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Summary. The dual concept to filters (see [2,3]) i.e. ideals of a
lattice is introduced.

MML Identifier: FILTER_2.

The articles [12], [14], [13], [4], [15], [6], [10], [9], [7], [5], [16], [8], [2], [11], [3],
and [1] provide the notation and terminology for this paper.

1. SOME PROPERTIES OF THE RESTRICTION OF BINARY OPERATIONS

In this paper D is a non empty set.
We now state several propositions:

(1) Let D be a non empty set, and let S be a non empty subset of D, and
let f be a binary operation on D, and let g be a binary operation on S.
Suppose g = f [} S, S]. Then

(i) if f is commutative, then g is commutative,
(ii)  if f is idempotent, then g is idempotent, and

(iii) if f is associative, then g is associative.

(2) Let D be a non empty set, and let S be a non empty subset of D, and
let f be a binary operation on D, and let g be a binary operation on S,
and let d be an element of D, and let d’ be an element of S. Suppose
g=f1}S,S5]and d =d. Then

(i) if d is a left unity w.r.t. f, then d’ is a left unity w.r.t. g,
(ii) if d is a right unity w.r.t. f, then d’ is a right unity w.r.t. g, and

(i)  if d is a unity w.r.t. f, then d’ is a unity w.r.t. g.

(3) Let D be a non empty set, and let S be a non empty subset of D, and
let f1, fo be binary operations on D, and let g1, g2 be binary operations
on S. Suppose g1 = f1 1 [S, S]and go = fo I [ S, S{. Then
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(i) if f1 is left distributive w.r.t. fo, then ¢p is left distributive w.r.t. gs,
and

(il) if fy is right distributive w.r.t. fo, then g; is right distributive w.r.t.
g2-

(4) Let D be a non empty set, and let S be a non empty subset of D, and
let f1, fo be binary operations on D, and let g1, go be binary operations
on S. Suppose g1 = f1 [ [S, S]and go = fo I [ S, S{. If f; is distributive
w.r.t. fs, then gq is distributive w.r.t. gs.

(5) Let D be a non empty set, and let S be a non empty subset of D, and
let f1, fo be binary operations on D, and let g1, go be binary operations
onS. Ifg1 = f11[S, S]and go = fo | [ S, S, then if f; absorbs fa, then
g1 absorbs gs.

2. CLOSED SUBSETS OF A LATTICE

Let D be a non empty set and let X1, X5 be subsets of D. Let us observe
that X; = X5 if and only if:

(Def.1)  For every element z of D holds =z € X; iff x € X5.

For simplicity we follow the rules: L will denote a lattice, p, ¢, r will denote
elements of the carrier of L, p’, ¢’ will denote elements of the carrier of L°, and
x will be arbitrary.

Next we state several propositions:

(6) Let Ly, Lo be lattice structures. Suppose the lattice structure of L =
the lattice structure of Ly. Then L1° = Ly°.

(7)  (L°)° = the lattice structure of L.

(8) Let Ly, Ly be non empty lattice structures. Suppose the lattice struc-
ture of L1 = the lattice structure of Lo. Let a1, by be elements of the
carrier of L1 and let ag, by be elements of the carrier of Lo. Suppose
a1 = ag and by = by. Then a1 Ub; = as L by and a1 Mb; = as Mby and
aj C b1 iff as C bg.

(9) Let Ly, Lo be lower bound lattices. Suppose the lattice structure of
Ly = the lattice structure of Ly. Then L(f,) = L(z,).

(10) Let Ly, Ly be upper bound lattices. Suppose the lattice structure of
Ly = the lattice structure of Ly. Then T (z,) = T(z,).

(11)  Let Ly, Ly be complemented lattices. Suppose the lattice structure of
L1 = the lattice structure of Lg. Let a7, b1 be elements of the carrier of
L1 and let as, by be elements of the carrier of Lo. If a1 = as and b; = by
and aq is a complement of by, then ay is a complement of bs.

(12)  Let Ly, Lo be Boolean lattices. Suppose the lattice structure of L; = the
lattice structure of Lo. Let a be an element of the carrier of L1 and let b
be an element of the carrier of Lo. If a = b, then a® = 0°.
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Let us consider L. A subset of the carrier of L is said to be a closed subset
of L if:
(Def.2)  For all p, ¢ such that p € it and ¢ € it holds pM ¢ € it and p U ¢ € it.
Let us consider L. Observe that there exists a closed subset of L which is
non empty.
The following two propositions are true:
(13) Let X be a subset of the carrier of L. Suppose that for all p, ¢ holds
pe X and g€ X iff pfg € X. Then X is a closed subset of L.
(14) Let X be a subset of the carrier of L. Suppose that for all p, ¢ holds
peXandge X iff plqg € X. Then X is a closed subset of L.
Let us consider L. Then [L) is a filter of L. Let p be an element of the carrier
of L. Then [p) is a filter of L.
Let us consider L and let D be a non empty subset of the carrier of L. Then
[D) is a filter of L.
Let L be a distributive lattice and let Fy, Fy be filters of L. Then Iy M Fy is
a filter of L.
Let us consider L. A non empty closed subset of L is called an ideal of L if:
(Def.3) peitandgeitiff pUgq € it.
Next we state three propositions:
(15) Let X be a non empty subset of the carrier of L. Suppose that for all
P, qholds pe X and g € X iff pU g € X. Then X is an ideal of L.
(16) Let Ly, Lo be lattices. Suppose the lattice structure of L; = the lattice
structure of Lo. Given z. If x is a filter of L1, then z is a filter of Ls.
(17)  Let Ly, Ly be lattices. Suppose the lattice structure of L; = the lattice
structure of Lo. Given x. If x is an ideal of L1, then x is an ideal of Ls.

Let us consider L, p. The functor p° yielding an element of the carrier of L°
is defined by:

(Defd) p° =p.
Let us consider L and let p be an element of the carrier of L°. The functor
°p yields an element of the carrier of L and is defined as follows:
(Def.5)  °p=np.
Next we state four propositions:
18)  °p®=pand (°p')° =p".
19)  phg = p°Uq° and plg = p°Mg° and p'Mq¢’ = °p'LI°¢ and p'U¢’ = °p'M°q
20) pEqiff ¢° Cp°and p' Cq iff °¢ C °p'.
21) zis an ideal of L iff x is a filter of L°.
Let us consider L and let X be a subset of the carrier of L. The functor X°
yielding a subset of the carrier of L° is defined as follows:
(Def.6) X°=X.
Let us consider L and let X be a subset of the carrier of L°. The functor °X
yielding a subset of the carrier of L is defined by:

/

(
(
(
(
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(Def.7)  °X =X.

Let us consider L and let D be a non empty subset of the carrier of L.
Observe that D° is non empty.

Let us consider L and let D be a non empty subset of the carrier of L°.
Observe that °D is non empty.

Let us consider L and let S be a closed subset of L. Then S° is a closed
subset of L°.

Let us consider L and let S be a non empty closed subset of L. Then S° is
a non empty closed subset of L°.

Let us consider L and let S be a closed subset of L°. Then °S is a closed
subset of L.

Let us consider L and let S be a non empty closed subset of L°. Then °S is
a non empty closed subset of L.

Let us consider L and let F' be a filter of L. Then F° is an ideal of L°.

Let us consider L and let F' be a filter of L°. Then °F is an ideal of L.

Let us consider L and let I be an ideal of L. Then I° is a filter of L°.

Let us consider L and let I be an ideal of L°. Then °I is a filter of L.

We now state the proposition

(22) Let D be a non empty subset of the carrier of L. Then D is an ideal of
L if and only if the following conditions are satisfied:

(i) for all p, ¢ such that p € D and ¢ € D holds pU g € D, and

(ii)  for all p, ¢ such that p € D and ¢ C p holds g € D.

In the sequel I, J will be ideals of L and F will be a filter of L.

One can prove the following propositions:

(23) Ifpel,thenpfgelandgfpel.

(24)  There exists p such that p € I.

(25) If L is lower-bounded, then L € I.

(26) If L is lower-bounded, then {1} is an ideal of L.
(27)  If {p} is an ideal of L, then L is lower-bounded.

3. IDEALS GENERATED BY SUBSETS OF A LATTICE

Next we state the proposition
(28)  The carrier of L is an ideal of L.
Let us consider L. The functor (L] yielding an ideal of L is defined as follows:
(Def.8) (L] = the carrier of L.

Let us consider L, p. The functor (p] yields an ideal of L and is defined as
follows:

(Det.9)  (p] ={q:qEp}.
We now state four propositions:

(29) qe(piff¢Cp.
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(30)  (p] = [p°) and (p°] = [p).
(31) pe(plandpfige (p]and ¢Mp € (p].
(32) If L is upper-bounded, then (L] = (T ].
Let us consider L, I. We say that I is maximal if and only if:

(Def.10) I # the carrier of L and for every J such that I C J and J # the carrier
of L holds I = J.

One can prove the following four propositions:
(33) I is maximal iff I° is an ultrafilter.

(34) If L is upper-bounded, then for every I such that I # the carrier of L
there exists J such that I C J and J is maximal.

(35)  If there exists r such that p LI # p, then (p] # the carrier of L.

(36) If L is upper-bounded and p # T 1, then there exists I such that p € T
and [ is maximal.

In the sequel D denotes a non empty subset of the carrier of L and D’ denotes
a non empty subset of the carrier of L°.

Let us consider L, D. The functor (D] yields an ideal of L and is defined as
follows:

(Def.11) D C (D] and for every I such that D C I holds (D] C I.
We now state two propositions:
(37) [D°) = (D] and [D) = (D°] and [°D’') = (D’] and [D’) = (°D’].
(38) (I]=1.
In the sequel Dy, Do are non empty subsets of the carrier of L and D}, D}

are non empty subsets of the carrier of L°.
The following propositions are true:
39) 1 Dy C Ds, then (Dy] C (Ds] and (D)) € (D).
40) If p € D, then (p] C (D].
41) If D = {p}, then (D] = (p)].
42) If L is upper-bounded and Ty € D, then (D] = (L] and (D] = the
carrier of L.

(43) If L is upper-bounded and T, € I, then I = (L] and I = the carrier of
L.

Let us consider L, I. We say that [ is prime if and only if:
(Def12) pngeliffpelorqgel.
The following proposition is true

(
(
(
(

(44) I is prime iff I° is prime.
Let us consider L, Dy, Ds. The functor Dy LI Dy yielding a non empty subset
of the carrier of L is defined by:
(Def13) DiUDy={pUqg:p€ D1 A q€ Ds}.
We now state four propositions:
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(45) D1UDy = D1°MD5° and D1°1UD9° = DM Dy and DiUDé = OD&HODQ
and °D| U°D) = D] M Ds.
(46) If pe Dy and g € Dy, then pU g € Dy U D9 and qUp € Dy U Ds.
(47) If z € Dy U Dy, then there exist p, ¢ such that x = pU g and p € Dy
and g € Ds.
(48) D1 U Dy =Dy U Ds.
Let L be a distributive lattice and let I, Is be ideals of L. Then I7 Ll I5 is
an ideal of L.
The following four propositions are true:

(49) (Dl U DQ] = ((Dl] @] DQ] and (D1 @] DQ] = (D1 @] (DQH
(50) (IuJl={r:V,, rCpUg Apel AN qgeJ}.
(51) ICIUJand JCTUJ.
(52) (ITuJ]={u.J].
We follow the rules: B denotes a Boolean lattice, I3, J; denote ideals of B,

and a, b denote elements of the carrier of B.
The following propositions are true:

(53) L is a complemented lattice iff L° is a complemented lattice.
(54) L is a Boolean lattice iff L° is a Boolean lattice.
Let B be a Boolean lattice. One can verify that B° is Boolean and lattice-like.
In the sequel a’ will denote an element of the carrier of (B qua lattice)°.
The following propositions are true:
(55)  (a®)° =a® and (°d)¢ = d'".
(56) (IgUJl] =1I3UJ;.
(57) I3 is maximal iff I3 # the carrier of B and for every a holds a € I3 or
a® € Is.
(58) I3 # (B] and I3 is prime iff I3 is maximal.
(59) If I3 is maximal, then for every a holds a € I3 iff a© ¢ I3.
(60) If a # b, then there exists I3 such that I3 is maximal but a € I3 and
b¢ Isora¢lsandbe Is.
In the sequel P denotes a non empty closed subset of L and 01, 02 denote
binary operations on P.
One can prove the following two propositions:
(61) (i) (The join operation of L) | [ P, P] is a binary operation on P, and
(ii)  (the meet operation of L) [ | P, P{ is a binary operation on P.
(62)  Suppose 07 = (the join operation of L) | [ P, P] and oy = (the meet
operation of L) | | P, P]. Then o; is commutative and associative and og
is commutative and associative and o1 absorbs o9 and o9 absorbs 0.
Let us consider L, p, q. Let us assume that p C g. The functor [p, q] yielding
a non empty closed subset of L is defined by:
(Def.14)  [p,ql={r:pCr A rCq}.
We now state several propositions:
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(63) If pC g, thenr € [p,q]iff pCr and r C q.

(64) TIf p C g, then p € [p,q] and q € [p, ql.

(65)  [p,p] = {p}

(66) If L is upper-bounded, then [p) = [p, T ].

(67) If L is lower-bounded, then (p] = [Lr,p].

(68)  Let L, Lo be lattices, and let F; be a filter of L1, and let F» be a filter

of Lo. Suppose the lattice structure of L1 = the lattice structure of Lo
and F1 = Fg. Then I]—(Fl) = [|_(F2).

4. SUBLATTICES

Let us consider L. Let us note that the sublattice of L can be characterized
by the following (equivalent) condition:

(Def.15)  There exist P, o1, o2 such that

(i) 01 = (the join operation of L) | [ P, P,

(ii) o0y = (the meet operation of L) [ [ P, P ], and
(ili)  the lattice structure of it = (P, 01, 02).
The following proposition is true

(69) For every sublattice K of L holds every element of the carrier of K is
an element of the carrier of L.

Let us consider L, P. The functor L% yields a strict sublattice of L and is
defined as follows:

(Def.16)  There exist 01, 0y such that o1 = (the join operation of L) | [ P, P ] and

02 = (the meet operation of L) | [ P, P] and L5 = (P, 01, 0).
Let us consider L and let [ be a sublattice of L. Then [° is a strict sublattice
of L°.
Next we state a number of propositions:
(70) lp = [L%.
(71)  Lh = (LE)e.
(72) [L(LL] = the lattice structure of L and [L[LL) = the lattice structure of L.
(73) (i)  The carrier of L% = P,
(ii)  the join operation of L% = (the join operation of L) | | P, P, and
(iii)  the meet operation of L% = (the meet operation of L) | [ P, P].
(74)  For all p, g and for all elements p’, ¢’ of the carrier of I]_f; such that
p=p and g=¢ holds pUUg=p' Uq¢ and plg=9p' 1.
(75)  For all p, ¢ and for all elements p’, ¢’ of the carrier of I]_ILD such that
p=p and g=¢ holds pC qiff p’' C ¢
(76)  If L is lower-bounded, then ¥ is lower-bounded.
(77)  If L is modular, then L% is modular.
(78)  If L is distributive, then L% is distributive.
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(86)

(87)

[7]
8]

[9]
[10]

[11]
[12]

[13]
[14]

[15]

[16]
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If L is implicative and p C ¢, then I]_é) d is implicative.
I]_éﬂ is upper-bounded.

T = 7.
th P

If L is lower-bounded, then [L(Lp | is lower-bounded and J_L(L] =1r.
P

If L is lower-bounded, then ”—é,} is bounded.

If p C g, then I]_{J | is bounded and T,z ~=g¢and L, =p.
P»q [p.q] [p.q]

If L is a complemented lattice and modular, then ”—é;] is a complemented
lattice.

If L is a complemented lattice and modular and p C ¢, then I]_[g’ d is a
complemented lattice.

If L is a Boolean lattice and p C ¢, then "‘[?3 d is a Boolean lattice.
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Summary. By categorial categories we mean categories with cat-
egories as objects and morphisms of the form (C1, C2, F'), where C; and
C'y are categories and F' is a functor from C into Co.

MML Identifier: CAT_5.

The terminology and notation used here are introduced in the following articles:
[14], [16], [9], [15], [11], [17], [2], [3], [5], [12], [10], [7], [6], [4], [8], [1], and [13].

1. CATEGORIES WITH TRIPLE-LIKE MORPHISMS

Let Dy, Dy, D be non empty sets and let = be an element of [ Dy, Ds ],
D . Then xq 1 is an element of D;. Then 1 2 is an element of D>.
Let Dy, Dy be non empty sets and let  be an element of [ Dy, Dy]. Then
9 is an element of Ds.
Next we state the proposition
(1) Let C, D be category structures. Suppose the category structure of
C = the category structure of D. If C' is category-like, then D is category-
like.
A category structure has triple-like morphisms if:

(Def.1)  For every morphism f of it there exists a set = such that f = ({dom f,
cod f), x).
One can verify that there exists a strict category has triple-like morphisms.
Next we state the proposition
(2) Let C be a category structure with triple-like morphisms and let f be a
morphism of C. Then dom f = f1 1 and cod f = f1 2 and f = ((dom f,
cod f}, f2).
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Let C be a category structure with triple-like morphisms and let f be a
morphism of C. Then fq 1 is an object of C. Then f7 2 is an object of C.
In this article we present several logical schemes. The scheme CatEx concerns
non empty sets A, B, a binary functor F yielding arbitrary, and a ternary
predicate P, and states that:
There exists a strict category C' with triple-like morphisms such
that
(i)  the objects of C' = A,
(ii) for all elements a, b of A and for every element f of B such
that Pla, b, f] holds ({a, b), f) is a morphism of C,
(i)  for every morphism m of C there exist elements a, b of A
and there exists an element f of B such that m = ({(a, b), f) and
Pla, b, f], and
(iv)  for all morphisms mq, mg of C and for all elements a1, ag, as
of A and for all elements f1, fo of B such that m; = ({(a1, a2), f1)
and mo = ({ag, as), f2) holds mg - my = ({a1, a3), F(f2, f1))
provided the parameters meet the following requirements:
e For all elements a, b, ¢ of A and for all elements f, g of B such that
Pla,b, f] and PIb, ¢, g] holds F(g, f) € B and Pla,c, F(g, f)],
e Let a be an element of A. Then there exists an element f of B such
that
(i) Pla,a, f], and
(ii)  for every element b of A and for every element g of B holds
if Pla,b,g], then F(g, f) = g and if P[b, a, g|, then F(f,g) =g,
e Let a, b, ¢, d be elements of A and let f, g, h be elements of
B. If Pla,b, f] and P[b,c,g] and Ple,d,h], then F(h,F(g,f)) =
F(F(h,g), f).
The scheme CatUniq deals with non empty sets A, B, a binary functor F
yielding arbitrary, and a ternary predicate P, and states that:
Let C7, Cy be strict categories with triple-like morphisms. Suppose
that
(i)  the objects of C; = A,
(ii) for all elements a, b of A and for every element f of B such
that Pla, b, f] holds ({a, b), f) is a morphism of C,
(ili)  for every morphism m of C there exist elements a, b of A
and there exists an element f of B such that m = ({a, b), f) and
P[(l, ba !ﬂ’
(iv)  for all morphisms mj, mg of C; and for all elements aj, as,
as of A and for all elements f1, fo of B such that my = ({a1, a2),
f1) and ma = ((az, as), f2) holds ma - m1 = ({a1, az), F(f2, f1)),
(v)  the objects of Cy = A,
(vi)  for all elements a, b of A and for every element f of B such
that Pla, b, f] holds ({a, b), f) is a morphism of C,
(vii)  for every morphism m of Cy there exist elements a, b of A
and there exists an element f of B such that m = ({a, b), f) and
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Pla,b, f], and
(viii)  for all morphisms mi, mgy of Cs and for all elements ai, as,
as of A and for all elements f1, fo of B such that m; = ({a1, a2),
f1> and mo = <<a2, CL3>, fg) holds mo-Mmi = ((al, a3>, }-(fQ,fl))
Then Cq = Cy
provided the parameters meet the following requirement:

e Let a be an element of A. Then there exists an element f of B such

that

(i)  Pla,a,f], and

(ii)  for every element b of A and for every element g of B holds
if Pla, b, g, then F(g, f) = g and if P[b,a, g], then F(f,g) = g.

The scheme FunctorEz concerns categories A, B, a unary functor F yielding

an object of B, and a unary functor G yielding a set, and states that:
There exists a functor F' from A to B such that for every morphism
f of Aholds F(f)=G(f)
provided the following conditions are met:
e Let f be a morphism of A. Then G(f) is a morphism of B and for
every morphism g of B such that g = G(f) holds dom g = F(dom f)
and cod g = F(cod f),
e For every object a of A holds G(id,) = idz(q),
e For all morphisms f;, fo of A and for all morphisms g1, go of B
such that g1 = G(f1) and g = G(f2) and dom fo = cod f; holds
G(f2- f1) =g2-g1-
We now state two propositions:
(3) Let Cq be a category and let Cy be a subcategory of C;. Suppose Cf is
a subcategory of C's. Then the category structure of C; = the category
structure of Cs.
(4) For every category C' and for every subcategory D of C holds every
subcategory of D is a subcategory of C.

Let C7, Cs be categories. Let us assume that there exists a category C such
that C7 is a subcategory of C and C5 is a subcategory of C'. And let us assume
that there exists an object 01 of C such that oq is an object of Cy. The functor
C1 N Cy yields a strict category and is defined by the conditions (Def.2).

(Def.2) (i)  The objects of C1 N Cy = (the objects of C1) N (the objects of Cy),

(ii)  the morphisms of C} N Cy = (the morphisms of C7) N (the morphisms

of Cg),

(ili))  the dom-map of C; N Cy = (the dom-map of C7) | (the morphisms of
Ca),

(iv)  the cod-map of C; N Cy = (the cod-map of C7) | (the morphisms of
Ca),

(v)  the composition of C1NCy = (the composition of C7)[ ([ the morphisms
of Cy, the morphisms of C3 ] qua set), and
(vi)  the id-map of C; N Cy = (the id-map of Cy) | (the objects of C3).

In the sequel C'is a category and C7, Cs are subcategories of C'.
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The following propositions are true:

(5)  If (the objects of C1) N (the objects of Co) # 0, then C; N Cy = CoN Ch.

(6) If (the objects of C71) N (the objects of Cy) # 0, then C; N Cy is a
subcategory of C7 and C7 N (s is a subcategory of Cs.

Let C', D be categories and let I’ be a functor from C to D. The functor

Im F' yields a strict subcategory of D and is defined by the conditions (Def.3).
(Def.3) (i) The objects of Im F' = rng Obj F,
(ii) rng F' C the morphisms of Im F, and

(iii)  for every subcategory E of D such that the objects of E = rng Obj F
and rng F' C the morphisms of E holds Im F' is a subcategory of E.

Next we state three propositions:

(7) Let C, D be categories, and let E be a subcategory of D, and let F'
be a functor from C to D. If rng F' C the morphisms of F, then F' is a
functor from C to E.

(8)  For all categories C, D holds every functor from C to D is a functor
from C to Im F.

(9) Let C, D be categories, and let E be a subcategory of D, and let F' be
a functor from C to F, and let G be a functor from C to D. If F = G,
then Im F = ImG.

2. CATEGORIAL CATEGORIES

A set is categorial if:
(Def.4)  For every set z such that x € it holds x is a category.

One can check that there exists a non empty set which is categorial. Let us
observe that a non empty set is categorial if:
(Def.5)  Every element of it is a category.
A category is categorial if it satisfies the conditions (Def.6).
(Def.6) (i)  The objects of it is categorial,
(ii)  for every object a of it and for every category A such that a = A holds
id, = <<A7 A)7 idA>7
(iii)  for every morphism m of it and for all categories A, B such that
A = domm and B = codm there exists a functor F' from A to B such
that m = ((A, B), F), and
(iv)  for all morphisms mq, mq of it and for all categories A, B, C' and for
every functor F' from A to B and for every functor G from B to C' such
that m; = ((4, B), F) and ma = ((B, C), G) holds ma - m; = ({4, C),
G- F).
Let us mention that every category which is categorial has triple-like mor-
phisms.
One can prove the following two propositions:
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(10) Let C, D be categories. Suppose the category structure of C' = the
category structure of D. If C' is categorial, then D is categorial.

(11)  For every category C holds O(C, {{C, C), id¢)) is categorial.

Let us note that there exists a strict category which is categorial.
We now state two propositions:

(12)  For every categorial category C holds every object of C' is a category.

(13)  For every categorial category C' and for every morphism f of C' holds
dom f = f11 and cod f = f1 2.
Let C be a categorial category and let m be a morphism of C. Then m 1 is
a category. Then mq 2 is a category.
We now state the proposition
(14)  Let Cy, Cy be categorial categories. Suppose the objects of C; = the
objects of Cy and the morphisms of C; = the morphisms of Cs. Then the
category structure of C; = the category structure of Cs.

Let C be a categorial category. One can check that every subcategory of C
is categorial.
We now state the proposition
(15) Let C, D be categorial categories. Suppose the morphisms of C' C the
morphisms of D. Then C' is a subcategory of D.

Let a be a set. Let us assume that a is a category. The functor cat a yields
a category and is defined by:

(Def.7)  cata = a.
One can prove the following proposition

(16)  For every categorial category C and for every object ¢ of C holds cat ¢ =
c.

Let C be a categorial category and let m be a morphism of C'. Then mg is
a functor from cat dom m to cat cod m.
Next we state two propositions:
(17)  Let X be a categorial non empty set and let Y be a non empty set.
Suppose that
(i) for all elements A, B, C' of X and for every functor F' from A to B
and for every functor G from B to C' such that F € Y and G € Y holds
G-FeY, and
(ii) for every element A of X holdsid4 € Y.
Then there exists a strict categorial category C such that
(iii)  the objects of C = X, and
(iv) for all elements A, B of X and for every functor F' from A to B holds
((A, B), F) is a morphism of C iff F' € Y.
(18) Let X be a categorial non empty set, and let Y be a non empty set,
and let Cp, C5 be strict categorial categories. Suppose that
(i)  the objects of C = X,
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(ii)  for all elements A, B of X and for every functor F' from A to B holds
((A, B), F) is a morphism of C iff F' €Y,
(iii)  the objects of Co = X, and
(iv) for all elements A, B of X and for every functor F' from A to B holds
((A, B), F) is a morphism of Cy iff FF € Y.
Then Cq = Cs.
A categorial category is full if it satisfies the condition (Def.8).
(Def.8)  Let a, b be categories. Suppose a is an object of it and b is an object of
it. Let F be a functor from a to b. Then ({(a, b), F') is a morphism of it.
Let us note that there exists a categorial strict category which is full.
The following propositions are true:
(19)  Let Cq, Cy be full categorial categories. Suppose the objects of C; = the
objects of Cy. Then the category structure of C7 = the category structure
of 02.
(20)  For every categorial non empty set A there exists a full categorial strict
category C such that the objects of C' = A.
(21) Let C be a categorial category and let D be a full categorial category.
Suppose the objects of C' C the objects of D. Then C'is a subcategory of
D.
(22) Let C be a category, and let D1, Dy be categorial categories, and let
F1 be a functor from C to D1, and let Fy be a functor from C to Dy. If
Fy = F5, then Im F}, = Im F5.

3. SLICE CATEGORIES

Let C be a category and let o be an object of C. The functor Hom(o) yielding
a non empty subset of the morphisms of C is defined by:

(Def.9) Hom(o) = (the cod-map of C') ~! {o}.
The functor hom(o,0) yields a non empty subset of the morphisms of C' and is
defined by:
(Def.10)  hom(o,0) = (the dom-map of C) ~! {o}.
We now state several propositions:

(23)  For every category C and for every object a of C' and for every morphism
f of C holds f € Hom(a) iff cod f = a.

(24)  For every category C and for every object a of C' and for every morphism
f of C holds f € hom(a,0) iff dom f = a.

(25)  For every category C and for all objects a, b of C' holds hom(a,b) =
hom(a,d) N Hom(b).

(26) For every category C and for every morphism f of C holds f €
hom(dom f,0) and f € Hom(cod f).
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(27)  For every category C and for every morphism f of C and for every
element g of Hom(dom f) holds f - g € Hom(cod f).

(28)  For every category C and for every morphism f of C and for every
element g of hom(cod f,0) holds ¢ - f € hom(dom f,O).

Let C be a category and let o be an object of C'. The functor SliceCat(C, o)
yields a strict category with triple-like morphisms and is defined by the condi-
tions (Def.11).

(Def.11) (i)  The objects of SliceCat(C, 0) = Hom(o),

(ii)  for all elements a, b of Hom(o) and for every morphism f of C' such
that domb = cod f and a = b- f holds ({a, b), f) is a morphism of
SliceCat(C, o),

(i)  for every morphism m of SliceCat(C,o0) there exist elements a, b of
Hom(o) and there exists a morphism f of C' such that m = ((a, b), f)
and domb =cod f and a =b - f, and

(iv)  for all morphisms mq, mg of SliceCat(C,0) and for all elements a1, as,
a3 of Hom(o) and for all morphisms f1, fo of C such that m; = ({a1, as),
f1> and mo = <(CL2, CLg), f2) holds mo-mqp = ((al, CL3>, f2 . fl)

The functor SliceCat(o, C') yielding a strict category with triple-like morphisms
is defined by the conditions (Def.12).

(Def.12) (i)  The objects of SliceCat (o, C') = hom(o,0),

(ii)  for all elements a, b of hom(o,0) and for every morphism f of C such
that dom f = coda and f-a = b holds ({(a, b), f) is a morphism of
SliceCat (o, C),

(iii)  for every morphism m of SliceCat(o,C) there exist elements a, b of
hom(o,0) and there exists a morphism f of C' such that m = ({(a, b), f)
and dom f = coda and f-a =0, and

(iv)  for all morphisms mq, ms of SliceCat(o,C) and for all elements a1, as,
as of hom(o,0) and for all morphisms f1, fo of C' such that my = {({a1,
az), f1) and ma = ({az, a3), f2) holds my-m1 = ((a1, as), f2- f1).

Let C' be a category, let o be an object of C, and let m be a morphism
of SliceCat(C,0). Then mg is a morphism of C. Then mq 1 is an element of
Hom(0). Then mq 2 is an element of Hom(o).

We now state two propositions:

(29) Let C be a category, and let a be an object of C, and let m be
a morphism of SliceCat(C,a). Then m = ({mq1, m12), m2) and
dom(my 2) = cod(mz) and mq 1 = mq 2 - mg and domm = mq 7y and
codm = mq 3.

(30) Let C be a category, and let o be an object of C, and let f be an
element of Hom(o), and let a be an object of SliceCat(C,0). If a = f,
then id, = ({a, a), idqom f)-

Let C be a category, let o be an object of C', and let m be a morphism
of SliceCat(o,C'). Then mg is a morphism of C. Then mq 1 is an element of
hom(o,0). Then mq 2 is an element of hom(o,O).
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We now state two propositions:

(31) Let C be a category, and let a be an object of C, and let m be
a morphism of SliceCat(a,C). Then m = ({(mq1, m12), m2) and
dom(mg) = cod(mq,1) and mg - my1 1 = my 2 and domm = mq 7y and
codm = mq 2.

(32) Let C be a category, and let o be an object of C, and let f be an
element of hom(o,0), and let a be an object of SliceCat(o,C). If a = f,
then id, = ((a, a), idcoq f)-

4. FUNCTORS BETWEEN SLICE CATEGORIES

Let C be a category and let f be a morphism of C'. The functor SliceFunctor( f)
yielding a functor from SliceCat(C, dom f) to SliceCat(C,cod f) is defined by:

(Def.13)  For every morphism m of SliceCat(C, dom f) holds (SliceFunctor(f))(m) =
({f -maa, f-maz2), ma).
The functor SliceContraFunctor(f) yields a functor from SliceCat(cod f,C) to
SliceCat(dom f, C') and is defined as follows:

(Def.14)  For every morphism m of SliceCat(cod f, C') holds
(SliceContraFunctor(f))(m) = ({m1.1 - f, m12 - f), ma).
We now state two propositions:

(33)  For every category C and for all morphisms f, g of C such that dom g =
cod f holds SliceFunctor(g - f) = SliceFunctor(g) - SliceFunctor(f).

(34)  For every category C and for all morphisms f, g of C' such that
dom g = cod f holds SliceContraFunctor(g - f) = SliceContraFunctor(f) -
SliceContraFunctor(g).
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1. VARIA

One can prove the following proposition
(1)  For all sets X, Y holds X \ Y misses Y.

In this article we present several logical schemes. The scheme Fraenkel Subset
deals with non empty sets A, B, a unary functor F yielding an element of B,
and a unary predicate P, and states that:

{F(z) : x ranges over elements of A, P[z]|} is a subset of B
for all values of the parameters.

The scheme FraenkelFinIm concerns a finite non empty set A, a unary functor
F yielding arbitrary, and a unary predicate P, and states that:
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{F(x) : x ranges over elements of A, P[z]} is finite
for all values of the parameters.
The following three propositions are true:

(2)  For every function f and for arbitrary x, y such that dom f = {z} and
g f = {y} holds f = {(z, y)}.
(3)  For all functions f, g, h such that f C g holds f +-h C g+ h.
(4) For all functions f, g, h such that f C g and dom f misses dom h holds
fCg+h.
Let X be a finite non empty subset of R. The functor max X yields a real
number and is defined as follows:
(Def.1) max X € X and for every real number k such that £ € X holds k£ <
max X.
Let X be a finite non empty subset of N. The functor max X yielding a
natural number is defined by:

(Def.2)  There exists a finite non empty subset Y of R such that ¥ = X and
max X = maxY.

2. MANY SORTED SETS AND FUNCTIONS

One can prove the following proposition

(5)  For every set I and for every many sorted set M; indexed by I holds
Ml#(E[) = {8}
The scheme MSSLambda2Part deals with a set A, two unary functors F and
g yielding arbitrary, and a unary predicate P, and states that:
There exists a many sorted set f indexed by A such that for every
element i of A holds if ¢ € A, then if P[i], then f(i) = F(i) and if
not P[i], then f(i) = G(i)
for all values of the parameters.
Let I be a set. A many sorted set indexed by I is locally-finite if:
(Def.3)  For arbitrary ¢ such that i € I holds it(4) is finite.
Let I be a set. Observe that there exists a many sorted set indexed by I
which is non-empty and locally-finite.
Let I, A be sets. Then I — A is a many sorted set indexed by I.
Let I be a set, let M be a many sorted set indexed by I, and let A be a
subset of I. Then M | A is a many sorted set indexed by A.
Let M be a non-empty function and let A be a set. One can check that M [ A
is non-empty.
One can prove the following three propositions:
(6) For every non empty set I and for every non-empty many sorted set B
indexed by I holds |Jrng B is non empty.

(7)  For every set I holds uncurry(l — 0) = 0.
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(8) Let I be anon empty set, and let A be a set, and let B be a non-empty
many sorted set indexed by I, and let F' be a many sorted function from
I — A into B. Then dom commute(F') = A.

Now we present two schemes. The scheme LambdaRecCorrD concerns a non
empty set A, an element B of A, and a binary functor F yielding an element of
A, and states that:

(i)  There exists a function f from N into A such that f(0) =B
and for every natural number ¢ and for every element x of A such
that © = f(¢) holds f(i +1) = F(i,x), and
(ii)  for all functions fi, fo from N into A such that f1(0) = B
and for every natural number ¢ and for every element x of A such
that x = f1(7) holds f1(i+1) = F(i,z) and f2(0) = B and for every
natural number ¢ and for every element z of A such that x = f5(7)
holds f2(i + 1) = F(i,x) holds f1 = fo

for all values of the parameters.

The scheme LambdaMSFD concerns a non empty set A, a subset B of A,
many sorted sets C, D indexed by B, and a unary functor F yielding arbitrary,
and states that:

There exists a many sorted function f from C into D such that for
every element i of A such that ¢ € B holds f(i) = F(7)

provided the following requirement is met:

e For every element i of A such that ¢ € B holds F (i) is a function
from C(7) into D(7).
Let F be a non-empty function and let f be a function. Observe that F - f
is non-empty.
Let I be a set and let M7 be a non-empty many sorted set indexed by I.
Note that every element of [ M; is function-like and relation-like.

One can prove the following propositions:

(9) Let I be a set, and let f be a non-empty many sorted set indexed
by I, and let g be a function, and let s be an element of [] f. Suppose
dom g C dom f and for arbitrary x such that € dom g holds g(x) € f(x).
Then s +- g is an element of [] f.

(10) Let A, B be non empty sets, and let C' be a non-empty many sorted set
indexed by A, and let I; be a many sorted function from A —— B into
C, and let b be an element of B. Then there exists a many sorted set ¢
indexed by A such that ¢ = (commute(I1))(b) and ¢ € C.

(11)  Let I be a set, and let M be a many sorted set indexed by I, and let
x, g be functions. If z € [[ M, then x - g € [[(M - g).

(12)  For every natural number n and for arbitrary a holds [[(n — {a}) =
{n — a}.
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3. TREES

We follow the rules: T, T} will denote finite trees, ¢, p will denote elements
of T, and t; will denote an element of T7.
Let D be a non empty set. Note that every element of FinTrees(D) is finite.
Let T be a finite decorated tree and let ¢t be an element of dom 7. Observe
that 7' | t is finite.
We now state the proposition
(13) Trp={t:p=<t}
Let T be a finite decorated tree, let ¢t be an element of dom T, and let T7 be
a finite decorated tree. Note that T'(t/T1) is finite.
Next we state a number of propositions:
(14)  T(p/T) ={t:p£t}U{p~t:}.
(15)  For every finite sequence f of elements of N such that f € T'(p/T;) and
p =< f there exists 1 such that f =p ™ t;.
(16)  For every tree yielding finite sequence p and for every natural number
k such that k + 1 € dom p holds “p [ (k) = p(k + 1).
(17)  Let g be a decorated tree yielding finite sequence and let k be a natural

—_——
number. If £+ 1 € dom g, then (k) € d(’){m q(k).

(18)  Let p, g be tree yielding finite sequences and let k be a natural number.
Suppose lenp = lenq and k£ + 1 € dom p and for every natural number %
such that ¢ € domp and i # k + 1 holds p(i) = ¢(i). Let ¢ be a tree. If
ql+1) = 1, then 74> =5 ({k)/%).

(19)  Let e1, ey be finite decorated trees, and let = be arbitrary, and let k be
a natural number, and let p be a decorated tree yielding finite sequence.
Suppose (k) € dome; and e; = z-tree(p). Then there exists a decorated
tree yielding finite sequence ¢ such that e ((k)/es) = z-tree(q) and len ¢ =
lenp and g(k+1) = e2 and for every natural number ¢ such that ¢ € domp
and ¢ # k + 1 holds ¢(i) = p(7).

(20)  For every finite tree T and for every element p of T such that p # ¢
holds card(T' | p) < card T.

(21)  For every finite function f holds card f = card dom f.

(22) For all finite trees T, T; and for every element p of T holds
card(T'(p/T1)) + card(T | p) = card T + card T7.
(23)  For all finite decorated trees T', T} and for every element p of domT
holds card(T'(p/Th)) + card(T | p) = card T + card T.
Let x be arbitrary. One can check that the root tree of x is finite.
We now state the proposition
(24)  For arbitrary x holds card (the root tree of x) = 1.



[1]
2]

3]

[4]

PRELIMINARIES TO CIRCUITS, I 171

REFERENCES

Grzegorz Bancerek. Cardinal numbers. Formalized Mathematics, 1(2):377-382, 1990.
Grzegorz Bancerek. Cartesian product of functions. Formalized Mathematics, 2(4):547—
552, 1991.

Grzegorz Bancerek. Curried and uncurried functions.  Formalized Mathematics,
1(3):537-541, 1990.

Grzegorz Bancerek. The fundamental properties of natural numbers. Formalized Math-
ematics, 1(1):41-46, 1990.

Grzegorz Bancerek. Introduction to trees. Formalized Mathematics, 1(2):421-427, 1990.
Grzegorz Bancerek. Joining of decorated trees. Formalized Mathematics, 4(1):77-82,
1993.

Grzegorz Bancerek. Konig’s lemma. Formalized Mathematics, 2(3):397-402, 1991.
Grzegorz Bancerek. Konig’s theorem. Formalized Mathematics, 1(3):589-593, 1990.
Grzegorz Bancerek. Sets and functions of trees and joining operations of trees. Formal-
ized Mathematics, 3(2):195-204, 1992.

Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite
sequences. Formalized Mathematics, 1(1):107-114, 1990.

Czestaw Byliriski. A classical first order language. Formalized Mathematics, 1(4):669—
676, 1990.

Czestaw Bylinski. Finite sequences and tuples of elements of a non-empty sets. Formal-
ized Mathematics, 1(3):529-536, 1990.

Czeslaw Bylinski. Functions and their basic properties. Formalized Mathematics,
1(1):55-65, 1990.

Czeslaw Byliniski. Functions from a set to a set. Formalized Mathematics, 1(1):153-164,
1990.

Czestaw Bylinski. The modification of a function by a function and the iteration of the
composition of a function. Formalized Mathematics, 1(8):521-527, 1990.

Czeslaw Byliriski. Partial functions. Formalized Mathematics, 1(2):357-367, 1990.
Agata Darmochwal. Finite sets. Formalized Mathematics, 1(1):165-167, 1990.
Krzysztof Hryniewiecki. Basic properties of real numbers. Formalized Mathematics,
1(1):35-40, 1990.

Jarostaw Kotowicz, Beata Madras, and Malgorzata Korolkiewicz. Basic notation of
universal algebra. Formalized Mathematics, 3(2):251-253, 1992.

Beata Madras. Product of family of universal algebras. Formalized Mathematics,
4(1):103-108, 1993.

Beata Madras. Products of many sorted algebras. Formalized Mathematics, 5(1):55-60,
1996.

Yatsuka Nakamura, Piotr Rudnicki, Andrzej Trybulec, and Pauline N. Kawamoto. In-
troduction to circuits, II. Formalized Mathematics, 5(2):273-278, 1996.

Yatsuka Nakamura, Piotr Rudnicki, Andrzej Trybulec, and Pauline N. Kawamoto. In-
troduction to circuits, I. Formalized Mathematics, 5(2):227-232, 1996.

Yatsuka Nakamura, Piotr Rudnicki, Andrzej Trybulec, and Pauline N. Kawamoto. Pre-
liminaries to circuits, II. Formalized Mathematics, 5(2):215-220, 1996.

Andrzej Trybulec. Binary operations applied to functions. Formalized Mathematics,
1(2):329-334, 1990.

Andrzej Trybulec. Many sorted algebras. Formalized Mathematics, 5(1):37-42, 1996.
Andrzej Trybulec. Many-sorted sets. Formalized Mathematics, 4(1):15-22, 1993.
Andrzej Trybulec. Semilattice operations on finite subsets. Formalized Mathematics,
1(2):369-376, 1990.

Andrzej Trybulec. Tarski Grothendieck set theory. Formalized Mathematics, 1(1):9-11,
1990.

Andrzej Trybulec. Tuples, projections and Cartesian products. Formalized Mathematics,
1(1):97-105, 1990.

Andrzej Trybulec and Agata Darmochwal. Boolean domains. Formalized Mathematics,
1(1):187-190, 1990.

Wojciech A. Trybulec. Pigeon hole principle. Formalized Mathematics, 1(3):575-579,
1990.



172 YATSUKA NAKAMURA et al.

[33] Zinaida Trybulec and Halina Swigczkowska. Boolean properties of sets. Formalized

Mathematics, 1(1):17-23, 1990.
[34] Edmund Woronowicz. Relations and their basic properties. Formalized Mathematics,
1(1):73-83, 1990.

Received November 17, 1994



FORMALIZED MATHEMATICS

Volume 5, Number 2, 1996
Warsaw University - Bialystok

Minimization of Finite State Machines !

Miroslava Kaloper
University of Alberta
Department of Computing Science

Piotr Rudnicki
University of Alberta
Department of Computing Science

Summary. We have formalized deterministic finite state machines
closely following the textbook [9], pp. 88-119 up to the minimization the-
orem. In places, we have changed the approach presented in the book as
it turned out to be too specific and inconvenient. Our work also revealed
several minor mistakes in the book. After defining a structure for an
outputless finite state machine, we have derived the structures for the
transition assigned output machine (Mealy) and state assigned output
machine (Moore). The machines are then proved similar, in the sense
that for any Mealy (Moore) machine there exists a Moore (Mealy) ma-
chine producing essentially the same response for the same input. The
rest of work is then done for Mealy machines. Next, we define equivalence
of machines, equivalence and k-equivalence of states, and characterize a
process of constructing for a given Mealy machine, the machine equiva-
lent to it in which no two states are equivalent. The final, minimization
theorem states:

Theorem 4.5: Let M; and M3 be reduced, con-
nected finite-state machines. Then the state graphs
of M1 and My are isomorphic if and only if M; and
M are equivalent.

and it is the last theorem in this article.

MML Identifier: FSM_1.

The papers [19], (23], [10], [2], [21], [13], [16], [8], [20], [18], [24], [5], [6], [7], [22],
(3], [4], [1], [14], [17], [12], [11], and [15] provide the terminology and notation
for this paper.

IThis work was partially supported by NSERC Grant OGP9207.

© 1996 Warsaw University - Bialystok
173 ISSN 1426-2630



174 MIROSLAVA KALOPER AND PIOTR RUDNICKI

1. PRELIMINARIES

For simplicity we adopt the following convention: m, n, i, k will denote
natural numbers, D will denote a non empty set, d will denote an element of D,
and dq, dy will denote finite sequences of elements of D.

Next we state several propositions:

(1) If m < n, then there exists a natural number p such that n = m + p
and 1 < p.

(2) If i € Segn, then i + m € Seg(n + m).

(3) Ifi>0and i+ m € Seg(n+m), then i € Segn and i € Seg(n + m).

(4) If k < i, then there exists a natural number j such that j =i — k and
1<j.

(5) If1 <lendj, then there exist d, dy such that d = dy(1) and d; = (d) " ds.

(6) Ifiedomds, then ((d) ~dy)(i+ 1) = dy (7).

For simplicity we adopt the following rules: S is a set, D1, Do are non empty
sets, f1 is a function from S into Di, and f5 is a function from D into Ds.

One can prove the following propositions:
(7) If fy is bijective and f is bijective, then fo - f is bijective.
(8)  For every set Y and for all equivalence relations Ey, Es of Y such that
Classes F; = Classes 5 holds E1 = Es.
(9)  For every non empty set W holds every partition of W is non empty.
(10)  For every finite set Z holds every partition of Z is finite.

Let W be a non empty set. Note that every partition of W is non empty.
Let Z be a finite set. Note that every partition of Z is finite.

Let X be a non empty finite set. Observe that there exists a partition of X
which is non empty and finite.

We adopt the following rules: X, A will be non empty finite sets, P; will be
a partition of X, and P, P3 will be partitions of A.

We now state several propositions:

(11)  For every set Py such that Py € P; there exists an element x of X such
that z € P;.

(12)  card P; < card X.
(13) If P, is finer than P, then card P3 < card Ps.

(14) If P, is finer than Ps, then for every element ps of Ps there exists an
element p; of P, such that p; C po.

(15)  If Py is finer than Ps and card P, = card Ps, then P, = Ps.
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2. DEFINITIONS AND TERMINOLOGY

Let I; be a non empty set. We consider FSM over I as systems

( states, a Tran, a InitS ),
where the states constitute a finite non empty set, the Tran is a function from
f the states, I; | into the states, and the InitS is an element of the states.

Let I; be a non empty set and let f3 be a FSM over I7. A state of f3 is an
element of the states of fs.

For simplicity we follow a convention: I7, O are non empty sets, f3is a FSM
over I, s is an element of I, w, wy, we are finite sequences of elements of I,
q, ¢, q1, g2 are states of f3, and ¢3 is a finite sequence of elements of the states
of f3.

Let us consider Iy, f3, s, ¢. The functor s-succ(q) yielding a state of f3 is
defined by:

(Def.1)  s-succ(q) = (the Tran of f3)({q, s)).
Let us consider Iy, f3, ¢, w. The functor (¢, w)-admissible yields a finite
sequence of elements of the states of f3 and is defined by the conditions (Def.2).
(Def.2) (i) (g, w)-admissible(1) = g,
(ii)  len((g,w)-admissible) = lenw + 1, and
(iii)  for every i such that 1 < i and ¢ < lenw there exists an element ws
of I; and there exist states qq4, g5 of f3 such that ws = w(i) and ¢4 =
(¢, w)-admissible(i) and g5 = (¢, w)-admissible(i + 1) and ws-succ(qs) =
gs.
The following proposition is true
(16)  (g,(1,))-admissible = (g).

Let us consider I, fs, w, g1, g2. The predicate ¢; — g is defined as follows:
(Det.3) (g1, w)-admissible(lenw + 1) = go.

We now state the proposition
€(1y)

(17 ¢—q
Let us consider Iy, f3, w, g3. We say that g3 is admissible for w if and only
if:
(Def.4)  There exists g1 such that ¢; = ¢3(1) and (g1, w)-admissible = g3.
We now state the proposition
(18)  (q) is admissible for ¢(7,).

Let us consider Iy, f3, ¢, w. The functor w-succ(q) yields a state of f3 and
is defined by:

(Def.5) ¢ = w-succ(q).
One can prove the following propositions:
(19) (g, w)-admissible(len((q, w)-admissible)) = ¢’ iff ¢ — ¢’
(20) For every k such that 1 < k and & < lenw; holds (g1, wy ~
ws)-admissible(k) = (g1, w1 )-admissible(k).
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(21)  If ¢ 2% qo, then (g1, w1 ™ wo)-admissible(len wy 4 1) = go.

(22) If g1 =% go, then for every k such that 1 < k and k < lenws + 1 holds
(g1, w1 ~ wy)-admissible(lenwy + k) = (g2, wa)-admissible(k).

(23)  Tfqr % go, then (g1, w1 wq)-admissible = ((qy,w; )-admissibleen w, +1)"
(g2, w2)-admissible.

3. MEALY AND MOORE MACHINES

Let I;, O1 be non empty sets. We consider Mealy-FSM over I, Op as
extensions of FSM over [; as systems

( states, a Tran, a OFun, a InitS ),
where the states constitute a finite non empty set, the Tran is a function from
Fthe states, I7 | into the states, the OFun is a function from [the states, I ]
into O1, and the InitS is an element of the states. We introduce Moore-FSM
over I;, O1 which are extensions of FSM over I7 and are systems

( states, a Tran, a OFun, a InitS ),
where the states constitute a finite non empty set, the Tran is a function from
f the states, I; | into the states, the OFun is a function from the states into Oy,
and the InitS is an element of the states.

For simplicity we adopt the following convention: ti, to, t3, t4 will denote
Mealy-FSM over 17, O1, s1 will denote a Moore-FSM over Iy, O1, ¢g will denote
a state of s1, q, ¢1, 92, q7, qs, 99, 10, 41, q11, q12, @13 Will denote states of ¢,
q4, q15 will denote states of to, and ¢o1, goo Will denote states of t3.

Let us consider Iy, O1, t1, q11, w. The functor (g1, w)-response yields a finite
sequence of elements of O and is defined as follows:

(Def.6)  len((q11,w)-response) = lenw and for every ¢ such that i € domw holds
(q11,w)-response(z) = (the OFun of t1)({(¢q11, w)-admissible(7), w(i))).

The following proposition is true
(24)  (qu1,€(1,))-response = £(0,)-

Let us consider I, O, s1, g, w. The functor (gg, w)-response yields a finite
sequence of elements of O and is defined by:

(Def.7)  len((gs,w)-response) = lenw + 1 and for every i such that
i € Seg(lenw 4+ 1) holds (g¢,w)-response(i) = (the OFun of
51)((g¢, w)-admissible(7)).

One can prove the following propositions:
(25) (g, w)-response(1) = (the OFun of s1)(ge).
(26) If g2 2% qi3, then (gi2,w; ™ ws)-response = (gi2,w;)-response ~
(q13, w2 )-response.
(27) If quu 2L g5 and ga1 —%  geo and (q15, wo)-response  #
(22, w2)-response, then (q14, w1 ~ wy)-response # (ga1, w1 ~ wa)-response.
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In the sequel O is a finite non empty set, t5 is a Mealy-FSM over I7, Os,
and s9 is a Moore-FSM over 17, Os.

Let us consider Iy, O1, t1, s1. We say that ¢y is similar to s; if and only if
the condition (Def.8) is satisfied.

(Def.8)  Let tg be a finite sequence of elements of I;. Then ((the OFun of s1)(the
InitS of s1)) ~ (the InitS of ¢;, ts)-response = (the InitS of s1, t¢)-response.

The following propositions are true:
(28)  There exists t; which is similar to s;.
(29)  There exists sg such that ¢5 is similar to ss.

4. EQUIVALENCE OF STATES AND MACHINES

Let us consider Iy, Oy, to, t3. We say that to and t3 are equivalent if and
only if:
(Def.9)  For every w holds (the InitS of to, w)-response = (the InitS of ¢3,
w)-response.
Let us observe that the predicate introduced above is reflexive and symmetric.
We now state the proposition

(30) If t9 and t3 are equivalent and t3 and t4 are equivalent, then ¢ and t4
are equivalent.

Let us consider I, O1, t1, qs, g9. We say that gs and qg are equivalent if and
only if:
(Def.10)  For every w holds (gg, w)-response = (g9, w)-response.
We now state several propositions:

(31) ¢ and g are equivalent.

(32) If ¢1 and ¢y are equivalent, then ¢o and ¢; are equivalent.

(33) If ¢; and g9 are equivalent and g2 and g7 are equivalent, then ¢; and q7
are equivalent.

(34) If ¢§ = (the Tran of t1)({gs, s)), then for every i such that i €
Seg(lenw+ 1) holds (gs, (s) ~ w)-admissible(i + 1) = (¢}, w)-admissible(i).

(35) If ¢§ = (the Tran of ¢1)({gs, s)), then (gs,(s) ~ w)-response = ((the
OFun of ¢1)({gs, s))) "~ (¢}, w)-response.

(36) gs and gg are equivalent if and only if for every s holds (the OFun of
t1)({gs, s)) = (the OFun of ¢1)({qo, s)) and (the Tran of ¢1)({gs, s)) and
(the Tran of t1)({q9, s)) are equivalent.

(37)  Suppose gg and g9 are equivalent. Given w, i. Suppose i € domw.
Then there exist states g1, q17 of t1 such that g6 = (¢s, w)-admissible(7)
and g17 = (qo, w)-admissible(i) and ¢16 and ¢17 are equivalent.

Let us consider Iy, Oq, t1, gs, q9, k. We say that gg and g9 are k-equivalent
if and only if:
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(Def.11)  For every w such that lenw < k& holds (¢s,w)-response =
(g9, w)-response.

One can prove the following propositions:
(38) gg and gg are k-equivalent.
(39) If gg and qg are k-equivalent, then g9 and gg are k-equivalent.

(40) If gs and qg are k-equivalent and g9 and q19 are k-equivalent, then gg
and g1 are k-equivalent.

(41)  If gg and g9 are equivalent, then gg and g9 are k-equivalent.

(42)  gg and g9 are O-equivalent.

(43) If gg and qg are k + m-equivalent, then gg and g9 are k-equivalent.
(44)  Suppose 1 < k. Then gg and g9 are k-equivalent if and only if the

following conditions are satisfied:

(i) gs and g9 are l-equivalent, and

(ii)  for every element s of I; and for every natural number k; such that
k1 = k—1 holds (the Tran of ¢1)({gs, s)) and (the Tran of ¢1)({qo, s)) are
ki-equivalent.

Let us consider I, Oq, t1, i. The functor i-EqS-Rel(¢1) yielding an equiva-
lence relation of the states of ¢1 is defined as follows:

(Def.12)  For all gs, g9 holds {gs, q9) € i-EqS-Rel(¢;) iff g and g9 are i-equivalent.

Let us consider I, Oy, t1, i. The functor i-EqS-Part(¢1) yields a non empty
finite partition of the states of ¢; and is defined by:
(Def.13)  i-EqS-Part(t1) = Classes(i-EqS-Rel(¢1)).
One can prove the following propositions:
(45)  (k + 1)-EqS-Part(¢;) is finer than k-EqS-Part(t;).
(46)  If Classes(k-EqS-Rel(t1)) = Classes((k+1)-EqS-Rel(¢1)), then for every
m holds Classes((k + m)-EqS-Rel(t1)) = Classes(k-EqS-Rel(t1)).
(47)  If k-EqS-Part(t1) = (k + 1)-EqS-Part(¢1), then for every m holds (k +
m)-EqS-Part(t1) = k-EqS-Part(t1).
(48) If (k + 1)-EqS-Part(t1) # k-EqS-Part(t1), then for every i such that
i < k holds (i + 1)-EqS-Part(t1) # i-EqS-Part(¢;).
(49)  k-EqS-Part(t;) = (k + 1)-EqS-Part(¢1) or card(k-EqS-Part(t1)) <
card((k + 1)-EqS-Part(t1)).
(50)  [q)o-Bqs-Reit;) = the states of t;.
(51)  0-EqS-Part(t1) = {the states of t1}.
(52) If n + 1 = card(the states of ¢1), then (n + 1)-EqS-Part(t;) =
n-EqS-Part (7).
Let us consider I7, O1, t1. A partition of the states of ¢ is final if:

(Def.14)  For all gs, g9 holds gg and gg are equivalent iff there exists an element
X of it such that g5 € X and g9 € X.

Next we state three propositions:
(53) If k-EqS-Part(t1) is final, then (k + 1)-EqS-Rel(t1) = k-EqS-Rel(t1).
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(54)  k-EqS-Part(t1) = (k + 1)-EqS-Part(¢) iff k-EqS-Part(¢1) is final.
(55) If n+ 1 = card (the states of ¢1), then there exists a natural number &
such that k < n and k-EqS-Part(¢;) is final.
Let us consider 7, Oy, t;. The functor final-Partition(¢;) yields a partition
of the states of 1 and is defined by:
(Def.15)  final-Partition(¢;) is final.
We now state the proposition

(56) If n + 1 = card(the states of t1), then final-Partition(t;) =
n-EqS-Part(t;).

5. THE REDUCTION OF A MEALY MACHINE

In the sequel ry will be a Mealy-FSM over Iy, O1, ¢q1s will be a state of rq,
and gqi9 will be an element of final-Partition(¢1).
Let us consider Iy, O1, t1, q19, s. The functor (s, g19)-C-succ yields an element
of final-Partition(¢;) and is defined by:
(Def.16)  There exist ¢, n such that ¢ € q19 and n + 1 = card (the states of ¢1)
and (s, q19)-C-succ = [(the Tran of ¢1)({q, S))]n—EqS—Rcl(tl)’
Let us consider Iy, Oq, t1, q19, s. The functor (g9, s)-C-response yielding an
element of O is defined by:
(Def.17)  There exists ¢ such that g € g9 and (g9, s)-C-response = (the OFun
of t1)({q, s))-
Let us consider I7, O1, t;. The reduction of t; yielding a strict Mealy-FSM
over I1, Oy is defined by the conditions (Def.18).
(Def.18) (i)  The states of the reduction of ¢; = final-Partition(¢;),
(ii)  for every state @ of the reduction of ¢; and for all s, ¢ such that ¢ € Q
holds (the Tran of ¢1)({g, s)) € (the Tran of the reduction of ¢1)({Q, s))
and (the OFun of ¢1)({g, s)) = (the OFun of the reduction of ¢;)({Q, s)),
and
(iii)  the InitS of ¢; € the InitS of the reduction of ¢;.
The following two propositions are true:
(57) If r1 = the reduction of ¢; and ¢ € ¢, then for every k such that
k € Seg(lenw + 1) holds (¢, w)-admissible(k) € (¢1s, w)-admissible(k).
(58)  t1 and the reduction of ¢; are equivalent.

6. MACHINE ISOMORPHISM

In the sequel ¢op, gos will denote states of 1 and T} will denote a function
from the states of ¢ into the states of t3.
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Let us consider I, Oq, to, t3. We say that to and t3 are isomorphic if and
only if the condition (Def.19) is satisfied.
(Def.19)  There exists T} such that
(i) T is bijective,
(ii) T (the InitS of t3) = the InitS of t3, and
(iii)  for all gi4, s holds Ti((the Tran of t9)({q14, s))) = (the Tran
of t3)({T1(q14), s)) and (the OFun of ¢3)({qis, s)) = (the OFun of
t3)({T1(q14), s))-
Let us observe that the predicate introduced above is reflexive and symmetric.
We now state four propositions:

(59) If to and t3 are isomorphic and t3 and ¢4 are isomorphic, then to and t4
are isomorphic.

(60)  Suppose that for every state ¢ of t2 and for every s holds T} ((the Tran
of t2)({q, s))) = (the Tran of t3)({(T1(q), s)). Given k. If 1 < k and k <
lenw + 1, then T’ ((q14, w)-admissible(k)) = (T1(q14), w)-admissible(k).

(61)  Suppose that

(i)  Ti(the InitS of t2) = the InitS of t3, and

(ii)  for every state q of ty and for every s holds Tj((the Tran of ¢5)({(q,
s))) = (the Tran of t3)({T1(q), s)) and (the OFun of ¢2)({g, s)) = (the
OFun of t3)({(T1(q), s)).
Then g14 and g5 are equivalent if and only if Ty(q14) and Ti(q15) are
equivalent.

(62) If 11 = the reduction of t; and g20 # ¢23, then go9 and go3 are not
equivalent.

7. REDUCED AND CONNECTED MACHINES

Let 17, O1 be non empty sets. A Mealy-FSM over [y, O is reduced if:

(Def.20)  For all states gs, qg of it such that gg # g9 holds gg and g9 are not
equivalent.

One can prove the following proposition
(63)  The reduction of ¢; is reduced.

Let us consider I;, O1. Note that there exists a Mealy-FSM over Iy, O
which is reduced.

In the sequel Ry will denote a reduced Mealy-FSM over Iy, O;.

Next we state two propositions:

(64) Ry and the reduction of R; are isomorphic.

(65)  t; is reduced iff there exists a Mealy-FSM M over I1, Op such that ¢;
and the reduction of M are isomorphic.

Let us consider I7, O1, t1. A state of t; is accessible if:
(Def.21)  There exists w such that the InitS of t; — it.



MINIMIZATION OF FINITE STATE MACHINES 181

Let us consider I, O1. A Mealy-FSM over I;, O is connected if:
(Def.22)  Every state of it is accessible.
Let us consider Iy, O1. One can check that there exists a Mealy-FSM over
I, O1 which is connected.
In the sequel Cq, Cy, C3 will be connected Mealy-FSM over I, O1.
We now state the proposition
(66)  The reduction of C'; is connected.
Let us consider I;, O1. Note that there exists a Mealy-FSM over Iy, O
which is connected and reduced.
Let us consider I, O1, t;. The functor accessible-States(¢1) yields a finite
non empty set and is defined as follows:
(Def.23)  accessible-States(t1) = {q : ¢ ranges over states of ¢1, ¢ is accessible}.
The following propositions are true:
(67) accessible-States(t;) C the states of t; and for every ¢ holds ¢ €
accessible-States(¢1) iff ¢ is accessible.
(68) (The Tran of ¢1) | [accessible-States(t1), I3] is a function from
F accessible-States(t1), 1 ] into accessible-States(t1).
(69) Let ¢; be a function from [ accessible-States(t1), I1 ] into
accessible-States(¢1), and let ca be a function from [ accessible-States(t1),
I ] into Oy, and let c3 be an element of accessible-States(¢1). Suppose
c1 = (the Tran of t1) | [ accessible-States(¢1), I1 | and co = (the OFun
of t1) | [ accessible-States(t1), I1 | and c¢3 = the InitS of ¢;. Then ¢; and
Mealy-FSM (accessible-States(t1), c1, c2, c3) are equivalent.
(70)  There exists C such that
(i)  the Tran of C7 = (the Tran of ¢1) | [ accessible-States(t1), I1 ],
i

(i)  the OFun of C; = (the OFun of ¢;) | [ accessible-States(t1), I; ],
(iii)  the InitS of C = the InitS of ¢, and
(iv) 1 and Cy are equivalent.

8. MACHINE UNION

Let us consider Iy, O, to, t3. The functor Mealy-U(to,t3) yields a strict
Mealy-FSM over I;, O; and is defined by the conditions (Def.24).
(Def.24) (i)  The states of Mealy-U(ta,t3) = (the states of t2) U (the states of ¢3),
(ii)  the Tran of Mealy-U(tg,t3) = (the Tran of t3) +- (the Tran of ¢3),
(iii)  the OFun of Mealy-U(to,t3) = (the OFun of t2) +- (the OFun of t¢3),
and
(iv)  the InitS of Mealy-U(tg,t3) = the InitS of ts.
One can prove the following propositions:
(71)  If t; = Mealy-U(t2, t3) and (the states of t3) N (the states of t3) = () and
q14 = ¢, then (q14, w)-admissible = (¢, w)-admissible.
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(72)  If t; = Mealy-U(tg, t3) and (the states of t3) N (the states of t3) = () and
q14 = ¢, then (q14, w)-response = (g, w)-response.

(73)  If t; = Mealy-U(to, t3) and (the states of t3) N (the states of t3) = ) and
g21 = ¢, then (g21,w)-admissible = (g, w)-admissible.

(74)  If t; = Mealy-U(tg, t3) and (the states of t3) N (the states of t3) = () and
g21 = ¢, then (g21,w)-response = (g, w)-response.

In the sequel Ro, R3 will be reduced Mealy-FSM over Iy, O;.

The following proposition is true

(75)  Suppose t; = Mealy-U(R3, R3) and (the states of Ry) N (the states of
R3) = 0 and Ry and R3 are equivalent. Then there exists a state @ of
the reduction of t; such that the InitS of Ry € ) and the InitS of R3 € )
and ) = the InitS of the reduction of ¢;.

For simplicity we follow a convention: Cy, Cs will denote connected reduced
Mealy-FSM over Iy, O1, c11, c12 will denote states of Cy, co1, coo will denote
states of C5, and ¢4, go5 will denote states of t1.

The following propositions are true:

(76)  Suppose that

—~~ =

v
(vi

t1 = Mealy-U(Cy, C5), and
c11 and cq9 are not equivalent.
Then go4 and ¢o5 are not equivalent.

(77)  Suppose that

(i) c1 = qo,
(i) c12 = gos,
(ili)  (the states of Cy) N (the states of C5) = 0,
(iv) (4 and Cjy are equivalent,
)
)

i) co = qu,
(i)  co2 = qos,
(iii)  (the states of Cy) N (the states of C5) = 0,
(iv) (4 and Cy are equivalent,
(v) t; = Mealy-U(Cy,Cs), and
(vi)  ¢21 and c99 are not equivalent.

Then g4 and ¢o5 are not equivalent.

(78)  Suppose (the states of Cy) N (the states of C5) = @) and C4 and C5 are
equivalent and ¢; = Mealy-U(Cy, C5). Let @ be a state of the reduction of
t1. Then there do not exist elements ¢, g2 of @) such that ¢; € the states
of C4 and g € the states of C4 and ¢1 # qo.

(79)  Suppose (the states of Cy) N (the states of C5) = @) and C4 and C5 are
equivalent and ¢; = Mealy-U(Cy, C5). Let @ be a state of the reduction of
t1. Then there do not exist elements g1, g2 of Q such that ¢; € the states
of C5 and ¢y € the states of C5 and ¢q; # ¢o.

(80)  Suppose (the states of Cy) N (the states of C5) = @) and C4 and C5 are
equivalent and ¢t; = Mealy-U(Cy, C5). Let @ be a state of the reduction
of t1. Then there exist elements q1, g2 of ) such that ¢; € the states of
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Cy4 and g9 € the states of C'5 and for every element ¢ of () holds ¢ = ¢q1 or
q=qz.

9. THE MINIMIZATION THEOREM

We now state several propositions:

(81)  There exist Mealy-FSM f4, f5 over I;, O such that (the states of
f1) N (the states of f5) = 0 and f4 and ¢ are isomorphic and f5 and t3
are isomorphic.

(82)  If to and t3 are isomorphic, then to and t3 are equivalent.

(83)  If (the states of Cy)N(the states of C5) = () and Cy and C5 are equivalent,
then Cy and Cy are isomorphic.

(84) If Cy and (5 are equivalent, then the reduction of Cy and the reduction
of (3 are isomorphic.

(85)  Let My, Ms be connected reduced Mealy-FSM over I1, O;. Then M;
and My are isomorphic if and only if My and M, are equivalent.
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1. RooT TREE AND SUCCESSORS OF NODE IN DECORATED TREE

One can check that every tree which is finite is also finite-order.
The following propositions are true:

(1)  For every decorated tree t holds t | ey = t.

(2)  For every tree t and for all finite sequences p, ¢ of elements of N such
that p~ge€tholdst] (p~q)=tIplq.
(3) Let t be a decorated tree and let p, ¢ be finite sequences of elements of
N. If p~ g € domt, thent| (p~q)=tlplq.
A decorated tree is root if:
(Def.1)  domit = the elementary tree of 0.

Let us note that every decorated tree which is root is also finite.
The following three propositions are true:

(4)  For every decorated tree ¢ holds t is root iff ¢ € Leaves(dom ).

(5)  For every tree t and for every element p of ¢ holds ¢ | p = the elementary
tree of 0 iff p € Leaves(t).

!This article has been worked out during the visit of the author in Nagano in Summer 1994.
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(6) For every decorated tree ¢t and for every node p of ¢ holds ¢ | p is root
iff p € Leaves(dom ).
Let us mention that there exists a decorated tree which is root and there
exists a decorated tree which is finite and non root.
Let z be a set. Note that the root tree of x is finite and root.
A tree is finite-branching if:

(Def.2)  For every element x of it holds succ z is finite.

Let us mention that every tree which is finite-order is also finite-branching.
Let us note that there exists a tree which is finite.
A decorated tree is finite-order if:
(Def.3)  domit is finite-order.
A decorated tree is finite-branching if:
(Def.4)  domit is finite-branching.
One can check that every decorated tree which is finite is also finite-order
and every decorated tree which is finite-order is also finite-branching.
Let us observe that there exists a decorated tree which is finite.
Let ¢ be a finite-order decorated tree. One can verify that domt is finite-
order.
Let t be a finite-branching decorated tree. Note that dom ¢ is finite-branching.
Let ¢ be a finite-branching tree and let p be an element of ¢t. Note that succp
is finite.
The scheme FinOrdSet concerns a unary functor F yielding a set and a finite
set A, and states that:
For every natural number n holds F(n) € A iff n < card A
provided the parameters have the following properties:
e For every set z such that x € A there exists a natural number n
such that =z = F(n),
e For all natural numbers 4, j such that ¢ < j and F(j) € A holds
F(i) € A,
e For all natural numbers i, j such that F(i) = F(j) holds i = j.
Let X be a set. One can verify that there exists a finite sequence of elements
of X which is one-to-one and empty.
The following proposition is true
(7)  Let t be a finite-branching tree, and let p be an element of ¢, and let n
be a natural number. Then p ~ (n) € succp if and only if n < card succ p.

Let ¢ be a finite-branching tree and let p be an element of ¢{. The functor
Succp yielding an one-to-one finite sequence of elements of ¢ is defined by:
(Def.5)  lenSuccp = cardsuccp and rng Succp = succp and for every natural
number ¢ such that ¢ < len Succp holds (Succp)(i+ 1) =p ™ (i).

Let ¢ be a finite-branching decorated tree and let p be a finite sequence. Let

us assume that p € domt¢. The functor succ(t,p) yielding a finite sequence is
defined by:
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(Def.6)  There exists an element g of domt such that ¢ = p and succ(t,p) =
t - Succgq.
One can prove the following two propositions:
(8) Let t be a finite-branching decorated tree. Then there exists a set
x and there exists a decorated tree yielding finite sequence p such that
t = z-tree(p).
(9) For every finite decorated tree ¢ and for every node p of t holds ¢ | p is
finite.
Let t be a finite decorated tree and let p be a node of £. Observe that ¢ | p
is finite.
The following proposition is true
(10)  For every finite tree ¢t and for every element p of ¢ such that t =¢ [ p
holds p = €.

Let D be a non empty set and let S be a non empty subset of FinTrees(D).
One can verify that every element of S is finite.

2. SET OF SUBTREES OF DECORATED TREE

Let t be a decorated tree. The functor Subtrees(t) yielding a constituted of
decorated trees non empty set is defined by:

(Def.7)  Subtrees(t) = {t | p : p ranges over nodes of t}.

Let D be a non empty set and let ¢ be a tree decorated with elements of D.
Then Subtrees(t) is a non empty subset of Trees(D).

Let D be a non empty set and let ¢ be a finite tree decorated with elements
of D. Then Subtrees(t) is a non empty subset of FinTrees(D).

Let t be a finite decorated tree. Omne can verify that every element of
Subtrees(t) is finite.

In the sequel x denotes a set and t, t1, t5 denote decorated trees.

One can prove the following propositions:

(11)  x € Subtrees(t) iff there exists a node n of ¢ such that =t [ n.
(12) t € Subtrees(t).

(13)  If ¢y is finite and Subtrees(t1) = Subtrees(ts), then t1 = to.

(14)  For every node n of ¢ holds Subtrees(t | n) C Subtrees(t).

Let t be a decorated tree. The functor FixedSubtrees(t) yields a non empty
subset of [ dom¢t, Subtrees(t) ] and is defined as follows:

(Def.8)  FixedSubtrees(t) = {(p, t | p) : p ranges over nodes of t}.
Next we state three propositions:
(15)  z € FixedSubtrees(t) iff there exists a node n of ¢ such that x = (n,
t 1 n).
(16) (e, t) € FixedSubtrees(t).
(17)  If FixedSubtrees(t1) = FixedSubtrees(t2), then ¢ = to.
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Let t be a decorated tree and let C' be a set. The functor C'-Subtrees(t)
yielding a subset of Subtrees(t) is defined as follows:

(Def.9)  C-Subtrees(t) = {t | p : p ranges over nodes of ¢, p ¢ Leaves(domt) V
t(p) € C}.

In the sequel C' denotes a set.

We now state two propositions:

(18)  x € C-Subtrees(t) iff there exists a node n of ¢ such that x =t | n but
n ¢ Leaves(domt) or t(n) € C.
(19)  C-Subtrees(t) is empty iff ¢ is root and t(¢) ¢ C.

Let ¢ be a finite decorated tree and let C' be a set. The functor C-Immedia-
teSubtrees(t) yields a function from C-Subtrees(t) into (Subtrees(t))* and is
defined by the condition (Def.10).

(Def.10)  Let d be a decorated tree. Suppose d € C'-Subtrees(t). Let p be a finite
sequence of elements of Subtrees(t). If p = (C -ImmediateSubtrees(t))(d),
then d = d(e)-tree(p).

3. SET OF SUBTREES OF SET OF DECORATED TREE

Let X be a constituted of decorated trees non empty set. The functor
Subtrees(X) yielding a constituted of decorated trees non empty set is defined
by:

(Def.11)  Subtrees(X) = {t | p : t ranges over elements of X, p ranges over nodes
of t}.

Let D be a non empty set and let X be a non empty subset of Trees(D).
Then Subtrees(X) is a non empty subset of Trees(D).

Let D be a non empty set and let X be a non empty subset of FinTrees(D).
Then Subtrees(X) is a non empty subset of FinTrees(D).

In the sequel X, Y will be non empty constituted of decorated trees sets.

We now state three propositions:

(20) x € Subtrees(X) iff there exists an element ¢ of X and there exists a
node n of ¢ such that x =t | n.

(21) Ift € X, then t € Subtrees(X).
(22) If X CY, then Subtrees(X) C Subtrees(Y).

Let t be a decorated tree. Observe that {¢} is non empty and constituted of
decorated trees.
Next we state two propositions:

(23)  Subtrees({t}) = Subtrees(t).
(24)  Subtrees(X) = J{Subtrees(t) : t ranges over elements of X }.

Let X be a constituted of decorated trees non empty set and let C' be a set.
The functor C'-Subtrees(X) yields a subset of Subtrees(X) and is defined as
follows:
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(Def.12)  C-Subtrees(X) = {t | p : t ranges over elements of X, p ranges over
nodes of t, p ¢ Leaves(domt) V t(p) € C}.

We now state four propositions:

(25) x € C-Subtrees(X) iff there exists an element ¢ of X and there exists
a node n of t such that x =t | n but n ¢ Leaves(domt) or t(n) € C.

(26)  C-Subtrees(X) is empty iff for every element ¢ of X holds ¢ is root and
t(e) ¢ C.

(27)  C-Subtrees({t}) = C -Subtrees(t).

(28)  C-Subtrees(X) = J{C -Subtrees(t) : t ranges over elements of X }.

Let X be a non empty constituted of decorated trees set. Let us assume that
every element of X is finite. Let C be a set. The functor C'-ImmediateSubtrees(X)
yields a function from C -Subtrees(X) into (Subtrees(X))* and is defined by the
condition (Def.13).

(Def.13)  Let d be a decorated tree. Suppose d € C-Subtrees(X). Let
p be a finite sequence of elements of Subtrees(X). It p =
(C -ImmediateSubtrees(X))(d), then d = d(e)-tree(p).

Let t be a tree. Observe that there exists an element of ¢ which is empty.
We now state four propositions:

(29)  For every finite decorated tree ¢ and for every element p of domt holds
len succ(t, p) = len Succp and dom succ(t, p) = dom Succ p.

(30) For every finite tree yielding finite sequence p and for every empty
element n of “ p " holds card succn = len p.

(31) Let t be a finite decorated tree, and let x be a set, and let p be a
decorated tree yielding finite sequence. Suppose t = z-tree(p). Let n be
an empty element of dom¢. Then succ(t,n) = the roots of p.

(32)  For every finite decorated tree ¢ and for every node p of t and for every
node ¢ of ¢ | p holds succ(t,p ~ q) = succ(t | p, q).
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for this paper.

1. TERMS OVER A SIGNATURE AND OVER AN ALGEBRA

Let I be a non empty set, let X be a non-empty many sorted set indexed by
I, and let i be an element of I. Note that X (i) is non empty.

In the sequel S will be a non void non empty many sorted signature and V'
will be a non-empty many sorted set indexed by the carrier of S.

Let us consider S, V. The functor S-Terms(V') yielding a non empty subset
of FinTrees(the carrier of DTConMSA(V)) is defined as follows:

(Def.1)  S-Terms(V) = TS(DTConMSA(V)).

Let us consider S, V. A term of S over V is an element of S-Terms(V).

In the sequel A denotes an algebra over S and ¢ denotes a term of S over V.

Let us consider S, V and let o be an operation symbol of S. Then Sym(o, V)
is a nonterminal of DTConMSA (V).

Let us consider S, V and let s; be a nonterminal of DTConMSA (V). A finite
sequence of elements of S-Terms(V) is called an argument sequence of s if:

!This article has been prepared during the visit of the author in Nagano in Summer 1994.
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(Def.2) It is a subtree sequence joinable by s7.
We now state the proposition

(1)  Let o be an operation symbol of S and let a be a finite sequence. Then
(o, the carrier of S)-tree(a) € S-Terms(V') and a is decorated tree yielding
if and only if a is an argument sequence of Sym(o, V).

The scheme Termlind concerns a non void non empty many sorted signature
A, a non-empty many sorted set B indexed by the carrier of A, and a unary
predicate P, and states that:

For every term t of A over B holds P|[t]
provided the parameters satisfy the following conditions:
e For every sort symbol s of A and for every element v of B(s) holds
Plthe root tree of (v, s}],
e Let o be an operation symbol of A and let p be an argument se-
quence of Sym(o, B). Suppose that for every term t of A over B such
that ¢ € rng p holds P[t]. Then P[{o, the carrier of A)-tree(p)].

Let us consider S, A, V. A term of A over V is a term of S over (the sorts
of A)u (V).

Let us consider S, A, V and let o be an operation symbol of S. An argument
sequence of 0, A, and V is an argument sequence of Sym(o, (the sorts of A)U(V)).

The scheme CTermlInd concerns a non void non empty many sorted signature
A, a non-empty algebra B over A, a non-empty many sorted set C indexed by
the carrier of A, and a unary predicate P, and states that:

For every term t of B over C holds P[t]
provided the following requirements are met:

e For every sort symbol s of A and for every element x of (the sorts
of B)(s) holds P[the root tree of {x, s)],

e For every sort symbol s of A and for every element v of C(s) holds
P[the root tree of (v, s)],

e Let o be an operation symbol of A and let p be an argument se-
quence of o, B, and C. Suppose that for every term ¢ of B over
C such that ¢ € rngp holds P[t]. Then P[Sym(o, (the sorts of
B) U C)-tree(p)].

Let us consider S, V, t and let p be a node of ¢. Then t(p) is a symbol of
DTConMSA(V).

Let us consider S, V. Observe that every term of S over V is finite.

Next we state several propositions:

(2) (i) There exists a sort symbol s of S and there exists an element v of

V(s) such that t(¢) = (v, s), or
(ii)  t(e) € [ the operation symbols of S, {the carrier of S} ].
(3) Let t be a term of A over V. Then
(i)  there exists a sort symbol s of S and there exists a set x such that
x € (the sorts of A)(s) and t(e) = (x, s), or

(ii)  there exists a sort symbol s of S and there exists an element v of V(s)

such that t(¢) = (v, s), or
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(iii)  t(e) € | the operation symbols of S, {the carrier of S}].

(4)  For every sort symbol s of S and for every element v of V (s) holds the
root tree of (v, s) is a term of S over V.

(5)  For every sort symbol s of S and for every element v of V(s) such that
t(e) = (v, s) holds ¢ = the root tree of (v, s).

(6) Let s be a sort symbol of S and let « be a set. Suppose x € (the sorts
of A)(s). Then the root tree of (z, s) is a term of A over V.

(7)  Let t be a term of A over V, and let s be a sort symbol of S, and let x
be a set. If x € (the sorts of A)(s) and t(e) = (z, s), then ¢t = the root
tree of (x, s).

(8)  For every sort symbol s of S and for every element v of V(s) holds the
root tree of (v, s) is a term of A over V.

(9) Let t be a term of A over V, and let s be a sort symbol of S, and let v
be an element of V(s). If t(¢) = (v, s), then ¢ = the root tree of (v, s).

(10)  Let o be an operation symbol of S. Suppose t(¢) = (o, the carrier of S).
Then there exists an argument sequence a of Sym(o, V') such that ¢ = (o,
the carrier of S)-tree(a).

Let us consider S, let A be a non-empty algebra over S, let us consider V,
let s be a sort symbol of S, and let = be an element of (the sorts of A)(s). The
functor x4 v yielding a term of A over V is defined as follows:

(Def.3) x4y = the root tree of (z, s).

Let us consider S, A, V, let s be a sort symbol of S, and let v be an element
of V(s). The functor v4 yields a term of A over V and is defined as follows:

(Def.4) v = the root tree of (v, s).

Let us consider S, V, let s; be a nonterminal of DTConMSA(V'), and let p
be an argument sequence of s;. Then si-tree(p) is a term of S over V.
The scheme Termlind2 concerns a non void non empty many sorted signature
A, a non-empty algebra B over A, a non-empty many sorted set C indexed by
the carrier of A, and a unary predicate P, and states that:
For every term t of B over C holds P]t]
provided the following conditions are satisfied:
e For every sort symbol s of A and for every element z of (the sorts
of B)(s) holds Plzpc],
e For every sort symbol s of A and for every element v of C(s) holds
P[UBL
e Let o be an operation symbol of A and let p be an argument se-
quence of Sym(o, (the sorts of B)UC). Suppose that for every term
t of B over C such that ¢t € rngp holds P[t]. Then P[Sym(o, (the
sorts of B) UC)-tree(p)].
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2. SORT OF A TERM

One can prove the following three propositions:
(11)  For every term ¢ of S over V' there exists a sort symbol s of S such that
t € FreeSort(V) s).
(12)  For every sort symbol s of S holds FreeSort(V,s) C S-Terms(V).
(13)  S-Terms(V) = [ FreeSorts(V).
Let us consider S, V, t. The sort of ¢ yields a sort symbol of S and is defined
by:
(Def.5)  t € FreeSort(V,the sort of t).
One can prove the following propositions:
(14)  Let s be a sort symbol of S and let v be an element of V(s). If ¢t = the
root tree of (v, s), then the sort of t = s.

(15)  Let t be a term of A over V, and let s be a sort symbol of S, and let =
be a set. Suppose x € (the sorts of A)(s) and ¢ = the root tree of (z, s).
Then the sort of t = s.

(16) Let ¢ be a term of A over V, and let s be a sort symbol of S, and let
v be an element of V(s). If ¢ = the root tree of (v, s), then the sort of
t=s.

(17)  Let o be an operation symbol of S. Suppose t(¢) = (o, the carrier of
S). Then the sort of ¢t = the result sort of o.

(18) Let A be a non-empty algebra over S, and let s be a sort symbol of S,
and let z be an element of (the sorts of A)(s). Then the sort of x4y = s.

(19)  For every sort symbol s of S and for every element v of V'(s) holds the
sort of vy = s.

(20)  Let o be an operation symbol of S and let p be an argument sequence
of Sym(o,V'). Then the sort of ( Sym(o,V)-tree(p) qua term of S over
V') = the result sort of o.

3. ARGUMENT SEQUENCE

We now state several propositions:

(21)  Let o be an operation symbol of S and let a be a finite sequence of
elements of S-Terms(V'). Then a is an argument sequence of Sym(o, V)
if and only if Sym(o, V') = the roots of a.

(22) Let o be an operation symbol of S and let a be an argument sequence
of Sym(o, V). Then lena = len Arity (o) and doma = dom Arity(o) and
for every natural number i such that i € doma holds a(i) is a term of S
over V.
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(23)  Let o be an operation symbol of S, and let a be an argument sequence
of Sym(o, V'), and let i be a natural number. Suppose i € doma. Let ¢ be
a term of S over V. Suppose t = a(i). Then
(i) t = mi(a qua finite sequence of elements of S-Terms(V) qua non
empty set),
(ii)  the sort of t = Arity(o)(i), and
(iii)  the sort of ¢ = m; Arity (o).
(24)  Let o be an operation symbol of S and let a be a finite sequence. Sup-
pose that
(i) lena = len Arity(o) or doma = dom Arity (o), and
(ii)  for every natural number ¢ such that ¢ € doma there exists a term ¢
of S over V such that ¢t = a(i) and the sort of ¢t = Arity(0)(7) or for every
natural number i such that ¢ € doma there exists a term ¢ of S over V'
such that ¢t = a(i) and the sort of t = m; Arity (o).
Then a is an argument sequence of Sym(o, V).

(25) Let o be an operation symbol of S and let a be a finite sequence of
elements of S-Terms(V'). Suppose that
(i) lena = len Arity(o) or doma = dom Arity (o), and
(ii)  for every natural number i such that ¢ € doma and for every term ¢ of
S over V such that ¢ = a(i) holds the sort of ¢t = Arity(o)(i) or for every
natural number ¢ such that ¢ € doma and for every term ¢ of S over V
such that ¢ = a(7) holds the sort of ¢t = m; Arity (o).
Then a is an argument sequence of Sym(o, V).
(26) Let S be a non void non empty many sorted signature and let Vi, V5
be non-empty many sorted sets indexed by the carrier of S. If V1 C Vs,
then every term of S over Vj is a term of S over V5.

(27) Let S be a non void non empty many sorted signature, and let A be
an algebra over S, and let V' be a non-empty many sorted set indexed by
the carrier of S. Then every term of S over V is a term of A over V.

4. COMPOUND TERMS

Let S be a non void non empty many sorted signature and let V' be a non-
empty many sorted set indexed by the carrier of S. A term of S over V is said
to be a compound term of S over V if:

(Def.6)  It(e) € [ the operation symbols of S, {the carrier of S}{.

Let S be a non void non empty many sorted signature and let V' be a non-
empty many sorted set indexed by the carrier of S. A non empty subset of
S -Terms(V) is called a set with a compound term of S over V if:

(Def.7)  There exists a compound term ¢ of S over V such that t € it.
Next we state two propositions:
(28)  If t is not root, then t is a compound term of S over V.
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(29) For every node p of t holds ¢ | p is a term of S over V.

Let S be a non void non empty many sorted signature, let V' be a non-empty
many sorted set indexed by the carrier of S, let ¢ be a term of S over V, and
let p be a node of t. Then ¢ | p is a term of S over V.

5. EVALUATION OF TERMS

Let S be a non void non empty many sorted signature and let A be an algebra
over S. A non-empty many sorted set indexed by the carrier of S is said to be
a variables family of A if:

(Def.8) It misses the sorts of A.
We now state the proposition

(30) Let V be a variables family of A, and let s be a sort symbol of S, and
let « be a set. If x € (the sorts of A)(s), then for every element v of V(s)
holds x # v.

Let S be a non void non empty many sorted signature, let A be a non-empty
algebra over S, let V' be a non-empty many sorted set indexed by the carrier of
S, let t be a term of A over V, let f be a many sorted function from V into the
sorts of A, and let v; be a finite decorated tree. We say that vy is an evaluation
of t w.r.t. f if and only if the conditions (Def.9) are satisfied.

(Def.9) (i) domw; = domt, and
(ii)  for every node p of v1 holds for every sort symbol s of S and for every el-
ement v of V() such that t(p) = (v, s) holds v1(p) = f(s)(v) and for every
sort symbol s of S and for every element x of (the sorts of A)(s) such that
t(p) = (x, s) holds v1(p) = x and for every operation symbol o of S such
that t(p) = (o, the carrier of S) holds v1(p) = (Den(o, A))(succ(vy, p)).

For simplicity we follow the rules: S will be a non void non empty many
sorted signature, A will be a non-empty algebra over S, V will be a variables
family of A, ¢t will be a term of A over V, and f will be a many sorted function
from V into the sorts of A.

We now state several propositions:

(31) Let s be a sort symbol of S and let z be an element of (the sorts of
A)(s). Suppose t = the root tree of (x, s). Then the root tree of x is an
evaluation of ¢t w.r.t. f.

(32)  Let s be a sort symbol of S and let v be an element of V(s). Suppose
t = the root tree of (v, s). Then the root tree of f(s)(v) is an evaluation
of t wr.t. f.

(33) Let o be an operation symbol of S, and let p be an argument sequence
of o, A, and V, and let ¢ be a decorated tree yielding finite sequence.
Suppose that

(i) leng=lenp, and
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(ii)  for every natural number ¢ and for every term ¢ of A over V such that
i € domp and t = p(i) there exists a finite decorated tree vy such that
vy = q(7) and vy is an evaluation of ¢ w.r.t. f.

Then there exists a finite decorated tree vy such that v; = (Den(o, A))(the
roots of g)-tree(q) and v; is an evaluation of Sym(o, (the sorts of A) U
(V))-tree(p) qua term of A over V w.r.t. f.

(34)  Let t be a term of A over V and let e be a finite decorated tree. Suppose
e is an evaluation of ¢ w.r.t. f. Let p be a node of ¢ and let n be a node
of e. If n = p, then e | n is an evaluation of t | p w.r.t. f.

(35)  Let o be an operation symbol of S, and let p be an argument sequence
of 0o, A, and V, and let v; be a finite decorated tree. Suppose v1 is an
evaluation of Sym(o, (the sorts of A) U (V))-tree(p) qua term of A over
V w.r.t. f. Then there exists a decorated tree yielding finite sequence ¢
such that

(i) leng = lenp,
(i) v = (Den(o, A))(the roots of ¢)-tree(q), and
(i)  for every natural number ¢ and for every term ¢ of A over V such that
i € domp and t = p(i) there exists a finite decorated tree vy such that
v; = ¢(4) and v; is an evaluation of ¢t w.r.t. f.

(36)  There exists finite decorated tree which is an evaluation of ¢ w.r.t. f.

(37)  Let ey, ey be finite decorated trees. Suppose e is an evaluation of ¢
w.r.t. f and es is an evaluation of ¢ w.r.t. f. Then e; = es.

(38) Let v be a finite decorated tree. Suppose v; is an evaluation of ¢ w.r.t.
f. Then vy (g) € (the sorts of A)(the sort of ).

Let S be a non void non empty many sorted signature, let A be a non-empty
algebra over S, let V' be a variables family of A, let ¢ be a term of A over V, and
let f be a many sorted function from V into the sorts of A. The functor ¢ @ f
yields an element of (the sorts of A)(the sort of ¢) and is defined as follows:

(Def.10)  There exists a finite decorated tree vy such that v; is an evaluation of
twrt. fand t© f =wv(e).
In the sequel ¢ denotes a term of A over V.
We now state several propositions:
(39)  For every finite decorated tree v; such that v; is an evaluation of ¢ w.r.t.
f holds t @ f = vy (e).
(40)  Let v be a finite decorated tree. Suppose vy is an evaluation of ¢ w.r.t.
f. Let p be a node of t. Then vi(p) =t p© f.
(41)  For every sort symbol s of S and for every element x of (the sorts of
A)(s) holds x4y @ f = .
(42)  For every sort symbol s of S and for every element v of V(s) holds
va @ f = f(s)(v).
(43)  Let o be an operation symbol of S, and let p be an argument sequence
of 0, A, and V, and let ¢ be a finite sequence. Suppose that
(i) leng=lenp, and
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(ii)  for every natural number ¢ such that i € domp and for every term ¢ of

A over V such that ¢t = p(i) holds ¢(i) =t © f.
Then (Sym(o, (the sorts of A)U(V))-tree(p) qua term of A over V)@ (f) =
(Den(o, A))(q)-
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Summary. This article is devoted to functions of general topolog-
ical spaces. A function from X to Y is A-continuous if the counterimage
of every open set V' of Y belongs to A, where A is a collection of subsets
of X. We give the following characteristics of the continuity, called de-
composition of continuity: A function f is continuous if and only if it is
both A-continuous and B-continuous.

MML Identifier: DECOMP_1.

The articles [14], [12], [2], [1], [3], [10], [6], [8], [11], [5], [13], [9], [15], [7], and [4]
provide the notation and terminology for this paper.

Let T be a topological space. A subset of the carrier of T is called an a-set
of T if:

(Def.1) It C Int Intit.

A subset of the carrier of T is semi-open if:
(Def.2) It C Intit.

A subset of the carrier of T is pre-open if:
(Def.3) It C Intit.

A subset of the carrier of T is pre-semi-open if:
(Def.4) It C Intit.

A subset of the carrier of T is semi-pre-open if:
(Def.5) It C Intit U Intit.

Let T be a topological space and let B be a subset of the carrier of 7. The
functor sInt(B) yielding a subset of the carrier of 7" is defined as follows:

(Def.6) sInt(B) = BN Int B.

The functor pInt(B) yielding a subset of the carrier of T is defined as follows:
(Def.7)  pInt(B) = BN Int B.

The functor alnt(B) yielding a subset of the carrier of 7" is defined as follows:

© 1996 Warsaw University - Bialystok
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(Def.8)  alnt(B) = BN IntInt B.
The functor psInt(B) yields a subset of the carrier of T' and is defined as follows:

(Def.9)  psInt(B) = BN Int B.

Let T be a topological space and let B be a subset of the carrier of T'. The
functor spInt(B) yields a subset of the carrier of T and is defined by:

(Def.10)  splnt(B) = sInt(B) U pInt(B).
Let T be a topological space. The functor T“ yields a family of subsets of
the carrier of T' and is defined as follows:
(Def.11)  T9 = {B : B ranges over subsets of the carrier of T', B is ana-set of
T}.
The functor SO(T') yielding a family of subsets of the carrier of T is defined by:
(Def.12)  SO(T') = {B : B ranges over subsets of the carrier of T', B is semi-open}.

The functor PO(T) yielding a family of subsets of the carrier of T is defined as
follows:

(Def.13)  PO(T') = {B : B ranges over subsets of the carrier of T', B is pre-open}.

The functor SPO(T') yielding a family of subsets of the carrier of T' is defined
as follows:
(Def.14)  SPO(T) = {B : B ranges over subsets of the carrier of 7', B is semi-
pre-open}.
The functor PSO(T) yields a family of subsets of the carrier of 7" and is defined
by:
(Def.15)  PSO(T) = {B : B ranges over subsets of the carrier of T, B is pre-semi-

open}.
The functor D(c,«)(T') yielding a family of subsets of the carrier of T is defined
as follows:
(Def.16)  D(c,a)(T) = {B : B ranges over subsets of the carrier of T, Int B =
alnt(B)}.
The functor D(c, p)(T) yielding a family of subsets of the carrier of T is defined

by:
(Def.17)  D(e,p)(T) = {B : B ranges over subsets of the carrier of T', Int B =
plnt(B)}.
The functor D(c, s)(T) yielding a family of subsets of the carrier of 7" is defined
by:
(Def.18)  D(e,s)(T) = {B : B ranges over subsets of the carrier of T, Int B =

sInt(B)}.
The functor D(c, ps)(T') yielding a family of subsets of the carrier of T is defined
as follows:
(Def.19)  D(e,ps)(T) = {B : B ranges over subsets of the carrier of T, Int B =
pslnt(B)}.

The functor D(a,p)(T) yields a family of subsets of the carrier of T and is
defined as follows:
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(Def.20)  D(a,p)(T) = {B : B ranges over subsets of the carrier of 7', alnt(B) =
plnt(B)}.
The functor D(«, s)(T) yielding a family of subsets of the carrier of T is defined
as follows:

(Def.21)  D(a,s)(T) = {B : B ranges over subsets of the carrier of 7', alnt(B) =
sInt(B)}.
The functor D(ca, ps)(T) yields a family of subsets of the carrier of 7' and is
defined as follows:

(Def.22)  D(a,ps)(T) = {B : B ranges over subsets of the carrier of T', alnt(B) =
psint(B)}.
The functor D(p, sp)(T) yielding a family of subsets of the carrier of T" is defined
by:
(Def.23)  D(p, sp)(T) = {B : B ranges over subsets of the carrier of T, pInt(B) =
spInt(B)}.
The functor D(p, ps)(T) yielding a family of subsets of the carrier of T' is defined
by:
(Def.24)  D(p,ps)(T) = {B : B ranges over subsets of the carrier of T, pInt(B) =
pslnt(B)}.
The functor D(sp,ps)(T) yields a family of subsets of the carrier of T' and is
defined as follows:

(Def.25)  D(sp,ps)(T) = {B : B ranges over subsets of the carrier of T,
spInt(B) = pslnt(B)}.
In the sequel T" will be a topological space and B will be a subset of the
carrier of T'.
One can prove the following propositions:

(1)  oInt(B) = pInt(B) iff sInt(B) = pslnt(B).
(2) B isan a-set of T iff B = alnt(B).
(3) B is semi-open iff B = sInt(B).
(4) B is pre-open iff B = pInt(B).
(5) B is pre-semi-open iff B = pslnt(B).
(6) B is semi-pre-open iff B = splnt(B).
(7) TN D(c,a)(T) = the topology of T
(8) SO(T) N D(e,s)(T) = the topology of T.
(9)  PO(T)N D(c,p)(T) = the topology of T
(10)  PSO(T)N D(c,ps)(T) = the topology of T'.
(11) PO(T)N D(a,p)(T) =T
(12)  SO(T)N D(e, s)(T) =T“.
(13)  PSO(T)N D(c,ps)(T) =T*.
(14)  SPO(T) N D(p,sp)(T) = PO(T)
(15)  PSO(T) N D(p,ps)(T) = PO(T)
(16) PSO(T) N D(a,p)(T) = SO(T)

201
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(17)  PSO(T') N D(sp,ps)(T") = SPO(T).
Let X, Y be topological spaces and let f be a mapping from X into Y. We
say that f is s -continuous if and only if:
(Def.26)  For every subset G of the carrier of Y such that G is open holds f ~1G €
SO(X).
We say that f is p -continuous if and only if:
(Def.27)  For every subset G of the carrier of Y such that G is open holds f ~1G €
PO(X).
We say that f is a -continuous if and only if:
(Def.28)  For every subset G of the carrier of Y such that G is open holds f ~1G €
X
We say that f is ps -continuous if and only if:
(Def.29)  For every subset G of the carrier of Y such that G is open holds f ~1G €
PSO(X).
We say that f is sp -continuous if and only if:
(Def.30)  For every subset G of the carrier of Y such that G is open holds f ~1G €
SPO(X).
We say that f is (¢, @) -continuous if and only if:
(Def.31)  For every subset G of the carrier of Y such that G is open holds f 1 G €
D(c,a)(X).
We say that f is (¢, s) -continuous if and only if:
(Def.32)  For every subset G of the carrier of Y such that G is open holds f ~1G €
D(c,s)(X).
We say that f is (¢, p) -continuous if and only if:
(Def.33)  For every subset G of the carrier of Y such that G is open holds f ~1G €
D(c,p)(X).
We say that f is (¢, ps) -continuous if and only if:
(Def.34)  For every subset G of the carrier of Y such that G is open holds f 1 G €
D(c,ps)(X).
We say that f is («, p) -continuous if and only if:
(Def.35)  For every subset G of the carrier of Y such that G is open holds f ~1G €
D(a, p)(X).
We say that f is («, s) -continuous if and only if:
(Def.36)  For every subset G of the carrier of Y such that G is open holds f ~1G €
D(a, s)(X).
We say that f is («, ps) -continuous if and only if:
(Def.37)  For every subset G of the carrier of Y such that G is open holds f 1 G €
D(a, ps)(X).
We say that f is (p, ps) -continuous if and only if:
(Def.38)  For every subset G of the carrier of Y such that G is open holds f ~1G €
D(p,ps)(X).
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We say that f is (p, sp) -continuous if and only if:

(Def.39)

For every subset G of the carrier of Y such that G is open holds f 71 G €
D(p, sp)(X).

We say that f is (sp,ps) -continuous if and only if:

(Def.40)

In
from

For every subset G of the carrier of Y such that G is open holds f 71 G €
D(sp,ps)(X).
the sequel X, Y will denote topological spaces and f will denote a mapping
X into Y.

The following propositions are true:

A~ N N~ N N N~ /o~ —
DO NN DD DN DN DD NN = =
0 J O U = W N = O O
R N i s N S N

f is a -continuous iff f is p -continuous and («, p) -continuous.
f is a -continuous iff f is s -continuous and («, s) -continuous.

f is a -continuous iff f is ps -continuous and (a, ps) -continuous.
f is p -continuous iff f is sp -continuous and (p, sp) -continuous.

f is p -continuous iff f is ps -continuous and (p, ps) -continuous.

f is s -continuous iff f is ps -continuous and («, p) -continuous.

f is sp -continuous iff f is ps -continuous and (sp, ps) -continuous.
f is continuous iff f is « -continuous and (¢, ) -continuous.

f is continuous iff f is s -continuous and (¢, s) -continuous.

f is continuous iff f is p -continuous and (¢, p) -continuous.

f is continuous iff f is ps -continuous and (¢, ps) -continuous.
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Summary. The aim of this workis to provide a bridge between the
theory of context-free grammars developed in [11], [6] and universally free
manysorted algebras([17]. The third scheme proved in the article allows
to prove that two homomorphisms equal on the set of free generators are
equal. The first scheme is a slight modification of the scheme in [6] and
the second is rather technical, but since it was useful for me, perhaps it
might be useful for somebody else. The concept of flattening of a many
sorted function F' between two manysorted sets A and B (with common
set of indices I) is introduced for A with mutually disjoint components
(pairwise disjoint function — the concept introduced in [16]). This is a
function on the union of A, that is equal to F' on every component of
A. A trivial many sorted algebra over a signature S is defined with sorts
being singletons of corresponding sort symbols. It has mutually disjoint
sorts.

MML Identifier: MSAFREE1.

The notation and terminology used in this paper are introduced in the following
articles: [20], [23], [24], [8], [9], [21], [5], [7], [14], [16], [3], [22], [2], [4], [1], [15],
[11], [6], [10], [19], [13], [18], [17], and [12].

One can prove the following proposition

(1)  For all functions f, g such that g € [] f holds rngg C U f.

The scheme DT ConstrUniq concerns a non empty tree construction structure
A, a non empty set BB, a unary functor F yielding an element of B, a ternary
functor G yielding an element of B, and functions C, D from TS(.A) into B, and
states that:
c=D
provided the parameters meet the following conditions:
e For every symbol ¢t of A such that ¢ € the terminals of A holds
C(the root tree of t) = F(t),

© 1996 Warsaw University - Bialystok
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e Let ny be a symbol of A and let 1 be a finite sequence of elements
of TS(.A). Suppose n; = the roots of ¢;. Let = be a finite sequence
of elements of B. If x = C - t1, then C(ny-tree(t1)) = G(nq,t1,x),

e For every symbol t of A such that ¢ € the terminals of A holds
D(the root tree of t) = F(t),

e Let ny be a symbol of A and let ¢ be a finite sequence of elements
of TS(A). Suppose n; = the roots of ¢;. Let = be a finite sequence
of elements of B. If z = D - ¢, then D(ny-tree(t1)) = G(n1,t1, x).

The following two propositions are true:

(2) Let S be a non void non empty many sorted signature, and let X be
a many sorted set indexed by the carrier of S, and let o, b be arbitrary.
Suppose (o, b) € REL(X). Then

(i) o€ [the operation symbols of S, {the carrier of S} ], and

(ii)) b € ([ the operation symbols of S, {the carrier of S} ]U |Jcoprod(X))*.

(3) Let S be a non void non empty many sorted signature, and let X be
a many sorted set indexed by the carrier of .S, and let o be an operation
symbol of S, and let b be a finite sequence. Suppose ({0, the carrier of
S), b) € REL(X). Then

(i) lenb = len Arity(o), and

(ii)  for arbitrary x such that x € domb holds if b(z) € [ the operation sym-
bols of S, {the carrier of S} |, then for every operation symbol 01 of S such
that (o1, the carrier of S) = b(z) holds the result sort of 01 = Arity(o)(z)
and if b(z) € |Jcoprod(X), then b(z) € coprod(Arity(o)(x), X).

Let I be a non empty set and let M be a non-empty many sorted set indexed
by I. Observe that rng M is non empty and has non empty elements.

Let D be a non empty set with non empty elements. Note that |J D is non
empty.

Let I be a set. One can check that every many sorted set indexed by I which
is empty is also pairwise disjoint.

Let I be a set. Observe that there exists a many sorted set indexed by I
which is pairwise disjoint.

Let I be a non empty set, let X be a pairwise disjoint many sorted set indexed
by I, let D be a non-empty many sorted set indexed by I, and let F' be a many
sorted function from X into D. The functor Flatten(F') yields a function from
U X into U D and is defined by:

(Def.1)  For every element ¢ of I and for arbitrary = such that x € X (i) holds
(Flatten(F))(x) = F(i)(x).

The following proposition is true

(4) Let I be a non empty set, and let X be a pairwise disjoint many sorted
set indexed by I, and let D be a non-empty many sorted set indexed by I,
and let Fiy, F» be many sorted functions from X into D. If Flatten(F}) =
Flatten(Fg), then F1 = Fg.

Let S be a non empty many sorted signature and let A be an algebra over
S. We say that A is pairwise disjoint if and only if:
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(Def.2)  The sorts of A is pairwise disjoint.

Let S be a non empty many sorted signature. The functor SingleAlg(S)
yields a strict algebra over S and is defined by:

(Def.3)  For arbitrary ¢ such that ¢ € the carrier of S holds (the sorts of
SingleAlg(S))(i) = {i}.

Let S be a non empty many sorted signature. Note that there exists an
algebra over S which is non-empty and pairwise disjoint.

Let S be a non empty many sorted signature. Observe that SingleAlg(S) is
non-empty and pairwise disjoint.

Let S be a non empty many sorted signature and let A be a pairwise disjoint
algebra over S. Observe that the sorts of A is pairwise disjoint.

The following proposition is true

(5) Let S be a non void non empty many sorted signature, and let o be
an operation symbol of S, and let A; be a non-empty pairwise disjoint
algebra over S, and let Ay be a non-empty algebra over S, and let f
be a many sorted function from A; into As, and let a be an element of
Args(o, A1). Then Flatten(f) - a = f#a.

Let S be a non void non empty many sorted signature and let X be a non-
empty many sorted set indexed by the carrier of S. Observe that FreeSorts(X)
is pairwise disjoint.

The scheme FreeSortUniq deals with a non void non empty many sorted
signature A, non-empty many sorted sets B, C indexed by the carrier of A, a
unary functor F yielding an element of |JC, a ternary functor G yielding an
element of |JC, and many sorted functions D, £ from FreeSorts(B) into C, and
states that:

D=¢&
provided the following conditions are satisfied:

e Let o be an operation symbol of A, and let ¢; be an element of
Args(o,Free(B)), and let x be a finite sequence of elements of |JC. If
x = Flatten(D)-t1, then D(the result sort of 0)((Den(o, Free(B)))(t1)) =
g(O, t17 l‘),

e For every sort symbol s of A and for arbitrary y such that y €
FreeGenerator (s, B) holds D(s)(y) = F(y),

e Let o be an operation symbol of A, and let ¢; be an element of
Args(o, Free(B)), and let x be a finite sequence of elements of |JC. If
x = Flatten(&)-t1, then £(the result sort of 0)((Den(o, Free(B)))(t1)) =
G(o,t1,x),

e For every sort symbol s of A and for arbitrary y such that y €
FreeGenerator (s, B) holds £(s)(y) = F(y).

Let S be a non void non empty many sorted signature and let X be a non-
empty many sorted set indexed by the carrier of S. Note that Free(X) is non-
empty.

Let S be a non void non empty many sorted signature, let o be an operation
symbol of S, and let A be a non-empty algebra over S. Note that Args(o, A) is
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non empty and Result(o, A) is non empty.

Let S be a non void non empty many sorted signature and let X be a non-

empty many sorted set indexed by the carrier of S. Note that the sorts of
Free(X) is pairwise disjoint.

Let S be a non void non empty many sorted signature and let X be a non-

empty many sorted set indexed by the carrier of S. One can verify that Free(X)
is pairwise disjoint.

The scheme ExtFreeGen deals with a non void non empty many sorted signa-

ture A, a non-empty many sorted set B indexed by the carrier of A, a non-empty
algebra C over A, many sorted functions D, £ from Free(B) into C, and a ternary
predicate P, and states that:

D=¢

provided the following conditions are satisfied:

1]
[2]
[3]
[4]
[5]
(6]

[7]
8]

[9]
[10]
[11]
[12]
[13]
[14]
[15]

[16]
[17]

e D is a homomorphism of Free(B) into C,

e For every sort symbol s of 4 and for arbitrary x, y such that y €
FreeGenerator (s, B) holds D(s)(y) = x iff Pls,x,y],

e & is a homomorphism of Free(B) into C,

e For every sort symbol s of A and for arbitrary x, y such that y €
FreeGenerator(s, B) holds £(s)(y) = x iff P[s, x,y].
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Summary. The aim of the article is to check the compatibility
of the homomorphism of universal algebras introduced in [13] and the
corresponding concept for many sorted algebras introduced in [14].
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The articles [22], [25], [26], [28], [8], [9], [11], [21], [23], [3], [12], [10], [1], [19],
6], [27], [18], [15], [2], [5], [4], [16], [7], [24], [13], [14], [17], and [20] provide the
notation and terminology for this paper.

For simplicity we follow the rules: Uy, Us, Us denote universal algebras, n
denotes a natural number, A denotes a non empty set, and h denotes a function
from Uj into Us.

The following propositions are true:

(1)  For all functions f, g and for every set C such that rng f C C holds

(g1C)-f=g-f

(2)  For every set I and for every subset C' of I holds C* C I*.

(3)  For every function f and for every set C such that f is function yielding

holds f | C is function yielding.

(4) For every set I and for every subset C' of I and for every many sorted

set M indexed by I holds (M | C)# = M* | C*.

Let us consider A, n and let a be an element of A. Then n — a is a finite

sequence of elements of A.

Let S, S’ be non empty many sorted signatures. The predicate S < S’ is
defined by the conditions (Def.1).

@ 1996 Warsaw University - Bialystok
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(Def.1) (i)  The carrier of S C the carrier of S’,
(ii)  the operation symbols of S C the operation symbols of S’,
(iii)  (the arity of S") | (the operation symbols of S) = the arity of S, and
(iv)  (the result sort of S”) | (the operation symbols of S) = the result sort
of S.
Let us note that this predicate is reflexive.
Next we state four propositions:

(5)  For all non empty many sorted signatures S, S’, S” such that § < S’
and S’ < S” holds S < S§”.

(6)  For all strict non empty many sorted signatures S, S’ such that S < S’
and S’ < S holds S = 9'.

(7)  Let g be a function, and let a be an element of A, and let k be a natural
number. If 1 <k and k < n, then (a——g)(mx(n — a)) = g.

(8) Let I be a set, and let Iy be a subset of I, and let A, B be many sorted
sets indexed by I, and let F' be a many sorted function from A into B,
and let Ay, By be many sorted sets indexed by Iy. Suppose Ag = AT I
and By = B | Iy. Then F' | I is a many sorted function from Ag into By.

Let S, S’ be strict non void non empty many sorted signatures and let A be
a non-empty strict algebra over S’. Let us assume that S < S’. The functor
(Aover S) yielding a non-empty strict algebra over S is defined by the conditions
(Def.2).

(Def.2) (i)  The sorts of (Aover S) = (the sorts of A) | (the carrier of S), and
(ii)  the characteristics of (AoverS) = (the characteristics of A) | (the
operation symbols of ).
We now state two propositions:

(9)  For every strict non void non empty many sorted signature S and for
every non-empty strict algebra A over S holds A = (Aover 5).

(10)  For all Uy, Uy such that Uy and Us are similar holds MSSign(U;) =
MSSign(Us).

Let Uy, Uy be universal algebras and let h be a function from Uy into Us.
Let us assume that MSSign(U;) = MSSign(Uz). The functor MSAlg(h) yielding
a many sorted function from MSAlg(U;) into (MSAlg(Usz) over MSSign(U)) is
defined by:
(Def.3) MSAlg(h) = {0} — h.
The following propositions are true:

(11)  Given Uy, Us, h. Suppose U; and U, are similar. Let o be an operation
symbol of MSSign(U;). Then (MSAlg(h))(the result sort of o) = h.

(12)  For every operation symbol o of MSSign(U7) holds Den(o, MSAlg(U;)) =
(the characteristic of Uy)(0).

(13)  For every operation symbol o of MSSign(U7) holds Den(o, MSAlg(Uy))
is an operation of Uj.
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(14)  For every operation symbol o of MSSign(U;) holds every element of
Args(o, MSAlg(U;)) is a finite sequence of elements of the carrier of Uj.

(15)  Given Uy, Us, h. Suppose U; and U; are similar. Let o be an operation
symbol of MSSign(U;) and let y be an element of Args(o, MSAlg(Uy)).
Then MSAlg(h)#y = h - y.

(16) If h is a homomorphism of U; into Us, then MSAlg(h) is a homomor-
phism of MSAlg(U;) into (MSAlg(Us) over MSSign(Uy)).

(17)  If Uy and Uj are similar, then MSAlg(h) is a many sorted set indexed
by {0}.

(18)  If h is an epimorphism of U; onto Us, then MSAlg(h) is an epimorphism
of MSAlg(U;) onto (MSAlg(Usz) over MSSign(Uy)).

(19) If h is a monomorphism of U; into Us, then MSAlg(h) is a monomor-
phism of MSAlg(U;) into (MSAIlg(Us) over MSSign(Uy)).

(20)  If h is an isomorphism of Uy and Us, then MSAlg(h) is an isomorphism
of MSAlg(U;) and (MSAlg(Us) over MSSign(Uy)).

(21)  Given Uy, Us, h. Suppose Uy and Us are similar. Suppose MSAlg(h) is a
homomorphism of MSAlg(U;) into (MSAlg(Us) over MSSign(Uy)). Then
h is a homomorphism of Uy into Us.

(22)  Given Uy, Uy, h. Suppose Uy and Us are similar. Suppose MSAlg(h) is
an epimorphism of MSAlg(U;) onto (MSAlg(Us) over MSSign(U;)). Then
h is an epimorphism of U; onto Us.

(23)  Given Uy, Us, h. Suppose Uy and Us are similar. Suppose MSAlg(h) is a
monomorphism of MSAlg(U;) into (MSAlg(Us) over MSSign(Uy)). Then
h is a monomorphism of Uy into Us.

(24)  Given Uy, Uy, h. Suppose Uy and Us are similar. Suppose MSAlg(h) is
an isomorphism of MSAlg(U;) and (MSAlg(Us) over MSSign(U;)). Then
h is an isomorphism of U; and Us.

(25) MSAlg(ld(the carrier of Ul)) = id(the sorts of MSAlg(U1))*

(26) Given Uj, Us, Us. Suppose Uy and Us are similar and Uy and Us are
similar. Let hqy be a function from U;j into Us and let he be a function
from Uy into Us. Then MSAlg(hy) o MSAlg(hy) = MSAlg(hs - hy).
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Summary. This article is the second in a series of four articles
(started with [20] and continued in [19,18]) about modelling circuits by
many sorted algebras.

First, we introduce some additional terminology for many sorted sig-
natures. The vertices of such signatures are divided into input vertices
and inner vertices. A many sorted signature is called circuit like if each
sort is a result sort of at most one operation. Next, we introduce some
notions for many sorted algebras and many sorted free algebras. Free
envelope of an algebra is a free algebra generated by the sorts of the al-
gebra. Evaluation of an algebra is defined as a homomorphism from the
free envelope of the algebra into the algebra. We define depth of elements
of free many sorted algebras.

A many sorted signature is said to be monotonic if every finitely gen-
erated algebra over it is locally finite (finite in each sort). Monotonic
signatures are used (see [19,18]) in modelling backbones of circuits with-
out directed cycles.

MML Identifier: MSAFREE2.

The papers [24], [28], [25], [1], [29], [12], [15], [7], [13], [5], [2], [4], [6], [3], [23],
[17], [22], [11], [21], [9], [10], [8], [14], [26], [30], [16], [27], and [20] provide the
notation and terminology for this paper.

1. MANY SORTED SIGNATURES

Let S be a many sorted signature. A vertex of S is an element of the carrier

of S.
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Let S be a non empty many sorted signature.
The functor SortsWithConstants(.S) yielding a subset of the carrier of S is
defined as follows:

(Def.1) (i)  SortsWithConstants(S) = {v : v ranges over sort symbols of S, v
has constants} if S is non void,
(i)  SortsWithConstants(S) = ), otherwise.

Let G be a non empty many sorted signature. The functor InputVertices(G)
yields a subset of the carrier of G and is defined by:

(Def.2)  InputVertices(G) = (the carrier of G) \ rng (the result sort of G).
The functor InnerVertices(G) yielding a subset of the carrier of G is defined by:
(Def.3)  InnerVertices(G) = rng (the result sort of G).
Next we state several propositions:

(1) For every void non empty many sorted signature G holds
InputVertices(G) = the carrier of G.

(2) Let G be a non void non empty many sorted signature and let v be a
vertex of G. Suppose v € InputVertices(G). Then it is not true that there
exists an operation symbol o of G such that the result sort of o = v.

(3)  For every non empty many sorted signature G holds InputVertices(G)U
InnerVertices(G) = the carrier of G.

(4) For every non empty many sorted signature G holds InputVertices(G)
misses InnerVertices(G).

(5)  For every non empty many sorted signature G holds
SortsWithConstants(G) C InnerVertices(G).

(6) For every non empty many sorted signature G holds InputVertices(G)
misses SortsWithConstants(G).

A non empty many sorted signature has input vertices if:

(Def.4)  InputVertices(it) # (.

Let us note that there exists a non empty many sorted signature which is
non void and has input vertices.

Let G be a non empty many sorted signature with input vertices. Note that
InputVertices(G) is non empty.

Let G be a non void non empty many sorted signature. Then InnerVertices(G)
is a non empty subset of the carrier of G.

Let S be a non empty many sorted signature and let M7 be a non-empty
algebra over S. A many sorted set indexed by InputVertices(.S) is said to be an
input assignment of M if:

(Def.5)  For every vertex v of S such that v € InputVertices(S) holds it(v) € (the
sorts of M7)(v).

Let S be a non empty many sorted signature. We say that S is circuit-like
if and only if the condition (Def.6) is satisfied.
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(Def.6)  Let S’ be a non void non empty many sorted signature. Suppose S’ = S.
Let o1, 02 be operation symbols of S’. If the result sort of 0; = the result
sort of 09, then 01 = 0o.

Let us observe that every non empty many sorted signature which is void is
also circuit-like.

Let us note that there exists a non empty many sorted signature which is
non void circuit-like and strict.

Let I; be a circuit-like non void non empty many sorted signature and let
v be a vertex of I;. Let us assume that v € InnerVertices(/;). The action at v
yielding an operation symbol of I; is defined as follows:

(Def.7)  The result sort of the action at v = v.

2. FREE MANY SORTED ALGEBRAS

Next we state the proposition

(7)  Let S be a non void non empty many sorted signature, and let A be an
algebra over S, and let o be an operation symbol of S, and let p be a finite
sequence. Suppose lenp = len Arity(o) and for every natural number k
such that £ € domp holds p(k) € (the sorts of A)(my Arity(o)). Then
p € Args(o, A).

Let S be a non void non empty many sorted signature and let M; be a

non-empty algebra over S. The functor FreeEnvelope(M) yielding a free strict
non-empty algebra over S is defined as follows:

(Def.8)  FreeEnvelope(M7) = Free(the sorts of Mj).
One can prove the following proposition
(8) Let S be a non void non empty many sorted signature and let M; be a

non-empty algebra over S. Then FreeGenerator(the sorts of M) is a free
generator set of FreeEnvelope(M7).

Let S be a non void non empty many sorted signature and let M7 be a non-
empty algebra over S. The functor Eval(M;) yielding a many sorted function
from FreeEnvelope(M;) into M is defined by the conditions (Def.9).

(Det.9) (i) Eval(M;) is a homomorphism of FreeEnvelope(M;) into M, and
(ii)  for every sort symbol s of S and for arbitrary x, y such that y €
FreeSort(the sorts of My, s) and y = the root tree of (z, s) and = € (the
sorts of M7)(s) holds (Eval(My))(s)(y) = x.
One can prove the following proposition
(9) Let S be a non void non empty many sorted signature and let A be a
non-empty algebra over S. Then the sorts of A is a generator set of A.

Let S be a non empty many sorted signature. An algebra over S is finitely-
generated if:
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(Def.10) (i)  For every non void non empty many sorted signature S’ such that

(i)

S’ = S and for every algebra A over S’ such that A = it holds there exists
generator set of A which is locally-finite if S is not void,
the sorts of it is locally-finite, otherwise.

Let S be a non empty many sorted signature. An algebra over S is locally-
finite if:

(Def.11)

The sorts of it is locally-finite.

Let S be a non empty many sorted signature. Observe that every non-empty
algebra over S which is locally-finite is also finitely-generated.

Let S be a non empty many sorted signature. The trivial algebra of S yields
a strict algebra over S and is defined by:

(Def.12)

The sorts of the trivial algebra of S = (the carrier of S) — {0}.

Let S be a non empty many sorted signature. Observe that there exists an
algebra over S which is locally-finite non-empty and strict.
A non empty many sorted signature is monotonic if:

(Def.13)

Every finitely-generated non-empty algebra over it is locally-finite.

One can verify that there exists a non empty many sorted signature which
is non void finite monotonic and circuit-like.

The following propositions are true:

(10)

(11)

(12)

(13)

(14)

Let S be a non void non empty many sorted signature, and let X be
a non-empty many sorted set indexed by the carrier of S, and let v be a
sort symbol of S. Then every element of the sorts of Free(X)(v) is a finite
decorated tree.

Let S be a non void non empty many sorted signature and let X be
a non-empty locally-finite many sorted set indexed by the carrier of S.
Then Free(X) is finitely-generated.

Let S be a non void non empty many sorted signature, and let A be a
non-empty algebra over S, and let v be a vertex of .S, and let e be an ele-
ment of (the sorts of FreeEnvelope(A))(v). Suppose v € InputVertices(S).
Then there exists an element x of (the sorts of A)(v) such that e = the
root tree of {(x, v).

Let S be a non void non empty many sorted signature, and let X be a
non-empty many sorted set indexed by the carrier of S, and let o be an
operation symbol of S, and let p be a decorated tree yielding finite se-
quence. Suppose (o, the carrier of S)-tree(p) € (the sorts of Free(X))(the
result sort of 0). Then len p = len Arity (o).

Let S be a non void non empty many sorted signature, and let X be a
non-empty many sorted set indexed by the carrier of S, and let o be an
operation symbol of S, and let p be a decorated tree yielding finite se-
quence. Suppose (o, the carrier of S)-tree(p) € (the sorts of Free(X))(the
result sort of 0). Let ¢ be a natural number. If i € dom Arity(o), then
p(i) € (the sorts of Free(X))(Arity(0)(7)).
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Let S be a non void non empty many sorted signature, let X be a non-empty
many sorted set indexed by the carrier of .S, and let v be a vertex of S. One
can check that every element of the sorts of Free(X)(v) is finite non empty
function-like and relation-like.

Let S be a non void non empty many sorted signature, let X be a non-empty
many sorted set indexed by the carrier of S, and let v be a vertex of S. Note
that there exists an element of the sorts of Free(X)(v) which is function-like and
relation-like.

Let S be a non void non empty many sorted signature, let X be a non-
empty many sorted set indexed by the carrier of S, and let v be a vertex of S.
Observe that every function-like relation-like element of the sorts of Free(X)(v)
is decorated tree-like.

Let I; be a non void non empty many sorted signature, let X be a non-empty
many sorted set indexed by the carrier of 17, and let v be a vertex of I;. Observe
that there exists an element of the sorts of Free(X)(v) which is finite.

We now state the proposition

(15) Let S be a non void non empty many sorted signature, and let X be
a non-empty many sorted set indexed by the carrier of S, and let v be a
vertex of S, and let o be an operation symbol of S, and let e be an element
of (the sorts of Free(X))(v). Suppose v € InnerVertices(S) and e(e) =
(o, the carrier of S). Then there exists a decorated tree yielding finite
sequence p such that len p = len Arity(o) and for every natural number i
such that i € domp holds p(i) € (the sorts of Free(X))(Arity(o)(7)).

Let S be a non void non empty many sorted signature, let X be a non-empty
many sorted set indexed by the carrier of S, let v be a sort symbol of S, and
let e be an element of (the sorts of Free(X))(v). The functor depth(e) yielding
a natural number is defined by:

(Def.14)  There exists a finite decorated tree d; and there exists a finite tree ¢
such that d; = e and t = domd; and depth(e) = height ¢.
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Summary. The aim of the article is to check the compatibility
of the automorphisms of universal algebras introduced in [8] and the
corresponding concept for many sorted algebras introduced in [9].
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The notation and terminology used in this paper have been introduced in the
following articles: [2], [17], [20], [21], [5], [6], [4], [14], [16], [11], [13], [18], [19],
[1], [10], [3], 8], [12], [15], [9], and [7].

1. ON THE GROUP OF AUTOMORPHISMS OF UNIVERSAL ALGEBRA

In this paper U; denotes a universal algebra and f, g denote functions from
Ui into U;.

One can prove the following proposition

(1) id(the carrier of r7y) 18 an isomorphism of Uy and Uj.

Let us consider U;. The functor UAAut(U;) yields a non empty set of func-

tions from the carrier of U; to the carrier of Uy and is defined by the conditions
(Def.1).

(Def.1) (i) Every element of UAAut(U;) is a function from U; into Uy, and
(ii)  for every function h from U; into U; holds h € UAAut(Uy) iff h is an
isomorphism of U; and Uj.

Next we state several propositions:
(2)  UAAut(U;) C (the carrier of Uy)the carier of Ut
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(3) For every f holds f € UAAut(Uy) iff f is an isomorphism of U; and Uj.
(4)  id(me carrier of 1) € UAAUt(UY).
(5) For all f, g such that f is an element of UAAut(U;) and g = f~! holds
g is an isomorphism of Uy and Uj.
(6)  For every element f of UAAut(U;) holds f~! € UAAut(Uy).
(7)  For all elements f1, fo of UAAut(Uy) holds fi - fo € UAAut(Uy).
Let us consider U;. The functor UAAutComp(U;) yields a binary operation
on UAAut(U;) and is defined as follows:
(Def.2)  For all elements x, y of UAAut(U;) holds (UAAutComp(Uy))(x, y) =
Y- x.
Let us consider Uy. The functor UAAutGroup(U;) yielding a group is defined
by:
(Det.3)  UAAutGroup(U;) = (UAAut(U;), UAAutComp(Uy)).
Let us consider U;. Note that UAAutGroup(Uy) is strict.
The following propositions are true:
(8)  Let x, y be elements of the carrier of UAAutGroup(U;) and let f, g be
elements of UAAut(U;). If x = fandy =g, thenx-y=g¢- f.

(9) id(the carrier of Uy) = 1UAAutGr0up(U1)'
(10)  For every element f of UAAut(U;) and for every element g of the carrier
of UAAutGroup(Uy) such that f = g holds f~! =g~ 1.

2. SOME PROPERTIES OF MANY SORTED FUNCTIONS

In the sequel [ is a set and A, B, C are many sorted sets indexed by 1.
Let us consider I, A, B. We say that A is transformable to B if and only if:
(Def.4)  For arbitrary ¢ such that ¢ € I holds if B(7) = ), then A(4) = 0.
Let us observe that the predicate introduced above is reflexive.
Next we state several propositions:

(11) If A is transformable to B and B is transformable to C, then A is
transformable to C.

(12)  For arbitrary = and for every many sorted set A indexed by {z} holds
A={z}— A(z).

(13)  For all function yielding functions F';, G, H holds (Ho G)o F = H o
(GoF).

(14) Let A, B be non-empty many sorted sets indexed by I and let F be a
many sorted function from A into B. If F is “1-1” and “onto”, then F~!
is “1-1” and “onto”.

(15) Let A, B be non-empty many sorted sets indexed by I and let F' be

a many sorted function from A into B. If F' is “1-1” and “onto”, then
(F-H=l=F
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(16)  For all function yielding functions F, G such that F'is “1-1” and G is
“1-1” holds G o F' is “1-17.

(17)  Let B, C be non-empty many sorted sets indexed by I, and let F' be a
many sorted function from A into B, and let G be a many sorted function
from B into C. If F'is “onto” and G is “onto”, then G o F is “onto”.

(18) Let A, B, C be non-empty many sorted sets indexed by I, and let F’
be a many sorted function from A into B, and let G be a many sorted
function from B into C. Suppose F'is “1-1” and “onto” and G is “1-1”
and “onto”. Then (Go F)™l = F~loG™L

(19) Let A, B be non-empty many sorted sets indexed by I, and let F' be a
many sorted function from A into B, and let G be a many sorted function
from B into A. If F is “1-1” and “onto” and G o F =1idy, then G = F~1,

3. ON THE GROUP OF AUTOMORPHISMS OF MANY SORTED ALGEBRA

In the sequel S will be a non void non empty many sorted signature and Us,
Us will be non-empty algebras over S.

Let us consider I, A, B. The functor MSFuncs(A4, B) yields a many sorted
set indexed by I and is defined as follows:

(Def.5)  For arbitrary i such that i € I holds (MSFuncs(A, B))(i) = B(i)4®.
One can prove the following propositions:

(20)  Let h be a many sorted set indexed by I. If h = MSFuncs(4, B), then
for arbitrary 4 such that i € T holds h(i) = B(i)A®).

(21) Let A, B be many sorted sets indexed by I. Suppose A is transformable
to B. Let z be arbitrary. If x € [[ MSFuncs(A, B), then z is a many sorted
function from A into B.

(22) Let A, B be many sorted sets indexed by I. Suppose A is trans-
formable to B. Let g be a many sorted function from A into B. Then
g € [I MSFuncs(4, B).

(23)  For all many sorted sets A, B indexed by I such that A is transformable
to B holds MSFuncs(A, B) is non-empty.

Let us consider I, A, B. Let us assume that A is transformable to B. A non

empty set is said to be a set of manysorted functions from A into B if:
(Def.6)  For arbitrary = such that = € it holds = is a many sorted function from
A into B.

Let us consider I, A. Note that MSFuncs(A, A) is non-empty.

Let us consider S, Us, Us. A set of manysorted functions from Us into Us is
a set of manysorted functions from the sorts of Uy into the sorts of Us.

Let I be a set and let D be a many sorted set indexed by I. Note that there
exists a set of manysorted functions from D into D which is non empty.

We now state four propositions:
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(24) id4 is “onto”.

(25)  idy is “1-17.

(26)  id(the sorts of Uy) 18 an isomorphism of Us and Us.

(27)  id(the sorts of Uz) € [I MSFuncs(the sorts of Us, the sorts of Uz).

Let us consider S, Us. The functor MSAAut(Usz) yielding a set of manysorted
functions from the sorts of Us into the sorts of Us is defined by the conditions
(Det.7).

(Def.7) (i) Every element of MSAAut(Us) is a many sorted function from Us
into Uy, and

(i)  for every many sorted function h from Uy into Uy holds h €
MSAAut(Uy) iff h is an isomorphism of Uy and Us.

One can prove the following propositions:

(28) For every many sorted function F from Uz into Uz holds F €
MSAAut(Uy) iff F' is an isomorphism of Us and Us.

(29)  For every element f of MSAAut(Us) holds f € []MSFuncs(the sorts of
Us, the sorts of Us).

MSAAut(Us) C [T MSFuncs(the sorts of Us, the sorts of Us).

id(the sorts of Up) € MSAAut(Uz).

For every element f of MSAAut(Us) holds f~! € MSAAut(Us).

For all elements f1, fo of MSAAut(Us) holds fi o fo € MSAAut(Us).

For every many sorted function F' from MSAlg(U;) into MSAlg(Uy)
and for every element f of UAAut(U;) such that F' = {0} — f holds
F € MSAAut(MSAlg(Uy)).

Let us consider S, Us. The functor MSAAutComp(Us) yields a binary oper-
ation on MSAAut(Us) and is defined as follows:
(Def.8)  For all elements z, y of MSAAut(Uz) holds (MSAAutComp(Us))(x,
y)=you.
Let us consider S, Us. The functor MSAAutGroup(Us) yields a group and
is defined by:
(Def.9)  MSAAutGroup(Us) = (MSAAut(Us), MSAAutComp(Us)).
Let us consider S, Us. Observe that MSAAutGroup(Us) is strict.
The following three propositions are true:

(35)  Let 2, y be elements of the carrier of MSAAutGroup(Uz) and let f, g
be elements of MSAAut(Us). If z = f and y =g, then z -y =go f.

(36) id(thc sorts of Ua) — 1MSAAutGr0up(U2)'

(37) For every element f of MSAAut(Us) and for every element g of
MSAAutGroup(Us) such that f = g holds f~! = g~

A~~~ N N /S
w
[\
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4. ON THE RELATIONSHIP OF AUTOMORPHISMS OF 1-SORTED AND MANY
SORTED ALGEBRAS

Next we state several propositions:

(38) Let Uy, Us be universal algebras. Suppose Uy and Us are sim-
ilar.  Let F be a many sorted function from MSAlg(Uy) into
(MSAlg(Us) over MSSign(Uy)). Then F(0) is a function from Uy into Us.

(39)  For every element f of UAAut(U;) holds {0} — f is a many sorted
function from MSAlg(U;) into MSAlg(Uy ).

(40)  Let h be a function. Suppose dom h = UAAut(U;) and for arbitrary =
such that z € UAAut(U;) holds h(x) = {0} — x. Then h is a homomor-
phism from UAAutGroup(Uy) to MSAAutGroup(MSAlg(Uy)).

(41)  Let h be a homomorphism from UAAutGroup(U;) to
MSAAutGroup(MSAlg(Uy)). Suppose that for arbitrary = such that z €
UAAut(U;) holds h(xz) = {0} — «. Then h is an isomorphism.

(42)  UAAutGroup(U;) and MSAAutGroup(MSAlg(U;)) are isomorphic.
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Summary. This article is the third in a series of four articles
(preceded by [19,20] and continued in [18]) about modelling circuits by
many sorted algebras.

A circuit is defined as a locally-finite algebra over a circuit-like many
sorted signature. For circuits we define notions of input function and of
circuit state which are later used (see [18]) to define circuit computations.
For circuits over monotonic signatures we introduce notions of vertex size
and vertex depth that characterize certain graph properties of circuit’s
signature in terms of elements of its free envelope algebra. The depth of
a finite circuit is defined as the maximal depth over its vertices.

MML Identifier: CIRCUIT1.

The terminology and notation used in this paper are introduced in the following
papers: [24], [27], [3], [16], [28], [12], [9], [29], [15], [25], [1], [7], [26], [13], [2], [4],
6], 8], (5], [14], [10], [23], 22], [11], [17], [21], [19], and [20].

1. CIRCUIT STATE

Let S be a non void circuit-like non empty many sorted signature. A circuit
of S is a locally-finite algebra over S.

In the sequel I; will denote a circuit-like non void non empty many sorted
signature.

Let us consider I; and let S; be a non-empty circuit of I3.
The functor Set-Constants(S7) yielding a many sorted set indexed by
SortsWithConstants (/1) is defined as follows:

!Partial funding for this work has been provided by: Shinshu Endowment Fund for Infor-
mation Science, NSERC Grant OGP9207, JSTF award 651-93-S009.
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(Def.1)  For every vertex x of Iy such that x € dom Set-Constants(S1) holds
(Set-Constants(S1))(x) € Constants(S1, x).
The following proposition is true
(1) Given I, and let S; be a non-empty circuit of I, and let v be
a vertex of I;, and let e be an element of (the sorts of Si)(v).
If v € SortsWithConstants(l;) and e € Constants(Si,v), then
(Set-Constants(S1))(v) = e.

Let us consider I; and let Cy be a circuit of /7. An input function of C is
a many sorted function from InputVertices(I;) —— N into (the sorts of Cq) |
InputVertices(17).
The following proposition is true
(2) Given Iy, and let S7 be a non-empty circuit of I, and let I3 be an input
function of S7, and let n be a natural number. If I; has input vertices,
then (commute(/3))(n) is an input assignment of Sy.

Let us consider I;. Let us assume that I; has input vertices. Let S7 be a
non-empty circuit of I, let Is be an input function of Sy, and let n be a natural
number. The functor n-th-input(l2) yields an input assignment of S; and is
defined by:

(Def.2)  n-th-input(Iy) = (commute(ls))(n).
The following proposition is true
(3)  Given I1, and let S; be a non-empty circuit of I1, and let I be an input
function of S7, and let n be a natural number. If I; has input vertices,
then n-th-input(lz) = (commute(I2))(n).

Let us consider 17 and let S7 be a circuit of I;. A state of S7 is an element
of [T (the sorts of Sp).

The following propositions are true:

(4)  For every I and for every non-empty circuit S; of I; and for every state

s of S7 holds dom s = the carrier of I.

(5) Given Iy, and let S7 be a non-empty circuit of I1, and let s be a state
of S, and let v be a vertex of I;. Then s(v) € (the sorts of S1)(v).

Let us consider I1, let S7 be a non-empty circuit of I1, let s be a state of Sy,
and let o be an operation symbol of I1. The functor o depends-on-in s yields an
element of Args(o,S1) and is defined as follows:

(Def.3)  odepends-on-in s = s - Arity (o).

In the sequel I1 will be a monotonic circuit-like non void non empty many
sorted signature.

The following proposition is true

(6) Given Iy, and let S; be a locally-finite non-empty algebra over I, and

let v, w be vertices of I, and let e; be an element of (the sorts of
FreeEnvelope(Sy))(v), and let ¢; be a decorated tree yielding finite se-
quence. Suppose v € InnerVertices(I1) and e; = (the action at v, the
carrier of I1)-tree(q;). Let k be a natural number. If & € domg; and
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q1(k) € (the sorts of FreeEnvelope(S7))(w), then w = 7, Arity(the action
at v).

Let us consider I1, let S7 be a locally-finite non-empty algebra over I, and let
v be a vertex of I. Note that every element of the sorts of FreeEnvelope(S7)(v)
is finite non empty function-like and relation-like.

Let us consider Iy, let S7 be a locally-finite non-empty algebra over Iy,
and let v be a vertex of I;. Observe that every element of the sorts of
FreeEnvelope(Sy)(v) is decorated tree-like.

Next we state four propositions:

(7)  Given I;, and let S; be a locally-finite non-empty algebra over

I;, and let v, w be vertices of I;, and let e; be an element of
(the sorts of FreeEnvelope(S1))(v), and let ez be an element of (the
sorts of FreeEnvelope(Si))(w), and let ¢; be a decorated tree yield-
ing finite sequence, and let k; be a natural number. Suppose v €
InnerVertices(I7) \ SortsWithConstants(I;) and e; = (the action at
v, the carrier of I)-tree(q;) and k1 + 1 € domg; and ¢1(k; + 1) €
(the sorts of FreeEnvelope(S7))(w). Then ej((k1)/e2) € (the sorts of
FreeEnvelope(S1))(v).

(8)  Given Iy, and let A be a locally-finite non-empty algebra over Iy, and
let v be an element of the carrier of I;, and let e be an element of (the
sorts of FreeEnvelope(A))(v). Suppose 1 < carde. Then there exists an
operation symbol o of I; such that e(e) = (o, the carrier of I).

(9) Let I; be a non void circuit-like non empty many sorted signature, and
let S be a non-empty circuit of I, and let s be a state of S1, and let o be
an operation symbol of I;. Then (Den(o, S1))(odepends-on-ins) € (the
sorts of Sp)(the result sort of o).

(10)  Given I1, and let A be a non-empty circuit of I7, and let v be a vertex of
I, and let e be an element of (the sorts of FreeEnvelope(A))(v). Suppose
e(e) = (the action at v, the carrier of I1). Then there exists a decorated
tree yielding finite sequence p such that e = (the action at v, the carrier
of I)-tree(p).

2. VERTEX SIZE

Let I; be a monotonic non void non empty many sorted signature, let A be
a locally-finite non-empty algebra over I, and let v be a sort symbol of I;. One
can verify that (the sorts of FreeEnvelope(A))(v) is finite.

Let us consider I, let A be a locally-finite non-empty algebra over I;, and
let v be a sort symbol of I;. The functor size(v, A) yielding a natural number
is defined as follows:

(Def.4)  There exists a finite non empty subset s of N such that s =
{cardt : t ranges over elements of (the sorts of FreeEnvelope(A))(v)
and size(v, A) = maxs.
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Next we state four propositions:

(11)  Given Iy, and let A be a locally-finite non-empty algebra over Iy, and
let v be an element of the carrier of I;. Then size(v, A) = 1 if and only if
v € InputVertices(I;) U SortsWithConstants([7).

(12)  Given I;, and let S; be a locally-finite non-empty algebra over I,
and let v, w be vertices of I1, and let e; be an element of (the sorts
of FreeEnvelope(Si))(v), and let es be an element of (the sorts of
FreeEnvelope(S1))(w), and let ¢; be a decorated tree yielding finite se-
quence. Suppose v € InnerVertices(I7) \ SortsWithConstants(/;) and
card e; = size(v, S1) and e; = (the action at v, the carrier of I)-tree(q;)
and eg € rngqy. Then card e = size(w, S).

(13) Given I;, and let A be a locally-finite non-empty algebra over
I, and let v be a vertex of I;, and let e be an element of
(the sorts of FreeEnvelope(A))(v). Suppose v € InnerVertices(I7) \
SortsWithConstants(I;) and card e = size(v, A). Then there exists a dec-
orated tree yielding finite sequence ¢ such that e = (the action at v, the
carrier of I7)-tree(q).

(14) Given I, and let A be a locally-finite non-empty algebra over
I;, and let v be a vertex of I;, and let e be an element of
(the sorts of FreeEnvelope(A))(v). Suppose v € InnerVertices(ly) \
SortsWithConstants(l1) and carde = size(v, A). Then there exists an
operation symbol o of I; such that e(e) = (o, the carrier of I).

Let S be a non void non empty many sorted signature, let A be a locally-
finite non-empty algebra over S, let v be a sort symbol of S, and let e be an
element of (the sorts of FreeEnvelope(A))(v). The functor depth(e) yielding a
natural number is defined as follows:

(Def.5)  There exists an element e’ of (the sorts of Free(the sorts of A))(v) such
that e = ¢’ and depth(e) = depth(e’).
The following propositions are true:

(15)  Given Iy, and let A be a locally-finite non-empty algebra over Iy, and
let v, w be elements of the carrier of I;. If v € InnerVertices(I1) and
w € rng Arity(the action at v), then size(w, A) < size(v, A).

(16)  For every I; and for every locally-finite non-empty algebra A over I
and for every sort symbol v of I holds size(v, A) > 0.

(17)  Given I1, and let A be a non-empty circuit of I1, and let v be a vertex
of I;, and let e be an element of (the sorts of FreeEnvelope(A))(v), and
let p be a decorated tree yielding finite sequence. Suppose that

(i) v € InnerVertices(Iy),
(ii) e = (the action at v, the carrier of I;)-tree(p), and
(iii)  for every natural number k such that & € dom p there exists an element
es of (the sorts of FreeEnvelope(A)) (7 Arity(the action at v)) such that
es = p(k) and card e3 = size(m, Arity(the action at v), A).
Then card e = size(v, A).
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3. VERTEX AND CIRCUIT DEPTH

Let S be a monotonic non void non empty many sorted signature, let A be
a locally-finite non-empty algebra over S, and let v be a sort symbol of S. The
functor depth(v, A) yields a natural number and is defined by:

(Def.6) There exists a finite non empty subset s of N such that s =
{depth(t) : ¢t ranges over elements of (the sorts of FreeEnvelope(A))(v)
and depth(v, A) = max s.
Let I; be a finite monotonic circuit-like non void non empty many sorted
signature and let A be a non-empty circuit of I;. The functor depth(A) yielding
a natural number is defined by the condition (Def.7).

(Def.7)  There exists a finite non empty subset D; of N such that D; =
{depth(v, A) : v ranges over elements of the carrier of I;, v € the car-
rier of I;} and depth(A) = max D;.
The following three propositions are true:

(18)  Let I; be a finite monotonic circuit-like non void non empty many sorted
signature, and let A be a non-empty circuit of 11, and let v be a vertex of
I. Then depth(v, A) < depth(A).

(19)  Given I, and let A be a non-empty circuit of /7, and let v be a vertex
of I. Then depth(v,A) = 0 if and only if v € InputVertices(I;) or
v € SortsWithConstants (/).

(20)  Given Iy, and let A be a locally-finite non-empty algebra over I, and let
v, v1 be sort symbols of I;. If v € InnerVertices(I;) and v; € rng Arity(the
action at v), then depth(vi, A) < depth(v, A).
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Summary. The aim of the paper is to define some basic notions
of the theory of topological spaces like basis and prebasis, and to prove
their simple properties. The definition of the Cantor set is given in terms
of countable product of {0,1} and a collection of its subsets to serve as a
prebasis.

MML Identifier: CANTOR_1.

The papers [13], [16], [15], [9], [17], [2], [3], [6], [14], [12], [10], [5], [4], 1], [7],
[11], and [8] provide the terminology and notation for this paper.
Let Y be a set and let z be a non empty set. Observe that ¥ —— x is
non-empty.
Let X be arbitrary and let A be a family of subsets of X. The functor
UniCl(A) yields a family of subsets of X and is defined by:
(Def.1)  For every subset z of X holds z € UniCl(A) iff there exists a family ¥
of subsets of X such that Y C A and z = JY.
Let X be a topological structure. A family of subsets of the carrier of X is
called a basis of X if:
(Def.2) It C the topology of X and the topology of X C UniCl(it).
We now state three propositions:
(1)  For arbitrary X and for every family A of subsets of X holds A C
UniCl(A).
(2)  For every topological structure S holds the topology of S is a basis of
S.
(3)  For every topological structure S holds the topology of S is open.

Let M be arbitrary and let B be a family of subsets of M. The functor
Intersect(B) yielding a subset of M is defined by:

!The present work had been completed while the first author’s visit to Biatystok in winter
1994-95.
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(Def.3) (i) Intersect(B) =B if B # 0,
(ii)  Intersect(B) = M, otherwise.
Let X be arbitrary and let A be a family of subsets of X. The functor
FinMeetCl(A) yielding a family of subsets of X is defined by the condition
(Def.4).

(Def.4) Let x be a subset of X. Then x € FinMeetCl(A) if and only if there
exists a family Y of subsets of X such that Y C A and Y is finite and
x = Intersect(Y).

One can prove the following proposition

(4)  For arbitrary X and for every family A of subsets of X holds A C
FinMeetCI(A).

Let T be a topological space. Note that the topology of T' is non empty.

The following propositions are true:

(5)  For every topological space T holds the topology of T' = FinMeetCl(the
topology of T').

(6) For every topological space T holds the topology of 7' = UniCl(the
topology of T).

(7)  For every topological space T holds the topology of T =
UniCl(FinMeetCl(the topology of T')).

(8)  For arbitrary X and for every family A of subsets of X holds X €
FinMeetCI(A).

(9) For arbitrary X and for all families A, B of subsets of X such that
A C B holds UniCl(A) C UniCl(B).

(10) Let X be arbitrary, and let R be a family of subsets of X, and let
be arbitrary. Suppose x € X. Then z € Intersect(R) if and only if for
arbitrary Y such that Y € R holds z € Y.

(11)  For arbitrary X and for all families H, J of subsets of X such that
H C J holds Intersect(J) C Intersect(H).

(12)  Let X be arbitrary, and let R be a non empty family of subsets of 2%,
and let F' be a family of subsets of X. If F' = {Intersect(z) : x ranges
over elements of R}, then Intersect(F') = Intersect(lJ R).

Let X, Y be arbitrary, let A be a family of subsets of X, let F' be a function
from Y into 24, and let = be arbitrary. Then F(z) is a family of subsets of X.
We now state four propositions:

(13)  For arbitrary X and for every family A of subsets of X holds
FinMeetCl(A) = FinMeetCl(FinMeetCl(A)).

(14) Let X be arbitrary, and let A be a family of subsets of X, and let
a, b be arbitrary. If a € FinMeetCl(A) and b € FinMeetCl(A), then
aNb € FinMeetCI(A).

(15) Let X be arbitrary, and let A be a family of subsets of X, and let
a, b be arbitrary. If a C FinMeetCl(A) and b C FinMeetCl(A), then
amb C FinMeetCl(A).
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(16)  For arbitrary X and for all families A, B of subsets of X such that
A C B holds FinMeetCl(A) C FinMeetCl(B).

Let X be arbitrary and let A be a family of subsets of X. Observe that
FinMeetCl(A) is non empty.
One can prove the following proposition
(17)  For every non empty set X and for every family A of subsets of X holds
(X, UniCl(FinMeetCl(A))) is topological space-like.
Let X be a topological structure. A family of subsets of the carrier of X is
said to be a prebasis of X if:

(Def.5) It C the topology of X and there exists a basis F' of X such that
F C FinMeetCl(it).

We now state three propositions:

(18)  For every non empty set X holds every family of subsets of X is a basis
of (X, UniCl(Y)).

(19)  Let T3, T be strict topological spaces and let P be a prebasis of T7.
Suppose the carrier of T} = the carrier of T5 and P is a prebasis of T5.
Then Tl = TQ.

(20)  For every non empty set X holds every family of subsets of X is a
prebasis of (X, UniCl(FinMeetC1(Y"))).

The strict topological space the Cantor set is defined by the conditions
(Def.6).

(Def.6) (i) The carrier of the Cantor set = [[(N — {0,1}), and
(ii) there exists a prebasis P of the Cantor set such that for every subset X
of [T(N —— {0,1}) holds X € P iff there exist natural numbers N, n such
that for every element F of [[(N — {0,1}) holds F € X iff F(N) = n.
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The notation and terminology used here are introduced in the following papers:
[11], [9], [10], (8], [1], [12], [4], [2], [7], [5], [3], and [6].

For simplicity we adopt the following rules: p, g, 7, s, p1, q1 are elements of
CQC-WFF, X, Y, Z, X1, X, are subsets of CQC-WFF, h is a formula, and =,
y are bound variables.

One can prove the following four propositions:

(1) Ifpe X, then X F p.

(2) If X CCnY,then CnX C CnY.

(3) If X+ pand {p}t q, then X Fgq.

(4 IfXFpand X CY, thenY F p.

Let p, g be elements of CQC-WFF. The predicate p I ¢ is defined by:
(Def.1)  {p}Fq.

We now state two propositions:

(5) phkp

(6) Ifpkgqgandgqt r, then pkr.

Let X, Y be subsets of CQC-WFF. The predicate X F Y is defined as

follows:

(Def.2)  For every element p of CQC-WFF such that p € Y holds X F p.

We now state several propositions:

(7) XFYiff Y CCnX.

(8) XFEX.

(9) IfXFYandYF Z then X - Z.

(10) X F{p}iff X F p.

!This work has been done while the author visited Warsaw University in Bialystok, in
winter 1994-1995.
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) {ptH{d}iff ptq.
12) If X CY, thenY F X.
) X I Taut.
14) (DCQC F Taut .
Let X be a subset of CQC-WFF. The predicate - X is defined by:
(Def.3)  For every element p of CQC-WFF such that p € X holds + p.
We now state three propositions:
(15) F X iff Dcqe - X.
(16) F Taut.
(17) F X iff X C Taut.
Let us consider X, Y. The predicate X H Y is defined by:
(Def.4)  For every p holds X - p iff Y F p.

Let us observe that this predicate is reflexive and symmetric.
The following propositions are true:

(18) XHY i XFY and YV F X.

(19) I XHY and Y H Z, then X H Z.

(200 XHY iff CnX =CnY.

(21) CnXUCnY CCn(XUY).

(22) Cn(XUY)=Cn(CnXuUCnY).

(23) X HtH4CnX.

(249) XUYHCnXUCnY.

(25) If X; H X, then X; UY H X, UY.

(26) I X;HXyand X3UY - Z, then XoUY F Z.
(27) If X3 H Xy and Y - Xy, then Y + X5.

Let p, ¢ be elements of CQC-WFF. The predicate p H ¢ is defined by:
(Def.5) phkqand gt p.
Let us observe that the predicate defined above is reflexive and symmetric.
We now state a number of propositions:

(28) If pHgqand gHr, then p Hr.

(29)  pHqiff {p} H {q}.

(30) IfpHigand X F p, then X | gq.

(31 A{p,a} H{pAg}

(32) pAgHIgADp.

(33) XEpAqgif XFpand X Fq.

(34) Ifptdgand rtds, then p ArtigAs.
(35) X FVypiff X Fp.

(36)  VupHip.

(37) IfpHgq, then V,pHV,q.
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Let p, ¢ be elements of CQC-WFF. We say that p is an universal closure of
q if and only if the conditions (Def.6) are satisfied.

(Def.6)

(i)

(i) pis closed, and

there exists a natural number n such that 1 < n and there exists a
finite sequence L such that len L = n and L(1) = ¢ and L(n) = p and for
every natural number k£ such that 1 < k and k < n there exists a bound
variable x and there exists an element r of CQC-WEFF such that r = L(k)
and L(k + 1) = V,r.

One can prove the following propositions:

o e
N = O

[N
Tt~

AAAAAA,\,_\,_\,_\,_\
W W
() w

o =2

(49)

If p is an universal closure of ¢, then p H gq.

If Fp=gq, then pF q.

If XFp=gq, then X U{p}Fq.

If p is closed and p | ¢, then F p = gq.

If py is an universal closure of p, then X U {p} ¢ iff X - p; = q.

If p is closed and p | ¢, then —¢ F —p.

If p is closed and X U {p} t ¢, then X U {—q} - —p.

If p is closed and —p F —¢, then ¢ - p.

If p is closed and X U {-p} F —¢q, then X U{q} F p.

If p is closed and g is closed, then p F ¢ iff =g F —p.

If p1 is an universal closure of p and ¢ is an universal closure of ¢, then
ptqiff ~g1 = —p1.

If p1 is an universal closure of p and ¢ is an universal closure of ¢, then
pH qiff =p1 H =gy

Let p, g be elements of CQC-WFF. The predicate p = ¢ is defined by:

(Def.7)

Fpeq.

Let us observe that this predicate is reflexive and symmetric.

One can prove the following propositions:

50
51
52

[
R

v Ot
~N O

P N N R e N N N i e T
ot (@]
co t

N NN N BN NS NSNS NN N

p=qif Fp=gqgandF q=p.

If p=gand g=r, thenp=r.

If p = q, then p H q.

p=qiff -p=—q.
Ifp=gandr=s,then pAr=qgAs.
Ifp=gand r=s,then p=r=q=s.
Ifp=gandr=s,then pVr=qVs.
Ifp=gandr=s,then psr=qg< s.
If p = q, then V,p =V,q.

If p = q, then 3,p = d,q.

For all sets X, Y, Z such that YNZ = () holds (X \Y)UZ = (XUZ)\Y.
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(61) Let k be a natural number, and let [ be a list of variables of the length
k, and let a be a free variable, and let x be a bound variable. Then
snb(l) C snb(l[a——z]).

(62)  Let k be a natural number, and let [ be a list of variables of the length

k, and let a be a free variable, and let = be a bound variable. Then

snb(l[a——z]) C snb(l) U {z}.

(63)  For every h holds snb(h) C snb(h(x)).

(64)  For every h holds snb(h(z)) C snb(h) U {x}.

(65) If p=h(z) and x # y and y ¢ snb(h), then y ¢ snb(p).

(66) If p= h(z)and ¢ = h(y) and = ¢ snb(h) and y ¢ snb(h), then V,p =

Vyq.
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Summary. The aim of the paper is to define some basic notions
of restrictions of finite sequences.

MML Identifier: FINSEQ_5.

The notation and terminology used in this paper are introduced in the following
1[32]1per81 [12], [15], [11], [14], [9], [2], [16], [5], [6], [3], [13], [1], [4], [7], [10], and
8].
In this paper ¢, j, k, k1, k2, n are natural numbers.
The following propositions are true:
(1) If i <n,then (n —1i)+ 1 is a natural number.
(2) If i€ Segn, then (n —i) + 1 € Segn.
(3)  For every function f and for arbitrary z, y such that f ~! {y} = {z}
holds z € dom f and y € rng f and f(x) = y.
(4)  For every function f holds f is one-to-one iff for arbitrary x such that
x € dom f holds f ~ {f(x)} = {z}.
(5)  For every function f and for arbitrary yi, y2 such that f is one-to-one
and y; € rng f and yo € tng f and £~ {y1} = f ~! {y2} holds y; = vo.
Let x be arbitrary. Note that (x) is non empty.
Let us note that every set which is empty is also trivial.
Let x be arbitrary. Note that (x) is trivial. Let y be arbitrary. Observe that
(x,y) is non trivial.
One can verify that there exists a finite sequence which is one-to-one and
non empty.
Next we state three propositions:
(6) For every non empty finite sequence f holds 1 € dom f and len f €
dom f.
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(7)  For every non empty finite sequence f there exists ¢ such that i +1 =
len f.
(8)  For arbitrary = and for every finite sequence f holds len({z) =~ f) =
1+ len f.
The scheme domSeqLambda concerns a natural number 4 and a unary functor
F yielding arbitrary, and states that:
There exists a finite sequence p such that lenp = A and for every
k such that k € dom p holds p(k) = F(k)
for all values of the parameters.
We now state four propositions:
(9)  For every set X such that X C Segn and 1 < i and i < j and j <
len Sgm X and k; = (Sgm X)(7) and k2 = (Sgm X)(j) holds k; < k.
(10)  For every finite sequence f and for arbitrary p, ¢ such that p € rng f
and g € rng f and p «¢ f = q <P f holds p = q.
(11)  For all finite sequences f, g such that n+ 1 € dom f and g = f | Segn
holds f I Seg(n+1) =g~ (f(n+1)).
(12)  For every one-to-one finite sequence f such that ¢ € dom f holds f(i) «p
f=1
We adopt the following rules: D is a non empty set, p, ¢ are elements of D,
and f, g are finite sequences of elements of D.
Let us consider D. One can verify that there exists a finite sequence of
elements of D which is one-to-one and non empty.
One can prove the following propositions:
(13) If dom f = dom g and for every ¢ such that i € dom f holds 7; f = m;g,
then f =g.
(14) If len f = leng and for every k such that 1 < k and k& < len f holds
mpf = mrg, then f = g.
) Iflenf =1, then f = (mf).
) m(p) " f)=p
18)1 len(f i) <len f.
) len(f i) <i.
)  dom(f i) C dom f.
21) rng(f 1) C mgf.
Let us consider D, f. Observe that f | 0 is empty.
Next we state three propositions:
(22) Iflenf <i,then fli=f.
(23) If fis non empty, then f 1= (7w f).
(24) Ifi+1=lenf, then f=(f14)" (Tentf)-
Let us consider 4, D and let f be an one-to-one finite sequence of elements
of D. One can verify that f | i is one-to-one.

!The proposition (17) has been removed.
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The following propositions are true:

25)
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35
36

Let us consider ¢, D and let f be an one-to-one finite sequence of elements

If i <len f, then (f ~g) [i= f 1.
(f~g)llenf=f.

Ifperngf, then (f —p)~(p)=flp f
len(f};) <len f.

If i € dom(f}n,), then n+ i € dom f.

If i € dom(f},), then m;f, = mpyif-
fro=1T.

If f is non empty, then f = (w1 f) ~ (f1).
If i + 1 =len f, then fj; = (Mien 1 f)-

If j+1=74and i€ dom f, then (m;f) ~ (fli) = fi;-
If len f <4, then f|; is empty.

rng(fin) € g f.

of D. Note that f|; is one-to-one.
The following propositions are true:

37)
3
39
40
41
42
43
44

0¢)

AAAA/_\/_\/_\/_\
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Let us consider D, f and let p be arbitrary. The functor f —: p yielding a

If f is one-to-one, then rng(f | n) misses rng(f,).
If pcrngf, then f —p= fl,ef.

(f - g)Llenf—H' =91i-

(f " Dyens =9

If p € tng f, then ¢ f = p.

If i € dom f, then (m;f) < f <.

If p€ng(f i), thenp«r (fi)=per f.

If i € dom f and f is one-to-one, then (m;f) «p f = i.

finite sequence of elements of D is defined as follows:

(Def.1)

f—p=flpe [

One can prove the following propositions:

45)
4
A7
48
49
50
51

(=2}

AAA/_\/_\/_\/_\
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Let us consider D, p and let f be an one-to-one finite sequence of elements

If p € rng f, then len(f —:p) = p «r f.

If p€rng f and i € Seg(p < f), then 7;(f —: p) = m; f.
If p € rng f, then w1 (f —:p) = 71 f.

If p € rng f, then mpor(f —:p) = p.

Ifgemgfandpermgfand g« f <p <P f, then q € rng(f —: p).

If p € rng f, then f —: p is non empty.
rng(f —:p) € ng f.

of D. Observe that f —: p is one-to-one.
Let us consider D, f, p. The functor f :— p yielding a finite sequence of
elements of D is defined by:

(Def.2)

fi=p={p" (flpepf)'

243
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We now state three propositions:
(52) If p € rng f, then there exists i such that i+1 =p « f and f:—p = f;.
(563) Ifperngf, thenlen(f:—p)=(lenf—p<r f)+1.
(54) Ifpermgfand j+ 1€ dom(f:—p), then j+p«r f € dom f.

Let us consider D, p, f. One can check that f:— p is non empty.

Next we state several propositions:

55) Ifperngfand j+1 € dom(f:—p), then mj11(f:—p) = Tjipesf
56) m(f:—p)=p.

If p € rng f, then 7Tlen(f:—]o)(f —p) = 7Tlenff'

5 If p € rng f, then rng(f :— p) C rng f.

59) If p € rng f and f is one-to-one, then f:— p is one-to-one.

09 D
T — D T

A~ N N S
(@)
g

Let f be a finite sequence. The functor Rev(f) yielding a finite sequence is
defined by:

(Def.3)  lenRev(f) = len f and for every i such that ¢ € domRev(f) holds

(Rev(f))(@) = f((en f — i) +1).
One can prove the following propositions:

(60)  For every finite sequence f holds dom f = domRev(f) and g f =

rng Rev(f).

(61)  For every finite sequence f such that ¢ € dom f holds (Rev(f))(i) =

f((len f —4) +1).

(62)  For every finite sequence f and for all natural numbers 4, j such that

i €dom f and i+ j =len f + 1 holds j € dom Rev(f).
Let f be an empty finite sequence. Observe that Rev(f) is empty.
Next we state three propositions:

(63)  For arbitrary x holds Rev({x)) = (z).

(64) For arbitrary x1, xo holds Rev({x1,x2)) = (x2, x1).

(65)  For every non empty finite sequence f holds f(1) = (Rev(f))(len f) and

f(en f) = (Rev(f))(1).
Let f be an one-to-one finite sequence. Note that Rev(f) is one-to-one.
The following two propositions are true:
(66) For every finite sequence f and for arbitrary x holds Rev(f = (z)) =
(x) "~ Rev(f).

(67)  For all finite sequences f, g holds Rev(f ~ g) = (Rev(g)) ~ Rev(f).
Let us consider D, f. Then Rev(f) is a finite sequence of elements of D.
We now state two propositions:

(68) If f is non empty, then m1 f = men f Rev(f) and men ¢ f = 71 Rev(f).

(69) Ifiedomf and i+ j=Ien f+ 1, then m;f = m; Rev(f).

Let us consider D, f, p, n. The functor Ins(f,n,p) yielding a finite sequence
of elements of D is defined as follows:

(Def.4)  Ins(f,n,p) = (f 1)~ (p) ™ (fin):
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One can prove the following propositions:

(70)
(71)
(72)
(73)

Ins(f,0,p) = (p) " f-

If len f < n, then Ins(f,n,p) = f ~ (p).
lenIns(f,n,p) =len f 4 1.

rng Ins(f,n,p) = {p} Urng f.

Let us consider D, f, n, p. Observe that Ins(f,n,p) is non empty.
The following propositions are true:

74

-3
(@)

N N N N /N /S
3 3
~N O

~— — ~— — ~— ~—

[1]
2]

3]

[4]
[5]

[6]

[7]
8]

[9]
[10]
[11]
[12]
[13]

[14]
[15]

[16]

p € rngIns(f,n,p).

If i € dom(f | n), then 7; Ins(f,n,p) = m; f.

If n <len f, then 7,41 Ins(f,n,p) = p.

If n+1<iandi<lenf, then w11 Ins(f,n,p) = m; f.

If 1 <nand f is non empty, then w1 Ins(f,n,p) = 71 f.

If f is one-to-one and p ¢ rng f, then Ins(f,n,p) is one-to-one.
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The papers [22], [26], [21], [25], [13], [1], [14], [27], [4], [5], [2], [23], [3], [10], [24],
[19], [15], [18], [7], [9], [8], [20], [11], [12], [17], [16], and [6] provide the notation
and terminology for this paper.

1. SEGMENTS IN £%

For simplicity we adopt the following convention: P, P;, P, will be subsets
of the carrier of 5%, fs f1, f2, g will be finite sequences of elements of E%, D, P1,
P2, q, q1, g2 will be points of 5%, r1, T2, 74, 5 will be real numbers, and i, j, k,
n will be natural numbers.

Next we state a number of propositions:

(1) If [ry, 7o) = [}, r%)], then r =} and ro =714,

(2) Ifi+j=lenf, then L(f,i) = L(Rev(f),]).

(3) Ifi+1<len(fn), then L(f | n,i)=L(f,17).

(4) Ifn<lenf and 1 <4, then L(fn,7) = L(f,n+1).

(5) Ifl1<iandi+1<lenf —mn, then L(f,,i) = L(f,n+1).

(6) Ifi+1<lenf, then L(f "~ g,i) = L(f,1).

(7) If1<i, then L(f ~g,len f+1i) = L(g,1).

(8) If f is non empty and ¢ is non empty, then L(f ~ g,len f) =

L(ﬂ'lonffy 7['19)’

(9) Ifi+1<len(f —:p), then L(f —:p,i) = L(f,7).
(10) Ifpermgfandl<i+1,then L(f:—p,i+1)=L(f,i+p<rf).
(11) ﬁ(g(thc carrier of 8%)) = 0.
(12) Z((p) =0.

© 1996 Warsaw University - Bialystok
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(13)  If p € L(f), then there exists i such that 1 < i and i + 1 < len f and
p € L(f, ZZ
(14) If p € L(f), then there exists ¢ such that 1 < i and ¢ +1 < len f and
p € L(mif, miv1f). R
Ifl<iandi+1<lenf and p € L(m;f,mit1f), then p € L(f).
If 1 <iandi+1<lenf, then L(mf,mir1f) C L(f).
If p € L(f,i), then p € L(f).
If len f > 2, then rng f C ./E(f)
If f is non empty, then L£(f "~ (p))
If f is non empty, then £({(p) ~ f)
L(p,q)) = L(p,q)-
L(f) = LRev(f)). ) )
If f1 is non empty and fo is non empty, then L£(f1 = f2) = L(f1) U
L(mien g, f1,m1f2) U L(f2).

(25)1 If g e rng f, then L(f) = L(f —: q) UL(f :— q).
(26) Ifpe L(f,n), then E( ) = (Ins(f ,D)).

= = = e
co g & Ot

L(f) U L(mien 1,p)-
L(p,m f)UL(S).

o N
D = D
Il

AN N N N N /N /N /S A/
DO =
w o
— Y Y N ' Y ~—

2. SPECIAL SEQUENCES IN £%

One can verify the following observations:
%  there exists a finite sequence of elements of 5%
* every finite sequence of elements of £2 is one-to-one unfolded s.n.c.
special and non trivial,
* every finite sequence of elements of £% which is one-to-one unfolded
s.n.c. special and non trivial has and
*  every finite sequence of elements of £3 is non empty.
Let us note that there exists a finite sequence of elements of £2 which is
one-to-one unfolded s.n.c. special and non trivial.
We now state the proposition
(27) Iflen f <2, then f is unfolded.
Let f be an unfolded finite sequence of elements of £% and let us consider n.
Note that f [ n is unfolded and f|,, is unfolded.
One can prove the following proposition
(28) If p€rngf and f is unfolded, then f:— p is unfolded.
Let f be an unfolded finite sequence of elements of 5% and let us consider p.
Observe that f —: p is unfolded.
Next we state several propositions:

!The proposition (24) has been removed.
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(29) If f is unfolded, then Rev(f) is unfolded.
(30)  If g is unfolded and L(p,m19) N L(g,1) = {m1g}, then (p) ~ g is unfolded.
(31) If f is unfolded and k+1 = len f and L(f, k)N L(Tien £ f,0) = {Mien £ [},
then f = (p) is unfolded.
(32)  Suppose f is unfolded and g is unfolded and k+1 = len f and L(f, k)N
L(mMentfim9) = {Menysf} and L(Men rf,m19) N L(g,1) = {m1g}. Then
f ™ g is unfolded.
(33) If f is unfolded and p € L(f,n), then Ins(f,n,p) is unfolded.
(34) Iflen f <2, then f is s.n.c..
Let f be a s.n.c. finite sequence of elements of £2 and let us consider n.
Observe that f [ n is s.n.c. and f},, is s.n.c..
Let f be a s.n.c. finite sequence of elements of 5% and let us consider p. Note
that f —:pis s.n.c..
We now state four propositions:
(35) Ifp€rngf and f is s.n.c., then f:— pis s.n.c..
(36) If f is s.n.c., then Rev(f) is s.n.c..
(37)  Suppose that
(i) fissmn.c.,
(i) gissn.c,
(i) L(f)NL(g) =90,
(iv)  for every i such that 1 < 7 and ¢ + 2 < lenf holds L(f,i) N
L(T"Ionffy 7rlg) = @, and
(v)  for every ¢ such that 2 < ¢ and ¢ + 1
E(T"Ion ff7 7['19) = 0.
Then f ™ g is s.n.c..
(38) If f is unfolded and s.n.c. and p € L(f,n) and p ¢ rng f, then Ins(f, n,p)

is s.n.c..

IN

leng holds L(g,i) N

Let us observe that € (the carrier of £2) is special.
Next we state two propositions:
(39)  (p) is special.
(40)  If p; = g1 or p2 = g2, then (p,q) is special.
Let f be a special finite sequence of elements of 5% and let us consider n.
Note that f [ n is special and f, is special.
We now state the proposition
(41) If perng f and f is special, then f:— p is special.
Let f be a special finite sequence of elements of 5% and let us consider p.
Observe that f —: p is special.
The following four propositions are true:

(42)  If f is special, then Rev(f) is special.
(44)% If f is special and p € L(f,n), then Ins(f,n,p) is special.

2The proposition (43) has been removed.
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(45) Ifgerngfandl+#q« fandgq« f#lenf and f is unfolded and
s.a.c., then L(f —¢)NL(f :—q) = {q}.
(46) If p # g and if py = g1 or p2 = g2, then (p,q)
a S-sequence in R? is a finite sequence of elements of 5%.
The following propositions are true:

47)  For every S-sequence f in R? holds Rev(f)

(

(48)  For every S-sequence f in R? such that i € dom f holds 7;f € Z( f).

(49) Ifp# q and if p1 = q1 or p2 = g2, then L(p,q)

(50)  For every S-sequence f in R? such that p € rng f and p «p f # 1 holds
f—p

(51)  For every S-sequence f in R? such that p € rng f and p < f # len f
holds f:—p

(52)  For every S-sequence f in R? such that p € £(f,i) and p ¢ rng f holds
Ins(f, 1, p)

3. SPECIAL POLYGONS IN &2

Let us mention that there exists a subset of the carrier of £2 and every subset
of the carrier of £2 is non empty.
The following proposition is true
(53) If P is a special polygonal arc joining p; and pe, then P is a special
polygonal arc joining ps and p;.
Let us consider py, pa, P. We say that p; and py split P if and only if the
conditions (Def.1) are satisfied.
(Def.1) (i) p1 # pe, and
(ii)  there exist S-sequences f1, f2 in R? such Ehat p1=m f1and p; =1 fo
and py = Men s, /1 and py = Tien f, fo and L(f1) N L(f2) = {p1,p2} and
P =L(fi)VL(f2)

We now state four propositions:

(54)  If p; and po split P, then py and p; split P.

(55)  If p; and po split P and g € P and g # p1, then p; and ¢ split P.

(56)  If p; and po split P and g € P and g # p2, then ¢ and py split P.

(57) If p; and pg split P and ¢; € P and ¢ € P and q1 # g2, then ¢ and ¢

split P.
Let us observe that a subset of the carrier of £2 is special polygon if:
(Def.2)  There exist p1, p2 such that p; and py split it.

We introduce special polygonal as a synonym of special polygon.
Let us consider r1, o, r}, 75. The functor [.r1,r9,71,75.] yields a subset of
the carrier of £2 and is defined by the condition (Def.3).
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(Def.?)) [.1”1,7“2,7‘&,7“5.] = {p ipr=riAp2 < Té Ap2 > Tll Vpr <raApr >ri A
p2=1y Vp1 <12 Apr>r1 Apa =711 Vpr=ryApz <1y Apz>ri}
One can prove the following propositions:
(68)  If ry <7y and r] < rh, then [.ry,ro, 7, 75.] = L([r1, 7], [r1, 5]) U L([r1,
Té]’ [7“2, Té]) U (E([T% T‘é], [7“2, T‘i]) U ‘C([T27 Tll]v [7‘1, Tll]))
(59)  If ry < rg and 7} < 7, then [.ry, 79,71, 75.] is special polygonal.
(60) Og2 =1[.0,1,0,1.].
(61) Og2 is special polygonal.
One can verify the following observations:
*  there exists a subset of the carrier of 5% which is special polygonal,
*  every subset of the carrier of £2 which is special polygonal is also non
empty, and
*  every subset of the carrier of £% which is special polygonal is also non
trivial.

A special polygon in R? is a special polygonal subset of the carrier of £3.
We now state four propositions:

(62) If P is then P is compact.

(63)  Every special polygon in R? is compact.

(64) If P is special polygonal, then for all py, ps such that p; # py and
p1 € P and po € P holds p; and po split P.

(65) Suppose P is special polygonal. Given pj, pa. Suppose p; # p2 and
p1 € P and py € P. Then there exist P;, P, such that

) P is a special polygonal arc joining p; and po,

) P is a special polygonal arc joining p; and po,

(iii) PNk = {pl,pg}, and

) P=P UP,.
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Summary. The paper is the crowning of a series of articles writ-
ten in the Mizar language, being a formalization of notions needed for
the description of the one-dimensional Lebesgue measure. The formal-
ization of the notion as classical as the Lebesgue measure determines the
powers of the PC Mizar system as a tool for the strict, precise nota-
tion and verification of the correctness of deductive theories. Following
the successive articles [6], [8], [10], [11] constructed so that the final one
should include the definition and the basic properties of the Lebesgue
measure, we observe one of the paths relatively simple in the sense of the
definition, enabling us the formal introduction of this notion. This way,
although toilsome, since such is the nature of formal theories, is greatly
instructive. It brings home the proper succession of the introduction of
the definitions of intermediate notions and points out to those elements
of the theory which determine the essence of the complexity of the notion
being introduced.

The paper includes the definition of the o-field of Lebesgue measur-
able sets, the definition of the Lebesgue measure and the basic set of the
theorems describing its properties.

MML Identifier: MEASURET.

The terminology and notation used in this paper are introduced in the following
articles: [21], [24], [20], [25], [14], [12], [13], [2], [19], [3], [17], [6], [8], [10], [9],
[5], [7], (18], [11], [23], [1], [4], [16], [22], and [15].
The following propositions are true:
(1)  For every function F' from N into R such that for every natural number
n holds F'(n) = Og holds Y~ F = 0.
(2)  For every function F from N into R such that F' is non-negative and for
every natural number n holds F(n) < (Ser F')(n).
(3) Let F, G, H be functions from N into R. Suppose G is non-negative
and H is non-negative. Suppose that for every natural number n holds
F(n) = G(n) + H(n). Let n be a natural number. Then (Ser F')(n) =
(Ser G)(n) + (Ser H)(n).
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(4) Let F, G, H be functions from N into R. Suppose that for every natural
number n holds F(n) = G(n) + H(n). If G is non-negative and H is non-
negative, then >~ F <> G+ > H.

(5) Let F, G be functions from N into R. Suppose F' is non-negative and for
every natural number n holds F(n) = G(n). Let n be a natural number.
Then (Ser F)(n) = (Ser G)(n).

(6) Let F, G be functions from N into R. Suppose F is non-negative and for
every natural number n holds F'(n) < G(n). Let n be a natural number.
Then (Ser F)(n) < )" G.

(7)  For every function F from N into R such that F is non-negative and for
every natural number n holds (Ser F')(n) < Y F.

Let S be a non empty subset of N, let H be a function from S into N, and
let n be an element of S. Then H(n) is a natural number.

Let G be a function from N into R, let S be a non empty subset of N, and let
H be a function from S into N. The functor On(G, H) yields a function from N
into R and is defined as follows:

(Def.1)  For every element n of N holds if n € S, then (On(G, H))(n) = G(H(n))
and if n ¢ S, then (On(G, H))(n) = Og.
Next we state several propositions:

(8) Let G be a function from N into R. Suppose G is non-negative. Let S
be a non empty subset of N and let H be a function from S into N. Then
On(G, H) is non-negative.

(9) Let F be a function from N into R. Suppose F' is non-negative. Let n,
k be natural numbers. If n < k, then (Ser F')(n) < (Ser F)(k).

(10) Let k be a natural number and let F' be a function from N into R.
Suppose F' is non-negative. Suppose that for every natural number n
such that n # k holds F(n) = Og. Then

(i)  for every natural number n such that n < k holds (Ser F')(n) = Og,
and
(ii)  for every natural number n such that k& < n holds (Ser F')(n) = F (k).

(11)  Let G be a function from N into R. Suppose G is non-negative. Let S
be a non empty subset of N and let H be a function from S into N. If H
is one-to-one and rng H =N, then >- On(G,H) <> G.

(12) Let F', G be functions from N into R. Suppose F' is non-negative and G
is non-negative. Let S be a non empty subset of N and let H be a function
from S into N. Suppose H is one-to-one and rng H = N. Suppose that
for every natural number k holds if k£ € S, then F(k) = G(H(k)) and if
k ¢ S, then F(k) = 0. Then > F <} G.

Let A be a subset of R. A function from N into 2% is said to be an interval
covering of A if:
(Def.2) A C Jrngit and for every natural number n holds it(n) is an interval.

Let A be a subset of R, let F' be an interval covering of A, and let n be a
natural number. Then F'(n) is an interval.
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Let F' be a function from N into 2®. A function from N into (2%)V is said to
be an interval covering of F' if:
(Def.3)  For every natural number n holds it(n) is an interval covering of F'(n).
Let A be a subset of R and let F' be an interval covering of A. The functor
(F)vol yields a function from N into R and is defined by:
(Def.4)  For every natural number n holds (F') vol(n) = vol(F'(n)).
The following proposition is true
(13)  For every subset A of R and for every interval covering F' of A holds
(F) vol is non-negative.
Let F be a function from N into 2%, let H be an interval covering of F', and
let n be a natural number. Then H(n) is an interval covering of F'(n).
Let F be a function from N into 2® and let G be an interval covering of F.
The functor (G) vol yields a function from N into R" and is defined by:
(Det.5)  For every natural number n holds (G)vol(n) = (G(n)) vol .
Let A be a subset of R and let F' be an interval covering of A. The functor
vol(F) yields a Real number and is defined as follows:
(Def.6)  vol(F') = >_((F')vol).
Let F be a function from N into 2® and let G be an interval covering of F.
The functor vol(G) yielding a function from N into R is defined by:
(Def.7)  For every natural number n holds (vol(G))(n) = vol(G(n)).
One can prove the following proposition
(14) Let F be a function from N into 2%, and let G be an interval covering
of F', and let n be a natural number. Then Og < (vol(G))(n).
Let A be a subset of R. The functor Svc(A) yielding a non empty subset of
R is defined by:
(Def.8)  For every Real number x holds x € Svc(A) iff there exists an interval
covering F' of A such that x = vol(F).
Let A be an element of 28. The functor C4 yields an element of R and is
defined as follows:
(Def.9) €4 = inf Svc(A).
The function OSMeas from 2% into R is defined by:
(Def.10)  For every subset A of R holds (OSMeas)(A) = inf Svc(A).
Let F' be a function from N into N and let n be a natural number. Then
F(n) is a natural number.
Let x, y be Real numbers. Then {z,y} is a subset of R.
Let H be a function from N into [N, NJ. The functor prl1(H) yielding a
function from N into N is defined by:
(Def.11)  For every element n of N there exists an element s of N such that
H(n) = (prl(H)(n), s).
Let H be a function from N into [N, NJ]. The functor pr2(H) yielding a
function from N into N is defined by:
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(Def.12)  For every element n of N holds H(n) = (prl(H)(n), pr2(H)(n)).

Let F be a function from N into 2%, let G be an interval covering of F', and
let H be a function from N into [N, N'J. Let us assume that H is one-to-one and
rng H = [N, NJ. The functor On(G, H) yields an interval covering of Jrng F'
and is defined by:

(Def.13)  For every element n of N holds (On(G, H))(n) = G(pr1(H)(n))(pr2(H)(n)).
Next we state three propositions:

(15)  Let H be a function from N into [N, N]. Suppose H is one-to-one and
rng H = [N, NJ. Let k be a natural number. Then there exists a natural

number m such that for every function F' from N into 2® and for every in-
terval covering G of F' holds (Ser((On(G, H)) vol))(k) < (Servol(G))(m).

(16)  For every function F from N into 2% and for every interval covering G
of F holds inf Sve(Jrng F') < > vol(G).

(17)'  OSMeas is a Caratheodor’s measure on R.

OSMeas is a Caratheodor’s measure on R.
The functor L,-ocFIELD is a o-field of subsets of R and is defined by:

(Def.14)  L,-oFIELD = o-Field(OSMeas).

The o-measure L, on L,-ocFIELD is defined by:
(Def.15) L, = 0-Meas(OSMeas).

The following propositions are true:

(18) L, is complete on L,-cFIELD.

(19) L, is a measure on L,-cFIELD.

(20) 0 € L,-oFIELD and R € L,-oFIELD.

(21)  For every set A such that A € L,-oFIELD holds R\ A € L,-cFIELD.
(22)  For all sets A, B such that A € L,-ocFIELD and B € L,-cFIELD holds

AUB € L,-oFIELD.

(23)  For all sets A, B such that A € L,-¢FIELD and B € L,-cFIELD holds
AN B € L,~oFIELD.

(24)  For all sets A, B such that A € L,-ocFIELD and B € L,-cFIELD holds
A\ B € L,-oFIELD.

(25)  For every family T' of measurable sets of L,-cFIELD holds N7 €
L,~oFIELD and JT € L,-oFIELD.

(27)%2 For every denumerable family M of subsets of R such that M C
L,~oFIELD holds M € L,-oFIELD.

(28)  For all elements A, B of L,-cFIELD such that AN B = ) holds L, (AU
B)=L,(A)+ L,(B).

(29) For all elements A, B of L,-oFIELD such that A C B holds L,(A) <
L,(B).

!Editiorial footnote: The repetition below is caused by the fact that the first sentence is
the translation of a Mizar theorem, and the second one — of a Mizar redefinition.
2The proposition (26) has been removed.



THE ONE-DIMENSIONAL LEBESGUE MEASURE 257

(30)  For all elements A, B of L,-oFIELD such that A C B and L, (A) < +o00
holds L,(B\ A) = L,(B) — L,(A).

(31)  For all elements A, B of L,-cFIELD holds L,(AUB) < L,(A)+L,(B).

(32) L, is non-negative and L,()) = Og and for every sequence F' of sepa-
rated subsets of L,-cFIELD holds (L, - F) = L,(Urng F).

(33)  For every function F' from N into L,-ocFIELD such that for every ele-
ment n of N holds F(n) C F(n+1) holds L,(Urng F) = suprng(L, - F).

(34)  Let F be a function from N into L,-cFIELD. Suppose for every element
n of N holds F'(n+1) C F(n) and L,(F(0)) < +occ. Then L,(rng F) =
infrng(L, - F).

(35) Let T be a family of measurable sets of L,-cFIELD. Suppose that for
every set A such that A € T holds A is a set of measure zero w.r.t. L.
Then T is a set of measure zero w.r.t. L.

(36) Let T be a family of measurable sets of L,-cFIELD. Given a set A
such that A € T and A is a set of measure zero w.r.t. L,. Then N7 is a
set of measure zero w.r.t. L.

(37)  Let T be a family of measurable sets of L,-cFIELD. Suppose that for
every set A such that A € T holds A is a set of measure zero w.r.t. L.
Then T is a set of measure zero w.r.t. L.

(38) Let A be an element of L,-cFIELD and let B be a set of measure zero
wr.t. L, If AC B, then A is a set of measure zero w.r.t. L.

(39) Let A, B be sets of measure zero w.r.t. L,. Then

(i) AU B is a set of measure zero w.r.t. L,
(i) AN B is a set of measure zero w.r.t. L,, and
(ili) A\ B is a set of measure zero w.r.t. L.

(40) Let A be an element of L,-cFIELD and let B be a set of measure
zero w.r.t. L, Then L,(AUB) = L,(A) and L,(AN B) = Og and
Lu(A\ B) = Lu(A).

(41) (i) 0 is measurable w.r.t. L,

(i) R is measurable w.r.t. L,, and

(ili)  for all sets A, B such that A is measurable w.r.t. L, and B is measur-
able w.r.t. L, holds R\ A is measurable w.r.t. L, and AUB is measurable
w.r.t. L, and AN B is measurable w.r.t. L,.

(42)  Let T be a denumerable family of subsets of R. Suppose that for every
set A such that A € T holds A is measurable w.r.t. L,. Then 7 is
measurable w.r.t. L, and ()T is measurable w.r.t. L.
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Summary. Category theory had been formalized in Mizar quite
early [8]. This had been done closely to the handbook of S. McLane [11].
In this paper we use a different approach. Category is a triple

<O7 {<017 02>}01,OQEO’ {001702703 }01,02,03EO>

where 04, 05,05 1 (02,03) X (01,02) — (01, 03) that satisfies usual conditions
(associativity and the existence of the identities). This approach is closer
to the way in which categories are presented in homological algebra (e.g.
[1], pp.58-59). We do not assume that (01, 02)’s are mutually disjoint.
If f is simultaneously a morphism from o1 to o2 and o} to o2 (o1 # 0’1)
than different compositions are used (0o, ,05,05 OF 0011,02,03) to compose it
with a morphism ¢ from o2 to 03. The operation g - f has actually six
arguments (two visible and four hidden: three objects and the category).

We introduce some simple properties of categories. Perhaps more
than necessary. It is partially caused by the formalization. The functional
categories are characterized by the following properties:

e quasi-functional that means that morphisms are functions (rather
meaningless, if it stands alone)

e semi-functional that means that the composition of morphism is the
composition of functions, provided they are functions.

e pseudo-functional that means that the composition of morphisms is
the composition of functions.

For categories pseudo-functional is just quasi-functional and semi-
functional, but we work in a bit more general setting. Similarly the
concept of a discrete category is split into two:

e quasi-discrete that means that (o1, 02) is empty for 01 # 02 and
e pseudo-discrete that means that (o, 0) is trivial, i.e. consists of the
identity only, in a category.

We plan to follow Semadeni-Wiweger book [14], in the development
the category theory in Mizar. However, the beginning is not very close
to [14], because of the approach adopted and because we work in Tarski-
Grothendieck set theory.

© 1996 Warsaw University - Bialystok
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MML Identifier: ALTCAT_1.

The terminology and notation used in this paper have been introduced in the
following articles: [19], [21], [20], [15], [22], [2], [6], [7]. [3], [13], [5], [10], [4], [16],
[9], (18], [12], and [17].

1. PRELIMINARIES

One can prove the following proposition

(1) For every non empty set A and for all sets B, C, D such that [ A,
B]Cl[C,Djor|B, A]C[D,C]holds BC D.

In the sequel i, j, k, x are arbitrary.

Let A be a functional set. Observe that every subset of A is functional.

Let f be a function yielding function and let C' be a set. Observe that f | C

is function yielding.

Let f be a function. One can verify that {f} is functional.

Next we state four propositions:

(2)  For every set A holds idy € A4.

(3) 07 = {idy}.

(4)  For all sets A, B, C and for all functions f, g such that f € B4 and
geCPBholds g- f € CA.

(5)  For all sets A, B, C such that B4 # () and C # () holds C4 # 0.

Let A, B be sets. One can check that B4 is functional.

We now state two propositions:

(6) For all sets A, B and for every function f such that f € B4 holds
dom f = A and rng f C B.

(7)  Let A, B be sets, and let F' be a many sorted set indexed by [ B, A1,
and let C' be a subset of A, and let D be a subset of B, and let x, y be
arbitrary. If z € C and y € D, then F(y, ) = (F | | D, C{)(y, ).

In this article we present several logical schemes. The scheme MSSLambdaD
deals with a non empty set A and a unary functor F yielding arbitrary, and
states that:

There exists a many sorted set M indexed by A such that for every
element i of A holds M (i) = F(i)
for all values of the parameters.

The scheme MSSLambda?2 deals with sets A, B and a binary functor F yield-
ing arbitrary, and states that:

There exists a many sorted set M indexed by [ A, B such that for
all 7, j such that i € A and j € B holds M(i, j) = F(i,7)
for all values of the parameters.
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The scheme MSSLambda2D deals with non empty sets A, B and a binary
functor F yielding arbitrary, and states that:
There exists a many sorted set M indexed by [.4, B] such that
for every element i of A and for every element j of B holds M (i,
) =F(i,5)
for all values of the parameters.
The scheme MSSLambda3 concerns sets A, B, C and a ternary functor F
yielding arbitrary, and states that:
There exists a many sorted set M indexed by [.A, B, C ] such that
for all i, j, k such that ¢ € A and j € B and k € C holds M(i, 7,
k) = F(i,j, k)
for all values of the parameters.
The scheme MSSLambda3D deals with non empty sets A, B, C and a ternary
functor F yielding arbitrary, and states that:
There exists a many sorted set M indexed by [.A, B, C ] such that
for every element i of A and for every element j of B and for every
element k of C holds M(i, j, k) = F(i,7,k)
for all values of the parameters.
One can prove the following propositions:
(8) Let A, B besets and let N, M be many sorted sets indexed by [ A, B .
If for all ¢, j such that i € A and j € B holds N(i, j) = M(i, j), then
M = N.
(9) Let A, B be non empty sets and let N, M be many sorted sets indexed
by [ A, B. Suppose that for every element i of A and for every element
j of B holds N(i, j) = M(4, j). Then M = N.
(10) Let A be a set and let N, M be many sorted sets indexed by [ A, A,
A{. Suppose that for all 4, j, k such that i € A and j € Aand k € A
holds N(i, j, k) = M(i, j, k). Then M = N.
(1) [(,5) — k] = (i, jy——k.
(12)  [i,5) — K|(E, j) = k-

2. GRAPHS

We consider graphs as extensions of 1-sorted structure as systems

( a carrier, arrows ),
where the carrier is a set and the arrows constitute a many sorted set indexed
by [ the carrier, the carrier .

Let G be a graph.

(Def.1)  An element of the carrier of G is called an object of G.

Let G be a graph and let 01, 0o be objects of G. The functor (o1, 09) is
defined as follows:

(Def.2)  (01,02) = (the arrows of G)(01, 02).
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Let G be a graph and let o1, 09 be objects of G.
(Def.3)  An element of (01,09) is said to be a morphism from o1 to o9.
Let G be a graph. We say that G is transitive if and only if:

(Def.4)  For all objects o1, 02, 03 of G such that (01,02) # 0 and (02, 03) # 0
holds (01, 03) # 0.

3. MANY SORTED BINARY COMPOSITIONS

Let I be a set and let G be a many sorted set indexed by [ I, I]. The functor
{G[} yields a many sorted set indexed by [ I, I, I | and is defined as follows:
(Def.5)  For all 4, j, k such that ¢ € I and j € I and k € I holds ({{G[})(4, J,

k) =G(i, k).
Let H be a many sorted set indexed by [ I, I]. The functor {{G, H[} yielding a
many sorted set indexed by [ I, I, I] is defined by:
(Def.6)  For all 4, j, k such that i € I and j € I and k € I holds ({|G, H[})(3, J,
k) =FH(, k), G(, j) 1.
Let I be a set and let G be a many sorted set indexed by [ I, I]. A binary
composition of G is a many sorted function from {|G, G[} into {|G|}.
Let I be a non empty set, let G be a many sorted set indexed by [ I, I'], let
o be a binary composition of G, and let i, j, k be elements of I. Then o(i, j, k)
is a function from [ G(j, k), G(i, j) ] into G(3, k).
Let I be a non empty set and let G be a many sorted set indexed by [ I, I {.
A binary composition of G is associative if it satisfies the condition (Def.7).
(Def.7)  Let 4, j, k, | be elements of I and let f, g, h be arbitrary. Suppose
f e G, j) and g € G(j, k) and h € G(k, l). Then it(i, k, 1)(h, it(i, j,
k)(g, £)) = it(i, 4, Dt &, DR, 9), f)-
A binary composition of G has right units if it satisfies the condition (Def.8).
(Def.8)  Let i be an element of I. Then there exists arbitrary e such that e € G(i,
i) and for every element j of I and for arbitrary f such that f € G(i, j)
holds it (s, 7, j)(f, e) = f.
A binary composition of G has left units if it satisfies the condition (Def.9).
(Def.9) Let j be an element of I. Then there exists arbitrary e such that
e € G(j, j) and for every element i of I and for arbitrary f such that

f € G(i, j) holds it(s, 7, j)(e, f) = f.

4. CATEGORIES

We introduce category structures which are extensions of graph and are sys-
tems
( a carrier, arrows, a composition ),
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where the carrier is a set, the arrows constitute a many sorted set indexed by
fthe carrier, the carrier ], and the composition is a binary composition of the
arrows.
Let us observe that there exists a category structure which is strict and non
empty.
Let C be a non empty category structure and let o1, 0g, 03 be objects of C.
Let us assume that (01,09) # (0 and (02,03) # (0 and (01,03) # 0. Let f be a
morphism from o7 to oy and let g be a morphism from oy to 03. The functor
g - f yields a morphism from 07 to o3 and is defined by:
(Def.10) g - f = (the composition of C) (o1, 02, 03)(g, f)-
A function is compositional if:
(Def.11)  If z € domit, then there exist functions f, g such that z = (g, f) and
it(z) =g- f.
Let A, B be functional sets. Observe that there exists a many sorted function
of [ A, B] which is compositional.
Next we state the proposition
(13) Let A, B be functional sets, and let F' be a compositional many sorted
set indexed by [ A, B, and let g, f be functions. If g € A and f € B,
then F(g, f) =g f.
Let A, B be functional sets.
(Def.12)  FuncComp(A, B) is a compositional many sorted function of [ B, A].
The following propositions are true:
(14)  For all sets A, B, C holds rng FuncComp (B4, CB) C C4.
(15)  For every set o holds FuncComp({id,}, {ido}) = [(ido,id,) + id,].
(16)  For all functional sets A, B and for every subset A; of A and for every
subset B; of B holds FuncComp(A;, B;) = FuncComp(A, B) | [ By, A1 ].
Let C be a non empty category structure. We say that C' is quasi-functional
if and only if:
(Def.13)  For all objects a1, az of C holds (a1, as) C as®.
We say that C' is semi-functional if and only if the condition (Def.14) is satisfied.
(Def.14)  Let a1, az, ag be objects of C. Suppose (a1,a2) # 0 and (as,az) # 0
and (aj,a3) # 0. Let f be a morphism from a; to ag, and let g be a
morphism from as to a3, and let f’, ¢’ be functions. If f = f and g = ¢/,
theng-f=4¢ - f.
We say that C' is pseudo-functional if and only if:
(Def.15)  For all objects 01, 02, o3 of C holds (the composition of C')(o1, o2,
03) = FuncComp(02™, 037) | [ (02,03), (01, 02) i.
Let X be a non empty set, let A be a many sorted set indexed by [ X, X {,
and let C' be a binary composition of A. Note that (X, A, C)) is non empty.
Let us observe that there exists a non empty category structure which is
strict and pseudo-functional.
One can prove the following propositions:

263
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(17)  Let C be a non empty category structure and let a1, a2, as be objects
of C. Suppose if (a1,a3) =0, then (a1,as) =0 or (az,a3) = (). Then (the
composition of C')(a1, az, as) is a function from [ (ag,as), (a1,as2) ] into
<CL1, (13>-

(18) Let C be a pseudo-functional non empty category structure and let
ai, az, ag be objects of C. Suppose (aj,as) # 0 and (az,a3) # 0 and
(ay1,a3) # 0. Let f be a morphism from a; to ag, and let g be a morphism
from as to ag, and let f’, ¢’ be functions. If f = f’ and g = ¢, then
g-f=49"-f.

Let A be a non empty set. The functor Enss yielding a strict pseudo-
functional non empty category structure is defined as follows:

(Def.16)  The carrier of Ensy = A and for all objects aj, as of Ensg holds
(a1,a2) = as™.
Let C be a non empty category structure. We say that C' is associative if
and only if:
(Def.17)  The composition of C' is associative.
We say that C' has units if and only if:
(Def.18)  The composition of C' has left units and right units.

Let us mention that there exists a non empty category structure which is
transitive associative and strict and has units.

The following propositions are true:

(19) Let C be a transitive non empty category structure and let a1, ag, as
be objects of C. Then (the composition of C)(a1, az, ag) is a function
from [ (ag, as), (a1,az2) ] into (a,as).

(20) Let C be a transitive non empty category structure and let a1, ag, asg be
objects of C. Then dom (the composition of C)(a1, a2, as) = | (az,as),
(a1, a2) ] and rng (the composition of C)(ay, az, ag) C (a1, as).

(21)  For every non empty category structure C' with units and for every
object o of C holds (o, 0) # 0.

Let A be a non empty set. Observe that Ens 4 is transitive and associative
and has units.

Let us mention that every non empty category structure which is quasi-
functional semi-functional and transitive is also pseudo-functional and every
non empty category structure which is pseudo-functional and transitive and has
units is also quasi-functional and semi-functional.

A category is a transitive associative non empty category structure with
units.

5. IDENTITIES

One can prove the following proposition
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(22) Let C be a transitive non empty category structure and let o1, 0g, 03 be
objects of C'. Suppose (01, 02) # () and (09, 03) # . Let f be a morphism
from 01 to 02 and let g be a morphism from o2 to 0o3. Then g - f = (the
composition of C')(o01, 02, 03)(g, f).

Let C' be a non empty category structure with units and let o be an object
of C. The functor id, yielding a morphism from o to o is defined by:
(Def.19)  For every object o’ of C' such that (0,0’) # () and for every morphism a
from o to o' holds a -id, = a.

One can prove the following three propositions:

(23)  For every non empty category structure C' with units and for every
object o of C holds id, € (o, 0).

(24) Let C be a non empty category structure with units and let o1, 0y be
objects of C. If {01,09) # 0, then for every morphism a from o0y to o0y
holds id(,,) -a = a.

(25) Let C be an associative transitive non empty category structure and
let 01, 02, 03, 04 be objects of C. Suppose (01,09) # 0 and (09,03) # 0
and (03,04) # 0. Let a be a morphism from o7 to o2, and let b be a

morphism from 02 to 03, and let ¢ be a morphism from o3z to o4. Then
c-(b-a)=(c-b)-a.

6. DISCRETE CATEGORIES

Let C be a category structure. We say that C' is quasi-discrete if and only if:
(Def.20)  For all objects 4, j of C such that (i, j) # () holds i = j.
We say that C is pseudo-discrete if and only if:
(Def.21)  For every object ¢ of C holds (i,4) is trivial.
One can prove the following proposition
(26) Let C be a non empty category structure with units. Then C is pseudo-
discrete if and only if for every object o of C holds (0, 0) = {id,}.
Let us observe that every category structure which is trivial is also quasi-
discrete.
One can prove the following proposition
(27)  Ens; is pseudo-discrete and trivial.
Let us note that there exists a category which is pseudo-discrete trivial and
strict.
Let us observe that there exists a category which is quasi-discrete pseudo-
discrete trivial and strict.
A discrete category is a quasi-discrete pseudo-discrete category.

Let A be a non empty set. The functor DiscrCat(A) yields a quasi-discrete
strict non empty category structure and is defined by:
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(Def.22)
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The carrier of DiscrCat(A) = A and for every object ¢ of DiscrCat(A)
holds (i,4) = {id;}.

One can verify that every category structure which is quasi-discrete is also

transitive.

(29)

One can prove the following propositions:
(28)

Let A be a non empty set and let 01, 02, 03 be objects of DiscrCat(A). If
01 # 02 Or 09 # 03, then (the composition of DiscrCat(A))(o1, 02, 03) = 0.

For every non empty set A and for every object o of DiscrCat(A) holds
(the composition of DiscrCat(A))(o, o, 0) = [(idy, id,) — id,].

Let A be a non empty set. Note that DiscrCat(A) is pseudo-functional

pseudo-discrete and associative and has units.
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Summary. The aim of the article is to prove the fact that if ex-
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equal. The article contains the properties of epimorphisms & monomor-
phisms between Many Sorted Algebras.

MML Identifier: EXTENS_1.

The articles [15], [17], [18], [6], [16], [8], [7], [1], [2], [3], [14], [5], [11], [13], [4],
[10], [9], and [12] provide the terminology and notation for this paper.

1. PRELIMINARIES

For simplicity we adopt the following convention: S will be a non void non
empty many sorted signature, Uy, Uy, Us will be non-empty algebras over S,
I will be a set, A will be a many sorted set indexed by I, and B, C will be
non-empty many sorted sets indexed by I.

We now state four propositions:

(1) For every binary relation R and for all sets X, Y such that X C Y

holds (R1Y)°X = R°X.

(2) Let A be aset, and let B, C' be non empty sets, and let f be a function
from A into B, and let g be a function from B into C, and let X be a
subset of A. Then (g- )1 X =g-(f I X).

(3)  For every function yielding function f holds dom(domy f(x)) = dom f.

(4)  For every function yielding function f holds dom(rng,, f(x)) = dom f.
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2. FACTS ABOUT MANY SORTED FUNCTIONS

Next we state several propositions:

(5) Let F be a many sorted function from A into B and let X be a many
sorted subset of A. If A C X, then F' | X = F.

(6) Let A, B be many sorted sets indexed by I, and let M be a many sorted
subset of A, and let F' be a many sorted function from A into B. Then
F°MCF°A.

(7) Let F be a many sorted function from A into B and let M;, M, be
many sorted subsets of A. If M7 C My, then (F' | My)° My = F ° M.

(8)  Let F be a many sorted function from A into B, and let G be a many
sorted function from B into C, and let X be a many sorted subset of A.
Then (Go F) | X =Go (F | X).

(9) Let A, B be many sorted sets indexed by I. Suppose A is transformable
to B. Let F' be a many sorted function from A into B and let C' be a
many sorted set indexed by I. Suppose B is a many sorted subset of C.
Then F is a many sorted function from A into C.

(10) Let F be a many sorted function from A into B and let X be a many
sorted subset of A. If F'is “1-17, then F | X is “1-1”.

3. DOM’S & RNG’S OF MANY SORTED FUNCTIONS

Let us consider I and let F' be a many sorted function of I. Then dom,, F'(k)
is a many sorted set indexed by I.

Let us consider I and let F' be a many sorted function of I. Then rng,. F(k)
is a many sorted set indexed by I.

We now state several propositions:

(11)  For every many sorted function F' from A into B and for every many
sorted subset X of A holds dom, F' | X (k) C dom, F (k).

(12)  For every many sorted function F' from A into B and for every many
sorted subset X of A holds rng, F' | X (k) C rng,, F'(k).

(13) Let A, B be many sorted sets indexed by I and let F' be a many sorted
function from A into B. Then F'is “onto” if and only if rng, F'(k) = B.

(14)  For every non-empty many sorted set X indexed by the carrier of S
holds rng, Reverse(X)(x) = X.

(15)  Let F be a many sorted function from A into B, and let G be a many

sorted function from B into C, and let X be a non-empty many sorted
subset of B. If rng,. FI(k) C X, then (G| X)oF =GoF.
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4. OTHER PROPERTIES OF "ONTO” & ”71-1”

Next we state two propositions:

(16) Let F be a many sorted function from A into B. Then F' is “onto” if
and only if for every C' and for all many sorted functions G, H from B
into C' such that Go F = H o F holds G = H.

(17) Let F be a many sorted function from A into B. Suppose A is non-
empty and B is non-empty. Then F'is “1-1” if and only if for every many
sorted set C indexed by I and for all many sorted functions G, H from
C into A such that FoG = F o H holds G = H.

5. EXTENSIONS OF MAPPINGS ON (GENERATOR SET

We now state three propositions:

(18) Let X be a non-empty many sorted set indexed by the carrier of S and
let hy, ho be many sorted functions from Free(X) into U;. Suppose hq
is a homomorphism of Free(X) into U; and hs is a homomorphism of
Free(X) into Uy and hy | FreeGenerator(X) = hy | FreeGenerator(X).
Then h; = ho.

(19) Let F be a many sorted function from U; into Us. Suppose F is a
homomorphism of U; into Us. Suppose F' is an epimorphism of U; onto
Us. Let Us be a non-empty algebra over S and let hi, hy be many sorted
functions from Us into Us. Suppose h; is a homomorphism of Us into Us
and ho is a homomorphism of Us into Us. If hio F' = hoo F, then hy = ho.

(20) Let F be a many sorted function from Uy into Us. Suppose F is a
homomorphism of Us into Us. Then F' is a monomorphism of Uy into
Us; if and only if for every non-empty algebra U; over S and for all many
sorted functions hq, ho from Uj into Us such that h; is a homomorphism of
U1 into Uy and hg is a homomorphism of U7 into Us holds if Foh; = Fohs,

then hi = hs.
Let us consider S, U;. Note that there exists a generator set of U; which is
non-empty.

We now state three propositions:

(21)  For all non-empty subsets A, B of U; such that A is a many sorted
subset of B holds Gen(A) is a subalgebra of Gen(B).

(22) Let Uz be a non-empty subalgebra of Uj, and let By be a non-empty
subset of Uy, and let B be a subset of U,. If By = By, then Gen(B;) =
Gen(B2).

(23) Let U be a strict non-empty algebra over S, and let Us be a non-
empty algebra over S, and let G; be a non-empty generator set of Uy,
and let h1, ho be many sorted functions from Uy into Us. Suppose hi is
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a homomorphism of Uy into Us and hs is a homomorphism of U; into Us
and hl f Gl = h2 rGl Then h1 = hg.
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Summary. This article is the last in a series of four articles (pre-
ceded by [23,22,21]) about modelling circuits by many sorted algebras.

The notion of a circuit computation is defined as a sequence of cir-
cuit states. For a state of a circuit the next state is given by executing
operations at circuit vertices in the current state, according to denota-
tions of the operations. The values at input vertices at each state of a
computation are provided by an external sequence of input values. The
process of how input values propagate through a circuit is described in
terms of a homomorphism of the free envelope algebra of the circuit into
itself. We prove that every computation of a circuit over a finite mono-
tonic signature and with constant input values stabilizes after executing
the number of steps equal to the depth of the circuit.

MML Identifier: CIRCUIT2.

The articles [27), [30], [31], [12], [13], [18], [14], [3], [9], [16], [5], [7), [4], [28], [1],
[6], [29], [2], [15], [10], [26], [19], [25], [11], [20], [17], [24], [23], [22], [21], and [8]
provide the terminology and notation for this paper.

1. CirculT INPUTS

In this paper I; will be a monotonic circuit-like non void non empty many
sorted signature.
The following proposition is true

!Partial funding for this work has been provided by: Shinshu Endowment Fund for Infor-
mation Science, NSERC Grant OGP9207, JSTF award 651-93-S009.
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(1) Let X be a non-empty many sorted set indexed by the carrier of I,
and let H be a many sorted function from Free(X) into Free(X), and let
H be a function yielding function, and let v be a sort symbol of I, and
let p be a decorated tree yielding finite sequence, and let ¢t be an element
of (the sorts of Free(X))(v). Suppose that

(i) v € InnerVertices(Iy),

(ii)  t = (the action at v, the carrier of I1)-tree(p),

) H is a homomorphism of Free(X) into Free(X), and

) Hy = H - Arity(the action at v).

Then there exists a decorated tree yielding finite sequence Ho such that

Hy = H; «f p and H(v)(t) = (the action at v, the carrier of I )-tree(Ha).

Let us consider I1, let S7 be a non-empty circuit of I1, let s be a state of Sy,
and let ¢; be an input assignment of S;. Then s +- i1 is a state of 5.

Let us consider I1, let A be a non-empty circuit of Iy, and let ¢; be an input
assignment of A. The functor FixInput(i;) yields a many sorted function from
FreeGenerator (the sorts of A) into the sorts of FreeEnvelope(A) and is defined
by the condition (Def.1).

(Def.1)  Let v be a vertex of I;. Then
(i) ifv € InputVertices(I;), then (FixInput(iq))(v) = FreeGenerator (v, the
sorts of A) — the root tree of (i1 (v), v),
(ii) if v € SortsWithConstants(/;), then (FixInput(iy))(v) =
FreeGenerator(v, the sorts of A) — the root tree of (the action at v,
the carrier of 1), and

(ili)  if v € InnerVertices(I7) \ SortsWithConstants([7), then
(FiXInput(il))(U) = idF‘reeGenerator(v,the sorts of A)*
Let us consider I1, let A be a non-empty circuit of Iy, and let ¢; be an input

assignment of A. The functor FixInputExt (i) yields a many sorted function
from FreeEnvelope(A) into FreeEnvelope(A) and is defined by:

(i
(iv

(Def.2)  FixInputExt(i;) is a homomorphism of FreeEnvelope(A) into
FreeEnvelope(A) and FixInput(i;) C FixInputExt(iy).

The following propositions are true:

(2) Let A be a non-empty circuit of I;, and let i; be an input as-
signment of A, and let v be a vertex of Iy, and let e be an ele-
ment of (the sorts of FreeEnvelope(A))(v), and let x be arbitrary. If
v € InnerVertices([) \ SortsWithConstants(/;) and e = the root tree of
(z, v}, then (FixInputExt(i1))(v)(e) = e.

(3) Let A be a non-empty circuit of I, and let i; be an input assignment
of A, and let v be a vertex of I, and let = be an element of (the sorts of
A)(v). If v € InputVertices(I;), then (FixInputExt(i;))(v)(the root tree
of (x, v)) = the root tree of (i1(v), v).

(4) Let A be a non-empty circuit of I, and let i; be an input assignment
of A, and let v be a vertex of I1, and let e be an element of (the sorts
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of FreeEnvelope(A))(v), and let p, ¢ be decorated tree yielding finite se-
quences. Suppose that
(i) v € InnerVertices(Iy),

(ii) e = (the action at v, the carrier of I;)-tree(p),

(iii) domp = domg, and

(iv)  for every natural number k such that & € domp holds ¢(k) =
(FixInputExt(i1)) (7 Arity (the action at v))(p(k)).

Then (FixInputExt(ii))(v)(e) = (the action at v, the carrier of
I)-tree(q).

(5) Let A be a non-empty circuit of I, and let i; be an input assign-
ment of A, and let v be a vertex of I;, and let e be an element of
(the sorts of FreeEnvelope(A))(v). Suppose v € SortsWithConstants(I7).
Then (FixInputExt(i1))(v)(e) = the root tree of (the action at v, the
carrier of I7).

(6) Let A be a non-empty circuit of I7, and let 4; be an input assignment
of A, and let v be a vertex of I1, and let e, e; be elements of (the sorts of
FreeEnvelope(A))(v), and let ¢, t; be decorated trees. If t = e and t; = €3
and e; = (FixInputExt(i1))(v)(e), then dom¢ = dom¢;.

(7)  Let A be a non-empty circuit of I1, and let i; be an input assignment
of A, and let v be a vertex of I, and let e, e; be elements of (the sorts
of FreeEnvelope(A))(v). If e; = (FixInputExt(i1))(v)(e), then carde =
carde;.

Let us consider I7, let S; be a non-empty circuit of Iy, let v be a vertex of
I, and let i; be an input assignment of S;. The functor InputGenTree(v, i)
yields an element of (the sorts of FreeEnvelope(S1))(v) and is defined by:

(Def.3)  There exists an element e of (the sorts of FreeEnvelope(S1))(v) such that
card e = size(v, S1) and InputGenTree(v,i1) = (FixInputExt(iq))(v)(e).
We now state two propositions:

(8) Let S; be a non-empty circuit of I;, and let v be a vertex of Iy,
and let i; be an input assignment of S;. Then InputGenTree(v,i;) =
(FixInputExt(i1))(v) (InputGenTree(v, i1)).

(9) Let Sy be a non-empty circuit of I, and let v be a vertex of 7, and let
i1 be an input assignment of S7, and let p be a decorated tree yielding
finite sequence. Suppose that

(i) v € InnerVertices(Iy),

(ii) domp = dom Arity(the action at v), and

(i)  for every natural number k such that & € domp holds p(k) =
InputGenTree(my, Arity(the action at v),i1).

Then InputGenTree(v,i1) = (the action at v, the carrier of I )-tree(p).

Let us consider I7, let S; be a non-empty circuit of Iy, let v be a vertex of

I, and let i; be an input assignment of S;. The functor InputGenValue(v, i)
yields an element of (the sorts of S1)(v) and is defined by:

(Def.4)  InputGenValue(v,i1) = (Eval(Sy))(v)(InputGenTree(v,i1)).
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The following propositions are true:

(10) Let Sy be a non-empty circuit of I;, and let v be a vertex of I;, and
let 47 be an input assignment of S;. If v € InputVertices(I;), then
InputGenValue(v,i1) = i1(v).

(11)  Let Sy be a non-empty circuit of 1, and let v be a vertex of I, and
let 41 be an input assignment of Sy. If v € SortsWithConstants(/), then
InputGenValue(v,i1) = (Set-Constants(S1))(v).

2. CirculT COMPUTATIONS

Let I; be a circuit-like non void non empty many sorted signature, let S; be
a non-empty circuit of I;, and let s be a state of S;. The functor Following(s)
yielding a state of S; is defined by the condition (Def.5).

(Def.5) Let v be a vertex of I. Then if v € InputVertices(I;),
then (Following(s))(v) = s(v) and if v € InnerVertices(;), then
(Following(s))(v) = (Den(the action at v, S7))((the action at
v) depends-on-in s).

Next we state the proposition

(12)  Let S7 be a non-empty circuit of I, and let s be a state of S1, and let
i1 be an input assignment of Sy. If i1 C s, then iy C Following(s).

Let I7 be a circuit-like non void non empty many sorted signature and let S
be a non-empty circuit of I;. A state of Sy is stable if:

(Def.6) It = Following(it).

Let us consider I, let S1 be a non-empty circuit of I, let s be a state of 57,
and let 71 be an input assignment of S7. The functor Following(s, 1) yielding a
state of S is defined by:

(Def.7)  Following(s,i;) = Following(s +- i1).

Let us consider Iy, let S7; be a non-empty circuit of I, let Iy be an input
function of S7, and let s be a state of S1. The functor InitialComp(s, I3) yielding
a state of S; is defined as follows:

(Def.8)  InitialComp(s, I2) = s +- (0-th-input(l2)) +- Set-Constants(S1).

Let us consider Iy, let S7; be a non-empty circuit of I, let I be an input
function of Si, and let s be a state of S;. The functor Computation(s,I2)
yielding a function from N into [] (the sorts of Sy) is defined by the conditions
(Det.9).

(Def.9) (i) (Computation(s, I3))(0) = InitialComp(s, I2), and

(ii)  for every natural number ¢ and for every state x of S; such

that « = (Computation(s,I2))(7) holds (Computation(s,l2))(i + 1) =
Following(x, (i + 1)-th-input(/2)).

In the sequel S7 denotes a non-empty circuit of I7, s denotes a state of 57,

and 41 denotes an input assignment of Sj.
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Next we state the proposition

(13)

Let k£ be a natural number. Suppose that for every vertex v of Iy
such that depth(v,S;) < k holds s(v) = InputGenValue(v,i1). Let vy
be a vertex of I;. If depth(vi,S1) < k + 1, then (Following(s))(vi) =
InputGenValue(vy, ).

For simplicity we adopt the following convention: Iy is a finite monotonic
circuit-like non void non empty many sorted signature, S; is a non-empty circuit

Offl,
of 51

I5 is an input function of Sy, s is a state of S1, and 41 is an input assignment

We now state several propositions:

(14)

(15)

[1]
2]

3]
[4]
[5]
[7]

8]

If commute(/5) is constant and InputVertices(/7) is non empty, then for
all s, i1 such that i1 = (commute(/2))(0) and for every natural number &
holds i; C (Computation(s, I3))(k).

Let n be a natural number. Suppose commute(/2) is constant and
InputVertices(/7) is non empty and (Computation(s,I3))(n) is stable.
Let m be a natural number. If n < m, then (Computation(s,I3))(n) =
(Computation(s, I2))(m).

Suppose commute(/3) is constant and InputVertices(/;) is non empty.
Given s, 7;. Suppose i; = (commute(l3))(0). Let k be a natu-
ral number and let v be a vertex of I;. If depth(v,S;) < Kk,
then ((Computation(s,I2))(k) qua element of [] (the sorts of S1))(v) =
InputGenValue(v, i1).

Suppose commute(/3) is constant and InputVertices(/;) is non empty
and i3 = (commute(I2))(0). Let s be a state of S; and let v be a ver-
tex of I1. Then ((Computation(s, I2))(depth(S1)) qua state of S1)(v) =
InputGenValue(v, i1).

If commute(/2) is constant and InputVertices(/;) is non empty, then for
every state s of S holds (Computation(s, I5))(depth(S;)) is stable.

If commute(I2) is constant and InputVertices(I;) is non empty, then
for all states si, s of S7 holds (Computation(sy,Is))(depth(Sy)) =
(Computation(se, I5))(depth(S7)).
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Summary. In the first part of this article I have proved theorems
about boolean of many sorted sets which are corresponded to theorems
about boolean of sets, whereas the second part of this article contains
propositions about union of many sorted sets. Boolean as well as union
of many sorted sets are defined as boolean and union on every sorts.

MML Identifier: MBOOLEAN.

The terminology and notation used here are introduced in the following articles:
[11], [12], [13}, [2], [3], [5], [9], [4], [1], [10], [7], [6], and [8].

1. BOOLEAN OF MANY SORTED SETS

We follow a convention: [ will denote a set, A, B, X, Y will denote many
sorted sets indexed by I, and x, y will be arbitrary.

Let us consider I, A. The functor 24 yielding a many sorted set indexed by
I is defined as follows:

(Def.1)  For arbitrary i such that i € I holds 24 (i) = 240,

Let us consider I, A. Note that 24 is non-empty.
One can prove the following propositions:

(1) X =2Y iff for every A holds A € X iff ACY.
2) 2% =1+ {0}

(3) 2% =]+ 2%

4) 2" =T {0, {2}}).

—_
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(5) 0 €24

(6) If AC B, then 24 C 25,

(7)  24u2B C 24V,

(8) If24U28 = 24YB then for arbitrary i such that i € I holds A(i) C B(i)

or B(i) C A(i).

(9) 2478 =24n25,
(10) 248 C (I — {p})u (24 28).
(11) X € 24\B iff X C A and X misses B.
(12) 24\By2B\A C 2478,
(13) X €247 Biff X C AUB and X misses AN B.
(14) T X c2%andY €24, then X UY € 24.
(15) If X ec24orY €24 then XNY € 24.
(16) If X €24, then X \ Y € 24
(17) IfX €24 andY € 24, then XY € 24,
(18)  [X,Y]cC 2™,
(19) X C Aiff X € 24,
(20)  MSFuncs(A, B) C 2481,

2. UNION OF MANY SORTED SETS

Let us consider I, A. The functor |J A yields a many sorted set indexed by
I and is defined as follows:
(Def.2)  For arbitrary ¢ such that i € I holds (U A)(2) = U A(q).
Let us consider I. Observe that [J(0;) is empty yielding.
We now state a number of propositions:

(21) Ae UX iff there exists Y such that A €Y and Y € X.
(22) U) =

(23) uu»ex) — 1 — U

(20) U — {z) =Tr— .

(25) U — {{z} {y}}) = T — {z,y}.
(26) If X € A, then X CJA.

(27) IfACB,then JACUB.

(28) U(AuB)=UJAUUB.

(29) UANB)CUANUB.

(30)  UEY=A.

(31)  Ac2UA

(32) IHUY CAand X €Y, then X C A.
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(33) Let Z be a many sorted set indexed by I and let A be a non-empty
many sorted set indexed by I. Suppose that for every many sorted set X
indexed by I such that X € A holds X C Z. Then JA C Z.

(34) Let B be a many sorted set indexed by I and let A be a non-empty
many sorted set indexed by I. Suppose that for every many sorted set X
indexed by I such that X € A holds XN B =0;. Then AN B = 0;.

(35) Let A, B be many sorted sets indexed by I. Suppose A U B is non-
empty. Suppose that for all many sorted sets X, Y indexed by I such
that X #Y and X € AUB and Y € AUB holds X NY = (;. Then
UAnB)=UANUB.

(36) Let A, X be many sorted sets indexed by I and let B be a non-empty
many sorted set indexed by I. Suppose X C |J(A U B) and for every
many sorted set Y indexed by I such that Y € B holds YN X = (7. Then
X CJA.

(37)  Let A be a locally-finite non-empty many sorted set indexed by I. Sup-
pose that for all many sorted sets X, Y indexed by I such that X € A
andY € Aholds X CY or Y C X. Then JA € A.
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Summary. We continue the formalisation of circuits started in
[15,14,13,12]. Our goal was to work out the notation of combining circuits
which could be employed to prove the properties of real circuits.

MML Identifier: CIRCCOMB.

The terminology and notation used in this paper are introduced in the following
papers: [20], [23], [21], [25], [5], [3], [4], [9], [6], [16], [8], [7], [17], [22], 1], [2],
[24], [10], [19], [11], [18], [15], [14], [13], and [12].

1. COMBINING OF MANY SORTED SIGNATURES

Let S be a many sorted signature. A gate of S is an element of the operation
symbols of S.

Let A be a set and let X be a set. Then A —— X is a many sorted set
indexed by A.

Let A be a set and let X be a non empty set. One can check that A — X
is non-empty.

Let A be a set and let f be a function. One can verify that A — f is
function yielding.

Let f, g be non-empty functions. Note that f +- g is non-empty.

Let A, B be sets, let f be a many sorted set indexed by A, and let g be a
many sorted set indexed by B. Then f +: g is a many sorted set indexed by
AUB.

We now state several propositions:

!This work was written while the second author visited Shinshu University, July—August
1994.
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(1)  For all functions f1, f2, g1, g2 such that rngg; C dom f; and rng gy C
dom fa and f1 = fa holds (f1 +- f2) - (g1 + 92) = f1- g1 + f2 - go.
(2)  For all functions f1, fa, g such that rngg C dom f; and rng g C dom f
and f1 ~ f2 holds f1-g= f2-g.
(3) Let A, B be sets, and let f be a many sorted set indexed by A, and let
¢ be a many sorted set indexed by B. If f C g, then f# C g#.
(4)  For all sets X, Y, z, y holds X — =Y — y iff x = y or X misses
Y.
(5)  For all functions f, g, h such that f ~ g and g ~ h and h ~ f holds
f+-g=~nh.
(6) For every set X and for every non empty set Y and for every finite
sequence p of elements of X holds (X —— Y)#(p) = Y'enr,
Let A be a set, let f1, g1 be non-empty many sorted sets indexed by A, let
B be a set, let fa2, go be non-empty many sorted sets indexed by B, let hy be a
many sorted function from f7 into g1, and let ho be a many sorted function from
fo into go. Then hy +- ho is a many sorted function from f1 +- f5 into g1 +- go.
Let S1, So be many sorted signatures. The predicate S ~ S5 is defined by:
(Def.1)  The arity of S; ~ the arity of So and the result sort of S; ~ the result
sort of Ss.
Let us notice that this predicate is reflexive and symmetric.
Let S1, S be non empty many sorted signatures. The functor S; +- S

yielding a strict non empty many sorted signature is defined by the conditions
(Def.2).

(Def.2) (i) The carrier of Sy +-S2 = (the carrier of S7) U (the carrier of Sa),
(ii)  the operation symbols of S1+-S3 = (the operation symbols of S;)U(the
operation symbols of S),
(iii)  the arity of Sy +- Sy = (the arity of S1) +- (the arity of S3), and
(iv)  the result sort of S +-S2 = (the result sort of S;) +- (the result sort
of 52)
The following propositions are true:
(7)  For all non empty many sorted signatures Sy, Sz, S3 such that S ~ S
and Sy ~ S3 and S35 ~ S7 holds S1 +- Sy = S3.
(8)  For every non empty many sorted signature S holds S +-S = the many
sorted signature of S.
(9) For all non empty many sorted signatures Sy, S such that S; ~ S
holds S1 +- 5o = Sy +- 5.
(10)  For all non empty many sorted signatures Sy, Sz, Ss holds (S1 +-52) +-
S3 =51+ (52 +- 53).
One can verify that there exists a function which is one-to-one.
Next we state four propositions:
(11)  Let f be an one-to-one function and let Sy, So be circuit-like non empty
many sorted signatures. Suppose the result sort of S1 C f and the result
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sort of So C f. Then S; +- 55 is circuit-like.

(12)  For all circuit-like non empty many sorted signatures S, Sy such that
InnerVertices(S1) misses InnerVertices(S2) holds Sy +- Sz is circuit-like.

(13)  For all non empty many sorted signatures Sy, Sy such that Sy is not
void or S5 is not void holds S +- S5 is non void.

(14)  For all finite non empty many sorted signatures Sy, Sz holds S; +- Sy
is finite.

Let S1 be a non void non empty many sorted signature and let So be a non
empty many sorted signature. Observe that S +- .59 is non void and Sy +- Sy
is non void.

We now state several propositions:

(15)  For all non empty many sorted signatures S, Sy such that S; ~ S
holds InnerVertices(S1 +-.S2) = InnerVertices(S;) UInnerVertices(S2) and
InputVertices(S7 +- S2) C InputVertices(S7) U InputVertices(Ss).

(16)  For all non empty many sorted signatures S1, Se and for every vertex v
of So such that vy € InputVertices(S1 +-S2) holds vy € InputVertices(.Ss).

(17)  Let S1, Sz be non empty many sorted signatures. If S; ~ Sy, then
for every vertex vy of S such that v; € InputVertices(S7 +- S3) holds
vy € InputVertices(S7).

(18) Let Sy be a non empty many sorted signature, and let S5 be a non void
non empty many sorted signature, and let oo be an operation symbol of
S, and let o be an operation symbol of S; +- S9. Suppose 03 = 0. Then
Arity (o) = Arity(o2) and the result sort of o = the result sort of os.

(19) Let S; be a non empty many sorted signature and let So, S be circuit-
like non void non empty many sorted signatures. Suppose S = S7 +- Ss.
Let v9 be a vertex of So. Suppose vo € InnerVertices(S3). Let v be a vertex
of S. If vg = v, then v € InnerVertices(S) and the action at v = the action
at vs.

(20) Let S; be a non void non empty many sorted signature and let Sy be
a non empty many sorted signature. Suppose S; ~ Sy. Let 01 be an
operation symbol of S; and let o be an operation symbol of Sy +- Ss.
Suppose 01 = o. Then Arity(o) = Arity(o;) and the result sort of o = the
result sort of oy.

(21)  Let Sp, S be circuit-like non void non empty many sorted signatures
and let Sy be a non empty many sorted signature. Suppose S ~ Sy and
S =851+ S,. Let v1 be a vertex of S1. Suppose v; € InnerVertices(Sy).
Let v be a vertex of S. If v; = v, then v € InnerVertices(S) and the
action at v = the action at vy.
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2. COMBINIG OF CIRCUITS

Let S1, S5 be non empty many sorted signatures, let A7 be an algebra over
S1, and let Ay be an algebra over Sy. The predicate A1 ~ As is defined by:

(Def.3)  S1 &~ Sy and the sorts of A; ~ the sorts of Ay and the characteristics of
A; ~ the characteristics of As.

Let S1, So be non empty many sorted signatures, let A; be a non-empty
algebra over S1, and let As be a non-empty algebra over Ss. Let us assume that
the sorts of A; & the sorts of As. The functor A; +- As yields a strict non-empty
algebra over S; +-S2 and is defined by the conditions (Def.4).

(Def.4) (i)  The sorts of A; +- Ay = (the sorts of A1) +- (the sorts of Ag), and
(ii)  the characteristics of A; +- Ay = (the characteristics of A1) +- (the
characteristics of As).

The following propositions are true:

(22)  For every non void non empty many sorted signature S and for every
algebra A over S holds A =~ A.

(23)  Let S, S2 be non void non empty many sorted signatures, and let A;
be an algebra over Sy, and let Ay be an algebra over Ss. If A; =~ As, then
A2 ~ Al.

(24) Let Sy, Sa, S35 be non empty many sorted signatures, and let A; be a
non-empty algebra over Si, and let As be a non-empty algebra over Sy,
and let Az be an algebra over S3. If A; ~ Ay and Ay =~ Az and Az ~ A,
then A + Ag ~ As.

(25) Let S be a strict non empty many sorted signature and let A be a
non-empty algebra over S. Then A +- A = the algebra of A.

(26) Let S1, S2 be non empty many sorted signatures, and let A; be a non-
empty algebra over Si, and let Ay be a non-empty algebra over Ss. If
Ay = A,, then A+ Ay = Ay +- Ay

(27)  Let Sy, So, S3 be non empty many sorted signatures, and let A; be a
non-empty algebra over Sp, and let Ay be a non-empty algebra over S,
and let A3 be a non-empty algebra over S3. Suppose that

(i)  the sorts of A; ~ the sorts of Ag,
(ii)  the sorts of A & the sorts of Ag, and
(iii)  the sorts of A3 ~ the sorts of Aj.
Then (A1 —+- Ag) —+- A3 = A1 —+- (A2 —+- Ag)

(28)  Let S1, S2 be non empty many sorted signatures, and let A be a locally-
finite non-empty algebra over S1, and let A be a locally-finite non-empty
algebra over Sy. If the sorts of A7 = the sorts of Ay, then A +- Ay is
locally-finite.

(29)  For all non-empty functions f, g and for every element x of [] f and for
every element y of [] g holds = +-y € [[(f +- 9).
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(30)  For all non-empty functions f, g and for every element x of [[(f +- g)
holds « [ domg € [] g.

(31)  For all non-empty functions f, g such that f ~ ¢ and for every element
x of [I(f +: ¢) holds z | dom f € ] f.

(32) Let S1, S2 be non empty many sorted signatures, and let A; be a non-
empty algebra over Sp, and let s1 be an element of [] (the sorts of A;), and
let Ay be a non-empty algebra over So, and let so be an element of [ (the
sorts of Ag). If the sorts of A; ~ the sorts of Ay, then s; +- s9 € ] (the
sorts of A +- Ag).

(33) Let Sp, Sz be non empty many sorted signatures, and let A; be a
non-empty algebra over Si, and let As be a non-empty algebra over Ss.
Suppose the sorts of A; & the sorts of Ay. Let s be an element of ] (the
sorts of A; +- Az). Then s | (the carrier of S7) € [] (the sorts of A1) and
s | (the carrier of Sy) € [T (the sorts of As).

(34) Let Si, Sz be non void non empty many sorted signatures, and let A;
be a non-empty algebra over S, and let Ay be a non-empty algebra over
S5. Suppose the sorts of A; =~ the sorts of A5. Let o be an operation
symbol of S +- S5 and let 0oy be an operation symbol of Sy. If 0 = 09,
then Den(o, A; +- A2) = Den(o02, A2).

(35) Let S1, S2 be non void non empty many sorted signatures, and let A,
be a non-empty algebra over S, and let Ay be a non-empty algebra over
S5. Suppose the sorts of A; = the sorts of Ay and the characteristics of
A =~ the characteristics of A,. Let o be an operation symbol of S; +- S5
and let 01 be an operation symbol of S1. If o = 01, then Den(o, A; +-Ay) =
Den(o1, A1).

(36) Let S1, S2, S be non void circuit-like non empty many sorted signatures.
Suppose S = S; +- 59. Let A; be a non-empty circuit of S, and let Ao
be a non-empty circuit of Ss, and let A be a non-empty circuit of .S, and
let s be a state of A, and let so be a state of As. Suppose sy = s | (the
carrier of Sy). Let g be a gate of S and let g2 be a gate of Sy. If g = g9,
then g depends-on-in s = go depends-on-in ss.

(37)  Let S1, S2, S be non void circuit-like non empty many sorted signatures.
Suppose S = S1 +- 59 and S7 = S5. Let A; be a non-empty circuit of Sy,
and let A, be a non-empty circuit of Ss, and let A be a non-empty circuit
of S, and let s be a state of A, and let s; be a state of A;. Suppose
s1 = s | (the carrier of S7). Let g be a gate of S and let g1 be a gate of
S1. If g = g1, then g depends-on-in s = g7 depends-on-in s.

(38)  Let S1, S2, S be non void circuit-like non empty many sorted signatures.
Suppose S = 51 +-S55. Let Ay be a non-empty circuit of S1, and let A3 be
a non-empty circuit of Sy, and let A be a non-empty circuit of S. Suppose
Ay~ Ay and A = A; +- Ay. Let s be a state of A and let v be a vertex of
S. Then

(i)  for every state s; of Aj such that s; = s | (the carrier of S7) holds if

287
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v € InnerVertices(S1) or v € the carrier of S; and v € InputVertices(S),
then (Following(s))(v) = (Following(sy))(v), and

(ii)  for every state so of Ay such that so = s | (the carrier of S3) holds if
v € InnerVertices(S2) or v € the carrier of Sy and v € InputVertices(S),
then (Following(s))(v) = (Following(sz))(v).

(39) Let S1, S2, S be non void circuit-like non empty many sorted signatures.
Suppose InnerVertices(S1) misses InputVertices(S2) and S = S;+-S5s. Let
A1 be a non-empty circuit of S, and let As be a non-empty circuit of Ss,
and let A be a non-empty circuit of S. Suppose A1 ~ As and A = A;+-As.
Let s be a state of A, and let s; be a state of A, and let sy be a state of
As. Suppose s; = s | (the carrier of S7) and so = s | (the carrier of Sy).
Then Following(s) = Following(s) +- Following(s2).

(40)  Let S1, S2, S be non void circuit-like non empty many sorted signatures.
Suppose InnerVertices(S2) misses InputVertices(S1) and S = S;+-S5s. Let
A1 be a non-empty circuit of S1, and let A5 be a non-empty circuit of Ss,
and let A be a non-empty circuit of S. Suppose A1 ~ As and A = A+ As.
Let s be a state of A, and let s; be a state of A, and let sy be a state of
As. Suppose s; = s | (the carrier of S7) and so = s | (the carrier of Sy).
Then Following(s) = Following(ss) +- Following(sy).

(41)  Let S1, S2, S be non void circuit-like non empty many sorted signatures.
Suppose InputVertices(S1) C InputVertices(S2) and S = S; +- So. Let A;
be a non-empty circuit of Sy, and let A3 be a non-empty circuit of S5, and
let A be a non-empty circuit of S. Suppose A; = As and A = Ay +- As.
Let s be a state of A, and let s; be a state of Aq, and let s5 be a state of
As. Suppose s; = s | (the carrier of S7) and so = s | (the carrier of Sy).
Then Following(s) = Following(ss) +- Following(sy).

(42)  Let S1, S2, S be non void circuit-like non empty many sorted signatures.
Suppose InputVertices(S2) C InputVertices(S1) and S = S; +- So. Let A;
be a non-empty circuit of Sy, and let Ay be a non-empty circuit of S5, and
let A be a non-empty circuit of S. Suppose A; = As and A = Ay +- As.
Let s be a state of A, and let s; be a state of A;, and let so be a state of
Ay. Suppose s1 = s | (the carrier of S7) and sy = s | (the carrier of Sy).
Then Following(s) = Following(s) +- Following(ss).

3. SIGNATURES WITH ONE OPERATION

Let A, B be non empty sets and let a be an element of A. Then B — a is
a function from B into A.

Let f be a set, let p be a finite sequence, and let x be a set. The func-
tor 1GateCircStr(p, f,z) yields a non void strict many sorted signature and is
defined by the conditions (Def.5).

(Def.5) (i)  The carrier of 1GateCircStr(p, f,z) = rngp U {z},
(ii)  the operation symbols of 1GateCircStr(p, f,z) = {{(p, f)},
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(iii)  (the arity of 1GateCircStr(p, f,x))({p, f)) = p, and
(iv)  (the result sort of 1GateCircStr(p, f,x))({p, f)) = =.
Let f be a set, let p be a finite sequence, and let x be a set. Note that
1GateCircStr(p, f,x) is non empty.
The following propositions are true:
(43) Let f, x be sets and let p be a finite sequence. Then the ar-

ity of 1GateCircStr(p, f,x) = {(p, f)} —— p and the result sort of
1GateCircStr(p, f,z) = {{(p, f)} — =.

(44) Let f, x be sets, and let p be a finite sequence, and let g be a gate of
1GateCircStr(p, f,z). Then g = (p, f) and Arity(g) = p and the result
sort of g = x.

(45) For all sets f, = and for every finite sequence p holds In-
putVertices (1GateCircStr(p, f,x)) = mmgp \ {x} and InnerVertices
(1GateCircStr(p, f,z)) = {z}.

Let f be a set and let p be a finite sequence. The functor 1GateCircStr(p, f)
yielding a non void strict many sorted signature is defined by the conditions
(Det.6).

(Def.6) (i)  The carrier of 1GateCircStr(p, f) = rngp U {(p, f)},
(ii)  the operation symbols of 1GateCircStr(p, f) = {{(p, f)},
(iii)  (the arity of 1GateCircStr(p, f))({p, f)) = p, and
(iv)  (the result sort of 1GateCircStr(p, f))({p, f)) = (p, f)-
Let f be a set and let p be a finite sequence. Note that 1GateCircStr(p, f)
is non empty.
One can prove the following propositions:

(46)  For every set f and for every finite sequence p holds 1GateCircStr(p, f) =
1GateCircStr(p, f, (p, f)).

(47) Let f be a set and let p be a finite sequence. Then the ar-

ity of 1GateCircStr(p, f) = {(p, f)} —— p and the result sort of
1GateCircStr(p, f) = {{p, )} — (p, f)-

(48) Let f be a set, and let p be a finite sequence, and let g be a gate of
1GateCircStr(p, f). Then g = (p, f) and Arity(g) = p and the result sort

of g=y.

(49)  For every set f and for every finite sequence p holds InputVertices
(1GateCircStr(p, f)) = rngp and InnerVertices(1GateCircStr(p, f)) =
{{p, 1)}

(50)  For every set f and for every finite sequence p and for every set x such
that © € rng p holds rk(z) € rk({p, f))-

(51) For every set f and for all finite sequences p, ¢ holds
1GateCircStr(p, f) ~ 1GateCircStr(q, f).
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4. UNSPLIT CONDITION

A many sorted signature is unsplit if:
(Def.7)  The result sort of it = id (the operation symbols of it)-
A many sorted signature has arity held in gates if:

(Def.8)  For every set g such that g € the operation symbols of it holds g = ((the
arity of it)(g), g2)-

A many sorted signature has Boolean denotation held in gates if it satisfies the
condition (Def.9).

(Def.9) Let g be a set. Suppose g € the operation symbols of it. Let p be
a finite sequence. Suppose p = (the arity of it)(g). Then there exists a
function f from Boolean'®™? into Boolean such that g = (g1, f).

Let S be a non empty many sorted signature. An algebra over S has denotation
held in gates if:

(Def.10)  For every set g such that g € the operation symbols of S holds g = (g1,
(the characteristics of it)(g)).
A non empty many sorted signature has denotation held in gates if:
(Def.11)  There exists algebra over it which has denotation held in gates.
One can verify that every non empty many sorted signature which has
Boolean denotation held in gates has also denotation held in gates.
The following two propositions are true:
(52) Let S be a non empty many sorted signature. Then S is unsplit if and
only if for every set o such that o € the operation symbols of S holds (the
result sort of S)(0) = o.
(53) Let S be a non empty many sorted signature. Suppose S is unsplit.
Then the operation symbols of S C the carrier of S.
Let us note that every non empty many sorted signature which is unsplit is
also circuit-like.
The following proposition is true
(54)  For every set f and for every finite sequence p holds 1GateCircStr(p, f)
is unsplit and has arity held in gates.
Let f be a set and let p be a finite sequence. Observe that 1GateCircStr(p, f)
is unsplit and has arity held in gates.
Let us observe that there exists a many sorted signature which is unsplit non
void strict and non empty and has arity held in gates.
One can prove the following propositions:
(55)  For all unsplit non empty many sorted signatures Sy, Se with arity held
in gates holds S; &~ S5.
(56) Let Sy, S92 be non empty many sorted signatures, and let A; be an
algebra over Si, and let Ay be an algebra over Ss. Suppose A; has de-
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notation held in gates and A, has denotation held in gates. Then the
characteristics of A; &~ the characteristics of As.

(57)  For all unsplit non empty many sorted signatures S1, So holds Sy +- S
is unsplit.
Let S7, So be unsplit non empty many sorted signatures. Observe that
S1 +- S is unsplit.
We now state the proposition
(58)  For all non empty many sorted signatures Sy, So with arity held in gates
holds S7 +- .59 has arity held in gates.

Let S7, So be non empty many sorted signatures with arity held in gates.
Note that S7 +- S has arity held in gates.
The following proposition is true

(59) Let Sy, Sy be non empty many sorted signatures. Suppose S; has
Boolean denotation held in gates and S5 has Boolean denotation held in
gates. Then S7 +- S5 has Boolean denotation held in gates.

5. ONE GATE CIRCUITS

Let n be a natural number. A finite sequence is said to be a finite sequence
with length n if:

(Def.12)  lenit = n.

Let n be a natural number, let X, Y be non empty sets, let f be a function
from X™ into Y, let p be a finite sequence with length n, and let = be a set.
Let us assume that if € rngp, then X =Y. The functor 1GateCircuit(p, f, x)
yielding a strict non-empty algebra over 1GateCircStr(p, f,x) is defined by:

(Def.13)  The sorts of 1GateCircuit(p, f,z) = (rngp — X) + {2z} — Y) and
(the characteristics of 1GateCircuit(p, f,x))({p, f)) = f.

Let n be a natural number, let X be a non empty set, let f be a function
from X™ into X, and let p be a finite sequence with length n. The functor
1GateCircuit(p, f) yielding a strict non-empty algebra over 1GateCircStr(p, f)
is defined as follows:

(Def.14)  The sorts of 1GateCircuit(p, f) = (the carrier of 1GateCircStr(p, f)) —
(X) and (the characteristics of 1GateCircuit(p, f))((p, f)) = f.

Next we state the proposition

(60) Let n be a natural number, and let X be a non empty set, and let
f be a function from X" into X, and let p be a finite sequence with
length n. Then 1GateCircuit(p, f) has denotation held in gates and
1GateCircStr(p, f) has denotation held in gates.

Let n be a natural number, let X be a non empty set, let f be a function
from X™ into X, and let p be a finite sequence with length n. One can verify
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that 1GateCircuit(p, f) has denotation held in gates and 1GateCircStr(p, f) has
denotation held in gates.
One can prove the following proposition
(61) Let m be a natural number, and let p be a finite sequence with

length n, and let f be a function from Boolean™ into Boolean. Then
1GateCircStr(p, f) has Boolean denotation held in gates.

Let n be a natural number, let f be a function from Boolean™ into Boolean,
and let p be a finite sequence with length n. Note that 1GateCircStr(p, f) has
Boolean denotation held in gates.

One can check that there exists a many sorted signature which is non empty
and has Boolean denotation held in gates.

Let S1, S2 be non empty many sorted signatures with Boolean denotation
held in gates. Observe that S7 +-S2 has Boolean denotation held in gates.

One can prove the following proposition

(62) Let n be a natural number, and let X be a non empty set, and
let f be a function from X" into X, and let p be a finite sequence
with length n. Then the characteristics of 1GateCircuit(p, f) = {(p,
f)} — f and for every vertex v of 1GateCircStr(p, f) holds (the sorts of
1GateCircuit(p, f))(v) = X.

Let n be a natural number, let X be a non empty finite set, let f be a
function from X" into X, and let p be a finite sequence with length n. One can
check that 1GateCircuit(p, f) is locally-finite.

Next we state two propositions:

(63) Let n be a natural number, and let X be a non empty set, and let f be

a function from X" into X, and let p, g be finite sequences with length
n. Then 1GateCircuit(p, f) ~ 1GateCircuit(q, f).

(64) Let n be anatural number, and let X be a finite non empty set, and let f
be a function from X™ into X, and let p be a finite sequence with length
n, and let s be a state of 1GateCircuit(p, f). Then (Following(s))({p,

) =f(s-p).
Let X be a non empty set. Observe that there exists a non empty subset of
X which is finite.

6. BOOLEAN CIRCUITS

Boolean is a finite non empty subset of N.
Let S be a non empty many sorted signature. An algebra over S is Boolean
if:
(Def.15)  For every vertex v of S holds (the sorts of it)(v) = Boolean .

Next we state the proposition
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(65) Let S be a non empty many sorted signature and let A be an algebra
over S. Then A is Boolean if and only if the sorts of A = (the carrier of
S) —— Boolean .

Let S be a non empty many sorted signature. Note that every algebra over
S which is Boolean is also non-empty and locally-finite.
One can prove the following three propositions:

(66) Let S be a non empty many sorted signature and let A be an algebra
over S. Then A is Boolean if and only if rng (the sorts of A) C {Boolean }.

(67) Let S1, S2 be non empty many sorted signatures, and let A; be an
algebra over S1, and let Ay be an algebra over Sy. Suppose A; is Boolean
and As is Boolean. Then the sorts of A; &~ the sorts of As.

(68)  Let Si, So be unsplit non empty many sorted signatures with arity held
in gates, and let A; be an algebra over Sy, and let Ao be an algebra over
So. Suppose A is Boolean and has denotation held in gates and As is
Boolean and has denotation held in gates. Then Ay ~ As.

Let S be a non empty many sorted signature. One can check that there
exists a strict algebra over S which is Boolean.
We now state three propositions:

(69) Let n be a natural number, and let f be a function from Boolean™
into Boolean, and let p be a finite sequence with length n. Then
1GateCircuit(p, f) is Boolean.

(70)  Let Sp, Sz be non empty many sorted signatures, and let A; be a
Boolean algebra over Sp, and let Ay be a Boolean algebra over Ss. Then
Aq +- Ay is Boolean.

(71)  Let Sy, Sz be non empty many sorted signatures, and let A; be a
non-empty algebra over Sp, and let Ay be a non-empty algebra over Ss.
Suppose A1 has denotation held in gates and A, has denotation held in
gates and the sorts of A; & the sorts of As. Then A; +- Ay has denotation
held in gates.

Let us observe that there exists a non empty many sorted signature which is
unsplit non void and strict and has arity held in gates, denotation held in gates,
and Boolean denotation held in gates.

Let S be a non empty many sorted signature with Boolean denotation held
in gates. Note that there exists a strict algebra over S which is Boolean and has
denotation held in gates.

Let Si, S3 be unsplit non void non empty many sorted signatures with
Boolean denotation held in gates, let A; be a Boolean circuit of S; with de-
notation held in gates, and let A, be a Boolean circuit of Ss with denotation
held in gates. One can verify that A; +- Ay is Boolean and has denotation held
in gates.

Let n be a natural number, let X be a finite non empty set, let f be a
function from X" into X, and let p be a finite sequence with length n. Observe
that there exists a circuit of 1GateCircStr(p, f) which is strict and non-empty
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and has denotation held in gates.

Let n be a natural number, let X be a finite non empty set, let f be a

function from X" into X, and let p be a finite sequence with length n. Note
that 1GateCircuit(p, f) has denotation held in gates.

One can prove the following proposition

(72)  Let S1, S2 be unsplit non void non empty many sorted signatures with
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arity held in gates and Boolean denotation held in gates, and let A; be
a Boolean circuit of S; with denotation held in gates, and let A be a
Boolean circuit of S5 with denotation held in gates, and let s be a state
of A1 +- Ao, and let v be a vertex of S +- S5. Then

(i) for every state s; of A; such that s; = s (the carrier of Sp) holds if v €
InnerVertices(S1) or v € the carrier of S; and v € InputVertices(S; +-S2),
then (Following(s))(v) = (Following(sy))(v), and

(ii)  for every state so of Ay such that so = s| (the carrier of Ss) holds if v €

InnerVertices(S2) or v € the carrier of Sy and v € InputVertices(S1+-.52),
then (Following(s))(v) = (Following(sz2))(v).
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