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Abstract: The study investigates the behaviour of an electrical interface  incorporated in a MR damper-based vibration reduction system 
powered with energy recovered from vibration. The interface, comprising the R, L and C elements, is connected in between the coil  
in an electromagnetic electric generator and the control coil in the MR damper and its function is to convert the output voltage  
from the generator. The interface model was formulated and computer simulations were performed to find out how the parameters  
of the interface should influence the frequency responses of the vibration reduction system. 

Key words: vibration, electrical interface, MR damper, energy harvesting 

1. INTRODUCTION 

In recent years mechanical systems with energy recovery capabil-
ity have received a great deal of researchers’ attention. Vibration 
energy is converted into electric energy mostly by the electromagnet-
ic, electrostatic, piezoelectric or magnetostrictive mechanisms. Major 
developments in the field of energy recovery from mechanical sys-
tems to be used for power supply  include alternative or conventional 
low-power energy sources to power the sensors. When the energy 
receivers are electric-controlled actuators, the generators are needed 
with significantly larger power outputs. 

Typically, power outputs required for supplying (control) of MR 
dampers in semi-active vibration reduction systems in the automotive 
industry range from the tenths of watt to several watts. Nearly twenty 
years before first efforts were made to engineer vibration reduction 
systems equipped with MR dampers supplied with regenerated ener-
gy. Those systems make use of the electromagnetic method of ener-
gy conversion based on the Faraday’s law. These issues are ad-
dressed in more detail in the works of Cho et al. 2005, 2007a, 2007b), 
Choi and Werely (2009), Wang et al. (2009), Sapiński (2008, 2011), 
Snamina and Sapiński (2011). Results reported in those papers 
indicate that energy recovered from vibration is sufficient to power MR 
dampers and ensure vibration reduction in the neighbourhood of the 
resonance frequency. This advantage of such systems comes at the 
cost of increased vibration amplitudes at frequencies above the reso-
nance frequency. To prevent that happening, purpose-built electrical 
interfaces are incorporated in the system, connected between the 
generator coil and the control coil in the MR damper (Rosół et al., 
2010; Sapiński, 2014; Sapiński et al., 2016). 

The model was developed and computer simulations were per-
formed of a semi-active vibration reduction system equipped 
with a MR damper supplied with energy regenerated from vibration 
and incorporating an electrical interface made of:  R – resistor,  
C – capacitor, L – inductor elements, whose operation is based 
on electric resonance of voltages. The study was undertaken to inves-

tigate how the parameters of an electrical circuit formed by the inter-
connected generator coil, a MR damper coil and a electrical interface 
should affect the frequency responses of the 1 DOF vibration reduc-
tion system, shown schematically in Fig. 1. The source of vibration 
is a shaker, the vibration reduction system comprises a generator, 
a spring and a MR damper and the body to be vibro-isolated. 
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Fig. 1. Semi-active MR damper-based vibration reduction system 

2. MODELLING 

The model of an electrical circuit, comprising a generator coil, an 
electrical interface and a MR damper control coil, is assumed to be 
linear. The diagram of an equivalent circuit is shown in Fig. 2.  
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Fig. 2. Equivalent electric circuit 

mailto:deep@agh.edu.pl


Łukasz Jastrzębski, Bogdan Sapiński          DOI 10.1515/ama-2016-0025 
Electrical Interface for a Self-Powered MR Damper-Based Vibration Reduction System 

166 

The input applied is the electromotive force e induced in the gen-
erator coil windings with resistance Rg and inductance Lg. The re-
sponse will be current in the MR damper control coil id. The electrical 
interface also incorporates an additional coil with resistance Ra 
and inductance La, and a capacitor with capacity C. As the generator 
coil and the interface coil are connected in series, the equivalent 
resistance of those coils is introduced: R=Rg+Ra as well as equivalent 
inductance L=Lg+La. 

The equation of the circuit shown in Fig. 2 is given as: 

𝐶𝐿𝑑𝐿
𝑑3𝑖𝑑

𝑑𝑡3 + [𝐶(𝐿𝑑𝑅 + 𝑅𝑑𝐿)]
𝑑2𝑖𝑑

𝑑𝑡2 + (𝐶𝑅𝑑𝑅 + 𝐿 +

𝐿𝑑)
𝑑𝑖𝑑

𝑑𝑡
+ (𝑅 + 𝑅𝑑)𝑖𝑑 = 𝑒.  (1) 

Assuming the relative displacement y=x-z, the MR damper force 
can be expressed by the formula (Guo et al., 2006, Kwok et al., 2006): 

𝐹𝑑 = 𝐹0 tanh [𝛽 (
𝑑𝑦

𝑑𝑡
+ 𝑝1𝑦)] + 𝐶1 (

𝑑𝑦

𝑑𝑡
+ 𝑝2𝑦).  (2) 

It is assumed that parameters F0 and C1 are dependent 
on current id, in accordance with Eq (3) and (4) whilst the parameters 
β, ρ1, ρ2 are not related to current id. 

𝐹0 = 𝑏1 ∙ 𝑖𝑑
2 + 𝑏2 ∙ 𝑖𝑑 + 𝑏3,  (3) 

𝐶1 = 𝑏4 ∙ 𝑖𝑑
2 + 𝑏5 ∙ 𝑖𝑑 + 𝑏6.  (4) 

The equation describing the circuit in Fig 1 is written as: 

𝑑2𝑥

𝑑𝑡2 = −
1

𝑚
(𝐹𝑠 + 𝐹𝑑 + 𝐹𝑔 + 𝐹𝑎),  (5) 

where: Fa=b∙dy/dt is resistance force in kinematic pairs, Fs=k∙y 
is elasticity force, Fg=κ∙ig is magnetic force in the generator. It is 
assumed that electromotive force e and current id in the generator coil 
are expressed by respective formulas: 

𝑒 = 𝜅
𝑑𝑦

𝑑𝑡
 ,  (6) 

𝑖𝑔 = 𝑖𝑑 + 𝐶𝑅𝑑
𝑑𝑖𝑑

𝑑𝑡
+ 𝐶𝐿𝑑

𝑑2𝑖𝑑

𝑑𝑡2  , (7) 

3. SIMULATION 

Simulations were performed in the MATLAB/Simulink environ-
ment. The values of the MR damper model parameters were quoted 
from the work by (Sapiński et al., 2011): β=50 N∙s/m, ρ1= 4 1/s,  
ρ2= 0.2 1/s, b1=3415.7 N/A2, b2=93.32 N/A, b3=74.487 N,  
b4=2534.1 N∙s/A2∙m, b5= 19.55 N∙s/A∙m, b6= 643.1 N∙s/m. The remain-
ing parameters were:  body mass m=103 kg, stiffness coefficient 
k=90000 N/m, damping ratio br=50 N∙s/m, electric constant  
of the generator κ=18.6 V∙s/m, inductance of a MR damper control 
coil Ld=100 mH, MR damper coil resistance Rd=5Ω, equivalent  
inductance L=30 mH, equivalent resistance R=0.4 Ω, capacitor  
capacity C=47 mF. The simulation procedure involved three stages, 
the frequency characteristics were obtained for the equivalent system 
shown in Fig. 2 and for the vibration reduction system shown in Fig. 1, 
with and without the electrical interface. 

3.1. Electrical interface 

Fig. 3 shows how the variations of resistance R, capacitance 
C, inductance L and resonance frequency fr of the electric circuit 

affect the frequency characteristics of the magnitude frequency 
response |Gei(j2πf)|= |Id(j2πf)/E(j2πf)|.  

a) 

 
 

b) 

 
 

c) 

 
 

d) 

 
 

Fig. 3. Frequency response |Gei(j2πf)|: a) Rg=var, b) C=var,  
            c) L=var, d) fr=var 
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It is apparent that: 

 increase of resistance R and capacitor capacity C causes  
the resonance frequency fr to be reduced and the maximum 
value of |Gei(j2πf)| to be lowered (Fig. 3a, b);  

 for resistance R>0.9 Ω, the plot |Gei(j2πf)| does not have  
a maximum for the frequency fr (Fig. 3a); 

 increasing the inductance L results in reduction of resonance 
frequency fr, at the same time the maximum value  
of |Gei(j2πf)| will increase (Fig. 3c);  

 simultaneous increase of the values of C and L leads to the 
reduction of frequency fr whilst the maximum value  
of |Gei(j2πf)| remains unchanged (Fig. 3d);  

 simultaneous increase of inductance L and reduction  
of capacity C should result in an increase of the maximum 
value |Gei(j2πf)| whilst the frequency fr remains constant. 
The change of frequency fr whilst the maximal value |Gei(j2πf)| 

remain constant allows this frequency to be tuned to the 
resonance frequency frm of the system shown in Fig. 1. The value 
of |Gei(j2πf)| for the frequency fr is associated with the quality 
factor of the circuit Q=σ/R, which is proportional to wave 
impedance σ=√L/C. With decreasing σ, the characteristics tend to 
change, like with increasing resistance R (Fig. 3a). 

3.2. Vibration reduction system without  
an electrical interface 

Computer simulations were performed to investigate the 
behaviour of the system shown in Fig. 1 configured such that the 
MR damper control coil was directly supplied from the generator. 
The kinematic input excitation z was applied, with the amplitude 
A=3.5 mm and frequency from the range (0.1, 10) Hz. The 
purpose of the simulation procedure was to find the displacement 
transmissibility Txz given by the formula (8), rms values 
of electromotive force Erms and current level in the control coil Irms, 
as well as the rms value of the damper force Fd. 

𝑇𝑥𝑧 =
𝑋𝑟𝑚𝑠

𝑍𝑟𝑚𝑠
=

1

𝑡
√∫ 𝑥(𝑡)2𝑑𝑡

𝑡
0

1

𝑡
√∫ 𝑧(𝑡)2𝑑𝑡

𝑡
0

  (8) 

Simulation data are compiled in Figs 4-7, plotting the 
frequency characteristics. Comparison was made between two 
cases: when the control coil was not supplied (P-passive system) 
and when the control coil was supplied directly from the generator 
(SP-self powered system). 

 

Fig. 4. Transmissibility vs frequency 

Coefficients Txz (see Fig. 4) for the systems P and SP reach 
the maximal value at the resonance frequency frm=4.75 Hz and 
are equal to Txz=3.26 and Txz=1.8, respectively.  In the system SP 
the value of Txz decreases in the range (3, 5.75) in relation to the 
system P and increases when f>5.75 Hz. Erms in the system SP 
increases with frequency, whilst in the system P it reaches its 
maximum value for f=5 Hz (Fig. 5). Decreased value of Irms for 
frequency f>8 Hz is attributed  to the increase of the control coil’s 
impedance (Fig. 6). The force Fd reaches its maximum value 
at frequency f=5 Hz in the system P and at f=9 Hz in the system SP 
(Fig. 7). 

 

Fig. 5. Electromotive force vs frequency 
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3.3. Vibration reduction system incorporating  
an electrical interface 

Simulations were performed to investigate the behaviour of the 
system shown in Fig. 1, configured such that an electrical interface is 
connected between the generator coil and the MR damper control coil 
(system SPI). The receiver’s parameters considered in the simulation 
procedure were constant (Rd, Ld), and the parameters of the applied 
input were those given in section 3.2. The main objective was to  
establish how the parameters R, L, C, the generator's electric 
constant κ and resonance frequency fr should influence the frequency 
characteristics of the system.  Simulation data are summarised in Figs 

827. 

The analysis of plots shown in Figs 811 reveals that increasing 
the generator’s electric constant κ leads to: 

 decrease of Txz in the neighbourhood of resonance frequency 
(Fig. 8);  

 increase of electromotive force value Erms and current Irms (Figs 9, 
10);  

 increase of the force value Fd in the interval (4, 10) Hz (Fig. 11). 
For the maximum value of the electric constant considered in the 

simulation procedure κ=20 V∙s/m, we observe: 

 the anti-resonance effect at the same frequency (fa=4.75 Hz) 
at which the mechanical resonance frm is registered in the 
systems P and SP;  

 nearly 3-fold reduction of the value of Txz at frequency fa in relation 
to that registered for system P and 1.5-fold reduction of Txz 
in relation to SP;  

 increased the Txz value in the frequency range  (6, 8) Hz, 
in relation to that registered in  the system P. 

 
Fig. 8. Transmissibility vs frequency 

The lowest value of Txz in the investigated frequency range 
is registered for the system SPI, its  electric constant being κ=15 
V∙s/m. At the same time the value of Txz tends to decrease in the 
neighbourhood of resonance frequency and remains on the level 
similar to that registered for the system P at f>6.25 Hz. A capacitor 
with capacity C incorporated in the electrical interface lowers its 
impedance with increasing input frequency f, causing the current level 
Irms to decrease in a control coil connected in parallel to the condenser 
at f>frm (Fig. 10). In the system SPI the value of Txz is reduced 
at frequencies in excess of frm, when compared to SP. 

 

Fig. 9. Electromotive force vs frequency 

 

Fig. 10. Current vs frequency 

 

Fig. 11. Force vs frequency 
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the resistance R will lead to: 

 lowering the value of Txz in the neighbourhood of resonance 
frequency (Fig. 12);  

 lowering the value of Erms in the frequency range (4,7) Hz  
(Fig. 13);  

 increasing the value of Irms and force Fd at f>4 Hz (Figs 14, 15); 
 

0 1 2 3 4 5 6 7 8 9 10
0

0.5

1

1.5

2

2.5

3

3.5

f [Hz]

T
xz

 [
-]

 

 
SPI =5 [Vs/m]

SPI =10 [Vs/m]

SPI =15 [Vs/m]

SPI =20 [Vs/m]

P

SP

0 1 2 3 4 5 6 7 8 9 10
0

0.5

1

1.5

2

2.5

3

3.5

4

f [Hz]

E
rm

s [
V

]

 

 
SPI =5 Vs/m

SPI =10 Vs/m

SPI =15 Vs/m

SPI =20 Vs/m

0 1 2 3 4 5 6 7 8 9 10
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

f [Hz]

I rm
s [

A
]

 

 
SPI =5 Vs/m

SPI =10 Vs/m

SPI =15 Vs/m

SPI =20 Vs/m

0 1 2 3 4 5 6 7 8 9 10
0

50

100

150

200

250

300

350

f [Hz]

F
d
 [

N
]

 

 
SPI =5 Vs/m

SPI =10 Vs/m

SPI =15 Vs/m

SPI =20 Vs/m



DOI 10.1515/ama-2016-0025                  acta mechanica et automatica, vol.10 no.3 (2016) 

169 

 
Fig. 12. Transmissibility vs frequency 

 

Fig. 13. Electromotive force vs frequency 

 

Fig. 14. Current vs frequency 

 

Fig. 15. Force vs frequency 

When resistance R= 0.4 Ω, the anti-resonance effect will arise 
(fa=4.75 Hz), at the same time the value of Txz registered in the 
frequency range (6,8) Hz is higher than in the circuit P. In the 
investigated frequency range and at resistance R=0.5 Ω the value 
of Txz in the circuit SPI is lower in relation to the values registered 
for  P and SP. 

The analysis of plots in Figs 16-19 reveals that reducing the 
condenser capacity C results in: 

 decrease of the value of Txz (Fig 16) at the anti-resonance 
frequency fa, at the same time this frequency will increase;  

 decrease of the Erms value (Fig 17) in the frequency range (4, 8) 
Hz;  

 increase of the Irms value (Fig. 18) and of force Fd (Fig. 19) in 
the frequency range (4, 10) Hz.  

 
Fig. 16. Transmissibility vs frequency 

 

Fig. 17. Electromotive force vs frequency 

 

Fig. 18. Current vs frequency 
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Fig. 19. Force vs frequency 

For capacitor capacity C=45 mF, the value of Txz registered 
in the frequency range (6, 8)Hz is higher than in the circuit P. The 
lowest value of Txz in the investigated frequency range 
is registered in the circuit SPI for C=50 mF (Fig. 16). 

The analysis of plots in Figs 20-23 reveals that reducing 
the inductance L will lead to: 

 decrease of Txz value in the frequency range (3,6) Hz  
(Fig. 20);  

 increase of resonance frequency frm when L>45 mH  
and  increase of anti-resonance frequency  fa when L≤ 45 mH;  

 lowering the value of Erms in the frequency range (4,8) Hz  
(Fig. 21);  

 increase of Irms and force Fd in the frequency range (3,10) Hz 
(Figs 22, 23);  

 increase of the frequency f at which the force Fd reaches its 
maximum value. 
When inductance L=30 mH, the value of Txz in the frequency 

range (6, 8) Hz is increased. The lowest values of Txz in the 
investigated frequency range, compared to the circuits P and SP, 
were registered for L=45 mH.  Plots in Figs 24-27 illustrate the effects 
of varying the resonance frequency of the electrical circuit fr, while  the 
quality factor Q of the circuit  remains unchanged. The anti-resonance 
effect (Fig 24) occurs for all investigated frequencies fr. 

 
Fig. 20. Transmissibility vs frequency 

 

Fig. 21. Electromotive force vs frequency 

 

Fig. 22. Current vs frequency 

 

Fig. 23. Force vs frequency 

The analysis of plots in Figs 24-27 reveals that increase 
of frequency fr will lead to: 

 increase of anti-resonance frequency fa of the mechanical system 
and reduction of Txz value at fa (Fig. 24);  

 reduction of the Erms value in the frequency range (4, 8) Hz  
(Fig. 25);  

 increasing the value of Irms and force Fd in the frequency range  
(4, 10) Hz (Figs 26, 27). 
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Fig. 24. Transmissibility vs frequency 

 

Fig. 25. Electromotive force vs frequency 

 

Fig. 26. Current vs frequency 

 

Fig. 27. Force vs frequency 

It appears that the value of Txz registered in the frequency 
range (6, 7.5) Hz is higher than in the system P when fr=4.2 Hz. 
Compared to P and SP, the lowest values of Txz in the 
investigated frequency range are registered in the system SPI, 
where the resonance frequency of the electric circuit is fr=3.9 Hz. 

4. SUMMARY 

The study summarises the simulations of a model of a semi-
active vibration reduction system comprising an MR damper, 
incorporating an electrical interface whose operating principle is 
based on voltage resonance. The interface, comprising the R, L, 
C elements, is connected between the generator coil and the MR 
damper control coil. The simulation procedure was performed to 
investigate the effect of the interface parameters on frequency 
characteristics of the vibration reduction system. The analysis of 
thus obtained frequency characteristics leads us to the following 
conclusions: 

 the magnitude frequency response |Gei(j2πf)| reaches its 
maximal value at the resonance frequency of the equivalent 
circuit when the equivalent resistance becomes  R< 0.9 Ω; 

 simultaneous change of the parameters L and C allows the 
resonance frequency of the equivalent circuit to be tuned to 
resonance frequency of the vibration reduction system;  

 the maximal value of the magnitude frequency response 
|Gei(j2πf)| at the resistance frequency is associated with the 
quality factor of the equivalent circuit;  

 transmissibility in the system SP has lower values than 
in system P in the neighbourhood of resonance frequency 
whilst at frequencies in excess of resonance frequency its 
values are higher;  

 in the system SPI the transmissibility values are  lower when 
compared to P and SP in the entire frequency range;  

 voltage resonance in the equivalent circuit  gives rise to the 
anti-resonance effects in the vibration reduction system,  
revealed by the presence of minimum in the transmissibility 
vs frequency plot;  

 the anti-resonance effect may occur at the same frequency 
at which the mechanical resonance will occur in the system P 
and SP. 
The model of the electrical interface considered in the paper 

assumes linearity of R, L, C elements and does not take into 
account the influence of eddy currents. The problem of eddy 
currents which occur both in the magnetic circuit of the MR 
damper and the generator will be the subject of further authors’ 
research.  
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Abstract: This paper presents the problem of thermal degradation of thermoplastic materials processed using the injection method. Atten-
tion was paid to the issue of the optimal selection of a dye for modifying the base materials. For the selected materials and dyes, deri-
vatograph tests were performed in order to assess their thermal characteristics and breakdown kinetics. Additionally, tribological tests 
and microscope observations of selected samples were performed. The obtained test results suggest a diverse level of thermal processes 
in the analyzed materials. This is crucial for the appropriate selection of dyes for plastic materials. As it turned out, the tribological proper-
ties of materials can also influence the technological quality of the injected alloy.  

Key words: Dyes For Plastic Materials, Thermal Degradation, Thermogravimetric Tests, Tribological Tests 

1. INTRODUCTION 

The problem of the functional quality of injection molded com-
ponents is an everyday issue in all injection molding plants 
(Zawistowski and Zięba, 1999). The functional quality of the pro-
duced components shapes, among others, the level of effective 
productive work, the number of parts sold, or the amount of pro-
duction scrap, both internal and external (Zawistowski and Zięba, 
1999; Chun, 1999). It is a well-known fact that the functional 
quality mentioned above can depend on numerous factors, among 
which there are, for example, the processed material (Jałbrzykow-
ski, 2012), the construction of the injection mold (Matin et al., 
2012; Jałnrzykowski and Nachimowicz, 2009), or the parameters 
of the injection process (Zawistowski and Zięba, 1999; Chun, 
1999; Chen et al., 2016; Wu and Chen, 2006) (Fig. 1). As far as 
the processed material is concerned, the following aspects can be 
mentioned, e.g. the problem of the quality of pellets, even those 
from the same batch; the problem of appropriate drying of materi-
al, or the problem of appropriate selection of dye and the homo-
geneity of components in the plasticizing system (Zawistowski and 
Zięba, 1999; Chun, 1999; Jałbrzykowski, 2012; Matin et al., 2012). 

The data obtained from Bialystok's entrepreneurs, in addition 
to own experience, allow to conclude that problems concerning 
the quality of components in a stable process are a common 
occurrence, even if no quality problems have been noticed previ-
ously. To illustrate, the process has up to now been repeatable, 
the machine operation has been stable, and the tool underwent 
control twice during a production shift. The material was fed from 
the same batch, prepared for the process in the same way, i.e. the 
same temperature and drying time, on the same dryers; the same 
proportional content of dye, determined using agitators of the 
same type. Yet, despite all these precautions, quality problems of 
components suddenly appeared. It is probable that this situation is 
caused by the material, whose physical and chemical properties 

may not be completely uniform (even in a small volume of materi-
al). These differences, although slight, can influence the quality of 
the produced components. It is worth adding that in most cases 
these problems tended to disappear spontaneously after several 
minutes. 

 
Fig. 1. Example factors influencing the functional quality  
            of injection molded components 

The issue of appropriate drying of material is obvious 
and no comments are in fact necessary. It can only be mentioned 
that the most common defect resulting from insufficient drying 
of material are the so-called 'silver streaks', as production nomen-
clature has it. 

The author's interest was aroused particularly by the issue 
of dye selection (in the case of mixing the base material with 
a dye) and the homogenization of plastic. Basically, the issues 
concerning dye selection are connected with three aspects, i.e. 
the selection of a polymer matrix on the basis of which the dye 
is produced, the method for measuring the appropriate quantity 
of dye (gravimetric, volumetric, or manual, if necessary), and the 
homogenization of alloy in the plasticizing system. As industry 
practice shows, it is not enough to purchase a dye to modify 
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a specific material. This problem should be analyzed more thor-
oughly. It often happens that a dye purchased to modify material 
A was produced on the basis of material B. In such situations, 
manufacturers of thermoplastic components do not usually make 
mistakes concerning the compatibility of mixtures. However, the 
aspect of different ranges of processing temperatures, including 
the thermal degradation of the prepared ingredients, is often 
neglected. In extreme cases, this state may lead either to a lack of 
homogeneity of the plastic alloy (uneven coloring, smudges, non-
plasticized pellets, etc.), or to local degradation of the mixture 
ingredients, despite the fact that a specific dye, dedicated special-
ly to the modification of a specific material was used. As an ex-
ample, Fig. 2 shows several samples with visible defects resulting 
from non-homogenous plasticizing of an alloy. 

a) 

 

b) 

 

c) 

 

Fig. 2. Examples of defects of components (macrographic): a) section  
           of a component b) and c) clearly visible dye smudges in the wall  
           of the component 

The issues mentioned above prompted the author to under-
take a deeper analysis of situations typically encountered in the 
industry in the course of the production process. The aim of this 
paper was to assess the technological quality of selected samples 
made from plastic (PM- plastic materials) in the area of their ther-
mal and tribological properties (Brachet et al., 2008; Torres et al., 
2000; Badia et al., 2009; Navarro et al., 2003; Al-Salem et al., 
2010). 

It should be emphasized once again that the subject matter 
described above is still present to a smaller or greater extent 
in every injection moulding plant and thus is currently very much 
an issue of relevance (www2.dupont.com, http://www.plastech.pl, 
http://www.wadim.com.pl, https://www.elsevier.com, Botos et al., 
2014; Bucella et al., 2015; Laurence and McKeen, 2007; Kayvon, 
2015). The types of machines and raw material used, or the 
method of process realization is of no importance here. It can also 

be added that the influence of dye becomes visible not only during 
visual assessment, but is also reflected in other characteristics 
of injected parts. A common problem is, for example, cracking 
of mouldings despite the optimized technological process. This 
problem is a deeper issue that requires, above all, an in-depth 
analysis of mechanisms of the described phenomena. As tradi-
tional technological actions do not yield sufficient effects, a scien-
tific explanation and solution to the described problems needs to 
be sought. These issues will be dealt with and analyzed if further 
papers. In this light, the issue becomes extremely significant. As 
one of the most important ones, it is the subject of studies by, 
among many others: DuPont (www2.dupont.com), Plastech 
(http://www.plastech.pl), Wadim Plast (http://www.wadim.com.pl). 
This subject matter has also been indicated on websites contain-
ing scientific studies (https://www.elsevier.com); however, expla-
nation of the causes of the described phenomena is highly insuffi-
cient. 

2. MATERIALS AND METHODOLOGY OF RESEARCH 

2.1. Materials used for the tests  

For the tests, PM samples were received in the form of pel-
lets, directly from the production line of one of Bialystok's compa-
nies. These were four samples of materials: the base material 
(polycarbonate) and three kinds of dye. Respecting the company's 
secrets, the data concerning the materials was coded in the fol-
lowing way: base material – PC, dyes: blue – B, green – G, or-
ange – O (Fig. 3). The breakdown temperature of the basic mate-
rial and the dyes was adopted as the main indicator of the techno-
logical quality of the received PM's. Additionally, tests of the tribo-
logical properties of the received PM samples were performed. 

The impetus to perform the tests presented in this paper were 
the constant problems to obtain an appropriate visual quality of 
the components made from PC dyed with the additives mentioned 
earlier. 

 
Fig. 3. Samples of materials received for the tests: a) PC, b) dye G,  
            c) dye B, d) dye O 

2.2. Methodology of tests 

The aim of this paper was to assess the breakdown tempera-
tures of the received PM's, focusing especially on the possibility of 
their earlier degradation. 'Earlier degradation' is understood here 
as breakdown of PM during the normal process of its processing 
(at parameters stemming from the technological process). Owing 
to the current, 'severe' norms of quality control, a premature ther-

a) b) c) d) 
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mal breakdown of the processed materials disqualifies the pro-
duced components, e.g. in the area of visual quality, resulting in 
producing scrap. In order to solve this problem, thermogravimetric 
tests were performed as the basic tests. Supplementary to the 
basic tests, tribological tests whose purpose was to estimate the 
resistance to motion for the PM-steel system were performed. 
Increased values of resistance to motion can lead to the appear-
ance of localized high temperature jumps, especially during the 
plasticizing process (in the slug-cylinder system), which can fur-
ther intensify the process of PM breakdown. It should be men-
tioned that the problems connected with the visual quality of the 
produced components may arise due to the range of dye pro-
cessing temperatures being to low in comparison with the base 
material. 

The tests in the area of thermal properties were performed us-
ing a Paulik-Paulik-Erdey type derivatograph (Fig.4). 

 
Fig. 4. View of the Paulik-Paulik-Erdey type apparatus (derivatograph)  
           for thermogravimetric tests 

Prior to the thermogravimetric tests, identical aliquots 
of materials weighing m = 250 mg were prepared. The 
derivatograph tests were performed at a constant velocity 

of heating vt= 5 C/min, until the maximum temperature of T = 500 

C was achieved. The parameters adopted for the tests were 
based, in the case of the velocity of heating, on literature data as 
well as standard recommendations. In the case of the maximum 
temperature of heating, real parameters of the injection process 
were used as guidelines, also taking into account the generally 
high temperature resistance of polycarbonate. 

The subsequent analysis of the results of derivatograph tests 
prompted to perform additional tests, i.e. of thermal annealing 
in a constant temperature. These test were performed in tempe-

ratures of T1= 280 and T2= 300 C. In the case of the first test, the 
material was annealed for t= 60 min, while the second test was 
being carried out for t= 30 min. The range of temperatures was 
adopted on the basis of the data concerning the recommended 
temperatures for the processing of the received PC, provided by 
the contractor. The time of annealing was meant to simulate the 
time period when the material stays in the cylinder of the injection 
molding machine during its down time. The aim of these tests was 
to check whether the time of annealing of the material in an 
increased temperature (even if the temperature did not exceed the 
breakdown temperature) has an influence on the degradation of 
material. The tests were performed using a furnace (Fig. 5). Prior 
to the tests, the furnace was annealed for 2 h, in order to achieve 
a stable temperature. After the temperature had stabilized, 
samples of materials were placed in the furnace chamber (Fig. 6). 

a)    b) 

 
Fig. 5. The hardening furnace used for annealing tests: a) general view,  
            b) view of the control system 

 
Fig. 6. An example of preparation of TS samples for the annealing tests 

It should be added that before commencing the thermal tests 
and the tests of thermal annealing, the PM samples underwent 
conditioning in normal conditions for a time period of 24 h. 

After the thermogravimetric tests and the annealing tests, ad-
ditional tests of the tribological properties of the received materials 
were performed. The tribological tests were performed using a 
pin-on-disc tester (Fig. 7). Samples prepared for the purpose of 

the tests were in the form of  1.5 x 2 mm pins. 

a) 

 
b) 

 
Fig. 7. Pin-on-disc tribometer: a) general view, b) scheme of the friction  
            node; 1 – disc, 2 – pin handle, 3 –  loading arm,  
            4 – pin fixing the sample, 5 – material sample 
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Friction tests were performed at the following constant test pa-
rameters: 

 load F= 160 N,  

 maximum friction time t= 3 min or until sample destruction, 

 sliding velocity vp= 0,15 m/s. 

3. TEST RESULTS 

The results of the thermogravimetric tests were based on the 
analysis of the derivatograms. Fig. 8. presents a section of an 
example derivatogram for PC. The derivatogram shows the mass-
change curve – TG, the temperature-change curve T, the temper-
ature-change differential curve DTA, and the mass-change differ-
ential curve – DTG. On the basis of the analysis of the functions, 
conclusions concerning the breakdown of chemical compounds 
contained in the samples that underwent the thermogravimetric 
analysis can be formulated. Analyzing the derivatogram for PC 
shown in fig. 6., it was concluded that its transition from the vitre-
ous state to the high elasticity state occurs in a temperature 

of approx. 185 C. Then, its slow gradual plasticizing can be 
observed. The onset of breakdown for this material occurs 

in a temperature of approx. 410 C; in 420 C the breakdown 

is already evident; while in a temperature of 450 C, the break-
down process is at its most intense. 

The derivatograms for the dye samples were analysed 
in a similar manner. It should be added that the tested dyes broke 
down in stages; however, due to the lack of data in the area 
of their chemical composition (manufacturer's secret), referenced 
were only the readings of temperatures corresponding to the first 
signs indicating the onset of breakdown of a complex chemical 
compound. Despite the fact that the curves were recorded in their 
entirety, as the chemical composition of the tested substance 
is not known, an in-depth, material analysis of the derivatograms 
is not possible. It is possible, though, to read the temperatures 
indicated by the DTA and DTG curves for the first signs indicating 
the first mass decrement and a change connected with the break-
down of material. Below, in table 1, the read characteristic tem-
peratures for all the tested materials are summarized. It should be 
added that, as is commonly known, all plastics can be divided, on 
the basis of their structure and the physical and chemical proper-
ties, into amorphous and semicrystalline. The data provided by 
the contractor indicates that the received dyes were produced on 
the basis of polystyrene. This means that there are basically two 
kinds of materials being dealt with here, i.e. polycarbonate (PC), 
in the case of the base material, and polystyrene (PS), in the case 
of the dyes. In this context, it needs to be added that both materi-
als belong to the group of amorphous materials, whose character-
istic feature is that in the course of their cooling, from the plasti-
cized to the solid state, their viscosity rapidly increases, making 
it difficult for the nuclei of crystallization to form and grow. This 
causes the lack of evident crystallization during the cooling of this 
type of materials, and the transition from the plasticized to the 
solid state is called the glass-transition point (temperature).  
Another name for materials of this type are 'supercooled liquids'. 
At the same time, during the heating of this type of materials, 
there is no transition through the melting point – only a transition 
into the state of high elasticity and the subsequent slow plasticiz-

ing.Regarding the data shown in table 1, it can be stated that 

a significant difference in the determined values of temperature 
between the base material and the dyes was noticed. Considering 

the temperature of the onset of breakdown in the case of PC and 

dyes G and B, the difference is approx. 100 C, whereas in the 

case of PC and dye O, approx. 150 C. It can be stated that this 
proves the generally high temperature resistance of PC and dyes 
G and B. Only in the case of dye O was a lower temperature 
of the onset of breakdown obtained. An important aspect, which 
may arouse suspicions as to the matrix of the medium of the dye, 
is the considerable difference between the temperature of the 
onset of breakdown for dye O and G and B dyes. This may mean 
that either other additives were used in the production process of 
this dye (O), which modified its general thermal properties, or 
that another base was used. It should be noted here that accord-
ing to the technological data, the tested dyes should be character-

ized by thermal stability up to approx. 300 C. 

Tab 1. The read values of characteristic temperature points 

Sample 
marking 

Glass-transition 
temperature Tz 

[C] 

Temperature of the 
onset of breakdown 

[C] 

PC 175 – 185 410 - 420 

O Reading failed 255 - 260 

G 75 - 85 305 –310 

B 70 - 80 315 - 320 

Considering, however, the value of the processing tempera-

ture of this type of PC (280 – 300 C), then in relation to the tem-
perature of breakdown of the dyes, the obtained values may 
indicate an insufficiently low margin of temperature. As is com-
monly known, during the plasticization process, the friction occur-
ring between the molecules of the material, the slug and the cylin-
der walls leads to local high-temperature jumps, of even up to 
tens of degrees, which can lead to degradation of polymer struc-
tures. Assuming, thus, that the temperature on the individual 

cylinder and hot-channel zones (in the mold) reaches 300 C, 
then during plasticizing and injection it can locally rise by tens 
of degrees. The result of this fact is that all the assessed dyes 
exceed their thermal stability. This, on the other hand, may mani-
fest itself by the dye being charred. This means that presence 
of black charred inclusions, which are the result of insufficient 
thermal stability of dyes, in the manufactured components during 
injection, is possible. Keeping in mind that dyes are usually min-
eral compounds of metal oxides with an exceptionally high tem-
perature resistance (e.g. titanium white TiO2: melting point 1850 

C, boiling point 2500 C), it can be suspected that (in this par-
ticular case) the problem is connected with the medium. In other 
words, it can be supposed that the issue of visual and technologi-
cal quality of PC-made components dyed with a PS-based addi-
tive is most probably related to the polystyrene medium – for the 
particular case. 
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Fig. 8. An example derivatogram: TG- mass-change curve, T- temperature-rise curve, DTA- temperature-change differential curve,  
           DTG- mass-change differential curve 
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a)  b) 

 
Fig. 9. View of the crucibles after derivatograph tests, remnants of:  
          a) PC, b) B, c) O, d) G 

The high temperature resistance of the pigments was con-
firmed in a general examination of the crucibles after the deri-
vatograph tests. Fig. 9 shows photos of these crucibles. 

As can be seen in the presented photos, PC was charred, but 

the maximum temperature in the derivatograph furnace (500 C) 
was too high considering its temperature resistance, on the one 
hand; and too low to burn all the organics, on the other. This 
resulted in the appearance of a charred mass  (Fig. 9a). In the 
case of the dyes, it turned out that the breakdown of these materi-
als unfolded in such a way that no charred remnants of the pro-
cess of their combustion were noticed. The matrix in which the 
color pigment was distributed had been burnt out earlier, due to its 
lower temperature resistance. 

 

 

 

 

     1      2        3 

Fig. 10. Example photos of samples after the tests of thermal annealing  
              (300 [oC], t = 30 [min]): a) dye samples before the test, b) dye 
              samples after annealing, c) view of the charred mass (B), d) view 
              of dye B after annealing tests; 1- the area of pigment debris,  
              2- intermediate zone, 3- charred medium zone 

Referring back to the earlier statements concerning a faster 
burning of the medium used for the preparation of dyes, the fol-
lowing section of the research consists of tests of temperature 
resistance (thermal annealing) in lower temperatures (than those 
indicated by the temperatures of breakdown of the samples), but 
with the assumption that the material stays in the cylinder for a 
longer period of time. This state enables to simulate machine 

down time for the duration of, for example, short repair work. The 

tests in question were performed in a temperature of 280 C for 

60 min, and in a temperature of 300 C for 30 min. Below, in fig. 
10, are presented selected photos of dye samples after these 
tests. 

a) 

 
b) 

 

c) 

 

d) 

 

Fig. 11. Results of the tribological tests: a) for pure PC, b) for dye O, 
              c) for dye G, d) summary graph 
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Figs. 10 a and b show samples of the dyes before the test 
(Fig. 10a) and after the annealing tests (fig. 10b). The presented 
photos show that a 'good form' was retained only by dye O, 
notwithstanding that this is completely unconfirmed when 
considering the temperature of the onset of breakdown (255 – 260 

C). In the case of dyes B and G, it can be seen that the 
brightness of their color, especially in the case of dye B, was 
affected by products of degradation. The traces of combustion 
of the dye medium shown in Fig. 10 c and d are even more 
visible. Fig. 10 c shows the walls of the test tube in which dye B 
was annealed. It can clearly be seen that the temperature of 300 

C and the time of annealing significantly influence the destruction 
of this additive. It can be added that in the case of dye B, after the 
annealing tests, phase borders between individual colored layers 
could be noticed in the test tube. The layer marked as 3 was a 
layer of charred material; the one marked as 1, a layer of intact 
dye; 2 – the layer isolated between the charred and the intact 
material. 

There can obviously be objections concerning the conditions 
of the performed test; however, as mentioned earlier, friction 
between the molecules of the plasticized material; and between 
the walls of the cylinder, the slug and the material may locally lead 
to very high temperature jumps. With relation to this, Fig. 11 below 
shows the results of friction tests. 

The results of these tests indicate lower values of the coeffi-
cient of friction for the dyes in comparison with PC. This means 
that in the conditions of the performed test, the dyes shear more 
easily, not causing a strong resistance to motion-related disturb-
ance. In other words, it can be said that PC is a resistant material, 
not easily susceptible to shear stresses, which introduces addi-
tional disturbances (temperature rise) during the plasticization 
process. Keeping in mind that the value of the coefficient of fric-
tion for PC is approx. twice higher than for the dyes, a conclusion 
can surely be drawn that this fact is of considerable importance as 
far as friction heat, generated during the plasticization process, 
is concerned. This fact can be highly important concerning the 
visual quality of the manufactured components, due to the possi-
bility of appearance of charred molecules of dye in their structure. 

Describing the graphs shown in Fig. 11, it should be pointed 
out that in the case of PC, resistance to abrasive wear was high 
enough to enable to collect the test results throughout the entire 
duration of the performed experiment. In the case of the dyes, on 
the other hand (Fig. 11b and 11c), before the end of the experi-
ment, a complete destruction of the sample collected for the tests 
was observed. This confirmed the low tribological resistance and 
easy shear of the tested dyes. 

4. CONCLUSIONS 

The tests carried out for the purpose of this paper and their 
analysis allowed to formulate the following general conclusions: 
1. Lower temperatures of the onset of breakdown of the dyes 

in comparison with the base material were observed. It should 
be noted here that dye O was characterized by the lowest 
temperature that signified the onset of breakdown. 

2. Keeping in mind the differences in the temperatures 
of breakdown for dyes O, G and B, it can be suspected that 
they were produced on different media, or the observed 
differences indicate dissimilarities in chemical composition 
between these dyes, which had a significant impact on the 
obtained results. 

3. Keeping in mind the recommended processing temperatures 

of this type of PC (280 – 300 C) and the possibility of rapid 
local temperature jumps during the plasticizing and injection, 
it is considered that the obtained levels of temperatures 

of breakdown for PC (410 C) and dyes G and B (305 and 

315 C) are too low (small margin of temperature). The 
aforementioned local rise of temperature can cause 
a temperature rise by as much as tens of degrees in micro-
areas of the plasticized alloy. This, in turn, may have 
an influence on local degradation of a, broadly understood, 
dye and determine the technological usability of components 
produced from this type of alloy. It should also be 
remembered that the temperature of breakdown for dye O 

was even lower (255 C). 
4. The performed tests of annealing in a constant temperature 

confirmed the misgivings (related to the dyes) concerning the 
kinetics of chemical reactions in the area of thermal 
resistance. It turned out that despite the fact that the obtained 

temperatures of breakdown were as high as over 300 C, the 
analyzed additives broke down in lower temperatures in the 
case of a prolonged action of temperature. It should be noted 
here that the time of annealing of the dyes was 30 min. This 
fact may be of importance in the case of machine down time 
and manifest itself in the form of degradation of dyes 
in conditions of normal injection molding processing. It is 
obvious that these kinds of problems can be overcome by 
repeatedly injecting 'fresh material' through the cylinder. There 
are areas of the injection space, however, where the flow 
of material may be limited, and this is where the charred 
remnants of dyes are likely to dwell. 

5. The tribological tests of the analyzed materials proved that 
their friction characteristics can influence temperature rise 
during, for example, the plasticization process. It turned out 
that the results of friction tests indicate twice higher values 
of the coefficient of friction for PC in comparison with the dyes, 
which has a direct impact on the increase of alloy temperature 
and energy losses during the plasticization of PC. 

6. Summarizing all the observations, it should be emphasized 
that when selecting dyes for the production of injection molded 
TS's, the compatibility of the dye and the polymer matrix 
should not be the sole factor taken under consideration. 
The thermal properties of the composition ingredients (range 
of processing temperatures and thermal breakdown) should 
also be scrutinized, as should, in special cases, other 
potentially relevant properties, e.g. the tribological properties 
of the ingredients. Production down time, which in many cases 
cannot be avoided, is also not without its relevance, 
as despite the sufficiently high processing temperatures, it can 
lead to degradation of material due to a prolonged action 
of high temperatures in the cylinder zones. 
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Abstract: Stationary temperature distribution in a three-layer infinite hollow cylinder based on the thermosensitive body model was deter-
mined. The cylinder is subjected to the steady temperature on the inner surface and on the outer one is present the convective heat  
exchange. In the second layer exist heat sources with parabolic dependence on radial coordinate. The components of the thermostressed 
state have been found. The influence of the temperature dependence of the thermal and mechanical components characteristics  
of materials on the temperature distribution has been investigated. 

Key words: Three-Layered Cylinder, Thermosensitive Material, Temperature, Thermostressed State 

1. INTRODUCTION 

Knowledge of the components of the thermostressed state 
of structural elements, including hollow cylinders (Aziz, 2013; 
Argeso and Eraslan, 2008, Bazarenko, 2008; Fazelli et al., 2013; 
Shi et al., 2007; Zhu, 2002), subjected to given power and thermal 
loads underlie calculation on durability and reliability. The appro-
priate definition of temperature field and caused by it stress-strain 
state is based on the model of the thermosensitive body (Kushnir 
and Popovych, 2009; 2011), which takes into account the de-
pendence of thermal and mechanical characteristics and parame-
ters of heat exchange (heat transfer coefficients, degrees of sur-
face blackness) on temperature are performed according to their 
application under condition of high-temperature heating. 

The detailed review of studies relating to the definition 
of thermostressed state of thermosensitive bodies from the begin-
ning of the investigation of the problem to its current state was 
provided in articles (Kushnir and Popovych, 2009; Noda, 1991). 
Papers (Carslaw and Jaeger, 1996; Goto and Suzuki, 1996; 
Grzes, 2010; Kushnir and Popovych, 2009; 2011; Kushnir and 
Protsiuk, 2010; Lee, 1998; Noda, 1991; Och, 2014; 2015; 
Popovych and Kalynyak, 2014; Shariyat, 2007, Shen, 2001; Tan-
igava and Akai, 1996; Yevtushenko and Kuciej, 2014; Zhu and 
Chao, 2002) represent mathematical models of thermostressed 
multilayer structures, which take into account the dependence 
of thermomechanical characteristics of the layer materials on the 
temperature as well as the new methods of their solution. In pa-
pers (Carslaw and Jaeger, 1996; Kushnir and Popovych, 2009; 
2011; Kushnir and Protsiuk, 2010; Noda, 1991; Och, 2014; 2015; 
Popovych and Kalynyak, 2014; Zhu and Chao, 2002) the im-
portance to take into account the thermosensitivity of structural 
components at investigation the temperature and stress distribu-
tion is indicated. 

In the article the stationary temperature distribution in ele-

ments of microelectronics, which are modeled by three-layer 
hollow thermosensitive cylinder with heat sources in second layer, 
constant temperature on the inner surface of the cylinder and 
convective heat exchange with the environment on the outer one, 
is determined. The components of the stress-stain state have 
been defined. The influence of the thermosensitivity of materials 
on the temperature distribution and the distribution of the compo-
nents of stress-strain state has been investigated. 

2. THE FORMULATION OF THE PROBLEM 

The three-layer infinite thermosensitive hollow cylinder is con-
sidered. Each layer was made of different material. The cylinder 
is heated by heat sources which are located in the middle layer 
and are distributed by parabolic law 

𝑊(2)(𝑟) = −
4𝑊0

(2)

(𝑟3 − 𝑟2)
2
(𝑟 − 𝑟2)(𝑟 − 𝑟3). 

The temperature is constant t = tin on inner surface r = r1 
and the convective heat exchange with the environment on outer 

one  r = r4 is present. The coefficient of heat transfer through 

this surface is constant and equal to α. The conditions of ideal 
thermal contact between neighbour layers are satisfied. Let us 
determine the temperature distribution and the distribution 
of components of the cylinder stress-strain state at mentioned 
conditions. 

3. THE MATHEMATICAL MODEL FOR THE DETERMINATION 
OF TEMPERATURE DISTRIBUTION 

It includes: 

 the heat conductivity equations for each layer 
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1

𝑟

𝑑

𝑑𝑟
(𝑟𝜆𝑡

(𝑖)(𝑡𝑖)
𝑑𝑡𝑖
𝑑𝑟
) = 𝑊(𝑖)(𝑟), 𝑟𝑖 < 𝑟 < 𝑟𝑖+1, 𝑖 = 1,3̅̅ ̅̅ , (1) 

 boundary conditions on the boundary surfaces 

𝑡1|𝑟=𝑟1 = 𝑡𝑖𝑛, [𝜆𝑡
(3)(𝑡3)

𝑑𝑡3
𝑑𝑟
+ 𝛼(𝑡3 − 𝑡𝑜𝑢𝑡)]

𝑟=𝑟4

= 0, (2) 

 contact conditions on the neighbouring surfaces of the 
cylinder 

𝑡1|𝑟=𝑟2 = 𝑡2|𝑟=𝑟2 , 𝑡2|𝑟=𝑟3 = 𝑡3|𝑟=𝑟3 , (3) 

𝜆𝑡
(1)(𝑡1)

𝑑𝑡1
𝑑𝑟
|
𝑟=𝑟2

= 𝜆𝑡
(2)(𝑡2)

𝑑𝑡2
𝑑𝑟
|
𝑟=𝑟2

,

𝜆𝑡
(2)(𝑡2)

𝑑𝑡2
𝑑𝑟
|
𝑟=𝑟3

= 𝜆𝑡
(3)(𝑡3)

𝑑𝑡3
𝑑𝑟
|
𝑟=𝑟3

.

     (4) 

Model (1)-(4) is nonlinear due to the dependence of thermal 

conductivity coefficients λt
(i)(ti) (i = 1,3̅̅ ̅̅ ) on temperature. 

Those dependencies are usually given in reference books and are 
represented in the form of tables. 

To conduct theoretic reserch work it is convenient to present 
the thermal conductivity coefficients as analytical expression 

λt
(i) = λt

(i)(ti) with the purpose to conduct theoretic research 

work. To achieve such dependencies the tabular function is ap-
proximated with some functional dependence. The least squares 
method is an example of possible technique to be used with such 
approximation in order to determine the unknown parameters. 

Let the thermal conductivity coefficients for each cylinder 

component to be in the temperature range [tb; te]. We are going 
to describe them with quite common linear dependencies 

λt
(i) = aiti + bi. Parameters ai and bi are unknown. According 

to the method of least squares they are selected so that the sum 
of the differences’ squares between experimental and theoretical 
values will bw minimal. 

Let us represent the thermal conductivity coefficients of cylin-

der layers in the form λt
(i)(ti) = λt0

(i)λt
(i)∗(Ti), where the values 

λt0
(i)

 have the dimensionality of thermal conductivity coefficient and 

λt
(i)∗(Ti) is dimensionless function of dimensionless temperature 

Ti = ti te⁄ , (where the temperature te is chosen as a measuring 
indicator). Due to such linear dependence of the thermal conduc-
tivity coefficient on the temperature such representations will have 
the following form 

λt
(i)(ti) = λt0

(i)(1 + ki(Ti − Tb)), (5) 

where Tb = tb te⁄ , ki = aite (aitb + bi)⁄  , а λt0
(i) = aitb + bi. 

Let us introduce the characteristic length value l0 and dimen-

sionless coordinate ρ = r l0⁄  to present the mathematical model 
(1)-(4) in dimensionless form: 

𝑑

𝑑𝜌
(𝜌𝜆𝑡

(𝑖)∗(𝑇𝑖)
𝑑𝑇𝑖
𝑑𝜌
) = 𝑊(𝑖)(𝜌), 𝜌𝑖 < 𝜌 < 𝜌𝑖+1, 𝑖 = 1,3̅̅ ̅̅ , (6) 

𝑇1|𝜌=𝜌1 = 𝑇𝑖𝑛, [𝜆𝑡
(3)∗(𝑇3)

𝑑𝑇3
𝑑𝜌

+ 𝐵𝑖(𝑇3 − 𝑇𝑜𝑢𝑡)]
𝜌=𝜌4

= 0, (7) 

𝑇1|𝜌=𝜌2 = 𝑇2|𝜌=𝜌2 , 𝑇2|𝜌=𝜌3 = 𝑇3|𝜌=𝜌3 , (8) 

𝜆𝑡
(1)∗(𝑇1)

𝑑𝑇1
𝑑𝜌
|
𝜌=𝜌2

= 𝐾𝜆
(2)
𝜆𝑡
(2)∗(𝑇2)

𝑑𝑇2
𝑑𝜌
|
𝜌=𝜌2

,

𝜆𝑡
(2)∗(𝑇2)

𝑑𝑇2
𝑑𝜌
|
𝜌=𝜌3

= 𝐾𝜆
(3)
𝜆𝑡
(3)(𝑇3)

𝑑𝑇3
𝑑𝜌
|
𝜌=𝜌3

.

 (9) 

where: Tin = tin te⁄ , Tout = tout te⁄ , Kλ
(j)
= λt0

(j)
λt0
(j−1)

⁄  (j =

2,3), W(1)(ρ) = W(3)(ρ) = 0, W(2)(ρ) = −
4∙Po

(ρ3−ρ2)
2 ρ(ρ −

ρ2)(ρ − ρ3), Po = W0
(2)l0

2 (λt0
(2)te)⁄  is the Pomerantsev num-

ber, Bi = αl0 λt0
(3)⁄  is the Biot number. 

4. THE CONSTRUCTION OF THE SOLUTION OF THE 
MATHEMATICAL MODEL 

To construct the solution of the problem (6)-(9) the Kirchhoff 
variables are introduced: 

𝜃𝑖 = ∫ 𝜆𝑡
(𝑖)∗(𝑇𝑖)𝑑𝑇𝑖

𝑇𝑖

𝑇𝑏

, 𝑖 = 1,3̅̅ ̅̅ . (10) 

The following problem relative to mentioned above variables 
was received 

𝑑

𝑑𝜌
(𝜌
𝑑𝜃𝑖
𝑑𝜌
) = 𝑊(𝑖)(𝜌), 𝜌𝑖 < 𝜌 < 𝜌𝑖+1, 𝑖 = 1,3̅̅ ̅̅ , (11) 

𝜃1|𝜌=𝜌1 = 𝜃𝑖𝑛 , [
𝑑𝜃3
𝑑𝑟

+ 𝐵𝑖(𝑇3(𝜃3) − 𝑇𝑜𝑢𝑡)]
𝜌=𝜌4

= 0, (12) 

𝑇1(𝜃1)|𝜌=𝜌2 = 𝑇2(𝜃2)|𝜌=𝜌2 , 𝑇2(𝜃2)|𝜌=𝜌3 = 𝑇3(𝜃3)|𝜌=𝜌3 , (13) 

𝑑𝜃1
𝑑𝜌
|
𝜌=𝜌2

= 𝐾𝜆
(2) 𝑑𝜃2
𝑑𝜌
|
𝜌=𝜌2

,
𝑑𝜃2
𝑑𝜌
|
𝜌=𝜌3

= 𝐾𝜆
(3) 𝑑𝜃3
𝑑𝜌
|
𝜌=𝜌3

, (14) 

     where: 

𝜃𝑖𝑛 = ∫ 𝜆𝑡
(1)∗(𝑇1)𝑑𝑇1

𝑇𝑖𝑛

𝑇𝑏

= (𝑇𝑖𝑛 − 𝑇𝑏) +
𝑘1
2
(𝑇𝑖𝑛 − 𝑇𝑏)

2. 

As the result of the Kirchhoff transformation we have got 
a simpler problem in which the nonlinearity is present in 2nd 
condition (12) and (13). According to the linear dependence of the 
coefficients of thermal conductivity on temperature (5) as the 
consequence of formulas (10): 

𝜃𝑖 = (𝑇𝑖 − 𝑇𝑏) +
𝑘𝑖
2
(𝑇𝑖 − 𝑇𝑏)

2 (15) 

we have 

𝑇𝑖(𝜃𝑖) =
√1 + 2𝑘𝑖𝜃𝑖 − 1

𝑘𝑖
+ 𝑇𝑏 . (16) 

Let us note that the selected sign before the square root 
in temperature expressions provides the physical sense. 

After integrating the equations (11) we find that: 

𝑑𝜃1
𝑑𝜌

=
𝐶11
𝜌
,

𝑑𝜃2
𝑑𝜌

=
𝐶21
𝜌
+ �̃�(2)(𝜌),

𝑑𝜃3
𝑑𝜌

=
𝐶31
𝜌
, 
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𝜃1 = 𝐶11ln
𝜌

𝜌1
+ 𝐶12,

𝜃2 = 𝐶21ln
𝜌

𝜌2
+ 𝐶22 + �̅�

(2)(𝜌),

𝜃3 = 𝐶31ln
𝜌

𝜌3
+ 𝐶32,

 (17) 

where: 

�̃�(2)(𝜌) = −
4 ∙ 𝑃𝑜

(𝜌3 − 𝜌2)
2 (
𝜌3

4
−
𝜌2

3
(𝜌3 + 𝜌2) +

𝜌

2
𝜌2𝜌3 +

𝜌2
3

6𝜌

∙ (𝜌3 −
𝜌2
2
)), 

�̅�(2)(𝜌) = −
4 ∙ 𝑃𝑜

(𝜌3 − 𝜌2)
2 (𝜌

2 (
𝜌2

16
− 𝜌(𝜌3 + 𝜌2) +

𝜌2𝜌3
4
) − 𝜌2

3

∙ (
𝜌2
16
−
𝜌3 + 𝜌2
9

+
𝜌3
4
) −

𝜌2
3

6
∙ ln

𝜌

𝜌2
∙ (𝜌3 −

𝜌2
2
)). 

The solutions (17) contain 6 unknown constants of integration. 
To find them let us suppose the constants in the enpression for 
Kirchhoff variables to be known (the basic ones) in the first layer 

C11 and C12, for example. The remaining constants are ex-
pressed through basic ones using the contact conditions on the 
neighbour surface in the cylinder. Herewith the equvivalent condi-
tions (Popovych V.S. and Kalynyak B. M., 2014) instead of condi-
tions (13) are used: 

𝜃𝑖+1 − 𝜃𝑖|𝜌=𝜌𝑖+1 =
𝑘𝑖+1 − 𝑘𝑖

2
(𝑇𝑖(𝜃𝑖) − 𝑇𝑏)

2|
𝜌=𝜌𝑖+1

, 

𝑖 = 1,2. 

(18) 

From the conditions (14) and (18) we obtain correspondingly: 

𝐶21 = 𝐶11 𝐾𝜆
(2)⁄ , 𝐶31 = (𝐶11 𝐾𝜆

(2)⁄ + 𝜌3�̃�
(2)(𝜌3)) 𝐾𝜆

(3)
⁄ , 

𝐶22 = 𝐶11ln
𝜌2
𝜌1
+ 𝐶12 +

𝑘2 − 𝑘1
2

∙ ((√1 + 2𝑘1 (𝐶11ln
𝜌2
𝜌1
+ 𝐶12) − 1) 𝑘1⁄ )

2

, 

𝐶32 = 𝜃2|𝜌=𝜌3 +
𝑘3 − 𝑘2
2

((√1 + 2𝑘2𝜃2|𝜌=𝜌3 − 1) 𝑘2⁄ )
2

, 

where: 
𝜃2|𝜌=𝜌3

= 𝐶11 (ln
𝜌2
𝜌1
+ ln

𝜌3
𝜌2

𝐾𝜆
(2)

⁄ ) + 𝐶12 + �̅�
(2)(𝜌3)

+
𝑘2 − 𝑘1
2

((√1 + 2𝑘1 (𝐶11ln
𝜌2
𝜌1
+ 𝐶12) − 1) 𝑘1⁄ )

2

. 

The constant of integration Ci1 and Ci2 (i = 2,3) are ex-
pressed through the basic ones C11 and C12, which are found 
from boundary conditions (12). Using the first one we receive 

𝐶12 = (𝑇𝑖𝑛 − 𝑇𝑏) +
𝑘1
2
(𝑇𝑖𝑛 − 𝑇𝑏)

2. 

From the second condition of (12) the algebraic equation was 
received 

𝐶31
𝜌4
+ 𝐵𝑖 (

√1 + 2𝑘3𝜃3|𝜌=𝜌4 − 1

𝑘3
+ 𝑇𝑏 − 𝑇𝑜𝑢𝑡) = 0 (19) 

to determine the constant C11. 

The solution of (19) was found by software for analytical trans-

formations. Using the obtained analytical expression for C11, 
which is not presented because of its complexity, we find automat-
ically expressions of others constants of integration. Knowing 

Cij (i = 1,3̅̅ ̅̅ , j = 1,2) the temperature distributions of considered 

cylinder is given by formulas (16), (17). 

5. THE DETERMINATION OF THE TEMPERATURE 
DISTRIBUTION IN THE HOLLOW NONTHERMOSENSITIVE 
CYLINDER 

The dimensionless mathematical model for determining the 
temperature of a similar nonthermosensitive cylinder has the form 

𝑑

𝑑𝜌
(𝜌
𝑑𝑇𝑖𝑁
𝑑𝜌

) = 𝑊𝑁
(𝑖)(𝜌), 𝜌𝑖 < 𝜌 < 𝜌𝑖+1, 𝑖 = 1,3̅̅ ̅̅ , (20) 

𝑇1𝑁|𝜌=𝜌1 = 𝑇𝑖𝑛, [
𝑑𝑇3𝑁
𝑑𝜌

+ 𝐵𝑖𝑁(𝑇3𝑁 − 𝑇𝑜𝑢𝑡)]
𝜌=𝜌4

= 0, (21) 

𝑇1𝑁|𝜌=𝜌2 = 𝑇2𝑁|𝜌=𝜌2 , 𝑇2𝑁|𝜌=𝜌3 = 𝑇3𝑁|𝜌=𝜌3 , (22) 

𝑑𝑇1𝑁
𝑑𝜌

|
𝜌=𝜌2

= 𝐾𝜆𝑁
(2) 𝑑𝑇2𝑁

𝑑𝜌
|
𝜌=𝜌2

, 

𝑑𝑇2𝑁
𝑑𝜌

|
𝜌=𝜌3

= 𝐾𝜆𝑁
(3) 𝑑𝑇3𝑁

𝑑𝜌
|
𝜌=𝜌3

, 

(23) 

where:  𝑇𝑖𝑁 = 𝑡𝑖𝑁 𝑡𝑒⁄ , 𝐾𝜆𝑁
(𝑗)
= 𝜆𝑡𝑁

(𝑗)
𝜆𝑡𝑁
(𝑗−1)

⁄   (𝑗 = 2,3), 𝑊𝑁
(1)(𝜌) =

𝑊𝑁
(3)(𝜌) = 0, 𝑊𝑁

(2)(𝜌) = −
4∙𝑃𝑜𝑁

(𝜌3−𝜌2)
2
∙ 𝜌(𝜌 − 𝜌2)(𝜌 − 𝜌3), 

𝑃𝑜𝑁 = 𝑃𝑜 ∙ 𝜆𝑡𝑁
(2) 𝜆𝑡𝑁

(2)⁄  is the Pomerantsev number, 𝐵𝑖𝑁 =

𝐵𝑖 ∙ 𝜆𝑡𝑁
(3) 𝜆𝑡𝑁

(3)⁄  is the Biot number. 

From the problem (20)-(23) we find the following 

𝑑𝑇1𝑁
𝑑𝜌

=
𝐶1̅1
𝜌
,

𝑑𝑇2𝑁
𝑑𝜌

=
𝐶2̅1
𝜌
+ �̃�𝑁

(2)(𝜌),
𝑑𝑇3𝑁
𝑑𝜌

=
𝐶3̅1
𝜌
, 

𝑇1𝑁 = 𝐶1̅1ln
𝜌

𝜌1
+ 𝐶1̅2,

𝑇2𝑁 = 𝐶2̅1ln
𝜌

𝜌2
+ 𝐶2̅2 + �̅�𝑁

(2)(𝜌),

𝑇3𝑁 = 𝐶3̅1ln
𝜌

𝜌3
+ 𝐶3̅2,

    (24) 

where: 

�̃�𝑁
(2)(𝜌) = −

4 ∙ 𝑃𝑜𝑁
(𝜌3 − 𝜌2)

2 (
𝜌3

4
−
𝜌2

3
(𝜌3 + 𝜌2) +

𝜌

2
𝜌2𝜌3 +

𝜌2
3

6𝜌

∙ (𝜌3 −
𝜌2
2
)), 

�̅�𝑁
(2)(𝜌) = −

4 ∙ 𝑃𝑜𝑁
(𝜌3 − 𝜌2)

2 (𝜌
2 (
𝜌2

16
− 𝜌(𝜌3 + 𝜌2) +

𝜌2𝜌3
4
) − 𝜌2

3

∙ (
𝜌2
16
−
𝜌3 + 𝜌2
9

+
𝜌3
4
) −

𝜌2
3

6
ln
𝜌

𝜌2
(𝜌3 −

𝜌2
2
)). 

Then using the boundary conditions (21) and conditions 
of layer contact (22) we find constants of integration 

𝐶1̅1 = (𝐾𝜆𝑁
(2)
(�̃�𝑁

(2)(𝜌3)𝜌3 − 𝐾𝜆𝑁
(3)
(�̅�𝑁

(2)(𝜌3) + 𝑇𝑖𝑛))) 𝛥⁄ , 
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𝐶1̅2 = 𝑇𝑖𝑛, 

𝐶2̅1 = (�̃�𝑁
(2)(𝜌3)𝜌3 − 𝐾𝜆𝑁

(3)
(�̅�𝑁

(2)(𝜌3) + 𝑇𝑖𝑛)) 𝛥⁄ , 

𝐶2̅2 =
1

𝛥
(𝜌3 ∙ �̃�𝑁

(2)(𝜌3) − 𝐾𝜆𝑁
(3)
∙ (�̅�𝑁

(2)(𝜌3) + 𝑇𝑖𝑛))

∙ (
1

𝐾𝜆𝑁
(3)
− ln

𝜌3
𝜌2
), 

𝐶3̅1 =
1

𝛥
(
𝜌3�̃�𝑁

(2)(𝜌3)

𝐾𝜆𝑁
(3)

− �̅�𝑁
(2)(𝜌3) − 𝑇𝑖𝑛) +

�̃�𝑁
(2)(𝜌3)

𝐾𝜆𝑁
(3)

, 

𝐶3̅2 = (
1

𝛥
(�̅�𝑁

(2)(𝜌3) + 𝑇𝑖𝑛 −
𝜌3�̃�𝑁

(2)(𝜌3)

𝐾𝜆𝑁
(3)

) −
�̃�𝑁
(2)(𝜌3)

𝐾𝜆𝑁
(3)

) (
1

𝜌4𝐵𝑖𝑁

− ln
𝜌3
𝜌2
) − 𝑇𝑜𝑢𝑡, 

𝛥 =  ln
𝜌2
𝜌1
(1 − 𝐾𝜆𝑁

(3)
ln
𝜌3
𝜌2
). 

6. THE DETERMINATION OF STRESS-STRAIN STATE 

If the elastic modulus E(i)(ti), the Poisson ratio ν(i)(ti) and 
the temperature coefficients of the linear thermal expansions 

αt
(i)(ti) of cylinder components are represented in the form 

χ(i)(ti) = χ0
(i)χi

∗(Ti), where χ0
(i)

 are the dimensional quantities 

equal to the value of the characteristic with the temperature tb, 

and values χi
∗(Ti) are the dimensionless function of dimension-

less temperature Ti, then 𝐸(𝑖)(𝑡𝑖) = 𝐸0
(𝑖)
𝐸𝑖
∗(𝑇𝑖), 𝜈

(𝑖)(𝑡𝑖) =

𝜈0
(𝑖)
𝜈𝑖
∗(𝑇𝑖), 𝛼𝑡

(𝑖)(𝑡𝑖) = 𝛼𝑡0
(𝑖)
𝛼𝑡𝑖
∗ (𝑇𝑖). 

Radial σr
(i)

 circumferential σφ
(i)

 and axial σz
(i)

 stresses, radial 

er
(i)

 and circumferential eφ
(i)

 deformations and also radial dis-

placements ur
(i)

 are calculated using expressions (Popovych 
Kalynyak, 2014) without mass forces: 

𝜎𝑟
(𝑖)(𝜌) = 𝛾1𝑟

(𝑖)(𝜌)𝜎(1)(𝜌1) + 𝛾2𝑟
(𝑖)(𝜌)𝑒𝑧 + 𝛾0𝑟

(𝑖)(𝜌), (25) 

𝜎𝜑
(𝑖)(𝜌) = 𝜎(𝑖)(𝜌) − 𝜎𝑟

(𝑖)(𝜌), (26) 

𝜎𝑧
(𝑖)(𝜌) = 𝐸(𝑖)𝑒𝑧 + 𝜈

(𝑖)𝜎(𝑖)(𝜌) − 𝐸(𝑖)𝛷(𝑖)(𝑇𝑖), (27) 

𝑒𝑟
(𝑖)(𝜌)

= (𝜎𝑟
(𝑖)(𝜌) − 𝜈(𝑖) (𝜎𝜑

(𝑖)(𝜌) + 𝜎𝑧
(𝑖)(𝜌)) + 𝐸(𝑖)𝛷(𝑖)(𝑇𝑖)) 𝐸

(𝑖)⁄ , (28) 

𝑒𝜑
(𝑖)(𝜌)

= (𝜎𝜑
(𝑖)(𝜌) − 𝜈(𝑖) (𝜎𝑟

(𝑖)(𝜌) + 𝜎𝑧
(𝑖)(𝜌)) + 𝐸(𝑖)𝛷(𝑖)(𝑇𝑖)) 𝐸

(𝑖)⁄ , (29) 

𝑢𝑟
(𝑖)(𝜌) = 𝜌 ∙ 𝑒𝜑

(𝑖)(𝜌), (30) 

where 𝜎(𝑖) = 𝜎𝑟
(𝑖)
+ 𝜎𝜑

(𝑖) — are the total stresses calculated by 

the formula: 

𝜎(𝑖)(𝜌) = 𝛾10
(𝑖)(𝜌)𝜎(1)(𝜌1) + 𝛾20

(𝑖)(𝜌)𝑒𝑧 + 𝛾00
(𝑖)(𝜌), (31) 

𝛾10
(𝑖)(𝜌) =

1

𝜓(𝑖)(𝜌)

∙ ((1 − 𝛿1𝑖) ∙ 𝛾1𝑟
(𝑖−1)(𝜌𝑖) ∙ 𝜒2

(𝑖)(𝜌)

+ ((1 − (𝜈(1)(𝜌1))
2
) 𝐸(1)(𝜌1)⁄ + (1 − 𝛿1𝑖)

∙ ∑(∫ 𝛾1𝑟
(𝑘)(𝜂) ∙ (𝜑(𝑘)(𝜂))

′
𝑑𝜂

𝜌𝑘+1

𝜌𝑘

+ 𝛽(𝑘)
𝑖−1

𝑘=1

∙ 𝛾1𝑟
(𝑘)(𝜌𝑘+1))) ∙ 𝜒1

(𝑖)(𝜌)), 

𝛾20
(𝑖)(𝜌) =

1

𝜓(𝑖)(𝜌)

∙ (𝜈(𝑖)(𝜌) − 𝜈(𝑖)(𝜌𝑖) + (1 − 𝛿1𝑖)𝛾2𝑟
(𝑖−1)(𝜌𝑖) ∙ 𝜒2

(𝑖)(𝜌)

+ (𝜈(𝑖)(𝜌𝑖) − 𝜈
(1)(𝜌1) + (1 − 𝛿1𝑖)

∙ ∑(∫ 𝛾2𝑟
(𝑘)(𝜂) ∙ (𝜑(𝑘)(𝜂))

′
𝑑𝜂

𝜌𝑘+1

𝜌𝑘

+ 𝛽(𝑘)
𝑖−1

𝑘=1

∙ 𝛾2𝑟
(𝑘)(𝜌𝑘+1))) ∙ 𝜒1

(𝑖)(𝜌)), 

𝛾00
(𝑖)(𝜌) =

1

𝜓(𝑖)(𝜌)

(

 
 
(−𝛿1𝑖𝑝1 + (1 − 𝛿1𝑖) ∙ 𝛾0𝑟

(𝑖−1)(𝜌𝑖)) ∙ 𝜒2
(𝑖)(𝜌)

− 𝐹(𝑖)(𝜌) + 𝐹(𝑖)(𝜌𝑖)

+ ((1 − 𝛿1𝑖)

∙ ∑(∫ 𝛾0𝑟
(𝑘)(𝜂) ∙ (𝜑(𝑘)(𝜂))

′
𝑑𝜂

𝜌𝑘+1

𝜌𝑘

+ 𝛽(𝑘)
𝑖−1

𝑘=1

∙ 𝛾0𝑟
(𝑘)(𝜌𝑘+1)) − 𝐹

(𝑖)(𝜌𝑖)) 𝜒1
(𝑖)(𝜌)

)

 
 
, 

𝛾1𝑟
(𝑖)(𝜌) =

1

𝜌2
((1 − 𝛿1𝑖) ∙ 𝜌𝑖

2 ∙ 𝛾1𝑟
(𝑖−1)(𝜌𝑖) + ∫ 𝜂𝛾10

(𝑖)(𝜂)𝑑𝜂
𝜌

𝜌𝑖

), 

𝛾2𝑟
(𝑖)(𝜌) =

1

𝜌2
((1 − 𝛿1𝑖) ∙ 𝜌𝑖

2 ∙ 𝛾2𝑟
(𝑖−1)(𝜌𝑖) + ∫ 𝜂𝛾20

(𝑖)(𝜂)𝑑𝜂
𝜌

𝜌𝑖

), 

𝛾0𝑟
(𝑖)(𝜌) =

1

𝜌2
(−𝜌1

2 ∙ 𝑝1 ∙ 𝛿1𝑖 + (1 − 𝛿1𝑖) ∙ 𝜌𝑖
2 ∙ 𝛾0𝑟

(𝑖−1)(𝜌𝑖)

+ ∫ 𝜂𝛾00
(𝑖)(𝜂)𝑑𝜂

𝜌

𝜌𝑖

), 

𝜒1
(𝑖)(𝜌) = 1 + (

𝜌 − 𝜌𝑖
2

)
2

∙ (𝜑(𝑖)(𝜌))
′
∙
𝜌𝑖
𝜌2
∙
𝐸(𝑖)(𝜌𝑖)

1 − 𝜈(𝑖)(𝜌𝑖)
, 
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𝜒2
(𝑖)(𝜌) =

𝜌 − 𝜌𝑖
2

(
𝜌𝑖
2

𝜌2
∙ (𝜑(𝑖)(𝜌))

′
+ (𝜑(𝑖)(𝜌𝑖))

′
), 

𝜓(𝑖)(𝜌) =
1 − (𝜈(𝑖)(𝜌𝑖))

2

𝐸(𝑖)(𝜌𝑖)
− (
𝜌 − 𝜌𝑖
2

)
2 1

𝜌
(𝜑(𝑖)(𝜌𝑖))

′
, 

𝜑(𝑖)(𝜌) =
1 − 𝜈(𝑖)(𝜌)

𝐸(𝑖)(𝜌)
, (𝜑(𝑖)(𝜌))

′
=
𝑑

𝑑𝜌
(
1 − 𝜈(𝑖)(𝜌)

𝐸(𝑖)(𝜌)
), 

𝛽𝑖 = 𝜑
(𝑖+1)(𝜌𝑖+1) − 𝜑

(𝑖)(𝜌𝑖+1), 

𝐹𝑖(𝜌) = (1 − 𝜈(𝑖)(𝜌)) ∙ 𝛷(𝑖)(𝑇𝑖(𝜌)) − (1 − 𝜈
(1)(𝜌1))

∙ 𝛷(1)(𝑇1(𝜌1)), 

𝛷(𝑖)(𝑇𝑖) = 𝑡0 ∙ ∫ 𝛼𝑡
(𝑖)(𝑇𝑖)𝑑𝑇𝑖

𝑇𝑖

𝑇𝑝

, 

𝜎(1)(𝜌1) =
𝑐1𝑑22 − 𝑐2𝑑12
𝑑11𝑑22 − 𝑑21𝑑12

,   𝑒𝑧 =
𝑐2𝑑11 − 𝑐1𝑑21
𝑑11𝑑22 − 𝑑21𝑑12

, 

𝑑11 = ∑∫ 𝜂 ∙ 𝛾10
(𝑘)(𝜂)𝑑𝜂

𝜌𝑘+1

𝜌𝑘

𝑛

𝑘=1

, 

𝑑12 = ∑∫ 𝜂 ∙ 𝛾20
(𝑘)(𝜂)𝑑𝜂

𝜌𝑘+1

𝜌𝑘

𝑛

𝑘=1

, 

𝑑21 = ∑∫ 𝜂 ∙ 𝛾10
(𝑘)(𝜂) ∙ 𝜈(𝑘)(𝜂)𝑑𝜂

𝜌𝑘+1

𝜌𝑘

𝑛

𝑘=1

, 

𝑑22 = ∑∫ 𝜂 ∙ (𝛾20
(𝑘)(𝜂) ∙ 𝜈(𝑘)(𝜂) + 𝐸(𝑘)(𝜂)) 𝑑𝜂

𝜌𝑘+1

𝜌𝑘

𝑛

𝑘=1

, 

𝑐1 = 𝜌1
2 ∙ 𝑝1 − 𝜌𝑛+1

2 ∙ 𝑝2 +∑∫ 𝜂 ∙ 𝛾00
(𝑘)(𝜂)𝑑𝜂

𝜌𝑘+1

𝜌𝑘

𝑛

𝑘=1

, 

𝑐2 =
𝑝

2𝜋
+∑∫ 𝜂

𝜌𝑘+1

𝜌𝑘

𝑛

𝑘=1

∙ (𝐸(𝑘)(𝜂) ∙ 𝛷(𝑘)(𝑇𝑘(𝜂)) − 𝛾00
(𝑘)(𝜂) ∙ 𝜈(𝑘)(𝜂)) 𝑑𝜂, 

where: 𝛷𝑖(𝑇𝑖) is the purely thermal deformation, 𝑝1, 𝑝2  are the 
given constant pressures (stresses) on inner (𝜌 = 𝜌1) and outer 
(𝜌 = 𝜌4) surfaces of cylinder, 𝑝 denotes known force loadings 

at the ends of the cylinder, 𝛿𝑖𝑘 = {
1, 𝑖 = 𝑘,
0, 𝑖 ≠ 𝑘,

 is a Kronecker symbol. 

Formulas (25)-(31) to determine the stress-strain state are val-
id for thin layers only i.e. for which the trapezoidal formula 

∫ 𝑌(𝜂)𝑑𝜂
𝜌

𝜌𝑖

=
𝜌 − 𝜌𝑖
2

(𝑌(𝜌) + 𝑌(𝜌𝑖)) (32) 

is satisfied with the preset accuracy. 
If the cylinder contains thin and thick layers, then each thick 

layer is segmented into few thinner ones made of the same 
material. To prove that cylinder has sufficiently thin layers the 
integral condition (Popovych and Kalynyak, 2014) 

𝜌1
2 ∙ 𝑝1 − 𝜌𝑛+1

2 ∙ 𝑝2 = ∑∫ 𝜂 ∙ 𝜎(𝑘)(𝜂)𝑑𝜂
𝜌𝑘+1

𝜌𝑘

𝑛

𝑘=1

 (33) 

should be satisfied. 

7. PARTICULAR CASES 

Let us consider the case if the coefficients of thermal conduc-
tivity and mechanical characteristics of the non-thermosensitive 

cylinder (we denote them with N) are equal to the basic values of 
corresponding components of the thermosensitive one. The tem-

perature distribution has the form (24), where 𝜆𝑡𝑁
(𝑖) = 𝜆𝑡0

(𝑖), 𝑖 =

1,3̅̅ ̅̅ . The Poisson ratio, the coefficient of the linear thermal expan-

sion and the elastic modulus will have the following form 𝜈𝑁
(𝑖) =

𝜈0
(𝑖)

, 𝛼𝑡𝑁
(𝑖) = 𝛼𝑡0

(𝑖)
, 𝐸𝑁

(𝑖) = 𝐸0
(𝑖) , 𝑖 = 1,3̅̅ ̅̅  and formulas for the 

definition of components of the stress-strain state take the form: 

𝜎𝑁
(𝑖)(𝜌) = 𝛾10𝑁

(𝑖) (𝜌)𝜎𝑁
(1)(𝜌1) + 𝛾20𝑁

(𝑖) (𝜌)𝑒𝑧 + 𝛾00𝑁
(𝑖) (𝜌), (34) 

𝜎𝑟𝑁
(𝑖)(𝜌) = 𝛾1𝑟𝑁

(𝑖) (𝜌)𝜎𝑁
(1)(𝜌1) + 𝛾2𝑟𝑁

(𝑖) (𝜌)𝑒𝑧 + 𝛾0𝑟𝑁
(𝑖) (𝜌), (35) 

𝜎𝜑𝑁
(𝑖) (𝜌) = 𝜎𝑁

(𝑖)(𝜌) − 𝜎𝑟𝑁
(𝑖)(𝜌), (36) 

𝜎𝑧𝑁
(𝑖)(𝜌) = 𝐸0

(𝑖)
𝑒𝑧𝑁 + 𝜈0

(𝑖)
𝜎𝑁
(𝑖)(𝜌) − 𝐸0

(𝑖)
𝛷𝑁
(𝑖)(𝑇𝑖), (37) 

𝑒𝑟𝑁
(𝑖)(𝜌) =

1

𝐸0
(𝑖)
(𝜎𝑟𝑁

(𝑖)(𝜌) − 𝜈0
(𝑖)
(𝜎𝜑𝑁

(𝑖) (𝜌) + 𝜎𝑧𝑁
(𝑖)(𝜌))

+ 𝐸0
(𝑖)
𝛷𝑁
(𝑖)(𝑇𝑖)), 

(38) 

𝑒𝜑𝑁
(𝑖) (𝜌) =

1

𝐸0
(𝑖)
(𝜎𝜑𝑁

(𝑖) (𝜌) − 𝜈0
(𝑖)
(𝜎𝑟𝑁

(𝑖)(𝜌) + 𝜎𝑧𝑁
(𝑖)(𝜌))

+ 𝐸0
(𝑖)
𝛷𝑁
(𝑖)(𝑇𝑖)), 

(39) 

𝑢𝑟𝑁
(𝑖)(𝜌) = 𝜌 ∙ 𝑒𝜑𝑁

(𝑖) (𝜌), (40) 

𝛾10𝑁
(𝑖) (𝜌) =

1

𝜓𝑁
(𝑖)
(
1 − (𝜈0

(1)
)
2

𝐸0
(1)

+ (1 − 𝛿1𝑖)∑𝛽𝑁
(𝑘)
∙ 𝛾1𝑟𝑁
(𝑘) (𝜌𝑘+1)

𝑖−1

𝑘=1

), 

𝛾20𝑁
(𝑖) (𝜌) =

1

𝜓𝑁
(𝑖)
(𝜈0

(𝑖)
− 𝜈0

(1)
+ (1 − 𝛿1𝑖)∑𝛽𝑁

(𝑘)
∙ 𝛾2𝑟𝑁
(𝑘) (𝜌𝑘+1)

𝑖−1

𝑘=1

), 

𝛾00𝑁
(𝑖) (𝜌) =

1

𝜓𝑁
(𝑖)
((1 − 𝛿1𝑖)∑𝛽𝑁

(𝑘)
𝛾0𝑟𝑁
(𝑘) (𝜌𝑘+1) − 𝐹

(𝑖)(𝜌)

𝑖−1

𝑘=1

), 

𝛾1𝑟𝑁
(𝑖) (𝜌) =

1

𝜌2
((1 − 𝛿1𝑖)𝜌𝑖

2𝛾1𝑟𝑁
(𝑖−1)(𝜌𝑖) + ∫ 𝜂𝛾10𝑁

(𝑖) (𝜂)𝑑𝜂
𝜌

𝜌𝑖

), 

𝛾2𝑟𝑁
(𝑖) (𝜌) =

1

𝜌2
((1 − 𝛿1𝑖)𝜌𝑖

2𝛾2𝑟𝑁
(𝑖−1)(𝜌𝑖) + ∫ 𝜂𝛾20𝑁

(𝑖) (𝜂)𝑑𝜂
𝜌

𝜌𝑖

), 

𝛾0𝑟𝑁
(𝑖) (𝜌) =

1

𝜌2
(−𝜌1

2𝑝1𝛿1𝑖 + (1 − 𝛿1𝑖)𝜌𝑖
2𝛾0𝑟𝑁
(𝑖−1)(𝜌𝑖)

+ ∫ 𝜂𝛾00𝑁
(𝑖) (𝜂)𝑑𝜂

𝜌

𝜌𝑖

), 

𝜓𝑁
(𝑖)
=
1 − (𝜈0

(𝑖)
)
2

𝐸0
(𝑖)

, 𝜑𝑁
(𝑖)
=
1 − 𝜈0

(𝑖)

𝐸(𝑖)
, 𝛽𝑁
(𝑖)
= 𝜑𝑁

(𝑖+1)
− 𝜑𝑁

(𝑖)
, 
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𝐹𝑁
(𝑖)(𝜌) = (1 − 𝜈0

(𝑖)
) ∙ 𝛷𝑁

(𝑖)
(𝑇𝑖𝑁(𝜌))

− (1 − 𝜈0
(1)
) ∙ 𝛷𝑁

(1)
(𝑇1𝑁(𝜌1)), 

𝛷𝑁
(𝑖)(𝑇𝑖𝑁) = 𝑡0 ∙ 𝛼𝑡0

(𝑖)
(𝑇𝑖𝑁 − 𝑇𝑝), 

𝜎𝑁
(1)(𝜌1) =

𝑐1𝑁𝑑22𝑁 − 𝑐2𝑁𝑑12𝑁
𝑑11𝑁𝑑22𝑁 − 𝑑21𝑁𝑑12𝑁

,    

𝑒𝑧𝑁 =
𝑐2𝑁𝑑11𝑁 − 𝑐1𝑁𝑑21𝑁
𝑑11𝑁𝑑22𝑁 − 𝑑21𝑁𝑑12𝑁

, 

𝑑11𝑁 =∑∫ 𝜂 ∙ 𝛾10𝑁
(𝑘) (𝜂)𝑑𝜂

𝜌𝑘+1

𝜌𝑘

𝑛

𝑘=1

, 

𝑑12𝑁 =∑∫ 𝜂 ∙ 𝛾20𝑁
(𝑘) (𝜂)𝑑𝜂

𝜌𝑘+1

𝜌𝑘

𝑛

𝑘=1

, 

𝑑21𝑁 = ∑∫ 𝜂 ∙ 𝛾10𝑁
(𝑘) (𝜂) ∙ 𝜈0

(𝑘)
𝑑𝜂

𝜌𝑘+1

𝜌𝑘

𝑛

𝑘=1

, 

𝑑22𝑁 = ∑∫ 𝜂 ∙ (𝛾20𝑁
(𝑘) (𝜂) ∙ 𝜈0

(𝑘)
+ 𝐸0

(𝑘)
) 𝑑𝜂

𝜌𝑘+1

𝜌𝑘

𝑛

𝑘=1

, 

𝑐1𝑁 = 𝜌1
2 ∙ 𝑝1 − 𝜌𝑛+1

2 ∙ 𝑝2 +∑∫ 𝜂 ∙ 𝛾00𝑁
(𝑘) (𝜂)𝑑𝜂

𝜌𝑘+1

𝜌𝑘

𝑛

𝑘=1

, 

𝑐2𝑁 =
𝑝

2𝜋
+∑∫ 𝜂

𝜌𝑘+1

𝜌𝑘

𝑛

𝑘=1

∙ (𝐸0
(𝑘)
∙ 𝛷𝑁

(𝑘)
(𝑇𝑘𝑁(𝜂)) − 𝛾00𝑁

(𝑘) (𝜂) ∙ 𝜈0
(𝑘)
) 𝑑𝜂. 

In case of the average integral values of coefficients 
of thermal conductivity: 

𝜆𝑡𝑛
(𝑖)
= 𝜆𝑡𝑠

(𝑖)
=

1

𝑇𝑒 − 𝑇𝑏
∫ 𝜆𝑡0

(𝑖)
(1 + 𝑘𝑖(𝑇𝑖 − 𝑇𝑏))𝑑𝑇𝑖

𝑇𝑒

𝑇𝑏

= 𝜆𝑡0
(𝑖)
(1 +

𝑘𝑖
2
(𝑇𝑒 − 𝑇𝑏)), 

{𝜈𝑡𝑛
(𝑖)
, 𝛼𝑡𝑛
(𝑖)
, 𝐸𝑡𝑛
(𝑖)
} = {𝜈𝑡𝑠

(𝑖)
, 𝛼𝑡𝑠
(𝑖)
, 𝐸𝑡𝑠
(𝑖)
}

=
1

𝑇𝑒 − 𝑇𝑏
∫ {𝜈

(𝑖)(𝑇𝑖), 𝛼𝑡
(𝑖)(𝑇𝑖), 𝐸

(𝑖)(𝑇𝑖)} 𝑑𝑇𝑖

𝑇𝑒

𝑇𝑏

,  

𝑖 = 1,3̅̅ ̅̅ , 
we obtain the temperature distribution (24), where 

𝐵𝑖𝑛 = 𝐵𝑖
𝜆𝑡0
(3)

𝜆𝑡𝑠
(3)
, 𝑃𝑜𝑛 = 𝑃𝑜

𝜆𝑡0
(2)

𝜆𝑡𝑠
(2)
, 𝐾𝜆𝑛

(2)
=
𝜆𝑡𝑠
(2)

𝜆𝑡𝑠
(1)
, 𝐾𝜆𝑛

(3)
=
𝜆𝑡𝑠
(3)

𝜆𝑡𝑠
(2)
. 

The formulas for calculating the stress-strain state will have 
the form (34)-(40) in which the basic values of the thermomechan-
ical characteristics should be replaced by average integral ones. 

8. NUMERICAL RESEARCH 

Let us investigate the influence of temperature dependence 
of the thermal and mechanical characteristics of the cylinder 
materials on the temperature distribution and on components 
of stressed-strain state at different input parameters. The material 
in the first and in the third layers is the ceramics ZrO2, and in the 

second one is the titanium alloy Ti-6Al-4V (Tanigava and Akai, 
1996). 

Experimentally specified coefficients and thermomechanical 
characteristics were lineary approximated (5) in the temperature 

range 300 ÷ 1100K using the least squares method. The fol-
lowing values were established for ceramics: 

𝜆𝑡
(1,3)

= 1.915 ∙ (1 + 0.24664 ∙ (𝑇1,3 − 𝑇𝑏)) [
W
m ∙ K⁄ ], 

𝜈(1,3) = 0.333, 

𝛼𝑡
(1,3)

= 8.783 ∙ 10−6

∙ (1 − 1.4128 ∙ (𝑇1,3 − 𝑇𝑏) + 1.7496

∙ (𝑇1,3 − 𝑇𝑏)
2
) [1 K⁄ ], 

𝐸(1,3) = 116.381

∙ (1 − 0.521357 ∙ (𝑇1,3 − 𝑇𝑏) − 0.084215

∙ (𝑇1,3 − 𝑇𝑏)
2
) [GPa], 

and for titanium alloy 

𝜆𝑡
(2)
= 6.2 ∙ (1 + 3.016 ∙ (𝑇2 − 𝑇𝑏))[

W
m ∙ K⁄ ], 

𝜈(2) = 0.2984 ∙ (1 + 0.118 ∙ (𝑇2 − 𝑇𝑏)), 

𝛼𝑡
(2)
= 8.8559 ∙ 10−6

∙ (1 + 0.49014 ∙ (𝑇1,3 − 𝑇𝑏) − 0.36754

∙ (𝑇1,3 − 𝑇𝑏)
2
) [1 K⁄ ], 

𝐸(2) = 105.05 ∙ (1 − 0.5916 ∙ (𝑇1,3 − 𝑇𝑏)) [GPa]. 

The coordinates of layer boundaries in the cylinder are equal 
𝜌1 = 0.6, 𝜌2 = 0.75, 𝜌3 = 0.95, 𝜌4 = 1 with characteristic 

length 𝑙0 = 𝑟4. The dimensionless values of temperature are 

𝑇𝑏 = 3 11⁄ , 𝑇𝑒 = 1, 𝑇𝑖𝑛 = 1 3⁄ , 𝑇𝑜𝑢𝑡 = 1 2⁄ , Pomerantsev 
and Biot numbers are Po = −7, Bi = 2. The constant pressures 
on inner and outer surfaces of cylinder and axial loadings at the 

ends are 𝑝1 = 𝑝2 = 𝑝 = 0. 

 
Fig. 1. The temperature distribution 

 
The temperature distribution of the considered cylinder is pre-

sented in Fig. 1. Here and below the solid line corresponds to the 
thermosensitive cylinder, dashed line corresponds to the non-
thermosensitive cylinder with basic values, dash-dotted line corre-
sponds to the non-thermosensitive cylinder with the average 
integral values of the coefficient of thermal conductivity. 

The maximal difference between temperatures in thermosen-
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sitive and non-thermosensitive (with basic and average integral 
values of the coefficient of thermal conductivity) cylinders do not 
exceed 6%. 

The algorithm for determining the components of stress-strain 
state because the formulas (25)-(31) are valid for thin layers only 
has following steps: 
1. Calculating formulas (25)-(31) without segmentation of each 

layer in the cylinder into thin pieces. 
2. Checking the satisfying of the integral condition (33). 
3. If the condition (33) is not satisfied then the number 

of segments will be increased. Then we return to step 2. Oth-
erwise the calculation is over.  
Tab. 1 presents data obtained in finding sufficient segmenta-

tion of layers into components to achieve the accuracy ε = 10−4. 

Tab. 1. The result of segmentation of cylinder layers into thin components 

The total 
number 
of layers 

The number of segmentation 
in each layer The satisfying of 

integral conditions 
I layer II layer III layer 

3 1 1 1 -0.004015 

4 1 2 1 -0.002988 

5 2 2 1 -0.000994 

6 2 3 1 -0.000832 

As we can see the representation of the considered cylinder 
as the 6 components body is enough to achieve the preset accu-
racy. Fig. 2-7 show distributions of stresses, deformations 
and displacements. The constant axes deformation is  

ez = 0.003907. 

 
Fig. 2. The radial stresses 

From Fig. 2, 3, 5-7 we can note that the stress-strain compo-
nents distribution in the nonthermosensitive cylinder with average 
integral values of mechanical characteristics gives a better ap-
proximation to the same distribution in thermosensitive hollow 
cylinder in comparison to the stress-strain components distribution 
in the nonthermosensitive cylinder with basic values. In particular, 

the maximum differences of total stresses are 18%, of radial 

stresses are 8%, of circumferential stresses are 15%, of radial 
deformation are 10%, of radial displacements are 10%.  

 
Fig. 3. The circumferential stresses 

 
Fig. 4. The axial stresses 

 
Fig. 5. The radial deformation 

 
Fig. 6. The circumferential deformation 
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Fig. 7. The radial displacements 

Use of model of nonthermosensitive body with basic values 
of its thermomechanical characteristics gives no correct approxi-
mation for such distribution of appropriate stress-strain compo-
nents of thermosensitive cylinder but also leads to different quality 
results in some cases. Thus, in Fig. 2-4 we can see that stresses 
in the third layer of nonthermosensitive cylinder (with basic ther-
momechanical characteristics) are changed not only quantitative-
ly, but also inherently (the compression in thermosensitive one 
and stretching in nonthermosensitive or conversely). 

Let us note that for determining axial stresses it is necessary 
to take into account the thermosensitivity of material components 
because the use of basic and average integral values of thermo-
mechanical characteristics will not give the correct distribution 

of σz. 

9. SUMMARY 

The nonlinear mathematical model of temperature distribution 
in a infinite three-layer hollow thermosensitive cylinder with heat 
sources distributed by parabolic law in the second layer, constant 
temperature and convective heat exchange on the boundary 
surfaces has been created. The components of the stress-strain 
state have been determined. 

If to neglect the depemdence of thermomechanical character-
istics of material components (the replacement for basic or aver-
age integral ones), then the large differences between distribu-
tions of components of stress-strain state of thermosensitive 
and nonthermosensitive cylinders may appear and lead to qualita-
tively different distributions. For the selected layer materials was 
shown that the distribution of the stress-strain state in nonthermo-
sensitive cylinder with average integral values of mechanical 
characteristics gives a better approximation to such distribution in 
thermosensitive hollow cylinder. This can be useful for its rapid 
estimation. 
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Abstract: Materials other than standard and advanced high strength steels are remarkable for the thin-walled structures of the car-body 
in recent years in order to safety enhancement, weight and emission reduction, corrosion resistance improvement. Thus, there are pre-
sented in the paper the deformation properties of laser welded austenitic AISI 304 and ferritic AISI 430 stainless steels compared to these 
one measured for the high strength low alloyed steel H220PD. The properties were researched by tensile test and 3-point bending test 
with fixed ends on specimens made of basic material and laser welded one. The specimens were welded by solid state fiber laser  
YLS-5000 in longitudinal direction (the load direction). The deformation properties such as strength, stiffness and deformation work 
were evaluated and compared. The strength and stiffness were calculated from tensile test results and the deformation work was calculat-
ed from both, tensile test and 3-point bending test results. There has been found only minor effect of laser welding to the deformation 
properties for high strength low alloyed steel H220PD and austenitic stainless steel AISI 304. Otherwise, the laser welding strongly  
influenced the deformation work of the ferritic stainless steel AISI 430 as well as the elongation at tensile test. 

Key words: Stainless Steel, Strength, Stiffness, Deformation Work, Tensile Test, 3-Point Bending 

1. INTRODUCTION 

Car designers are looking for ways to make vehicles lighter 
and safer to fulfil the emission requirements and secure the pas-
senger’s safety. As a result, several new materials such as ad-
vanced high strength steels (Baluch, 2014; Mihaliková, 2015; 
Evin, 2014), magnesium alloys (Solfronk, 2014), plastics and 
composites (Fuchs, 2008; Jacob, 2004) have been introduced to 
the industry. Making cars lighter helps increase fuel economy, and 
making them safer reduces fatalities caused by serious collisions. 
Stainless steel appears being remarkable as well due to its me-
chanical properties, energy absorption ability, strength, stiffness, 
corrosion resistance, formability and weldability. 

It is necessary to prevent objects (car components, tree, pole, 
etc.) from penetrating the cabin in order to secure passengers’ 
survival at collision with another object (Richter, 2005). Thus, the 
cabin space needs to be perfectly tough and strong. These de-
pend on the strength and deformation characteristics of the carry-
ing car-body structure components. The effectiveness of these 
components can be improved by design of structure and proper 
material selection (Bright, 2011; Burdzik, 2012). The structure of 
the deformation zones components may consist either of several 
components of different types of steel sheet or of one component 
consisting of high strength steel or several different high-strength 
steel sheets with different thickness and strength joined by laser 
welding – tailored blanks (Schrek, 2014; Merklein, 2014). 

Materials used in car body structures have to meet wide range 
of criteria. The most important criterion for auto-body from 
the view of safety is the energy absorption ability at impact. For 

these cases deformation zones are applied in design of auto-body 
structure. These provide as much as possible energy absorption 
to secure minimal passenger’s space deformation (Burdzik, 2012). 

Absorption maximum of kinetic energy in order to reach mini-
mum of crew organism overloading (deceleration) and preserve 
sufficient strength is the main role of deformable car body ele-
ments. Some components such as B-pillar, body sill, front bump-
er, door beams, etc. have to be strength and stiffer to preserve 
enough space for passengers survive at side impact. Other car 
body components such A-pillar, front chassis legs, front wing 
support, cross-beams, etc. are used to controlled deformation 
and kinetic energy absorption at frontal impact. Thus, they can be 
produced from materials with lower strength but very good forma-
bility (Burdzik, 2012; Vlk, 2000; Wallentowitz, 1996). 

As mentioned, analysis of strength, stiffness and deformation 
work of materials used for car body components is important. 
Innovations of materials for car body lie on using such materials 
whose plastic deformation or mechanically inducted phase trans-
formation is consumed by kinetic energy absorption at car impact. 
The major importance at frontal impact is on ability of material to 
absorb the maximum energy, while at lateral impact the main 
importance is on strength and stiffness due to small deformation 
zone in door area. (Kramer, 2009; Rediers, 1998, Evin, 2012).  

The objective of the paper is to compare selected deformation 
properties for some stainless steels, when they are potentially 
used for safety elements, exhaust systems and fuel tanks. These 
properties have been tested for base and laser-welded material, 
due to wide application of laser welding when used to prepare the 
tailored welded blanks in automotive industry. 

mailto:marekvyrostek@gmail.com
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2. MATERIALS AND METHODS 

The laser-beam welding impact on the deformation properties 
of metal plates from austenitic stainless steel AISI 304 and ferritic 
stainless steel AISI 430 were researched. The high strength low 
alloyed steel H220PD has been used as a reference material. The 
chemical composition shown in Tab. 1 was defined by the mobile 
spectrometer Belec Compact Port. 

Steel strips from metal plates of micro-alloyed steel H220PD, 
austenitic stainless steel AISI 304 and ferritic steel AISI 430 were 
welded by laser-beam in continuous welding without protecting 
gas, using solid-state fiber laser YLS-5000 by IPG laser. Because 
of the importance of welding parameters (Mei, 2009; Yan, 2010), 
these have been optimised to reach the best quality of butt weld, 
based on microscopic structure evaluation in base material, heat 
affected zone and weld metal (the width of the butt weld and the 
heat affected zone, hardness HV0.5) as well as macroscopic 
evaluation of the butt (porosity, weld root fusion). The optimal 
ones parameters are shown in Tab. 2. 

Tab. 2. Laser welding parameters 

Material 

Power 
of laser  

[kW] 

Focus 
position 

[mm] 

Welding 
speed 

[mm.s-1] 

Micro-alloyed steel H220PD 1.7 10 50 

Austenitic steel AISI 304 2.1 10 70 

Ferritic steel AISI 430 2.1 10 70 

The mechanical properties such as yield strength, tensile 
strength, uniform elongation at necking, tensibility, material con-
stant K, strain-hardening exponent of the examined basic materi-
als and laser-welded strips were measured by standardised tests 
in accordance with STN EN ISO 6892-1, ISO 10113:2006 and 
ISO 10275:2007 with the sample stated in Fig. 1 and Fig. 2 from 
load diagrams of the tensile testing machine TIRAtest 2300 
measured at the strain rate ἐ = dɛ/dt = 0.0021 s-1. Three speci-
mens have been tested in 90° to the rolling direction and the 

average value and standard deviation have been calculated. 

 
Fig. 1. Impact absorption and load dispersion at side impact  
           (© Toyota Innovation) 

 
Fig. 2. Impact absorption and load dispersion at frontal impact  
           (© Toyota Innovation) 

Tab. 1. Chemical composition of materials used 

P < 0.018; S < 0.002; Ti < 0.007; Mo < 0.026; Al < 0.026; W < 0.036; V < 0.049  

The deformation work, i.e. the crashworthiness of experi-
mental materials, has been measured by modified 3-point bend-
ing test with fixed ends on the testing machine TIRAtest 2300. 
Non-standardized specimens - metal steel strips 30 mm in width 
and 300 mm in length - have been made of base material and 
the laser weld one. The strips were laid at the cylinders of bend-
ing fixture and fasten by grips at the ends to prevent the strip 
pulling out – Fig. 5. The weld was oriented in longitudinal direc-
tion in the middle of the strip. The strip has been bent by punch 

  until the strip fracture. The bending force - punch path depend-
ence was recorded by PC during the test. Measured data such 
as maximum bending force and the punch path were used to 
calculate the deformation work. The distance of cylinders 
was 120 mm, the cylinder diameter 30 mm and the punch veloci-
ty 10 mm.min-1. 

 

Material Chemical composition [wt %] 

H220PD 
C Si Mn Cu Cr Ni Co Nb Fe 

0.077 0.019 0.358 0.017 0.009 < 0.002 0.017 0.031 99.38 

AISI 304 
C Si Mn Cu Cr Ni Co Nb Fe 

0.055 0.592 1.597 0.029 18.30 7.79 0.062 0.049 71.42 

AISI 430 
C Si Mn Cu Cr Ni Co Nb Fe 

0.038 0.374 0.502 0.071 16.45 0.19 0.045 0.015 82.22 



DOI 10.1515/ama-2016-0028              acta mechanica et automatica, vol.10 no.3 (2016) 

191 

 
Fig. 3. Standardised specimen for tensile test 

 

Fig. 4. Laser-welded specimen for tensile test 

 
Fig. 5. The bending fixture on the testing machine TIRAtest 2300 

3. REACHED RESULTS AND DISCUSSION 

Measured values of mechanical properties for base material 
and laser welded ones are shown in Tab 3. These values have 
been used to calculate the strength, stiffness and deformation 
work for assessed materials. (Evin, 2012 and 2014) 

The strength of a component depends on its geometry 
and yield stress as follows:  

𝑆𝑇 =
𝑅𝑃0.2

𝑥
. (1) 

The stiffness is affected by material properties and its geome-
try as well as follows: 

𝑆𝑇𝐹 = 𝑉0
(𝑅𝑃0.2)

2

𝑥2∙𝐸
, (2) 

where: 𝑅𝑃0.2 – yield stress, 𝐸 – modulus of elasticity, 𝑥 – degree 
of safety or safety constant (1.6 to 2) 

The crashworthiness = absorption ability = deformation work 
is characteristic currently becoming increasingly important. Recent 
trends require for a material to absorb more energy in crash sce-
nario. The potential absorption energy can be assessed by the 
area under the stress-strain curve or load-path. When assessed 
from the tensile test engineering diagram, the deformation work 
is calculated from mechanical properties as follows: 

𝑊𝑝𝑙, 𝑛𝑒𝑐𝑘𝑖𝑛𝑔 =
𝑅𝑃0.2+𝑅𝑚

2
∙
𝐴𝑔

100
, (3) 

where: 𝑅𝑚 – ultimate tensile stress, 𝐴𝑔 – uniform elongation. 
When assessed from load-path curve from 3-point bending 

test with fixed ends, the deformation work is calculated as follows: 

𝑊𝑝𝑙 =
𝐹𝑚𝑎𝑥∙∆𝑙

2
, (4) 

where: 𝐹𝑚𝑎𝑥  – maximum bending force, ∆𝑙 – punch path to frac-
ture.  

The bending force-punch path dependence when 3-point 
bending with fixed end have been performed is shown in Fig. 6. 
The results of calculated values according to eq. (1) to eq. (4) 
is shown in Tab. 4 for base material and in Tab. 5 for laser-beam 
welded material. 

The graphs for calculated properties before and after welding 
are shown in Fig. 7 and Fig. 8 when strength and stiffness are 
compared. 

Tab. 3. The properties (90° to rolling dir.) of base material and laser welded one 

Material 
 RP0.2 

[MPa] 

Rm 

[MPa] 

Ag 

[%] 

A80 

[%] 

At 

[%] 

K 

[MPa] 

r 

[-] 

n 

[-] 

H220PD 

BM 
average 380 449 17 29 29 728 0.659 0.178 

stdev 2 1 1 1 1 2 0.004 0 

LW 
average 366 462 17 26 26 733 0.753 0.167 

stdev 2 2 1 1 1 5 0.026 0 

AISI 304 

BM 
average 302 765 58 62 62 1594 0.931 0.462 

stdev 1 1 3 2 2 12 0.005 0.002 

LW 
average 304 753 57 62 62 1563 0.958 0.451 

stdev 3 1 2 1 1 7 0.009 0.002 

AISI 430 

BM 
average 300 477 20 30 29 796 0.871 0.195 

stdev 3 4 2 3 3 4 0.026 0.002 

LW 
average 318 437 6 6 6 802 0.870 0.194 

stdev 2 4 0 0 0 15 0.020 0.006 
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Fig. 6. Bending force – punch path dependence 

Tab. 4. Calculated values of safety characteristics – base material 

Material Strength 

ST 

Stiffness 

STF 

Wpl 

eq. (3) 

Wpl 

eq. (4) 

H220PD 237.5 0.269 70.5 356.6 

AISI 304 188.7 0.170 309.4 1063.5 

AISI 430 187.5 0.167 77.7 374.8 

Tab. 5. Calculated values of safety characteristics – laser welded material 

Material Strength 

ST 

Stiffness 

STF 

Wpl 

Eq. (3) 

Wpl 

Eq. (4) 

H220PD 228.8 0.249 70.4 337.7 

AISI 304 190.0 0.172 301.3 1278.5 

AISI 430 198.7 0.188 22.7 183.1 

 
Fig. 7. Strenght comparison  

 
Fig. 8. Stiffness comparison   

 
Fig. 9. Deformation work calculated from eq. (3) based on tensile test 

 
Fig. 10. Deformation work calculated from eq. (4) based on 3-point    

  bending test with fixed ends 

Laser welding of austenitic steel AISI 304 has shown only mi-
nor influence on strength and stiffness; the stiffness increased 
about 0.7 % (188.7 to 190) and strength 1.3 % (0.170 to 0.172) 
compared to the base material. The greater influence has been 
found for ferritic steel AISI 430 when the strength increased about 
6.0 % (187.5 to198.7) and stiffness 12.4 % (0.167 to 0.188) com-
pared to the base material. The calculated values for reference 
material H220PD decreased for strength about -3.7 % (237.5 to 
228.8) and stiffness -7.2 % (0.269 to 0.249) compared to the base 
material. 
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The graphs for calculated deformation work according to eq. 
(3), based on tensile test properties and eq. (4), based on the 
bending force-punch path, are shown on Fig. 9 and Fig. 10. As it 
is shown in graphs, the laser welding has shown the major influ-
ence for ferritic stainless steel AISI 430 when the deformation 
work decreases about -70.8 % (77.7 to 22.7) as calculated from 
tensile test results and -51.1 % (374.8 to 183.1) as calculated 
from 3-point bending test results. There is only minor influence of 
laser welding on the deformation work for austenitic stainless steel 
AISI 304 (-2.6 % for tensile test and 20.2 % for 3-point bending 
test). The calculated deformation work for reference material 
H220PD decreased about 0.12 % when calculated according to 
eq. (3) from tensile test results or 5.3 % when calculated accord-
ing to eq. (4) from 3-point bending test results. 

 
Fig. 11. Macrostructure of laser-beam welded H220PD  

 
Fig. 12. Macrostructure of laser-beam welded AISI 304 

 
Fig. 13. Macrostructure of laser-beam welded AISI 430 

The weld joint of high strength low alloyed steel H220PD 
when laser-beam welded is shown in Fig. 11. The base material 

microstructure is fine-grained ferritic with secondary additions 
of carbides and nitrides. In the weld material hypocutectoid ferrite 
is created on the grain boundaries of initial austenitic grains. The 
fine acicular ferrite has been found inside austenitic grains. Some 
islands of bainitic structure also have been found in the weld 
metal. The weld metal and heat affected zone is polyedric with the 
grain size reducing toward the base metal. The results are similar 
to (Wang, 2015). 

The weld joint of austenitic stainless steel AISI 304 when la-
ser-beam welded is shown in Fig. 12. Delta ferrite arranged 
in rows has been found in the base material microstructure as well 
as large amount of globulitic carbides. It complies to (Yan, 2010; 
Hanninen, 2001).  The microstructure of weld metal and heat af-
fected zone is austenitic with delta ferrite mainly in the grain 
boundaries. According to (Yan, 2010), the fast cooling in the laser-
beam welding process does not offer sufficient time to complete 
the phase transformation delta to gamma ferrite. The microstruc-
ture is polyedric and the grain size reduces towards the heat 
affected zone. 

Some martensite arranged in rows has been found in the fer-
ritic stainless steel AISI 430 base material structure – Fig. 13 – 
and it complies with (Berretta, 2007). The weld metal microstruc-
ture is created by columnar ferrite grains growing from the bound-
ary to the middle. Some martensite has been found in the inter-
dendritic space. The microstructure of heat affected zone is also 
ferritic with martensite in the grain boundaries. 

The results of calculated characteristics of strength, stiffness 
and deformation work for austenitic stainless steel AISI 304 
are comparable to the results for H220PD considering its tenden-
cy. There is only minor influence of laser-beam welding to the 
strength, stiffness and deformation work calculated. It is given by 
their proper microstructure which is not substantially affected 
when they are laser-beam welded. There are any improper com-
ponents in the weld metal influencing the material microstructure 
after welding; the fine grained ferritic microstructe of H220PD 
and austenitic with delta ferrite mainly in the grain boundaries 
for austenitic stainless steel AISI 304. But, there is a major influ-
ence of laser-beam welding to the deformation properties of ferrit-
ic stainless steel AISI 430, which creates martensite in the inter-
dendritic space of weld metal. The strength and stiffness for ferrit-
ic stainless steel AISI 430 improves about 6.0 % and 12.4 %, 
but the deformation work gets worst considerably, i.e. -70.8 % 
when calculated from tensile test results according to eq. (3). This 
result has been confirmed by the deformation work when calculat-
ed from 3-point bending test with fixed ends results according to 
eq. (4); the deformation work gets worse about -51.1 %. Presence 
of brittle phase structure in the weld metal of ferritic stainless steel 
AISI 430 has been proven by cracking during the tensile and 3-
point bending test and crack propagation from the weld metal 
to the base material. 

4. CONCLUSSION 

The stainless steel use in the automotive industry has shown 
the wide range of implementations in recent years, such as re-
movable chassis components (bumper beams, frame crossmem-
bers, suspension control arms, subframes), safety/intrusion man-
agement components (side impact beams, roof bows, roof rails, 
B-pillars), entire chassis frame rails, exhaust system components, 
etc. They present good energy absorption ability when used 
for safety components. The austenitic grades are applicable when 
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laser-beam welding is used at production of tailored welded struc-
tures due to preserving its properties, such as strength, stiffness 
and deformation work, as it has been presented in the paper. 
Otherwise, the ferritic grades applications are strongly influenced 
by its microstructure that create embrittling phases after welding. 
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Abstract: Identification of isomorphic kinematic chains is one of the key issues in researching the structure of mechanisms. As a result the 
structures which duplicate are eliminated and further research is carried out on kinematic chains that do not duplicate. This dilemma has 
been taken up by many scholars who have come up with a variety of ideas how to solve it. The review of the methods for identifying the 
isomorphism of kinematic chains suggested by researchers is contained in this study, including Hamming Number Technique, eigenvalues 
and eigenvectors, perimeter graphs, dividing and matching vertices.  The spectrum of methods applied to the issue of identifying the iso-
morphism of mechanisms reflects the researchers’ efforts to obtain a precise result in the shortest time possible.  

Key words: Isomorphism, Structure of Planar and Spatial Kinematic Chains 

1. INTRODUCTION 

Topological methods are applied in researching the structure 
of mechanism. Topology is the study of those properties of objects 
that do not change when homeomorphisms are applied. Homeo-
morphism or topological isomorphism is a continuous function that 
has a continuous inverse function. The word ‘isomorphism’ 
is used when describing the structure of mechanisms. Structural 
invariants are the following: 

 number of links with their conjunctivity, 

 number of kinematic pairs with their classes, 

 joining of links of a specific conjunctivity through kinematic 
pairs of given classes (Conjunctivity of a link is a number 
of kinematic pairs that the link is composed of, which equiva-
lently determines the number of links it can be joined with).  
Fig. 1 presents an exemplary topological transformation that 

kinematic chains are subject to. Those kinematic chains are com-
posed of seven links: three binary and four ternary links as well as 
nine kinematic pairs. A closer analysis of the figure indicates that 
individual links in all kinematic chains are joined together via 
identical kinematic pairs. For example, in all kinematic chains  
a kinematic pair A joins a binary link 1 with a ternary link 4. Other 
kinematic pairs are involved in similar connections. Each kinemat-
ic chain selected for this example, is made of four loops that 
consist of three, four, five and six links respectively. Individual 
contours form the following outer loops: six-link (Fig. 1a), five-link 
(Fig. 1b), four-link (Fig. 1c) and three-link (Fig. 1d). In terms 
of structure these examples are identical or in other words iso-
morphic because each one of them can be obtained from the 
remaining ones by applying isomeric transformation in which the 
earlier mentioned invariants have been maintained. 

To identify isomorphic structures is significant because after 
defining the structure of mechanisms further research is carried 
out for non-repeating solutions. It relates to structural synthesis in 
particular, whereby a sets of solutions can be obtained that fulfill 
specific structural formulae (Ding et al., 2011; 2012; Romaniak, 
2010; 2011). 
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Fig. 1. Isomorphic kinematic chains 

The isomorphism of kinematic chains has been taken up 
by many researchers who came up with a number of methods 
for solving this dilemma. This study discusses selected solution 
methods. It presents how the isomorphism of kinematic chains 
can be identified with the use of Hamming Number Technique 
(Rao and Raju, 1991), eigenvalues and eigenvectors (Chang 
et al., 2002; Cubillo and Wan, 2005; He et al., 2003; 2005; Uicker 
and Raicu, 1975), perimeter graphs (Ding and Huang, 2007; 
2009), dividing and matching vertices (Zeng et al., 2014). This 
methods relate exclusively to the isomorphism of plane kinematic 
chains and do not cover spatial mechanisms. In study attempts to 
extend the research regarding the isomorphism of kinematic 
chains to the mechanisms of all groups by using new notation 
of spatial mechanisms. 
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2. METHODS FOR IDENTIFYING THE ISOMORPHISM 
OF KINEMATIC CHAINS 

The isomorphism of the three seven-link kinematic chain spa-
tial mechanisms with 1-DOM was investigated.  The set of labels 
for those mechanisms in group 0 includes: {555555221, 
555555311, 555554321, 555554411, 555554222, 555553331, 
555553322, 555544421, 555544331, 555544322, 555543332, 
555444431, 555444422, 555444332, 555443333, 554444441, 
554444432, 554444333, 544444442, 544444433, 444444443}. 

Researching isomorphism required that the mechanisms were 
presented in a form of diagrams and structural graphs, and the 
adjacency matrices were determined of which elements took the 
value of 1 when links were adjacent and 0 when links were not 
adjacent. The kinematic chains were marked C1, C2, C3 and 
structural graphs G1, G2, G3 respectively. 

The kinematic chains as shown were used to illustrate a few 
isomorphism identification methods. The first method selected 
is the one in which the Hamming Number Technique is applied 
(Rao and Raju, 1991). This method defines a specific equivalence 
whereby number sk= 0 is ascribed to two elements aik, ajk in rows 
i, j and a column k when these elements are the same (aik = ajk), 
or the number sk = aik + ajk , which is the sum of the numbers 

when the elements are different (aik  ajk). For example, the 
number s1 = a11 + a21 = 1 was calculated for an adjacency matrix 

Mp1 where a11  a21.  Then the Hamming number matrix has been 
generated with Hamming numbers as elements obtained from the 
following formula: 

ℎ𝑖𝑗 = ∑ 𝑠𝑘
𝑛
𝑘=1  .          (1) 

The h12 element of the H1 matrix is the sum of sk numbers with 
k = 1,..., 7 ascribed to the elements a1k, a2k  of the adjacency 
matrix Mp1 (h12 = 1 + 1 + 1 + 1 + 0 + 1 + 1 = 6). 

For adjacency matrices Mp1, Mp2, Mp3  the three Hamming 
matrices H1, H2, H3 were determined respectively.  

When identifying the isomorphism of kinematic chains the 
following definitions are in use: 

 the Hamming link which corresponds to the i – th link 
of a kinematic chain and is the sum of all elements in the i – th 
row of the Hamming matrix H. For example the Hamming link 
for the first link of a kinematic chain (see Fig.2a) is the number 
28 obtained by summing up all elements from the first row 
of the Hamming matrix H1, 

 the Hamming chain for any kinematic chain is a sum of all 
Hamming links. The Hamming chain for H1, H2, H3 matrixes 
equals the number 152, 

 the string of the Hamming link for any i – th link of a kinematic 
chain is a string of numbers made up of the Hamming link and 
all the integers from 0 to n in the i – th row of the Hamming 
matrix (n is the dimension of the adjacency matrix and the 
Hamming matrix). For example, for the first row of the 
Hamming matrix H1 a corresponding string of the Hamming 
link are the numbers: 28 and 13000111, where the Hamming 
link is 28 implying that the first row of the Hamming matrix  H1 

comprises of one 7, three 6s, no 5s, no 4s, no 3s, one 2, one 
1 and one 0, 

 the Hamming chain string contains a Hamming chain and the 
Hamming chain strings in diminishing order. 

 

H1 = 





























0241506

2041526

4405342

1150617

5536051

0241506

6627160

,   H2 = 





























0215226

2033424

1306335

5360533

2435044

2233406

6453460

, 

 

H3 = 





























0323424

3016335

2105226

3650533

4325044

2323406

4563460

.  

 

The following sequences of Hamming chains have been 
obtained: 

 matrix H1    152, 28, 13000111,    18, 01110112,   25, 
01301011, 21, 11100031, 22, 00131101,    20, 
01110211,    18, 01110112, 

 matrix  H2  152, 28, 02121001,  20, 01012201,  22, 
00131101,    25,01203001,   21, 01103011,   18, 00022201,   
18,01100311, 

 matrix  H3  152, 28, 02121001,  20, 01012201,  22, 
00131101,    25,01203001,   18, 01100311,   21, 01103011,  
18, 00022201. 
The ultimate criteria when identifying isomorphism is a com-

parison of the sequences of Hamming chains. In the case of the 
example discussed, the sequences of Hamming chains for H2 
and  H3 matrices are identical, hence the kinematic chains C2, C3 

are identical in terms of structure. 
Another method identifies the isomorphism of kinematic chains 
by applying eigensystem i.e. those kinematic chains are not 
isomorphic for which the eigenvalues of adjacency matrix are 
different (Chang et al., 2002; Cubillo and Wan, 2005; He et al., 
2003; 2005; Uicker at al., 1975). 

The following sequences of Hamming chains have been 
obtained: 

 matrix H1    152, 28, 13000111,    18, 01110112,   25, 
01301011, 21, 11100031, 22, 00131101,    20, 
01110211,    18, 01110112, 

 matrix  H2  152, 28, 02121001,  20, 01012201,  22, 
00131101,    25,01203001,   21, 01103011,   18, 00022201,   
18,01100311, 

 matrix  H3  152, 28, 02121001,  20, 01012201,  22, 
00131101,    25,01203001,   18, 01100311,   21, 01103011,  
18, 00022201. 

The ultimate criteria when identifying isomorphism is a compari-
son of the sequences of Hamming chains. In the case of the 
example discussed, the sequences of Hamming chains for H2 
and  H3 matrices are identical, hence the kinematic chains C2, C3 

are identical in terms of structure. 
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a)                               C1                                      G1 
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Mp1=  

  v1 0 1 0 1 0 1 1 
v2 1 0 1 0 0 0 0 
v3 0 1 0 1 0 0 1 
v4 1 0 1 0 1 0 0 
v5 0 0 0 1 0 1 0 
v6 1 0 0 0 1 0 0 
v7 1 0 1 0 0 0 0 
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Mp2=  

  v1 0 1 0 0 1 1 1 
v2 1 0 1 0 0 0 0 
v3 0 1 0 1 0 0 0 
v4 0 0 1 0 1 0 1 
v5 1 0 0 1 0 1 0 
v6 1 0 0 0 1 0 0 
v7 1 0 0 1 0 0 0 

 

 
c)                                 C3                                   G3 
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Mp3= 

v1 0 1 0  0 1 1 1 
v2 1 0 1  0 0 0 0 
v3 0 1 0  1 0 0 0 
v4 0 0 1  0 1 1 0 
v5 1 0 0  1 0 0 0 
v6 1 0 0  1 0 0 1 
v7 1 0 0  0 0 1 0 

 

Fig. 2. Seven-link kinematic chains of mechanisms presented  
            in a form of structural diagrams, adjacency matrices  
            and structural graphs 

The following sequences of Hamming chains have been 
obtained: 

 matrix H1    152, 28, 13000111,    18, 01110112,   25, 
01301011, 21, 11100031, 22, 00131101,    20, 
01110211,    18, 01110112, 

 matrix  H2  152, 28, 02121001,  20, 01012201,  22, 00131101,    
25,01203001,   21, 01103011,   18, 00022201,   18,01100311, 

 matrix  H3  152, 28, 02121001,  20, 01012201,  22, 00131101,    
25,01203001,   18, 01100311,   21, 01103011,  18, 00022201. 
The ultimate criteria when identifying isomorphism is a com-

parison of the sequences of Hamming chains. In the case of the 
example discussed, the sequences of Hamming chains for H2 
and  H3 matrices are identical, hence the kinematic chains C2, C3 

are identical in terms of structure. 
Another method identifies the isomorphism of kinematic 

chains by applying eigensystem i.e. those kinematic chains 
are not isomorphic for which the eigenvalues of adjacency matrix 
are different (Chang et al., 2002; Cubillo and Wan, 2005; He et al., 
2003; 2005; Uicker at al., 1975).  

For the adjacency matrix discussed (Fig.2) the following ei-
genvalues were obtained: Mp1: 0.441, -0.441, 0, -1.178, 1.178, -
2.724, 2.724, Mp2: -1.751, -0.934, -2.165, 0.252, 0.708, 1.157, 
2.733, Mp3: 0.708, 0.252, 1.157, -0.034, -1.751, -2.165, 2.733. As 
the eigenvalues for C1 are different from those obtained for C2 and 
C3 , the kinematic chain C1 is not isomorphic with the C2 and C3 

chains. To identify the isomorphism of C2 and C3 it is necessary to 
determine the eigenvectors. If the eigenvectors are not equivalent, 
the chains are structurally different. The eigenvalues and eigen-
vectors for C2 and C3 are presented in Tab. 1. The kinematic 
chains C2 and C3 have the same eigenvalues and corresponding 
eigenvectors, hence they are isomorphic. 

Tab. 1. Eigenvalues and eigenvectors for kinematic chains C2 and C3 
C2 Eigenvalues 

-1.751 -0.934 -2.165 0.252 0.708 1.157 2.733 

Eigenvectors 

0.421 -0.121 0.52 0.346 0.28 -0.259 0.523 

-0.535 -0.268 -0.17 0.088 0.659 0.307 0.279 

0.516 -0.371 -0.151 -0.324 0.186 0.614 0.24 

-0.368 -0.079 0.498 -0.17 -0.527 0.403 0.377 

0.159 -0.512 -0.456 -0.417 -0.21 -0.272 0.461 

-0.331 0.679 -0.029 -0.281 0.098 -0.459 0.36 

-0.03 0.215 -0.47 -0.697 -0.349 0.125 0.329 

C3 Eigenvalues 

0.708 0.252 1.157 -0.034 -1.751 -2.165 2.733 

Eigenvectors 

0.28 0.346 0.259 0.121 0.421 0.52 -0.523 

0.659 0.088 -0.307 0.268 -0.535 -0.17 -0.279 

0.186 -0.324 -0.614 -0.371 0.516 -0.151 -0.24 

-0.529 -0.17 -0.403 0.079 -0.368 0.498 -0.377 

-0.349 0.697 -0.125 -0.215 -0.03 -0.47 -0.329 

-0.21 -0.417 0.272 0.512 0.159 -0.456 -0.461 

0.098 -0.281 0.459 -0.697 -0.331 -0.029 -0.36 

 
Graphs such as: perimeter, canonical perimeter, characteristic 

perimeter, together with adjacency matrices obtained for each 
individual graph are used by the authors of yet another kinematic 
chain isomorphism identifying method (Ding and Huang, 2007; 
2009). The loops that form a given kinematic chain constitute the 
base for research. Tab. 2 presents six loops which were obtained 
for each kinematic chain. In further discussions the key elements 
are the loops with the highest number of links i.e. the longest. The 
kinematic chain C1 takes two loops i.e. K3 and K5, whereas 
kinematic chains C2 and C3 take the K3 loop. 
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Tab. 2. Loops forming kinematic chains in Fig. 3 

Loops Kinematic chain 
C1 

Kinematic chain 
C2 

Kinematic chain 
C3 

K1 1 2 3 7 1 1 2 3 4 7 1  1 2 3 4 5 1 

K2 1 2 3 4 1 1 2 3 4 5 1  1 2 3 4 6 1 

K3 1 2 3 4 5 6 1 1 2 3 4 5 6 1  1 2 3 4 6 7 1 

K4 1 7 3 4 1  1 7 4 5 1 1 7 6 1  

K5 1 7 3 4 5 6 1  1 7 4 5 6 1 1 7 6 4 5 1 

K6 1 4 5 6 1 1 5 6 1 1 6 4 5 1 

 
Perimeter graphs were formed adopting the longest loop as 

external. The K3 loop was selected for all kinematic chains (Fig.3).  
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Fig. 3. Structural graphs: perimeter = canonical perimeter and adjacency  
            matrix for the C1 chain (a),  perimeter = canonical perimeter  
            and adjacency matrix for the C2 chain (b),perimeter,  canonical  
            perimeter and adjacency matrix for the C3 chain (c) 

 
The structural graphs in Figs.  2a and 2b are simultaneously 

perimeter graphs in Figs. 3a and 3b. Renumbering the vertices 
so that each external vertex takes a consecutive integer trans-
forms a perimeter graph into a canonical perimeter graph. 
By analogy, for consecutive longest loops two graphs are formed. 

In the example for both loops K2 and K3 the same canonical pe-
rimeter graph was obtained. For a graph with several elements 
in the canonical adjacency matrix set, the matrix with the highest 
number of the binary string contained in the upper-right triangle 
of the matrix in the canonical adjacency matrix is defined as char-
acteristic adjacency matrix, and the corresponding canonical 
perimeter graph is defined as characteristic perimeter graph. If for 
any two given graphs their characteristic perimeter graphs are 
identical, then the graphs are regarded as isomorphic. In the 
example the canonical perimeter matrices are identical for C2 and 
C3  hence these kinematic chains are isomorphic. 

In another method for detecting the isomorphism of kinematic 
chains, the authors applied structural graphs and adjacency ma-
trices (Zeng, 2014). Within an adjacency matrix the sub-blocks 
were selected which are defined as square sub-matrices of the 
adjacency matrix along the principal diagonal (Fig 4). The degrees 
of vertices of a graph are organised in a descending sequence 
making up lists denoted as List (d). If lists are different, the graphs 
are not isomorphic. In the case in question the degree lists for 
graphs G1, G2, G3 are identical and form a list {4, 3, 3, 2, 2, 2, 2}. 
Each list of the List (d) constitutes the base for an adjacency 
matrix and the lists’ vertices follow the order set up by the lists. 
Within those matrices, sub-blocks made by vertices of the same 
degree are selected (Fig. 5a,b,c). Then in the sub-blocks 
for individual vertices a sum of squares of degrees of the  vertices 
adjacent to them is calculated, which is called the expanded 
square degree of the vertex and denoted by S. For example, 
in the sub-block made up by vertices {v2, v3, v4} in Fig. 4 the vertex 
v2 has one adjacent vertex v3; vertex v3 has two adjacent vertices 
v2 and v4; vertex v4 has one adjacent vertex v3. Thus the sum 
S of the vertex v2 is the square of degree of v3 and equal to four, 
S of v3 is the sum of squares of the degrees of v2 and v4 and equal 
to five; S of v4 is the square of the degree of v3 and equal to four. 

In the next step a list of expanded square degrees is created, 
which contains the descending sequence of S sums of all vertices 
in a sub-block and is denoted as List (S). For the sub-block 
{v2,v3,v4} in Fig.4 the list(S) is {5,4,4} and corresponds to vertices 
{v3,v4,v2}. 

 
  v1 v2 v3 v4 v5 v6 v7 

Mp1= 

v1 0 1 0 1 0 1 1 

v2 1 0 1 0 0 0 0 
v3 0 1 0 1 0 0 1 
v4 1 0 1 0 1 0 0 

v5 0 0 0 1 0 1 0 
v6 1 0 0 0 1 0 0 
v7 1 0 1 0 0 0 0 

 

Fig. 4. Exemplary sub-blocks obtained for graph G1 

The equivalence of the expanded square degree lists 
is a necessary condition for isomorphism. For individual graphs 
(Fig. 5 a,b,c), the expanded square degree lists were established 
for three sub-blocks. The following was obtained: 

 G1: List(S) sub-block {v1} – {0}; List(S) sub-block  {v3,v4} – 
{4,4}; List(S) sub-block  {v2,v5,v6,v7} – {1,1,0,0} corresponding 
to vertices {v5,v6,v2,v7}, 

 G2: List(S) sub-block {v1} – {0}; List(S) sub-block  {v4,v5} – 
{4,4}; List(S) sub-block  {v2,v3,v6,v7} – {1,1,0,0}, 

 G3: List(S) sub-block {v1} – {0}; List(S) sub-block  {v4,v6} – 
{4,4}; List(S) sub-block  {v2,v3,v5,v7} – {1,1,0,0}. 
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a) b) 

 

  v1 v3 v4 v2 v5 v6 v7 

Mp1=  

  v1 0 0 1 1 0 1 1 

v3 0 0 1 1 0 0 1 
v4 1 1 0 0 1 0 0 

v2 1 1 0 0 0 0 0 
v5 0 0 1 0 0 1 0 
v6 1 0 0 0 1 0 0 
v7 1 1 0 0 0 0 0 

  v1 v4 v5 v2 v3 v6 v7 

Mp2=  

  v1 0 0 1 1 0 1 1 

v4 0 0 1 0 1 0 1 
v5 1 1 0 0 0 1 0 

v2 1 0 0 0 1 0 0 
v3 0 1 0 1 0 0 0 
v6 1 0 1 0 0 0 0 
v7 1 1 0 0 0 0 0 

 

c) d) 

 

  v1 v3 v4 v2 v5 v6 v7 

Mp3=  

  v1 0 0 1 1 0 1 1 

v3 0 0 1 0 1 1 0 
v4 1 1 0 0 0 0 1 

v2 1 0 0 0 1 0 0 
v5 0 1 0 1 0 0 0 
v6 1 1 0 0 0 0 0 
v7 1 0 1 0 0 0 0 

  v1 v3 v4 v5 v6 v2 v7 

Mp1=  

  v1 0 0 1 0 1 1 1 

v3 0 0 1 0 0 1 1 
v4 1 1 0 1 1 0 0 

v5 0 0 1 0 1 0 0 
v6 1 0 0 1 0 0 0 

v2 1 1 0 0 0 0 0 
v7 1 1 0 0 0 0 0 

 

e) f) 

 

  v1 v3 v4 v2 v5 v6 v7 

Mp2=  

  v1 0 0 1 1 0 1 1 

v3 0 0 1 0 1 0 1 
v4 1 1 0 0 0 1 0 

v2 1 0 0 0 1 0 0 
v5 0 1 0 1 0 0 0 

v6 1 0 1 0 0 0 0 
v7 1 1 0 0 0 0 0 

  v1 v3 v4 v5 v6 v2 v7 

Mp3=  

  v1 0 0 1 1 0 1 1 

v3 0 0 1 0 1 1 0 
v4 1 1 0 0 0 0 1 

v5 1 0 0 0 1 0 0 
v6 0 1 0 1 0 0 0 

v2 1 1 0 0 0 0 0 
v7 1 0 1 0 0 0 0 

 

Fig. 5. Adjacency matrices with sub-blocks: according to List(d)  
            for graphs G1 (a), G2 (b), G3 (c), according to List(S)  
            for graphs G1 (d), G2 (e), G3 (f) 

According to the lists the vertices of the same expanded 
square degree make a sub-block (Fig. 5d,e,f). For example, after 
obtaining List (S), the vertices in sub-blocks in Fig.5a form sub-
blocks in Fig.5d. Then the correlations between individual sub-
blocks within an adjacency matrix is investigated. For this purpose 
the correlation degree is defined and denoted as vi(gm). 
It specifies the number of vertices from the gm sub-block which the 
vi vertex from  the gn sub-block is adjacent to. In the adjacency 
matrix in Fig.5d, for example, there are four sub-blocks denoted 
as g1, g2, g3, g4. The vertex v4 in g2 has one adjacent vertex v5 
in g3, hence v4(g3) = 1. Another correlation degree list from gn 
to gm is made and denoted as List(gn(gm)) with correlation degrees 
vi(gm) in descending sequence of vertices in the gn sub-block. The 
following correlation lists have been obtained for sub-blocks 
shown in Fig.5d, e, f: 

 graph G1: List(g1(g2)) - {1}, List(g1(g3)) - {1}, List(g1(g4)) - {2}, 
List(g2(g3)) - {1,0} corresponding to vertices {v4,v3}, List(g2(g4)) 
- {2,0} corresponding to vertices v3, v4, List(g3(g4)) - {0,0}, 

 graph G2: List(g1(g2)) - {1}, List(g1(g3)) - {1}, List(g1(g4)) - {2}, 
List(g2(g3)) - {1,0} corresponding to vertices v4, v6, ( List(g2(g4)) 
- {1,1}, List(g3(g4)) - {0,0}, 

 graph G3: List(g1(g2)) - {1}, List(g1(g3)) - {1}, List(g1(g4)) - {2}, 
List(g2(g3)) - {1,0} corresponding to vertices v4, v5, List(g2(g4)) - 
{1,1}, List(g3(g4)) - {0,0}. 
The equivalence of the correlation degree lists of graphs is  

a necessary condition for isomorphism. The correlation degree list 
for the G1 graph is not equivalent with the lists for G2 and G3 , 
hence the G1 graph is not isomorphic with the G2 and G3. 

Each vertex of the adjacency matrix of the G2 and G3 graphs 
belongs to the same sub-block made via the expanded square 
degree division and via the correlation degree division in both 

matrices, which means that both matrices are equal and that the 
G2 and G3 graphs are isomorphic. 

3. RESEARCHING THE ISOMORPHISM OF SPATIAL CHAINS 

Methods presented in Chapter II relate exclusively to the iso-
morphism of plane kinematic chains and do not cover spatial 
mechanisms. It is mainly because the base in these methods are 
diagrams in which kinematic pairs are noted by one symbol i.e.  
a circle. This is possible only for plane mechanisms whereby both 
the revolute and prismatic kinematic pairs are noted with such  
a symbol. 

For spatial mechanisms the class of kinematic pairs has to be 
considered in their structural diagrams. As an example in the 
parallel mechanism presented in Fig.6 there are four kinematic 
pairs of class III (The class of kinematic pairs depends on the 
number of parameters of kinematic bonds which a given pair 
imposes on the motion that one link can make in relation to the 
other. A link’s free motion can be described by six parameters 
such as three revolutions and three translations along the orthog-
onal axis of the coordinate system. Each independent move which 
one link is able to make in relation to the other is called a degree 
of freedom W. Any constraints imposed on that movement 
is called a parameter of a kinematic bond H with values ranging 
from 1 to 5. Thus W=6-H. Hence a kinematic pair that enables one 
revolution or one translation is a pair of class V, as five out of its 
six degrees of freedom have been restricted.  The pair of class IV 
means that four parameters of a kinematic bond have been im-
posed, the remaining two determine two degrees such as, 
for example, a revolution and a translation.) (three spherical pairs 
at the platform which make three revolutions around a coordinate 
axis possible and one at the base enabling two translations and 
one revolution), one kinematic pair of class IV (the pair at the base 
enabling a translation and a revolution) and one pair of class V 
(at the base enabling one revolution). Hence a structural diagram 
of these mechanisms contains information about the class 
of kinematic pairs (Fig. 6b). 

a) b) c) 
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Fig. 6. Parallel mechanisms (a, d) in the traditional (b, e)  
           and in the generalised structural notation (c, f) 
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Structural analysis of spatial mechanisms indicates that the 
mechanisms can be grouped according to the same graphic 
notation in which individual mechanisms differ in the classes 
of kinematic pairs (Romaniak, 2010; 2011; Uicker and Raicu, 
1975). For example, the parallel mechanism in Fig. 6d can have 
a graphic representation corresponding to the parallel mechanism 
in Fig.6a having provided appropriate classes of kinematic pairs. 
A new generalised notation for spatial mechanisms has been 
proposed whereby classes of kinematic pairs are noted in a form 
of labels next to a graphic diagram (Fig. 6c, f). 

Splitting the structural notation of spatial mechanisms into two 
parts i.e. graphic representation and a label enables the structural 
research used for plane mechanisms to be applied to spatial 
chains whose graphic diagram is identical to that of plane mecha-
nisms. Therefore the methods of structural synthesis as well as 
methods for researching the chains’ isomorphism, presented in 
Chapter II, can be used in here. Closely linked with the graphic 
diagram and determined following current structural formula, the 
labels are the sequences of numbers whose isomorphism is easy 
enough to check. 

The proposed notation of spatial mechanisms attempts to ex-
tend the research regarding the isomorphism of kinematic chains 
to the mechanisms of all groups. However, it is not an ideal meth-
od as the notation in a form of a graphic diagram and a label 
provides a certain set of solutions restricted to various locations 
of kinematic pairs in a given diagram (Fig. 7). 

 
a) 
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Fig. 7. A parallel mechanism with the three non-isomorphic solutions (b)   
           obtained from the generalized notation (a) 

 
After linking the graphic notation with labels the solutions ob-

tained need to be checked again in order to eliminate isomorphic 
chains. 

4. CONCLUSIONS 

A rapidly increasing number of new methods applied to the is-
sue of identifying the isomorphism of mechanisms reflects the 
researchers’ efforts to obtain a precise result in the shortest time 
possible.  In the examples presented in this paper an attempt has 

been made to expand the area of research to include spatial 
mechanisms. It has been made possible by applying a special 
notation for spatial chains, in which the classes of kinematic pairs 
are noted next to their graphic representations. Thus the research 
for diagrams and the labels is carried out separately, and then any 
method developed for flat chains can successfully be used when 
graphic representation is concerned. Every method discussed 
herein leads to an equally correct solution in terms of the isomor-
phism of the chains presented. Although eliminating chains of the 
same graphic representation, those methods do not fully sort out 
the problem of duplicating spatial kinematic chains. What remains 
to be checked is the isomorphism of chains after graphic repre-
sentation has been joined with labels. Then structurally identical 
solutions need to be selected and eliminated. 
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Abstract: The article presents influence of modification of the low-alloy cast steel G17CrMo5-5 by rare earth metals on stress distribution 
in front of the crack at the initial moment of the crack extension. Experimental studies include determination of strength and fracture tough-
ness characteristics for unmodified (UM) and modified (M) cast steel. In the numerical computations, experimentally tested specimens 
SEN(B) were modelled. The true stress–strain curves for the UM and M cast steel are used in the calculation. The stress distributions 
in front of the crack were calculated at the initial moment of the crack extension. On the basis of data on the particle size inclusions in the 
UM and M cast steel, and the calculated stress distributions was performed an assessment of the possibility of the occurrence of cleavage 
fracture. The analysis results indicate that at room temperature for the UM cast steel, there is a possibility of cleavage fracture, while 
for the M cast steel occurrence of cleavage fracture is negligible.  

Keywords: Fracture Toughness, Stress Distributions in Front of the Crack, Cast Steel, Fracture Mechanisms  

1. INTRODUCTION 

Elements made of low-alloy cast steel are widely used in dif-
ferent branches of industry, especially in power industry. One 
main problem observed during utilization of these elements was 
occurence of a sudden destruction. In the studies (Bolanowski, 
2005; Gajewski and Kasińska, 2009; Heon et al., 2006; Luniov, 
2002) were received wide scatter intervals of the impact energy 
data. The modification of cast steels by rare earth metals (REM) 
leads to an increase of mechanical properties (Gajewski and 
Kasińska, 2009; Kasińska, 2014). These changes were caused by 
microstructure transformations, which were occurred because 
of adding the REM. For low-alloy cast steel G17CrMo5-5, espe-
cially a significant increase was obtained for the fracture tough-
ness characteristics (Dzioba et al., 2015).  

According to the local approach to fracture, the fracture pro-
cess begins if the level of stresses (or strains) in front of the crack, 
exceeds the critical value on the critical distance (Beremin, 1983; 
McClintok, 1968; Ritchie et al., 1973; Seweryn, 1994). By Ritchie-
Knott-Rice’s modified criterion, the fracture process occurs if the 
tensile (opening) stresses in front of the crack exceed the critical 
value at the critical distance (Dzioba et al., 2010; Neimitz et al., 
2010).  

In the present study, the authors focused on the analysis 
of the process of cast steel cracking G17CrMo5-5 in an original 
condition (UM) and after modification of the REM (M). Main objec-
tive of the analysis is to evaluate the possibility of the occurrence 
of cleavage fracture in the tested types of steel. The analysis was 
based on the approach taking into account stress values, that 
arised in front of the crack tip, and microstructural constituents 
of the material - particle sizes, the particle size of the inclusions 
(Dzioba, 2011; 2012). 

2. TEST METHODS AND MECHANICAL PROPERTIES  
OF G17CrMo5-5 CAST STEEL  

Experimental studies including determination of strength 
and fracture toughness characteristics were carried out on two 
melts of the low-alloy cast steel G17CrMo5-5 (Tab. 1) (EN–
10213–2:1999). The difference between the two melts based on 
a modification of one of them with the addition of rare earth metals 
(REM), introduced in the form of mischmetals, having the follow-
ing composition: 49.8% Ce, 21.8% La, 17.1% Nd, 5.5% Pr, 5.35% 
the remainder of REM. Heat treatment after casting included 
normalizing (940 0C) for 1 hour and tempering (710 0C) for 2 hours 
(Gajewski and Kasińska, 2009; Kasińska, 2014). 

Tab. 1. Chemical composition of the low-alloy cast steel G17CrMo5-5  

C Si Mn Cr Mo Ni Al S P 

0.17 0.4 0.6 1.2 0.53 0.1 0.034 0.012 0.018 

Modified and unmodified cast steel after a heat treatment has 
a ferritic-pearlitic-bainitic microstructure. An addition of REM 
to alloy caused a reduction of an average grain size. The modifi-
cation also caused changes in the morphology of nonmetallic 
inclusions. Irregular shape of nonmetallic inclusions of the UM 
cast steel changed to spherical (Fig. 1) (Gajewski and Kasińska, 
2009; Kasińska, 2014).The sizes of the spherical particles are 
smaller (about twice) and they are uniformly dispersed in the 
metal matrix for the M cast steel (Fig. 2) (Gajewski and Kasińska, 
2009; Kasińska, 2014). 

  

mailto:rpala@tu.kielce.pl
mailto:pkmid@tu.kielce.pl


Robert Pała, Ihor Dzioba                            DOI 10.1515/ama-2016-0030 
Analysis of Stress Distribution in front of the Crack Tip in the Elements of Modified and Unmodified Cast Steel G17CrMo5-5 

202 

a) 

 

b) 

 

Fig. 1. Shape of nonmetallic inclusions in cast steel G17CrMo5-5:  
 a) irregular – for UM; b) spheroidal – for M  
 (Gajewski and Kasińska, 2009) 

 

Fig. 2. The size distributions of the inclusions, di, in UM and M cast steel  

All tests were performed at temperature Ttest =+20 0C. 
Strength characteristics were determined in the uniaxial tensile 
test on the standard, 5-times round specimens on the testing 
machine UTS/Zwick-100, which is equipped with an automated 
control and data recording system. The tensile specimens were 
cut-out directly from the tested SEN(B) specimens. The results 
are shown in Tab. 2, where σ0 is a yield strength, σu is an ultimate 
strength, n is a power exponent in the Ramberg-Osgood law, A5 is 
an elongation, Z is an area reduction. We can observe that modi-
fication by REM of the cast steel caused an increase of strength 
characteristics and plasticity. 

Tab. 2. Strength characteristics of the UM and M cast steel G17CrMo5-5 

Specimens 
σ0 

MPa 

σu 

MPa 
n 

A5 

% 

Z 

% 

UM_1 444 587 12.08 19 52 

UM_2 442 595 11.47 19 62 

UM_3 441 596 11.47 20 59 

Average 442 593 11.67 19.7 58 

M_2 468 620 12.45 22 69 

M_3 457 618 11 22 56 

Average 463 619 11.73 22 63 

Fracture toughness was determined on the SEN(B) speci-
mens: B=12 mm, W=24 mm, S=96 mm. Fatigue cracks were 
derived from the notches. During derivation of the fatigue cracks, 
loading was performed on the testing machine MTS-250 under 
conditions of controlled force and at a frequency of 20 Hz. 
In accordance with the requirements of the standard (ASTM E1820-

09), the length of the fatigue crack was about 1.5 mm, and the 

total dimension of the notch and the fatigue crack was about 
a0/W≈0.5. The method of a potential drop changing was used to 
measure the growth of the crack length during the test (ASTM 

E1737-96). In case of the specimens made of the UM cast steel 
after ductile crack growth, occurred a brittle fracture. However 
a ductile extension of the crack was large (Fig. 3), so that it ena-
bled to determine the JR curve (Fig. 4). For the M cast steel was 
observed a fully ductile increment of the crack extension, in the 
whole range of loading (Fig. 3). The JR resistance curves for the M 
cast steel are placed higher than the JR resistance curves for the 
UM (Fig. 4). The critical values of J integral, JC, and values at the 
initial moment of the crack extension, Ji, for the tested specimens 
are presented in Tab. 3.  

 
Fig. 3. Load-displacement curves of the M and UM cast steel and points  

 coresponding to the Ji values 

 
Fig. 4. JR curves for the M and UM cast steel for the specimens analyzed  

  in FEM 

Tab. 3. Ji and JC values for the M and UM cast steel  
             (* - the spesimen analyzed in FEM) 

Specimens 
Ji 

kN/m 

JC 

kN/m 

Type of crack extension, 
length of crack extantion 

UM_17 194 299 
Ductile-Brittle; 

aD=1.80mm 

UM_18*
 

160 246 
Ductile-Brittle; 

aD=0.87mm 

Average UM 177 273  

M_16 210 317 Fully Ductile 

M_18* 207 312 Fully Ductile 

Average M 209 315  
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3. NUMERICAL ANALYSIS OF STRESS DISTRIBUTIONS  
IN FRONT OF THE CRACK 

Numerical analysis was performed on SEN(B) specimens. 
Computations were carried out in Adina 8.9. The ¼ part of the 
three-dimensional specimen was modeled, because two sym-
metry planes exist. The specimen in thickness direction was 
divided into ten layers. The layers became thinner in the direction 
of the free surface. This was caused by a greater gradient of the 
component stress changes near the side surface of the specimen. 
Tip of the crack was modeled as a quarter of an arc of a radius 
10 μm. The finite element mesh size was reduced in the radial 
direction to the crack tip. In the computations there were used  
20-nodal three-dimensional finite elements. The load in calculation 
was defined by a displacement of the loading roll of the testing 
machine at the moment, which corresponded to the J-integral 
value, at the initiation of crack extension. Those moments are 
points on the load-displacement curves for the UM (ui_UM) and M 
(ui_M) cast steel (Fig. 3). In computation the load increased linearly 

to reach a certain value. The real - curves derived on the basis 
of the plots obtained during uniaxial tensile tests for the UM and M 
cast steel (Fig. 5), which were used in FEM calculation. The mod-
el of a large strain was adopted.  

 
Fig. 5. Plot of modeled materials used in numerical computations – true  

 - curves 

 
Fig. 6. Normalized opening stresses distribution in the specimen axis 

The stress distributions in front of the crack tip , 22, 33 
in the particular layers were obtained. The value of the maximum 

opening stresses, 22, for the UM and M cast steel reaches 
the highest level ~3.6σ0 in the axis of the specimen (Fig. 6). 
The maximum opening stresses decrease with a distance 
in a direction to a free surface of the specimens (Figs. 6-9). How-

ever, a lower max levels of the opening stresses in the thickness 
direction obtained for the SEN(B) specimens made of the M cast 
steel (Figs. 6-9).  

 
Fig. 7. Normalized opening stresses distribution in the 5th layer 

 

Fig. 8. Normalized opening stresses distribution in the 8th layer 

Parameters of the triaxiality stress state in front of the crack 
at the critical moment for the UM and M cast steel were calculat-
ed. The parameters Tz (Guo, 1993) and 3R (Rice and Tracey, 
1969) are used in fracture mechanics to evaluate the triaxiality 
stress state level. The weighted average value of Tz – Tm, and the 
weighted average value of 3R – 3Rm were proposed to evaluate 
the triaxiality stress state in the paper (Neimitz et al., 2015). These 
parameters take into account the specimen thickness. 

 
Fig. 9. Distribution of the maximum values of the normalized opening 

stresses in thickness direction 
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𝑇z =
𝜎33

𝜎11+𝜎22
 , (1) 

𝑇m =
2

𝐵
∑ 𝑇z𝑖𝐵𝑖
10
𝑖=1  , (2) 

3𝑅 =
(𝜎11+𝜎22+𝜎33)/3

𝜎0
 , (3) 

3𝑅m =
2

𝐵
∑ 3𝑅𝑖𝐵𝑖
10
𝑖=1 , (4)  

where: σ11, σ22, σ33 are stress components in the stress plane, 
opening and in the thickness direction, respectively; σ0 is a yield 
stress; i is a layer number; B is a layer thickness. 

 
Fig. 10. Distributions of the Tz parameter in a direction  

   of the specimen thickness 

 
Fig. 11. Distributions of the 3R parameter in a direction  

   of the specimen thickness 

The parameters Tm and 3Rm were calculated for specimens 
made of the UM and M cast steel. A higher level of these parame-
ters was obtained for the UM cast steel G17CrMo5-5 (Tab. 4).The 
higher level of stress triaxiality indicates higher restrictions on the 
growth of a plastic zone in front of the crack, reducing the amount 
of energy stored, and, as a result, decreasing the fracture tough-
ness characteristics. The derived experimental results confirmed 
that increase of the triaxiality stress state in the specimen indi-
cates a reduction of fracture toughness (Tab. 4). 

Tab. 4. The weighted average parameters Tm and 3Rm for UM and M cast 
steel 

 Tm 3Rm Ji (kN/m) 

UM 0.46 2.16 160 

M 0.42 1.91 207 

4. EFFECT OF MICROSTRUCTURE ON FRACTURE 
PROCESS OF G17CrMo5-5 CAST STEEL 

The results of numerical calculations indicate more favourable 
conditions for the implementation of cleavage fracture in the un-
modified cast steel, which quantitatively expressed at higher 
values of the triaxiality parameters, especially 3R parameter. 
Detailed studies of microstructure revealed some differences 
in the microstructure of the UM and M cast steel. In both variants 
of steel, there is a similar microstructure of ferrite with large areas 
of perlite-bainite (Figs. 12a, 12b). But for the UM cast steel 
a characteristic feature is a larger quota of a ferritic component 

in the microstructure and larger size of ferrite grains (Dz =8-25 m 

for UM; Dz =3-15 m for M). 

a) 

 
b) 

 
Fig. 12. Cast steel G17CrMo5-5 microstructure: a) for UM; b) for M  

According to the concept of a local approach to the process 
of fracture, cleavage fracture will be made if the level of stress 
exceeds the critical levels, necessary for the development 
of micro-cracks inside the grain, and to overcome the grain 
boundary and the development of cracks in the adjacent grains 
(Pineau, 2006). In order to evaluate these critical levels, we may 
use the formulas proposed in the works of Knott et al. (Curry 
and Knott, 1978; Dolby and Knott, 1972; Knott, 1977). Critical 
level of stresses of the microcrack initiation from micro-defect can 
be assessed using the formula: 

𝜎Ci =
𝜋

2
(

4𝐸𝛾p

𝜋(1−𝜈2 )𝑑i
)
1/2

. (5) 

While the stress level required for the development of micro-
crack from the grain into neighbouring one by the formula: 
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𝜎Cg = (
𝜋𝐸𝛾gl

(1−𝜈2 )𝐷g
)
1/2

. (6) 

In the formulas (5) and (6): E is Young's modulus;  is the 

Poisson's ratio; p is a unit surface energy of cracks that propa-

gates in ferrite; gl is a unit surface energy of the crack propagat-
ing through the grain boundaries; di is a diameter of the inclusion 
particle; Dg is a diameter of the ferrite grain. 

The results of the analysis of the cracking process in the UM 
and M cast steel G17CrMo5-5 are shown in Fig. 13. A solid line 

 =f(d) shows the dependence of critical stresses of the micro-
crack initiation from the micro-defect (by the formula 5). A dash 

line  =f(D) shows the dependence of the critical stresses of the 
microcrack growth through the grain boundary (by the formula 6). 
The lower horizontal dash and point line indicates the stress level, 
at which in the UM cast steel cleavage fracture may initiate from 

the particles of the largest size di =10 m, (by the formula 5 and 
data from the Fig. 2). The upper horizontal dash and point line 
indicates the maximum level of the opening stresses for the UM, 
which were calculated numerically in the axis of the specimen 

(C =1580 MPa). Respectively, for the M cast steel horizontal 
lower solid line indicates the level of the microcrack growth initia-

tion from the particles of the maximum size, di =6 m. The upper 
horizontal solid line corresponds to the maximum level of the 

opening stresses for the M cast steel (C =1650 MPa). The analy-
sis shows that in the M cast steel, cleavage fracture at the possi-

bly highest level of loading (C =1650 MPa) is likely because 
of microdefects nucleations and growth on the particles of inclu-

sions di >3.7 m. Also the microcrack growth through grain 
boundary is possible, because of the boundaries in grains 

of values Dg >12 m. From the distribution of particles size pre-
sented in the Fig. 2, follows that there is about 5% inclusions of 
the appropriate size in the cast steel, simultaneously with a small 
part of ferrite grains of the appropriate size (~15%), which means 
that probability of the cleavage fracture occurrence is very low, 
less than 1%. Given that the part of the pearlite-bainite component 
of the microstructure construction of the M cast steel is dominant, 
and the growth of cleavage fracture in the microstructures of this 
type is difficult (Lewandowski and Thompson, 1987), the probabil-
ity of realization of material cleavage fracture is negligible. Thus, 
the fracture process in the M cast steel will be realized by ductile 
mechanism. However, the probability of the cleavage fracture 
occurrence exists, it can be rarely realized locally in the individual 
ferrite grains. 

 
Fig. 13. Plots of the critical stresses for the M and UM cast steel 

In the UM cast steel at the highest level of stresses (C =1580 
MPa) the initiation of cleavage fracture is possible beacuse the 

microcracks growths in the ferrite grain from inclusions di >4.0 m. 
The growth of microcracks by a grain boundary is possible 

if Dg >13 m. There is ~30% of the particles of the right sizes and 
~40% of the ferrite grains of the right size. Taking into considera-
tion that the ferrite grains occupy ~35% in the microstructure 
of the UM cast steel, the possibility of the occurrence of the global 
cleavage fracture is 4.2%. It is an assessment for the maximum 
value of stress loading. However, if we take into account the 
demand criteria of fracture, according to which for the realization 
of the cleavage fracture, stresses should reach the critical level in 
a material in a critical length, the probability of the occurrence of 
the global cleavage fracture in the UM cast steel will decrease. 
However, the probability of the occurrence of the cleavage frac-
ture in the local limited areas is higher (~10%). On the basis of the 
conducted analysis, it can be stated that in the UM cast steel, the 
fracture process will be realized at the dominance of ductile 
mechanism. In the local areas, the occurrence of cleavage frac-
ture is possible. In this material, there is also a low probability of 
the global occurrence of cleavage fracture. 

In the Figures 14a and 14b are shown the photos the speci-
mens of the M and UM cast steel. In the specimen of the M cast 
steel was observed only ductile fracture mechanism, realized 
through the nucleation and growth of voids around large particles 
(Fig. 14a), which is confirmed by the results of the assessment 
presented above. Fracture mechanism in the UM cast steel is also 
consistent with the presented above the results of the analysis. 
Generally dominates ductile fracture mechanism, however we can 
also observe scarce local areas, where cleavage fracture occurs. 
It is also worth mentioning, that in the specimens of the UM cast 

steel after increase of the subcritical fracture (a > 0.8 mm), the 
fracture mechanism changed into cleavage type. The change may 
be explained that for the moving fracture, the level of stresses 
increases in front of the crack tip (Neimitz at al., 2010), which 
leads to the increase of the probability of cleavage fracture.  

a) 

 
b) 

 
Fig. 14. The fracture surface of sub-critical crack  

    for the cast steel G17CrMo5-5: (a) M; (b) UM 
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5. CONCLUSIONS 

Addition of rare earth metals to melting of the low-alloy cast 
steel G17CrMo5-5 increases the strength, plasticity and fracture 
toughness characteristics. The FEM analysis results indicate that 
for the initial moment of the crack extension in the modified (M) 
and unmodified (UM) material is required to obtain a similar level 

of the opening stresses in the specimen axis, 223.6σ0. Howev-
er, in the M cast steel the length of the critical interval is about 
twice greater than in the UM cast steel. Increasing of the critical 
interval indicates a higher fracture toughness of a material 
(Luniov, 2003; Seweryn, 1994). Distributions of the main stresses 
and parameters of the triaxiality stresses state Tz and 3R in the 
thickness direction were presented. The weighted average values 
Tm and 3Rm were calculated. For the M cast steel, the level 
of triaxiality stresses state parameters are lower, that indicates 
lower constraint on plasticity growth and higher fracture toughness 
in the specimens.  

Assessment of the probability of cleavage fracture was carried 
out, based on the numerically calculated stress distributions 
in front of the crack tip and the data distributions the size of non-
metallic inclusions and ferrite grains. The results of assessment 
allowed to predicted the mechanisms of crack propagation in the 
UM and M cast steel, that is consistent with the results observed 
during specimens tests. 

These results confirm the beneficial effect of the cast steel 
modifying by the REM, thus leading to preferred microstructure 
changes - to reduce the particle size of the inclusions, the reduc-
tion of grain sizes, increasing the part of the pearlite-bainite com-
ponent. These changes will decrease the maximum value of the 
stress levels in front of the cracks, which leads to increased frac-
ture toughness and crack growth by only safe ductile mechanism. 
Then, in the unmodified cast steel there is a real possibility of the 
brittle fracture occurrence.  
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Abstract: The aim of this paper is the numerical analysis of the one of main part of car engine – piston sleeve. The first example is for pis-
ton sleeve made of metal matrix composite (MMC) A356R. The second improved material structure is layered. Both of them are compari-
son to the classical structure of piston sleeve made of Cr-Ni stainless steel. The layered material structure contains the anti-abrasion layer 
at the inner surface of piston sleeve, where the contact and friction is highest, FGM (functionally graded material) interface and the layer 
of virgin material on the outer surface made of A356R. The complex thermo-elastic model with Archard's condition as a wear law is pro-
posed. The piston sleeve is modelling as a thin walled cylindrical axisymmetric shell. The coupled between the formulation of thermo-
elasticity of cylindrical axisymmetric shell and the Archard’s law with functionally changes of local hardness is proposed. 

Key words: Piston Sleeve, Wear, Thermo-Elasticity, Archard's Law, Metal Matrix Composite MMC, Functionally Graded Material FGM 

1. INTRODUCTION 

The aim of this paper is the numerical analysis of wear of the 
one of main part of car engine – piston sleeve. The wear process 
can be described as a removing a thin layer from the surface 
of the material (Sarkar, 1976). Wear process depends of various 
types of mechanisms responsible for removal of material from 
surfaces. At the instant of wear, the rate of volume removed per 
unit sliding distance must be a function of the volume of material 
available at the junctions. In general, this definition can be de-
scribe as: 

d𝑉

d𝑆
= −𝛽1𝑉, (1) 

where: term 𝑉 denotes volume, 𝑆 is the sliding distance and 𝛽1 is 
a constant which depends, possibly, on the applied loads. The 

constant 𝛽1 usually has negative sign describes a situation, where 
the original volume at the junctions diminishes with sliding dis-
tance (Sarkar, 1976). 

In alternative model proposed by Archard (1953) two nominal-
ly flat surfaces contact each to other at the high asperities which 
flow plastically, because of the concentrated localised stresses 
there. As this happens, the compliance between the couple im-
proves, that is the gap between the two surfaces diminishes re-
sulting in further protuberances making contacts elsewhere. 

For a large distance S, the total volume of wear per unit slid-
ing distance can be represented as: 

𝑉 = 𝛽
𝐹

3𝜎𝑦
𝑆, (2) 

where: F denotes applied load, 𝛽 – wear coefficient, 𝜎𝑦 – yield 

surface limit. Denominator in (2) can be represented by local 

hardness H of the material, where 𝐻 = 3𝜎𝑦. 

Constitutive relation, contains the thermo-elasticity formulation 
combined with Archard's law, is described by the decrease of the 
thickness due to wear at the inner layer of the piston sleeve (Wa-
jand and Wajand, 2005).  

2. TEMPERATURE FIELD IN CYLINDRICAL SHELL 

The axisymmetric distribution of temperature and its change 
through the longitudinal direction x is assumed. Moreover, a linear 
distribution of temperature through the thickness is considered as 
a loading: 

𝑇(𝑥, 𝑦) = 𝑇𝑥(𝑥) +  
�̅�(𝑥)

ℎ
𝑦, (3) 

where: Tx is a mean value of temperature of the shell wall,  

�̅� stands for temperature gradient inner and outer layer, x is the 
axial coordinate, h stands for thickness of cylindrical shell.  

 
Fig. 1. Temperature distribution of piston: 1-four phase engine (Otto  

  engine), 2-two phase engine (Diesel engine), after Leśniak (1964) 

Experiments confirm that almost whole heat flux which enters 
the upper piston surface goes towards rings and cylindrical part 

mailto:hernik@mech.pk.edu.pl
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of the piston, whereas the lower surface subjects to adiabatic 
conditions. On the other hand, the temperature distribution 
at upper piston surface is not uniform (Leśniak, 1964). Above 
observation is confirmed by Fig. 1, where it is shown the distribu-
tion of the temperature in Otto and Diesel engines. In this case, 
the temperature distribution of piston sleeve may be well approxi-
mated by square function as follows: 

�̅�(𝑥) = 150𝑥2 − 300𝑥 + 250, (4) 

𝑇𝑥(𝑥) = 75𝑥2 − 150𝑥 + 175, (5) 

It is assumed that the value of temperature is equal to 

Tw = 100 °C – approximately the temperature of boiling of the 
cooling liquid in pressure at the inner layer, whereas the value 

of the temperature at the outer layer is equal to Tz = 250 °C. 

3. MECHANICAL MODEL 

3.1. Bending of shell 

The Piston sleeve is a thin structure of cylindrical shape, 
where the thickness is smaller in comparison with convenient its 
length. According to that properties, the simplest mechanical 
model is based on cylindrical axisymmetric thin walled shell. It is 
assumed: 

 Body forces and pressure on circumference surface are 
constant, hence the assumption of axisymmetric is true. 
Above variables can change allow the axial direction. 
All forces are moved to middle layer, where the radius 
of cylindrical surface is equal R (see Fig. 2).  

 Radial displacement is very small in comparison to thickness 
h.  

 The temperature is changed trough the thickness h and axial 
coordinate x.  

 Influence of axial force on bending moments are small and it 
is omitted.  

 Young modulus E, Poisson ratio 𝜐 and coefficient of thermal 

expansion 𝛼 are not depend on temperature.  

 
Fig. 2. Bending cylindrical shell: a) geometry, b) internal forces,  
            c) distribution of stresses, d) deformation of middle layer;  
            after Życzkowski  (1988) 

When the axial forces n are omitted, the internal equilibrium 
equation in displacement form coupled with Eq. (3) is following as: 

d2

d𝑥2 [𝒟 (
d2𝑤

d𝑥2 − 𝛼(1 + 𝜐)
�̅�

ℎ
)] +

𝐸ℎ

𝑅2 𝑤 == 𝑝 +
𝐸ℎ𝛼𝑇𝑥

 𝑅
, 

(6) 

where: 𝑤(𝑥) – unknown radial displacement function, x – axial 

coordinate, 𝒟(𝑥, 𝑁) =
𝐸ℎ3(𝑥,𝑁)

12(1−𝜐2)
 – bending stiffness, 𝛼 – 

coefficient of thermal expansion, h – thickness of shell, R – radius 
of shell, E – Young modulus, p – pressure, 𝜐 – Poisson’s ratio.  

The bending stiffness 𝒟 cannot be shifted before the 
differential operator, like in classical form, because the thickness 
of piston sleeve is not constant. There is a function of axial 

coordinate x and number of cycles in wear process N.  

3.2. Boundary condition 

Uniqueness of the solution of the boundary value problem 
described by equation (6) requires formulation of an appropriate 
set of boundary conditions. Classical formulation is not favourable 
because its incompatibility between thermal and mechanical 
boundary conditions. This effect can be solved by adding two 
axisymmetric elastic ribs. The first one is located at the upper part 

of piston sleeve (𝑥 = 0) and the other one in the below part 

(𝑥 = 𝑙), both modelling as disks, where 𝑙 denotes the length 
of piston sleeve.  

Differences of the temperature distribution in ribs are not 
taken into account because the dimension of ribs is small 
in comparison to dimension of the structure. A radial displacement 

of ribs is a function of temperature θ and transverse force q 
is given by formula: 

𝑢(𝜃) = 𝛼𝜃𝑟1 −
𝑞𝑟1

𝐸ℎ

(1−𝜐)�̅�2+(1+𝜐)

1−�̅�2 = 𝑓𝑏(𝜃, 𝑞, r) , (7) 

where: �̅� = 𝑟1/𝑟2, 𝑟1 = 𝑅 – outer radius of piston sleeve, 

𝑟2 = 𝑅 + 𝑙1, 𝑙1 – height of rib. 
The boundary conditions are as follows: 

𝑤(0) = 𝑓𝑏(𝜃, 𝑞, r = 𝑟1), 

𝑤(𝑙) = 𝑓𝑏(𝜃, 𝑞, 𝑟 = 𝑟1), 

𝑚𝑥(0) = 0, 

𝑤′(0) = 0, 

(8) 

where: the mx is a radial moment and w′ is an angle of 
deflection. 

4. FORMULATION OF WEAR FOR PISTON SLEEVE 

The inner surface of piston sleeve is degraded by rings and 
the thickness of piston sleeve is decreasing. Some experiments 
lead to special kind of wear in this type of structure – wedge 
shape wear (see Fig. 3). 

All facts above considered the formulation of the thickness 
function can be described as follows: 

{
ℎ(𝑥, 𝑁) = ℎ0

ℎ(𝑥, 𝑁) = ℎ0 + 𝛿ℎ(𝑥, 𝑁)
 

for 𝑥 < 𝑥0 

for 𝑥 ≥ 𝑥0, 
(9) 
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where: N – number of cycles, 𝛿ℎ(𝑥, 𝑁) is an infinitesimal change 

of the thickness at one cycle depends on variable x, x0 is the 
point where the wedge’s shape wear starts. Application of Eq. (1) 
in the problem of thin shell, where the sliding distance is collinear 
to coordinate x and total volume is reduced to the problem 
of change of thickness, previous equation can be rewritten 
as follows: 

d𝛿ℎ

d𝑥
= −𝑎 𝛿ℎ, (10) 

where: constant 𝑎 stands for a certain material parameter [1/m] 
having essential role in modelling of wedge’s shape wear, see 
Eqs. (10)-(15). Other words, Eq. (10) can be read as: the rate 
of thickness removed per unit sliding distance is a function of the 
thickness of material available at the junction, see Sarkar (1976). 
After solve very simple differential equation (10), we can 
introduced: 

𝛿ℎ(𝑥, 𝑁) = 𝐶(𝑁)𝑒−𝑎𝑥 , (11) 

 
Fig. 3. Wedge’s shape wear of piston sleeve 

On the other hand the total volume of removed material can 
be described as: 

∆𝑉 = ∫ 2𝜋𝑅𝛿ℎ(𝑥, 𝑁)

𝑥1

𝑥0

d𝑥, (12) 

where: the 𝑥1 − 𝑥0 is a sliding distance in one cycle. Comparison 
Archard’s law and result of integration from Eq. (12), we can 
describe the following equation: 

𝛽
𝐹

𝐻
𝑆 = 2𝜋𝑅 𝐶(𝑁)

𝑒−𝑎𝑥0−𝑒−𝑎𝑥1

𝑎
. (13) 

Next it is assumed e−ax1 ≈ 0, e−ax0 ≈ 1 and summarise 
sliding distance S = N(x1 − x0), we can easily find that: 

𝐶(𝑁) = −
𝑎

2𝜋𝑅
 𝛽

𝐹

𝐻
 𝑁(𝑥1 − 𝑥0). (14) 

Substituting (14) to (11) and after that introduced both of them 
into equation (9) we have finally relation describing change 
of thickness in the following form: 

{
ℎ(𝑥, 𝑁) = ℎ0

ℎ(𝑥, 𝑁) = ℎ0 −
𝑎

2𝜋𝑅
 𝛽

𝐹𝑆

𝐻
 𝑒−𝑎𝑥  

 
for 𝑥 < 𝑥0 

for 𝑥 ≥ 𝑥0. 
(15) 

The constant wear parameter β = 2 ∙ 10−6 is experimentally 
determined and substituting to all numerical examples after 
Natarajan et al. (2006). The load F is calculated as follow: 

𝐹 = 2𝜋𝑅ℎ𝑟𝑝𝑔 , (16) 

where: pg denotes the constant gas pressure in the cylinder in the 

one cycle of sliding and hr is a medium height of the cylinder 
rings (Leśniak, 1964). Obviously the original problem is not 
axisymmetric since wedge’s shape wear occurs in the plane 
perpendicular to the axis of piston pin. However, for simplicity the 
axially symmetry of the problem is assumed.  

5. RESULTS 

Numerical integration of the problem takes advantage of step-
-by-step procedure and the shooting method presented in Press 
et al., 1983 and Skrzypek et al., 2008. 

a) 

 

b) 

 

Fig. 4. Wet piston sleeves: a) piston sleeve with upper flange,  
            b) piston sleeve with bottom flange (Wajand and Wajand, 2005) 

From the technological point of view there are two types 
of wet piston sleeve. One of them has got flange on the upper 
surface (see Fig. 4a). The bottom part of the piston can extend 
after heating up. In another type of piston a flange is in the bottom 
part (see Fig. 4b), where the flange rest on ring-shaped sprue 
(Wajand and Wajand, 2005). Aforementioned it is assumed 
mechanical model presented with all geometrical parameters 
in Fig. 5 and it is used in all numerical examples in this paper. 

`  

Fig. 5. Mechanical model and geometrical data of piston sleeve. 
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First numerical example is the reference problem necessary to 
calibrate material data. The sampling piston sleeve is made of Cr-
Ni steel and detailed material data is shown in Tab. 2 and another 
parameter of analysis is presented in Tab. 1. 

Tab. 1. Geometrical and material parameters 

Wear coeffi-
cient [3] 𝛽 [-] 

Gas pressure in 
cylinder [5] 𝑝𝑔 

[MPa] 

Medium height 
of the cylinder 

rings [5] 
ℎ𝑟 [mm] 

Constant 
geometric 
parameter 
a [1/mm] 

2 ∙ 10−6 5.0 3.0 5 ∙ 10−2 

Outer radius 
shell R [mm] 

Length of shell 
 𝑙 [mm] 

thickness of 
rib ℎ𝑏 [mm] 

Height of rib 
𝑙1 [mm] 

90.0 140.0 5.0 5.0 

Initial thickness 
of shell ℎ0 [mm] 

   

5.0    

Tab. 2. Material data of Cr-Ni steel; after http://www.matweb.com 

Young 
modulus  

𝐸 [GPa] 

Poisson’s ratio 

𝜐 [-] 

Thermal 
expansion 
coefficient  

𝛼 [1/K] 

Hardness 

H [MPa] 

170.0 0.33 18.5 x 10-4 66.9 

From the experimental point of view, maximum wear (drop 
of the thickness) is 0.1 mm. If the length of the wedge is equal 
as below, the piston sleeve will absolutely be unserviceable. Fig. 6 
clearly shows wedge-shaped wear, coordinate is equal x/l, where l 
is the length of piston sleeve. It is where the dimensionless worth 
to notice that the number of cycles leading to destructive wear 

is equal 𝑁 = 2.2 ∙ 107 in the first, reference example. 

 
Fig. 6. Distribution of thickness function for piston sleeve made  
           of Cr-Ni steel 

5.1. Piston sleeve made of metal matrix composite  
MMC A356R 

In the next numerical example piston sleeve is made 
of special kind of aluminium-based composite. The chemical 

formula of this material, called A356R, is Al-Si7Mg0.3 + 6% TiB2. 
Material data of this material is shown in Tab. 3. 

Tab. 3. Material data of MMC A356R; after Egizabal [2]. 

Young 
modulus  

𝐸 [GPa] 

Poisson’s 
ratio 

𝜐 [-] 

Thermal 
expansion 
coefficient  

𝛼 [1/K] 

Hardness 

H [MPa] 

79.0 0.33 22.4 x 10-6 338.0 

Thickness drop is presented in Fig. 7. Character of the plot is 
the same like in previous example (see Fig. 6). It is well visible 
that similar wedge-shaped wear appears, however the number of 

cycles leading to destruction increases (𝑁 = 1.06 ∙ 108). This is 
the advantage of application of A356R composite. 

 
Fig. 7. Distribution of thickness function for piston sleeve  
           made of aluminium composite A356R 

 
Fig. 8. Distribution of von Mises stress using the shell theory  
            in piston sleeve made of A356R.  

Next plot shows von Misses effective stress (see Fig. 8). De-
tailed analysis reveals existence of smoothness of effective stress 
near the point where wedge appears. It is a very dangerous effect, 
because it can lead to fracture in micro level. This is a conse-
quence of stress concentrate at this point. Solution for this prob-



                                                                                                            acta mechanica et automatica, vol.x no.x (xxxx) 

211 

lem is applying the anti-abrasion thin layer. However combination 
of two material of huge differences of material hardness can be 
provided to huge concentration of stress at this point. Remedy for 
this problem is introduced the functionally graded materials (FGM) 
as an interface between the anti-abrasion layer with huge local 
hardness and virgin material. 

5.2. Piston sleeve made of A356R composite material  
with abrasion resistant thin layer  

There was presented the comparison between pistons sleeve 
made of classical Ni-Cr steel and composite material A356R in the 
previous sections. Material A356R is very sophisticated, however 
its wear properties is not perfect. The solution for this problem is 
introduced the abrasion resistant thin layer.  

 
Fig. 9. Material model of piston sleeve with anti-abrasion thin layer 

On the other hands connection of two materials with huge dif-
ference of properties can lead to micro fracture on interface. 
In this case application of middle layer from FGM (functionally 
graded material) is necessary. FGM is special kind of structural 
concept with spatial varying thermomechanical properties. Varying 
volume fraction of both constituents ceramic and metal deter-
mines the local macroscopic (effective) properties of a composites 
at the given point of structure. This structures was developed by 
Japanese engineering and scientists in 1980 (Suresh and Morten-
sen, 1998). 

In the presented example it is introduced layer material of pis-
ton sleeve. In the inner side, where the rings contact with piston 
sleeve, it is applied thin layer of ductile iron as an anti-abrasion 
layer, because the hardness of ductile iron is huge (see the mate-
rial data presented in Tab. 4). On the opposite side it is introduced 
composite material A356R (virgin material) and between them, 
it is applied the FGM interface with functionally changes of local 
hardness (see Fig. 9).  

Tab. 4. Material data of ductile iron; after http://www.matweb.com 

Young 
modulus  

𝐸 [GPa] 

Poisson’s 
ratio 

𝜐 [-] 

Thermal 
expansion 
coefficient  

𝛼 [1/K] 

Hardness 

H [MPa] 

172.0 0.29 12.0 x 10-6 583.8 

In this example it is applied that the failure wedge is 0.1 mm. 
This is the same value like in previous examples. From engineer-

ing practise point of view, the maximum wear of piston sleeve 
should not be greater than thickness of thin anti-abrasion layer. 
However, from the cognitive point of view, the value of thickness 

of anti-abrasion thin layer is applied as hwear = 0.09 mm, which 
is smaller than maximum wear. The thickness of FGM layer is 

applied as hFGM = 0.03 mm. 
The main parameter, which is determined the velocity of wear 

process, is local hardness, hence this material property is intro-
duced in form presented in Eq. (17) in the FGM interface layer.  

𝐻(𝑦) = 𝐻𝑐 − 𝐻[1 + tgh(𝑦 − 𝑦0)] (17) 

where it is substituted: 

𝐻 = 0.5(𝐻𝑐 − 𝐻𝑉𝑀) 

𝑦0 = ℎ𝑤𝑒𝑎𝑟 +
1

2
ℎ𝐹𝐺𝑀  

(18) 

Symbol Hc means the local hardness of anti-abrasion layer 

and HVM is a local hardness of virgin material. Distribution 
of hardness function through the FGM interface is presented 
in Fig. 10. 

 
Fig. 10. Distribution of local hardness function 𝑯(𝒚) 

 
Fig. 11. Thickness function of piston sleeve with anti-abrasion layer  
              and FGM interface 

The first layer from y = 0.05 to y = 0.09 is made of ductile 
iron with huge value of local hardness. The next layer of thickness 
0.03 is FGM interface, where the local hardness varying spatial to 
the value of local hardness of virgin material – A356R.  

Applying an anti-abrasion layer in the piston sleeve leads to 
more effective resistant of wear (see Fig. 11). The number 
of cycles, after that the wear reaches the critical value  
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 is N = 1.66 ∙ 108. It is worth to noticed that the velocity of wear 
process progresses rapidly, when the value of wear is greater 
than the thickness of anti-abrasion layer.  

 
Fig. 12. Von Mises stress of piston sleeve with anti-abrasion layer  
              and FGM interface 

The next figure is presented the distribution of equivalent H-M-
H stress. When the degradation of surface is grater then anti-
abrasion layer, the distribution of stresses are changed. It is 
a consequence of modification of material. It is going to change 
from the ductile iron to the composite material A356R, hence the 
material coefficients change too.  

6. CONCLUSIONS 

 Numerical model presented in this paper with complex 
thermo-elastic phenomena and linear wear law (Archard’s 
law) is proposed to describe wear process in piston sleeve. 

 Wear resistance of piston sleeve made of composite material 
A356R is higher in comparison to the wear of the sampling 
piston sleeve made of Cr-Ni steel. 

 The layered structure of material with FGM interface between 
the anti-abrasion layer and virgin composite material A356R 
improves the strength of piston sleeve, because the graded 
interface eliminates the concentration of stresses. 
 

List of symbols: V – total volume of material, S – sliding distance,  
n – material constant in wear law, F – applied load, β – wear coefficient, 
σy – yield surface limit, H – local hardness of the material,  
T = T(x, y) – function of temperature, x – axial coordinate, y – radial 
coordinate, 𝑇𝑥(𝑥) – mean value of temperature of the shell wall,  

�̅�(𝑥) – temperature gradient inner and outer layer, ℎ0 – initial thickness 

of shell, 𝛿ℎ - infinitesimal change of thickness, ℎ = ℎ(𝑥, 𝑁) – function 

of thickness of cylindrical shell, 𝑇𝑤 – approximately the temperature  

of boiling of the cooling liquid, 𝑇𝑧 - temperature at the outer layer of shell, 

R – radius of shell, E – Young modulus, 𝜈 – Poisson’s ratio,  

𝛼 – coefficient of thermal expansion, 𝑤(𝑥) – radial displacement 

function, D = D(x, N) – bending stiffness, p – pressure, N – number  
of cycles in wear process, 𝑙- length of piston sleeve, 𝜃 = 𝜃(𝑟) – function 

of temperature in ribs, q – transverse force in ribs, 𝑙1 – height of rib,  

𝑥0 – coordinate of points where the wear process is start, 𝑎 – material 

constant, ℎ𝑟 – medium height of cylinder rings, 𝑝𝑔 – constant gas 

pressure in the cylinder in the one cycle of sliding, 𝐻𝑐 – local hardness  

of anti-abrasion layer, 𝐻𝑉𝑀 – local hardness of virgin material,  
ℎ𝑤𝑒𝑎𝑟  – thickness of anti-abrasion layer, ℎ𝐹𝐺𝑀 – thickness of FGM 

layer. 
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Abstract: In the paper the effect of selected technological parameters of shot peening on process intensity of 51CrV4 steel was presented. 
The experiments were conducted according to statistical 3-level completed  plan PS/DC 32. Technological parameters were changed 
in the range: shot peening time t = 1-3 min and pressure p = 0.2-0.4 MPa. In the article the analysis of experiment reproducibility, impact 
parameters significance and adequacy of equation were done. As the result of investigations the adequate equation was obtained describ-
ing the effect of technological parameters. Significant influence on process intensity was found in case of pressure and interaction of both 
analyzed technological parameters. The biggest energy of stream shots was gained at the maximum pressure of 0.4 MPa and the shot 
peening time of 3 minutes. As the result of analysis according to  design of experiment (DOE) the adequate equation describing the de-
pendencies between technological parameters and process intensity was found.  

Keywords: Almen Intensity, Shot Peening, Plan PS/DC 32

1. INTRODUCTION 

Machines parts operating under cyclic loading are particularly 
exposed to cracking. Prevention of this harmful phenomenon 
could be realized by the appropriate materials and suitable treat-
ment application. 

The vibrating screener used for the separation of the fine-
grained and wet materials worked on the basis of parametric 
resonance. During exploitation of separating screener the large 
deformation and cracks occurred near the edges of sieve plate 
(Śledź et al., 2014). The traditional steel is usually used in such 
type of the screeners. The comparative examinations (Śledź et al., 
2013; 2014; 2015) allowed to choose the most appropriate mate-
rial for the sieve plate. The spring steel 51CrV4 was selected and 
the shot peening technology was proposed to improve the fatigue 
strength. This method is widely used to increase the fatigue 
strength of materials by compressive residual stress creation 
in their surface layers (Llaneza and Belzunce, 2015; Tekeli, 2002; 
Torres and Voorwald, 2002; Zielecki, 1987). The reasons for 
compressive residual stresses arising during shot peening are 
plastic deformation, temperature and structural transformations 
(Nakonieczny, 2002). Because plastic deformations after the 
strengthening process form the homogenous layer with compres-
sive stresses  in metal surface the increase in durability of pro-
cessed parts occures.  

The new peening methods are also discovered that could be 
more effective than classical shot peening. Soyama and Takeo 
(2016) found that cavitation peening led to the fatigue life en-
hancement of duralumin plate with a hole. Shot peening was 
succesfully implemented in chromium coated elements processing 

to restore the fatigue strength that was impaired by chromium 
electroplating (Korzynski et al., 2009). Application of the shot 
peening to process the AZ91 alloy surface allowed to enhance up 
to 87% greater fatigue strength compared to turned surface  
(Korzynski, 2011). Shot peening was also combined with other 
processes to get better fatigue performance. Lv et al. (2016) 
combined the shot peening with laser surface melting treatments 
and found that the shot peening intensity strongly affected the 
microhardnes, residual stresses and fatigue life of processed 
20CrMnTi steel gears. Shot peening is commonly used for surface 
cleaning after previous treatment to obtain premium quality 
(Zyzak, 2010) or to assure the high adhesion of the coating.     

Shot peening intensity is the measure of the shot stream en-
ergy. The process intensity is also one of the basic measure 
ensuring the process repeatability. The energy of the shot stream 
is directly related to the compressive stresses that are imparted 
in the machined parts (http://www.metalimprovement.com). 
The intensity can be increased by the large shots application, 
the velocity enhancement of shot stream, the impact angle modifi-
cation and also by the extension of process time. 

Taking into account the high cost and experiments duration 
the suitable planning, realization and analysis seem to be very 
important task (Jebahi et al., 2016; Skowronek, 2007). Experi-
mental design and optimization are tools often used to examine 
different type of problems in research, development and produc-
tion (Lundstedt et al., 1988). The main aim of planning of experi-
ments is to obtain the answer for the question: how to plan the 
experiment regarding possible low costs and a lot of useable 
information at the same time (Pietraszek, 2004). There are 
a number of technical limitations in machines technology so the 
DOE enables the test realization and obtaining results that could 
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be impossible to get in any other way or could determine high 
costs. It is possible to find the appropriate design of the experi-
ment allowing the rational application (Korzyński, 2013). 
The mathematical basis and methodology of results elaboration 
is well described in technical literature. The main classification 
of experimental plans is for dynamic and static type (Polański, 
1984). Also numerical simulation of shot peening process could 
be provided as the suplementation of experiment but the matter 
of simplification assumption of the model always remain. Devel-
oped robust simulation is promising technique that enables to get 
properly simulated shot peening models (Jebahi et al., 2016).      

For the assessment of the influence of technological parame-
ters the full 2-factorial design of 3-levels (PS/DC 32) was used. 
This plan enables the optimum achievement if it appears in exam-
ined area. The determined experiment designs are characterized 
by values of input factors in precisely described way that excludes 
the accidental choice. Such DOE is formulated to gain the possi-
bly fast results with minimal costs. Great advantage of DOE is the 
facility of the mathematical results calculation (Korzyński, 2013). 

2. METHODS 

The effect of selected technological parameters of shot 
peening on process intensity was examined with 51CrV4 usage. 
Chemical composition of 51CrV4 steel is presented in Tab. 1. 
The experiments were conducted according to the static  
2-factorial 3-level completed plan PS/DC 32. All experiments were 
realized with triple repetition. The significance level of α = 0.05 
was assumed. The process intensity was assessed by value 
of the Almen strip deflection fA measured with the usage of Almen 
Gage TSP-3 (Fig. 1a) in compliance with SAE standard 
J442_201302 (2013). According to SAE standard J443_201006 it 
is recommended that the test strip of A type should be applied for 
intensities that produce arc heights of 0.10 mm to 0.60 mm (SAE 
standard J443_201006, 2010). Because of the thickness of the 
peened sample and the medium process intensity the control 
samples A-2 with hardness of 44-50 HRC were used. The Almen 
strips were peened on one side only. The residual compressive 
stresses brought by shot peening caused the Almen strip bend 
in arc convex towards processed side (Fig. 1b). Almen strip arc 
height fA is the function of the shot stream energy and it is the 
quantity measure of intensity. Steel and control samples were 
processed in device shown in Fig. 2. 

Tab. 1. Chemical composition of 51CrV4 steel 

Chemical composition % 

Steel 
51CrV4 

C Mn Si S P Cr Ni V 

0.46-
0.54 

0.5-
0.8 

0.15-
0.4 

0.03 
max 

0.03 
max 

0.8-
1.1 

0.4 
max 

0.1-
0.2 

The plan of the experiment implies the adoption of three levels 
of controlling factors coded as x:  

 the minimum (–), 

 the central (0), 

 the maximum (+), 

and their normalization is described by the following relations: 

𝑥𝑘 =  
𝑥𝑘− 𝑥𝑘0

𝛥𝑥𝑘
,               (1) 

 �̂�𝑘0 =  
𝑥𝑘 𝑚𝑎𝑥+ 𝑥𝑘 𝑚𝑖𝑛

2
,                   (2) 

𝛥�̂�𝑘 =  
𝑥𝑘 𝑚𝑎𝑥− 𝑥𝑘 𝑚𝑖𝑛

2
,             (3) 

where: 𝑥𝑘  - coded form of input factor, �̂�𝑘  - real value of input 

factor, �̂�𝑘0 - the central value of the factor in real scale,  

𝛥�̂�𝑘  - step change of controlled factor. 

a) 

 
b) 

 

 
Fig. 1. Photo of Almen gage TSP-3 (a) and scheme of Almen strip after 

shot peening (b) 

 
Fig. 2. Device for shot peening process 

Technological parameters were changed in the range: shot 
peening time t = 1-3 min and pressure p = 0.2-0.4 MPa. The 
values of these parameters are presented in Tab. 2. In the 
experiment the constant parameters were: the ball diameter db = 2 
mm and the distance from the strip to the nozzle l = 250 mm. In 
the preliminary test the biggest degree of surface coverage 
was obtained with the ball diameter equal to 2 mm.  

Tab. 2. Values of technological parameters set in the experiment 

Input factors t, min p, MPa 

the minimum (–) 1 0.2 

the central (0) 2 0.3 

the maximum (+) 3 0.4 

Output factor fA 
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3. RESULTS AND DISCUSSION 

The matrix of the 3-level completed plan PS/DC 32 with two 

input factors x1, x2, their interactions and average process 

intensity is presented in Tab. 3. 

Tab. 3. Matrix of plan PS/DC 32 and results 

Nr x0 x1 x2 x1
2 x2

2 x1x2 𝐟𝐀𝐢 σ 

1 + + + + + + 0.474 0.024 

2 + + 0 + 0 0 0.330 0.020 

3 + + – + + – 0.162 0.020 

4 + 0 + 0 + 0 0.358 0.005 

5 + 0 0 0 0 0 0.274 0.026 

6 + 0 – 0 + 0 0.143 0.019 

7 + – + + + – 0.274 0.014 

8 + – 0 + 0 0 0.162 0.024 

9 + – – + + + 0.089 0.003 

where:  𝑥1  - coded value of time t, 𝑥2   - coded value of pressure p, 

 𝑓𝐴𝑖  - average of three measurement results of Almen strip in the i-th 

experiment, σ - standard deviation. 

Methodology of 3-level plan requires to perform a few steps. 
The central values of time t and pressure p were calculated by the 
following relations: 

 �̂�10 =  
𝑡𝑚𝑎𝑥+ 𝑡 𝑚𝑖𝑛

2
= 2 𝑚𝑖𝑛,             (4) 

 �̂�20 =  
𝑝𝑚𝑎𝑥+ 𝑝𝑚𝑖𝑛

2
= 0.3 𝑀𝑃𝑎.           (5)  

Variability units of time t and pressure p were calculated 
by the following relations: 

𝛥�̂�1 =  
𝑡 𝑚𝑎𝑥− 𝑡 𝑚𝑖𝑛

2
= 1 𝑚𝑖𝑛,             (6)  

𝛥�̂�2 =  
𝑝𝑚𝑎𝑥− 𝑝 𝑚𝑖𝑛

2
= 0.1 𝑀𝑃𝑎.            (7)  

Coding factors of time t, pressure p and Almen intensity fA 
were got by the following relation: 

𝑥1 =  
𝑥1− 𝑥10

𝛥𝑥1
=  

𝑡−2

1
 𝑚𝑖𝑛,              (8) 

𝑥2 =  
𝑥2− 𝑥20

𝛥𝑥2
=  

𝑝−0.3

0,1
 𝑀𝑃𝑎,             (9) 

𝑦 =  𝑓𝐴.              (10) 

As the result of experiments conducted according to the plan 
PS/DC 32 and matematical analyses the function was obtained: 
 

𝑦 =  𝑓(𝑥).             (11) 

The function f(x) is approximated by a polynomial function and 
represents a good description of the relationship between the 
experimental variables and gives the response in a limited exper-
imental domain (Lundsted, 1998). To determine the function 
optimum the quadratic terms should stay in the model. It is possi-
ble to determine non-linear relationships between the experi-
mental variables and responses by introducing these terms in the 
model. The polynomial function below describes a quadratic 
model with two variables x1 and x2: 

𝑦 =  𝑏0 + 𝑏1𝑥1 +  𝑏2𝑥2 +  𝑏11𝑥1
2 + 𝑏22𝑥2

2 + 𝑏12𝑥1𝑥2 ,        (12) 

where: 𝑏0 , … , 𝑏12 - regression factors. 

The regression factors were calculated according to formulas:  

𝑏0 =  
1

9
 (−�̅�1 + 2�̅�2 − �̅�3 + 2�̅�4 + 5�̅�5 + 2�̅�6 − �̅�7 + 2�̅�8 −

�̅�9) = 0.262,             (13)  

𝑏1 =  
1

6
 (�̅�1 + �̅�2 + �̅�3 − �̅�7 − �̅�8 − �̅�9) = 0.074,         (14) 

𝑏2 =  
1

6
 (�̅�1 −  �̅�3 +  �̅�4 −  �̅�6 +  �̅�7 −  �̅�9) = 0.119,        (15)  

𝑏11 =   
1

6
 (�̅�1 +  �̅�2 +  �̅�3 −  2�̅�4 − 2�̅�5 −  2�̅�6 + �̅�7 + �̅�8 +

�̅�9) =  −0.010,             (16) 

𝑏22 =  
1

6
  (�̅�1 −  2�̅�2 + �̅�3 + �̅�4 −  2�̅�5 + �̅�6 + �̅�7 −  2�̅�8 +

 �̅�9) =  −0.005,             (17) 

𝑏12 =  
1

4
 (�̅�1 − �̅�3 − �̅�7 + �̅�9) = 0.032.          (18) 

In order to assess the relevance of regression factors the 
following values were calculated - eqs. (19-25).  

G – empirical value was calculated by the relation: 

𝐺 =  
𝑆2(𝑦)𝑖 𝑚𝑎𝑥

∑ 𝑆2(𝑦)𝑖
𝑁
𝑖=1

= 0.2039,            (19) 

where: 𝑆2(𝑦)𝑖 – variation of measured values, 𝑁 – total number 
of experiments according to planned matrix. 

The numbers of freedom degrees were calculated according 
to formulas: 

𝑓1  =  𝑁 = 9,            (20)   

𝑓2 = 𝑟 − 1 = 2,            (21)  

where: 𝐺𝑘𝑟- critical value specified by Cochran's statistic:  

𝐺𝑘𝑟 =  𝐺(𝛼;𝑓1;𝑓2) = 0.4775.           (22)  

In case of 𝐺 <  𝐺𝑘𝑟  (0.2039 < 0.4775) the experiment was 
realised in sufficient reproducibility. 

To evaluate the relevance of regression factor some neces-

sary values were caltulated. The number of freedom degrees f, 
the value of the coefficient form Student's t statistics tkr 

and critical value bkr were calculated by the relations: 

𝑓 = 𝑁(𝑟 − 1) = 18,           (23)  

𝑡𝑘𝑟 =  𝑡(𝛼;𝑓) = 2.1009,           (24)  

𝑏𝑘𝑟 =  𝑡(𝛼;𝑓) √
𝑆2(𝑦)

𝑁𝑟
= 0.0076.          (25) 

In case of |𝑏𝑘| >  𝑏𝑘𝑘𝑟  the regression coefficient has 
significant influence otherwise the factor was rejected. 

As the effect of calculation the assesment of regression 
coefficient relevance was done and the results are presented 
in Tab. 4.  

Tab. 4. Results of significance assesment 

Regression factors Relevance  

𝑏0 significant 

𝑏1 significant 

𝑏2 significant 

𝑏11 significant 

𝑏22 insignificant 

𝑏12 significant 

 
After the reduction of insignificant regression factors the func-
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tion is as follow:  

𝑦 = 0.262 + 0.074 𝑥1 + 0.119 𝑥2 − 0.010 𝑥1
2 + 0.032 𝑥1𝑥2.  (26) 

After decoding and calculation the searching equation repre-
senting the theoretical model is presented below:  

𝑓𝐴 =  −0.091 − 0.010𝑡2 +  0.018𝑡 + 0.55𝑝 + 0.32𝑡𝑝.         (27)  

The adequatness of obtained equation was examined with 
application of the Fischer-Snedecor statistics. Firstly, the variance 
adequatness was calculated with formula: 

𝑆𝑎𝑑
2  (𝑦) =  

𝑟 ∑ (�̂�𝑖− �̅�𝑖)2𝑁
𝑖=1

𝑁−𝑘−1
= 0.0009,           (28)  

where: r – number of replication, ŷi – values calculated from the 

regression equation for all levels of input factors, y̅i – average 
of measured values in i-th experiment, N – total number of exper-

iments, k – number of  regression equation expressions (without 
free expresssion) after rejection the insignificant expressions. 

Next the empirical value of the F coefficient was calculated 
and compared to critical value Fkr got from the statistics  

Fkr =  𝐹(𝛼;𝑓1;𝑓2) =  𝐹(0.05;4;18) = 2.9277. 

𝐹 =  
𝑆𝑎𝑑

2 (𝑦)

𝑆2(𝑦)
= 2.5381.            (29) 

The obtained regression equation was adequate because  
F < Fkr (2.5381 < 2.9277) at the assumed significance level   
α = 0.05. Graphically the obtained relations are presented  
in Fig. 3. 

 
Fig. 3. The effect of technological parameters of shot peening on process 

intensity of 51CrV4 steel 

Duration of the shot peening in the analysed range influenced 
the process intensity but not as much as the pressure. The 
maximum value of fA = 0.474 mm was obtained at the highest 
settings of both technological parameters while the minimum fA = 
0.089 mm was at the lowest values of shot peening technological 
parameters. For the implementation in production companies the 
most interesting are technologies which are economically 
explained so taking into account the process time the best variant 
could be at minimum t = 1 min but maximum p = 0.4 MPa. Then 
the process intensity is equal to 0.274 mm and is the same as at t 
= 2 min and p = 0.3 MPa and also close to the value obtained at t 
= 3 min and p = 0.3 MPa (fA = 0.33 mm). But if there is greater 
intensity needed the time duration should be longer at least 3 min 
and pressure higher. The maximum pressure of 0.4 MPa gives the 

highest energy of the shot stream but the time of exposition 
is important too.  

The values of shot peening intensity fA obtained in the experi-
ment and calculated from the model are presented in Fig. 4. 

 
Fig. 4. The theoretical and experimental values of shot peening intensity 

fA according to PS/DC 32  

Comparing the theoretical and experimental values the good 
agreement is observed. Almost all values calculated from the 
model are in the limits of 5% error amount of measured values 
obtained in the experiments.   

4. CONCLUSION 

The most significant effect on process intensity was found 
in case of pressure and interaction of both analyzed technological 
parameters. The maximum value of shot peening intensity was 
obtained at maximum technological parameters values p = 0.4  
MPa and t = 3 min. The time duration of the process is important  
factor as well. The analysis of experiment repeatability, impact 
significance and adequacy of equation were made according to 
statistical 3-level completed  plan PS/DC 32. As the result 
of investigations the adequate equation was obtained describing 
the effect of technological parameters. The theoretical model was 
in accordance with experimental data. 
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Abstract: In this paper the local and distortional buckling analyses of axially loaded cold-rolled channel and sigma profiles were per-
formed. The critical buckling load was computed by solving the linear eigenvalue problem for different numerical models using Finite Ele-
ment Method and simplified formulas implemented in Eurocode and proposed by Hancock and Schafer. The buckling analyses were con-
ducted to prove that the sigma cross-section can be successfully replaced by channel cross-section with additional elastic supports placed 
in folds of the web. It was demonstrated that the folds in the web of the sigma cross-section (additional elastic supports) reduce 
the slenderness of the web. So, the critical distortional stress can be calculated based on analytical formulas derived for the channel cross-
section taking into account the web height between the folds. 

Key words: Cold Rolled Sigma Profiles, Local And Distortional Buckling, Eurocode 3, Finite Element Method  

1. INTRODUCTION 

Application of thin-walled cold–formed sections increased 
the importance of local and distortional buckling phenomena 
which may appear at a similar or lower load level as global insta-
bility. In engineering approach buckling modes presented 
in the Tab. 1 are investigated separately. Global buckling is ana-
lysed based on Vlasov theory, which do not takes into account 
a local instability. Whereas the local buckling is considered based 
on the concept of effective cross-section. While the distortional 
buckling is analysed using the simplified analytical formulas de-
rived for equivalent cross-sections including flange with an edge 
stiffener. An alternative design procedure for cold-formed steel 
member is the Direct Strength Method widely discussed 
in (Schafer, 2008). This method employs gross cross-section 
properties, but requires an accurate calculation of member elastic 
buckling behaviour. It equals or betters the traditional Effective 
Width Method implemented in Eurocodes (Eurocode 3). 
The efficiency of Direct Strength Method is analysed in (Yua and 
Schafer, 2007) for cold-formed steel C- and Z-section beams 
through the comparing study of experimental data and results 
obtained from nonlinear finite element model. It was found that 
the moment gradient effect on distortional buckling failures can be 
conservatively accounted for in the Direct Strength Method by 
using an elastic buckling moment that accounts for the moment 
gradient. On the other hand in (He et al., 2014) based on experi-
mental data of fixed-ended web-stiffened lipped channel columns 
eroded by mode interaction behaviour combined with distortional 
and local deformations authors concludes that the Current Direct 
Strength Method (DSM) provides very unsafe predictions. There-
fore the they proposed two DSM-based design approaches, 
namely, the nominal strength against local-distortional (NLD) and 
distortional-local (NDL) procedures. Similar conclusions were 
drawn in (Wang and Young, 2014) for cold-formed steel channels 

with stiffened webs subjected to bending. This studies have 
demonstrated that the local and distortional buckling still a need 
for of scientific research. 

It is worth to mention that distortional buckling of compression 
members is associated with the deformation of the contour 
in a form of symmetrical or asymmetrical closing or opening 
of the section and change of the angle between adjacent walls. 
Distortional buckling of compression members has been widely 
discussed in literature. In Lau and Hancock (1990) the authors 
proposed distortional buckling formulas for columns made of cold-
rolled channel cross-sections. The distortional buckling analysis 
was also carried out by (Schafer, 2000). The Schafer’s report data 
was used by Pala (2006) for training and testing a new neural 
network (NN) to determine of the elastic distortional buckling 
stress (EDBS) of cold-formed steel C-sections with both 
end sections pinned. It was found that the proposed NN based-
formula can be used for the explicit formulation of various anal-
yses of EDBS, especially when an analytic expression could not 
be obtained from the results of experimental and numerical stud-
ies. The effectiveness of new NN based-formula was tested by 
parametric study for distortional buckling stress on cold-formed 
steel presented in Pala and Caglarb (2007). The comparative 
analysis conducted by Szymczak and Werochowski (2005) 
showed that the critical distortional stresses calculated according 
the designing code are overestimated in relation to the formulas 
proposed by Hancock and Schafer. 

An analytical model for predicting the critical stress of distor-
tional buckling of zed and sigma cold-formed steel sections was 
proposed by Long-yuan and Jian-kang (2008). They derived 
and validated closed-form formulas providing a good prediction 
of the distortional buckling stress, despite its simplicity. Next, 
analyses of distortional buckling of cold-formed sigma purlins 
using EN1993-1-3 was performed by Long-yuan (2009). He ana-
lysed the influence of different support conditions at both 
the tension and compression ends of the web on the critical stress 
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of distortional buckling of sigma purlins. Moreover he performed 
the comparison with finite strip analysis. The general explicit 
analytical formulae to provide distortional critical stress for cold-
formed steel C-section columns subjected to uniform compression 
was derived in Zhou et al. (2015) by employing the Lau and Han-
cock model and by introducing a new factor for considering 
the web rotational restraint reduced by web bending. 

Tab. 1. The buckling modes of axially loaded thin-walled sigma profile 

Buckling modes 

local buckling distortional buckling 

  

Global buckling 

vertical translation horizontal translation rotation 

 
  

In this paper the local and distortional buckling analyses 
of cold-rolled sigma profiles were performed. In the first part 
of the study three numerical models were created using Finite 
Element Method. The buckling analyses were conducted to prove 
that the sigma cross-section can be successfully replaced 
by channel cross-section with additional elastic supports placed 
in folds of the web. Then, based on the assumption that the folds 
of the web (additional elastic supports) reduce the slenderness 
of the web  the critical distortional stress was calculated basing 
on Eurocode recommendations and Hancock and Schafer formu-
las. In the second part, the FEM numerical model corresponding 
to Eurocode recommendation was created in order to verify 
the assumptions introduced in the analytical analysis and to inves-
tigate the interactive buckling, which is not taken into account 
in analytical formulas. 

2. BUCKLING FEM ANALYSIS 

2.1. Linear eigenvalue problem 

In the numerical computations the values of critical buckling 
load for axially loaded channel and sigma bars were computed by 
solving the linear eigenvalue problem: 

(𝐊𝑂 + 𝜆𝐊𝐺)𝐔 = 0, (1) 

where: 𝐊𝑂 – is the small-displacement stiffness matrix, 𝐊𝐺  – is 

the initial stress matrix, 𝜆 – is the load multiplier and 𝐔 – is eigen-
vector represents the buckling mode shapes. In Eq. (1) 
the proportional loading and linearization of the pre-buckling state 
was assumed. The critical buckling loads are given by 
the following formula: 

𝑃𝑐𝑟 = 𝜆𝑐𝑟𝑃, (2) 

where: 𝑃 – is the reference load (the base state). 

2.2. Numerical model 1 

The real and simplified numerical model was created using 
Abaqus CEA software (Abaqus 6.13 Documentation). In the sim-
plified model the sigma cross-section was replaced by channel 
cross-section with supports as shown in Fig. 1. The main aim 
of this part of the study was to verify the influence of supports 
on the value of critical stress. 

 
Fig. 1. Geometry of numerical model 1: a) real cross-section, b) simplified 

model: channel with additional supports 

The element was meshed by four nodes shell finite elements 
S4R with dimension 4 x 4 mm. R means that the reduced integra-
tion was used. The axially compressive forces were applied to 
the special defined reference points. The reference points were 
created in the gravity centre of the cross section on he both side 
of the beam as shown in Fig. 2. The reference points were con-
nected with the cross-section by coupling constraints. The bound-
ary conditions were created to imitate a static shame of simply 
supported beam and then were also applied to the reference 
points. The computation were performed in Abaqus CEA program 
using Buckling Type of analysis in order to calculate the load 
proportionality factor. 

 
Fig. 2. The reference points in one of the created models 
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The analysis was performed for several cold-formed symmet-
rical channel and sigma profiles with dimensions shown in Fig. 3 
(flange width b = 70 mm, wall thickness t = 1.5 mm and the lip 
width c = 16 mm). The six different values of height of the cross 
section (H= 140, 200, 230, 260, 300 and 350 mm) and different 
slenderness ratio of the bar (L/imin= 10, 25, 50, 75, 100, 125, 150, 
200 and 250) were analysed. 

  
Fig. 3. Dimensions of the analysed models 

2.3. Results – numerical model 1 

The values of critical stress were calculated for several values 
of slenderness ratio (the beam length vs radius of gyration). 
In majority of the analysed cases the local and global interactive 
buckling phenomena was observed. 

Exemplary results obtained in buckling analysis for the cross-
section of the height of 230 mm and different slenderness ratio 
were presented in the Fig. 4. 

 
Fig. 4. The values of the critical load (Pcr) as a function of concentric  

  axially loaded thin-walled bar slenderness radio (L/imin) 

It was found that for the large values of the slenderness ratio 
(200 ÷ 250) the dominant buckling mode was the global one. This 
buckling mode was successfully described by Vlasov theory. As it 

was mentioned before, for the lower slenderness ratio the local 
and global interactive buckling occur. The same phenomena was 
observed as well in the case of the channel, sigma and simplified 
model. 

It is worth to mention that obtained results for the sigma 
and simplified model (Fig. 1) remained in the compliance for the 
slender ratio (10 – 150). The slightly different behaviour was 
observed for the higher slenderness ratio when the global buck-
ling occurred. 

For slenderness ratio equal less than or equal to 100 the pure 
local buckling mode was extracted. The obtained results for this 
case were presented in Tab. 2. The local forms of buckling for 
the cross-section for the height of 230 mm were presented 
in the Fig. 5. 

Tab. 2. The values of critical stress for different height  
             of the cross-section 

The critical stress 

σcr [MPa] 

H 

[mm] 
   

L/imin ≤ 100 – local buckling 

140 134.30 445.49 455.60 

200 79.90 293.79 322.91 

230 45.66 162.60 170.62 

260 52.19 120.62 145.11 

300 44.06 84.98 97.03 

350 40.60 67.87 74.14 

 
Fig. 5. The local forms of buckling for: channel (a), channel  

  with additional supports (b) and sigma (c) cross-section 

One can noticed that applying the simplified model (Fig. 5 b) 
provides the similar results comparing to the real sigma cross-
section both in the shape of the buckling mode and the value 
of critical buckling stresses (Tab. 2). 

3. DISTORTIONAL BUCKLING 

3.1. Theoretical background 

The critical distortional buckling stress for edge or intermedi-
ate stiffener according to (Eurocode 3, 2006) is evaluated from: 

𝜎𝑐𝑟,𝑠 =
2√𝐾𝐸𝐼𝑠

𝐴𝑠
, (3) 

where: 𝐾 – is the spring stiffness per unit length according to 
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the formula (4), 𝐴𝑠 – is the area of the effective cross-section,  

𝐼𝑠  – is the moment of inertia of the effective cross-section. 

𝐾 =
𝐸𝑡3

4(1−𝜈2)
∙

1

𝑏1
2ℎ𝑤+𝑏1

3+0,5𝑏1𝑏2ℎ𝑤𝑘𝑓
, (4) 

where: 𝑡 – is flange thickness, ℎ𝑤 – is the web depth, 𝑏1, 𝑏2 – is 
the distance between the web-to-flange junction and the gravity 
centre of the effective area of the edge stiffener of flange respec-
tively 1 or 2, 𝑘𝑓 – is the ratio which is equal to 1 for a symmetric 

section in compression. 

 
Fig. 6. The model used to analyse distortional buckling  

  according to    EN-1993-1-3 (Eurocode 3, 2006) 

Alternatively, the critical distortional buckling stress can be 
calculated from the equations formulated by Lau and Hancock (5) 
or from formula proposed by Schafer (8). 

𝜎𝑐𝑟 =
𝐸

2𝐴𝑓
[(𝛼1 + 𝛼2) − √(𝛼1 + 𝛼2)

2 − 4𝛼3], (5) 

where: Af – is the cross-sectional area of the flange and lip, 

α1, α2, α3 – are coefficients dependent on the geometrical char-

acteristics and the value of elastic rotation spring stiffness kϕ 

(Fig. 7). 
The main idea of the Lau and Hancock method is to determine 

the flexural – torsional buckling critical stress of the model shown 

in the Fig. 7, where hy and hz are the coordinates of the centroid 

of flange and lip and k2 is the translational spring stiffness. 

 
Fig. 7. The Lau and Hancock model 

This method can be used only in the case when the value of 
rotation spring stiffness is greater than 0. The modification of Lau 
and Hancock method for the case when the value of rotation 
spring stiffness is less than 0 was proposed by Davies 
and Jiang (1996). Two additional variables were introduced:  

σ`cr – stress determined by the formula (5) assuming kϕ = 0 

and σw – the web critical buckling stress (6). 

𝜎𝑤 =
𝜋2𝐷

𝑡ℎ𝑤
4 (

ℎ𝑤
2 +𝜆2

𝜆
)
2

, (6) 

where: 𝐷 – is plate stiffness, 𝜆 – is the half – wavelength. 

Finally the distortional critical buckling stress (when kϕ < 0) 

can be determined using following formula: 

𝜎𝑐𝑟 =
2𝜎`𝑐𝑟𝐴𝑓+𝜎𝑤𝑡ℎ𝑤

𝐴
, (7) 

where: 𝐴 – is the total area of the cross-section. 
However, the critical stress proposed by Schafer is given as 

a function of rotational stiffness of the support at the point 
of the flange-web junction. 

𝜎𝑐𝑟 =
𝑘𝜑𝑓𝑒+𝑘𝜑𝑤𝑒

𝑘𝜑𝑓𝑔+𝑘𝜑𝑤𝑔
, (8) 

where: 𝑘𝜑𝑓𝑒 , 𝑘𝜑𝑤𝑒 – are elastic rotational spring stiffness 

of the flange and web and 𝑘𝜑𝑓𝑔, 𝑘𝜑𝑤𝑔  – are geometric rotational 

spring stiffness of the flange and web. 

3.2. Numerical model 2 

 
Fig. 8. The numerical model 2 

To verify the analytical models presented in the paragraph 3.1 
the numerical model 2 using finite element method and shell 
elements S4R was created. In numerical model 2 (Fig. 8) 
the boundary conditions and geometry were applied according to 
the Eurocode 3 recommendations (Fig. 6). The elastic spring 
supports were modelled with the stiffness equal to the value de-
termined from the formula 4. 

The numerical examples were carried out for the simplified 
model which corresponded to the sigma cross-section with 
the high H= 140, 200, 230, 260, 300 and 350 mm. Based on 
the conclusions drawn from analysis conducted in paragraph 2.3, 
during the calculations of critical distortional stress using Euro-
code, Hancock and Schafer formulas the reduce value of the web 
height (hw) was applied (distance between two additional elastic 
supports Fig. 1). The obtained results was compared with 
the FEM numerical model corresponding to Eurocode equivalent 
cross-section. The results of the calculations were presented 
in Tab. 3. 

Tab. 3. The critical distortional buckling stress 

H 

[mm] 

hw 

[mm] 

Shafer 

[MPa] 

Lau-Hancock 

[MPa] 

EN 1993-1-3 

[MPa] 

FEM 

[MPa] 

140 50 423.01 341.56 323.61 308.49 

200 110 266.90 245.75 250.69 262.83 

230 140 216.18 211.25 228.85 242.66 

260 170 172.60 177.27 211.89 220.76 

300 210 124.87 129.06 194.19 213.57 

350 260 81.65 102.43 117.28 129.21 
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4. CONCLUDING REMARKS 

In this paper the local and distortional buckling analyses of ax-
ially loaded cold-rolled channel and sigma profiles were per-
formed. The special attention was focused on creating the simpli-
fied models of sigma cross-sections which allowed for applying 
the analytical formulas for calculation of distortional buckling 
derived for the channel cross-section. For this purpose the finite 
element models were created in order to verify simplified formulas 
implemented in Eurocode and proposed by Hancock and Schafer. 
The performed buckling analyses proved that the sigma cross-
section can be successfully replaced by channel cross-section 
with additional elastic supports placed in folds of the web. It was 
demonstrated that the folds in the web of the sigma cross-section 
(additional elastic supports) reduce the web slenderness. So, the 
critical distortional stress can be calculated based on analytical 
formulas derived for the channel cross-section taking into account 
the web height between the folds (hw). 
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Abstract: The braking system is one of the most important systems in any vehicle. Its proper functioning may determine the health and life 
the people inside the vehicle as well as other road users. Therefore, it is important that the parameters which characterise the functioning 
of brakes changed as little as possible throughout their lifespan. Multiple instances of heating and cooling of the working components 
of the brake system as well as the environment they work in may impact their tribological properties. This article describes a method 
of evaluating the coefficient of friction and the wear speed of abrasive wear of friction working components of brakes. The methodology 
was developed on the basis of Taguchi’s method of process optimization.  

Key words: Brakes, Taguchi’s Method, Friction 

1. INTRODUCTION  

Brakes are one of the most important components of any ve-
hicle. Their proper and effective work determines the life 
and health of drivers, passengers, and other road users. That is 
why a lot of research is conducted in order to identify the prob-
lems connected with the construction and work of brakes, and 
making them more effective.  

The most common types of brakes in today’s vehicles are fric-
tion brakes. This type of brake uses friction in order to transform 
mechanical energy into thermal energy. The amount of heat pro-
duced during braking, as well as the speed of its distribution de-
pends, among other things, on the material that was used to 
manufacture the brake system components. Results of simula-
tions (performed using MES) show, that the elements that get 
heated the most during braking are brake discs and pads (Yevtu-
shenko et al, 2014, 2015, 2016). Thermal energy is then released 
into the atmosphere and to other parts of the brake system, 
as well as the vehicle’s suspension. 

Multiple instances of heating (to temperatures of up to several 
hundreds degrees Celsius) and cooling may change the tribologi-
cal properties of brake pads and discs. Consequently, this may 
reduce the braking force (Śnieżka, 1998). The corrosive environ-
ment brake systems work in (salt and water, especially during 
winter) are also significant. Increasing the braking distance has 
a direct influence on the level of danger in traffic. Therefore it is 
important to determine if and how the tribological properties 
of brake friction components change. 

2. METHODOLOGY 

Proper planning of the test is not an easy task. However, it al-
lows obtaining the best results with minimum work (Polański, 

1984), which contributes to limiting the time and costs generated 
by the research. Among numerous possibilities used by research-
ers (Kamiński, 2013; Borawski, 2015; Szpica, 2015a, 2015b), 
Taguchi’s method of process optimisation was used to plan the 
experiment. The experiment itself will be conducted using the ball 
cratering test which allows examination of abrasive wear re-
sistance (Osuch-Słomka et al, 2013).  

 
Fig. 1. Abrasive wear testing set 

In this method, the friction pair is composed by the studied 
material’s sample and a counter sample, a 1” (25.4 mm) ball. 
When the ball is moving it grinds against the sample causing it to 
wear (Fig. 1). Its smooth, polished surface may influence the tests 
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results (Allsopp et al, 1998). In extreme cases it may turn out that 
no results were obtained (no abrasive wear occurred). That is why 
in order to enhance the effect of abrasive damage it is suggested 
to use hard abrasives suspended in water and fed onto the friction 
surface (Fildes et al, 2012).  

As a result of the test, a crater is formed in sample. The diam-
eter of the crater depends on, among other things, the working 
parameters of the friction pair (load, rotational speed and sliding 
distance). Proper adjustment of these elements determines ob-
taining accurate test results (Cozza, 2014).  

2.1. Test object  

In accordance with the applicable standard (PN-EN 1071-
6:2008) the test objects are samples which are 1” (25.4 mm) 
in diameter and 10 mm thick. It is recommended to cut 2 samples 
from each studied component of the braking system (from each 
disc and each pad). The samples should be prepared using 
a method that prevents the material from heating, such as water-
jet cutting. This prevents further changes in the structure of the 
material. Next, the sample should be sanded, remembering about 
minimizing the temperature of the sample during sanding. Other-
wise, the obtained results will not correspond with the actual value 
of the 𝐾𝐶  factor. Fig. 2 shows samples that were first cut from 
a brake disc and then sanded. 

 
Fig. 2. Examples of samples prepared for ball-cratering tests 

2.2. Planning the experiment 

The first step of planning the experiment should involve con-
ducting preliminary research. The obtained results will allow to 
evaluate what ranges of input parameters produce satisfying 
craters. Recommended input parameters (based on the norm and 
results of preliminary research) that produce reliable results 
in most cases are presented in Tab. 1. Experience shows, how-
ever, that setting these parameters does not produce satisfactory 
results for some materials. In such cases, the parameters should 
be adjusted, for example by increasing the load or the sliding 
distance (resulting in extending the time of the experiment)  
(Cozza, 2014). Increasing the ball’s speed of rotation is not rec-
ommended, as it tends to result in increased relative error of the 
measurements. The preliminary parameters of the experiment will 
be set properly if the relative error of the crater diameters created 
in the preliminary tests do not exceed 0.01. 

Tab. 1. Recommended input parameters based on the norm  
            (PN-EN 1071-6:2008) and own preliminary research 

Load [N] Distance [m] 
Speed of rotation 

[rpm] 

0.2 50 38 

0.4 100 80 

0.6 150 150 

 
In the example presented in Fig. 3, the relative error for all fric-

tion distances obtained in 5 tests fits into the assumed value. 
If the relative error exceeded 0.01 for any distance, this value 
should be rejected and replaced with the arithmetic mean of the 
other two values. 

 
Fig. 3. Example diagram showing the relative errors of measured crater  

 diameters (results of five tests, minimum, maximum  
 and mean values). 

After finding the preliminary ranges for input parameters of the 
experiments, the next step is to find their optimal values. This 
is done with an orthogonal array. In the discussed case there are 
three entry parameters, and each of theses has three values. 
Therefore, the orthogonal array will have the form presented 
in Tab. 2. 

Tab. 2. Example orthogonal array of the experiment 

Experiment no. Load [N] Distance [m] 
Speed of rota-

tion [rpm] 

1 0.2 50 38 

2 0.2 100 80 

3 0.2 150 150 

4 0.4 50 80 

5 0.4 100 150 

6 0.4 150 38 

7 0.6 50 50 

8 0.6 100 150 

9 0.6 150 80 

 
Each of the nine tests should be conducted at least three 

times. In accordance with the “less is best” criterion and using the 
results obtained previously, the next step is finding the ETA func-
tion following the relation: 
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𝜂 = −10log10  [(
1

𝑛
)] ∑ 𝑦𝑖

2                                                     (1) 

where: 𝑛 – number of measurements, 𝑦𝑖  – value of analysed 
parameter. 

Example graphs of ETA functions for particular parameters 
are presented in Fig. 4.  

 

 

 
Fig. 4. Example ETA function graph based on preliminary research 

After analysing the value of ETA functions, the optimal pa-
rameters for the experiment are: 
− load: 0.6N; 
− distance: 150 m; 
− speed of rotation: 150 rpm. 

2.3. Course of the experiment 

Using the optimal input parameters for the experiment that 
were determined using Taguchi’s methodology, it is possible to 
plan the proper experiment (Tab. 3). Its results will make it possi-

ble to determine the abrasive wear factor (𝐾𝐶 ). In order to avoid 
random errors, it is recommended to repeat every test at least 
three times (for each sample, 1÷i). It is also necessary to calculate 
the relative error of the crater diameters which, as mentioned 
earlier, should not exceed 0.01.   

Tab. 3.  Example plan of the proper experiment,  
             aiming at determining the 𝐾𝐶  factor 

Sample no Parameters 
Number of repe-

titions 

1 

Load: 0.6 N 

≥3 Distance: 150 m 

Speed of rotation: 150 rpm 

2 

Load: 0.6 N 

≥3 Distance: 150 m 

Speed of rotation: 150 rpm 

... 

Load: 0.6 N 

≥3 Distance: 150 m 

Speed of rotation: 150 rpm 

i 

Load: 0.6 N 

≥3 Distance: 150 m 

Speed of rotation: 150 rpm 

 
For the purpose of this article, the tests were carried out using 

a T-20 slurry abrasive testing machine, which allows testing fric-
tion pairs with abrasive suspensions (Fig. 5). The recommend 
abrasive is a silicon carbide water suspension. 

 

 
Fig. 5. T-20 Workstation 

The machine is capable of recording the coefficient of friction 
during the test. In order to keep the measured value as close as 
possible to the actual value (unlike in tests aimed at determining 

𝐾𝐶 ) it is recommended to perform a “dry” run, without feeding the 
abrasive suspension to the friction pair. This is because the slurry 
may underestimate the results of the test. 

3. COMPILING THE RESULTS 

The direct results of the tests are craters created in the sam-
ples. Examples of grooves created by ball friction are presented 
in Fig. 6. 

The diameter of the crater should be measured in two planes 
(Fig. 7) to calculate the arithmetical mean: 

𝑏 =
𝑏1+𝑏2

2
.                                                                                (2) 

The volume of the crated can be calculated using the relation: 

𝑉 = 𝜋
𝑏4

64𝑅
,                                                                                  (3) 

where: 𝑅 – Ball radius. 
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𝑉 = 𝐾𝐶𝑆𝑁 ,                                                                               (4) 

where: 𝐾𝐶  – Abrasive wear factor, 𝑆 – distance, 𝑁 – load. 
Transformation of Archard’s equation (4) produces the formula 

for the rate of abrasive wear: 

𝐾𝐶 = 𝜋
𝑏4

64𝑅𝑆𝑁
 .                                                                         (5) 

The 𝐾𝐶  factors and the coefficients of friction should be calcu-
lated and measured for each sample cut from the brake system 
component and then compared. 

 
Fig. 6. Examples of craters created in the samples as a result   

 of ball-cratering tests, photographs taken with an OLYMPUS  
 BX51M microscope, 10x zoom. 

 
Fig. 7. Crater diameter measurement diagram 

4. SUMMARY 

1. The developed method is a quick, economical and effective 
way of measuring abrasive wear.  

2. The method is characterised by repeatability and reprodu-
cibility, and it requires significantly less testing time than other 
methods, such as ball-on-disc. 

3. Proper planning of the experiment requires conducting 

preliminary research in order to determine input parameters 
(ball rotation speed, load and sliding distance). 

4. Precision in preparing the sample determines the quality 
of the results. Specialised equipment, such as water-jet 
cutting, is helpful at this stage. 

5. The results of 𝐾𝐶  factor calculations and the results of the 
coefficient of fraction measurements enable the comparison 
of tribological properties of the samples taken from the 
components of the brake system. 
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Abstract: The paper presents the results of investigations on the air gages dynamic characteristics in the measurement of the round  
profiles of motor cylinders. The principle of the measuring device is explained, and the analysis of the air gages dynamics is described. 
The results of dynamic calibration enabled to eliminate those configurations of air gages that may not meet the requirements  
of the measurement they were designed for. After the proper air gages were chosen, the entire system underwent the accuracy test  
and passed it successfully revealing the method accuracy better than 10% compared to the reference measurement.  

Key words: Air Gage, Back-Pressure, Out-of-Roundness 

1. INTRODUCTION 

The quality management in 25 years has shifted researches 
away from TQM to focus on the tools and techniques and improv-
ing measurement systems (O’Neil, 2016). Especially valuable 
in that context are non-contact measuring techniques (Valicek 
et al., 2007), among others air gages (Shiraishi, 2002). Despite 
the air gages are unable to perform a measurement with na-
noscale accuracy, they still find their application in the industrial 
precise measuring tasks like in-process inspection (Vacharanukul 
and Mekid, 2005) both passive and active type (Wang et al., 2005; 
Menzies and Koshy 2009) or automatic control (Wieczorkowski, 
1995). 

Even though the investigations on the dynamic properties 
of the air gages had been performed since the middle of the 20th 
century both in Western countries and in the Soviet Union (Yribar-
ren, 1955; Dmitriev and Chernyshev, 1958), the long response 
time of the devices seemed to be the main obstacle for their de-
velopment (Tsidulko, 1965). Nowadays, however, application 
of the piezoresistive pressure transducers and reduction of the 
measuring chamber volume (Jermak and Rucki, 2012) allowed to 
apply the air gage in the fast non-contact measurement of compli-
cated geometrical features like roundness and cylindricity. The 
goal of the present study was to analyze dynamic properties of the 
air gauges and to choose the ones with proper dynamic character-
istics to be implemented in the Geoform device dedicated for the 
roundness assessment. The device with chosen air gauges un-
derwent overall accuracy test through a comparative analysis with 
the reference measurement data. 

2. OUT-OF-ROUNDNESS MEASUREMENT  
WITH THE AIR GAGES 

The team of the Division of Metrology and Measurement Sys-
tems (Poznan University of Technology) has proposed the innova-
tive device Geoform designed for the complex measurement 

of the cylinders for the motor industry. The series of investigations 
proved the capability of the air gages to measure within assumed 
tolerances (Derezynski and Jakubowicz, 2016). In order to 
achieve non-contact measurement with high dynamics, the small 
chamber air gages (back-pressure type) had been proposed. 

A simple one-cascade back-pressure gage consists of two 
nozzles (inlet dw and measuring one dp), as it is shown in the 
Fig. 1. The pressured air of pressure pz enters the measuring 
chamber of certain volume Vk through the inlet nozzle, and leaves 
through the measuring one. Here, the surface of the measured 
detail serves as a flapper which restricts the air outflow, so the 
pressure pk in the chamber in some extend is proportional to the 
displacement s. The volume Vk of the chamber depends on its 
length lk and inner diameter dk. 

 
Fig. 1. Scheme of the back-pressure air gage 

Typically, engineers do not calculate the exact response time 
or amplitude characteristics of the air gages. For instance, Jun Liu 
et al. (2012) consider the velocity of the gage head during the 
form measurement relatively low so that the dynamic error can be 
ignored, or Grandy et al. (2009) use the simplified dynamic mod-
els with reference to the geometric parameters of an air gage. 
It was proved that the dynamics of the air gages with small  
volumes (ca. 0.5 to 4.0 cm3) combined with a piezoresistive pres-
sure transducer could be modelled as a first-order dynamic sys-
tem, but some additional knowledge is required in order to avoid 
unexpected dynamic errors (Rucki and Jermak, 2012). Hence, 
after exact analysis of their dynamic characteristics, the devices 
could be applied for the measurement in dynamic conditions, like 
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a cylindricity measurement. 
Traditionally, quality control is performed offline, after a part 

is produced (Gao et al., 2014), and the Geoform device was 
designed for this kind of measurement. It is based on the com-
plete automatic set, where the detail is placed manually (Fig. 2, 
left). The measuring head goes up from lower part of the set, and 
perform the measurement in three intersections (bottom, middle 
and top) turning around 360º (Fig. 2, right). The novelty of the 
method consists of following: the measuring head contains three 
independent air gages (Fig. 3), it is placed on the flexible rod 
(a floating head), and it is based on the original algorithm de-
signed for analysis of three independent signals to determine the 
roundness of the measured detail. 

     
Fig. 2. The Geoform equipment (left) and the scheme of measurement  
            (right) (Jermak et al., 2010) 

 
Fig. 3. Position of three air gages in the Geoform measuring head 

The algorithm consists of the following operations: 

 data collection which is performed from three air gages inde-
pendently, when the gage head turns 370° (there are up 
to 1000 points recorded), 

 smoothening of the obtained data in order to eliminate the 
excessive errors, 

 profile closure which is necessary because of flexible type 
of the gage head (the coordinates of the points corresponding 
with 0° and 360° are different and need to be adjusted to 
each other), 

 interpolation according to the Bessel’s formula (Pollard, 1977) 
performed in order to reduce the number of analyzed points 
down to 720, 

 calculation of the profile and its out-of-roundness. 
The calculations are performed as if the typical V-block meas-

urement is done (Stepien, 2010), only instead of fixed two points 
of the V-block, the collected data from two air gages (G2 and G1 
shown in the Fig. 3) are used. To obtain the would-be value ΔW 
of V-block measurement from the collected points G1, G2 and G3, 

the following formula is applied (Cellary and Jermak, 2009): 






cos2

21
3

RR
RW


 , (1) 

where: ΔR1, ΔR2 and ΔR3 – indication changes for the gages G1, 
G2 and G3 respectively, 2α – the angle between gages G1 and G2. 

The measuring task was defined by the initial laboratory 
measurement of the cylinders for motor industry with the refer-
ence device Talyrond 365. The assumed tolerance was 15 µm 
near the upper and lower edges, and 10 µm in the middle part 
of the cylinder. The highest amplitudes revealed 2nd and 3rd har-
monics: 2.6 µm and 0.98 µm respectively. Amplitudes of 4th, 5th 
and 7th harmonics were of similar distribution type and did not 
exceed 0.56 µm (mean values lower than 0.08 µm). 

In order to enable the reliable harmonic analysis up to 15th 
harmonics, and to reduce the measurement time down to 10 s, 
it was needed to evaluate the dynamic characteristics of the ap-
plied air gages, and to shape them to ensure the acceptable error 
level. 

3. SINE INPUT ANALYSIS 

Dynamic variables are time or space dependent in both their 
magnitude and frequency content. A dynamic calibration deter-
mines the relationship between an input of known dynamic behav-
iour and the measurement system output. Usually, such calibra-
tions involve applying either a sinusoidal signal or a step change 
as the known input signal (Figliola and Beasley, 2006). When the 
input signal forms a simple periodic function, F(t) = A·sinωt, and 
the initial conditions are y(0) = y0, then the function could be writ-
ten as following: 

tKAyyT sin , (2) 

where: T – time constant, K – static sensitivity (multiplication),  
A – amplitude, ω=2πf – rotational speed, f – frequency. 

The amplitude of the steady response depends on the value 
of the applied frequency f. 

In order to generate a sine input signal, the dedicated labora-
tory equipment has been developed (Fig. 4). It consists of re-
placeable model of the air gage (1) with the pressure transducer 
(3), eccentric shaft of highly smooth surface and eccentricity 
e = 20 µm (2) which rotary speed can be changed from ω = 0.1 
rad/s up to 20 rad/s, and the electronic devices for conditioning 
and acquisition of the measurement signals (4). Fig. 5 presents 
the block diagram of the sine input analysis system. 

 
Fig. 4. Laboratory equipment for the sine input analysis of the air gages 
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Fig. 5. Block diagram of the dynamic calibration setup (Rucki and Barisic, 2009) 

The system presented in the Figs. 4 and 5 enables to analyse 
the air gages of various geometrical parameters (nozzles diame-
ters and dimensions of the measuring chambers explained in the 
Fig. 1). The data of the examined air gauge is input into the com-
puter, as well as the conditions of experiment. The computer 
controls the measurement process generating the sinusoidal 
changes of slot s and processes the collected measurement data.  

The measurement system collected 20 periods of the alternat-
ing pressure for each assumed rotational speed with sampling 
time 0.001 of the examined period. Then, the corrected (true) 
value of the sine input was calculated, as well as the amplitude of 
the air gage response. The calculation algorithm was based on 
the spline functions of the 2nd order and the least square method. 
The obtained results are the amplitude—frequency characteristics 
as well as the time constant and frequency. The value f0.05 means 
a frequency when the dynamic error δ(ω) is smaller than 5%. 

During the roundness measurement, the measured cylinder 
typically rotates with a speed of ca. 6 rpm. Therefore, to perform 
the registration of at least 15 harmonics of the profile with the 
acceptable amplitude error below 5%, the upper frequency bound 
f0.95 could not be lower than 1.5 Hz. From the metrological per-
spective, it should be even higher to reduce the dynamic error as 
well as the measurement time. Hence, the following criteria were 
set to evaluate the dynamic quality of examined air gages: 

 upper frequency bound should be f0.95 > 1.5 Hz, 

 time constant T should not exceed 30 ms. 
Because of strong evidence that the outer diameter of the 

measuring nozzle dc have some impact on the dynamical charac-
teristics (for larger dc/dp ratio the time constant T appeared to be 
longer) (Rucki, 2011), that parameter was taken into considera-
tion. Thus, the following geometry of the air gages underwent 
examinations: 

 the measuring nozzles of inner diameters dp = 1.211, 1.405 
and 1.610 mm, of the ratios Dc = dc/dp = 1.5, 2 and 3, 

 the volumes of the measuring chambers Vk1 = 0.25, Vk2 =1.22 
and Vk3 =3.90 cm3, 

 the inlet nozzles of the diameters dw = 0.570, 0.625, 0.720, 
0.830 and 1.020 mm. 

4. MEASUREMENT RESULTS 

From the experimental amplitude–frequency characteristics 
obtained with the experimental setup described above, the values 
of upper frequency bound f0.95 and time constant T was calculated 
for each examined air gage proposed to be applied in the 
Geoform device. The results are presented in the Tables 1 to 6. 
The same results for the smallest measuring nozzle dp = 1.211 
mm and the smallest chamber volume Vk1 = 0.25 cm3 are pre-
sented graphically in the Fig. 6. 

 
Fig. 6. Graphs of frequency f0.95  (left) and time constant T (right) 
           for the air gage with dp = 1.211 mm and Vk1 = 0.25 cm3 

Using the time constant values (Tabs. 4-6), the amplitude–
frequency characteristics were calculated. Fig. 7 presents the 
graph showing the influence of the measuring chamber volume 
on the obtained characteristics. 
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Tab. 1. Values of the upper frequency bound f0.95  [Hz] for the chamber Vk1 = 0.25 cm3 

dp[mm] 1.211 1.405 1.610 

dw[mm] 0.570 0.625 0.720 0.625 0.720 0.830 0.720 0.830 1.020 

d=dw/dp 0.471 0.516 0.603 0.444 0.520 0.591 0.447 0.516 0.633 

Dc=1.5 4.18 5.91 6.85 5.62 8.80 9.67 6.41 9.89 12.45 

Dc=2 3.50 5.21 5.94 5.12 6.86 9.04 6.01 9.46 9.74 

Dc=3 3.08 4.79 6.85 4.88 5.95 8.37 6.04 8.52 9.12 

Tab. 2. Values of the upper frequency bound f0.95  [Hz] for the chamber Vk2 =1.22 cm3 

dp[mm] 1.211 1.405 1.610 

dw[mm] 0.570 0.625 0.720 0.625 0.720 0.830 0.720 0.830 1.020 

d=dw/dp 0.471 0.516 0.603 0.444 0.520 0.591 0.447 0.516 0.633 

Dc=1.5 3.82 4.02 4.52 4.31 4.84 5.01 4.17 7.31 8.32 

Dc=2 3.11 3.38 3.98 3.89 3.98 5.12 5.02 6.80  7.02 

Dc=3 2.62 2.84 3.01 3.42 4.02 5.46 5.77 6.45  6.85 

Tab. 3. Values of the upper frequency bound f0.95  [Hz] for the chamber Vk3 =3.90 cm3 

dp[mm] 1.211 1.405 1.610 

dw[mm] 0.570 0.625 0.720 0.625 0.720 0.830 0.720 0.830 1.020 

d=dw/dp 0.471 0.516 0.603 0.444 0.520 0.591 0.447 0.516 0.633 

Dc=1.5 1.53 1.81 2.27 2.02 2.86 3.10 2.46 4.12 4.96 

Dc=2 1.48 1.88 2.37 1.95 2.01 3.11 3.32 3.43 4.08 

Dc=3 1.25 1.68 2.19 1.68 2.83 3.08 2.06 3.04 3.66 

Tab. 4. Values of the time constant T [ms] for the chamber Vk1 = 0.25 cm3 

dp[mm] 1.211 1.405 1.610 

dw[mm] 0.570 0.625 0.720 0.625 0.720 0.830 0.720 0.830 1.020 

d=dw/dp 0.471 0.516 0.603 0.444 0.520 0.591 0.447 0.516 0.633 

Dc=1.5 12.51 8.85 7.64 9.03 5.94 5.41 8.16 5.29 4.20 

Dc=2 14.95 10.06 8.81 10.21 7.62 5.78 8.01 5.53 5.37 

Dc=3 16.96 10.92 9.61 10.72 8.79 6.25 8.66 6.14 5.74 

Tab. 5. Values of the time constant T [ms] for the chamber Vk2 =1.22 cm3 

dp[mm] 1.211 1.405 1.610 

dw[mm] 0.570 0.625 0.720 0.625 0.720 0.830 0.720 0.830 1.020 

d=dw/dp 0.471 0.516 0.603 0.444 0.520 0.591 0.447 0.516 0.633 

Dc=1.5 13.70 13.01 11.57 12.13 10.84 10.43 12.54 7.16 6.29 

Dc=2 16.82 15.48 13.14 13.45 13.14 10.21 10.42 7.69 7.45 

Dc=3 20.00 18.41 17.38 15.30 13.02 9.58 9.07 8.11 7.64 

Tab. 6. Values of the time constant T [ms] for the chamber Vk3 =3.90 cm3 

dp[mm] 1.211 1.405 1.610 

dw[mm] 0.570 0.625 0.720 0.625 0.720 0.830 0.720 0.830 1.020 

d=dw/dp 0.471 0.516 0.603 0.444 0.520 0.591 0.447 0.516 0.633 

Dc=1.5 34.12 28.90 23.04 25.89 18.29 16.87 21.30 12.70 10.54 

Dc=2 35.35 27.83 22.07 26.82 26.02 16.82 22.55 15.25 12.82 

Dc=3 41.88 31.14 23.93 31.14 18.48 16.98 25.39 17.21 14.29 
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Fig. 7. Amplitude–frequency characteristics for the air gages  
           with dp = 1.211 mm and different measuring chambers (K1 to K3) 

For the measuring chambers K1 and K2, all the examined 
combinations revealed the normalized amplitudes to lay between 
0.987 and 1, which meant the dynamic error smaller than 1.5% 
for the input frequencies below 1.5 Hz. It proved that those air 
gages could be applied even for faster measurements than as-
sumed. However, some configurations combined with the measur-
ing chamber Vk3 =3.90 cm3 did not meet this requirement. Consid-
ering the fact that the value of the time constant T could differ 

100% between the initial and final values of the measuring range 
(Rucki and Jermak, 2012), the measuring chamber Vk3 =3.90 cm3 
is not recommended for the discussed measuring task. It provides 
values of f0.95 mostly lower than 3 Hz, which may led to the dy-
namic error larger than estimated one. 

It should be noted that the inlet nozzles apart of the determi-
nation of the static sensitivity (multiplication) K and the measuring 
range have impact on the dynamic characteristics. In any configu-
ration, time constant grows longer for smaller inlet nozzles. On the 
other hand, the values of the upper frequency bound f0.95 are 
larger for larger inlet nozzles, and they are more sensitive to dw 
when the measuring chamber volume is smaller and measuring 
nozzle is larger. 

From the perspective of the roundness measurement with the 
air gages, the dynamic characteristics are better if the upper fre-
quency f0.95 is larger (ability to measure faster with the acceptable 
dynamic error). Thus, among the examined combinations of geo-
metrical parameters of the air gages, the best dynamics revealed 
those of the smaller measuring chamber volume, smaller outer 
diameters of the measuring nozzles, and bigger inlet nozzle diam-
eters. It can be seen in the diagram (Fig. 8) showing frequencies 
f0.95 for various inlet and measuring nozzles combined with the 
measuring chamber of volume Vk1 = 0.25 cm3.  

 
Fig. 8. Upper frequency bound f0.95 values for the air gages with the measuring chamber volume Vk1 = 0.25 cm3 

5. FINALLY APPROVED AIR GAGES  
AND METHOD EVALUATION 

The above analysis enabled to evaluate the dynamic charac-
teristics of the air gages of different geometrical parameters pro-
posed to perform the measuring task in the Geoform device with 
required accuracy. Those configurations that met static require-
ments on the multiplication and measuring range, underwent 
dynamic calibration and analysis to eliminate the ones of too large 
dynamic error. As a result, the following air gages were chosen: 

 measuring nozzle dp = 1.610 mm, 

 the normalized parameter of outer diameter Dc = 3, 

 inlet nozzle dp = 1.020 mm, 

 the measuring chamber volume Vk   1.2 cm3. 
This configuration had the following static characteristics: mul-

tiplication |K| = 0.505 kPa/µm and the measuring range zp = 106 
µm. The exact values of the multiplication are shown in the Fig. 9 
for each air gage installed in the gage head of the Geoform device. 

The proposed out-of-roundness measurement method under-
went the overall test through a comparative analysis with the 
reference data obtained from Talyrond 365 device made by Tay-
lor-Hobson. According to Adamczak et al. (2010), the relative 
error ΔMP could be calculated as following: 

Δ𝑀𝑃 =
Δ𝑅𝑚𝑖

−Δ𝑅𝑎𝑖

Δ𝑅𝑎𝑖

, (3) 

where: ΔRmi
– out-of-roundness value obtained by the tested 

method from the i-th point, ΔRai
 – respective value obtained 

by the reference method. 
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Fig. 9. Experimental graphs of multiplications of the air gages G1, G2 and G3 

After the mean value of all measuring points MP  is calculat-

ed, the following formula is used for the tested method accuracy MA: 

%100 suMA pMP
 , (4) 

where: up – a coefficient of normal distribution for P=0.95,  
s – standard deviation. 

The accuracy of a measuring device to be used for measure-
ment of the geometrical surface structure during the product 
quality control should lay in the range of 10-25% (Adamczak et al. 
2010). After 100 repetitions with different cylinders, the MA factor 
for Geoform was calculated as 9.40%, which was highly satisfac-
tory, especially when considering incomparably lower price and 
faster work of the tested device Geoform. 

6. CONCLUSIONS 

Automated quality control is an important aspect of modern 
manufacturing process (Milo et al., 2015). The proposed method 
based on air gages provides quick, relatively cheap and reasona-
bly accurate device for non-contact measurement of inner cylin-
ders with out-of-roundness tolerances of 10-15 µm. The air gaug-
es had been found fully capable to measure with the required 
accuracy, but the problem of dynamic errors was to solve. It was 
achieved by thorough analysis of the work conditions and dynamic 
characteristics of the applied air gages, and by the sine input 
analysis. The configurations of air gages, which appeared to 
generate too large dynamic errors, were eliminated and replaced 
by the ones able to work in even faster dynamic conditions than 
assumed. The methodology of dynamic analysis of the air gages 
proved to be effective, which resulted in the highly accurate 
roundness measurement. The Geoform device successfully 
passed the accuracy test with the reference method. 
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Abstract: Data mining is the upcoming research area to solve various problems. Classification and finding association are two main steps 
in the field of data mining. In this paper, we use three classification algorithms: J48 (an open source Java implementation of C4.5  
algorithm), Multilayer Perceptron - MLP (a modification of the standard linear perceptron) and Naïve Bayes  (based on Bayes rule  
and a set of conditional independence assumptions) of the Weka interface. These classifiers have been used to choose the best algorithm 
based on the conditions of the voice disorders database. To find association rules over transactional medical database first we use apriori 
algorithm for frequent item set mining. These two initial steps of analysis will help to create the medical knowledgebase. The ultimate goal 
is to build a model, which can improve the way to read and interpret the existing data in medical database and future data as well. 

Key words: Data Mining, Classification, WEKA, J48, MLP, Apriori, Association Rules 

1. INTRODUCTION 

The past 20 years show dynamic growth in the amount of in-
formation in electronic formats. The accumulation of this data has 
taken place at an explosive rate and it has been estimated that 
the amount of information in the world doubles every two years 
(Dardzinska, 2013; Dardzinska and Romaniuk, 2015a). Collected 
data often hold valuable and interesting information. 

Intensive rise of the field of knowledge discovery in databases 
(KDD) and data mining (DM) is a response to a sharp increase 
in the amount of information collected in databases and data 
warehouses. Data mining techniques allow us to find new,  previ-
ously unknown relationships and patterns in databases that can 
be used later to build support decision-making information system 
(Dardzinska and Romaniuk, 2015b). This phenomenon is largely 
reflected in medicine, where the progress of information technolo-
gy has contributed to the sudden increase in the amount of data. 
Using these technologies, we are able to bring unprecedented 
knowledge that can be useful in the treatment of various diseases 
(Yoo et al., 2012). 

In this paper we present how to choose the best classifier, 
verify it, and then extract interesting association rules in medical 
database. For the purpose of this paper we use voice disorders 
database, which data was collected among academic staff. The 
occupational voice diseases are chronic diseases that are directly 
related to the profession and working conditions. In the case 
of vocal organ teacher, the diseases are the results of continuous 
voice strain. Increasingly, it takes into account also the psycho-
physical load occurring in their professional teacher as a risk 
factor increasing the likelihood of disease burden and vocal organ 
(Sliwinska-Kowalska et al., 2006). Therefore, it becomes extreme-
ly important to find such traits among patients which have 
the greatest impact on their recovery. 

2. MATERIAL AND METHODS 

Based on the survey of 240 people we built a database con-
sisting of 240 objects and 68 attributes. Data refers to issues 
related to fonoaudiology, speech therapy and voice diseases. This 
database has been prepared in the extension .arff, which is ac-
cepted by Weka 3.6.11. There are 68 original classification attrib-
utes including age, place of residence, workplace, frequency 
of voice work, frequency of clinical control, surgical treatments, 
smoking and other features important from the point of view 
of fonoaudiology. 

In this work (for testing and verification) we use Weka inter-
face (Wakaito Environment for Knowledge Analysis), developed 
at University of Wakaito, New Zealand. It is a collection of ma-
chine learning algorithms for data mining tasks. Weka supports 
several standard data mining tasks, more specifically, data pre-
processing, clustering, classification, regression, visualization, and 
feature selection. All techniques of Weka software are predicated 
on the assumption that the data is available as a single flat file 
or relation, where each data point is described by a fixed number 
of attributes (numeric, normally, or nominal attributes, but some 
other types of attributes are also supported by this software). 

This software has many important advantages, so that we use 
it in our work: 

 it is fully implemented in the Java programming language, 
therefore runs on almost any architecture; 

 it is easy to use due to its graphical user interface; 

 it is a huge collection of data preprocessing and modeling 
techniques.  

2.1. Classification 

First we focus on finding the best classification algorithm for 
given database. The classifier is an algorithm that implements 

mailto:a.kasperczuk@doktoranci.pb.edu.pl
mailto:a.dardzinska@pb.edu.pl
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classification, especially in a concrete implementation. We use for 
this classification – model finding process that is used for portition-
ing data into different classes according to some initial assump-
tions. In other words, we can say that classification is the process 
of generalizing the data according to different instances. There 
are many different classifiers and many different types of dataset 
resulting in difficulty in knowing which will perform most effectively 
in any given case. It is already widely known that some classifiers 
perform better than others on different datasets. It is always pos-
sible that another classifier may work better. To decide which 
classifier will work the best for a given dataset there are two op-
tions. First is to put all the trust in an expert’s opinion based on 
knowledge and experience. Second is to run through every possi-
ble classifier that could work on the dataset, identifying rationally 
the one which presents the best results (Cheng, Greiner, 2001; 
Dardzinska, 2013). 

Classification is a data mining algorithm that creates a step-
by-step guide for how to determine the output of a new data in-
stance. It is the process of finding a set of models that differentiate 
data classes and concepts. We used it to predict group member-
ships for data instances. In first step we describe a set of prede-
termined classes. Each tuple is assumed to belong to a prede-
fined class as determined by class label attribute, the set of tuples 
are used for model construction, called training sets. The model is 
represented as classification rules, decision trees or mathematical 
formulas. Model usage that is used for classifying future data 
trends and unknown objects. It estimates the accuracy of the 
constructed model by using certain test cases. Test sets are 
always independent of the training sets (Dardzinska, 2013; Fraw-
ley et al., 1991). 

In Weka we have three basic steps for classification: 

 preparing the data; 

 choose classify and apply algorithm; 

 analyze the result or output. 

Tab.1. Classification attributes 

Attribute Value 

Smoke {0-never, 1-no, but I used, 2-yes} 

Allergy {no, yes} 

Thyroid_disease {no, yes} 

Reflux {no, yes} 

Horm_disorders (hormonal 
dosorders) 

{no, yes} 

Reflux_treat (reflux tratment) {no, yes} 

Cons_therapy (conservative 
therapy) 

{no, yes} 

Voice_rehabilitation {0 -never, 1-once, 2-few times} 

Laring_surgery (larynx  
surgery) 

{no, yes} 

Infection_resp (upper 
respiratory tract infections) 

{no, yes} 

In the following subsections we discussed various classifica-
tion algorithms, which we used in our work (Thair, 2009). 

J48 is a popular machine learning algorithm based upon J.R. 
Quilan C4.5 algorithm. All data are of the categorical type and 
therefore continuous data will not be examined at this stage. The 
algorithm will however leave room for adaption to include this 

capability. The algorithm was  tested against C4.5 for verification 
purposes (Freund, 1999; Ras and Dardzinska, 2011). 

Multilayer Perception (MLP) is a network, which can be built 
step by step by user, created by an algorithm or both. The net-
work can also be monitored and modified during the whole train-
ing time. The nodes in this network are all sigmoid (except for 
when the class is numeric, when the output nodes become 
threshold linear units). 

Naive Bayes is a numeric estimator, where precision values 
are chosen based on analysis of the training set. This classifier 
will use a default precision of 0.1 for numeric attributes when built 
classifier is called with zero training instances (Bouckaert, 2004). 

Based on the knowledge of voice hygiene and factors affect-
ing the occurrence of voice diseases, we chose the class attrib-
utes of classification (Tab.1). 

2.2. Association rules 

Let us assume that S = (X, A, V) is an information system, 
where (Agrawal and Srikant, 1993; Dardzinska, 2013): 

 𝑋 is a nonempty, finite set of objects; 

 𝐴 is a nonempty, finite set of attributes; 

 𝑉 is a set of all attributes values. 

Then, a ∶  X → Va is a function for any a ∈  A, that returns 
the value of the attribute of a given object. The attributes are 

divided into three different categories: set of stable attributes A1 
(the values of such attributes cannot be changed in time), set 
of flexible attributes A2 and set od decision attributes D (in both of 

them the values of attributes can change), such that A = A1 ∪
A2 ∪ D (Han et al., 2000; Pauk and Dardzinska, 2012).  

Tab.2. Information System 

 

Object 

Stable attributes 𝑨𝟏 Flexible attributes 𝑨𝟐 

Attribute 𝒂 Attribute 𝒃 Attribute 𝒄 

𝑥1 𝑎1 𝑏1 𝐿 

𝑥2 𝑎1 𝑏2 𝐿 

𝑥3 𝑎1 𝑏3 𝐻 

𝑥4 𝑎2 𝑏3 𝐻 

𝑥5 𝑎2 𝑏2 𝐿 

𝑥6 𝑎2 𝑏3 𝐿 

Example of the information system S =  (X, A, V) is present-
ed in Tab.2. The set of objects consists of six elements X =
{x1, x2, x3, x4, x5, x6}. The set of attributes consists of two sub-

sets A1, A2, where A1 includes stable attributes {a}, and A2 is a 

set with only flexible attributes {b, c}.  The domain of attribute a 
consists of two values {a1, a2}, attribute b can reach three val-

ues {b1, b2, b3}, while the attribute c has two different values 
{L, H} (Agrawal and Srikant, 1993; Dardzinska and Ras, 2003). 

Information systems can be also seen as decision tables. 
In Tab. 3 we have decision System S = (X, A, V ∪ {d}), with one 

stable attribute a, two flexible attributes b and c and the decision 

attribute d. “Place of birth” is an example of a stable attribute. 
“Blood pressure” or “Glucose level” of diagnosed patient is an 
example of a flexible attribute. “Operation”, “Hospitalization”, 
“Medical Treatement” are the examples of decision attributes 
values. 
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Tab.3. Decision System 

Object Atribute 

𝒂 

Attribute 

𝒃 

Attribute 

𝒄 

Decision 

𝒅 

𝑥1 𝑎1 𝑏1 𝐿 + 

𝑥2 𝑎1 𝑏2 𝐿 + 

𝑥3 𝑎1 𝑏3 𝐻 - 

𝑥4 𝑎2 𝑏3 𝐻 + 

𝑥5 𝑎2 𝑏2 𝐿 - 

𝑥6 𝑎2 𝑏3 𝐿 + 

Extracting association is one of the most important data min-
ing tasks, which works on the principle of association rules be-
tween items that are significant in the database. Obtained results 
form the basis for decision-making and forecasting, which is un-
doubtedly a great advantage of the described method (Dardzinska 
and Romaniuk, 2015a; Ras et al., 2008). First, each set of items 
is called an itemset, if the support for the set is higher than 
a minimum threshold of support (Bouckaert, 2004; Ras and Joshi, 
1997). Next we generate rules. To confirm the rule, for example 
X → Y, where X and Y are itemsets, the support and the confi-
dence of the rule are calculated in a standard way, i.e. by the 
support of the rule we mean the number of objects in information 
system S satisfying X ∩ Y (number of transactions that contain 

both X and Y) sup(r) = card(X ∩ Y), while the confidence 

is the ratio between the number of objects satisfying X ∩ Y and 

the number of objects saisfying X: conf(r) =
card(X∩Y)

cardX)
  (Dar-

dzinska and Romaniuk, 2015b; Deogun, et al., 1994; Han 
and Kamber, 2006). The rule with support and confidence above 
the minimum thresholds (given at the begining by the user) is the 
rule which should be added to the knowledge base (Dardzinska 
and Romaniuk, 2015b).  

3. RESULTS AND DISCUSSION 

We adapted the data prepared in the form of surveys and pre-
pared them in the form of a database. Further, the data is saved 

with extension ARFF (Attribute Relation File Format) format to 
process in WEKA.  

Then we start with the Weka tool use the explorer application 
and select the preprocess button followed by this open the result 
analysis data set. After that we can choose filter, which can be 
used to transform the data from one format to other e.g. numeric 
attributes into discrete ones. It is also possible to delete instances 
and attributes according to specific criteria on the preprocess 
screen. 

3.1. Mining classification rules 

To find the best classifier we should pay attention to the fol-
lowing parameters we receive in output (Bouckaert, 2004; Han et 
al., 2000): 

 TP Rate - rate of true positives (instances correctly classified 
as a given class); 

 FP Rate - rate of false positives (instances falsely classified 
as a given class); 

 Precision - proportion of instances that are truly of a class 
divided by the total instances classified as that clases; 

 Recall - proportion of instances classified as a given class 
divided by the actual total in that class (equivalent to TP rate); 

 F-Measure - general indicator of quality of the model; 

 ROC Curve (ROC Area) - a graphical plot that illustrates the 
performance of a binary classifier system as its discrimination 
threshold is varied. The accuracy of the test depends on how 
well the test separates the group being tested into those with 
and without the disease in question. Accuracy is measured by 
the area under the ROC curve; 

 Kappa Statistic - it is a measure of conformity between the 
proposed allocation instance of the class and the actual, 
which is about the overall accuracy of the model; 

 Number of correctly classified instances. 
As part of the development of data we compared the individu-

al parameters for each classifier. The results are presented 
in Tab. 4, Tab. 3, Fig. 1 and Fig. 2. 

Tab.4. WEKA results for Recall, F-Measure, Precison 

 

Recall F-Measure Precision 

J48 NaiveBayes MLP J48 NaiveBayes MLP J48 NaiveBayes MLP 

Smoke 0.987 0.992 1 0.987 0.991 1 0.988 0.992 1 

Allergy 0.983 0.936 1 0.983 0.937 1 0.983 0.939 1 

Thyroid_disease 0.992 0.949 1 0.992 0.97 1 0.992 0.97 1 

Reflux 0.966 0.97 1 0.963 0.951 1 0.967 0.954 1 

HORM_DISORDES 0.987 1 1 0.987 1 1 0.987 1 1 

REFLUX_TREAT 1 1 1 1 1 1 1 1 1 

CONS_THERAPY 0.966 0.905 1 0.965 0.906 1 0.965 0.908 1 

INFECTION_RESP 0.97 0.894 1 0.97 0.896 1 0.971 0.901 1 

VOICE_REHABILITATION 0.992 0.907 1 0.991 0.912 1 0.992 0.935 1 

THYROID_SURGERY 0.979 0.967 1 0.977 0.97 1 0.98 0.978 1 

LARING_SURGERY 0.996 0.983 1 0.996 0.984 1 0.996 0.986 1 
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Fig.1. WEKA results for Recall, F-Measure, Precision 

If we compare the Precision parameter, it can be noticed that 
in most cases the values are also the highest for the algorithm 
MLP (Fig. 1). The highest value (close to 1) indicate a good classi-
fier. However, it should be noted that for some attributes, such us: 
Smoke, Allergy, Reflux, we have similar value for all examined 
classifiers (Tab. 4). 

The chart for Recall (Fig. 1) shows that the highest values, 
close to 1, we calculated for Multilayer Perception algorithm. For 
every choosen attribute this value is equal to 1 (Tab. 4). In this 
case we calculated, that the worse algorithm is Naïve Bayes, 
because of low values of the proportion of instances classified. 

The same situation we have for value of F-Measure. For every 
classification attribute the value is close to 1 (Tab. 4). It proves the 
high quality of the generated model. 

When we describe the quality of the generated model 
of a classification, it is important to turn attention into two parame-
ters: Kappa Statistic and number of correctly classified instances. 
For J48 algorithm we received the average score 0.92, which 
is a satisfying result. The Multilayer Perception algorithm give us 
the value of Kappa Statistic equal to 1. It indicates very high quali-
ty. For Naïve Bayes we got the lowest values among the consid-
ered classifiers. For properly classified instances distribution 
is similar. The value of Kappa Statistic for MLP is equal to 1 and 
the number of correctly classified instances was 100%.  

We got high dispersion of results for the ROC Area (Fig. 2). 
We note that values for J48 and MLP are similar and ranges from 
0.883 to 1 (Tab. 5). The largest value equal to 1 has occurred for 
Multilayer Perception, which is why it can be expected as the best 
classifier.

Tab.5. WEKA results for TP Rate, FP Rate, ROC Area 

 
TP Rate FP Rate ROC Area 

 
J48 NaiveBayes MLP J48 NaiveBayes MLP J48 NaiveBayes MLP 

Smoke 0.987 0.992 1 0.031 0.021 0 0.996 0.994 1 

Allergy 0.983 0.936 1 0.046 0.073 0 0.987 0.97 0.974 

Thyroid_disease 0.992 0.97 1 0.047 0.119 0 0.952 0.925 0.965 

Reflux 0.966 0.949 1 0.299 0.154 0 0.863 0.993 0.989 

HORM_DISORDES 0.987 1 1 0.137 0 0 0.882 0.953 0.916 

REFLUX_TREAT 1 1 1 0 0 0 0.96 0.981 0.876 

CONS_THERAPY 0.966 0.905 1 0.054 0.104 0 0.948 0.953 1 

INFECTION_RESP 0.97 0.894 1 0.105 0.154 0 0.984 0.94 0.995 

VOICE_REHABILITATION 0.992 0.907 1 0.027 0.015 0 0.996 0.983 1 

THYROID_SURGERY 0.979 0.967 1 0.292 0.002 0 0.932 0.996 1 

LARING_SURGERY 0.996 0.983 1 0.046 0.002 0 1 1 1 
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Fig.2. WEKA results for TP Rate, FP Rate, ROC Area 

It can be seen that the value of TP Rate is the best for Multi-
player Perception (Fig. 2). For every attribute this value is close to 
1, which is a very good result. Not so impressive results we re-
ceived for Naïve Bayes classifier (Tab. 5). 

For the best classification algorithm value of FP Rate is close 
to 0. In this case the best results we calculated also for Multilayer 
Perception (Fig. 2). For the majority of selected attributes classify-
ing this value amounted to 0, which indicates a very good operat-
ing algorithm. 

The results indicate, that the MLP is the best performing clas-
sifier for considered voice disorders database. 

3.2. Association rules 

Based on the survey of 60 people we built a database consist-
ing of 60 objects and 68 attributes. The data refer to issues relat-
ed to fonoaudiology. speech therapy and voice diseases. This 
database has been prepared in the extension .arff. which is ac-
cepted by the installation program. Weka. We use the Apriori 
Algorithm and we want to find the association rules in our data-
base.  

For the purposes of analysis the following values:  

 minimum support: 0.9 (54 instances); 

 minimum metric <confidence>: 0.9. 
are taking into consideration. 

During the analysis several interesting association rules were 
obtained. Some ot them are given below: 
1. REFLUX_TREAT=no, 57==>ASTHMA=no, 57 conf:(1) 
2. VOICE_PER=2,REFLUX_TREAT=no,55==>ASTHMA=no,55

          conf:(1) 
3. HORM_DISORDES=no,54==>ASTHMA=no,54     conf:(1) 
4. EDU=2,REFLUX_TREAT=no,54==>ASTHMA=no,54 conf:(1) 
5. EDU=2,57==>ASTHMA=no,56                conf:(0.98) 
6. VOICE_PER=2,57==>ASTHMA=no,56               conf:(0.98) 
7. THYROID_SURGERY=no,56==>ASTHMA=no,55  conf:(0.98) 
8. VOICE_PER=2,ASTHMA=no,56 ==>REFLUX_TREAT=no,55     

          conf:(0.98) 
9. GENDER=K,55==>ASTHMA=no,54               conf:(0.98) 
10. LARYNG_SURGERY=no,55==>ASTHMA=no,54    conf:(0.98) 

These are the best rules extracted from given data. All of them 
have the support and the confidence above given minimal thresh-
olds. The attributes forming these rules are described below. 
Others, with the support below the minimal value (given by the 
user and consulted with the expert) are passed over.  

@attribute 'REFLUX_TREAT’  {'no', 'yes'} 
@attribute 'ASTHMA'  {'no', 'yes'} 
@attribute 'VOICE_PER'  {'0','1','2'}  

 0-(0-2y), 1-(2-10 y), 2-(> 10 y) 
@attribute 'HORM_DISORDES’ {'no', 'yes'}  
@attribute 'EDU'   {'0','1','2'}    

0-primary, 1-secondary, 2-higher 
@attribute 'THYROID_SURGERY' {'no', 'yes'} 
@attribute 'GENDER’  {'K', 'M'} 
@attribute 'LARYNG_SURGERY' {'no', 'yes'} 
@attribute 'EDU'   {'0','1','2'}    

0-primary, 1-secondary, 2-higher 
@attribute 'THYROID_SURGERY' {'no', 'yes'} 
@attribute 'GENDER'  {'K', 'M'} 
@attribute 'LARYNG_SURGERY' {'no', 'yes'} 

4. CONCLUSION 

In this paper we propose method to find the best classifier and 
association rules in voice disorders database using WEKA meth-
ods. The voice disorders database was collected among academ-
ic professionals. The occupational diseases are chronic diseases 
that are directly related to the profession and working conditions. 
In the case of vocal organ teacher, these diseases are the result 
of continuous voice strain. It becomes important to find such traits 
among patients have the greatest impact on their recovery. The 
obtained results are interesting, however we will wish on finding 
new algorithm which will be more useful in people with voice 
disorders treatment. 
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Abstract: The study summarises the results of quasi-static experimental tests of an MR squeeze-mode damper prototype (MRSQD) performed 
at the MTS testing machine. Of particular interests was the influence of MR fluid clumping behaviour in the MRSQD working gap on the 
force output of the device. The MRSQD tests were assessed by measuring the damping force output at prescribed sinusoidal displacement 
inputs and at various (fixed) voltage levels resulting in the respective average current levels in the control coil. The influence of piston position offset 
on the damping force was also investigated. The collected data were shown in the form of damping force time histories and damping force-piston 
displacements loops and discussed with respect to MR fluid clumping behaviour. 
 

Key words: MR Fluid, Squeeze Mode, Damper, Clumping Behaviour

1. INTRODUCTION 

In consideration of the manner in which the material is utilized 
in a controllable device, MR fluid-based hardware is separated 
into following categories: flow (valve) mode, direct shear (clutch) 
mode, squeeze mode and gradient pinch mode. To date  only the 
flow mode- and shear mode devices have been commercialized.  
No squeeze mode-hardware has been reported beyond the aca-
demia so far with the exception given in (Kim, 2014). 

In squeeze mode-devices the flow channel height varies in the 
direction parallel to that of the magnetic field. As the distance 
between the opposing surfaces changes, the MR fluid is 
squeezed out and  into the flow channel (Fig.1). In this mode, MR 
fluids can generate a large range of controllable force in enve-
lopes that can only accommodate small strokes – stresses ap-
proach 100-150kPa with displacements of the order of several 
millimeters. This fact indicates the potential applications of MR 
fluids. 

 
Fig. 1. MR fluid in squeeze mode 

A very interesting aspect of the squeeze mode is the clumping 
phenomenon. How to minimise the effect of clumping behaviour is 
still a challenging problem. Research data reported so far reveal  
that if the same test is repeated without mixing the MR fluid, a 
progressively increasing force will be developed in consecutive 
test runs. This behaviour is suspected to be due to particle aggre-

gation in MR fluid during squeeze process. As the MR fluid is to 
be squeezed, iron particles are trapped in the magnetic field in the 
gap while the carrier fluid is radially flowing  outward. This causes 
iron particles to form aggregates in the gap and separate from the 
carrier fluid, and this effect is intensified after each test repeat 
(see Fig. 2).  

Farjud et al. (2011a) proposed the definition to quantify clump-
ing behaviour and revealed that the effect of clumping can be 
greatly reduced by a magnetic dither during piston return that can 
help the clumped particles re-disperse in the MR fluid. The reduc-
tion of clumping effect is because during piston return the dither 
can cause the iron particles to escape aggregates and for new 
chains. 

 

Fig. 2. Illustration of MR fluid clumping behaviour 

The flow and direct shear modes abound in reports in the lit-
erature whilst there is little published data relating to the squeeze 
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mode. As regards the pinch mode,  there are reports of  few stud-
ies. Because many properties of MR fluids in the squeeze mode 
are still unknown, this mode has recently received recently a great 
deal of attention and still poses a major challenge to researchers. 
The studies exploring MR fluids in the squeeze mode and the 
involved phenomena are but a few. For example, (Mazlan et al., 
2007; Farjoud at al., 2009a, b) revealed that MR fluids can provide 
a much larger range of controllable force in small operational 
envelopes compared to flow and direct shear modes. Systematic 
investigation of MR fluids reported in squeeze mode research 
described in (Mazlan et al., 2012) showed that the fluids experi-
enced rheological changes in three stages during compression 
and tension and that fluid-particles separation phenomenon was 
the main cause of the unique behaviour of MR fluids. (Horak, 
2013) showed that in the presence of a magnetic field, iron parti-
cles are arranged in column-like chain structures which get de-
formed due to compression and the MR fluid provides increased 
resistance to compressive loading and its yield stress tends to 
increase. Guo et al., (2013) studied compression behaviour of MR 
fluids under nonuniform magnetic field and showed that there 
exists a magnetic-field gradient-induced normal force when com-
pared to the uniform field. 

As regards the MR squeeze-mode dampers, one of the first 
major contribution was an MR semi-active damper (Jolly et al., 
1996). Another attempt was a dual-coil mixed-mode damper 
which utilized shear and squeeze mode (Manecke et al., 2006). 
(Mazlan, 2008) examined  the behavior of water-based MR fluids 
and hydrocarbon oil based MR fluids under compressive and 
tensile loads. (Farjoud et al., 2009) tested a squeeze-mode rhe-
ometer and provided a non-dimensional model which was validat-
ed experimentally. The same author(s) revealed a squeeze-mode 
damper prototype and developed a mathematical model of the 
damper suitable for design and engineering studies (Farjoud 
et al., 2011a; Farjoud, 2011b; Zhang et al., 2011). Gołdasz 
and Sapiński (2011) provided a numerical study in which 
a squeeze-mode mount was subjected to sweep-sine displace-
ment inputs and characterized the mount model in terms of dy-
namic stiffness and damping vs. frequency. Gong et al. (2014) 
tested a dual-cavity high-force damper subjected to sinusoidal 
displacement inputs and fixed coil currents. The most recent study 
(Sapiński and Gołdasz, 2015) summarises the results of an MR 
damper prototype development and performance evaluation 
study. 

The objective of the study was to analyse MR fluid clumping 
behaviour in the MRSQD in quasi-static states. For this purpose 
the device was tested in the MTS testing machine under prede-
termined sinusoidal displacement inputs and at various (fixed) 
voltage levels resulting in the respective average current levels 
in the control coil.  Influence of piston position offset on the damp-
ing force was also investigated. The MR fluid clumping behaviour 
was discussed basing on the determined performance figures of 
the MRSQD (force time histories and force-piston displacement 
loops). 

The paper is organized as follows. Section 1 outlines state-of-
the art. solutions in the field of squeeze mode of MR fluids, MR 
fluid-based hardware and clumping phenomenon of MR fluids. 
Section 2 summarises the structure and operation principle of the 
MRSQD. Section 3 discusses experimental results of the device in 
the context of MR fluid clumping behaviour. The final conclusions 
are given in Section 4. 

2. MR SQUEEZE-MODE DAMPER 

A schematic diagram of the MRSQD is shown Fig. 3. The nu-
meric symbols in the figure indicate all key components  
of the MRSQD (1-8) and the key highlights materials used 
for manufacturing of the device. The hardware features two con-
centric cylinders (1, 2). The inner non-magnetic cylinder (2) hous-
es the piston (3), the core assembly (4), and the floating piston 
(5). The core assembly incorporates the coil (6). The outer cylin-
der (1) is made of a  ferromagnetic material. The distance be-
tween the lower surface of the piston and the upper surface of the 
core is referred to as the working gap of time-varying height. 
The distance between the piston and the core varies according 
to the prescribed displacement (force) input (along the vertical  
z-axis). The floating piston below the core assembly separates the 
MR fluid from the coil spring located in the compensating chamber 
below the floating piston (5). The chamber incorporates a pre-
loaded spring system (not shown in Fig. 2) for fluid volume com-
pensation. Alternatively, the compensating chamber could be filled 
in with pressurized gas. The choice of the coil spring was due to 
convenience. The current in the control coil induces a magnetic 
field of the strength H. The magnetic flux  generated by the cur-
rent in the control coil (6) travels through the core and into the 
control gap, the outer cylinder, and back into the core through 
radially projected arms in the core base. The inner cylinder (2) 
of sufficient wall thickness is used to reduce the amount of mag-
netic flux bypassing the control gap, i.e. magnetic short circuit. All 
of the components ensure an efficient magnetic flux return path. 

 
Fig. 3. Schematic diagram of the MRSQD 

The flux induced in the working gap upon the application 
of the coil current effectively modifies the yield stress of the fluid, 
and its resistance to flow. As the piston moves downward, the 
distance between the core and the piston decreases. The excess 
of MR fluid is squeezed out of the working gap into the fluid  
volume between the inner cylinder and the outer housing of the 
MRSQD, and then into the compensating chamber. The additional 
fluid volume that enters the compensating chamber pushes  
the floating piston against the coil spring. The structure incorpo-
rates a non-magnetic ring (7), whereas the base cap (8) is used 
for fixing the assembly against the ground. The outer cylinder 
length is 133 mm and the diameter is 102 mm. The MR fluid type 
employed in the MRSQD is BASF Basonetic 4035 (Kieburg, 2010) 
with the volume of 110 ml. 
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3. EXPERIMENTS 

The MRSQD was tested in a MTS 810 machine driven by  
a FlexTest SE type controller (Fig. 4). The displacement  
of the piston was measured using a LVDT type sensor, whereas 
the force output of was read out by the force sensor).  

 
Fig. 4. MRSQD ready for tests 

Experimental tests were performed to investigate the influence 
of the parameters of the sine piston displacement input (amplitude A 

and frequency f ), the current level in the control coil I and piston offset 
x0 on the force generated by the device and to obtain the force vs 
time and force vs force displacement plots. The experiment involved 
two stages. In the first stage the piston was displaced with respect to 
its midpoint position x0=0 mm, and in the stage – with respect to the 
piston position shifted downwards x0=1.44 mm (Fig. 5).  

 
Fig. 5. Illustration of sinusoidal displacement of the piston in the gap 

The device testing was assessed by measuring the force output 
at prescribed sinusoidal displacement inputs x(t)= x0 + A∙sin(2πft) 
at various (fixed) voltage levels resulting in the average coil current 
level I : 0, 1, 2 and 3 A, respectively. For the purpose of experiments 
the data were collected within the range of frequency f (1, 10) Hz with 
the step 1 Hz and for the following displacement amplitude A: 0.72, 
1.44 and 2.88 mm, respectively. The effect of piston position offset on 
the damping force waveform was investigated, too. In the tested 
MRSQD the maximum gap height hmax was equal to 6.76 mm, and 
displacement input amplitude range was limited up to A=2.88 mm in 

order to preserve a minimum gap of 0.5 mm on either side of the 
piston, i.e. between the lower surface of the piston and the upper 
surface of the core on one side and between the piston and the stop 
position on the other. Throughout the tests at room temperature 
of 25°C the signal sampling frequency was 1 kHz. 

Selected tests results are depicted in Fig. 6-11, plotting force time 
histories in the range (1, 10) s and force-displacement loops regis-
tered in 2-nd test cycle, and 8-th test cycle of the piston motion. 

In Figs 6‐9 x0=0 mm while in Fig. 10 and 11, x0=1.44 mm.  Plots 
in Fig. 6 and 7 compare force time histories and force-displacement 
loops for current level 1 A and 3 A, and displacement input with ampli-
tude A=2.88 mm, and frequency 1 Hz and 4 Hz. It is apparent that the 
when the  current is higher, the  damping force gets higher, too. 
It should be noted that critical value of force measured by the force 
sensor was adjusted to be  5000  N. Since the damping force reaches 
this value in the 4-th test cycle, the force-displacement loop in this 
case is represented by a “point” with force value of about 3900 N and 
position of z=2.88 mm. In this case the minimal height of the 
squeezed layer of MR fluid is 0.5 mm. A similar tendency is revealed 
in plots shown  in Fig. 8 and 9, though in these case the damping 
force value  5000 N is not exceeded. This is so because the  ampli-
tude is  A=1.44 mm, i.e. two times smaller. In this case the minimal 
height of the squeezed layer of MR fluid is 1.94 mm. It appears that 
for such piston displacement amplitude and current levels in the 
control coils, the influence of frequency on the damping force is rather 
minor. Plots in Fig. 10 and 11 present force time histories and force-
displacement loops at piston position offset x0=1.44 mm for current 
level 1 A and 3 A, displacement inputs with amplitude A=1.44 mm, 
frequency 1 Hz and 4 Hz. Note that in this case, the amplitude 
of displacement is the same as in case shown in Fig. 8 and 9. Com-
paring the plots in those figures, it is apparent that the influence of the 
piston position offset on the damper force is rather minor. Of particular 
importance are force-displacement loops in Fig. 10b. The actual 
shape of these plots is associated with the restriction of the damping 
force measured by the  force sensor (similar case to that depicted 
in Fig. 6b, see the plot of the 8-th test cycle). 

The presented plots clearly reveal a lack of symmetry - the force 
values are lower when the piston moves upwards than during its 
downward movement. When analysing force time histories in each 
test an increase of the damping force is observed with each cycle of 
the piston movement. This is caused by the clumping behavior of MR 
fluid in the working gap. When comparing the plots through Fig 6a, 8a 
to 10a, it is apparent that at the assumed current level in the control 
coil (I=1 A), the lower height of MR fluid squeezed, the higher damp-
ing force. Moreover, in the assumed time range the damping force 
does not reach steady state value. Similar situation refers to the plots 
in Fig. 6b and 8b  (then I=3 A) but then the damping force reaches 
higher values due to the higher level of the current in the control coil. 
The plots in Fig. 7a and 9a show that at the assumed frequency 
displacement input ( f =4 Hz), the damping force achieves steady 
state value the contrary to the situation presented in Fig. 6a and 8a 
(then f =1 Hz). 
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Fig. 6. Force vs. time and force vs. piston displacement; A=2.88 mm,  

f=1 Hz: a) I=1.0 A, b) I=3.0 A 

 

 

 

 
Fig. 7. Force vs. time and force vs. piston displacement; A=2.88 mm,  

f=4 Hz: a) I=1.0 A, b) I=3.0 A 
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Fig. 8. Force vs. time and force vs. piston displacement; A=1.44 mm,  

f=1 Hz: a) I=1.0 A, b) I=3 .0 A 

 

 

 

 

Fig. 9. Force vs. time and force vs. piston displacement; A=1.44 mm,  

f=4 Hz: a) I=1.0 A, b) I=3.0 A 
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Fig. 10. Force time history and force vs. piston displacements;  
A=1.44 mm, f=1 Hz, x0=1.44 mm: a) I=1.0 A, b) I=3.0 A 

 

 

 

 

Fig. 11. Force time history and force vs. piston displacements;  
A=1.44 mm, f=4 Hz, x0=1.44 mm: a) I=1.0 A, b) I=3 A 
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4. SUMMARY 

The paper summarises the results of quasi-static experimental 
testing of an MRSQD, with the focus on MR fluid clumping behaviour 
in the working gap. The influence of displacement inputs’ parameters 
(amplitude and frequency), current level in the control coil and piston 
position offset on the damping force output of the device was also 
investigated. The acquired data are presented in the form of damping 
force time histories and damping force-piston displacements loops.  

The discussion of the results lead us to the following conclusions: 

 plots of damping force time histories and damping force-piston 
displacement loops are not symmetrical, 

 the influence of current in the control coil is signifficant, the higher 
the current level, the higher the damping force, 

 the influence of piston velocity (amplitude and/or frequency 
of displacement input) and similarly piston position offset on the 
damping force is rather small, 

 in each test a significant increase of the damping force 
is observed with each cycle of the piston movement, which is 
associated with the clumping behavior of MR fluid in the gap, 
Further research efforts will be focused on investigation the influ-

ence of magnetic signal dither to reducing the clumping effect in the 
device. 
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ABSTRACTS 

Łukasz Jastrzębski, Bogdan Sapiński 
Electrical Interface for a Self-Powered MR Damper-Based Vibration Reduction System 

The study investigates the behaviour of an electrical interface  incorporated in a MR damper-based vibration reduction system powered  
with energy recovered from vibration. The interface, comprising the R, L and C elements, is connected in between the coil in an electromagnetic 
electric generator and the control coil in the MR damper and its function is to convert the output voltage from the generator. The interface model 
was formulated and computer simulations were performed to find out how the parameters of the interface should influence the frequency  
responses of the vibration reduction system. 

Marek Jałbrzykowski 
Selected Issues Concerning Degradation of Material in the Production of Injection Molded Plastic Components 

This paper presents the problem of thermal degradation of thermoplastic materials processed using the injection method. Attention was paid  
to the issue of the optimal selection of a dye for modifying the base materials. For the selected materials and dyes, derivatograph tests  
were performed in order to assess their thermal characteristics and breakdown kinetics. Additionally, tribological tests and microscope  
observations of selected samples were performed. The obtained test results suggest a diverse level of thermal processes in the analyzed  
materials. This is crucial for the appropriate selection of dyes for plastic materials. As it turned out, the tribological properties of materials can also 
influence the technological quality of the injected alloy. 

Iryna Rakocha, Vasyl Popovych 
The Mathematical Modelling and Investigation of the Thermoelastic State of the Three-Ply Thermosensitive Hollow Cylinder 

Stationary temperature distribution in a three-layer infinite hollow cylinder based on the thermosensitive body model was determined.  
The cylinder is subjected to the steady temperature on the inner surface and on the outer one is present the convective heat exchange.  
In the second layer exist heat sources with parabolic dependence on radial coordinate. The components of the thermostressed state have been 
found. The influence of the temperature dependence of the thermal and mechanical components characteristics of materials on the temperature 
distribution has been investigated. 

Emil Evin, Miroslav Tomáš, Marek Výrostek 
Laser-Beam Welding Impact on the Deformation Properties of Stainless Steels When Used for Automotive Applications 

Materials other than standard and advanced high strength steels are remarkable for the thin-walled structures of the car-body in recent years  
in order to safety enhancement, weight and emission reduction, corrosion resistance improvement. Thus, there are presented in the paper  
the deformation properties of laser welded austenitic AISI 304 and ferritic AISI 430 stainless steels compared to these one measured for the high 
strength low alloyed steel H220PD. The properties were researched by tensile test and 3-point bending test with fixed ends on specimens made 
of basic material and laser welded one. The specimens were welded by solid state fiber laser YLS-5000 in longitudinal direction (the load  
direction). The deformation properties such as strength, stiffness and deformation work were evaluated and compared. The strength and stiffness 
were calculated from tensile test results and the deformation work was calculated from both, tensile test and 3-point bending test results.  
There has been found only minor effect of laser welding to the deformation properties for high strength low alloyed steel H220PD and austenitic 
stainless steel AISI 304. Otherwise, the laser welding strongly influenced the deformation work of the ferritic stainless steel AISI 430  
as well as the elongation at tensile test. 

Krystyna Romaniak 
Identifying the Isomorphism of Kinematic Chains 

Identification of isomorphic kinematic chains is one of the key issues in researching the structure of mechanisms. As a result the structures  
which duplicate are eliminated and further research is carried out on kinematic chains that do not duplicate. This dilemma has been taken up  
by many scholars who have come up with a variety of ideas how to solve it. The review of the methods for identifying the isomorphism  
of kinematic chains suggested by researchers is contained in this study, including Hamming Number Technique, eigenvalues and eigenvectors, 
perimeter graphs, dividing and matching vertices.  The spectrum of methods applied to the issue of identifying the isomorphism of mechanisms 
reflects the researchers’ efforts to obtain a precise result in the shortest time possible. 

Robert Pała, Ihor Dzioba 
Analysis of Stress Distribution in front of the Crack Tip in the Elements of Modified and Unmodified Cast Steel G17CrMo5-5 

The article presents influence of modification of the low-alloy cast steel G17CrMo5-5 by rare earth metals on stress distribution  
in front of the crack at the initial moment of the crack extension. Experimental studies include determination of strength and fracture toughness 
characteristics for unmodified (UM) and modified (M) cast steel. In the numerical computations, experimentally tested specimens SEN(B)  
were modelled. The true stress–strain curves for the UM and M cast steel are used in the calculation. The stress distributions in front of the crack 
were calculated at the initial moment of the crack extension. On the basis of data on the particle size inclusions in the UM and M cast steel,  
and the calculated stress distributions was performed an assessment of the possibility of the occurrence of cleavage fracture. The analysis  
results indicate that at room temperature for the UM cast steel, there is a possibility of cleavage fracture, while for the M cast steel occurrence  
of cleavage fracture is negligible. 
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Szymon Hernik 
Wear Resistance of Piston Sleeve Made of Layered Material Structure: MMC A356R, Anti-Abrasion Layer and FGM Interface 

The aim of this paper is the numerical analysis of the one of main part of car engine – piston sleeve. The first example is for piston sleeve made 
of metal matrix composite (MMC) A356R. The second improved material structure is layered. Both of them are comparison to the classical struc-
ture of piston sleeve made of Cr-Ni stainless steel. The layered material structure contains the anti-abrasion layer at the inner surface of piston 
sleeve, where the contact and friction is highest, FGM (functionally graded material) interface and the layer of virgin material on the outer surface 
made of A356R. The complex thermo-elastic model with Archard's condition as a wear law is proposed. The piston sleeve is modelling as a thin 
walled cylindrical axisymmetric shell. The coupled between the formulation of thermo-elasticity of cylindrical axisymmetric shell and the Archard’s 
law with functionally changes of local hardness is proposed. 

Magdalena Bucior, Lidia Gałda, Feliks Stachowicz, Władysław Zielecki 
The Effect of Technological Parameters on Intensity of Shot Peening Process of 51CrV4 Steel 

In the paper the effect of selected technological parameters of shot peening on process intensity of 51CrV4 steel was presented.  
The experiments were conducted according to statistical 3-level completed  plan PS/DC 32. Technological parameters were changed  
in the range: shot peening time t = 1-3 min and pressure p = 0.2-0.4 MPa. In the article the analysis of experiment reproducibility, impact parame-
ters significance and adequacy of equation were done. As the result of investigations the adequate equation was obtained describing the effect  
of technological parameters. Significant influence on process intensity was found in case of pressure and interaction of both analyzed technologi-
cal parameters. The biggest energy of stream shots was gained at the maximum pressure of 0.4 MPa and the shot peening time of 3 minutes.  
As the result of analysis according to  design of experiment (DOE) the adequate equation describing the dependencies between technological 
parameters and process intensity was found. 

Katarzyna Ciesielczyk, Katarzyna Rzeszut 
Local and Distortional Buckling of Axially Loaded Cold Rolled Sigma Profiles 

In this paper the local and distortional buckling analyses of axially loaded cold-rolled channel and sigma profiles were performed. The critical 
buckling load was computed by solving the linear eigenvalue problem for different numerical models using Finite Element Method and simplified 
formulas implemented in Eurocode and proposed by Hancock and Schafer. The buckling analyses were conducted to prove that the sigma cross-
section can be successfully replaced by channel cross-section with additional elastic supports placed in folds of the web. It was demonstrated 
that the folds in the web of the sigma cross-section (additional elastic supports) reduce the slenderness of the web. So, the critical distortional 
stress can be calculated based on analytical formulas derived for the channel cross-section taking into account the web height between the folds. 

Andrzej Borawski 
Suggested Research Method for Testing Selected Tribological Properties of Friction Components in Vehicle Braking Systems 

The braking system is one of the most important systems in any vehicle. Its proper functioning may determine the health and l ife the people  
inside the vehicle as well as other road users. Therefore, it is important that the parameters which characterise the functioning of brakes changed 
as little as possible throughout their lifespan. Multiple instances of heating and cooling of the working components of the brake system as well as 
the environment they work in may impact their tribological properties. This article describes a method of evaluating the coefficient of friction  
and the wear speed of abrasive wear of friction working components of brakes. The methodology was developed on the basis of Taguchi’s  
method of process optimization. 

Czesław Janusz Jermak, Mirosław Rucki 
Dynamics of the Non-Contact Roundness Measurement with Air Gages 

The paper presents the results of investigations on the air gages dynamic characteristics in the measurement of the round profiles of motor  
cylinders. The principle of the measuring device is explained, and the analysis of the air gages dynamics is described. The results of dynamic 
 calibration enabled to eliminate those configurations of air gages that may not meet the requirements of the measurement they were designed 
for. After the proper air gages were chosen, the entire system underwent the accuracy test and passed it successfully revealing the method  
accuracy better than 10% compared to the reference measurement. 

Anna Kasperczuk, Agnieszka Dardzińska 
Comparative Evaluation of the Different Data Mining Techniques Used for the Medical Database 

Data mining is the upcoming research area to solve various problems. Classification and finding association are two main steps in the field  
of data mining. In this paper, we use three classification algorithms: J48 (an open source Java implementation of C4.5 algorithm), Multilayer  
Perceptron - MLP (a modification of the standard linear perceptron) and Naïve Bayes  (based on Bayes rule and a set of conditional independ-
ence assumptions) of the Weka interface. These classifiers have been used to choose the best algorithm based on the conditions of the voice 
disorders database. To find association rules over transactional medical database first we use apriori algorithm for frequent item set mining. 
These two initial steps of analysis will help to create the medical knowledgebase. The ultimate goal is to build a model, which can improve  
the way to read and interpret the existing data in medical database and future data as well. 

Bogdan Sapiński 
Observations of MR Fluid Clumping Behaviour in a Squeeze-Mode Damper 

The study summarises the results of quasi-static experimental tests of an MR squeeze-mode damper prototype (MRSQD) performed at the MTS 
testing machine. Of particular interests was the influence of MR fluid clumping behaviour in the MRSQD working gap on the force output  
of the device. The MRSQD tests were assessed by measuring the damping force output at prescribed sinusoidal displacement inputs and at var-
ious (fixed) voltage levels resulting in the respective average current levels in the control coil. The influence of piston position offset on the damp-
ing force was also investigated. The collected data were shown in the form of damping force time histories and damping force-piston displace-
ments loops and discussed with respect to MR fluid clumping behaviour. 
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