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Summary. The article introduces simple continued fractions. They are
defined as an infinite sequence of integers. The characterization of rational num-
bers in terms of simple continued fractions is shown. We also give definitions
of convergents of continued fractions, and several important properties of simple
continued fractions and their convergents.
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The articles [15], [6], [18], [4], [2], [13], [3], [7], [8], [16], [17], [1], [19], [20], [14],
[10], [5], [9], [11], and [12] provide the notation and terminology for this paper.

1. PRELIMINARIES

For simplicity, we adopt the following convention: a, b, k, n, m are natural
numbers, 7 is an integer, r is a real number, p is a rational number, c is a complex
number, x is a set, and f is a function.

Let us consider n. One can check the following observations:

* n =<0 is zero,

% nmod 0 is zero,
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% 0 -=+mn is zero, and

* Omodn is zero.

Let us consider c¢. One can verify that ¢ — ¢ is zero and § is zero.
Let us note that |0] is zero.

The following propositions are true:

1 If0<randr<1,then1<%.

2) Ifi<randr<i+1,then |r|=1.

|7 =m+n.

If mmod n =0, then ¢ =m <+ n.

ot

If 7 = m < n, then m modn = 0.

_ d
frac(1) = MEOCR,

A~ N /N /N /N /S A/
~— — — ' ~— "

If p > 0, then there exist natural numbers m, n such that n # 0 and
p="

Let R be a binary relation. We say that R is integer-yielding if and only if:

(Def. 1) rngR C Z.

One can verify that every binary relation which is natural-yielding is also
integer-yielding.

One can check the following observations:

* there exists a function which is natural-yielding,

* every binary relation which is empty is also integer-yielding, and

% every binary relation which is integer-yielding is also real-yielding.

Let D be a set. One can verify that every partial function from D to Z is
integer-yielding.

Let f be an integer-yielding function and let n be a set. One can verify that
f(n) is integer.

Let us note that there exists a sequence of real numbers which is integer-
yielding.

An integer sequence is an integer-yielding sequence of real numbers.

One can prove the following proposition

(8) f is an integer sequence iff dom f = N and for every x such that z € N
holds f(z) is integer.

Let f be a natural-yielding function and let n be a set. Note that f(n) is
natural.

We now state three propositions:

(9) f is a function from N into Z iff f is an integer sequence.

(10) f is a sequence of naturals iff dom f = N and for every x such that x € N
holds f(x) is natural.

(11)  f is a function from N into N iff f is a sequence of naturals.
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2. ON THE EUCLIDEAN ALGORITHM

Let m, n be natural numbers. The functor modSeq(m, n) yielding a sequence
of naturals is defined by:

(Def. 2)  (modSeq(m,n))(0) = mmodn and (modSeq(m,n))(1) = nmod (m mod
n) and for every natural number k holds (modSeq(m,n))(k + 2) =
(modSeq(m,n))(k) mod (modSeq(m,n))(k + 1).

Let m, n be natural numbers. The functor divSeq(m,n) yielding a sequence
of naturals is defined as follows:

(Def. 3) (divSeq(m,n))(0) = m + n and (divSeq(m,n))(1) = n + (m mod
n) and for every natural number k holds (divSeq(m,n))(k + 2) =
(modSeq(m,n))(k) + (modSeq(m, n))(k + 1).

We now state several propositions:

12) (divSeq(m,n))(1) = n + (modSeq(m,n))(0).

13) (modSeq(m,n))(1) = n mod (modSeq(m,n))(0).

14) If @ < b and (modSeq(m,n))(a) = 0, then (modSeq(m,n))(b) = 0.

15) If a < b, then (modSeq(m,n))(a) > (modSeq(m,n))(b) or
(modSeq(m,n))(a) = 0.

(16) If (divSeq(m,n))(a + 1) = 0, then (modSeq(m,n))(a) = 0.

(17) If a # 0 and a < b and (divSeq(m,n))(a) = 0, then (divSeq(m,n))(b) =

0.

(18) If a < b and (modSeq(m,n))(a) = 0, then (divSeq(m,n))(b) = 0.

(19) If n # 0, then m = (divSeq(m,n))(0) - n + (modSeq(m, n))(0).

(20) If n # 0, then 7% = (divSeq(m,n))(0) + >

(
(
(
(

One can prove the following propositions:

(21) divSeq(m,0) = N+— 0.

(22) modSeq(m,0) = N+—— 0.

(23) divSeq(0,n) = N+— 0.

(24) modSeq(0,n) = N +— 0.

(25) There exists a natural number k such that (divSeq(m,n))(k) = 0 and

(modSeq(m,n))(k) = 0.

3. SIMPLE CONTINUED FRACTIONS

Let r be a real number. The remainders for s.c.f. of r yields a sequence of
real numbers and is defined by the conditions (Def. 4).
(Def. 4)(i)  (The remainders for s.c.f. of r)(0) = r, and
(ii) for every natural number n holds (the remainders for s.c.f. of 7)(n+1) =
1

frac (the remainders for s.c.f. of 7)(n) "
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Let r be a real number. We introduce rfsr as a synonym of the remainders
for s.c.f. of r.

Let r be a real number. The simple continued fraction of r yielding an
integer sequence is defined by:

(Def. 5) For every natural number n holds (the simple continued fraction of
r)(n) = [ (vfsr)(n)].

Let r be a real number. We introduce scfr as a synonym of the simple
continued fraction of r.

The following propositions are true:

(26) (I‘fS r)(n + 1) = (rfsr)(n)i(scf r)(n)"

(27) If (rfsr)(n) = 0 and n < m, then (rfsr)(m) = 0.

(28) If (rfsr)(n) = 0 and n < m, then (scfr)(m) =0

(29) (vfsi)(n+1) =0.

(30) (scfi)(0) =i and (scfi)(n+1) =

(31) Ifi> 1, then (rfs(3))(1) =i and (rfs(3))(n +2) =

(32) Ifi> 1, then (scf(3))(0) = 0and (scf(}))(1) =i and (scf(%))(n+2) =0.
(33) If for every n holds (scfr)(n) = 0, then (rfsr)(n) = 0.

(34) If for every n holds (scfr)(n) = 0, then r = 0.

(35) fracr =r — (scf r)(0).

(36) (xfsr)(n+1) = (1fs(ar)) (n).

(37) (scfr)(n+1) = (sc (falm))( )-

(38) Ifn>1, then (scfr)(n) >

(39) If n > 1, then (scfr)(n) €

(40) If n > 1 and (scfr)(n) # 0, then (scfr)(n) > 1.

(41)  (scf(™))(k) = (divSeq(m,n))(k) and (rfs(2*))(1) = TmodSea(many and

m modSeq(m,n
(rfs(2)) (k +2) = pamecteatm o).

(42) r is rational iff there exists n such that for every m such that m > n
holds (scf r)(m) = 0.

(43) If for every n holds (scf r)(n) # 0, then r is irrational.

4. CONVERGENTS OF SIMPLE CONTINUED FRACTIONS

In the sequel nq, no are natural numbers.
Let r be a real number. The convergent numerators of r yielding a sequence
of real numbers is defined by the conditions (Def. 6).
(Def. 6)(i)  (The convergent numerators of r)(0) = (scf r)(0),
(ii)  (the convergent numerators of r)(1) = (scf r)(1) - (scf r)(0) + 1, and
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(iii)  for every natural number n holds (the convergent numerators of r)(n +
2) = (scf r)(n+2)-(the convergent numerators of r)(n+1)+(the convergent
numerators of 7)(n).

Let r be a real number. The convergent denominators of r yields a sequence
of real numbers and is defined by the conditions (Def. 7).
(Def. 7)(i)  (The convergent denominators of )(0) = 1,
(ii)  (the convergent denominators of r)(1) = (scf r)(1), and

(ili))  for every natural number n holds (the convergent denominators of
r)(n+2) = (scfr)(n+2)- (the convergent denominators of r)(n+ 1)+ (the
convergent denominators of r)(n).

Let 7 be a real number. We introduce cnr as a synonym of the convergent
numerators of r. We introduce cd r as a synonym of the convergent denominators
of r.

One can prove the following propositions:
(44) If (scfr)(0
(45) If (scfr)(0
(46) If (scfr)(0

(enr)(n+1).

(47) If (scfr)(0) > 0, then for every n such that n; = (enr)(n + 1) and
ng = (cnr)(n) holds ged(ny,ng) = 1.

(48) If (scfr)(0) > 0 and for every n holds (scfr)(n) # 0, then for every n
holds (enr)(n) > 7".

(49) If (scfr)(0) > 0 and for every n holds (scfr)(n) < b, then for every n
holds (cnr)(n) < (@)”“.

(50) (edr)(n) € N.

(51) (cdr)(n) > 0.

(52) If (scfr)(1) > 0, then for every n holds (edr)(n) > 0.

(53)

(54)

> 0, then for every n holds (e¢nr)(n) € N.

\_/\_/

> 0, then for every n holds (cnr)(n) > 0.
> 0, then for every n holds (cnr)(n + 2) > (scfr)(n + 2) -

— =

(cdr)(n+2) > (scfr)(n+2) - (cdr)(n+1).
If (scfr)(1) > 0, then for every n holds (cdr)(n + 2) > (scfr)(n + 2) -
(cdr)(n+1).
(55) If for every n holds (scf r)(n) > 0, then for every n such that n > 1 holds
(Cdr)(n)'(lcdr)(nﬂ) < (Sch)(nJrll) (cdr)(n)?”
(56) If for every n holds (scf r)(n) < b, then for every n holds (cdr)(n+1) <

(b+\/§2+4)n+1.
(57) If ny = (edr)(n+ 1) and ny = (edr)(n), then ged(ny,na) = 1.
(58) If for every m holds (scfr)(n) > 0, then for every n holds % >

1
(scfr)(n+2) -
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(59) If for every n holds (scf r)(n) > 0, then for every n holds (cdr)(n+2) <
2-(scfr)(n+2) - (edr)(n+1).
(60) If for every m holds (scfr)(n) # 0, then for every n holds

1 1
D) (ed )2 = (edn)m)?
(61) If for every n holds (scf r)(n) # 0, then for every n holds (cdr)(n+1) >

7",

(62) If a > 0 and for every n holds (scfr)(n) > a, then for every n holds
(cdr)(n+1) > (SR

(63) (enr)(n+2) _ (scfr)(n+2)-(enr)(nt1)+(cnr)(n)
(edr)(n+2) (scf ) (n+2)-(edr)(n+1)+(cdr)(n)

(64) (enr)(n+1)-(cdr)(n) — (enr)(n) - (cdr)(n+1) = (=1)".

(65) If for 1;3:/ery n holds (cdr)(n) # 0, then EEZ:))EZIB - ((ZZ:;EZ))

(edr)(n+1)-(cdr)(n) "
(66) (cnr)(n+2)-(cdr)(n)—(ecnr)(n)-(cdr)(n+2) = (=1)"-(scfr)(n+ 2).

(67) If for every n holds (cdr)(n) # 0, then EEZ:))EZIS; - ((ZZ:;((Z))
(=)™ (scfr)(n+2)

(cdr)(n+2)-(cdr)(n) "

(68) If for every n holds (scf r)(n) # 0, then for every n such that n > 1 holds
(enr)(n) _ (enr)(nt+l)—(cnr)(n—1)
(cdr)(n) (edr)(n+1)—(cdr)(n—1) *

(69) If for every m holds (cdr)(n) # 0, then for every n holds \% —
(enr)(n)

_ 1
(cdr)(n)‘ — [(edr)(n+1)-(cdr)(n)[*

(70) If (scfr)(1) > 0, then for every n holds ((ZZ:))ESZIB > ((ZZ:))gZ))

Let r be a real number. The convergents of continued fractions of r yielding
a sequence of real numbers is defined as follows:

(Def. 8) The convergents of continued fractions of r = cnr/cdr.
Let r be a real number. We introduce cocf r as a synonym of the convergents
of continued fractions of r.
One can prove the following propositions:

(71)  (cocfr)(0) = (scfr)(0).

(72) If (scf r)(1) # 0, then (cocfr)(1) = (scfr)(0) + m

(73) 1If for every n holds (scfr)(n) > 0, then (cocfr)(2) = (scfr)(0) +

-1
(scf r)(l)Jri(SCf i)@) :

(74) If for every n holds (scfr)(n) > 0, then (cocfr)(3) = (scfr)(0) +
1

I :
(SC”)GH—(SC”)@H(S&—%@,)
(75) 1If for every n holds (scf r)(n) > 0, then for every n such that n > 1 holds
(enr)(2:n+1) (enr)(2:n—1)
Cdn(@ntl) < (cdr)@n-1)"
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(76) 1If for every n holds (scf r)(n) > 0, then for every n such that n > 1 holds

(enr)(2-n)
(cdr)(2-m)

(enr)(2:n—2)
(cdr)(2n—2)"

>

(77) If for every n holds (scf )(n) > 0, then for every n such that n > 1 holds

(enr)(2-n) (enr)(2-n—1)
(cdr)@n) < (cdr)(@n=1)"
Let r be a real number. The back continued fraction of r yields a sequence

of real numbers and is defined by the conditions (Def. 9).

(Def.

9)i) (The back continued fraction of r)(0) = (scfr)(0), and
(ii)  for every natural number n holds (the back continued fraction of r)(n+

_ 1
1) " (the back continued fraction of r)(n) + (SCf T) (n + 1)
Let r be a real number. We introduce bcefr as a synonym of the back

continued fraction of r.

One can prove the following proposition

(78) If (scfr)(0) > 0, then for every n holds (bcfr)(n+1) = (enr)(ntl)
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The terminology and notation used here are introduced in the following articles:
[18], [21], [3], [16], [22], [5], [6], [4], [1], [8], [19], [2], [12], [11], [10], [7], [14], [17],
[20], [15], and [13].

1. PRELIMINARIES

One can prove the following propositions:

(1) For every non zero natural number n holds n — 1 is a natural number
and 1 <n.

(2) For every odd natural number n holds n — 1 is a natural number and
1 <n.

(3) For all odd integers n, m such that n < m holds n < m — 2.

(4) For all odd integers n, m such that m < n holds m +2 < n.

(5) For every odd natural number n such that 1 # n there exists an odd
natural number m such that m + 2 = n.

(6) For every odd natural number n such that n < 2 holds n = 1.
(7) For every odd natural number n such that n < 4 holds n =1 or n = 3.

(8) For every odd natural number n such that n < 6 holds n=1orn =3
or n =35.

!This work has been partially supported by the NSERC grant OGP 9207.
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(9) For every odd natural number n such that n <8 holds n =1 or n =3
orn=5orn=".

(10) For every even natural number n such that n <1 holds n = 0.

(11) For every even natural number n such that n < 3 holds n =0 or n = 2.

(12) For every even natural number n such that n <5 holds n =0 or n = 2
or n = 4.

(13) For every even natural number n such that n <7 holds n =0 or n = 2
orn=4orn=_~6.

(14) For every finite sequence p and for every non zero natural number n such
that p is one-to-one and n < lenp holds p(n) <P p = n.

(15) Let p be a non empty finite sequence and 7' be a non empty subset of
rng p. Then there exists a set x such that x € T and for every set y such
that y € T holds x «P p < y «P p.

Let p be a finite sequence and let n be a natural number. The functor
p.followSet(n) yields a finite set and is defined as follows:

(Def. 1) p.followSet(n) = rng(p(n),...,p(lenp)).
The following three propositions are true:

(16) Let p be a finite sequence, x be a set, and n be a natural number. Suppose
x € rngp and n € domp and p is one-to-one. Then z € p.followSet(n) if
and only if x <P p > n.

(17) Let p, q be finite sequences and x be a set. If p = (x) ™ ¢, then for every
non zero natural number n holds p.followSet(n + 1) = g.followSet(n).

(18) Let X be a set, f be a finite sequence of elements of X, and g be a
FinSubsequence of f. If len Seq g = len f, then Seqg = f.

2. MISCELLANY ON GRAPHS

Next we state a number of propositions:

(19) Let G be a graph, S be a subset of the vertices of G, H be a subgraph
of GG induced by S, and u, v be sets. Suppose u € S and v € S. Let e be
a set. If e joins w and v in G, then e joins u and v in H.

(20) For every graph G and for every walk W of G holds W is trail-like iff
len W = 2 - card(W .edges()) + 1.

(21) Let G be a graph, S be a subset of the vertices of G, H be a subgraph
of G with vertices S removed, and W be a walk of G. Suppose that for
every odd natural number n such that n < len W holds W (n) ¢ S. Then
W is a walk of H.
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(22) Let G be a graph and a, b be sets. Suppose a # b. Let W be a walk of
G. If W.vertices() = {a,b}, then there exists a set e such that e joins a
and b in G.

(23) Let G be a graph, S be a non empty subset of the vertices of G, H be a
subgraph of G induced by S, and W be a walk of G. If W .vertices() C S,
then W is a walk of H.

(24) Let G1, G2 be graphs. Suppose G1 =g G2. Let Wj be a walk of G and
Wy be a walk of Go. If Wy = Wh, then if W7 is cycle-like, then Wy is
cycle-like.

(25) Let G be a graph, P be a path of G, and m, n be odd natural numbers.
Suppose m < len P and n < len P and P(m) = P(n). Then m = n or
m=1andn=1enP orm=1len P and n=1.

(26) Let G be a graph and P be a path of G. Suppose P is open. Let a, e, b
be sets. Suppose a ¢ P.vertices() and b = P.first() and e joins a and b in
G. Then (G.walkOf(a, e, b)).append(P) is path-like.

(27) Let G be a graph and P, H be paths of G. Suppose P.edges() misses
H .edges() and P is non trivial and open and H is non trivial and open and
P.vertices() N H.vertices() = {P.first(), P.last()} and H.first() = P.last()
and H.last() = P.first(). Then P.append(H) is cycle-like.

(28) For every graph G and for all walks Wy, W5 of G such that W;.last() =
Wy first() holds (W;.append(Ws)).length() = Wi.length() + Wa.length().

(29) Let G be a graph and A, B be non empty subsets of the vertices of G.
Suppose B C A. Let Hy be a subgraph of G induced by A. Then every
subgraph of H; induced by B is a subgraph of G induced by B.

(30) Let G be a graph and A, B be non empty subsets of the vertices of G.
Suppose B C A. Let Hi be a subgraph of G induced by A. Then every
subgraph of GG induced by B is a subgraph of H; induced by B.

(31) Let G be a graph and S, T" be non empty subsets of the vertices of
G. If T C S, then for every subgraph Go of G induced by S holds
Go.edgesBetween(T') = G.edgesBetween(T').

The scheme FinGraphOrderComplnd concerns a unary predicate P, and
states that:
For every finite graph G holds P[G]
provided the parameters meet the following condition:
e Let k be a non zero natural number. Suppose that for every finite
graph G3 such that Gig.order() < k holds P[G3]. Let G4 be a finite
graph. If Gy.order() = k, then P[G4].
We now state two propositions:

(32) For every graph G and for every walk W of G such that W is open and
path-like holds W is vertex-distinct.
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(33) Let G beagraph and P be a path of G. Suppose P is open and len P > 3.
Let e be a set. If e joins P.last() and P.first() in G, then P.addEdge(e)
is cycle-like.

3. SHORTEST TOPOLOGICAL PATH

Let G be a graph and let W be a walk of G. We say that W is minimum
length if and only if:

(Def. 2) For every walk Wy of G such that Wy is walk from W .first() to W .last()
holds len Wy > len W.

The following propositions are true:

(34) For every graph G and for every walk W of G and for every subwalk
S of W such that S.first() = W .first() and S.edgeSeq() = W.edgeSeq()
holds § = W.

(35) For every graph G and for every walk W of G and for every subwalk S
of W such that len S =len W holds S = W.

(36) For every graph G and for every walk W of G such that W is minimum
length holds W is path-like.

(37) For every graph G and for every walk W of G such that W is minimum
length holds W is path-like.

(38) Let G be a graph and W be a walk of G. Suppose that for every path P
of G such that P is walk from W .first() to W.last() holds len P > len W.
Then W is minimum length.

(39) For every graph G and for every walk W of G holds there exists a path
of G which is walk from W first() to W.last() and minimum length.

(40) Let G be a graph and W be a walk of G. Suppose W is minimum length.
Let m, n be odd natural numbers. Suppose m + 2 < n and n < len W.
Then it is not true that there exists a set e such that e joins W(m) and
W(n) in G.

(41) Let G be a graph, S be a non empty subset of the vertices of G, H be
a subgraph of G induced by S, and W be a walk of H. Suppose W is
minimum length. Let m, n be odd natural numbers. Suppose m +2 < n
and n < len W. Then it is not true that there exists a set e such that e
joins W(m) and W(n) in G.

(42) Let G be a graph and W be a walk of G. Suppose W is minimum
length. Let m, n be odd natural numbers. If m < n and n < len W, then
W .cut(m,n) is minimum length.

(43) Let G be a graph. Suppose G is connected. Let A, B be non empty

subsets of the vertices of G. Suppose A misses B. Then there exists a
path P of G such that
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) P is minimum length and non trivial,

) PAirst() € A,
(iii) P.ast() € B, and

) for every odd natural number n such that 1 < n and n < len P holds
P(n) ¢ A and P(n) ¢ B.

4. ADJACENCY AND COMPLETE GRAPHS

Let G be a graph and let a, b be vertices of G. We say that a and b are
adjacent if and only if:

(Def. 3) There exists a set e such that e joins a and b in G.

Let us note that the predicate a and b are adjacent is symmetric.
Next we state several propositions:

(44) Let G1, G be graphs. Suppose G; =g G2. Let uj, v1 be vertices of G;.
Suppose u; and vy are adjacent. Let ug, vy be vertices of Go. If uy = us
and v; = vg, then us and vy are adjacent.

(45) Let G be a graph, S be a non empty subset of the vertices of G, H be a
subgraph of G induced by S, u, v be vertices of G, and t, w be vertices of
H. Suppose u =t and v = w. Then u and v are adjacent if and only if ¢
and w are adjacent.

(46) For every graph G and for every walk W of G such that W .first() #
W .last() and W .first() and W last() are not adjacent holds W .length() >
2.

(47) Let G be a graph and vy, va, v3 be vertices of G. Suppose v; # v2 and
v1 # vz and vo # v3 and vy and v are adjacent and v and vs are adjacent.
Then there exists a path P of G and there exist sets eq, es such that
P is open and len P = 5 and P.length() = 2 and e; joins v; and vy in G
and eg joins ve and vz in G and P.edges() = {e1,e2} and P.vertices() =
{v1,v2,v3} and P(1) = v; and P(3) = vy and P(5) = vs.

(48) Let G be a graph and vy, vy, vs, v4 be vertices of G. Suppose that
v1 # vy and vy # vs and vy # vg and vy # vy and vs # vy and vy and v
are adjacent and v and v3 are adjacent and vs and v, are adjacent. Then
there exists a path P of G such that len P = 7 and P.length() = 3 and
P.vertices() = {v1,v2,v3,v4} and P(1) = v; and P(3) = vy and P(5) = v3
and P(7) = vy.

Let G be a graph and let S be a set. The functor G.adjacentSet(S) yields a
subset of the vertices of G and is defined as follows:

(Def. 4) G.adjacentSet(S) = {u;u ranges over vertices of G: u ¢ S A
Vo vertex of ¢ (0 €S A uand v are adjacent)}.

One can prove the following propositions:

83



84 BRODERICK ARNESON AND PIOTR RUDNICKI

(49) For every graph G and for all sets S, x such that € G.adjacentSet(S)
holds = ¢ S.

(50) Let G be a graph, S be a set, and u be a vertex of G. Then u €
G.adjacentSet(.S) if and only if the following conditions are satisfied:

(i) u¢S, and
(ii)  there exists a vertex v of G such that v € S and u and v are adjacent.

(51) For all graphs G1, G2 such that G; =g G2 and for every set S holds
G1.adjacentSet(S) = Ga.adjacentSet(S).

(52) For every graph G and for all vertices uw, v of G holds u €
G.adjacentSet({v}) iff u # v and v and u are adjacent.

(53) For every graph G and for all sets =, y holds z € G.adjacentSet({y}) iff
y € G.adjacentSet({z}).

(54) Let G be a graph and C be a path of G. Suppose C is cycle-like and
C'length() > 3. Let x be a vertex of G. Suppose x € C.vertices(). Then
there exist odd natural numbers m, n such that m+2 <n and n <lenC
and m =1 and n =lenC and m = 1 and n = lenC' — 2 and m = 3
and n = lenC and C(m) # C(n) and C(m) € G.adjacentSet({z}) and
C(n) € G.adjacentSet({z}).

(55) Let G be a graph and C be a path of G. Suppose C is cycle-like and

C'length() > 3. Let = be a vertex of G. Suppose x € C.vertices(). Then

there exist odd natural numbers m, n such that

) m+2<mn,

) n<lenC,

) C(m) # C(n),

(iv) C(m) € G.adjacentSet({z}),

) C(n) € G.adjacentSet({z}), and
) for every set e such that e € C.edges() holds e does not join C'(m) and

C(n) in G.

(56) For every loopless graph G and for every vertex u of G holds
G.adjacentSet({u}) = 0 iff u is isolated.

(57) Let G be a graph, Gy be a subgraph of GG, S be a non empty subset of
the vertices of G, « be a vertex of G, G1 be a subgraph of G induced by
S, and G2 be a subgraph of G induced by SU {z}. If G is connected and
x € G.adjacentSet(the vertices of G1), then Go is connected.

(58) Let G be a graph, S be a non empty subset of the vertices of G, H be
a subgraph of G induced by S, and u be a vertex of G. Suppose u € S
and G.adjacentSet({u}) C S. Let v be a vertex of H. If u = v, then
G.adjacentSet({u}) = H.adjacentSet({v}).

Let G be a graph and let S be a set. A subgraph of G is called an adjacency
graph of S in G if:
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(Def. 5) It is a subgraph of G induced by G.adjacentSet(S) if S is a subset of the
vertices of G.

Next we state two propositions:

(59) Let G1, G2 be graphs. Suppose G1 =g Ga. Let u; be a vertex of G; and
us be a vertex of Go. Suppose u; = us. Let Hy be an adjacency graph of
{u1} in G and Hj be an adjacency graph of {us} in G3. Then H; =¢ Ho.

(60) Let G be a graph, S be a non empty subset of the vertices of G, H be a
subgraph of G induced by S, and u be a vertex of G. Suppose u € S and
G.adjacentSet({u}) C S and G.adjacentSet({u}) # 0. Let v be a vertex of
H. Suppose u = v. Let G5 be an adjacency graph of {u} in G and H3 be
an adjacency graph of {v} in H. Then G5 =g Hs.

Let G be a graph. We say that G is complete if and only if:
(Def. 6) For all vertices u, v of G such that u # v holds v and v are adjacent.

We now state the proposition

(61) For every graph G such that G is trivial holds G is complete.
One can check that every graph which is trivial is also complete.
Let us note that there exists a graph which is trivial, simple, and complete

and there exists a graph which is non trivial, finite, simple, and complete.

The following propositions are true:

(62) For all graphs G1, G such that G; =g G2 holds if G; is complete, then
G5 is complete.

(63) For every complete graph G and for every subset S of the vertices of G
holds every subgraph of G induced by S is complete.

5. SIMPLICIAL VERTEX

Let G be a graph and let v be a vertex of G. We say that v is simplicial if
and only if:

(Def. 7) 1If G.adjacentSet({v}) # 0, then every adjacency graph of {v} in G is
complete.
The following propositions are true:

(64) For every complete graph G holds every vertex of G is simplicial.

(65) For every trivial graph G holds every vertex of G is simplicial.

(66) Let G1, G2 be graphs. Suppose G1 =g G». Let u; be a vertex of Gy and
ug be a vertex of Go. If u; = uo and wu; is simplicial, then wus is simplicial.

(67) Let G be a graph, S be a non empty subset of the vertices of G, H be
a subgraph of G induced by S, and u be a vertex of G. Suppose u € S
and G.adjacentSet({u}) C S. Let v be a vertex of H. If uw = v, then u is
simplicial iff v is simplicial.
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(68) Let G be a graph and v be a vertex of G. Suppose v is simplicial.
Let a, b be sets. Suppose a # b and a € G.adjacentSet({v}) and b €
G.adjacentSet({v}). Then there exists a set e such that e joins a and b in
G.

(69) Let G be a graph and v be a vertex of G. Suppose v is not simplicial.
Then there exist vertices a, b of G such that a # b and v # a and v # b
and v and a are adjacent and v and b are adjacent and a and b are not
adjacent.

6. VERTEX SEPARATOR

Let G be a graph and let a, b be vertices of G. Let us assume that a # b and
a and b are not adjacent. A subset of the vertices of G is said to be a vertex
separator of a and b if:

(Def. 8) a ¢ it and b ¢ it and for every subgraph G of G with vertices it removed
holds there exists no walk of GG9 which is walk from a to b.

Next we state several propositions:

(70) Let G be a graph and a, b be vertices of G. Suppose a # b and a and
b are not adjacent. Then every vertex separator of a and b is a vertex
separator of b and a.

(71) Let G be a graph and a, b be vertices of G. Suppose a # b and a and
b are not adjacent. Let S be a subset of the vertices of G. Then S is a
vertex separator of a and b if and only if @ ¢ S and b ¢ S and for every
walk W of G such that W is walk from a to b there exists a vertex x of G
such that z € S and © € W.vertices().

(72) Let G be a graph and a, b be vertices of G. Suppose a # b and a and b
are not adjacent. Let S be a vertex separator of a and b and W be a walk

of G. Suppose W is walk from a to b. Then there exists an odd natural
number k such that 1 < k and k < len W and W (k) € S.

(73) Let G be a graph and a, b be vertices of G. Suppose a # b and a and b
are not adjacent. Let S be a vertex separator of a and b. If S = (), then
there exists no walk of G which is walk from a to b.

(74) Let G be a graph and a, b be vertices of G. Suppose a # b and a and b
are not adjacent and there exists no walk of G which is walk from a to b.
Then () is a vertex separator of a and b.

(75) Let G be a graph and a, b be vertices of G. Suppose a # b and a and b
are not adjacent. Let S be a vertex separator of ¢ and b, G2 be a subgraph

of G with vertices S removed, and ag be a vertex of Go. If as = a, then
(Go.reachableFrom(az2)) NS = 0.
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(76) Let G be a graph and a, b be vertices of G. Suppose a # b and a and b
are not adjacent. Let S be a vertex separator of a and b, G5 be a subgraph
of G with vertices S removed, and as, by be vertices of Go. If as = a and

by = b, then (Gg.reachableFrom(as)) N (Ga.reachableFrom(bs)) = (.

(77) Let G be a graph and a, b be vertices of G. Suppose a # b and a and
b are not adjacent. Let S be a vertex separator of a and b and G4 be a
subgraph of G with vertices S removed. Then a is a vertex of G5 and b is
a vertex of Gsy.

Let G be a graph, let a, b be vertices of G, and let .S be a vertex separator
of a and b. We say that S is minimal if and only if:
(Def. 9) For every subset T" of S such that 7" # S holds T is not a vertex separator
of a and b.

Next we state several propositions:

(78) Let G be a graph, a, b be vertices of G, and S be a vertex separator of
a and b. If S = (), then S is minimal.

(79) For every finite graph G and for all vertices a, b of G holds there exists
a vertex separator of ¢ and b which is minimal.

(80) Let G be a graph and a, b be vertices of G. Suppose a # b and a and
b are not adjacent. Let S be a vertex separator of a and b. Suppose S
is minimal. Let T be a vertex separator of b and a. If S =T, then T is
minimal.

(81) Let G be a graph and a, b be vertices of G. Suppose a # b and a and
b are not adjacent. Let S be a vertex separator of a and b. Suppose S is
minimal. Let x be a vertex of G. If x € S, then there exists a walk W of
G such that W is walk from a to b and x € W .vertices().

(82) Let G be a graph and a, b be vertices of G. Suppose a # b and a and
b are not adjacent. Let S be a vertex separator of a and b. Suppose S is
minimal. Let H be a subgraph of G with vertices S removed and a; be
a vertex of H. Suppose a; = a. Let x be a vertex of G. Suppose z € S.
Then there exists a vertex y of G such that y € H.reachableFrom (a;) and
x and y are adjacent.

(83) Let G be a graph and a, b be vertices of G. Suppose a # b and a and
b are not adjacent. Let S be a vertex separator of a and b. Suppose S is
minimal. Let H be a subgraph of G with vertices S removed and a; be
a vertex of H. Suppose a; = b. Let x be a vertex of G. Suppose = € S.
Then there exists a vertex y of G such that y € H.reachableFrom(a;) and
x and y are adjacent.
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7. CHORDAL GRAPHS

Let G be a graph and let W be a walk of G. We say that W is chordal if
and only if the condition (Def. 10) is satisfied.

(Def. 10) There exist odd natural numbers m, n such that

(i) m+2<n,
(ii)) n <lenW,

(iii)  W(m) # W(n),

(iv)  there exists a set e such that e joins W(m) and W(n) in G, and

(v)  for every set f such that f € W.edges() holds f does not join W (m)

and W(n) in G.
Let G be a graph and let W be a walk of G. We introduce W is chordless
as an antonym of W is chordal.
Next we state a number of propositions:
(84) Let G be a graph and W be a walk of G. Suppose W is chordal. Then
there exist odd natural numbers m, n such that
) m+2<n,
) n<lenW,
(i) W(m) £ W(n),
) there exists a set e such that e joins W (m) and W(n) in G, and
) if W is cycle-like, then m = 1 and n = len W and m = 1 and n =
lenW —2 and m =3 and n =len W.
(85) Let G be a graph and P be a path of G. Given odd natural numbers m,
n such that
(i) m+2<n,
(i) n<lenP,
) there exists a set e such that e joins P(m) and P(n) in G, and
) if Piscycle-like, then m = 1 and n = len P and m = 1 and n = len P—2

and m = 3 and n = len P.

Then P is chordal.

(86) Let G1, Gy be graphs. Suppose G1 =g Ga. Let Wi be a walk of Gy
and Wy be a walk of Gy. If W7 = W5, then if W7 is chordal, then Wy is
chordal.

(87) Let G be a graph, S be a non empty subset of the vertices of G, H be a
subgraph of G induced by S, Wi be a walk of G, and W» be a walk of H.
If Wy = Ws, then Wy is chordal iff W7 is chordal.

(88) Let G be a graph and W be a walk of G. Suppose W is cycle-like and
chordal and W.length() = 4. Then there exists a set e such that e joins
W (1) and W (5) in G or e joins W (3) and W (7) in G.

(89) For every graph G and for every walk W of G such that W is minimum
length holds W is chordless.

(i
(iv
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(90) Let G be a graph and W be a walk of G. Suppose W is open and len W =
5 and W .first() and W.last() are not adjacent. Then W is chordless.

(91) For every graph G and for every walk W of G holds W is chordal iff
W .reverse() is chordal.

(92) Let G be a graph and P be a path of G. Suppose P is open and chordless.
Let m, n be odd natural numbers. Suppose m < n and n < len P. Then
there exists a set e such that e joins P(m) and P(n) in G if and only if
m+2=n.

(93) Let G be a graph and P be a path of G. Suppose P is open and chord-
less. Let m, n be odd natural numbers. If m < n and n < len P, then
P.cut(m,n) is chordless and P.cut(m,n) is open.

(94) Let G be a graph, S be a non empty subset of the vertices of G, H be a
subgraph of G induced by S, W be a walk of GG, and V be a walk of H.
If W =V, then W is chordless iff V' is chordless.

Let G be a graph. We say that G is chordal if and only if:

(Def. 11) For every walk P of G such that P.length() > 3 and P is cycle-like holds

P is chordal.
Next we state two propositions:
(95) For all graphs G1, G2 such that G; =g G2 holds if G is chordal, then
(4 is chordal.
(96) For every finite graph G such that card (the vertices of G) < 3 holds G
is chordal.
One can verify the following observations:
* there exists a graph which is trivial, finite, and chordal,
% there exists a graph which is non trivial, finite, simple, and chordal, and
* every graph which is complete is also chordal.

Let G be a chordal graph and let V be a set. One can check that every
subgraph of G induced by V is chordal.

Next we state several propositions:

(97) Let G be a chordal graph and P be a path of G. Suppose P is open
and chordless. Let z, e be sets. Suppose z ¢ P.vertices() and e joins
Plast() and = in G and it is not true that there exists a set f such that
f joins P(len P — 2) and z in G. Then P.addEdge(e) is path-like and
P.addEdge(e) is open and P.addEdge(e) is chordless.

(98) Let G be a chordal graph and a, b be vertices of G. Suppose a # b
and a and b are not adjacent. Let S be a vertex separator of a and b. If
S is minimal and non empty, then every subgraph of G induced by S is
complete.

(99) Let G be a finite graph. Suppose that for all vertices a, b of G such that
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a # b and a and b are not adjacent and for every vertex separator S of a
and b such that S is minimal and non empty holds every subgraph of G
induced by S is complete. Then G is chordal.

(100) Let G be a finite chordal graph and a, b be vertices of G. Suppose a # b
and a and b are not adjacent. Let S be a vertex separator of a and b.
Suppose S is minimal. Let H be a subgraph of G with vertices .S removed
and ag be a vertex of H. Suppose a = a3. Then there exists a vertex c
of G such that ¢ € H.reachableFrom (as3) and for every vertex z of G such
that € S holds ¢ and z are adjacent.

(101) Let G be a finite chordal graph and a, b be vertices of G. Suppose
a # b and a and b are not adjacent. Let S be a vertex separator of a
and b. Suppose S is minimal. Let H be a subgraph of G with vertices S
removed and ag be a vertex of H. Suppose a = as. Let z, y be vertices
of G. Suppose x € S and y € S. Then there exists a vertex ¢ of G such
that ¢ € H.reachableFrom(ag) and ¢ and z are adjacent and ¢ and y are
adjacent.

(102) Let G be a non trivial finite chordal graph. Suppose G is not complete.
Then there exist vertices a, b of G such that a # b and a and b are not
adjacent and a is simplicial and b is simplicial.

(103) For every finite chordal graph G holds there exists a vertex of G which
is simplicial.

8. VERTEX ELIMINATION SCHEME

Let G be a finite graph. A finite sequence of elements of the vertices of G is
said to be a vertex scheme of G if:
(Def. 12) It is one-to-one and rngit = the vertices of G.
Let G be a finite graph. Note that every vertex scheme of G is non empty.
The following three propositions are true:
(104) For every finite graph G and for every vertex scheme S of G holds len S =
card (the vertices of G).
(105) For every finite graph G and for every vertex scheme S of G holds 1 <
len S.
(106) For all finite graphs G, H and for every vertex scheme g of G such that
G =¢ H holds g is a vertex scheme of H.
Let G be a finite graph, let .S be a vertex scheme of GG, and let x be a vertex
of G. Then z <P S is a non zero element of N.
Let G be a finite graph, let .S be a vertex scheme of G, and let n be a natural
number. Then S.followSet(n) is a subset of the vertices of G.
Next we state the proposition
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(107) Let G be a finite graph, S be a vertex scheme of G, and n be a non zero
natural number. If n <len S, then S.followSet(n) is non empty.

Let G be a finite graph and let S be a vertex scheme of G. We say that S
is perfect if and only if the condition (Def. 13) is satisfied.

(Def. 13) Let n be a non zero natural number. Suppose n < len S. Let Gg be
a subgraph of G induced by S.followSet(n) and v be a vertex of Gg. If
v = 5(n), then v is simplicial.
One can prove the following propositions:

(108) Let G be a finite trivial graph and v be a vertex of G. Then there exists
a vertex scheme S of G such that S = (v) and S is perfect.

(109) Let G be a finite graph and V be a vertex scheme of G. Then V is
perfect if and only if for all vertices a, b, ¢ of G such that b # ¢ and a and
b are adjacent and a and ¢ are adjacent and for all natural numbers vs, vg,
vz such that vs € domV and vg € domV and v; € domV and V(vs5) = a
and V(vg) = b and V(v7) = ¢ and vs < vg and vs < v7 holds b and ¢ are
adjacent.

Let G be a finite chordal graph. One can check that there exists a vertex
scheme of GG which is perfect.
The following propositions are true:

(110) Let G, H be finite chordal graphs and g be a perfect vertex scheme of
G. If G =g H, then g is a perfect vertex scheme of H.

(111) For every finite graph G such that there exists a vertex scheme of G
which is perfect holds G is chordal.
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Summary. First, equivalence conditions for connectedness are examined
for a finite topological space (originated in [9]). Secondly, definitions of subspace,
and components of the subspace of a finite topological space are given. Lastly,
concepts of continuous finite sequence and minimum path of finite topological
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[11], [8], and [17] provide the terminology and notation for this paper.

1. CONNECTEDNESS AND SUBSPACES

In this paper F} denotes a non empty finite topology space and A, B, C
denote subsets of Fj.

Let us consider F;. One can check that @( Fy) is connected.

We now state two propositions:

(1) For all subsets A, B of Fy holds (AU B)® = A® U B®.
2) Om))® = 0.
Let us consider Fy. Observe that (0 Fl))b is empty.
Next we state the proposition
(3) Let A be a subset of Fi. Suppose that for all subsets B, C' of F such
that A= BUC and B # () and C # () and B misses C' holds B® meets C
and B meets C?. Then A is connected.
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Let F1 be a non empty finite topology space. We say that F; is connected
if and only if:

(Def. 1) Q) is connected.

We now state four propositions:

(4) Let A be a subset of F}. Suppose A is connected. Let As, By be subsets
of Fi. Suppose A = Ay U By and Ay misses By and As; and By are
separated. Then Ay = () or By = O(p,).

(5) Suppose F1 is connected. Let A, B be subsets of Fy. Suppose Q(p) =
AU B and A misses B and A and B are separated. Then A = () or
B — (D(Fl)'

(6) For all subsets A, B of I} such that I} is symmetric and A’ misses B
holds A misses B®.

(7) Let A be a subset of F;. Suppose that

(i)  Fy is symmetric, and

(ii)  for all subsets Ay, By of F} such that A = Ay U By and Ag misses By
and As and Bs are separated holds Ay = ®(F1) or By = @(Fl)-

Then A is connected.

Let T be a finite topology space. A finite topology space is said to be a

subspace of T' if it satisfies the conditions (Def. 2).
(Def. 2)(i)  The carrier of it C the carrier of T,

(ii)  dom (the neighbour-map of it) = the carrier of it, and

(iii)  for every element x of it such that x € the carrier of it holds (the
neighbour-map of it)(z) = (the neighbour-map of T")(x) Nthe carrier of it.

Let T be a finite topology space. Note that there exists a subspace of T
which is strict.

Let T be a non empty finite topology space. Note that there exists a subspace
of T which is strict and non empty.

Let T be a non empty finite topology space and let P be a non empty subset
of T. The functor T'[P yields a strict non empty subspace of T" and is defined
as follows:

(Def. 3) QT[P =P

We now state the proposition

(8) For every non empty subspace X of F; such that F} is filled holds X is
filled.

Let F} be a filled non empty finite topology space. Note that every non
empty subspace of F} is filled.

Next we state a number of propositions:

(9) For every non empty subspace X of F; such that F} is symmetric holds
X is symmetric.

(10) For every subspace X’ of F; holds every subset of X’ is a subset of Fj.
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(11) For every subset P of F; holds P is closed iff P is open.

(12) Let A be a subset of Fj. Then A is open if and only if the following
conditions are satisfied:

(i) for every element z of F; such that U(z) C A holds z € A, and
(ii)  for every element z of F; such that x € A holds U(z) C A.

(13) Let X’ be a non empty subspace of F;, A be a subset of Fy, and A; be
a subset of X’. If A= A, then 4, = A* N Qx .

(14) Let X’ be a non empty subspace of Fy, P;, Q1 be subsets of Fj, and
P, @ be subsets of X’. Suppose P = P; and Q = Q. If P and Q are
separated, then P; and Q1 are separated.

(15) Let X’ be a non empty subspace of Fy, P, Q be subsets of Fy, and P,
Q1 be subsets of X’. Suppose P = P; and Q = Qy and PUQ C Qx. If
P and @) are separated, then P; and Q1 are separated.

(16) For every non empty subset A of F; holds A is connected iff F}[A is
connected.

(17) Let Fy be a filled non empty finite topology space and A be a non empty
subset of Fj. Suppose Fj is symmetric. Then A is connected if and only
if for all subsets P, @) of F} such that A= PUQ and P misses (Q and P
and () are separated holds P = (D(F1) or Q = @(Fl).

(18) For every subset A of Fy such that F} is filled and connected and A # ()
and A°® # () holds A% # (.

(19) For every subset A of F such that F} is filled, symmetric, and connected
and A # () and A° # () holds A% # (.

(20) For every subset A of F such that F} is filled, symmetric, and connected
and A # () and A° # () holds A% £ (.

(21) For every subset A of F; holds A% misses A%,

(22) For every filled non empty finite topology space F; and for every subset
A of Fy holds A% = A\ A.

(23) For all subsets A, B of Fy such that A and B are separated holds A%
misses B.

(24) Let A, B be subsets of F}. Suppose Fj is filled and A misses B and A%
misses B and B% misses A. Then A and B are separated.

(25) For every point x of F; holds {z} is connected.

Let us consider F} and let x be a point of F;. Note that {x} is connected.
Let F} be a non empty finite topology space and let A be a subset of Fj.
We say that A is a component of F} if and only if:

(Def. 4) A is connected and for every subset B of F} such that B is connected
holds if A C B, then A = B.

One can prove the following propositions:
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(26) For every subset A of F; such that A is a component of F; holds A #
D).
(27) 1If Ais closed and B is closed and A misses B, then A and B are sepa-
rated.
(28) If Fy is filled and Q(p) = AU B and A and B are separated, then A is
open and closed.
(29) For all subsets A, B, A;, By of F} such that A and B are separated and
A1 C A and By C B holds A; and B are separated.
(30) If A and B are separated and A and C' are separated, then A and BUC
are separated.
(31) Suppose that
(i) I is filled and symmetric, and
(ii)  for all subsets A, B of Fy such that Qp) = AU B and A # () and
B # () and A is closed and B is closed holds A meets B.
Then Fj is connected.

(32) Suppose Fy is connected. Let A, B be subsets of F. Suppose Qg =
AUB and A # Q)(Fl) and B # () and A is closed and B is closed. Then
A meets B.

(33) If Fy is filled and A is connected and A C BUC and B and C are
separated, then A C Bor A C C.

(34) Let A, B be subsets of F}. Suppose F} is symmetric and A is connected
and B is connected and A and B are not separated. Then A U B is
connected.

(35) For all subsets A, C of F} such that F; is symmetric and C' is connected
and C C A and A C C? holds A is connected.

(36) For every subset C' of F} such that F} is filled and symmetric and C' is
connected holds C? is connected.

(37) Suppose F; is filled, symmetric, and connected and A is connected and
Q) \A=BUC and B and C are separated. Then AU B is connected.

(38) Let X’ be a non empty subspace of F;, A be a subset of F}, and B be a
subset of X’. Suppose F; is symmetric and A = B. Then A is connected
if and only if B is connected.

(39) For every subset A of F} such that F} is filled and symmetric and A is
a component of F; holds A is closed.

(40) Let A, B be subsets of Fy. Suppose Fj is symmetric and A is a com-
ponent of F; and B is a component of £. Then A = B or A and B are
separated.

(41) Let A, B be subsets of F;. Suppose F} is filled and symmetric and A is
a component of F; and B is a component of F}. Then A = B or A misses

B.
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(42) Let C be a subset of F}. Suppose F} is filled and symmetric and C' is
connected. Let S be a subset of Fy. If S is a component of FY, then C
misses S or C C S.

Let F} be a non empty finite topology space, let A be a non empty subset
of Fi, and let B be a subset of F;. We say that B is a component of A if and
only if:

(Def. 5) There exists a subset By of Fj[A such that By = B and Bj is a compo-
nent of F1[A.

We now state the proposition

(43) Let D be a non empty subset of Fy. Suppose F7 is filled and symmetric
and D = Qg \ A. Suppose Fj is connected and A is connected and C'is
a component of D. Then Qp) \ C is connected.

2. CONTINUOUS FINITE SEQUENCES AND MINIMUM PATH

Let us consider F; and let f be a finite sequence of elements of F;. We say
that f is continuous if and only if the conditions (Def. 6) are satisfied.

(Def. 6)(1) 1 <len f, and

(ii)  for every natural number i and for every element z; of Fy such that
1<iandi<lenf and z; = f(i) holds f(i+ 1) € U(z).
Let us consider F and let x be an element of Fy. Observe that (z) is
continuous.
One can prove the following two propositions:
(44) Let f be a finite sequence of elements of F; and z, y be elements of Fy. If
f is continuous and y = f(len f) and x € U(y), then f ™ (z) is continuous.
(45) Let f, g be finite sequences of elements of Fj. Suppose f is continuous
and g is continuous and ¢(1) € U(fien ). Then f 7 g is continuous.
Let us consider F} and let A be a subset of F;. We say that A is arcwise
connected if and only if the condition (Def. 7) is satisfied.

(Def. 7) Let x1, x2 be elements of Fy. Suppose 1 € A and x3 € A. Then there
exists a finite sequence f of elements of F such that f is continuous and
g f € A and f(1) = z; and f(len f) = xo.

Let us consider F;. Observe that (7)( Fy) 18 arcwise connected.
Let us consider F} and let = be an element of Fj. One can verify that {x}
is arcwise connected.
The following three propositions are true:
(46) For every subset A of F such that F} is symmetric holds A is connected
iff A is arcwise connected.
(47) Let g be a finite sequence of elements of F; and k be a natural number.
If g is continuous and 1 < k, then g[k is continuous.
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(48) Let g be a finite sequence of elements of F; and k be an element of N.
If g is continuous and k < len g, then g is continuous.

Let us consider F1i, let g be a finite sequence of elements of Fy, let A be a
subset of £}, and let x1, xo be elements of F;. We say that ¢ is minimum path
in A between z1 and 9 if and only if the conditions (Def. 8) are satisfied.

(Def. 8)(1) g is continuous,
(i) gy C A,
) g<1> = T,
(iv) g(leng) = z9, and
(v)

(iii

for every finite sequence h of elements of Fy such that A is continuous
and rngh C A and h(1) = 1 and h(len h) = x5 holds len g < len h.

One can prove the following propositions:

(49) For every subset A of F; and for every element = of F; such that x € A
holds (x) is minimum path in A between z and x.

(50) Let A be a subset of Fy. Then A is arcwise connected if and only if for
all elements x1, xo of I such that z1 € A and x5 € A holds there exists
a finite sequence of elements of F; which is minimum path in A between
z1 and zo.

(51) Let A be a subset of F} and z1, x2 be elements of F;. Given a finite
sequence f of elements of F} such that f is continuous and rng f C A
and f(1) = z; and f(len f) = z. Then there exists a finite sequence of
elements of F} which is minimum path in A between z1 and xs.

(52) Let g be a finite sequence of elements of F;, A be a subset of Fy, 1, 2
be elements of F1, and k be an element of N. Suppose ¢ is minimum path
in A between x1 and 22 and 1 < k and k < len g. Then g[k is continuous
and rng(g[k) C A and (¢k)(1) = 21 and (g[k)(len(g[k)) = g

(53) Let g be a finite sequence of elements of Fy, A be a subset of Fy, x1,
x9 be elements of F7, and k be an element of N. Suppose ¢ is minimum
path in A between x; and z3 and k < leng. Then g is continuous and
rmg(gx) € A and g|x(1) = g14x and gx(len(g|x)) = z2.

(54) Let g be a finite sequence of elements of F, A be a subset of Fj, and
1, T3 be elements of F}. Suppose ¢ is minimum path in A between z;
and x3. Let k be a natural number. If 1 < k and k£ < leng, then g[k is
minimum path in A between x1 and gj.

(55) Let g be a finite sequence of elements of F}, A be a subset of Fj, and
1, T2 be elements of Fy. If ¢ is minimum path in A between x1 and xo,
then ¢ is one-to-one.

Let us consider F; and let f be a finite sequence of elements of Fy. We say
that f is inversely continuous if and only if the conditions (Def. 9) are satisfied.

(Def. 9)(i) 1 <len f, and
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(ii)  for all natural numbers i, j and for every element y of F; such that
l1<iandi<lenfand1l<jand j<lenf and y = f(i) and i # j and
f(G)eU(y) holdsi=j+1orj=1i+1.

We now state three propositions:

(56) Let g be a finite sequence of elements of F, A be a subset of F}, and x1,
2 be elements of Fj. Suppose g is minimum path in A between z1 and
x9 and F} is symmetric. Then g is inversely continuous.

(57) Let g be a finite sequence of elements of F, A be a subset of F}, and x4,
o be elements of F}. Suppose g is minimum path in A between z; and
xo and F} is filled and symmetric and x1 # x5. Then

(i)  for every natural number ¢ such that 1 < i and ¢ < len g holds rngg N
Ulgi) = {9(i =" 1),9(i),9(i + 1)},
(i) ggnU(g1) ={g(1),9(2)}, and
(i) rnggNU(gleng) = {g(leng —"1),g(len g)}.

(58) Let g be a finite sequence of elements of F}, A be a non empty subset
of Fy, x1, 2 be elements of Fy, and By be a subset of Fi[A. Suppose g
is minimum path in A between x; and xo and F} is filled and symmetric
and x1 # x9 and By = {x1}. Let ¢ be an element of N. If ¢ < len g, then
g(i+ 1) € Finf(By,7) and if ¢ > 1, then g(i + 1) ¢ Finf(Bg,7 —'1).
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Summary. In this article, we first define finite sequences of probability
distribution and matrices of joint probability and conditional probability. We
discuss also the concept of marginal probability. Further, we describe some the-
orems of matrices of real elements including quadratic form.
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The papers [20], (23], [2], [19], [24], (6], [12], (8], [21], [4], [1], [22], 18], [14], [7].
9], [25], [3], [5], [15], [16], [17], [11], [13], and [10] provide the terminology and
notation for this paper.
For simplicity, we use the following convention: D denotes a non empty set,
i, j, k denote elements of N, n, m denote natural numbers, and e denotes a
finite sequence of elements of R.
Let d be a set, let g be a finite sequence of elements of d*, and let n be a
natural number. Then g(n) is a finite sequence of elements of d.
Let x be a real number. Then (z) is a finite sequence of elements of R.
Next we state a number of propositions:
(1) Let a be an element of D, m be a non empty natural number, and g be
a finite sequence of elements of D. Then len g = m and for every natural
number 4 such that ¢ € dom g holds ¢(i) = a if and only if g = m — a.
(2) Let a, b be elements of D. Then there exists a finite sequence g of
elements of D such that leng = n and for every natural number i such
that ¢ € Segn holds if i € Segk, then g(i) = a and if ¢ ¢ Segk, then
g(i) =b.
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(3) Suppose that for every natural number ¢ such that ¢ € dome holds
0 < e(i). Let f be a sequence of real numbers. Suppose f(1) = e(1)
and for every natural number n such that 0 # n and n < lene holds
fn+1) = f(n)+e(n+1). Let n, m be natural numbers. If n € dome
and m € dome and n < m, then f(n) < f(m).

(4) Suppose lene > 1 and for every natural number i such that i € dome
holds 0 < e(7). Let f be a sequence of real numbers. Suppose f(1) = e(1)
and for every natural number n such that 0 # n and n < lene holds
f(n+1)= f(n)+e(n+1). Let n be a natural number. If n € dom e, then
e(n) < f(n).

(5) Suppose that for every natural number i such that ¢ € dome holds
0 < e(i). Let k be a natural number. If k£ € dome, then e(k) < > e.

(6) Let 71, ro be real numbers, k be a natural number, and s9 be a sequence
of real numbers. Then there exists a sequence s; of real numbers such that
$1(0) = r1 and for every n holds if n # 0 and n < k, then s1(n) = sa(n)
and if n > k, then s1(n) = ro.

(7) Let F be a finite sequence of elements of R. Then there exists a sequence
f of real numbers such that f(0) = 0 and for every natural number i such
that i« <len F holds f(i+1) = f(i) + F(i+ 1) and > F = f(len F).

(8) Let D be aset and e; be a finite sequence of elements of D. Then n +— e;
is a finite sequence of elements of D*.

(9) Let D be a set and ej, es be finite sequences of elements of D. Then
there exists a finite sequence e of elements of D* such that lene = n and
for every natural number ¢ such that ¢ € Segn holds if ¢ € Segk, then
e(i) = ey and if i ¢ Segk, then e(i) = ea.

(10) Let D be a set and s be a finite sequence. Then s is a matrix over D if
and only if there exists n such that for every i such that ¢ € dom s there
exists a finite sequence p of elements of D such that s(i) = p and lenp = n.

(11) Let D be a set and e be a finite sequence of elements of D*. Then there
exists n such that for every i such that ¢ € dome holds lene(i) = n if and
only if e is a matrix over D.

(12) For every tabular finite sequence M holds (i, j) € the indices of M iff
i € Seglen M and j € Seg width M.

(13) Let D be a non empty set and M be a matrix over D. Then (i, j) € the
indices of M if and only if ¢ € dom M and j € dom M (1).

(14) For every non empty set D and for every matrix M over D such that (i,
Jj) € the indices of M holds M; ; = M (3)(j).

(15) Let D be a non empty set and M be a matrix over D. Then (i, j) € the
indices of M if and only if i € dom(Mp ;) and j € dom Line(M, ).

(16) Let Dj, D2 be non empty sets, M; be a matrix over Dj, and My be a
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matrix over Ds. If My = M, then for every i such that ¢ € dom M7 holds
Line(My, i) = Line(Ma, ).

(17) Let Dy, D9 be non empty sets, M; be a matrix over Dy, and My be a
matrix over Do. If My = My, then for every j such that j € Seg width M;
holds (Ml)D,j = (MQ)DJ‘.

(18) Let e; be a finite sequence of elements of D. If lene; = m, then n +— e;
is a matrix over D of dimension n x m.

(19) Let e1, ez be finite sequences of elements of D. Suppose lene; = m and
lenes = m. Then there exists a matrix M over D of dimension n X m
such that for every natural number ¢ holds

(i) if i € Segk, then M(i) = e;, and
(i) if ¢ ¢ Segk, then M (i) = ea.
Let e be a finite sequence of elements of R*. The functor »_ e yields a finite
sequence of elements of R and is defined by:
(Def. 1) len) e =lene and for every k such that k € dom > e holds (D>_e)(k) =
> e(k).
Let m be a matrix over R. We introduce LineSumm as a synonym of > m.
We now state the proposition

(20) For every matrix m over R holds len Y m = lenm and for every i such

that i € Seglenm holds (> m)(i) = >_ Line(m, ).
Let m be a matrix over R. The functor ColSumm yields a finite sequence
of elements of R and is defined by:
(Def. 2) len ColSumm = widthm and for every j such that j € Segwidthm
holds (ColSumm)(j) = > (mn;).
We now state two propositions:

(21) For every matrix M over R such that width M > 0 holds LineSum M =
ColSum(M™).

(22) For every matrix M over R holds ColSum M = LineSum(MT).

Let M be a matrix over R. The functor SumAIll M yields an element of R
and is defined as follows:

(Def. 3) SumAlM => > M.
The following propositions are true:
(23) For every matrix M over R such that len M = 0 holds SumAll M = 0.
(24) For every matrix M over R of dimension m x 0 holds SumAll M = 0.
(25) Let M; be a matrix over R of dimension n x k and My be a matrix over
R of dimension m x k. Then > (M; =~ M) = (> M) ™ > Ms.
(26) For all matrices My, Ma over R holds Y My + > My = > (M1~ Ms).

(27) For all matrices My, My over R such that len M; = len My holds
SumAll M; + SumAll My = SumAll(M; ~ Ms,).
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(28) For every matrix M over R holds SumAll M = SumAll(MT).
(29) For every matrix M over R holds SumAll M = 3" ColSum M.

(30) For all finite sequences x, y of elements of R such that len z = len y holds
len(z e y) =lenz.

(31) For every i and for every element R of R? holds i+ 1e R = R.

(32) For every finite sequence = of elements of R holds lenz — 1 e z = z.

(33) Let x, y be finite sequences of elements of R. Suppose for every i such
that ¢ € domx holds z(¢) > 0 and for every ¢ such that i € domy holds
y(i) > 0. Let given k. If k € dom(z e y), then (x e y)(k) > 0.

(34) Let given i, e1, ez be elements of RY, and fi, fo be elements of (the
carrier of Rp)’. If e; = f1 and ep = fo, then e; @ e3 = f1 @ fo.

(35) Let eq, e2 be finite sequences of elements of R and f1, fo be finite se-
quences of elements of Rp. If lene; = lenes and e; = f; and es = f5, then
e10cy = f1efo

(36) Let e be a finite sequence of elements of R and f be a finite sequence of
elements of Rp. If e = f, then > e =) f.

Let eq, eo be finite sequences of elements of R. We introduce e; - eg as a
synonym of |(e1, e2)].
We now state several propositions:

(37) Let given i, e1, ez be elements of RY, and fi, fo be elements of (the
carrier of Rp)®. If e; = f1 and es = fo, then e - e3 = f1 - fo.

(38) Let e1, ez be finite sequences of elements of R and f1, fo be finite se-
quences of elements of Rp. If lene; = leney and e; = f1 and es = f5, then
er-ex = f1- fo.

(39) Let M, M, My be matrices over R. Suppose width M; = len Mj. Then
M = M - My if and only if the following conditions are satisfied:

(i) len M =len My,
(ii)  width M = width My, and

(iii)  for all 4, j such that (7, j) € the indices of M holds M; ; = Line(Mj,1)-
(Mz)o,5-

(40) Let M be a matrix over R and p be a finite sequence of elements of
R. If len M = lenp, then for every i such that i € Seglen(p - M) holds
(p- M)(i) = p- Mo,

(41) Let M be a matrix over R and p be a finite sequence of elements of
R. If widthM = lenp and width M > 0, then for every ¢ such that
i € Seglen(M - p) holds (M - p)(i) = Line(M, 1) - p.

(42) Let M, M;, My be matrices over R. Suppose width M; = len My and
width My > 0 and width My > 0. Then M = M; - M5 if and only if the
following conditions are satisfied:

(i) len M =len M,
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(ii)  width M = width M3, and
(iii)  for every i such that i € Seglen M holds Line(M, i) = Line(My, 1) - Ms.

Let n, m, k be non empty natural numbers, let M7 be a matrix over R of
dimension n x k, and let Ms be a matrix over R of dimension & x m. Note
that M1 . M2

let x, y be finite sequences of elements of R and let M be a matrix over
R. Let us assume that lenz = len M and leny = width M. The functor
QuadraticForm(z, M, y) yields a matrix over R and is defined by the conditions
(Def. 4).

(Def. 4)(i)  len QuadraticForm(z, M,y) = lenz,
(ii)  width QuadraticForm(z, M,y) = leny, and
(i)  for all natural numbers ¢, j such that (i, j) € the indices of M holds
(QuadraticForm(z, M, y)); j = x(i) - M; ; - y(j).
The following propositions are true:

(43) Let z, y be finite sequences of elements of R and M be a matrix over R.
If lenz = len M and leny = width M and lenz > 0 and leny > 0, then
(QuadraticForm(x, M,y))" = QuadraticForm(y, M T, z).

(44) Let z, y be finite sequences of elements of R and M be a matrix over R.
If lenx = len M and leny = width M and lenz > 0 and leny > 0, then
|(z, M - y)| = SumAll QuadraticForm(z, M, y).

(45) For every finite sequence z of elements of R holds |(z,lenz — 1)| = > .

(46) Let z, y be finite sequences of elements of R and M be a matrix over R.
If lenx = len M and leny = width M and lenx > 0 and leny > 0, then
|(z - M,y)| = SumAll QuadraticForm(x, M, y).

(47) Let z, y be finite sequences of elements of R and M be a matrix over R.
If lenz = len M and leny = width M and lenz > 0 and leny > 0, then
(@ - M, y)| = [(z, M - y)].

(48) Let z, y be finite sequences of elements of R and M be a matrix over R.
If leny = len M and lenxz = width M and lenz > 0 and leny > 0, then
(M -2, y)| = (2, MT - y)|.

(49) Let z, y be finite sequences of elements of R and M be a matrix over R.
If leny = len M and lenx = width M and lenx > 0 and leny > 0, then
@,y - M)| = |(z- M7, y)|.

(50) Let x be a finite sequence of elements of R and M be a matrix over
R. If lenz = len M and = = lenz — 1, then for every k such that
k € Seglen(xz - M) holds (x - M)(k) = > (Mny)-

(51) Let x be a finite sequence of elements of R and M be a matrix over R.

Suppose len z = width M and width M > 0 and « = lenx — 1. Let given
k. If k € Seglen(M - z), then (M - z)(k) = > Line(M, k).
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(52) Let n be anon empty natural number. Then there exists a finite sequence
P of elements of R such that len P = n and for every 4 such that ¢ € dom P
holds P(i) >0 and ) P =1.

Let p be a finite sequence of elements of R. We say that p is finite probability
distribution if and only if:
(Def. 5) For every i such that ¢ € domp holds p(i) > 0 and > p = 1.
One can check that there exists a finite sequence of elements of R which is
non empty and finite probability distribution.
One can prove the following propositions:

(53) Let p be a non empty finite probability distribution finite sequence of

elements of R and given k. If k € dom p, then p(k) < 1.

(54) For every non empty yielding matrix M over D holds 1 < len M and
1 < width M.
Let M be a matrix over R. We say that M is nonnegative if and only if:
(Def. 6) For all 4, j such that (i, j) € the indices of M holds M;; > 0.
Let M be a matrix over R. We say that M is summable-to-1 if and only if:
(Def. 7)  SumAllM = 1.

Let M be a matrix over R. We say that M is joint probability if and only
if:

(Def. 8) M is nonnegative and summable-to-1.

Let us mention that every matrix over R which is joint probability is also
nonnegative and summable-to-1 and every matrix over R which is nonnegative
and summable-to-1 is also joint probability.

We now state the proposition

(55) Let n, m be non empty natural numbers. Then there exists a matrix M
over R of dimension n x m such that M is nonnegative and SumAll M = 1.

One can check that there exists a matrix over R which is non empty yielding
and joint probability.

Let n, m be non empty natural numbers, let D be a non empty set, and let
M be a matrix over D of dimension n x m. Observe that M T

Next we state two propositions:

(56) Let M be a non empty yielding joint probability matrix over R. Then
MT is a non empty yielding joint probability matrix over R.

(57) Let M be a non empty yielding joint probability matrix over R and given
i, j. If (i, j) € the indices of M, then M;; <1.

Let M be a matrix over R. We say that M has lines summable-to-1 if and
only if:

(Def. 9) For every k such that & € dom M holds Y M (k) = 1.

The following proposition is true
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(58) For all non empty natural numbers n, m holds there exists a matrix over
R of dimension n x m which is nonnegative and has lines summable-to-1.

Let M be a matrix over R. We say that M is conditional probability if and
only if:
(Def. 10) M is nonnegative and has lines summable-to-1.

Let us observe that every matrix over R which is conditional probability is
also nonnegative and has lines summable-to-1 and every matrix over R which is
nonnegative and has lines summable-to-1 is also conditional probability.

Let us mention that there exists a matrix over R which is non empty yielding
and conditional probability.

Next we state three propositions:

(59) Let M be a non empty yielding conditional probability matrix over R
and given i, j. If (i, j) € the indices of M, then M;; < 1.
(60) Let M be a non empty yielding matrix over R. Then the following
statements are equivalent
(i) M is a non empty yielding conditional probability matrix over R,
(ii)  for every ¢ such that ¢ € dom M holds Line(M, ) is a non empty finite
probability distribution finite sequence of elements of R.

(61) For every non empty yielding matrix M over R with lines summable-to-1

holds SumAIll M = len M.

Let M be a matrix over R. We introduce the row marginal M as a syn-
onym of LineSum M. We introduce the column marginal M as a synonym of
ColSum M.

Let M be a non empty yielding joint probability matrix over R. Note that
the row marginal M is non empty and finite probability distribution and the
column marginal M is non empty and finite probability distribution.

Let M be a non empty yielding matrix over R. Observe that MT is non
empty yielding.

Let M be a non empty yielding joint probability matrix over R. Note that
MT is joint probability.

The following propositions are true:

(62) Let p be a non empty finite probability distribution finite sequence of
elements of R and P be a non empty yielding conditional probability
matrix over R. Suppose lenp = len P. Then p - P is a non empty finite
probability distribution finite sequence of elements of R and len(p - P) =
width P.

(63) Let P, P» be non empty yielding conditional probability matrices over R.
Suppose width P; = len P». Then P;- P, is a non empty yielding conditional
probability matrix over R and len(P; - P») = len P; and width(P; - P») =
width P2 .
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Summary. In this article, we give several differentiation formulas of spe-
cial and composite functions including trigonometric function, polynomial func-
tion and logarithmic function.

MML identifier: FDIFF_8, version: 7.8.03 4.75.958

The notation and terminology used here are introduced in the following papers:
18], [15], [1], [16], [2], [4], [10], [11], [17], [5], [14], [12], [3], [7], [6], [9], and [3].
For simplicity, we adopt the following convention: z, a, b, ¢ denote real
numbers, n denotes a natural number, Z denotes an open subset of R, and f,
f1, f2 denote partial functions from R to R.
Next we state a number of propositions:
) If x € dom (the function tan), then (the function cos)(z) # 0.

2) If € dom (the function cot), then (the function sin)(x) # 0.

(

(2)

(3) IfZcC dom(%), then for every x such that = € Z holds (%)(m)% = %.
(4)

Suppose Z C dom(%) and for every x such that z € Z holds fi(z) =

—_

x + a and fa(z) = x — b. Then % is differentiable on Z and for every x

such that z € Z holds (%)/rz(m) = (;f—;)bz-

(5) Suppose Z C dom((the function In) %) and for every z such that z € Z
holds f(z) = x. Then (the function In) % is differentiable on Z and for
every x such that € Z holds ((the function In) '%)Irz(m) =-1

6) Suppose Z C dom((the function tan) - f) and for every = such that z € Z

(6) Supp v
holds f(z) =a-x +b. Then

@ 2006 University of Bialystok
109 ISSN 14262630



110 BO LI AND PENG WANG

(i)  (the function tan) -f is differentiable on Z, and
(i)  for every x such that € Z holds ((the function tan) -f)},(x) =

a
(the function cos)(a-z+b)2 "

(7) Suppose Z C dom((the function cot) - f) and for every x such that = € Z
holds f(x) = a-z + b. Then
(i)  (the function cot) -f is differentiable on Z, and
(i)  for every x such that z € Z holds ((the function cot) -f)},(x) =

(the funv:tionasin)((JL-:L"+b)2 ’
(8) Suppose Z C dom((the function tan) %) and for every x such that x € Z
holds f(z) = . Then

(i)  (the function tan) % is differentiable on Z, and

(ii)  for every z such that x € Z holds ((the function tan) -%)’rz(x) =

1
x2-(the function cos)( % )2

(9) Suppose Z C dom((the function cot) %) and for every z such that x € Z
holds f(x) = x. Then
(i)  (the function cot) % is differentiable on Z, and

(ii))  for every x such that 2 € Z holds ((the function cot) -%)'rz(m) =
z2-(the funcilgion sin)(1)2”
(10) Suppose Z C dom((the function tan) -(f1 + ¢ f2)) and fo = % and for
every x such that € Z holds fi(x) = a+b-x. Then
(i)  (the function tan) -(f1 + ¢ f2) is differentiable on Z, and

(ii)  for every x such that € Z holds ((the function tan) -(f1+c f2))},(z) =

b+2-cx
(the function cos)(a+b-z+c-x2)2 "

(11) Suppose Z C dom((the function cot) -(f1 + ¢ f2)) and fo = 2 and for
every x such that z € Z holds fi(x) = a+b-z. Then
(i)  (the function cot) -(f1 + ¢ f2) is differentiable on Z, and

(ii)  for every x such that x € Z holds ((the function cot) -(f1+c f2))}5(z) =

b+2-cz
(the function sin)(a+b-z+c-z2)2"

(12) Suppose Z C dom((the function tan) -(the function exp)). Then
(i)  (the function tan) -(the function exp) is differentiable on Z, and

(ii)  for every z such that z € Z holds ((the function tan) -(the function
))/ ( ) _ (the function exp)(z)
xXp))z\T) = (the function cos)((the function exp)(z))2"

(13) Suppose Z C dom((the function cot) -(the function exp)). Then
(i)  (the function cot) -(the function exp) is differentiable on Z, and

(ii)  for every z such that x € Z holds ((the function cot) -(the function
))/ ( ) _ (the function exp)(z)
exXp))hz\T) = (the function sin)((the function exp)(z))2 "

(14) Suppose Z C dom((the function tan) -(the function In)). Then
(i)  (the function tan) -(the function In) is differentiable on Z, and
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(ii)  for every z such that € Z holds ((the function tan) -(the function

ln))lfz (.%') - z-(the function cos)((lthe function In)(z))2"
(15) Suppose Z C dom((the function cot) -(the function In)). Then
(i)  (the function cot) -(the function In) is differentiable on Z, and
(ii))  for every z such that x € Z holds ((the function cot) -(the function
1

ln))le (.%') ~ 7 Z-(the function sin)((the function In)(z))2
(16) Suppose Z C dom((the function exp) -(the function tan)). Then
(i)  (the function exp) -(the function tan) is differentiable on Z, and

(ii)  for every x such that x € Z holds ((the function exp) -(the function
he function ex he function tan)(z
tan)),fZ (‘T) = t(the fuIr)l)c(t(iEm cos)(zc)2 an)(z) ’

(17) Suppose Z C dom((the function exp) -(the function cot)). Then
(i)  (the function exp) -(the function cot) is differentiable on Z, and

(ii))  for every x such that € Z holds ((the function exp) -(the function
) _ (the function exp)((the function cot)(z))
co )) 1z (.%') - (the function sin)(z)2 :

(18) Suppose Z C dom((the function In) -(the function tan)). Then
(i)  (the function In) -(the function tan) is differentiable on Z, and

(ii)  for every z such that x € Z holds ((the function In) -(the function
1
tan)),fz ('T) = (the function cos)(z)-(the function sin)(x) *

(19) Suppose Z C dom((the function In) -(the function cot)). Then
(i)  (the function In) -(the function cot) is differentiable on Z, and
(ii)  for every z such that x € Z holds ((the function In) -(the function

1
COt))/fZ ('T) == (the function sin)(z)-(the function cos)(x) "
(20) Suppose Z C dom((7) - (the function tan)) and 1 < n. Then
(i) (%) - (the function tan) is differentiable on Z, and
(ii)  for every = such that € Z holds ((;) - (the function tan))|,(z) =

n-(the function sin) (x)g_l

(the function cos)(z)p*!

(21) Suppose Z C dom((7%) - (the function cot)) and 1 < n. Then
(i) (%) - (the function cot) is differentiable on Z, and
(i) ~ for every x such that x € Z holds ((7) - (the function cot))|,(z) =

n-(the function cos)(:z:)rzk1
(the function sin)(z)p™t
(22) Suppose that
(i)  Z C dom((the function tan)+—————), and
(ii)  for every x such that z € Z holds 1 + (the function sin)(x) # 0 and
1 — (the function sin)(z) # 0.
Then

(i)  (the function tan)+

— L g differentiable on Z, and
the function cos ’

(iv)  for every = such that = € Z holds ((the function tan)+ %)’rz (x)

the function cos
1

1—(the function sin)(z) "

111
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(23) Suppose that
(i)  Z C dom((the function tam)—ithe fungtion COS), and

(ii)  for every x such that z € Z holds 1 — (the function sin)(x) # 0 and
1 + (the function sin)(x) # 0.

Then
(iii)  (the function tan)— g——2—— is differentiable on Z, and
(iv)  for every = such that z € Z holds ((the function tan)— m),w (x)

1
1+ (the function sin)(z) "

2 uppose £ C dom((the function tan)—idz). en
4) S Z Cd he functi idz). Th
(i)  (the function tan)—idy is differentiable on Z, and
(ii)  for every z such that x € Z holds ((the function tan)—idz)},(z) =

(the function sin)(x)?
(the function cos)(z)2 "

(25) Suppose Z C dom(—the function cot —idz). Then
(i)  —the function cot — idz is differentiable on Z, and
(i)  for every x such that € Z holds (—the function cot —idz)}, () =

(the function cos)(x)?

(the function sin)(z)2 "

(26) Suppose Z C dom( ((the function tan) -f) —idz) and for every z such
that z € Z holds f(z) = a-x and a # 0. Then
(i) 1 ((the function tan) -f) —idy is differentiable on Z, and
(i) for every z such that = € Z holds (% ((the function tan) -f) —

. / __ (the function sin)(a-z)2
le) 1Z (.%') " (the function cos)(a-x)2 "

(27) Suppose Z C dom((—1) ((the function cot) -f) — idz) and for every x

a

such that z € Z holds f(z) = a-x and a # 0. Then
(i) (=21) ((the function cot) -f) —idz is differentiable on Z, and

a

(ii)  for every x such that z € Z holds ((—2) ((the function cot) -f) —

a
. / __ (the function cos)(a-z)?
le) 1Z ('T) ~ (the function sin)(a-z)? "

(28) Suppose Z C dom(f (the function tan)) and for every x such that z € Z
holds f(x) = a-z + b. Then
(i)  f (the function tan) is differentiable on Z, and

(i)  for every x such that € Z holds (f (the function tan)),(z) =

a-(the function sin)(z) + a-z+b
(the function cos)(z) (the function cos)(z)? "

(29) Suppose Z C dom(f (the function cot)) and for every = such that z € Z
holds f(x) = a-z + b. Then
(i)  f (the function cot) is differentiable on Z, and
(i)  for every x such that z € Z holds (f (the function cot))},(v) =

a-(the function cos)(z) a-z+b
(the function sin)(x) (the function sin)(z)2"

(30) Suppose Z C dom((the function exp) (the function tan)). Then
(i)  (the function exp) (the function tan) is differentiable on Z, and
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(ii)  for every z such that z € Z holds ((the function exp) (the function
t / __ (the function exp)(z)-(the function sin)(x) (the function exp)(z)
an)) 1Z (.%') - (the function cos)(x) + (the function cos)(z)?"

(31) Suppose Z C dom((the function exp) (the function cot)). Then
(i)  (the function exp) (the function cot) is differentiable on Z, and

(ii)  for every z such that z € Z holds ((the function exp) (the function
__ (the function exp)(x)-(the function cos)(z) (the function exp)(z)

COt))/[Z (‘T) - (the function sin)(x) (the function sin)(z)2"
(32) Suppose Z C dom((the function In) (the function tan)). Then
(i)  (the function In) (the function tan) is differentiable on Z, and
(ii)  for every z such that x € Z holds ((the function In) (the function

(the function sin)(x) (th £ " 1 )( )
/ __ (the function cos)(@) e function In)(z
tan)) [Z(x) - z + (the function cos)(z)2"

(33) Suppose Z C dom((the function In) (the function cot)). Then
(i)  (the function In) (the function cot) is differentiable on Z, and
(ii)  for every z such that x € Z holds ((the function In) (the function

(the function cos)(x) (th £ » 1 )( )
/ __ _(the function sin)(z) _ e function In)(x
COt)) 1z (.%') - x (the function sin)(z)2"

(34) Suppose Z C dom(% (the function tan)) and for every = such that x € Z

holds f(x) = x. Then
(1) % (the function tan) is differentiable on Z, and

(ii))  for every x such that x € Z holds (% (the function tan))|,(z) =

(the function sin)(x) 1
__ (the function cos)(x) _|_ z
x2 (the function cos)(z)2 "

(35) Suppose Z C dom(% (the function cot)) and for every x such that x € Z
holds f(z) = . Then
(i) % (the function cot) is differentiable on Z, and

(ii)  for every z such that x € Z holds (% (the function cot))},(z) =

(the function cos)(z) 1
__ _(the function sin)(z) z
x2 (the function sin)(z)2"
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Summary. In this article, we give the definitions of forward difference,
backward difference, central difference and difference quotient, and some of their
important properties.
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The articles [2], [6], [1], [13], [16], [17], [14], [4], [5], [9], [8], [12], [18], [7], [15],
[11], [10], [3], and [19] provide the terminology and notation for this paper.

For simplicity, we follow the rules: n, m, ¢ are elements of N, h, r, r1, rs,
xg, 1, T2, x are real numbers, f is a partial function from R to R, and S is a
sequence of partial functions from R into R.

Let f be a partial function from R to R and let A be a real number. The
functor Shift(f, h) yields a partial function from R to R and is defined by:

(Def. 1) dom Shift(f,h) = —h+dom f and for every = such that x € —h+dom f
holds (Shift(f,h))(xz) = f(x + h).

Let f be a function from R into R and let A be a real number. Then
Shift(f, h) is a function from R into R and it can be characterized by the con-
dition:

(Def. 2) For every x holds (Shift(f,h))(z) = f(x + h).

Let f be a partial function from R to R and let & be a real number. The

functor fD(f, h) yielding a partial function from R to R is defined as follows:

@ 2006 University of Bialystok
115 ISSN 14262630
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(Def. 3) {D(f,h) = Shift(f,h) — f.

Let f be a function from R into R and let h be a real number. Then fD(f, h)
is a function from R into R.

Let f be a partial function from R to R and let A be a real number. The
functor bD(f, h) yields a partial function from R to R and is defined by:

(Def. 4) bD(f,h) = f — Shift(f, —h).

Let f be a function from R into R and let h be a real number. Then bD(f, h)
is a function from R into R.

We now state the proposition

Let f be a partial function from R to R and let A be a real number. The
functor cD(f, h) yielding a partial function from R to R is defined by:

(Def. 5)  ¢D(f, h) = Shift(f, &) — Shift(f, —2).

Let f be a function from R into R and let h be a real number. Then cD(f, h)
is a function from R into R.

Let f be a partial function from R to R and let A be a real number. The
forward difference of f and h yields a sequence of partial functions from R into
R and is defined by the conditions (Def. 6).

(Def. 6)(i)  (The forward difference of f and h)(0) = f, and
(ii)  for every n holds (the forward difference of f and h)(n + 1) = fD((the
forward difference of f and h)(n), h).

Let f be a partial function from R to R and let h be a real number. We
introduce fdif (f, h) as a synonym of the forward difference of f and h.

In the sequel f, fi, fo denote functions from R into R.

The following propositions are true:

(2) For every n holds (fdif(f,h))(n) is a function from R into R.

(3) For every z holds (fD(f,h))(z) = f(x + h) — f(z).

(4) For every x holds (bD(f,h))(z) = f(z) — f(x — h).

(5) For every x holds (cD(f,h))(z) = f(z+ &) — f(z — b).

(6) If f is constant, then for every x holds (fdif(f,h))(n + 1)(z) = 0.

(7) (fdif(r f,h))(n 4+ 1)(x) =7 (fdif (f, h))(n + 1)(x).

(8) (R (fr-+ o, ) (4 1)) = (R (fr, 1)) (1) () (EQE (o, 1) -+ 1) ).

(9) (REE(fy— fo, 1) (1) () = (RQEF(Fr, 1)) (1) () — (R fo, ) (4 1) ).
(10) If f = 71 f1 + ro fa, then for every z holds (fdif(f,h))(n + 1)(x) =

ry - (fdif (f1, b)) (n + 1)(2) + 7o - (fdif(f2, 2))(n 4 1)().
(11) For every z holds (fdif(f,h))(1)(x) = (Shift(f,h))(z) — f(x).
Let f be a partial function from R to R and let & be a real number. The

backward difference of f and h yielding a sequence of partial functions from R
into R is defined by the conditions (Def. 7).
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(Def. 7)(i)  (The backward difference of f and h)(0) = f, and
(ii)  for every n holds (the backward difference of f and h)(n+1) = bD((the
backward difference of f and h)(n), h).
Let f be a partial function from R to R and let h be a real number. We
introduce bdif(f,h) as a synonym of the backward difference of f and h.
We now state several propositions:

(12) For every n holds (bdif(f,h))(n) is a function from R into R.

(13) If f is constant, then for every x holds (bdif(f,h))(n + 1)(x) = 0.

(14) (bdif(r f,h))(n + 1)(z) = r - (bdif(f, h))(n + 1)(x).

(15) (bif (1 + fo, )+ 1)() = (baif(f1, h)(r -+ 1)() + (bdif (fo, h))(n +
1)(z).

(16) )((b<)ilf fr = fa,0))(n 4+ 1)(x) = (bdif(f1, h))(n +1)(x) — (bdif (f2, h))(n +

(17) If f = ri f1 + 72 f2, then for every z holds (bdif(f,h))(n + 1)(z) =
r1 - (bdif(f1,h))(n + 1)(x) + ro - (bdif(f2,h))(n + 1)(x).
(18)  (bdif(f,R))(1)(x) = f(x) — (Shift(f, —h))(x).
Let f be a partial function from R to R and let A be a real number. The

central difference of f and h yielding a sequence of partial functions from R into
R is defined by the conditions (Def. 8).
(Def. 8)(i) (The central difference of f and h)(0) = f, and
(ii)  for every m holds (the central difference of f and h)(n + 1) = cD((the
central difference of f and h)(n),h).

Let f be a partial function from R to R and let h be a real number. We
introduce cdif(f, h) as a synonym of the central difference of f and h.

One can prove the following propositions:

(19) For every n holds (cdif(f, h))(n) is a function from R into R.

(20) If f is constant, then for every x holds (cdif(f,h))(n + 1)(z) = 0.

(21)  (cdif(r f,h))(n+ 1)(z) =7 - (cdif(f, h))(n + 1)(x).

(22)  (cdif(f1 + f2, h))(n + 1)(x) = (cdif(f1,h))(n + 1)(2) + (cdif (f2, k) (n +
1)(x).

(23) )((Cd)lf(fl fa, 1)) (n +1)(z) = (cdif (f1,h))(n + 1)(x) — (cdif(f2,h))(n +

(24) If f = r1 f1 + ro fo, then for every z holds (cdif(f,h))(n + 1)(z) =
r1 - (cdif (f1, h))(n + 1)(2) + r2 - (cdif (f2, k) (0 + 1) (2).

(25)  (cdif(f,h))(1)(x) = (Shift(f, §))(x) — (Shift(f, —5))(x).

(26) (fdif(f, h))(n)(z) = (bdif(f,h))(n)(x +n - h).

(27)  (fdif(f,h))(2 - n)(z) = (cdif (f, h))(2 - n)(z + n - h).

(28)  (fdif (f,h))(2 - n+ 1)(x) = (cdif (f,))(2-n+1)(z +n-h+5).



118 BO LI AND YAN ZHANG AND XIQUAN LIANG

Let f be a function from R into R and let us consider zg, 1. The functor
A(f,xo, 1) yielding a real number is defined as follows:

(Def 9)<1) A(f? .Z'Q,.%'l) = % if Zo 7& Iy,
(ii) o # x1, otherwise.
Let g, 1, To be real numbers and let f be a function from R into R. The

functor [!f, zg, z1, z2!] yielding a real number is defined as follows:

(Def. 10)(1)  ['f, zo, 1, 22!] = Allwo.e) A1) jf g0 £ gy

To—T2

(ii) o # w2, otherwise.
Let zg, x1, 2, 3 be real numbers and let f be a function from R into R.

The functor [!f, zg, z1, 2, z3!] yielding a real number is defined by:
(Def. 11)(i) [, @0, 21, 2, 23] = [f.zo.z1,@2l]—[fiw1,e2,28!] sp zo # 23,

To—T3

(ii) o # x3, otherwise.
We now state several propositions:
(29) If xo # 1, then A(f,x0,21) = A(f, z1,20).
(30) If f is constant and zo # z1, then A(f,zg,x1) = 0.
(31) If mg # w1, then A(r f,zo,z1) =7 - A(f, 0, x1).
(32) 1If xg # w1, then A(f1 + fo, o, 21) = A(f1,20,21) + A(f2, o, x1).
(33) If o # x1, then A(ry f1 + r2 fo,z0,21) = 71 - A(f1,20,71) + 72 -
A(f2,0,71).
(34) Ifxg # x1 and xg # 2 and z1 # 9, then [ f, xg, x1, x2!] = [If, 21, 22, To!]
and [\f, o, z1, z2!] = [If, 22, 21, 20!].
(35) Ifxg # x1 and zg # x2 and x1 # x9, then [\ f, xo, 21, z2!] = [If, z2, x0, 1]
and [If, xo, z1, x2!] = [If, 21, zo, 22!].
(36)  (fAif ((fdif(f, h))(m), h))(n)(z) = (fdif (f, h))(m + n)(z).
Let us consider S. We say that S is sequence-yielding if and only if:

(Def. 12) For every n holds S(n) is a sequence of real numbers.

Let us note that there exists a sequence of partial functions from R into R
which is sequence-yielding.

A seq sequence is a sequence-yielding sequence of partial functions from R
into R.

Let S be a seq sequence and let us consider n. Then S(n) is a sequence of
real numbers.

In the sequel S denotes a seq sequence.

Next we state the proposition

(37) Suppose that for every n and for every i such that ¢ < n holds
Sm)(@) = (7) - (dif(f1,h))(@)(x) - (fdif(f2,h))(n =" i)(z + i - h).
;hen <( % )fQ, m)(1)(x) = g S(1)(k) and (fdif(f1 f2,1))(2)(x) =
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