfactory degree. Consequently, it is justified to 
continue analysis for different geometrical dimensions of cylindri-
cal samples, based further only on FEM simulations. 

 
Fig. 9. FEM simulation of cylindrical sample compression. Results shown  

 as maximum principal elastic strain of material 

 
Fig. 10. Comparison of experimental results with the FEM simulation  

   of pressing cylindrical rubber sample into groove 
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The maximum amplitudes of the load for elastomeric parts are 
important in terms of their fatigue durability (Luo and Mortel, 
2009). The maximum principal elastic strain of the sample is 
shown in Fig. 9. It can be used as a measure of the material 
equivalent load in complex loading situations (Mars and Fatemi, 
2002). Analysing the distribution of the mentioned strain shows 
that the most loaded area is the sample interior near the contact 
with the pressure plate. Moreover, because of the material expan-
sion along the groove, the face of the sample begins to bulge, 
which leads to the collapse of the face edge during contact be-
tween the sample and both plates. Increases in material load 
because of this are more significant for contact with the pressure 
plate. 

7. RELATION BETWEEN RUBBER CYLINDER DIMENSIONS 
AND ELASTIC REACTION FORCE 

The next step was an attempt to devise a functional relation 
between the force P resulting from an initial deformation of rubber 
cylinders in a Neidhart spring and their dimensions – diameter d 
and length L. For this purpose, FEM simulations were carried out 
for a limited range of cylinder dimensions. It was assumed that the 
diameters would fit in the range from 10 to 30 mm and length from 
40 to 80 mm. Since the sample diameters are different compared 
to the ones that were tested earlier, it was necessary to define the 

value of Δh for other cases of diameter. It has been assumed that 

an elastic deflection Δh, being the result of an initial deformation 

of rubber cylinders, will be equal to 30% of the diameter size d: 

∆ℎ = 0.3𝑑  

 
Fig. 11. FEM simulation results for compressive force P as a function  

   of rubber cylinder diameter d and length L, and approximation  
   of those results  by the polynomial function 

The proposed value corresponds to the initial deflection value 
in typical Neidhart springs. In total, 25 simulations were carried 
out for 5 values of diameter d and 5 values of length L from the 
range that was mentioned earlier. FEM simulation results are 
presented in the form of a 3D scatter plot in Fig. 11. It shows the 

values of the compressive force P for the initial deflection Δh=0.3d 

for given values of rubber cylinder dimensions. 
Further, the obtained FEM results were approximated. The re-

lation describing the compressive force P as a function of two 
variables P(d, L) was introduced as a polynomial function due to 

its versatility and ease of use in practical applications: 

𝑃(𝑑, 𝐿) = ∑ 𝑝𝑖𝑗  𝑑𝑖  𝐿𝑗𝑖+𝑗=𝑁
𝑖+𝑗=0  (4) 

where: 𝑁 = 2, 𝑖 = {0,1}, 𝑗 = {0, 1 , 2}. 

After expanding (4) for given values of N, i and j, the result is: 
 

𝑃(𝑑, 𝐿) = 𝑝00 + 𝑝10 𝑑 + 𝑝01 𝐿 + 𝑝11 𝑑 𝐿 + 𝑝02 𝐿2 (5) 
 

Following the approximation of FEM results, the polynomial 
coefficients presented below were obtained: 

𝑝00 =  −155.6 𝑁 

𝑝10  = 6.02 
𝑁

𝑚𝑚
 

𝑝01  = 4.8 
𝑁

𝑚𝑚
 

𝑝11  = −0.51 
𝑁

𝑚𝑚2
 

𝑝02  = −0.077 
𝑁

𝑚𝑚2
 

The correlation coefficient for data received from the FEM 
simulation and equation (5) was R2=0.9967 and root mean square 
error  RMSE=0.018. Function (5) for the given input of the rubber 
cylinder diameter and length allows the value of compressive 
force to be estimated, which is also the elastic reaction force 
needed for an initial deformation of the rubber cylinders used in 
Neidhart springs. This is presented as a surface plot in Fig. 11. 
The developed relationship applies only to elastic elements made 
of chloroprene rubber CR, whose material constants were esti-
mated in this paper. 

8. CONCLUSIONS 

The elements to which a Neidhart spring owes its elastic 
properties are rubber cylinders. To analyse spring construction 
and operation, knowledge about the characteristics of the material 
used for cylinders is necessary. The conducted tests of axial 
compression for cylindrical rubber samples allow the material 
constants of the Mooney-Rivlin model to be determined, which 
was utilised for further work. One of the features specific 
for a Neidhart spring is its preload. This is the effect of initial de-
formation of rubber elements during spring assembly. Preload 
depends mainly on the geometry of rubber parts and the type 
of material used for their manufacture. The result of the conducted 
experiments and numerical simulations was the development 
of a functional relation which, for a given diameter and length 
of rubber cylinder, allows its elastic force reaction in the assem-
bled spring to be estimated. The presented methodology is uni-
versal, because it can also be applied for cylindrical elements 
made of a different rubber type than that specified in this paper. 
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Abstract: The aim of the study was to compare microhardness and wear resistance of ceramic-polymer composites with micro and nano-
hybrid structure. For the studies commercial composites were used, containing filler particles of the same type but different sizes, nano-
sized (Filtek Ultimate) and micro-sized (Filtek Z250) composites. Tribological testing was conducted using ball-on-disc micro-tribometer. 
Vickers testing method was applied for microhardness studies with the use of Futertech FM 700 device. It has been demonstrated 
that the wear of Filtek Ultimate is almost twice lower in comparison to wear of Filtek Z250 composite. It has been concluded that the use 
of filler nanoparticles significantly increased wear resistance of the material. Additionally, lack of correlation between material microhard-
ness and wear resistance has been demonstrated.      

Key words: Wear Resistance, Dental Composites, Microhardness 

1. INTRODUCTION 

In conservative dentistry ceramic-polymer composites are 
most commonly used. It applies not only to the front teeth, but 
also to the side teeth – molars and premolars. The ceramic-
polymer composites have suitable physical – mechanical proper-
ties to oral cavity conditions (Canche-Escamilla et al., 2014). They 
maintain aesthetic appearance similar to the appearance of the 
natural tooth tissues for a long operating time. Due to clinical 
reasons they should also ensure long life of the fillings.  

Dental composites consist of a matrix (organic phase-resin) 
and filler (inorganic phase). The mechanical and tribological  
properties of dental composites are determined by many parame-
ters such as: size, shape, content and distribution of filler particles 
in resin matrix (Wang et al., 2015). Commonly used fillers are 
silica fillers, glass and quartz. However, constantly new materials 
are being developed, which among other things would increase 
abrasive wear resistance of the fillings (Hambire and Tripathi, 
2013). Size of the particles of inorganic phase in the modern 
dental composites is above 0.04 µm for microfillers and above 
0.005 µm for nanofillers (Schmalz, 2009). The fillers are applied 
in a form of agglomerates (clusters) or dispersed form. It is be-
lieved that the use of filler particles in nano-sized enhance physi-
cal and mechanical properties of ceramic-polymer composites 
(Wang et al., 2015). The quantity of filler in the matrix depends on 
the type of the composite. Hybrid composites have the highest 
ratio of inorganic to organic phase, for which the content of the 
filler ranges from 60 up to 70 percent of the composite volume 
(% volume) or from 70 up to 85 percent of the composite mass 
(% weight).    

An initial stage of classification studies in case of development 
of the new dental composites are in vitro studies, conducted in the 
laboratory conditions using material specimens. In vitro studies 

are carried out as preliminary studies. It decreases the time 
of in vivo studies and reduces the number of clinical trials (Ramal-
ho and Antunes, 2005). One of the most important preclinical 
studies are studies of the mechanical properties of the surface, 
including hardness and abrasive wear resistance. It refers particu-
larly to increase of wear resistance of the fillings, with reduction 
of the wear of opposing teeth (contact teeth). Surface damages 
may act as traps for particles during chewing process. They ac-
cumulate food waste and dental plaque. As a result of the de-
scribed phenomena, stains may appear on the filling surface, 
deteriorating aesthetic appearance. Additionally, a biocompatibility 
of the fillings decreases (Palaniappan et al., 2013). 

Wear of the composite filling in the clinical conditions is a re-
sult of the opposing teeth contact, food consumption, teeth brush-
ing and illnesses e.g. bruxism. The wear is a sum of phenomenon 
occurring in the operating conditions, thus abrasive wear and 
adhesive effect between two mating surfaces, as well as fatigue 
of the surface layer of the material and corrosive effects (Mair 
et al., 1996). Especially important types of teeth wear are abrasion 
and attrition (Palaniappan et al., 2013). The abrasive wear occurs 
by means of the following three bodies, wearing friction surfaces 
of opposing teeth and foreign particles between them. In case 
of composite fillings the abrasive wear appears as abrasion of the 
soft polymer matrix exposing filler particles (Lambrecht et al., 
2006). The attrition is the effect of wear caused by the direct 
contact of the opposing teeth surfaces, thus the result of interac-
tion of two bodies. During mating of two rough surfaces the micro-
roughness contact occurs. If both body surfaces are hard 
and brittle at the same time, thus as a result of microroughness 
contact they deform and fracture after exceeding a critical stress 
value. In case when the surface of one body has a higher hard-
ness than the opposing surface, it can cause a fast wear by mi-
crocutting (Mair, 2000). 
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Improvement of resistance to wear must be associated with 
relevant parameters of resistance to movement (friction coeffi-
cient). As stated in the publication (Kleczkowska and Bieliński, 
2007) too large values of frictions coefficient may lead to prema-
ture wear of filling, while too small – to less efficient in crushing 
food. From authors observation results that the value of compo-
sites frictions coefficient in a liquid or suspension environment 
is within a scope from 0.2 up to 0.45. 

It is believed that the level of composite wear depends on the 
size and content of the filler particles in the structure of the com-
posite and the filler adhesion to the resin matrix (Turssi et al., 
2007). If the sizes of filler particles and space between them are 
smaller than distortions and deformations caused by the contact 
of two bodies, material behaves almost as a homogeneous one, 
and its wear is similar to resinous matrix wear. In case when filler 
particles and size of deformation are similar or filler particles are 
larger, the material behaves as a heterogeneous one, and the 
wear is lower than resinous base wear (Kleczkowska and 
Bieliński, 2007). The wear resistance of ceramic-polymer compo-
sites can be also explained through ‘protection hypothesis’. The 
polymer is less wear resistance than filler particles so wear 
of composites depends from the resin spacing between the parti-
cles (Ferracane and Palin, 2013). High quantities of filler in the 
matrix and small size of particles have an impact on the improve-
ment of tribological properties of composites surface under condi-
tion of good dispersion in the material.  

2. MATERIAL AND STUDY METHOD 

Two commercial ceramic-polymer composites based on 
methacrylate compounds Filtek Z250 and Filtek Ultimate were 
studied. Studied composites contain filler particles of the same 
type but different sizes (Fig. 1, Fig. 2). Detailed data concerning 
materials are presented in Tab. 1. 

Tab. 1. List of the studied materials (Thomaidis et al., 2013) 

Material Manufacture Type 
Type and size 

of filler 
particles 

Filler 
particles 
content 
(vol.%) 

Filtek 
Z250 

3M ESPE 
Micro-
hybrid 

SiO2/ZrO2 

0.01-3.5 µm 
60 

Filtek 
Ultimate 

3M ESPE 
Nanocomp

osite 

SiO2 20 nm, 
ZrO2 4-11 nm, 

0.6-20 µm 
clusters 

63.3 

Specimens for microhardness studies were made in a disc 
shape according to ISO 4049 standard. Samples were cured with 
light emitting diode (LED) curing light for 40 seconds.  

The microhardness study was conducted by Vickers method 
using Futertech FM 700 device with the load of 50 g, while indent-
er’s penetration time was set to 20 seconds. Measuring coordi-
nates were set in order to possibly include the whole specimen 
surface, they were identical for all specimens. The study was 
carried out on 20 samples on the light exposed (LC) and non-
exposed surface (NLC).  

 
Fig. 1. SEM microstructure of Filtek Z250 composite; zoom 3000x 

 
Fig. 2. SEM microstructure of Filtek Ultimate composite; zoom 3000x 

Fig. 3. Schematic diagram of wear test apparatus 

Wear resistance study was conducted by means of microtri-
bometer (CSM Instruments SA Switzerland) with the ball-on-disc 
method. Spherical counter specimens were applied with a diame-
ter of 6 mm, made of trioxide aluminum (Al2O3). During the whole 
period of examination the specimens were immersed in artificial 
saliva in order to simulate conditions in the oral cavity. A load 
during the testing was fixed to 5 N. Testing speed was 60 rpm and 
a sliding distance was 100 m. The studies of wear geometry were 
performed by means of surface profiler - Veeco Dektak 150. Wear 
resistance study was conducted on 8 samples on the light ex-
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posed surface (LC). Fig. 3 shows a schematic configuration of the 
test machine. 

3. STUDY RESULTS AND DISCUSSIONS 

Results of microhardness studies of composites are presented 
in Tab. 2. Both exposed (LC) and non-exposed (NLC) surfaces 
were taken into consideration. Descriptive statistics of the study 
results include the following: average value, minimum and maxi-
mum value, results dispersion and standard deviation. 

Tab. 2. Microhardness measurement results 

Material 
Surfa
ce 

Aver
age 

Min Max 
Dispers

ion 
St. Dev. 

[HV] 

Filtek 
Z250 

LC 72.78 59.53 83.05 23.52 3.790 

Filtek 
Ultimate 

LC 72.99 63.98 80.19 16.21 3.927 

Filtek 
Z250 

NLC 75.24 65.66 82.37 16.71 3.490 

Filtek 
Ultimate 

NLC 71.56 64.89 78.10 13.21 2.743 

LC – exposed side 
NLC – non-exposed side 

It has been observed that microhardness of Z250 composite 
and Ultimate composite was similar. No significant differences 
in average values between LC and NLC have been demonstrated. 
It may be explained by the same composites manufacturer.  

The graphical interpretation of friction coefficient vs. distance 
has been illustrated in Fig. 4. The curves of friction coefficient vs. 
distance of studied materials were similar. 

 
Fig. 4. The curve illustrating  changes of friction coefficient vs. distance  

 at the load of 5N  

Wear study results are presented in Tab. 3. Descriptive statis-
tics as in case of microhardness have been marked out, and 
average wear coefficient K. Additionally, the typical wear profiles 
of composites Filtek Z250 and Filtek Ultimate are shown in Fig. 5. 

The wear resistance of Filtek Ultimate composite proved to be 
significantly higher than the wear resistance of Filtek Z250 com-
posite. The maximum wear value of Filtek Ultimate was 363x105 
µm3 and it was lower than the average wear value of Z250 com-
posite. The wear results can be explained by the size of filler 
particles. Some authors claim that composites containing smaller 
filler particles showed greater wear resistance compared with 

composites with larger filler particles (Souza et al., 2016). Other 
provides studies indicated that filler content influences wear re-
sistance (Wang et al., 2003). Although the similar wear mecha-
nisms, it is difficult to compare results obtained with various meth-
ods (Heintze at el., 2005).   

Tab. 3. Results of dental composites wear 

Material 

Avera
ge 

Min Max 
Dispers

ion 
St. 

Dev. 

Average 
wear coeff. 

K 
[m3F-1m-1] 105 m3 

Filtek 
Z250 

412 245 596 351 90 8.23x10-14 

Filtek 
Ultimate 

227 124 363 239 76 4.54x10-14 

       
Based on the wear studies, the wear coefficient K, including 

loading and sliding distance was determined. The coefficient for 
Filtek Z250 was 8.23x10-14 [m3F-1m-1] and for Ultimate it was 
4.54x10-14 [m3F-1m-1]. 

 
Fig. 5. Typical wear profiles  

Figs. 6 and 7 show microscopic images of the wear track 
of composites Z250 and Ultimate. In figure 6 parallel furrows can 
be seen. In Fig. 7 visible microcracks propagation directions at the 
edges of furrows can be noticed. Branching of these microcracks 
and their re-connection results in separation of individual material 
particles in the form of scale. This way separated particle is de-
tached from the composite surface. 

 
Fig. 6. Wear track of Filtek Z250 composite; zoom 510x 
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Fig. 7. Wear track of Filtek Ultimate composite; zoom 580x 

4. CONCLUSION 

In the presented studies similar values of microhardness 
for both composites have been obtained. It is known from the 
literature that there is a correlation between composite microhard-
ness and polymerization shrinkage value. Microhardness study 
can be also used for the assessment of the local photopolymeriza-
tion gradient, inhomogeneity of composite properties in the area 
of polymerization lamp light impact.      

In the conducted studies a significantly higher adhesive wear 
of Filtek Z250 composite comparing to Filtek Ultimate has been 
demonstrated. The difference in wear could be a result of different 
composite structure. Nanoparticles content in the structure of the 
surface layer of Ultimate composite strengthens and unifies its 
structure. SEM images showed only insignificant local material 
gaps, while in case of Filtek Z250 material wear traces had linear 
shape.   

It can be concluded from the literature, that the wear of com-
posites depends mainly on the content of the filler in the matrix 
and size of the filler particles (Finaly et al., 2013; Turssi et al., 
2007; Wang et al., 2013). In the conducted studies despite 
of similar filler content in Z250 and Ultimate composites, the latter 
one was characterized by higher wear resistance due to smaller 
size of filler particles (Tab. 1). The dispersion of filler in Ultimate 
composite was better; material was more homogeneous, with 
smaller space between the particles, which resulted in lower wear, 
most probably due to better load transfer between matrix and the 
filler.    
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Abstract: This paper presents a novel mechatronic device to support a gait reeducation process. The conceptual works were done  
by the interdisciplinary design team. This collaboration allowed to perform a device that would connect the current findings in the fields 
of biomechanics and mechatronics. In the first part of the article shown a construction of the device which is based on the structure  
of an overhead travelling crane. The rest of the article contains the issues related to machine control system. In the prototype, the control 
of drive system is conducted by means of two RT-DAC4/PCI real time cards connected with a signal conditioning interface. Authors  
present the developed control algorithms and optimization process of the controller settings values. The summary contains a comparison 
of some numerical simulation results and experimental data from the sensors mounted on the device. The measurement data were  
obtained during the gait of a healthy person.  

Key words: Mechatronic Device, Gait Reeducation, Rehabilitation, Real-Time  Systems, Control Systems 

1. INTRODUCTION 

In the contemporary world, the number of traffic accidents and 
civilization-related diseases leading to the loss of motor abilities is 
constantly growing (Botticello et al., 2014). Numerous diseases 
and injuries may permanently affect this ability while hindering 
ordinary functioning of a person and often preventing one from 
performing daily activities that seem trivial to those in possession 
of full motor skills. Such a situation makes the patient dependent 
on the support of other persons and hinders autonomous perfor-
mance of physiological activities or social functions. In case 
of occurrence of walking disorders, rehabilitation of the patient 
becomes a necessity. It is aimed at the recovery – as far as pos-
sible – of the lost motor abilities. This is related to retraining the 
patient's ability to walk in new circumstances (Bae and Tomizuka, 
2012; Behrman and Harkema, 2000; Boyd and Little, 2005; Hesse 
and Werner, 2009; Mailah et al., 2009). 

To meet the need to ensure fast and reliable rehabilitation 
leading to full recovery of abilities in patients with a walking dys-
function, various classes of instruments and devices are designed 
and manufactured. These include both the simplest ones and 
ones that are highly intricate and utilize state-of-the-art advance-
ments. Currently, among all devices of this type, stabilometric and 
balance platforms equipped with handrails or a patient suspension 
system protecting the patient against fall are most commonly used 
in rehabilitation centres. Examples of such platforms are the 
Biodex and Tecno Body stabilometric and balance platforms 
(Sawers and Ting, 2014; Cao et al., 2014; Hussain et al., 2013; 
Sherafat et al., 2013). 

The platform itself, however, does not make learning to walk 
possible. For that purpose, treadmills may be used, on which the 
patient – protected with a special harness system similar to the 

one employed in the platforms – may learn to move. The Gait 
Trainer by the Biodex company with an UWS OFFSET unloading 
system may serve as an example of such devices. Using this 
system, the patient supports himself using handrails or is sus-
pended in a harness, while simultaneously moving on the tread-
mill (Mulroy et al., 2010; Walker, et al., 2010). In the recent years, 
devices additionally forcing the movement of lower limbs came 
into use as well. Examples of such devices are the Lokomat by 
Hocoma or AutoAmbulator by the HealthSouth company (Lunen-
burger et al., 2004). Such devices are also often used in rehabili-
tation and waking of persons in coma. The immobilization 
of pelvis, however, is an obstacle for conscious patients learning 
to walk. Studies have proved that the immobilisation of the pelvis 
while walking significantly changes its pattern (Akdogan and Adli, 
2011; Hidler and Wall, 2005).  

Additionally, the movement of the lower limb in these devices 
is limited only to the sagittal plane, without ensuring proper 
movements in the frontal or transverse planes. It is also not with-
out significance that the movement on the treadmill is not the 
same as moving in space. Treadmill training introduces habits 
different from those assumed to be correct in walking. All this may 
lead to the strengthening of improper movements, which may 
cause arthritis or lead to future traumatic injuries. Devices such as 
the Gait Trainer by Rifton or Kaye Products constitute an attempt 
to depart from methods based on movement on a treadmill. The 
above are walking frames with wheels and a harness system for 
the patient. The possibility of the patient’s movement in horizontal 
paths is a great advantage of this type of devices. As far as reha-
bilitation is concerned, however, there are some disadvantages: 
the immobilization of the pelvis, the use of seats for unloading and 
the impossibility to conduct such exercises as climbing the stairs 
(Marchal-Crespo and Reinkensmeyer, 2009).  

Without a doubt, the most technologically advanced device 
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that was recently introduced to the market is the ZeroG device 
patented in the United States (patent No. US 7,883,450 B2). 
ZeroG is a mechatronic system for the assistance of human 
movement with unloading, which allows for the movement of the 
subject along a given path. Depending on the current position 
of a human, resulting from the phase of walk, the system's drives 
provide a reaction, thus ensuring the necessary unloading value 
(Hidler et al., 2011). 

Striving to meet the need for a modern, domestic rehabilitation 
device for persons with a walking impairment, the employees 
of the Department of Theoretical and Applied Mechanics of the 
Silesian University of Technology have undertaken to build 
a demonstrative device for the re-education of walk which allows 
for autonomous movement of the patient in unloading conditions 
within the framework of the NR03-0040-10 research and devel-
opment programme. The completed project is innovative, as the 
conducted domestic and worldwide market analysis has demon-
strated that no such device has been used in the rehabilitation 
of persons having problems with locomotion (Duda et al., 2011). 
A device that would connect the current findings in the fields 
of biomechanics and mechatronics. The application of the device 
in rehabilitation of persons with locomotion disorders, with under-
lying conditions of both traumatic and neurological nature, pro-
vides an improvement of the  working conditions of the staff con-
ducting the rehabilitation. Also the patient's safety is improved, 
as they will be able to perform walking-related exercises while 
being protected against fall and to perform the exercises in pre-set 
unloading conditions. An additional advantage over similar devic-
es available in the market is the possibility to learn to climb the 
stairs and to cross obstacles that may be encountered in everyday 
life. 

2. CHARACTERISTICS OF THE DEVICE 

The following basic systems may be distinguished in the de-
veloped device (Duda et al., 2011): 
─ support frame made of aluminium profiles; 
─ mechanical elements of the drive systems; 
─ motors with controllers and a control cabinet; 
─ computer with real-time boards installed; 
─ sensors measuring the dynamic states of the device 

with power feed. 
The structure of the device is based on the structure 

of an overhead travelling crane. As a result of installing three 
drives, the movement of the sling of the person in rehabilitation 
is possible in all axes of the Cartesian coordinate system. Fig. 1 
presents the arrangement of the individual axes. 

 
Fig. 1. Directions and senses of the axes of the global coordinate system 

corresponding to the movements of individual drives 

The basic mechanical part of the device is constituted by drive 
systems responsible for the transfer of the movement from the 
motor to the working units. The proposed drive system has been 
presented in a structural form (Fig. 2).  

The performance of all assumed objectives requires the con-
trol system to operate with different parameters, depending on the 
mode of operation. This is why it was decided to divide the tasks 
and performance of various operation modes into separate tasks. 
By means of special expansion boards, the Matlab/Simulink suite 
allows for real-time control and measurement data acquisition 
using real-time simulation methods. Real time operation is charac-
terized by the maintenance of certain time regimes, due to which 
the solver’s step of integration is kept with the real time (Campa et 
al., 2004; Faust et al., 2015). 

 
Fig. 2. Structural scheme of the drive system in mechatronic device for 

locomotor training 

 
Fig. 3. The mechanism of dynamic unloading of patient with a rope 

displacement angle and force measurement system 

The real-time systems connected to external devices are 
characterized by the fact that the calculations necessary for the 
supervision and control of the operations conducted by the con-
trolled device are in parallel to the operation of the device. Moreo-
ver, the calculations give consideration to the current state of the 
device (Kaliński and Buchholz, 2015). 

The transmission of control and measurement signals be-
tween the walking re-education device and the computer with the 
control system is conducted by means of two RT-DAC4/PCI real 
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time boards connected with a signal conditioning interface. 
A control unit equipped with servo inverters of each of the motors 
is an additional element necessary for the correct operation of the 
device. As in each of the drives speed control is used, the servo 
inverter works as a regulator controlling the torque of the motor so 
as to ensure the required rotational speed (defined by the control 
signal). Each of the control signals is sent from real time boards to 

the control unit which works out the settings for the drive motors. 
Analogue signals from the remaining sensors installed in the 

device are sent directly to the board conditioning the analogue 
signals. These sensors include the constructed devices for rope 
force measurement and the measurement of the sling rope deflec-
tion angle (Fig. 3) (Gembalczyk and Duda, 2012). The data 
transmission diagram has been presented in Figs. 4 and 5. 

 
Fig. 4. Diagram of subassembly connections of the mechatronic device used in the process of walking reeducation 

 
Fig. 5. Diagram of the control and measurement signal transmission 

The control of the device is conducted by means of the 
MATLAB/Simulink suite. Two tabs are visualized in the main 
window of the application. Each of the tabs is responsible for the 
processing of different measurement, control and servomotor 
control signals. Due to the real-time library included in the 
MATLAB/Simulink software suite, the user of the programme may 
freely operate these signals (Duda et al., 2014). 

3. DRIVE CONTROL ALGORITHM 

The algorithm controlling the device’s drives, encompassing 
the X, Y and Z axes, has been divided into three independent 
systems due to the expected performance method and the re-
quirements of movement of the subassemblies. The control 
is performed in a closed control system using PD regulators by 
generating proper voltages which are supplied to BLDC motors. 

A follow-up control system has been implemented for the X 
and Y axes. In this case, the algorithm of operation performs 
a certain wave of the controlled value, while the wave is not 
known. The purpose of this system is to control the object in such 
a way so as the changes of the regulated value would directly 

follow the changes of the pre-set value. In this case, the system 
aims at the minimization of the rope deflection angle. It is also 
possible to set a trajectory for the movement of the rope suspen-
sion point in the XY axis of the device (Duda et al., 2015). 

For the Z axis – the dynamic compensator of rope length, an 
algorithm aimed at keeping a constant force value in the rope has 
been implemented. This is necessary to achieve a constant un-
loading value required in some of the rehabilitation and walking 
re-education processes. 

The correctness of the device operation, which is strictly relat-
ed to the values of the regulators’ settings, has been considered 
in the view of: 
─ ensuring the possibility of free movement – device directly 

following the patient, 
─ the possibility to set and maintain an assumed unloading 

level,  
─ ensuring the safety of the rehabilitated person – ensuring 

balance and preventing any possible falls. 
In the proposed follow-up movement control system in the X 

and Y axes, the proper value of the rotational speed control signal 
of the drive motor is selected based on the misalignment signal. 
The misalignment signal equals the value of the crane rope de-
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flection from the perpendicular (the pre-set rope deflection angle 
value equals zero). This angle is dependent on the coordinates of 
the crane trolley and the location of the patient. The value of rope 
inclination angle is measured by a dedicated sensor that was 
designed and made by the authors of the article. The idea behind 
the algorithm controlling the follow-up movement of the crane has 
been presented in Fig. 6. 

 
Fig. 6. Block diagram of the regulation system 

To determine the values of the PD regulator settings, a nu-
merical model of the tested device as a mechatronic system has 
been developed in the MATLAB/Simulink environment, giving 
consideration to complex couplings occurring between the individ-
ual elements of the system: the control unit – the drive – the hu-
man (Fig. 7). The numerical model allows also to calculate the 
rope deflection angle in XZ and YZ planes (α, β) and the value of 
unloading force (Funl). The rotational speed control signals (CSX, 
CSY, CSZ) of drive systems for each axis of the device are an 
inputs in the developed numerical model. 

 
Fig. 7. Directions and senses of the axes of the global coordinate system  

 corresponding to the movements of individual drives 

The model of the patient’s movement has been obtained from 
studies conducted with non-affected persons using a photogram-
metric method (Cappozzo et al., 2005). In the initial selection 
of the setting values it has been noted that in case of excessive 
value of the P proportional element, the trolley of the crane over-
takes the moving person. This leads to a situation in which the 
suspension system starts to perform a reciprocating motion along 

the OX axis with increasing speed. This situation is presented 
in Figs. 8 and 9, exhibiting the movement of the suspension 
mechanism and the patient and the change in the value of the 
control signal of the rotational speed of the drive motor. 

 
Fig. 8. Movement along x axis of the patient and the crane trolley  

 as a function of time 

 
Fig. 9. Graph of the control signal of the rotational speed  

 of the drive motor 

The same phenomenon as in numerical simulations has been 
observed in the real object. An additional factor which affect 
on increasing such operation of the drive are the disturbances 
of signals from the measurement of the rope deflection angle, 
which constitute the feedback signal of the regulation system.  

The conducted study has demonstrated that with excessive 
values of the PD regulator settings, the suspension system does 
not fluently perform the follow-up movement. Instead, high speed 
changes, especially notable during slow movement, occur during 
tracing. In the initial phase of the study, when the person moved 
with low speed (it is a follow-up movement, so the speed of the 
crane may be assumed to be approximately the patient's speed), 
the trolley would overtake the person and then conduct a reverse 
motion.  

The presented situation causes both dangerous (potentially 
leading to a fall) and uncomfortable rehabilitation conditions. 
In selection of the optimal settings of the PD regulator, both the 
rope deflection angle and the changes of speed of the trolley of 
the suspension system during the movement of the patient were 
minimized (1) to ensure fluent operation at perpendicular orienta-
tion of the rope (in such position, the suspension system has the 
lowest impact on the natural movement of a person). 

𝐹(𝜑) ∙ 𝑎 + 𝐹(𝜑̈) ∙ 𝑏 → 𝑚𝑖𝑛  (1) 

𝐹(𝜑̈) = ∫ |
𝑑2𝜑

𝑑𝑡2
| 𝑑𝑡

𝑇

𝑡=0
  (2) 

where: T – final time of simulation; F(φ) – function of the rope 
deflection in gait plane as a function of time; F(φ̈) – function 
describing the angular speed changes of the crane’s rope in the 
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direction of the patient’s movement; a, b – parameters specifying 
the impact of the deflection angle function and the linear speed 
change function on the minimized objective function.– description. 
The a and b parameters have been selected so that both func-
tions (rope deflection angle and winch speed changes) would 
have a comparable impact on the objective function. With 
a problem formulated this way and assuming the patient's move-
ment with a constant speed, the process of optimization of the 
regulator’s parameters was conducted using a gradient method. 

The resulting values (P=300, D=10) have been implemented in 
the control system of the actual object. After the patient’s move-
ment registered in the tests was considered in the numerical 
model, the results of the simulation and experiment exhibited 
similar values. The functions presented in Figs. 10 constitute 
a comparison of the rope deflection angle in XZ plane during the 
simulation and in the experiment. Figure 11 present the x-axis 
movement of the patient and the trolley registered during the tests 
of the actual object. 

 
Fig. 10. Changes of the deflection angle of the rope of the crane sling in XZ plane as a function of time 

 
Fig. 11. Movement of the patient and the suspension system of the crane as a function of time 

 
Fig. 12. Graph of the unloading force as a function of time 

The parameters of the regulator responsible for the follow-up 
movement in the OY axis were selected in a similar manner. The 
obtained parameter values were after rounding: P = 1100, D = 20, 
respectively.  

Based on the obtained results, it may be concluded that the 
used control algorithms of each of the axes function properly. It 
should be noted that in the device the Y axis is a supportive axis, 
responsible for ensuring that the suspension mechanism follows 
the lateral movements of the patient. The main direction along 
which the patient is supposed to move is the direction of the X-

axis. 
When walking, the centre of inertia of a human moves along 

the perpendicular axis (the Z axis of the device), which results 
in the changes of the force value in the rope on which the patient 
is suspended. This is why the control of the drive in the Z axis 
is related to the maintenance of a constant, pre-set value of un-
loading force acting on the patient during the walk.  

The selection of correct settings of the regulator has been 
conducted experimentally during a physical studies. This method 
of tuning the controller was caused by disturbances of the signal 
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from the force measurement sensor. Excessive values of the 
proportional element in the regulator caused significant changes 
in the values of the control signal of the motor, which resulted 
in the instable operation of the motor and uncomfortable condi-
tions of rehabilitation. The optimal value of the P parameter se-
lected in the algorithm amounted to 200. The graph of the unload-
ing value during the test has been presented in Fig. 12.  

4. CONCLUSIONS 

The work presents the structure and real-time components 
cooperation in an innovative device used to support the rehabilita-
tion process of persons affected by a walking impairment. The use 
of a computer as the management unit allows for the modification 
of algorithms and parameters of the control system, which may be 
motivated by the occurrence of new factors that were not consid-
ered earlier. Moreover, the continuous recording of the registered 
parameters obtained from the installed sensors was made possi-
ble, thus allowing for the assessment of rehabilitation progress. 

The algorithms developed for the control of the device allow to 
conduct rehabilitation in two basic modes – as a protective follow-
up system and in unloading conditions. Both modes were ana-
lyzed and tested, exhibiting the correctness of the proposed con-
trol algorithms. 

The work presents a idea of computer tool for the testing 
of the dynamic behaviour of electric drives operating as a mecha-
tronic device. The methodology of the conducted tests assumed 
the development of models for the individual systems and their 
further coupling in a loop to test whether the complete system 
works properly. The developed methodology allows for creating 
dynamics models for a wide range of rehabilitation devices which 
constitute mechatronic systems utilizing real-time control and their 
use in the design and the optimization of the structures of these 
devices and the synthesis of algorithms for controlling their 
movement. 
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Abstract: Mechanical systems with combustion engines, compressors, pumps and fans, can be characterized as torsional oscillating me-
chanical systems (TOMS). It is therefore necessary to control their dangerous torsional vibrations. It was confirmed that dangerous tor-
sional vibration can be reduced to acceptable level by an appropriate adjustment, respectively by tuning the TOMS. According to several 
authors, the most appropriate way of system tuning is application of suitable flexible element, which is flexible shaft coupling. It turned out 
that one of the types of shaft couplings, which are particularly suited to meeting this objective are pneumatic flexible shaft couplings, to act 
as so-called pneumatic tuners of torsional oscillations. The issue of research and development of pneumatic tuners of torsional oscillations, 
among other things is, long-term in the focus of the author. The existence of tuners creates the opportunity to develop new ways of tuning 
torsional oscillating mechanical systems. The author of the scientific article will focus on the characteristics of developed pneumatic tuners 
of torsional oscillation in terms of their design, construction, function, significance advantages and conditions imposed on pneumatic tuners 
based on the results of his patent activity. Simultaneously provides information about the characteristic properties of pneumatic tuners 
of torsional oscillations in the general design.  

Key words: Pneumatic Tuner of Torsional Oscillation, Torsional Oscillating Mechanical System, Characteristics of Pneumatic Tuners   

1. INTRODUCTION 

In mechanical systems with reciprocating machines as driving 
or driven devices dangerous torsional vibration occurs. It means 
that Mechanical systems with combustion engines, compressors, 
pumps and fans, can be characterized as torsional oscillating 
mechanical systems (TOMS). 

TOMS can be considered, from dynamic point of view, as sys-
tems working most frequently in supercritical range with relatively 
quick transient process by startup and braking. In terms of regula-
tion they can be categorized as a controlled system with incom-
plete information. Incomplete information is reflected particularly in 
the area of unexpected (random) of failure effects. The most 
common effects of random disturbances in TOMS include the 
effects piston machines themselves. On this basis, it can be stat-
ed that especially piston machines introduce into these systems 
increased torsional vibration causing their excessive dynamic 
load. 

Therefore, it is necessary to control their dangerous torsional 
vibration. It was confirmed that dangerous torsional vibration can 
be changed on the acceptable level by an appropriate adjustment, 
respectively tuning the TOMS. Under tuning the mechanical sys-
tem should be understood an appropriate adjustments of dynamic 
properties of some of its members to the dynamics of the system. 
This means that to achieve the aims to reduce unacceptable 
torsional vibration, it is necessary that any TOMS has to be previ-
ously tuned. 

According to several authors, the most preferred method 
of system tuning is the application of a suitable elastic element, 

which is considered a flexible shaft coupling (Ankarali et al., 2012; 
Bolek et al., 1967; Gao et al., 2010; Grega et al., 2015; Homišin, 
1996; Homišin, 2008; Yubao, 2013; Lacko, 1971; Poľakov, 1979; 
Singiresu, 1996; Timošenko, 1960; Wilson, 1968). 

With this issue any manufacturer of flexible shaft couplings is 
seriously concerned. The world's leading manufacturers of flexible 
couplings are currently trying to solve this problem by using flexi-
ble shaft couplings with particularly low torsional rigidity (Bingzhao 
et al., 2010; Böhmer, 1983; Curà et al., 2013; Gao et al., 2010; 
Homišin, 1986; Homišin, 2002; Homišin, 2016; James et al., 2014; 
Lunke  et al., 1983; Zoul, 1988; Zoul, 1989). 

It was shown that one of the types of shaft couplings, which 
are particularly suited to achieve this are the pneumatic flexible 
shaft couplings, which acts as a so-called pneumatic tuners of 
torsional oscillations. 

The issue of research and development of pneumatic flexible 
shaft couplings is, among other things, long in the focus of the 
author. In the scientific research field the author focuses on proper 
design of new types of shaft couplings, and pneumatic flexible 
shaft couplings (newly developed types of flexible shaft couplings 
are resulting from the claims of more than seventy granted pa-
tents of the author (Homišin, 1986a, 1986b, 1995a, 1995b, 1996b, 
1998, 2002a, 2016), investigation of the basic properties of devel-
oped pneumatic couplings (the author dealt with the research of 
pneumatic flexible shaft coupling in scientific papers (Homišin, 
1996a; Grega et al., 2015).  

Particularly he aims at facilitating the application of the given 
couplings in various types of torsional oscillating mechanical 
systems with the objective of optimal tuning, thus optimizing them 
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in terms of achieving minimum levels of dangerous torsional 
oscillation, or its removal. The existence of pneumatic couplings, 
thus pneumatic tuners of torsional oscillations, creates the possi-
bility of implementing new ways of torsional oscillating mechanical 
systems tuning. The aim of the scientific article is the focus on the 
characteristics of the pneumatic tuners of torsional oscillation 
developed by the author in terms of their structure, function, im-
portance and advantages based on his patent activity, as well as 
presenting their characteristic properties in general terms. 

2. BRIEF CHARACTERISTICS FUNCTION  
AND IMPORTANCE OF FLEXIBLE SHAFT COUPLINGS 

Based on the general characteristics of flexible shaft couplings 
applies that in addition to compensating axial, radial and angular 
shaft misalignment serve as a very effective means of tuning 
of any TOMS in terms of torsional vibration size. Appropriate 
tuning of TOMS is ensured by an appropriate adaptation of the 
dynamic properties of flexible coupling to the dynamics of me-
chanical systems, based on a detailed dynamic analysis. It follows 
that a properly selected flexible shaft coupling is used to limit the 
formation of resonances in the operating speed range (OSR) and 
thus to control dangerous torsional vibrations. Usually moves the 

natural angular frequency of torsional oscillation 𝛺𝑂, and thus the 

critical speed 𝑛𝑘  𝑛𝑘
∗  from individual load torque harmonic 

components (particularly from the major harmonic component), 
in the lower rotation frequency area (Fig. 1). As a result, by the 
rapid start-up, respectively braking no unacceptable torsional 
vibrations occur and are damped by the coupling. 

 
Fig. 1. Demonstration of the effect of flexible couplings  
            on the dynamics of the system 

With regard to their basic characteristics, i.e. dynamic torsion-

al stiffness k and the damping coefficient b, it should be noted 
that they are affected by material (metal, rubber, plastics), shape, 
number, size and design modifications to their flexible elements. 
Thus, they depend on various factors, each in its own way influ-
ences the characteristics of flexible couplings. Based on their 
impact the above factors can be divided into two groups – stable 
and unstable factors. The shape, number, size and various struc-
tural modifications of the elastic members can be categorized as 
stable factors. Material of elastic elements to a group of unstable 
factors, as they change its original characteristics as a result 
of fatigue and aging. 

The above influences acting on the basic characteristics 
of shaft couplings show that each flexible coupling member, 
whether it is metallic or non-metallic, is exposed to fatigue 
or aging in the case of acting external forces. As a result, there 
is a change of coupling load characteristics Mk  =  f(φ) (with 
respect to initial characteristics), and thus to change of its basic 
characteristic properties. It should also be noted that any currently 

used linear or non-linear coupling has only one characteristic. The 
result of this fact, it is only one course of natural speed frequency 
in the Campbell diagram. Change of the characteristics of the 
flexible coupling due to an appropriate adaptation of the dynamic 
properties to the dynamics of TOMS means using a different 
elastic element or using another flexible coupling. Taking into 
account this fact, as well as the instability of dynamic properties 
of flexible couplings caused by aging and fatigue, the elastic 
elements cause detuning of a previously tuned TOMS. In this 
case, the tuning member, i.e. flexible shaft coupling, has no pos-
sibility of eliminating or reducing dangerous increasing torsional 
vibration (Zoul, 1982). 

Taking into account the above considerations in order of tun-
ing or continuous tuning (Attention should be paid to the option of 
tuning torsional oscillating mechanical systems with pneumatic 
tuners out of service and continuous tuning of the system during 
operation at steady-state in the following article entitled: "New 
ways of tuning torsional oscillating mechanical systems".) of 
TOMS with intention of reducing dangerous torsional oscillations, 
we proposed to use pneumatic flexible shaft couplings developed 
by us i.e. pneumatic tuners of torsional oscillations in our under-
standing. 

3. CONDITIONS REQUIRED FROM PNEUMATIC TUNERS  
OF TORSIONAL OSCILLATION FOR THEIR APPLICATION 
IN MECHANICAL SYSTEMS  

Pneumatic tuners must in any TOMS meet the following re-
quirements: 
─ Compensation of axial, radial and angular misalignments 

caused by manufacturing irregularities. 
By the load torque transfer the compensation of axial, radial 

and angular misalignments and also the angular twist of driven to 
driving part of pneumatic tuner, is ensured by its flexible 
compression space). 
─ Ensuring the stable dynamic properties and stable load torque 

transfer during lifetime of mechanical system. 
By twisting the pneumatic tuner the compression of gaseous 

medium proportional to load is achieved, thus implementing flexi-
ble load torque transfer in TOMS. Stable flexible transfer is en-
sured by the use of gaseous medium (in this case air) as flexible 
material in the tuner, which has a dominant influence on pneumat-
ic tuner basic characteristics, and throughout its lifetime it is not 
subject to aging or fatigue (Krejčíř, 1986). Consequently, the 
pneumatic tuner does not lose its initial characteristics, indicating 
its stability for the lifetime of TOMS. Pneumatic tuners of torsional 
oscillations have not one, but a range of load characteristics and 
also the range of characteristic properties within the range 

of gaseous medium pressure 𝑝 in the compression space. Char-
acteristic properties of these tuners are affected by change 

of gaseous medium pressure 𝑝 – specifically by tangential, differ-

ential and axial tuners – and also by constant twist angle j
𝑘

 

selection with corresponding gaseous medium pressure 𝑝 change 
– specifically by pneumatic tuner of torsional oscillation with auto-
regulation). 
─ Ability of appropriate tuning of torsional oscillating mechanical 

systems, thus adapting the dynamic properties to the dynamic 
properties of the system. 
Based on change of gaseous medium pressure p in the 

compression space of pneumatic tuner we are changing, i.e. 

tuning the torsional stiffness k, which has a decisive influence 



Jaroslav Homišin            DOI 10.1515/ama-2016-0050 
Charakteristics of Pneumatic Tuners of Torsional Oscillation as a Result of Patent Activity 

318 

on the natural frequency of the system 𝛺𝑂, where 𝐼𝑟𝑒𝑑  is the 
reduced mass moment of inertia of the system:  

 Ω𝑂 = √𝑘 𝐼𝑟𝑒𝑑⁄ .                                                                             (1) 

Based on above it follows the principle of appropriate tuning 
of TOMS by pneumatic tuners of torsional oscillation, which 
essential nature is to adapt the natural angular frequency of the 

system 𝛺𝑂  to the exciting angular frequency 𝜔 during operation 
of the given system so, that in the operating range of the system 

resonance (𝛺𝑂  =  𝜔) and dangerous torsional vibration does not 
occur). 

3.1. Tangential pneumatic tuners of torsional oscillation 

Tangential pneumatic tuners of torsional oscillation (Figs.  
2 – 7) consist of driving (1) and driven part (2), between them is 
located the compression space. The compression space is formed 
by pneumatic-flexible elements tangentially spaced around the 
circumference (3). Pneumatic-flexible element is characterized by 
the rubber-cord single or double bellows filled with gaseous 
medium. When transferring the load torque there are two 
pneumatic-flexible elements simultaneously compressed and two 
expanded, ensuring design of two-way coupling (Figs. 2, 4, 5 and 
7). If the compression space is formed by three pneumatic-flexible 
elements (3), a design of one-way pneumatic coupling is created 
(Figs. 2 and 5). Through valve (4) the filling of compression space 
with gaseous medium is realized. The design of pneumatic 
coupling allows the interconnection of individual pneumatic-
flexible elements with changeable throttle nozzles (5) and hoses 
(6). This created three basic alternatives of interconnection (A, B, 
C) of pneumatic coupling: 
─ pneumatic tuner of torsional oscillation, without 

interconnection of pneumatic flexible elements, with type 
designation: 4–1/XXX–T–A (Fig. 2) (where the meaning 
of labeling is following: 4 – number of elements, 1 – single 
bellows pneumatic-flexible elements with outer diameter – 
XXX mm, T – with tangential distribution, and A – without 
interconnection), and 3–1/XXX–T–A (Fig. 3), 

─ pneumatic tuner of torsional oscillation with mutual 
interconnection of pneumatic-flexible elements, type 
designation: 4–1/XXX–T–B (Fig.4), 

─ pneumatic tuner of torsional oscillation with full mutual 
interconnection of pneumatic-flexible elements, type 
designation: 4–1/XXX–T–C (Fig. 5) and 3–1/XXX–T– C (Fig. 
6). 

 
Fig. 2. Tangential pneumatic tuner without pneumatic-flexible elements  
            interconnection: a) graphic representation,  
            b) design representation 

 
Fig. 3. Tangential pneumatic tuner without pneumatic-flexible elements  
            interconnection: a) graphic representation,  
            b) design representation  

 
Fig. 4. Tangential pneumatic tuner with mutual interconnection  
            of pneumatic-flexible elements: a) graphic representation, 
            b) design representation  

 
Fig. 5. Tangential pneumatic tuner with full mutual interconnection  
            of pneumatic-flexible elements: a) graphic representation,  
            b) design representation  

 
Fig. 6. Tangential pneumatic tuner with full mutual interconnection  
            of pneumatic-flexible elements: a) graphic representation,  
            b) design representation  

 
Fig. 7. Tangential pneumatic tuner with full mutual interconnection  
            of pneumatic elements: a) type 4–2/XXX–T–C,  
            b) type 3–2/XXX–T–C 
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In Fig. 7 pneumatic tuners of torsional oscillation with full 
mutual interconnection of double-bellows pneumatic-flexible 
elements type 4–2/XXX–T–C and type 3–2/XXX–T–C are 
presented. 

3.2. Differential pneumatic tuners of torsional  oscillation 

Differential pneumatic tuners of torsional oscillation type  
3–1/XXX–D–C (3 – three, 1 – single-bellows pneumatic flexible 
elements with outer diameter – XXX mm, with differential 
elements – D with interconnection – C) (Fig. 8 a, b) or 3–2/XXX–
D–C (3 – three, 2 – double-bellows pneumatic flexible elements 
with outer diameter – XXX mm, with differential elements – D 
a with interconnection – C) (Fig. 9 a, b) consists of the driving part 
(1) and the driven part (2), between them is a compression space 
filled with a gaseous medium (in our case air). Compression 
space consists of three circumferentially spaced and 
interconnected differential elements. Each differential element 
consists of compressed (3) and expanded pneumatic-flexible 
element (4). Interconnection of differential elements is provided 
by interconnecting hose (5). Through the valve (6), the filling 
of compression space of coupling, thereby changing the gaseous 
media pressure is ensured. 

 
Fig. 8. Differential pneumatic tuner with full mutual interconnection  
            of pneumatic-flexible elements type 3–1/XXX –D–C:  
            a) graphic representation, b) design representation 

 
Fig. 9. Differential pneumatic tuner with full mutual interconnection  
            of pneumatic-flexible elements type 3–2/XXX –D–C:  
           a) graphic representation, b) design representation 

3.3. Pneumatic tuners of torsional oscillation  
with autoregulation  

Differential pneumatic tuners of torsional oscillation with auto-
regulation  (Fig. 10),  which   basic  principle   results  from  patent 
claims of granted patents (Homišin, 1995; 1996), have a common 
design basis. The main difference consists in regulator (6) which 
enables to keep constant angle of twist φk. The basic principle 
of the PToTO is the self-regulation ability of the angular twisting, 
caused due to actual change of loading torque, into the given 

constant angular value 𝜑𝑘 . This ensures the self-regulation of the 

gaseous medium pressure 𝑝 in the compression space of tuner, 
thus adapting it to the current value of the load torque. This self-
regulation of gaseous medium pressure in the compression space 
in the tuner has an immediate influence onto the characteristic 
of pneumatic tuner (Figs. 14 and 15) and, of course, onto the 

torsional stiffness 𝑘 (Figs. 11 a, b), in this way it can be changed 
the natural frequency of the system 𝛺𝑂. 

 
Fig. 10. Pneumatic tuner of torsional oscillation with autoregulation 

 

Fig. 11. Courses of torsional stiffness k of pneumatic tuner of torsional 
                 oscillation with autoregulation depending on load torque 𝑀𝑘  

 

Fig. 12. Courses of torsional stiffness k of pneumatic tuner of torsional 
                 oscillation with autoregulation, type 3–1/XXX –D–C depending,  
                  on load torque 𝑀𝑘   

In Fig. 11 and 12 is schematically presented a behaviour 

of torsional stiffness 𝑘 of a PToTO in dependence on loading 

torque 𝑀𝑘. To each of the calculated constant angles of twist 
φka, φkb, φkc and φkd belongs one behaviour of torsional 

stiffness 𝑎, 𝑏, 𝑐, 𝑑. The above-mentioned behaviours are limited 

with minimum and maximum values of torsional stiffness kmin and 
kmax according to the pressures of gaseous medium from interval 
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pmin and pmax in compression space of the PToTO. There are 
also presented behaviours illustrated by a fractional line, which 
consists of three areas: pre-regulation – A, regulation – B and 
over-regulation – C area. From this illustration it is evident that 

change of φki influences interval of pre-regulation and regulation 
area, but it influences mainly the value of pneumatic tuner tor-
sional stiffness during operational regime of the system. There are 

also influenced values of loading torque 𝑀𝑘𝑎 , 𝑀𝑘𝑏, 𝑀𝑘𝑐  

and 𝑀𝑘𝑑 , with regard to the maximum value 𝑘𝑚𝑎𝑥  of torsional 
stiffness. The pneumatic tuner with an increasing value 
of constant angle of twist, during a certain loading torque, has 
a declining torsional stiffness. In the case of the PToTO with the 

maximum angle of twist value 𝜑𝑘𝑚𝑎𝑥 , from the relatively hard 
pneumatic coupling (behaviour a) becomes a high flexible pneu-
matic coupling (behaviour d), which is able to operate with con-

siderably higher value of loading torque 𝑀𝑘 at maximum value 
of torsional stiffness. 

3.4. Axial pneumatic tuners of torsional oscillation  

The essence of axial pneumatic tuners design is the fact that 
between the drive hub (1) and driven hub (3) is located a floating 
body (2) solidly coupled with compression space of tuner formed 
by an elastic hollow body (4) and filled by gaseous medium  
(Fig. 13) (Homišin, 1986). 

 
Fig. 13. Axial pneumatic tuner of torsional oscillation:  
              a) graphic representation, b) design representation 

 
Fig. 14. Axial pneumatic tuner of torsional oscillation with damping:                
              a) graphic representation, b) design representation 

In Fig. 14 an axial tuner of torsional oscillation with damping 
is displayed (Homišin, 1986). From the nature of design of the 
pneumatic tuner follows that between the driving hub (1) and 
driven hub (3) is formed a compression space. Compression 
space filled with gaseous medium is divided by a membrane with 
throttle openings (5) divided into deformable and stationary part. 

Deformable part of compression space if formed by a rubber 
element (4) membrane (5) separated from stationary part of com-
pression space formed by chamber in part (3). 

If the compression space of pneumatic tuner (Figs. 13 and  

14) is filled by gaseous media with initial pressure 𝑝1, it holds the 
floating body (2) in basic position, as we can see on the figure. By 
increasing of load torque in direction of thread teeth helix pitch of 
meshing parts (1) and (2) the axial shift of floating body (2) oc-
curs, creating a compression of the gaseous medium in the cou-
pling compression space. In the case of oscillating load torque 
transmission pulsation of carrier fluid occurs in the tuner compres-
sion space. Consequently, in proportion to the vibration torque the 
gaseous medium flows via throttle openings in membrane (5). The 
flow of gaseous medium is accompanied by throttling at a flow, 
which is characterized by throttling work in proportion to damping 
performance that is constant for pneumatic flexible shaft couplings 
with damping throughout its lifetime. 

4. PRESENTATION OF BASIC CHARACTERISTICS  
OF PNEUMATIC TUNERS OF TORSIONAL OSCILLATION  

Within the realized experiments, static and dynamic meas-
urements of pneumatic tuners of torsional oscillation were per-
formed. 

 
Fig. 15. Characteristics of pneumatic tuners of torsional oscillations  
               in the pressure range 𝑝 = 100 ÷700kPa type 4–1/XXX–T–C,  

               eventually  4–2/XXX–T–C  or  3–1/XXX–D–C,  eventually   
               3–2/XXX–D–C   

 
Fig. 16. Characteristics of pneumatic tuners of torsional oscillations  
              in the pressure range 𝑝 = 100 ÷700kPa type 3–1/XXX–T–C,  

              eventually 3–2/XXX–T–C   
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To illustrate the basic characteristics of pneumatic tuners 
of torsional oscillation only some of the measurement results are 
mentioned. 

Obtained results of static and dynamic measurements showed 
that changing the pressure of the gaseous medium, pneumatic 
tuner is capable of working with always a different characteristic 
(Figs. 15 and 16), thus it is always able to work with other charac-
teristic properties (torsional stiffness and damping coefficient). 

Based on Figs. 15 and 16 it is possible to say that the charac-
teristics of the pneumatic tuners are slightly nonlinear. Their 
course can be expressed by the equation (2) for Fig. 15 
and equation (3) for Fig. 16: 

𝑀𝑆 = 𝑎1𝜑 + 𝑎3𝜑3,                                               (2) 

𝑀𝑆 = 𝑎0 + 𝑎1𝜑 + 𝑎3𝜑3,                                        (3) 

 

Fig. 17. Courses of equivalent torsional stiffness 𝑘𝑒  in pressure range  

              𝑝 = 100 ÷700kPa  depending on twist angle j of pneumatic  

              tuner for the presented types of tuners   

 
Fig. 18. Courses of equivalent torsional stiffness 𝑘𝑒  in pressure range  

              𝑝 = 100 ÷700kPa depending of trasmitted load torque Mk   

              of pneumatic tuner for the presented types of tuners    

From the characteristics of the air tuners we determine the 

courses of equivalent torsional stiffness of tuners ke with equiva-
lent linearization method, according to (4) shown in Fig. 17: 

ke = 𝑎1 +
3

4
𝑎3𝜑2.                                                                     (4) 

Fig. 18 represents the range of equivalent torsional stiffness 

ke depending on the transmitted load torque 𝑀𝑘 of pneumatic 
tuners and also it gives us information on whether the tuner 
is suitable for work in a particular mechanical system.  

By changing the pressure of the gaseous medium in the 

pneumatic tuners we largely influence on the size of their nonline-

arity ε = a3/a0 . Based on calculation it can be concluded that 
with the increase of pressure 100 kPa to 700 kPa nonlinearity 

coefficient decreases within the range ε = 15 ÷ 1,2 (Fig. 19). The 
above results lead to the conclusion that in the range of the pres-
sure of the gaseous medium p = 200 ÷ 700 kPa pneumatic tuner 
can be characterized as linear (That claim is documented among 
research report (Pešík et al., 1997; Zoul, 1982),  in which the 

authors state that in the case of ε < 10 flexible coupling is consid-
ered linear). 

 
Fig. 19. Nonlinearity coefficient 𝜀 courses depending  

             on gaseous medium pressure  𝑝  in pneumatic tuners  

 
Fig. 20. Course of damping coefficient 𝑏∗ depending on gaseous medium 

              pressure 𝑝 in pneumatic tuners   

Further processing of measured values records determined 

equivalent damping coefficient 𝑏𝑒 of pneumatic tuners by individ-
ual pressures (with determining of equivalent coefficient 

of damping values be  and damping coefficient 𝑏∗ values based 
on dynamic measurement by free oscillations the author deals 
in his candidate dissertation thesis  (Homišin, 1989).). The results 
of our measurements confirmed the fact that the value of damping 
coefficient pneumatic tuners depends less likely on the preload, 
amplitude, and temperature, but to a greater extent on the fre-
quency of oscillation ω. Taking this into account impact of the 
frequency on damping coefficient can be expressed by the rela-
tionship (4), while the coefficient of damping 𝑏∗ (Fig. 20) is for a 
given preload amplitude and temperature approximately constant, 
i.e.: 

𝑏𝑒 = 𝑏∗/𝜔             (5) 

The main and essential part of the presented pneumatic tun-
ers is their compression chamber, which is formed by compressed 
and expanded pneumatic-flexible elements (rubber-cord bellows), 
filled with gaseous medium. In this case, the characteristics of the 
pneumatic tuners will depend both on the impact of the rubber 
cord bellows and also the influence of gaseous medium – as its 
filling. 
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From the above problem, the question arises, which has 
a dominant influence on the fundamental characteristics pneumat-
ic tuners - gaseous medium or a rubber-cord container? 

In examining the magnitude of two components on the change 
of the characteristics of the pneumatic tuners it is considered 
in the article, that the increase in magnitude of the gas medium is 
in the range of 𝑄𝑉  = 66.22% ÷ 89.83% (course – a), while the 

declining trend influence of rubber cord container has a range 𝑄𝐺  
= 33.78% ÷ 10.17% (course – b) depending on gaseous medium 
pressure p in pneumatic tuner (Fig. 21). 

 
Fig. 21. Influence of gaseous medium 𝑄𝑉 and rubber-cord container 𝑄𝐺 

              depending on gaseous medium pressure 𝑝  

On the basis of these values it can be stated that the effect 

of the gaseous medium at the beginning, i.e. by 𝑝 = 100 kPa, 
is compared to the rubber-cord almost double, while on the end 

i.e. 𝑝 = 700 kPa shall take up to nine times the value. 
From these results we can conclude that on the change of the 

basic characteristics of pneumatic tuners has a dominant influ-
ence definitely the gaseous medium. 

5. CONCLUSIONS  

Taking into account the above considerations in order to tun-
ing respectively continuous tuning of TOMS and with the intention 
of restricting dangerous torsional oscillations, we propose to use 
pneumatic tuners of torsional oscillations developed by us. These 
pneumatic tuners have not one, but by a range of characteristics 
and also the range of the characteristics within the range of the 
pressure of the gaseous medium in the compression space. 
Characteristics of the tuners are influenced both by changing the 
pressure of the gaseous medium – specifically in tangential, dif-
ferential and axial pneumatic tuners – and secondly, the couplings 
constant angle of twist while changing the pressure of the gase-
ous medium in them – namely in pneumatic tuners with autoregu-
lation. 

Based on the results of experimental verification, it was found 
that by changing the pressure of the gaseous medium in the 
compression space of the pneumatic tuner changes, i.e. tunes the 
dynamic torsional stiffness, which has a decisive influence on the 
natural frequency of the system. The essence of principle of tun-
ing TOMS by pneumatic tuners is to adapt natural angular fre-
quency of the mechanical system to the angular frequency of the 
excitation that in the range of the operation mode of the system to 
the resonance condition, and subsequently dangerous torsional 
vibration is avoided. 

Pressure changes of the gaseous medium in the compression 
space of the pneumatic tuner can be done beyond or during oper-

ation of mechanical systems. 
This resulted in two ways of tuning torsional oscillating me-

chanical systems suggested by us: 
─ Tuning of torsional oscillating mechanical systems out 

of operation,  
─ Tuning of torsional oscillating mechanical systems during 

operation in steady state. 
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ABSTRACTS 

Maciej Słowik, Tomasz Mrozek 
Experimental Analysis of Navigational Precision For Dedicated GNSS Receivers 

In the paper experimental investigations related with analysis of navigational precision of three chosen GNSS receivers are shown. Used receiv-
ers allow for measurement of navigational signals in following modes of operations: receiving signals from single-frequency GPS system, dual-
frequency GPS/GLONASS system, and receiving signals from GPS constellation with use of differential measurements. In the last mode  
the base station and mobile receiver were configured for transmitting/receiving differential corrections by pair of industry-grade radio modems. 
The most important features and configuration of navigational receivers for conducted experiment are presented. Afterward the features  
of computer program designed especially for simultaneous acquisition, analysis of quality parameters and archiving of navigational signals   
are shown. The results of conducted investigations are also shown. For each of the receivers quantity and quality parameters such as maximum 
and minimum numbers of visible satellites and DOP (dilution of precision) parameters achieved during the experiment are given. 

Agnieszka Mackiewicz, Grzegorz Sławiński, Tadeusz Niezgoda, Romuald Będziński 
Numerical Analysis of the Risk of Neck Injuries Caused by IED Explosion under the Vehicle in Military Environments 

As a result of an explosion under a military vehicle, the risk of threat to life and health of the crew increases. Examination of this event in terms  
of the security of soldiers comes down to a complex analysis of the mutual interaction of the body of a soldier, seating and structural elements  
of the vehicle. As a result, shock wave impacts can cause tremor resulting from the construction of the vehicle and acceleration  
of the passenger's body. This study attempts to analyze the impact of an explosion of an improvised explosive device (IED) under the military  
vehicle with the risk of cervical spine injuries of soldiers. The analysis was carried out using numerical methods in the LS-DYNA program  
and was carried out taking into account the variable displacement values and acceleration recorded during the\ explosion. The study used  
a model of the body of a soldier in the form of a Hybrid III 50th Male Dummy. 

Aleksander Karolczuk 
Ratcheting Simulation in a Titanium-Steel Bimetallic Plate Based on the Chaboche Hardening Model 

The paper presents the results of fatigue loading simulation applied to bimetallic model using the Chaboche kinematic hardening rule. Three  
cases of simulations were performed: (i) without residual stresses; (ii) considering residual stresses and (iii) considering asymmetrical geometry 
of bimetal, i.e. cross area reducing under tension period of loading. Experimental results exhibit the ratcheting phenomenon in titanium-steel  
bimetallic specimens. The observed ratcheting phenomenon could be explained by the third case of simulation which is supported by detection  
of microcracks in the vicinity of welded area. 

Emil Spišák, Janka Majerníková, Emília Duľová, Ľuboš Kaščák 
Analysis of  Plastic Deformation of Double Reduced Sheets 

This paper discusses the causes and the effects of plastic deformation of double reduced sheets under uniaxial and biaxial loading. It focuses  
on the specific inhomogeneity and localization of plastic deformation, which is analysed in detail. The uniaxial and the hydraulic biaxial tensile 
tests were used for material testing and the results were compared and evaluated. The final part of the paper deals with the microstructure  
of material deformations. 

Jan Jaworski, Tomasz Trzepieciński 
Surface Layer Properties of Low-Alloy High-Speed Steel After Grinding 

Investigations of the surface layer characteristics of selected kinds of low-alloy high-speed steel after grinding were carried out. They were  
carried out on the flat-surface grinder with a 95A24K grinding wheel without cooling. The influence of grinding parameters was defined especially 
for: the quantity of secondary austenite, surface roughness, microhardness and grinding efficiency with a large range of grinding parameters: 
grinding depth 0.005–0.035 mm, lengthwise feed 2–6 m/min, without a cross-feed on the whole width of the sample. It was found that improve-
ment of grinding properties of low-alloy high-speed steels is possible by efficient selection of their chemical composition. The value of the grinding 
efficiency is conditioned by grinding forces, whose value has an impact on the grinding temperature. To ensure high quality of the tool surface 
layer (i.e. a smaller amount of secondary austenite, lack of wheel burn and micro-cracks) in the case of sharpening of tools made of low-alloy 
high-speed steel, the grinding temperature should be as low as possible. 
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Maria Kotełko, Artur Mołdawa 
Impact Behaviour of Spot-Welded Thin-Walled Frusta 

In the paper the dynamic response of thin-walled, spot-welded prismatic frusta subjected to axial impact load is investigated. The parametric 
study into the influence of several parameters on the energy absorption capability, expressed by some crashworthiness indicators is performed, 
using Finite Element simulations. FE model is validated by experimental results of quasi-static and dynamic  (impact) tests. Results of initial study 
concerning influence of spot welds are presented. Some conclusions are derived from the parametric study into the influence of frustum angle 
and wall thickness upon the energy absorption capability. 

Svyatoslav Litynskyy, Yuriy Muzychuk, Anatoliy Muzychuk 
On the Numerical Solution of the Initial-Boundary Value Problem with Neumann Condition for the Wave Equation by the Use  
of the Laguerre Transform and Boundary Elements Method 

The aim of this paper is the numerical analysis of the one of main part of car engine – piston sleeve. The first example is for piston sleeve made 
of metal matrix composite (MMC) A356R. The second improved material structure is layered. Both of them are comparison to the classical struc-
ture of piston sleeve made of Cr-Ni stainless steel. The layered material structure contains the anti-abrasion layer at the inner surface of piston 
sleeve, where the contact and friction is highest, FGM (functionally graded material) interface and the layer of virgin material on the outer surface 
made of A356R. The complex thermo-elastic model with Archard's condition as a wear law is proposed. The piston sleeve is modelling as a thin 
walled cylindrical axisymmetric shell. The coupled between the formulation of thermo-elasticity of cylindrical axisymmetric shell and the Archard’s 
law with functionally changes of local hardness is proposed. 

Andrzej Koszewnik, Krzysztof Wernio 
Modelling and Testing of the Piezoelectric Beam as Energy Harvesting System 

The paper describes modelling and testing of the piezoelectric beam as energy harvesting system. The cantilever beam with two piezo-elements 
glued onto its surface is considered in the paper. As result of carried out modal analysis of the beam the natural frequencies and modes shapes 
are determined. The obtained results in the way mentioned above allow to estimate such location of the piezo-actuator on the beam where  
the piezo generates maximal values of modal control forces. Experimental investigations carried out in the laboratory allow to verify results  
of natural frequencies obtained during simulation and also testing of the beam in order to obtain voltage from vibration with help  
of the piezo-harvester. The obtained values of voltage stored on the capacitor 𝐶0 shown that the best results are achieved for the beam excited 
to vibration with third natural frequency, but the worst results for the beam oscillating with the first natural frequency. 

Janette Brezinová, Anna Guzanová, Dagmar Draganovská, Pavlo O. Maruschak, Mariana Landová 
Study of Selected Properties of Thermally Sprayed Coatings Containing WC and WB Hard Particles 

The paper presents results of research of the essential characteristics of two kinds of advanced coatings applied by HVOF technology.  
One studied coating: WB-WC-Co (60-30-10%) contains two types of hard particles (WC and WB), the second coating is eco-friendly alternative  
to the previously used WC-based coatings, called "green carbides" with the composition WC-FeCrAl (85-15%). In green carbides coating  
the heavy metals (Co, Ni, NiCr) forming the binding matrix in conventional wear-resistant coatings are replaced by more environmentally friendly 
matrix based on FeCrAl alloy. On the coatings was carried out: metallographic analysis, measurement of thickness, micro-hardness, adhesion, 
resistance to thermal cyclic loading and adhesive wear resistance (pin-on-disk test). One thermal cycle consisted of heating the coatings  
to 600°C, dwell for 10 minutes, and subsequently cooling on the still air. The number of thermal cycles: 10. The base material was stainless steel 
AISI 316L, pretreatment prior to application of the coating: blasting with white corundum, application device JP-5000. 

Wojciech Sikora, Krzysztof Michalczyk, Tomasz Machniewicz  
A Study of the Preload Force in Metal-Elastomer Torsion Springs 

Neidhart type suspension units composed of metal-elastomer torsion springs can be a good alternative to steel helical springs in applications 
such as vibration absorbers or vehicle suspension systems. Assembling this type of spring requires initial preload of the elastomeric working  
elements, which determines their operating properties.The results of experimental tests and numerical simulations concerning the preload  
of elastomeric working elements in Neidhart type suspension units are presented in the paper. The performed research made it possible  
to propose a new calculation model for determining the preload force value acting on the elastomeric cylindrical elements applied in this type  
of suspension unit. The results obtained using the proposed model exhibit good convergence with FEM simulation results within the range  
of the tested geometrical and material properties. 

Daniel Pieniak, Agata Walczak, Agata M. Niewczas 
Comparative Study of Wear Resistance of the Composite with Microhybrid Structure and Nanocomposite 

The paper presents the results of investigations on the air gages dynamic characteristics in the measurement of the round profiles of motor  
cylinders. The principle of the measuring device is explained, and the analysis of the air gages dynamics is described. The results of dynamic 
 calibration enabled to eliminate those configurations of air gages that may not meet the requirements of the measurement they were designed 
for. After the proper air gages were chosen, the entire system underwent the accuracy test and passed it successfully revealing the method  
accuracy better than 10% compared to the reference measurement. 
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Slawomir Duda, Damian Gasiorek, Grzegorz Gembalczyk, Slawomir Kciuk, Arkadiusz Mezyk 
Mechatronic Device for Locomotor Training 

This paper presents a novel mechatronic device to support a gait reeducation process. The conceptual works were done by the interdisciplinary 
design team. This collaboration allowed to perform a device that would connect the current findings in the fields of biomechanics  
and mechatronics. In the first part of the article shown a construction of the device which is based on the structure of an overhead travelling 
crane. The rest of the article contains the issues related to machine control system. In the prototype, the control of drive system is conducted  
by means of two RT-DAC4/PCI real time cards connected with a signal conditioning interface. Authors present the developed control algorithms 
and optimization process of the controller settings values. The summary contains a comparison of some numerical simulation results  
and experimental data from the sensors mounted on the device. The measurement data were obtained during the gait of a healthy person. 

Jaroslav Homišin 
Charakteristics of Pneumatic Tuners of Torsional Oscillation as a Result of Patent Activity 

Mechanical systems with combustion engines, compressors, pumps and fans, can be characterized as torsional oscillating mechanical systems 
(TOMS). It is therefore necessary to control their dangerous torsional vibrations. It was confirmed that dangerous torsional vibration can be  
reduced to acceptable level by an appropriate adjustment, respectively by tuning the TOMS. According to several authors, the most appropriate 
way of system tuning is application of suitable flexible element, which is flexible shaft coupling. It turned out that one of the types of shaft  
couplings, which are particularly suited to meeting this objective are pneumatic flexible shaft couplings, to act as so-called pneumatic tuners  
of torsional oscillations. The issue of research and development of pneumatic tuners of torsional oscillations, among other things is, long-term  
in the focus of the author. The existence of tuners creates the opportunity to develop new ways of tuning torsional oscillating mechanical  
systems. The author of the scientific article will focus on the characteristics of developed pneumatic tuners of torsional oscillation in terms of their 
design, construction, function, significance advantages and conditions imposed on pneumatic tuners based on the results of his patent activity. 
Simultaneously provides information about the characteristic properties of pneumatic tuners of torsional oscillations in the general design. 
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