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Summary. Here, we present determinants of some square matrices of
field elements. First, the determinat of 2 % 2 matrix is shown. Secondly, the
determinants of zero matrix and unit matrix are shown, which are equal to 0
in the field and 1 in the field respectively. Thirdly, the determinant of diagonal
matrix is shown, which is a product of all diagonal elements of the matrix. At the
end, we prove that the determinant of a matrix is the same as the determinant
of its transpose.
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The articles [19], [26], [2], [27], [5], [4], [8], [24], [18], [17], [14], [6], [23], [7], [25],
[20], [21], [3], [12], [28], [10], [15], [16], [11], [13], [1], [9], and [22] provide the
notation and terminology for this paper.
In this paper n, i, [ are natural numbers.
The following propositions are true:
(1) For every permutation f of Seg2 holds f = (1,2) or f = (2,
(2) For every finite sequence f such that f = (1,2) or f = (2,1
a permutation of Seg 2.
(3) The permutations of 2-element set = {(1,2),(2,1)}.
(4) For every permutation p of Seg?2 such that p is a transposition holds
p=(2,1).
(5) Let D be anon empty set, f be a finite sequence of elements of D, and ko
be a natural number. If 1 < ks and ko < len f, then f = (mid(f,1,k2)) "
mid(f, k2 + 1,len f).
(6) For every non empty set D and for every finite sequence f of elements of

D such that 2 <len f holds f = (f[(len f —"2)) " mid(f,len f —' 1,len f).

).

1
) holds f is
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(7) For every non empty set D and for every finite sequence f of elements
of D such that 1 <len f holds f = (f[(len f —' 1)) ~ mid(f,len f,len f).

(8) Let a be an element of Ay. Given an element ¢ of the permutations of
2-element set such that ¢ = a and ¢ is a transposition. Then a = (2,1).

(9) Let n be a natural number, a, b be elements of A,,, and ps, p1 be elements
of the permutations of n-element set. If a = po and b = p1, then a - b =
p1 - Dp2.

(10) Let a, b be elements of Ay. Suppose that
(i)  there exists an element p of the permutations of 2-element set such that
p = a and p is a transposition, and

(ii)  there exists an element ¢ of the permutations of 2-element set such that

q = b and ¢ is a transposition.
Then a - b= (1,2).
(11) Let I be a finite sequence of elements of A,. Suppose that

(i) lenlmod2 =0, and

(ii)  for every ¢ such that ¢ € dom! there exists an element ¢ of the permu-
tations of 2-element set such that (i) = ¢ and ¢ is a transposition.

Then []1 = (1,2).
(12) For every field K and for every matrix M over K of dimension 2 holds
Det M = M171 . M272 - MLQ . M271.

Let n be a natural number, let K be a field, let M be a matrix over K of
dimension n, and let a be an element of K. Then a - M is a matrix over K of
dimension n.

The following three propositions are true:

(13) For every field K and for all natural numbers n, m holds
nxm nxm

0 ... 0 0O ... 0
len(| @ - )=nand dom(| : . ) = Segn.

0 ... 0/, 0 ... 0/,

(14) Let K be a field, n be a natural number, p be an element of the per-
mutations of n-element set, and ¢ be a natural number. If ¢ € Segn, then

p(i) € Segn.
(15) For every field K and for every natural number n such that n > 1 holds
0 0 nxn
Det(| @ .. : ) =0x.
0 ... 0/

Let x, y, a, b be sets. The functor IFIN(z,y, a,b) is defined by:
a, if x €y,

(Def. 1) IFIN(z,y,a,b) = { b, otherwise.

We now state the proposition
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(16) For every field K and for every natural number n such that n > 1 holds
1 O nxn
Det( T. ) = 1[(.
0 1)
Let K be a field, let n be a natural number, and let M be a matrix over K
of dimension n. We say that M being diagonal if and only if:
(Def. 2) For all natural numbers 4, j such that i € Segn and j € Segn and i # j
holds Mi,j = OK
One can prove the following propositions:
(17) Let K be a field, n be a natural number, and A be a matrix over K of

dimension n. Suppose n > 1 and A being diagonal. Then Det A = (the
multiplication of K) ® (the diagonal of A).
(18) Let n be a natural number and p be an element of the permutations of

1'is an element of the permutations of n-element

n-element set. Then p~
set.
Let us consider n and let p be an element of the permutations of n-element

1

set. Then p~ is an element of the permutations of n-element set.

Next we state the proposition
(19) Let n be a natural number, K be a field, and A be a matrix over K of

dimension n. Then AT is a matrix over K of dimension n.

Let n be a natural number, let K be a field, and let A be a matrix over K
of dimension n. The functor A" yields a matrix over K of dimension n and is
defined as follows:

(Def. 3) AT = (A qua matrix over K)T.
The following proposition is true
(20) For every group G and for all finite sequences f1, fo of elements of G
holds ([T(f1 ™ f2))~' = (I1f2)~ " - (ITf) "

Let G be a group and let f be a finite sequence of elements of G. The functor
f~! yields a finite sequence of elements of G and is defined by:

(Def. 4) len(f~1) = len f and for every natural number i such that i € Seglen f
holds (f~1); = (fi)™".
One can prove the following propositions:

(21) For every group G holds (g(the carrier of G))i1 = E(the carrier of G)-

(22) For every group G and for all finite sequences f, g of elements of G holds
(frgt=0"H"g

(23) For every group G and for every element a of G holds (a)~! = (a™1).

(24) For every group G and for every finite sequence f of elements of G holds

[1(f ™ Rev(f))™) = Le-
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(25) For every group G and for every finite sequence f of elements of G holds
[TU(Rev(£))™) " f) = le-

(26) For every group G and for every finite sequence f of elements of G holds
(ITH7" =TI((Rev() ).

(27) Let I; be an element of the permutations of n-element set and Is be an
element of A,,. If [y = I; and n > 1, then [; ' = I, 1.

(28) Let n be a natural number and I3 be an element of the permutations of
n-element set. If n > 1, then I3 is even iff I3~ ! is even.

(29) Let n be a natural number, K be a field, p be an element of the per-
mutations of n-element set, and x be an element of K. If n > 1, then
(—1)sen@) g = (—1)sene™ g,

(30) Let K be a field and f1, fa be finite sequences of elements of K. Then
(the multiplication of K) ® (f1 ™ f2) = ((the multiplication of K) ® (f1)) -
((the multiplication of K) & (f2)).

(31) Let K beafield and Ry, Rs be finite sequences of elements of K. Suppose
R; and Ry are fiberwise equipotent. Then (the multiplication of K) ®
(R1) = (the multiplication of K) ® (R2).

(32) Let n be a natural number, K be a field, p be an element of the permu-
tations of n-element set, and f, g be finite sequences of elements of K. If
n>1andlen f=nand g= f-p, then f and g are fiberwise equipotent.

(33) Let n be a natural number, K be a field, p be an element of the per-
mutations of n-element set, and f, g be finite sequences of elements of K.
Suppose n > 1 and len f = n and g = f - p. Then (the multiplication of
K) ® f = (the multiplication of K) ® g.

(34) Let n be a natural number, K be a field, p be an element of the permu-
tations of n-element set, and f be a finite sequence of elements of K. If
n > 1 and len f = n, then f - p is a finite sequence of elements of K.

(35) Let n be a natural number, K be a field, p be an element of the per-
mutations of n-element set, and A be a matrix over K of dimension n. If
n > 1, then p~!-Path AT = (p-Path A) - p~1.

(36) Let n be a natural number, K be a field, p be an element of the per-
mutations of n-element set, and A be a matrix over K of dimension n.
Suppose n > 1. Then (the product on paths of AT)(p~!) = (the product
on paths of A)(p).

(37) Let n be a natural number, K be a field, and A be a matrix over K of
dimension n. If n > 1, then Det A = Det(A™).
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Summary. This article provides definitions of idempotent, nilpotent, in-
volutory, self-reversible, similar, and congruent matrices, the trace of a matrix
and their main properties.

MML identifier: MATRIX_8, version: 7.6.01 4.53.937

The terminology and notation used here are introduced in the following articles:
7, 3, 111, 93, 18], [6], [4], [2], [5], [11], and [10].

We adopt the following convention: n is a natural number, K is a field, and
My, My, M3, My, My, Mg are matrices over K of dimension n.

Let n be a natural number, let K be a field, and let M7 be a matrix over K
of dimension n. We say that M; is idempotent if and only if:

(Def 1) M1 . M1 = Ml.
We say that M is 2-nilpotent if and only if:
0 O nxn
(Def 2) M1 . Ml = : .. :
0 ... 0/,
We say that M; is involutory if and only if:
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nxn

(Def 3) M1 . M1 = ..
0 1)
We say that M is self invertible if and only if:
(Def. 4)  M; is invertible and M1~ = M;.

We now state a number of propositions:

1 0 nxn
(1) is idempotent and involutory.
0 L)
0 0 nxn
(2) Ifn>0,then | : . : is idempotent and 2-nilpotent.
0 ... 0 i

(3) Ifn>0and My = M", then M; is idempotent iff My is idempotent.
(4) If My is involutory, then M; is invertible.
5) If M; is idempotent and Ms is idempotent and M, is permutable with
( p p p

My, then My - My is permutable with My - M.
(6) If n > 0 and M; is idempotent and Mj is idempotent and M; is per-

O 0 nxn
mutable with My and M; - My = Lo , then My 4+ M is

0 ... 0/,

idempotent.

(7) If n > 0 and M is idempotent and M, is idempotent and My - My =
—My - My, then M7 4+ Ms is idempotent.

(8) If My is idempotent and My is invertible, then My™~ - My - My is idem-

potent.
(9) If n >0 and M; is invertible and idempotent, then M;~ is idempotent.
1 0 nxn
(10) If M; is invertible and idempotent, then M; = i
0 Iy

(11) If M is idempotent and My is idempotent and M is permutable with
My, then My - M> is idempotent.

(12) If n > 0 and M; is idempotent and Mj is idempotent and M; is per-
mutable with My and M3 = M M2T, then Mj is idempotent.

(13) If M, is idempotent and M, is idempotent and M is invertible, then
My - M> is idempotent.

(14) If n > 0 and M, is idempotent and orthogonal, then M is symmetrical.
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(15) If M; is idempotent and My is idempotent and My - M; =

1 O nxn
, then M7 - M5 is idempotent.
0 1 K
1 0 nxn
(16) If M; is idempotent and orthogonal, then M; = .
0 1 K
(17) If n > 0 and M; is symmetrical and My = M; ", then M; - My is sym-
metrical.
(18) If n > 0 and M; is symmetrical and My = M; ", then M, - M, is sym-
metrical.
(19) If My is invertible and My - My = My - M3, then My = Ms.
(20) If M, is invertible and My - My = M3 - My, then My = Ms.
O 0 nxn
(21) If n > 0 and M; is invertible and My - M; = | @ . , then
. 0 ... 0 %
0 ... 0\"™"
M,y =
0O ... 0 K
O 0 nxn
n >0 an 1 1s 1nvertible an 9 My = Lot , then
(22) If 0 and M is i ibl d My - M : : h
. 0o ... 0 i
0O ... 0
My = : R
0O ... 0 K

(23) If M; is 2-nilpotent and permutable with My and n > 0, then M; - Mo
is 2-nilpotent.
(24) If n > 0 and M is 2-nilpotent and Mp is 2-nilpotent and M, is per-
0 0 nxn
mutable with My and M7 - My = o , then My + Ms is

0 ... 0/,

2-nilpotent.

(25) If My is 2-nilpotent and My is 2-nilpotent and My - My = — My - My and
n > 0, then M7 + Ms is 2-nilpotent.

(26) If M; is 2-nilpotent and My = M;" and n > 0, then My is 2-nilpotent.
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O 0 nxn
(27) 1If M, is 2-nilpotent and idempotent, then M; =
0 ... 0/,
0 ... 0\"" 1 0\""
(28) Ifn>0,then | © -. o _
0 ... 0 i 0 1 %
(29) If n > 0 and M; is 2-nilpotent, then M; is not invertible.
(30) If My is self invertible, then M; is involutory.
1 0 nxn
(31) is self invertible.
0 Iy
1 O nxn
(32) If M; is self invertible and idempotent, then M; = )
0 1)

(33) If M; is self invertible and symmetrical, then M; is orthogonal.
Let n be a natural number, let K be a field, and let M7, My be matrices
over K of dimension n. We say that M; is similar to Ms if and only if:
(Def. 5) There exists a matrix M over K of dimension n such that M is invertible
and My = M~ - My - M.
Let us notice that the predicate M7 is similar to My is reflexive and symmetric.
The following propositions are true:
(34) If M is similar to My and Ms is similar to M3 and n > 0, then M is
similar to Ms3.
(35) If M, is similar to My and My is idempotent, then M is idempotent.
(36) If M; is similar to My and My is 2-nilpotent and n > 0, then M is
2-nilpotent.
(37) If M, is similar to My and My is involutory, then M is involutory.

1 0 nxn
(38) If M is similar to My and n > 0, then M; + is similar
0 L)
1 O nxn
to M2 +
0 1)

(39) If M; is similar to My and n > 0, then M; + M; is similar to My + My.
(40) If M; is similar to My and n > 0, then M; + M; + M is similar to
My + My + M.
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(41) If M, is invertible, then My - M) is similar to M - My.
(42) If My is invertible and M; is similar to My and n > 0, then M is
invertible.
(43) 1If Ms is invertible and M; is similar to My and n > 0, then M7~ is
similar to Msy™.
Let n be a natural number, let K be a field, and let M7, My be matrices
over K of dimension n. We say that M; is congruent to My if and only if:
(Def. 6) There exists a matrix M over K of dimension n such that M is invertible
and My = M* - My - M.
Next we state several propositions:
(44) If n >0, then M; is congruent to M.
(45) If Mj is congruent to My and n > 0, then M is congruent to M.

(46) If My is congruent to My and My is congruent to Ms and n > 0, then
M is congruent to Ms.

(47) If M; is congruent to My and n > 0, then M; + M; is congruent to
My + M.

(48) If M; is congruent to My and n > 0, then M; + M; + M, is congruent
to My + My + M.

(49) If M; is orthogonal, then Ms - M is congruent to My - M.

(50) If M, is invertible and M; is congruent to My and n > 0, then M; is
invertible.

(51) If My is invertible and M), is congruent to M and n > 0 and M5 = M,T
and Mg = M,", then M5 is congruent to Mg.

(52) If My is orthogonal and M; = M,T - M,y - My, then M is similar to Ms.
Let n be a natural number, let K be a field, and let M be a matrix over K
of dimension n. The functor Trace(M) yields an element of K and is defined
by:
(Def. 7) Trace(M) = (the diagonal of M).
The following propositions are true:
(53) If My = M;T, then Trace(M;) = Trace(M>).
(54) Trace(M; + Ms) = Trace(M;) + Trace(Ms).
(65) Trace(M; + My + Ms) = Trace(M;) + Trace(Ma) + Trace(Ms).
0 ... 0\
(56) Trace(| : . : | =0k
0 ... 0/,
(57) If n >0, then Trace(—M;) = —Trace(M;).
(58) If n >0, then —Trace(—M;) = Trace(M;).
(59) If n > 0, then Trace(M; + —M;) = Ok
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(60) If n > 0, then Trace(M; — My) = Trace(M;) — Trace(Ms).
(61) If n > 0, then Trace((M; — Ma) + M3) = (Trace(M;) — Trace(Ms)) +

Trace(Ms).

(62) If n > 0, then Trace((M; + Ms) — M3) = (Trace(M;) + Trace(My)) —

Trace(Ms).

(63) If n > 0, then Trace(M; — My — M3) = Trace(M;) — Trace(Ma) —

1]
2]
8]
[4]
[5]
[6]
[7]

8]
[9]

[10]

[11]

Trace(Ms).
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Summary. We introduce the notion of a permanent [13] of a square
matrix. It is a notion somewhat related to a determinant, so we follow closely the
approach and theorems already introduced in the Mizar Mathematical Library
for the determinant. Unfortunately, the formalization of the latter notion is at
its early stage, so we had to prove many very elementary auxiliary facts.
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The articles [18], [25], [14], [1], [16], [9], [26], [4], [6], [5], [2], [3], [15], [20], [21],
[12], [23], [17], [24], [7], [19], [10], [22], [8], [11], and [27] provide the terminology
and notation for this paper.

1. PRELIMINARIES

In this paper ¢, n are natural numbers and K is a field.
We now state the proposition

(1) For all sets a, A such that a € A holds {a} € Fin A.

!This is a part of the author’s MSc thesis.
2This work has been partially supported by the KBN grant 4 T11C 039 24 and the FP6
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Let n be a natural number. Observe that there exists an element of Fin (the
permutations of n-element set) which is non empty.

The scheme NonEmptyFiniteX deals with a natural number A, a non empty
element B of Finthe permutations of A-element set, and a unary predicate P,
and states that:

P[B]
provided the following conditions are met:
e For every element = of the permutations of A-element set such
that = € B holds P[{z}], and
e Let z be an element of the permutations of A-element set and B
be a non empty element of Fin (the permutations of .A-element
set). If z € Band B C B and x ¢ B and P[B], then P[B U {x}].

Let us consider n. Observe that there exists a function from Segn into Segn
which is one-to-one and finite sequence-like.

Let us consider n. Observe that idgeg is finite sequence-like.

One can prove the following two propositions:

(2) (Rev(idseq(2)))(1) = 2 and (Rev(idseq(2)))(2) = 1.
(3) For every one-to-one function f such that dom f = Seg2 and rng f =
Seg 2 holds f = idgeg2 or f = Rev(idgeg2).

2. PERMUTATIONS

One can prove the following propositions:
(4) Rev(idseq(n)) € the permutations of n-element set.

(5) Let f be a finite sequence. Suppose n # 0 and f € the permutations of
n-element set. Then Rev(f) € the permutations of n-element set.

(6) The permutations of 2-element set = {idseq(2), Rev(idseq(2))}.

3. THE PERMANENT OF A MATRIX

Let us consider n, K and let M be a matrix over K of dimension n. The
functor PPath M yielding a function from the permutations of n-element set
into the carrier of K is defined by:

(Def. 1) For every element p of the permutations of n-element set holds
(PPath M)(p) = (the multiplication of K) ® (p-Path M).

Let us consider n, K and let M be a matrix over K of dimension n. The
functor Per M yielding an element of K is defined as follows:

(Def. 2) Per M = (the addition of K)-> PPath M.

the permutations of m-element set

In the sequel a, b, ¢, d denote elements of K.
The following propositions are true:
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(7) Per{((a)) = a.
y Z
(8) For every field K and for every natural number n such that n > 1 holds
0 0 nxn
Per(| : .. ) =0k.
0 ... 0/,
(9) For every element p of the permutations of 2-element set such that p =

idseq(2) holds p-Path < ch cbl ) = (a,d).

(10) For every element p of the permutations of 2-element set such that p =

Rev(idseq(2)) holds p-Path < Z Z > = (b, c).

(11) (The multiplication of K) & (a,b) = a - b.

4. MATRICES WITH THE DIMENSION 2 AND 3

One can check that there exists a permutation of Seg2 which is odd.

Let n be a natural number. Observe that there exists a permutation of Segn
which is even.

One can prove the following four propositions:

(12) (2,1) is an odd permutation of Seg 2.

(13) Det(i Z)za-d—b-c.

c d
(15) Rev(idseq(3)) = (3,2,1).

In the sequel D is a non empty set.

(14) Per( a b ) =a-d+b-c

One can prove the following propositions:

(16) For all elements x, y, z of D and for every finite sequence f of elements
of D such that f = (z,y, z) holds Rev(f) = (z,y, ).

(17) Let f, g be finite sequences. Suppose f ~ g € the permutations of n-
element set. Then f ™~ Rev(g) € the permutations of n-element set.

(18) Let f, g be finite sequences. Suppose f ~ g € the permutations of n-
element set. Then g ~ f € the permutations of n-element set.

(19) The permutations of 3-element set = {(1,2,3),(3,2,1),(1,3,2),(2,3,
1),(2,1,3),(3,1,2)}.

(20) Leta,b, c d, e, f,g,h,ibeelements of K and M be a matrix over K of
dimension 3. Suppose M = ({(a,b,c), (d, e, f), (g, h,i)). Let p be an element
of the permutations of 3-element set. If p = (1,2,3), then p-Path M = (a,
e,1).
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(21) Leta,b,c d, e, f,g, h,ibeelements of K and M be a matrix over K of
dimension 3. Suppose M = ((a, b, c), (d, e, f), (g, h,)). Let p be an element
of the permutations of 3-element set. If p = (3,2,1), then p-Path M = (¢,
€,9).

(22) Leta,b,c d, e, f,g,h,ibeelements of K and M be a matrix over K of
dimension 3. Suppose M = ((a,b, c), (d, e, f), (g, h,)). Let p be an element
of the permutations of 3-element set. If p = (1, 3,2), then p-Path M = (a,
[l

(23) Leta,b,c d, e, f,g,h,ibeelements of K and M be a matrix over K of
dimension 3. Suppose M = ((a, b, c), (d, e, f), (g, h,)). Let p be an element
of the permutations of 3-element set. If p = (2, 3,1), then p-Path M = (b,
f:9)-

(24) Leta,b,c d, e, f, g, h,ibeelements of K and M be a matrix over K of
dimension 3. Suppose M = ((a, b, c), (d, e, f), (g, h,)). Let p be an element
of the permutations of 3-element set. If p = (2,1, 3), then p-Path M = (b,
d,i).

(25) Leta,b,c d, e, f,g,h,ibeelements of K and M be a matrix over K of
dimension 3. Suppose M = ((a, b, c), (d, e, f), (g, h,7)). Let p be an element
of the permutations of 3-element set. If p = (3, 1,2), then p-Path M = (c,
d,h).

(26) (The multiplication of K) ® (a,b,c) =a-b-c.
(27)(1) <1 3,2) € the permutations of 3-element set,

(ii)  (2,3,1) € the permutations of 3-element set,

(i) (2, 17 3) € the permutations of 3-element set,

(iv)  (3,1,2) € the permutations of 3-element set,

(v) (1,2,3) € the permutations of 3-element set, and

(vi)  (3,2,1) € the permutations of 3-element set.
(28) (2,3,1)7t = (3,1,2).
(29) For every element a of A3 such that a = (2,3,1) holds a~! = (3,1,2).

5. TRANSPOSITIONS

The following propositions are true:

(30) For every permutation p of Seg3 such that p = (1,3,2) holds p is a
transposition.

(31) For every permutation p of Seg3 such that p = (2,1,3) holds p is a
transposition.

(32) For every permutation p of Seg3 such that p = (3,2,1) holds p is a
transposition.
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(33) For every permutation p of Segn such that p = idgegy holds p is not a
transposition.

(34) For every permutation p of Seg3 such that p = (3,1,2) holds p is not a
transposition.

(35) For every permutation p of Seg3 such that p = (2,3,1) holds p is not a
transposition.

6. EVEN AND ODD PERMUTATIONS

One can prove the following propositions:

(36) Every permutation of Segn is a finite sequence of elements of Segn.

(37) (2,1,3) - (1,3,2) = (2,3,1) and (1,3,2) - (2,1,3) = (3,1,2) and (2,1,
3)-(3,2,1) = (3,1,2) and (3,2,1) - (2,1,3) = (2,3,1) and (3,2,1) - (3,2,
1) = (1,2,3) and (2,1,3) - (2,1,3) = (1,2,3) and (1,3,2) - (1,3,2) = (1,2,
3) and (1,3,2) - (2,3,1) = (3,2,1) and (2,3,1) - (2,3,1) = (3,1,2) and (2,

3,1)-(3,1,2) = (1,2,3) and <3 1,2)- (2,3 1) = (1,2,3) and (3,1,2) - (3,1,

2) =(2,3,1) and (1,3,2) - (3,2,1) = (2,3,1) and (3,2,1) - (1,3,2) = (3,1,

)

N

(38) For every permutation p of Seg3 such that p is a transposition holds
p=1(2,1,3) or p=(1,3,2) or p=(3,2,1).
(39) For all elements f, g of the permutations of n-element set holds f-g € the
permutations of n-element set.
(40) Let I be a finite sequence of elements of A,,. Suppose that
(i) lenlmod2 =0, and
(ii)  for every natural number ¢ such that ¢ € dom/! there exists an element
q of the permutations of n-element set such that (i) = ¢ and ¢ is a
transposition.
Then []! is an even permutation of Segn.
(41) Let [ be a finite sequence of elements of A3. Suppose that
(i) lenimod2 =0, and
(ii)  for every natural number ¢ such that ¢ € dom! there exists an element
g of the permutations of 3-element set such that [(i) = ¢ and ¢ is a
transposition.
Then [[1=(1,2,3) or [[{=(2,3,1) or [[I = (3,1,2).
Let us mention that there exists a permutation of Seg3 which is odd.
We now state four propositions:
(42) (3,2,1) is an odd permutation of Seg 3.
(43) (2,1,3) is an odd permutation of Seg 3.
(44) (1,3,2) is an odd permutation of Seg 3.
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(45) For every odd permutation p of Seg3 holds p = (3,2,1) or p = (1,3, 2)
orp=(2,1,3).

7. DETERMINANT AND PERMANENT

One can prove the following propositions:

(46) Let a, b, ¢, d, e, f, g, h, i be elements of K and M be a matrix over K
of dimension 3. If M = ({(a,b,¢),(d,e, f), (g, h,i)), then Det M = (((a - € -
i—c-e-g—a-f-h)+b-f-g)—b-d-i)+c-d-h.

(47) Leta, b, ¢, d, e, f, g, h, i be elements of K and M be a matrix over K
of dimension 3. If M = ({(a,b,c), (d,e, f), (g, h,i)), then Per M =a-e-i+
c-e-g+a-f-h+b-f-g+b-d-i+c-d-h.

(48) Let 4, n be natural numbers and p be an element of the permutations

of n-element set. If ¢ € Segn, then there exists a natural number k such
that k € Segn and i = p(k).

(49) Let M be a matrix over K of dimension n. Given a natural number
i such that ¢ € Segn and for every natural number k such that k €
Segn holds Mn;(k) = Ox. Let p be an element of the permutations of
n-element set. Then there exists a natural number [ such that [ € Segn
and (p-Path M)(l) = Og.

(50) Let p be an element of the permutations of n-element set and M be
a matrix over K of dimension n. Given a natural number ¢ such that
i € Segn and for every natural number k such that k € Segn holds
Mpn (k) = Ok. Then (the product on paths of M)(p) = Ok

(51) Let M be a matrix over K of dimension n. Given a natural number ¢ such
that ¢ € Segn and for every natural number k& such that k € Segn holds
Mp (k) = Og. Then (the addition of K)-) ¢ (the

the permutations of n-element set

product on paths of M) = 0.

(52) Let p be an element of the permutations of n-element set and M be
a matrix over K of dimension n. Given a natural number ¢ such that
i € Segn and for every natural number k such that k € Segn holds
Mp (k) = Ok. Then (PPath M)(p) = Ok.

(53) Let M be a matrix over K of dimension n. Given a natural number 7
such that ¢ € Segn and for every natural number k such that k € Segn
holds MD,z(k) = OK Then Det M = OK

(54) Let M be a matrix over K of dimension n. Given a natural number 4

such that ¢ € Segn and for every natural number k such that k € Segn
holds Mm;(k) = Ox. Then Per M = Og.
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8. ON THE PATHS OF MATRICES

One can prove the following two propositions:
(55) Let M, N be matrices over K of dimension n. Suppose i € Segn. Let
p be an element of the permutations of n-element set. Then there exists
a natural number k such that k € Segn and i = p(k) and (Ng;)r =
(p -Path N)k
(56) Let a be an element of K and M, N be matrices over K of dimension
n. Given a natural number ¢ such that

(i) i€ Segn,
(ii)  for every natural number k such that & € Segn holds Mm;(k) = a -
(ND,i)k7 and
(ili)  for every natural number [ such that [ # i and [ € Segn holds Mp; =
Noy.

Let p be an element of the permutations of n-element set. Then there exists
a natural number [ such that [ € Segn and (p-Path M); = a- (p-Path N);.
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Summary. Here, the concept of matrix of real elements is introduced.
This is defined as a special case of the general concept of matrix of a field.
For such a real matrix, the notions of addition, subtraction, scalar product are
defined. For any real finite sequences, two transformations to matrices are in-
troduced. One of the matrices is of width 1, and the other is of length 1. By
such transformations, two products of a matrix and a finite sequence are defined.
Also the linearity of such product is shown.
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1. PRELIMINARIES

In this paper ¢, j are natural numbers.
We now state a number of propositions:

(1) For all real numbers 71, 7o and for all elements fq, fo of Rp such that
ry = f1 and r9 = f2 holds r1 + 79 = f1 + f2.

(2) For all real numbers rq, o and for all elements fi, fo of Rp such that
ry = f1 and ro = f holds r1 - 1o = f1 - fo.

(3) For every finite sequence F' of elements of R holds F'+ —F = (0,...,0)
———
len F'
and F— F = (0,...,0).
———
len '
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(4) For all finite sequences F}, F; of elements of R such that len F; = len F
holds 7 — Fy, = Fy + —F5.

(5) For every finite sequence F' of elements of R holds F' — (0,...,0) = F.
———
len F’

(6) For every finite sequence F' of elements of R holds (0,...,0) — F' = —F.
——

len I
(7) For all finite sequences F}, F; of elements of R such that len F; = len F
holds I, — —Fy = Fy + F5.
(8) For all finite sequences F}, Fy of elements of R such that len F; = len F
holds —<F1 — Fz) = F2 — Fl.
(9) For all finite sequences F}, F; of elements of R such that len F; = len F
holds —<F1 — Fz) = —F + Fs.
(10) For all finite sequences F, Fy of elements of R such that len F} = len F
and F1 — F2 = <0, .. ,0> holds F1 = FQ.
——
len I}
(11) For all finite sequences Fy, Fy, F3 of elements of R such that len F} =
len F; and len Fy = len F3 holds Fy — Fy — F3 = Fy — (Fy + F3).
(12) For all finite sequences Fy, Fy, F3 of elements of R such that len F} =
len F5 and len Fy = len F3 holds Fy + (Fy — F3) = (Fy + F») — F3.
(13) For all finite sequences Fy, Fy, F3 of elements of R such that len F} =
len F5 and len Fy = len F3 holds Fy — (Fy — F3) = (Fy — Fy) + F3.
(14) For all finite sequences F, Fy of elements of R such that len F} = len I
holds F}| = (Fl + FQ) — 5.
(15) For all finite sequences F, Fy of elements of R such that len F} = len F5
holds F}| = (Fl — Fg) + F5.

2. MATRICES OF REAL ELEMENTS

The following propositions are true:

(16) Let K be a non empty groupoid, p be a finite sequence of elements of
K, and a be an element of K. Then len(a - p) = lenp.

(17) Let r be a real number, f3 be an element of Ry, p be a finite sequence
of elements of R, and f4 be a finite sequence of elements of Rp. If r = f3
and p = fy, then r-p = f3- f4.

(18) Let K be a field, a be an element of K, and A be a matrix over K. Then
the indices of a - A = the indices of A.

(19) Let K be a field, a be an element of K, and M be a matrix over K. If
1 <iand i < width M, then (a- M)g,; = a- Mg,.
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(20) Let K be afield, a be an element of K, M be a matrix over K, and ¢ be a
natural number. If 1 < i and i < len M, then Line(a-M,i) = a-Line(M,1).
(21) Let K be a field and A, B be matrices over K. Suppose width A =
len B. Then there exists a matrix C over K such that len C' = len A and
width C' = width B and for all 4, j such that (i, j) € the indices of C holds
C;,; = Line(4, i) - Bo;.
(22) Let K be a field, a be an element of K, and A, B be matrices over K. If
width A =len B and len A > 0 and len B > 0, then A-(a-B) = a-(A- B).
Let A be a matrix over R. The functor (R — Rp)A yielding a matrix over
Ry is defined as follows:
(Def. 1) (R — Rp)A = A.
Let A be a matrix over Rp. The functor (Rp — R)A yielding a matrix over
R is defined by:
(Def. 2) (Rp — R)A = A.
We now state two propositions:
(23) Let Dy, D9 be sets, A be a matrix over Dj, and B be a matrix over
Dy. Suppose A = B. Let given 4, j. If (i, j) € the indices of A, then
A =DB;;.
(24) For every field K and for all matrices A, B over K holds the indices of
A+ B = the indices of A.
Let A, B be matrices over R. The functor A+ B yields a matrix over R and
is defined by:
(Def. 3) A+ B =(Rr —»R)((R— Rp)A + (R — Rp)B).
One can prove the following two propositions:
(25) Let A, B be matrices over R. Then len(A + B) = len A and width(A +
B) = width A and for all 4, j such that (i, j) € the indices of A holds
(A+B);j = A j+ By j.
(26) Let A, B, C' be matrices over R. Suppose len A = len B and width A =
width B and len C' = len A and width C' = width A and for all ¢, j such
that (i, j) € the indices of A holds C; ; = A; j + B; j. Then C = A+ B.
Let A be a matrix over R. The functor —A yields a matrix over R and is
defined as follows:
(Def. 4) —A = (Rp — R)(—(R — Rp)A).
Let A, B be matrices over R. The functor A — B yielding a matrix over R
is defined as follows:
(Def. 5) A—B=(Rrp - R)(R— Rp)A - (R — Rp)B).
The functor A - B yielding a matrix over R is defined by:
(Def. 6) A-B=Rp - R)((R—Rp)A- (R — Rp)B).

23



24 YATSUKA NAKAMURA et al.

Let a be a real number and let A be a matrix over R. The functor a - A
yields a matrix over R and is defined as follows:
(Def. 7) For every element e; of Ry such that e; = @ holds a - A = (Rp —
R)(e1 - (R — Rg)A).

The following propositions are true:

(27) For every real number a and for every matrix A over R holds len(a-A) =
len A and width(a - A) = width A.
(28) For every real number a and for every matrix A over R holds the indices
of a - A = the indices of A.
(29) Let a be a real number, A be a matrix over R, and i9, j2 be natural
numbers. If (is, jo) € the indices of A, then (a- A);, j, = a- A;, j,.
(30) For every real number a and for every matrix A over R such that len A >
0 and width A > 0 holds (a- A)T =a- AT.
(31) Let a be a real number, i be a natural number, and A be a matrix over
R. Suppose len A > 0 and i € dom A. Then
(i)  there exists a finite sequence p of elements of R such that p = A(i),
and
(ii)  for every finite sequence g of elements of R such that ¢ = A(¢) holds
(a-A)i)=a-q.

(32) For every matrix A over R holds 1- A = A.
(33) For every matrix A over R holds A+ A =2-A.
(34) For every matrix A over R holds A+ A+ A =3 A.

0 ... 0\""
Let n, m be natural numbers. The functor o yields a
0 ... 0/4
matrix over R and is defined by:
0 0 nxm 0 0 nxm
(Def. 8) Do =Rp = R)(| + - )-
0 ... 0/ 0 ... 0 Rp

One can prove the following propositions:
(35) For all matrices A, B over R such that len B > 0 holds A——B = A+ B.

(36) Let n, m be natural numbers and A be a matrix over R. If len A = n

0 0 nxm
and widthA = m and n > 0, then A+ | :© . = A and
- 0 ... 0 /4
0 ... 0
+A=A
0 ... 0
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(37) For all matrices A, B over R such that lenA = lenB and
widthA = widthB and lenA > 0 and A = A + B holds B =
len Axwidth A
0 ... 0
0 ... 0 .
(38) For all matrices A, B over R such that len A = len B and width A =
len Axwidth A
0 ... 0
width B and lenA4 > 0 and A+ B = o holds
0 ... 0 .
B=-A.

(39) For all matrices A, B over R such that len A len B and

widthA = widthB and lenA > 0 and B — A = B holds A =
0 0 len Axwidth A

0 ... 0
R
(40) For every real number a and for all matrices A, B over R such that
width A =len B and len A > 0 and len B > 0 holds A-(a-B) = a-(A-B).

(41) Let a be a real number and A, B be matrices over R. If width A = len B
and len A > 0 and len B > 0 and width B > 0, then (a-A)-B =a-(A-B).

(42) For every matrix M over R such that lenM > 0 holds M +
0 0 len M xwidth M

: AR =M.
0 ... 0/4
(43) For every real number a and for all matrices A, B over R such that
len A = len B and width A = width B and len A > 0 holds a - (A + B) =

a-A+a-B.
(44) For every matrix A over R such that lenA > 0 holds 0 - A =
len Axwidth A
0 ... 0
0 ... 0/4

Let z be a finite sequence of elements of R. Let us assume that lenx > 0.
The functor ColVec2Mx x yields a matrix over R and is defined as follows:

(Def. 9) len ColVec2Mx x = lenx and width ColVec2Mxz = 1 and for every j

such that j € dom x holds (ColVec2Mx z)(j) = (z(j)).
The following three propositions are true:

(45) Let x be a finite sequence of elements of R and M be a matrix over R.
If lenz > 0, then M = ColVec2Mx z iff M, = x and width M = 1.

(46) For all finite sequences x1, xy of elements of R such that lenz; =

25
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lenzy and lenz; > 0 holds ColVec2Mx(z; + z3) = ColVec2Mx z; +
ColVec2Mx 5.

(47) For every real number a and for every finite sequence = of elements of R
such that lenz > 0 holds ColVec2Mx(a - ) = a - ColVec2Mx x.

Let z be a finite sequence of elements of R. The functor LineVec2Mx x
yielding a matrix over R is defined as follows:

(Def. 10) width LineVec2Mx z = lenz and len LineVec2Mx z = 1 and for every j
such that j € domx holds (LineVec2Mx z)1 ; = z(j).
The following propositions are true:

(48) Let x be a finite sequence of elements of R and M be a matrix over
R. Then M = LineVec2Mx z if and only if the following conditions are
satisfied:

(i) Line(M,1) =z, and
(ii) lenM =1.

(49) For every finite sequence x of elements of R such that lenz > 0 holds
(LineVec2Mx z)T = ColVec2Mx = and (ColVec2Mx z)T = LineVec2Mx .

(50) For all finite sequences x1, xa of elements of R such that lenz; =
lenzy and lenzy > 0 holds LineVec2Mx(x; + x2) = LineVec2Mx x1 +
LineVec2Mx x5.

(51) For every real number a and for every finite sequence x of elements of R
holds LineVec2Mx(a - z) = a - LineVec2Mx z.

Let M be a matrix over R and let x be a finite sequence of elements of R.
The functor M - z yields a finite sequence of elements of R and is defined as
follows:

(Def. 11) M -z = (M - ColVec2Mx ) ;.
The functor x- M yielding a finite sequence of elements of R is defined as follows:
(Def. 12) 2 - M = Line(LineVec2Mx z - M, 1).
Next we state a number of propositions:
(52) Let z be a finite sequence of elements of R and A be a matrix over R.
If len A > 0 and if width A > 0 and if len A = len z or width(A™") = len z,
then AT .z =z - A.
(53) Let x be a finite sequence of elements of R and A be a matrix over R.
If len A > 0 and if width A > 0 and if width A = lenx or len(A") = len z,
then A-z=x- AT,
(54) Let A, B be matrices over R. Suppose len A = len B and width A =
width B. Let i be a natural number. If 1 < 4 and i < width A, then
(A+ B)o,; = Ao, + Bo,-
(55) Let A, B be matrices over R. Suppose len A = len B and width A =
width B. Let i be a natural number. If 1 <4 and i <len A, then Line(A+
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B, i) = Line(A, i) + Line(B, 7).

(56) Let a be a real number, M be a matrix over R, and i be a natural
number. If 1 <4 and ¢ < width M, then (a - M)g,; = a - Mp;.

(57) Let x1, x2 be finite sequences of elements of R and A be a matrix over
R. If lenxzy = lenx9 and width A = lenz; and lenz; > 0 and len A > 0,
then A- (z1+22) = A-x1+ A - xo.

(58) Let x1, 2 be finite sequences of elements of R and A be a matrix over
R. If lenxzy = lenxy and len A = lenx; and lenzy > 0, then (x1+x2) - A =
Ty A+ 39+ A

(59) Let a be a real number, x be a finite sequence of elements of R, and A
be a matrix over R. If width A =lenx and lenx > 0 and len A > 0, then
A-(a-z)=a-(A-x).

(60) Let a be a real number, x be a finite sequence of elements of R, and A
be a matrix over R. If len A = lenx and lenx > 0 and width A > 0, then
(a-x)-A=a-(z-A).

(61) Let x be a finite sequence of elements of R and A be a matrix over R.
If width A =lenz and lenz > 0 and len A > 0, then len(A - z) = len A.

(62) Let x be a finite sequence of elements of R and A be a matrix over R.

If len A =lenx and lenx > 0 and width A > 0, then len(x - A) = width A.

(63) Let x be a finite sequence of elements of R and A, B be matrices over
R. If len A = len B and width A = width B and width A = lenz and
len A >0 and lenx >0, then (A+B)-z=A-z+ B -z.

(64) Let x be a finite sequence of elements of R and A, B be matrices over R.
Iflen A = len B and width A = width B and len A = len z and width A > 0
and lenx >0, then z- (A+ B)=z-A+z-B.

(65) Let n, m be natural numbers and z be a finite sequence of elements of R.

O 0 nxm
Iflenx =mandn >0andm > 0,then | @ -. = (0,...,0).
——
0 ... 0 /4 n
(66) Let n, m be natural numbers and z be a finite sequence of elements of R.
0 0 nxm
Iflenz =nandn >0andm > 0,thenz- | : -. =(0,...,0).
——
0 0 /g m

REFERENCES

[1] Grzegorz Bancerek. The ordinal numbers. Formalized Mathematics, 1(1):91-96, 1990.

[2] Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite
sequences. Formalized Mathematics, 1(1):107-114, 1990.

[3] Czestaw Byliriski. Binary operations. Formalized Mathematics, 1(1):175-180, 1990.



28

[4]
[5]
[6]
[7]
8]

[9]
[10]

[11]
[12]
[13]
[14]

15
16

17
18

19
20

21]

22]

YATSUKA NAKAMURA et al.

Czestaw Bylinski. Binary operations applied to finite sequences. Formalized Mathematics,
1(4):643-649, 1990.

Czestaw Byliriski. Finite sequences and tuples of elements of a non-empty sets. Formalized
Mathematics, 1(3):529-536, 1990.

Czestaw Byliniski. Functions and their basic properties. Formalized Mathematics, 1(1):55—
65, 1990.

Czestaw Byliriski. Functions from a set to a set. Formalized Mathematics, 1(1):153-164,

1990.
Czestaw Byliniski. The sum and product of finite sequences of real numbers. Formalized

Mathematics, 1(4):661-668, 1990.

Agata Darmochwal. The Euclidean space. Formalized Mathematics, 2(4):599-603, 1991.
Katarzyna Jankowska. Matrices. Abelian group of matrices. Formalized Mathematics,
2(4):475-480, 1991.

Jarostaw Kotowicz and Yatsuka Nakamura. Introduction to Go-board — part I. Formalized
Mathematics, 3(1):107-115, 1992.

Fugeniusz Kusak, Wojciech Leoniczuk, and Michal Muzalewski. Abelian groups, fields
and vector spaces. Formalized Mathematics, 1(2):335-342, 1990.

Yatsuka Nakamura and Hiroshi Yamazaki. Calculation of matrices of field elements. Part
1. Formalized Mathematics, 11(4):385-391, 2003.

Library Committee of the Association of Mizar Users. Binary operations on numbers. To
appear in Formalized Mathematics.

Andrzej Trybulec. Subsets of complex numbers. To appear in Formalized Mathematics.

Andrzej Trybulec. Tarski Grothendieck set theory. Formalized Mathematics, 1(1):9-11,

1990.
Wojciech A. Trybulec. Groups. Formalized Mathematics, 1(5):821-827, 1990.

Wojciech A. Trybulec. Vectors in real linear space. Formalized Mathematics, 1(2):291—
296, 1990.

Zinaida Trybulec. Properties of subsets. Formalized Mathematics, 1(1):67-71, 1990.
Edmund Woronowicz. Relations defined on sets. Formalized Mathematics, 1(1):181-186,

1990.
Katarzyna Zawadzka. The sum and product of finite sequences of elements of a field.

Formalized Mathematics, 3(2):205-211, 1992.
Katarzyna Zawadzka. The product and the determinant of matrices with entries in a
field. Formalized Mathematics, 4(1):1-8, 1993.

Received February 20, 2006



FORMALIZED MATHEMATICS
Volume 14, Number 1, Pages 29-36
University of Bialystok, 2006

On the Properties of the Mobius Function

Magdalena Jastrzebska!
Institute of Mathematics
University of Bialystok
Akademicka 2, 15-267 Bialystok, Poland

Adam Grabowski?
Institute of Mathematics
University of Bialystok
Akademicka 2, 15-267 Bialystok, Poland

Summary. We formalized some basic properties of the Mdbius function
which is defined classically as
1, ifn=1,
u(n) =< 0, if p?|n for some prime p,
(=1)", if n = pip2---pr, where p; are distinct primes.
as e.g., its multiplicativity. To enable smooth reasoning about the sum of
this number-theoretic function, we introduced an underlying many-sorted set
indexed by the set of natural numbers. Its elements are just values of the Mobius
function.
The second part of the paper is devoted to the notion of the radical of number,
i.e. the product of its all prime factors.
The formalization (which is very much like the one developed in Isabelle proof
assistant connected with Avigad’s formal proof of Prime Number Theorem) was
done according to the book [13].

MML identifier: MOEBIUS1, version: 7.7.01 4.60.940

The notation and terminology used here are introduced in the following papers:
[26], [31], [12], [6], [3], [4], [1], [24], [2], [19], [18], [29], [32], [8], [9], [5], [17], [16],
[28], [33], [22], [23], [11], [14], [20], [10], [15], [27], [25], [7], [30], and [21].

!This is a part of the author’s MSc thesis.
2This work has been partially supported by the KBN grant 4 T11C 039 24 and the FP6
IST grant TYPES No. 510996.

@ 2006 University of Bialystok
29 ISSN 1426-2630



30 MAGDALENA JASTRZEBSKA AND ADAM GRABOWSKI
1. PRELIMINARIES

The scheme LambdaNATC deals with an element A of N, a set B, and a
unary functor F yielding a set, and states that:
There exists a function f from N into B such that f(0) = A and
for every non zero natural number x holds f(z) = F(z)
provided the parameters have the following properties:
e Ac B, and
e For every non zero natural number x holds F(z) € B.
One can check that there exists a natural number which is non prime and
non zero.
One can prove the following propositions:
(1) For every non zero natural number n such that n # 1 holds n > 2.
(2) For all natural numbers k, n, ¢ such that 1 < k holds i € Segn iff
k-i€ Seg(k-n).
(3) For all natural numbers m, n such that m and n are relative prime holds
m > (0 or n > 0.
(4) For every non prime natural number n such that n # 1 there exists a
prime number p such that p | n and p # n.
(5) For every natural number n such that n # 1 there exists a prime number
p such that p | n.
(6) For every prime number p and for every non zero natural number n holds
p | n iff p-count(n) > 0.
(7) support PPF(1) = 0.
(8) For every prime number p holds support PPF(p) = {p}.

In the sequel m, n are natural numbers.
We now state the proposition
(9) For every prime number p such that n # 0 and m < p-count(n) holds
p" [ n.
Let us observe that every natural number which is odd is also non zero.
The following propositions are true:
(10) For every natural number a and for every prime number p such that
p? | a holds p | a.
(11) Let p be a prime natural number and m, n be non zero natural numbers.
If m and n are relative prime and p? | m - n, then p? | m or p? | n.
(12) For every real bag N over N such that support N = {n} holds > N =
N(n).
Let us mention that CFS((}) is empty.
The following propositions are true:
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(13) Let p be a prime number. Suppose p | n. Then {d; d ranges over natural
numbers: d >0 A d|n A p|d} = {p-d;d ranges over natural numbers:
d>0 A d|n-=+p}.

(14) For every non zero natural number n there exists a natural number k
such that support PPF(n) C Segk.

(15) For every non zero natural number n and for every prime number p such
that p ¢ support PPF(n) holds p-count(n) = 0.

(16) Let k£ be a natural number and n be a non zero natural number. If
support PPF(n) C Seg(k + 1) and support PPF(n) € Segk, then k + 1 is
a prime number.

(17) For all non zero natural numbers m, n such that for every prime
number p holds p-count(m) < p-count(n) holds support PPF(m) C
support PPF(n).

(18) Let k be a natural number and n be a non zero natural number.
Suppose support PPF(n) C Seg(k + 1). Then there exists a non zero
natural number m and there exists a natural number e such that
support PPF(m) C Segk and n = m - (k + 1)¢ and for every prime num-
ber p holds if p € support PPF(m), then p-count(m) = p-count(n) and if
p ¢ support PPF(m), then p-count(m) < p-count(n).

(19) For all non zero natural numbers m, n such that for every prime number
p holds p-count(m) < p-count(n) holds m | n.

2. SQUAREFREE NUMBERS

Let & be a natural number. We say that x is square-containing if and only
if:
(Def. 1) There exists a prime number p such that p? | z.
One can prove the following proposition

(20) Let n be a natural number. Given a non zero natural number p such
that p # 1 and p? | n. Then n is square-containing.

Let = be a natural number. We introduce x is squarefree as an antonym of
x is square-containing.
The following propositions are true:
(21) 0 is square-containing.
(22) 1 is squarefree.
(23) Every prime number is squarefree.

Let us observe that every element of N which is prime is also squarefree.
The subset SCNAT of N is defined as follows:

(Def. 2) For every natural number n holds n € SCNAT iff n is squarefree.
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Let us mention that there exists a natural number which is squarefree and
there exists a natural number which is square-containing.

One can check that every natural number which is square and non trivial is
also square-containing.

We now state several propositions:

24) If n is squarefree, then for every prime number p holds p-count(n) < 1.
25)
26) If m is squarefree and n | m, then n is squarefree.
27)

(

( If m - n is squarefree, then m is squarefree.

(

( Let p be a prime number and m, d be natural numbers. If m is squarefree

and p | m and d | m <+ p, then d | m and p 1 d.

(28) For every prime number p and for all natural numbers m, d such that
p|mand d| m and ptdholds d|m-=+p.

(29) Let p be a prime number and m be a natural number. Suppose m is

squarefree and p | m. Then {d; d ranges over natural numbers: 0 < d A d |

m A p1d} ={d;d ranges over natural numbers: 0 < d A d|m =+ p}.

3. MoOBIUs FUNCTION

Let n be a natural number. The functor p(n) yielding a real number is
defined by:
(Def. 3)(1) p(n) =0 if n is square-containing,
(ii)  there exists a non zero natural number n’ such that n’ = n and p(n) =

’ .
(_ 1)card support PPF(n’) ’ otherwise.

One can prove the following four propositions:

(30) (1) = 1.
(31) u(2) = —1.
(32) wu(3)=-1.
(

33) For every natural number n such that n is squarefree holds p(n) # 0.

Let n be a squarefree natural number. Observe that u(n) is non zero.
We now state several propositions:
(34) For every prime number p holds u(p) = —1.
(35) For all non zero natural numbers m, n such that m and n are relative
prime holds p(m - n) = p(m) - p(n).
(36) For every prime number p and for every natural number n such that
1 <n and n - p is squarefree holds u(n - p) = —pu(n).
(37) For all non zero natural numbers m, n such that m and n are not relative
prime holds p(m -n) = 0.
(38) For every natural number n holds n € SCNAT iff u(n) # 0.
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4. NATURAL DIVISORS

Let n be a natural number. The functor NatDivisors n yields a subset of N
and is defined by:

(Def. 4) NatDivisors n = {k; k ranges over elements of N: k #£0 A k| n}.
We now state two propositions:
(39) For all natural numbers n, k holds k& € NatDivisorsn iff 0 < k and k | n.
(40) For every non zero natural number n holds NatDivisorsn C Segn.

Let n be a non zero natural number. Note that NatDivisors n is finite and
has non empty elements.
One can prove the following proposition

(41) NatDivisors 1 = {1}.

5. THE SUM OF VALUES OF MOBIUS FUNCTION

Let X be a set. The functor SMoebius X yielding a many sorted set indexed
by N is defined as follows:
(Def. 5) support SMoebius X = X NSCNAT and for every natural number & such
that k& € support SMoebius X holds (SMoebius X) (k) = u(k).
Let X be a set. One can check that SMoebius X is real-yielding.
Let X be a finite set. Note that SMoebius X is finite-support.
One can prove the following three propositions:
(42) > SMoebius NatDivisors 1 = 1.

(43) For all finite subsets X, Y of N such that X misses Y holds
support SMoebius X U support SMoebiusY = support(SMoebius X +
SMoebiusY).

(44) For all finite subsets X, Y of N such that X misses Y holds SMoebius(X U
Y') = SMoebius X + SMoebiusY.

6. PRIME FACTORS OF A NUMBER

Let n be a non zero natural number. The functor PFactors n yields a many
sorted set indexed by Prime and is defined by:
(Def. 6) support PFactorsn = support PFExp(n) and for every natural number
p such that p € support PFExp(n) holds (PFactors n)(p) = p.
Let n be a non zero natural number. Note that PFactorsn is finite-support
and natural-yielding.
One can prove the following propositions:
(45) PFactors 1 = EmptyBag Prime.
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(46) For every prime number p holds PFactorsp - (p) = (p).

(47) For every prime number p and for every non zero natural number n holds
PFactors(p") - (p) = (p).

(48) For every prime number p and for every non zero natural number n such
that p-count(n) = 0 holds (PFactorsn)(p) = 0.

(49) For every non zero natural number n and for every prime number p such
that p-count(n) # 0 holds (PFactorsn)(p) = p.

(50) For all non zero natural numbers m, n such that m and n are relative
prime holds PFactors(m - n) = PFactors m + PFactors n.

(51) Let n be a non zero natural number and A be a finite subset of N.
Suppose A = {k;k ranges over elements of N: 0 < k A k| n A kis
square-containing}. Then SMoebius A = EmptyBag N.

7. THE RADICAL OF A NUMBER

Let n be a non zero natural number. The functor Rad(n) yields a natural
number and is defined as follows:

(Def. 7) Rad(n) = [] PFactors n.
The following proposition is true
(52) For every non zero natural number n holds Rad(n) > 0.

Let n be a non zero natural number. Observe that Rad(n) is non zero.
One can prove the following propositions:
(53) For every prime number p holds p = Rad(p).
(54) For every prime number p and for every non zero natural number n holds
Rad(p") = p.
(55) For every non zero natural number n holds Rad(n) | n.
(56) For every prime number p and for every non zero natural number n holds
p | niff p | Rad(n).
(57) For every non zero natural number k such that k is squarefree holds
Rad(k) = k.
(58) For every non zero natural number n holds Rad(n) < n.
(59) For every prime number p and for every non zero natural number n holds
p-count(Rad(n)) < p-count(n).
(60) For every non zero natural number n holds Rad(n) =1 iff n = 1.
(61) For every prime number p and for every non zero natural number n holds
p-count(Rad(n)) < 1.
Let n be a non zero natural number. Note that Rad(n) is squarefree.
One can prove the following propositions:
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(62) For every non zero natural number n holds Rad(Rad(n)) = Rad(n).

(63) Let n be a non zero natural number and p be a prime number. Then
{k; k ranges over elements of N: 0 <k A k|Rad(n) A p|k} C Segn.

(64) Let n be a non zero natural number and p be a prime number. Then
{k; k ranges over elements of N: 0 < k A k|Rad(n) A ptk} C Segn.

(65) For all non zero natural numbers k, n holds k | n and k is squarefree iff
k| Rad(n).

(66) Let n be a non zero natural number. Then {k;k ranges over natural
numbers: 0 < k A k| n A kissquarefree} = {k;k ranges over natural

numbers: 0 < k A k| Rad(n)}.
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The articles [13], [15], [16], [1], [4], [10], [11], [17], [5], [14], [12], [2], [6], [9], [7],
[8], and [3] provide the terminology and notation for this paper.

For simplicity, we follow the rules: z, r, a, b denote real numbers, n denotes
a natural number, Z denotes an open subset of R, and f, f1, fo, f3 denote
partial functions from R to R.

One can prove the following propositions:

1) a2 =22

N

2) Ifx >0, then z

) _ /&
3) Ifz >0, then vp° = -
)

S

(
(
( 3
(4) Suppose Z C |—1,1] and Z C dom(r (the function arcsin)). Then

(i) 7 (the function arcsin) is differentiable on Z, and

(i)  for every x such that z € Z holds (r (the function arcsin))j,(z) =

r
1—x2°

@ 2006 University of Bialystok
37 ISSN 1426-2630



38 BO LI AND YAN ZHANG AND XIQUAN LIANG

(5) Suppose Z C |—1,1] and Z C dom(r (the function arccos)). Then
(i)  r (the function arccos) is differentiable on Z, and

(ii) ~ for every x such that € Z holds (r (the function arccos))i,(z) =
T

Va2’
(6) Suppose f is differentiable in x and f(x) > —1 and f(z) < 1. Then
(the function arcsin) -f is differentiable in z and ((the function arcsin)

1o — _ (=)

) (@) = Ni=ioEk

(7) Suppose f is differentiable in x and f(xz) > —1 and f(z) < 1. Then
(the function arccos) -f is differentiable in = and ((the function arccos)
f)(@) = -

(8) Suppose Z C dom(log_(e) - (the function arcsin)) and Z C |—1,1[ and
for every x such that x € Z holds (the function arcsin)(x) > 0. Then

(i) log-(e) - (the function arcsin) is differentiable on Z, and

(ii) ~ for every x such that x € Z holds (log-(e)- (the function arcsin))}, () =
1
V/1—x2-(the function arcsin)(z) "

(9) Suppose Z C dom(log_(e) - (the function arccos)) and Z C |—1,1[ and
for every x such that x € Z holds (the function arccos)(x) > 0. Then
(i) log-(e) - (the function arccos) is differentiable on Z, and

(ii)  for every x such that x € Z holds (log_(e)-(the function arccos))| ,(z) =
1
B V/1—z2-(the function arccos)(z) "
(10) Suppose Z C dom((7%) - (the function arcsin)) and Z C |—1,1[. Then
(i) (3) - (the function arcsin) is differentiable on Z, and

(ii) for every x such that x € Z holds ((3) - (the function arcsin))|,(z) =

n-(the function amsin)(z)rzk1

V1—z2
(11) Suppose Z C dom((7) - (the function arccos)) and Z C ]—1,1[. Then
(i) (%) - (the function arccos) is differentiable on Z, and

(i)  for every x such that € Z holds ((7) - (the function arccos))|,(z) =

n-(the function arccos)(z)g_1

V1—22
(12) Suppose Z C dom(3 ((2) - (the function arcsin))) and Z C |—1,1[. Then

(i) () (the function arcsin)) is differentiable on Z, and

(ii)  for every x such that z € Z holds (3 ((3) (the function arcsin)))}, () =
(the function arcsin)(z)
V1—22 :

(13) Suppose Z C dom(2 ((2) - (the function arccos))) and Z C |—1,1[. Then

(i) 1 (%) (the function arccos)) is differentiable on Z, and

(ii)  for every x such that x € Z holds (3 ((3)- (the function arccos)))} () =

(the function arccos)(x)

V1—22
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(14) Suppose Z C dom((the function arcsin) -f) and for every x such that
x € Z holds f(z) =a-xz+0band f(z) > —1 and f(z) < 1. Then
(i)  (the function arcsin) -f is differentiable on Z, and
(i)  for every x such that z € Z holds ((the function arcsin) -f)},(z) =

(15) Suppose Z C dom((the function arccos) -f) and for every z such that
x € Z holds f(z) =a-x+0band f(z) > —1and f(z) < 1. Then
(i)  (the function arccos) -f is differentiable on Z, and
(i)  for every x such that € Z holds ((the function arccos) -f)},(z) =

a

V1—(az+)2
(16) Suppose Z C dom(idz (the function arcsin)) and Z C |—1, 1[. Then
(i) idz (the function arcsin) is differentiable on Z, and

(i)  for every = such that € Z holds (idz (the function arcsin))},(z) =
1-z

(17)  Suppose Z C dom(idyz (the function arccos)) and Z C |—1, 1[. Then
(i)  idz (the function arccos) is differentiable on Z, and

(the function arcsin)(z) + =.

(i) ~ for every z such that » € Z holds (idz (the function arccos))},(z) =

(18) Suppose Z C dom(f (the function arcsin)) and Z C |—1,1[ and for every
x such that = € Z holds f(z) = a -z + b. Then
(i)  f (the function arcsin) is differentiable on Z, and

(i) for every x such that z € Z holds (f (the function arcsin))}, () = a-(the

a-x+b

V1—z2’

(19) Suppose Z C dom(f (the function arccos)) and Z C |—1, 1] and for every
x such that z € Z holds f(x) = a-x + b. Then

(i)  f (the function arccos) is differentiable on Z, and

(the function arccos)(z) —

function arcsin)(z) +

(i) ~ for every x such that » € Z holds (f (the function arccos))’,(z) =

a-z+b
V1i—z2’

(20) Suppose Z C dom(3 ((the function arcsin) - f)) and for every x such that
x € Z holds f(z) =2 -z and f(z) > —1 and f(z) < 1. Then
(i) 3 ((the function arcsin) - f) is differentiable on Z, and

(i) for every z such that z € Z holds (3 ((the function arcsin) - f ))iz(z) =
1

V1-(2:z)2"
(21) Suppose Z C dom(3 ((the function arccos) - f)) and for every x such that
x € Z holds f(z) =2 -z and f(z) > —1 and f(z) < 1. Then
(i) 1 ((the function arccos) -f) is differentiable on Z, and

(i)  for every z such that z € Z holds (1 ((the function arccos) iz(@) =
1

a - (the function arccos)(z) —

39
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1
(22) Suppose Z C dom((2)-f) and f = fi—f> and fo = % and for every z such
1
that x € Z holds fi(xz) =1 and f(x) > 0. Then (3) - f is differentiable on
1

1 _1
Z and for every x such that x € Z holds ((g) - f)}(z) = —z - (1 - 2R
(23) Suppose that

(i) Z C dom(idy (the function arcsin)—i—(ﬂi) - f),
i) ZC]-1,1],
(i)  f=/f1—f2
(iv) fo=2, and
(v)  for every x such that x € Z holds fi(z) =1 and f(z) > 0 and x # 0.
Then

1

(vi)  idgz (the function arcsin)+(Z) - f is differentiable on Z, and

1
(vii)  for every x such that x € Z holds (idz (the function arcsin)+(g) -
f)lrz(x) = (the function arcsin)(z).
(24) Suppose that

(i) Z C dom(idgz (the function arccos)—(]%) -f),
i) ZC]-1,1],
(ii) f=/fi—fo,
(iv) fo=2, and
(v)  for every z such that x € Z holds fi(z) =1 and f(z) > 0 and x # 0.
Then

1
(vi)  idz (the function arccos)—(g) - f is differentiable on Z, and

1
(vii)  for every x such that x € Z holds (idz (the function arccos)—(g) -
f)}z(z) = (the function arccos)(x).
(25) Suppose Z C dom(idz ((the function arcsin) -f)) and for every x such
that € Z holds f(z) = £ and f(x) > —1 and f(x) < 1. Then
(i)  idz ((the function arcsin) - f) is differentiable on Z, and
(ii) for every z such that x € Z holds (id z ((the function arcsin) - f))},(z) =
(the function arcsin)(%) + a\/#?
(26) Suppose Z C dom(idz ((the function arccos) -f)) and for every x such
that € Z holds f(z) = £ and f(z) > —1 and f(z) < 1. Then
(i)  idz ((the function arccos) -f) is differentiable on Z, and
(ii) for every x such that € Z holds (idz ((the function arccos) - f))}(z) =
(the function arccos)(%) — L

1
(27) Suppose Z C dom((2)-f) and f = fi1—f> and fo = % and for every x such
1
that x € Z holds fi(x) = a® and f(x) > 0. Then (2)- f is differentiable on
1

1 _1
Z and for every z such that x € Z holds ((g)- f)jz(z) = —= - (a® — 22)g 2.
(28) Suppose that
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(i)  Z C dom(idz ((the function arcsin) -f3) + (11%&) 1),
(ii) Zg]—l,l[,
(iil) f=f1— fo,
(iv) fo= %, and
(v) for every z such that z € Z holds fi(z) = a® and f(z) > 0 and

f3(x) = £ and f3(x) > —1 and f3(z) <1 and 2 # 0 and a > 0.
Then .
(vi) idz ((the function arcsin) -f3) + (§) - f is differentiable on Z, and
(vii)  for every x such that z € Z holds (idz ((the function arcsin) - f3) + (11%&) .
f)}z(z) = (the function arcsin)(7).
(29) Suppose that

(i) Z C dom(idz ((the function arccos) - f3) — (é&) - f),
(i) ZC|-1,1],
(i) f=f1— fo
(iv) fo= %, and
(v) for every z such that z € Z holds fi(x) = a? and f(z) > 0 and

f3(xz) = £ and f3(x) > —1 and f3(x) <1 and  # 0 and a > 0.
Then )
(vi)  idz ((the function arccos) -f3) — (&) - f is differentiable on Z, and
(i

1
(vii)  for every x such that x € Z holds (idz ((the function arccos) - f3) — (3)-
f)}z(z) = (the function arccos)(%).

(30) Suppose Z C dom((—1) ((%) - 5=r=1——)) and n > 0 and for every =

n " the function sin

such that z € Z holds (the function sin)(z) # 0. Then

1) (=3 ((})  gefoimr—s) is differentiable on Z, and
(ii) ~ for every @ such that z € Z holds ((—21) ((3) - m))’rz(a@) =

(the function cos)(z)
(the function sin)(:l:)%LJrl ’

(31) Suppose Z C dom(L ((B) - g=gi——)) and n > 0 and for every z

the function cos

such that z € Z holds (the function cos)(z) # 0. Then

(1) % ((%) . m) is differentiable on Z7 and
(ii)  for every z such that z € Z holds (Z ((}) - m))’rz(a@) =

(the function sin)(z)

(the function cos)(z)p ™'

(32) Suppose Z C dom((the function sin) -log_(e)) and for every x such that
x € Z holds > 0. Then
(i)  (the function sin) -log_(e) is differentiable on Z, and

(ii)  for every x such that x € Z holds ((the function sin) -log-(e))},(z) =

(the function cos)((log_(e))(x))

(33) Suppose Z C dom((the function cos) -log_(e)) and for every z such that
x € Z holds = > 0. Then
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(i)  (the function cos) -log_(e) is differentiable on Z, and

(i)  for every x such that x € Z holds ((the function cos) -log_(e))}(z) =

(the function sin)((log_(e))(x)) )

(34) Suppose Z C dom((the function sin) -(the function exp)). Then
(i)  (the function sin) -(the function exp) is differentiable on Z, and
(ii)  for every z such that z € Z holds ((the function sin) -(the func-
tion exp))’rZ (z) = (the function exp)(z) - (the function cos)((the function
exp)(z)).
(35) Suppose Z C dom((the function cos) -(the function exp)). Then
(i)  (the function cos) -(the function exp) is differentiable on Z, and
(ii)  for every z such that x € Z holds ((the function cos) -(the function
exp))z (2) =
—(the function exp)(x) - (the function sin)((the function exp)(x)).
(36) Suppose Z C dom((the function exp) -(the function cos)). Then
(i)  (the function exp) -(the function cos) is differentiable on Z, and
(ii)  for every x such that x € Z holds ((the function exp) -(the function
c08)) () =
—(the function exp)((the function cos)(x)) - (the function sin)(x).
(37) Suppose Z C dom((the function exp) -(the function sin)). Then
(i)  (the function exp) -(the function sin) is differentiable on Z, and
(ii)  for every x such that € Z holds ((the function exp) -(the func-
tion sin))|,(z) = (the function exp)((the function sin)(x)) - (the function
cos)(z).
(38) Suppose Z C dom((the function sin)+(the function cos)). Then
(i)  (the function sin)+(the function cos) is differentiable on Z, and
(ii)  for every z such that € Z holds ((the function sin)+(the function
cos))}(z) = (the function cos)(z) — (the function sin)(z).
(39) Suppose Z C dom((the function sin)—(the function cos)). Then
(i)  (the function sin)—(the function cos) is differentiable on Z, and
(ii)  for every z such that € Z holds ((the function sin)—(the function
cos))}(z) = (the function cos)(z) + (the function sin)(z).
(40) Suppose Z C dom((the function exp) ((the function sin)—(the function
cos))). Then
(i)  (the function exp) ((the function sin)—(the function cos)) is differen-
tiable on Z, and
(ii)  for every x such that x € Z holds ((the function exp) ((the function
sin)—(the function cos))),(z) = 2 - (the function exp)(z) - (the function
sin)(z).
(41) Suppose Z C dom((the function exp) ((the function sin)+(the function
cos))). Then
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(i)  (the function exp) ((the function sin)+(the function cos)) is differen-
tiable on Z, and
(ii)  for every = such that x € Z holds ((the function exp) ((the function
sin)+(the function cos)))j;(z) = 2 - (the function exp)(z) - (the function
cos)(z).
(42) Suppose Z C dom( (the function sin)+(the function cos) ) Then

the function exp
(1) (the function sin)+(the function cos)

the function exp

(ii)  for every x such that € Z holds ( (

2-(the function sin)(x)
(the function exp)(z)
(the function sin)—(the function cos)
(43) Suppose Z C dom( the Tunction oxp ). Then
() (the function sin)—(the function cos)
1 the function exp

is differentiable on Z, and

the function sin)4(the function cos) )/ ( ) o
the function exp 1Z T)=

is differentiable on Z, and

(the function sin)—(the function cos) )/ ( )
the function exp T

(ii)  for every x such that € Z holds (

2-(the function cos)(z)
(the function exp)(z) *

(44) Suppose Z C dom((the function exp) (the function sin)). Then
(i)  (the function exp) (the function sin) is differentiable on Z, and

(ii)  for every z such that z € Z holds ((the function exp) (the function
sin))|z(z) = (the function exp)(z) - ((the function sin)(z) + (the function
cos)(z)).

(45) Suppose Z C dom((the function exp) (the function cos)). Then

(i)  (the function exp) (the function cos) is differentiable on Z, and

(ii)  for every z such that € Z holds ((the function exp) (the function
cos))}z(z) = (the function exp)(x) - ((the function cos)(z) — (the function
sin)(z)).

(46) Suppose (the function cos)(x) # 0. Then

(i)  the function sin ¢ qjifferentiable in z, and
the function cos )

I the function si — 1
(11) (thg ftl:;llgtilgrri si)r;),( ) " (the function cos)(z)?"

(47) Suppose (the function sin)(x) # 0. Then

(1) the function cos
t{lﬁ fl#nctit(_)n sin 1

s: e function cos\/ _

(11) (the function sin) (m) " (the function sin)(x)2 "

(48) Suppose Z C dom((%) - the function siny g for every z such that « € Z

" the function cos
holds (the function cos)(z) # 0. Then

: 2 . the function sin : : :
(1) (2) et is differentiable on Z, and

(ii)  for every z such that z € Z holds ((2) - m%)'rz(x) =
2-(the function sin)(z)
(the function cos)(z)3

(49) Suppose Z C dom((2) - the function cos) 5,4 for every x such that € Z

the function sin
holds (the function sin)(z) # 0. Then

: he functi
() (Z) - o Tanction sin

is differentiable in x, and

is differentiable on Z, and
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. 2 the functi / —
(i)  for every z such that z € Z holds ((7) - ficfmcion i) z(T) =
2-(the function cos)(x)
(the function sin)(z)3

(50) Suppose that
(i) 7 C dom(the function sin | f), and

the function cos

(ii))  for every = such that x € Z holds f(z) = % and (the function

cos) (f(x)) # 0. i
Then

(iif) ~ the function sin . ¢ jg differentiable on Z, and
the function cos )

(iv)  for every x such that z € Z holds (thefunctionsin Diz() =

the function cos
1

1+ (the function cos)(z) "
(51) Suppose that
(i) 7 C dom(the function cos | f), and

the function sin
(ii) for every x such that x € Z holds f(z) = 5 and (the function
sin)(/ (x)) # 0.
Then
(iii) ~ thefunction cos . i j5 differentiable on Z, and

(iv)  for every x such that z € Z holds (thefunction cos Piz(x) =

the function sin
1

" T—(the function cos)(z)"
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