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Summary. This paper introduces some notions concerning binary re-
lations according to [9]. It is also an attempt to complement the knowledge
contained in the Mizar Mathematical Library regarding binary relations. We
define here an image and inverse image of element of set A under binary relation
of two sets A, B as image and inverse image of singleton of the element under
this relation, respectively. Next, we define “The First Order Cutting Relation of
two sets A, B under a subset of the set A” as the union of images of elements
of this subset under the relation. We also define “The Second Order Cutting
Subset of the Cartesian Product of two sets A, B under a subset of the set A”
as an intersection of images of elements of this subset under the subset of the
Cartesian Product. The paper also defines first and second projection of binary
relations. The main goal of the article is to prove properties and collocations of
definitions introduced in this paper.

MML identifier: RELSET_2, version: 7.5.01 4.39.921

The articles [10], [6], [11], [7], [12], [13], [5], [3], [4], [2], [8], and [1] provide the
notation and terminology for this paper.

1. PRELIMINARIES

We adopt the following rules: =, y, X, Y, A, B, C, M are sets and P, Q,
R, R1, Ry are binary relations.

Let X be a set. We introduce {{*} : x € X} as a synonym of SmallestPar-
tition (X).

The following propositions are true:
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y € {{x} : % € X} iff there exists x such that y = {z} and z € X.
X =0iff {{x}:x€ X} =0.
{{x}:xeXUY}={{x}:xe X}U{{x} : x€ Y}
{{x}:xeXnY}={{x}:xec X}Nn{{x}: x€ Y}

5) {{x}:xeX\Y}={{+}:xe X} \{{x}:x€ Y}

6) XCYiff {{«}:xe X} C{{x}:x€Y}.

Let M be a set and let X, Y be families of subsets of M. Then X NY is a
family of subsets of M.

~~ N /N /N /A
o — N —

We now state two propositions:

(7) For all families B;, By of subsets of M holds Intersect(B1) N
Intersect(B2) C Intersect(B; N Ba).

8) (PNQ)-RC(P-R)N(Q-R).

2. THE FIRST ORDER CUTTING OF BINARY RELATION OF TwO SETS A, B
UNDER SUBSET OF THE SET A

Let X, Y be sets, let R be a relation between X and Y, and let = be an
element of X. The functor R°x yielding a subset of Y is defined as follows:

(Def. 1) R°z = R°{x}.

The following propositions are true:

(9) ye R°{z} iff (z, y) € R.
(10) (R1UR9)°{x} = R1°{x} U Ry°{z}.
(11) (R1 N Ro)°{x} = R1°{x} N Ry°{z}.
(12) (B \ Ro)*{z} = Ri°{a} \ Ro°{a}.
(13) (RiNR2)°{{x}:x€ X} C R°{{x}:x€ X}NR°{{x}:x€ X}.

Let X, Y be sets, let R be a relation between X and Y, and let = be an
element of X. The functor R~!(x) yields a subset of X and is defined by:
(Def. 2) R~Y(z) = R7'({z}).
One can prove the following propositions:
(14) Let A be a set, F' be a family of subsets of A, and R be a binary relation.
Then R°|JF = |J{R°X; X ranges over subsets of A: X € F'}.
(15) For every non empty set A and for every subset X of A holds X =
U{{x}; z ranges over elements of A: x € X}.
(16) For every non empty set A and for every subset X of A holds {{z};z
ranges over elements of A: x € X} is a family of subsets of A.
(17) Let A be a non empty set, B be a set, X be a subset of A, and R be a

relation between A and B. Then R°X = |J{R°x;z ranges over elements
of A: z € X}.
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(18) Let A be a non empty set, B be a set, X be a subset of A, and R be
a relation between A and B. Then {R°z;x ranges over elements of A:
x € X} is a family of subsets of B.
Let A, B be sets, let R be a subset of [ A, 28], and let X be a set. Then
R°X is a family of subsets of B.
Let A be a set and let R be a binary relation. The functor R4 yields a
function and is defined as follows:
(Def. 3) dom(R4) = 24 and for every set X such that X C A holds RA(X) =
R°X.
Let B, A be sets and let R be a subset of [ A, B]. We introduce °R as a
synonym of R4.
One can prove the following propositions:
(19) For all sets A, B and for every subset R of [ A, B {such that X € dom°R
holds (°R)(X) = R°X.
(20) For all sets A, B and for every subset R of [ A, B]holds rng°R C 2m& £,
(21) For all sets A, B and for every subset R of [ A, B { holds °R is a function
from 24 into 28 2,
Let B, A be sets and let R be a subset of | A, B]. Then °R is a function
from 24 into 25.
Next we state the proposition
(22) For all sets A, B and for every subset R of [ A, B holds [ J((°R)°A) C
R°|J A.

3. THE SECOND ORDER CUTTING OF BINARY RELATION OF TwO SETS A,
B UNDER SUBSET OF THE SET A

For simplicity, we adopt the following rules: X, X7, Xs are subsets of A, Y
is a subset of B, R, Ry, Ry are subsets of [ A, B, F' is a family of subsets of
A, and Fj is a family of subsets of [ A, B .

Let A, B be sets, let X be a subset of A, and let R be a subset of [ A, B .
The functor R[X] is defined as follows:

(Def. 4)  R[X] = Intersect((°R)°{{x} : x € X}).

Let A, B be sets, let X be a subset of A, and let R be a subset of [ A, B].
Then R[X] is a subset of B.

We now state a number of propositions:

(23) (CR)°{{s}:% € X} =0iff X = 0.

(24) If y € R[X], then for every set x such that x € X holds y € R°{x}.

(25) Let B be a non empty set, A be a set, X be a subset of A, y be an
element of B, and R be a subset of [ A, B]. Then y € R[X] if and only if
for every set x such that z € X holds y € R°{z}.
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(26) If (°R)°{{x}:* € X1} =0, then R[X; U X,] = R[X3].
(27) R[Xl U XQ] = R[Xl] N R[XQ]
(28) Let A be a non empty set, B be a set, F' be a family of subsets of A, and

R be a relation between A and B. Then {R[X]; X ranges over subsets of
A: X € F} is a family of subsets of B.

(29) If X =0, then R[X] =
(30) |JF =0 iff for every set X such that X € F holds X = ().

(31) Let A be a set, B be a non empty set, R be a relation between A and B,
F be a family of subsets of A, and G be a family of subsets of B. If G =
{R]Y]; Y ranges over subsets of A: Y € F'}, then R[|J F] = Intersect(G).

(32) If X; C Xy, then R[X,] C R[X,].

(33) R[X1]U R[X,] C R[X1 N Xo.

(34) (BN Rp)[X] = Ri[X] N Ro[X].

(35) (UF1)°X = U{R°X; R ranges over subsets of [ A, B]: R € F}}.

(36) Let Fy be a family of subsets of [ A, B, A, B be sets, and X be a subset

of A. Then {R[X]; R ranges over subsets of [ A, B]: R € F}} is a family
of subsets of B.

(37) If R=0 and X # (), then R[X] = 0.

(38) If R=[A, B}, then R[X] = B.

(39) For every family G of subsets of B such that G = { R[X]; R ranges over
subsets of | A, B]: R € F1} holds (Intersect(F))[X] = Intersect(G).

(40) If Ry C Ry, then R1[X] C Ro[X].

(41) R1[X]U R2[X] C (R1 U Ro)[X].

(42) ye (R)°{z} iff (z,y) ¢ Rand x € Aand y € B.

(43) If X #0, then R[X] C R°X

(44) For all sets X, Y holds X meets (R™)°Y iff there exist sets z, y such
that x € X and y € Y and = € (R7)°{y}.

(45) For all sets X, Y holds there exist sets x, y such that z € X and y € Y
and z € (R7)°{y} iff Y meets R°X
(46) X misses (R7)°Y iff Y misses R°X
(47) For every set X holds R°X = R°(X Nm1(R)).
(48) For every set Y holds (R7)°Y = (R™)°(Y N ma(R)).
(49) (R[X])® = (R°)°X
In the sequel R denotes a relation between A and B and S denotes a relation
between B and C.
Let A, B, C be sets, let R be a subset of [ A, B], and let S be a subset of
EB, CY. Then R- S is a relation between A and C.
One can prove the following propositions:
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(R°X)° = R°[X].
m1(R) = (R7)°B and ma(R) = R°A.
m(R-S)=(R7)°m(S) and w1 (R - S) C m(R).
mo(R - S) = S°my(R) and ma(R - S) C ma(S).
XCm(R)if X C(R-R)°X.
Y Cm(R)if Y C (R™ - R)°Y.
m(R) = (R7)°B and (R”)°R°A = (R™)°m2(R).
(R7)°B=(R-R7)°A.
R°A= (R~ -R)°B.
S[R°X] = (R - S°)°[X].
(R)™ = (R7)".
X C R-[Y]iff Y C R[X].
R°X® C Y®iff (R)°Y C X.
X C R-[R[X]] and Y C R[R"[Y]].
R[X] = R[R7[R[X]]] and R7[Y] = RT[R[R™[Y]]].
idg - R=R-idp.
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Summary. The concept of “the inner product and conjugate of finite
sequences of complex numbers” is defined here. Addition, subtraction, scalar
multiplication and inner product are introduced using correspondent definitions
of “conjugate of finite sequences of field”. Many equations for such operations
consist like a case of “conjugate of finite sequences of field”. Some operations
on the set of n-tuples of complex numbers are introduced as well. Additionally,
difference of such n-tuples, complement of a n-tuple and multiplication of these
are defined in terms of complex numbers.

MML identifier: COMPLSP2, version: 7.5.01 4.39.921

The terminology and notation used here are introduced in the following articles:
[17], (18], [15], [19], [8], 91, [10], [4], [16], [3], [5], [12], [6], [11], [7], [14], [1], [2],
and [13].

1. PRELIMINARIES

For simplicity, we adopt the following convention: ¢, j are natural numbers,
x, y, z are finite sequences of elements of C, ¢ is an element of C, and R, R,
Rs are elements of C°.

Let z be a finite sequence of elements of C. The functor Z yielding a finite
sequence of elements of C is defined by:

(Def. 1) lenZz = len z and for every natural number i such that 1 <iandi <lenz
holds Z (i) = z(i).

The following propositions are true:

(© 2005 University of Bialystok
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(1) Ifie dom(z+y), then (x4 y)(i) = z(¢) + y(i).

(2) Ifiedom(z—y), then (x —y)(i) = z(i) — y(i).
Let us consider i, Ry, Rs. Then R; — R» is an element of C'.
Let us consider i, Ry, Rs. Then Ry + Ry is an element of C".

Let us consider %, let 7 be a complex number, and let us consider R. Then
r- R is an element of C’.
We now state a number of propositions:

(3) For every complex number a and for every finite sequence x of elements
of C holds len(a - x) = lenz.

(4) For every finite sequence x of elements of C holds domz = dom(—=z).
(5) For every finite sequence x of elements of C holds len(—z) = len x.

(6) For all finite sequences x1, z2 of elements of C such that lenz; = lenzo
holds len(zy + x2) = len .

(7) For all finite sequences z1, x2 of elements of C such that lenz; = lenzy
holds len(z; — z2) = len ;.

(8) Every finite sequence f of elements of C is an element of C'**7.
(9) Ry — Ry = R1 + —Rs.
(10) For all finite sequences x, y of elements of C such that len z = leny holds
rT—y=x+—y.
(11) (-1)-R=—R.
(12) For every finite sequence z of elements of C holds (—1) - = —x.

(13) For every finite sequence x of elements of C holds (—z)(i

~—
I
|
8
—~
.
N~—

Let us consider 4, R. Then —R is an element of C’.

The following propositions are true:
(14) If ¢ = R(j), then (—R)(j) = —c.
(15) For every complex number a holds dom(a - z) = dom z.
(16) For every complex number a holds (a - z)(i) = a - z(7).
( For every complex number ¢ holds -z =a - 7.
( (R1+ R2)(j) = Ra(j) + R2(j)-
( For all finite sequences x1, x3 of elements of C such that len x; = len o
holds 1 + 22 =21 + 73.
(20) (R1— R)(j) = R1(j) — Ra(j)-
(21) For all finite sequences x1, x2 of elements of C such that lenx; = len xo

holds =1 — x9 = 7T7 — 2.

17
18
19

(@)
D e D D O

(22) For every finite sequence z of elements of C holds Z = z.
(23) For every finite sequence z of elements of C holds —z = —%Z.

(24) For every complex number z holds z +Z = 2 - R(z).
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(25) For all finite sequences z, y of elements of C such that len x = leny holds
(@ —y)(i) = z(i) — y(i).
(26) For all finite sequences z, y of elements of C such that len x = leny holds
(z+y)(@) = z(i) + y(i).
Let z be a finite sequence of elements of C. The functor R(z) yields a finite
sequence of elements of R and is defined as follows:

(Def. 2) R(z) = % (z+72).
One can prove the following proposition
(27) For every complex number z holds z — Z = 2 - (2) - 4.

Let z be a finite sequence of elements of C. The functor ¥(z) yielding a
finite sequence of elements of R is defined as follows:

(Def. 3) S(z) = (-1 -4)- (= —2).
Let z, y be finite sequences of elements of C. The functor |(x,y)| yields an
element of C and is defined by:

(Def. 4) [(z,y)] = (|(R(z), R(y))| — i - [(R(2),3(W)]) + i - [(S(x),R(y))| +
[(S(), ().
We now state four propositions:

(28) For all finite sequences x, y, z of elements of C such that lenx = leny
and leny =lenz holds z + (y + 2) = (z + y) + 2.

(29) For all finite sequences z, y of elements of C such that len x = leny holds
rt+y=y+ux

(30) Let ¢ be a complex number and z, y be finite sequences of elements of
C. Iflenx =leny, then c- (x +y) =c-z+c-y.

(31) For all finite sequences x, y of elements of C such that len z = leny holds
r—y=x+ —y.

Let us consider i, ¢. Then i — c is an element of C’.
Next we state a number of propositions:

(32) For all finite sequences z, y of elements of C such that lenx = leny and
TH+y= 0}5” holds x = —y and y = —=.

(33) For every finite sequence x of elements of C holds = + O}Cenx =zx.

(34) For every finite sequence x of elements of C holds z + —x = 0",

(35) For all finite sequences x, y of elements of C such that len z = leny holds
—(z+y)=—z+—y.

(36) For all finite sequences z, y, z of elements of C such that lenxz = leny
and leny =lenz holds z —y —z =z — (y + 2).

(37) For all finite sequences x, y, z of elements of C such that lenx = leny
and leny =lenz holds 4+ (y — 2) = (v + y) — =.

(38) For every finite sequence x of elements of C holds ——z = z.
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(39) For all finite sequences z, y of elements of C such that len x = leny holds
—(x—y)=—z+y.

(40) For all finite sequences z, y, z of elements of C such that lenxz = leny
and leny =lenz holds z — (y — 2) = (x — y) + 2.

(41) For every complex number ¢ holds ¢ - 0}$"® = 0",

(42) For every complex number ¢ holds —c-z =c¢- —xz.

(43) Let ¢ be a complex number and z, y be finite sequences of elements of
C. Iflenx =leny, thenc- (x —y) =c-z—c-y.

(44) For all elements z1, y; of C and for all real numbers x3, y2 such that
1 = X2 and Y1 = Y2 holds -l-(c(:El, yl) = +R($2, yg).

In the sequel C' is a function from [C, C{ into C and G is a function from
[R, R{ into R.
One can prove the following proposition

(45) Let x1, y; be finite sequences of elements of C and x5, ys be finite
sequences of elements of R. Suppose x1 = x2 and y; = y2 and lenxy =
len yo and for every ¢ such that i € dom z; holds C'(z1(7), y1(7)) = G(z2(7),
y2(7)). Then C°(z1, y1) = G°(z2, y2).

Let z be a finite sequence of elements of R and let i be a set. Then z(7) is
an element of R.
We now state several propositions:

(46) Let z1, y; be finite sequences of elements of C and z3, y2 be finite
sequences of elements of R. If z1 = z9 and y; = y9 and lenz; = lenys,
then (+¢)°(21, y1) = (+r)°(z2; ¥2).

(47) Let z1, y1 be finite sequences of elements of C and x3, y2 be finite
sequences of elements of R. If z1 = x9 and y; = y2 and lenxy = lenys,
then 1 + y1 = x9 + 9.

(48) For every finite sequence z of elements of C holds len R(z) = lenx and
len §(z) = lenx.

(49) For all finite sequences z, y of elements of C such that len x = leny holds
R(z +y) = R(z) + R(y) and S(z +y) = S(x) + S(y).

(50) Let 1, y1 be finite sequences of elements of C and x3, yo be finite
sequences of elements of R. If x1 = x5 and y; = y9 and lenxz; = lenys,
then (—¢)°(z1, y1) = (—r)°(22, y2).

(51) Let zq, y; be finite sequences of elements of C and z3, y2 be finite
sequences of elements of R. If 1 = z9 and y; = y9 and lenz; = lenys,
then z1 — y1 = 9 — 9.

(52) For all finite sequences x, y of elements of C such that len z = len y holds
R(z —y) = R(z) — R(y) and S(z —y) = (z) — 3(y).

(53) For all complex numbers a, b holds a- (b-z) = (a-b) - 2.
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(54) For every complex number ¢ holds (—c¢) -z = —c- x.
In the sequel A is a function from C into C and g is a function from R into
R.
One can prove the following propositions:

(55) Let y; be a finite sequence of elements of C and y2 be a finite sequence
of elements of R. If leny; = leny, and for every ¢ such that ¢ € domy;
holds h(y1(7)) = g(y2(3)), then h-y; = g - ya.

(56) Let y; be a finite sequence of elements of C and y2 be a finite sequence
of elements of R. If y; = y2 and leny; = lenys, then —¢ - y1 = —r - Yo.

(57) Let y; be a finite sequence of elements of C and y, be a finite sequence
of elements of R. If y; = y2 and leny; = lenys, then —y; = —yo.

(58) For every finite sequence x of elements of C holds (i - ) = —(z) and

(59) For all finite sequences x, y of elements of C such that len z = leny holds

(60) For all finite sequences z, y of elements of C such that len x = leny holds
[(z,i-y)| = —i-[(z,y)].

(61) Let a; be an element of C, y; be a finite sequence of elements of C, ay be
an element of R, and ys be a finite sequence of elements of R. If a1 = a9
and y; = 1o and leny; = lenys, then .81) Y1 =g Y2

(62) Let a; be a complex number, y; be a finite sequence of elements of C,
as be an element of R, and yo be a finite sequence of elements of R. If
a1 = ag and y; = y2 and leny; = lenys, then a1 - y1 = ag - yo.

(63) For all complex numbers a, b holds (a+b)-z2=a-z+b- 2.

(64) For all complex numbers a, b holds (a —b)-z=a-z—b- z.

(65) Let a be an element of C and x be a finite sequence of elements of C.
Then R(a - z) = R(a) - R(z) — S(a) - S(z) and S(a - x) = S(a) - R(x) +
R(a) - S(z).

2. THE INNER PrRODUCT AND CONJUGATE OF FINITE SEQUENCES

The following propositions are true:
(66) For all finite sequences z1, 2, y of elements of C such that len x; = len x9
and lenxo = leny holds |(x1 + z2,y)| = |(z1,y)] + [(x2,v)].
(67) For all finite sequences x1, xo of elements of C such that lenx; = len xo
holds |(—x1,z2)| = —|(z1, z2)].
(68) For all finite sequences x1, x2 of elements of C such that lenx; = len xo
holds |(z1, —x2)| = —|(z1, z2)|-
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(69) For all finite sequences x1, xo of elements of C such that lenx; = len xo
holds |(—z1, —z2)| = |(z1, z2)].

(70) For all finite sequences x1, xo2, x3 of elements of C such that lenxz; =
len xo and lenzg = lenxg holds |(x1 — x9,x3)| = |(z1, x3)| — [(z2, z3)|-
(71) For all finite sequences x, y1, y2 of elements of C such that lenz = leny,

and leny; = lenys holds |(z,y1 + y2)| = [(x,y1)| + [(z,y2)].

(72) For all finite sequences z, y1, y2 of elements of C such that lenx = leny;
and leny; = lenys holds |(z,y1 — y2)| = |(z,y1)| — [(z, y2)].

(73) Let x1, 22, y1, y2 be finite sequences of elements of C. If len x; = len x2
and lenzo = leny; and leny; = lenys, then |(z1+x2, y1+y2)| = |(z1,91)|+
(@1, y2)| + [(@2, y1)| + [(@2, y2)]-

(74) Let z1, x2, y1, y2 be finite sequences of elements of C. If lenz; =
lenxy and lenzg = leny; and leny; = lenys, then |(z1 — x2,y1 — y2)| =
(1, y)| = (@1, y2)| = [(@2, y1)]) + [(22, y2)]-

(75) For all finite sequences x, y of elements of C such that len z = leny holds

(@, 9) = I(y, )|

(76) For all finite sequences z, y of elements of C such that len x = leny holds
(@ +y, 2 +y)l = (2,2)]+2-R(|(z,9)]) + |(y,9)]-

(77) For all finite sequences z, y of elements of C such that len x = leny holds
(@ =y, —y)l = (I(z, )] = 2- R(|(z,9)])) + [(y, )|

(78) For every element a of C and for all finite sequences z, y of elements of
C such that lenz = leny holds |(a - z,y)| = a - |(z,y)|

(79) For every element a of C and for all finite sequences x, y of elements of
C such that lenz = leny holds |(z,a-y)| =@ - |(z,y)].

(80) Let a, b be elements of C and z, y, z be finite sequences of elements of C.
Iflenz = leny and leny = len z, then |(a-z+b-y, 2)| = a-|(x, 2)|+b:|(y, 2)|.
(81) Let a, b be elements of C and z, y, z be finite sequences of elements of C.
Iflenz = leny and leny = len z, then |(x, a-y+b-2)| = @-|(z, y)|+b-| (=, 2)|.
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We adopt the following rules: n, m, k denote natural numbers, r, s, t denote
real numbers, and s, so, s3 denote sequences of real numbers.

One can prove the following proposition

(1) s—r<tands+r>tiff |t —s|<r.
Let s1 be a sequence of real numbers. The functor sup s; yielding a real
number is defined by:
(Def. 1) sups; = suprng s;.
Let s1 be a sequence of real numbers. The functor inf s; yielding a real
number is defined as follows:
(Def. 2) infs; = infrngs;.
The following propositions are true:
(2) (s2+ s3) — s3 = s9.
(3) re€rngsp iff —r € rng(—s1).
(4) rng(—s1) = —rngs;.

(© 2005 University of Bialystok
375 ISSN 1426-2630



376 BO ZHANG et al.

(5) 1 is upper bounded iff rng s is upper bounded.
(6) s is lower bounded iff rng s is lower bounded.

(7) Suppose s; is upper bounded. Then r = sup s; if and only if the following
conditions are satisfied:
(i)  for every m holds s1(n) < r, and
(ii)  for every s such that 0 < s there exists k such that r — s < s1(k).

(8) Suppose s; is lower bounded. Then r = inf s if and only if the following
conditions are satisfied:
(i)  for every n holds r < s1(n), and
(ii) for every s such that 0 < s there exists k such that s;(k) <7+ s.
For every n holds s1(n) < r iff s; is upper bounded and sup sy < r.
For every n holds r < s1(n) iff s; is lower bounded and r < inf s;.

s1 is upper bounded iff —s; is lower bounded.

)
)
)

12) s; is lower bounded iff —s; is upper bounded.
) If s1 is upper bounded, then sup s; = —inf(—s7).
) If s is lower bounded, then inf s; = —sup(—s;).
)

If sy is lower bounded and s3 is lower bounded, then inf(se + s3) >
inf s9 + inf s3.
(16) If s is upper bounded and s3 is upper bounded, then sup(ss + s3) <
sup Sg -+ sup S3.
Let f be a sequence of real numbers. We introduce f is non-negative as a
synonym of f is non-negative yielding.
Let f be a sequence of real numbers. Let us observe that f is non-negative
if and only if:

(Def. 3) For every n holds f(n) > 0.

The following propositions are true:
17) If s; is non-negative, then s; T k is non-negative.
18)
19) 1If s is upper bounded and non-negative, then sup s; > 0.
20)

(

( If s1 is lower bounded and non-negative, then inf s; > 0.

(

( Suppose s3 is lower bounded and non-negative and s3 is lower bounded

and non-negative. Then sy s3 is lower bounded and inf(sy s3) > inf sy -

inf s3.

(21) Suppose sz is upper bounded and non-negative and s3 is upper bounded
and non-negative. Then sy s3 is upper bounded and sup(sg s3) < sup sg -
Sup S3.

(22) 1If s; is non-decreasing and upper bounded, then s; is bounded.

(23) If s; is non-increasing and lower bounded, then s; is bounded.

(24) If s; is non-decreasing and upper bounded, then lim s; = sup s;.
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(25) If s; is non-increasing and lower bounded, then lim s; = inf s;.

(26) If s is upper bounded, then s1 T k is upper bounded.

(27) If s; is lower bounded, then s; T k is lower bounded.

(28) If s; is bounded, then s; T k is bounded.

(29) For all s1, n holds {s1(k) : n < k} is a subset of R.

(30) rng(s1 1K) = {s1(n) : k < n}.

(31) 1If sq is upper bounded, then for every n and for every subset R of R
such that R = {s1(k) : » < k} holds R is upper bounded.

(32) 1If s1 is lower bounded, then for every n and for every subset R of R such
that R = {s1(k) : n < k} holds R is lower bounded.

(33) 1If s1 is bounded, then for every n and for every subset R of R such that
R = {s1(k) : n < k} holds R is bounded.

(34) If s1 is non-decreasing, then for every n and for every subset R of R such
that R = {s1(k) : n < k} holds inf R = s1(n).

(35) If s1 is non-increasing, then for every n and for every subset R of R such
that R = {s1(k) : n < k} holds sup R = s1(n).

(36) Let given s1. Then there exists a function f from N into R such that
for every m and for every subset Y of R if Y = {s1(k) : n < k}, then
f(n) =supY.

(37) Let given s;. Then there exists a function f from N into R such that
for every n and for every subset Y of R if Y = {s1(k) : n < k}, then
f(n) =infY.

Let s1 be a sequence of real numbers. The inferior realsequence s; yields a

sequence of real numbers and is defined as follows:

(Def. 4) For every n and for every subset Y of R such that Y = {s1(k) : n < k}
holds (the inferior realsequence s1)(n) = inf Y.

Let s1 be a sequence of real numbers. The superior realsequence s; yields a
sequence of real numbers and is defined by:

(Def. 5) For every n and for every subset Y of R such that Y = {s1(k) : n < k}
holds (the superior realsequence s1)(n) = supY.

Next we state a number of propositions:
38
39

(38) (The inferior realsequence s1)(n) = inf(s; T n).

(39)

(40) 1If s; is lower bounded, then (the inferior realsequence s1)(0) = inf s;.
(41)

(42)

(The superior realsequence s1)(n) = sup(sy T n).

41
42

If 51 is upper bounded, then (the superior realsequence s1)(0) = sup s;.

Suppose s is lower bounded. Then r = (the inferior realsequence s1)(n)
if and only if for every k holds r < s1(n + k) and for every s such that
0 < s there exists k such that s;(n+ k) < r + s.
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(43) Suppose s1 is upper bounded. Then r = (the superior realsequence
s1)(n) if and only if for every k holds s1(n + k) < r and for every s such
that 0 < s there exists k such that r — s < s1(n + k).

(44) If s; is lower bounded, then for every k holds r < s1(n + k) iff r < (the
inferior realsequence s1)(n).
(45) Suppose s is lower bounded. Then for every m such that n < m holds
r < s1(m) if and only if < (the inferior realsequence s1)(n).
(46) If s1 is upper bounded, then for every k holds sij(n + k) < r iff (the
superior realsequence s1)(n) <.
(47) Suppose s is upper bounded. Then for every m such that n < m holds
s1(m) < r if and only if (the superior realsequence s1)(n) < r.
(48) If s1 is lower bounded, then (the inferior realsequence s1)(n) = min((the
inferior realsequence s1)(n + 1), s1(n)).
(49) If s; is upper bounded, then (the superior realsequence si)(n) =
max((the superior realsequence s1)(n + 1), s1(n)).
(50) If sy is lower bounded, then (the inferior realsequence si)(n) < (the
inferior realsequence s1)(n + 1).
(51) If s1 is upper bounded, then (the superior realsequence s1)(n+1) < (the
superior realsequence s1)(n).
(52) If s; is lower bounded, then the inferior realsequence s; is non-decreasing.
(53) If s1 is upper bounded, then the superior realsequence s; is non-
increasing.
(54) If s; is bounded, then (the inferior realsequence s1)(n) < (the superior
realsequence $1)(n).
(55) If s1 is bounded, then (the inferior realsequence s1)(n) < inf (the supe-
rior realsequence s1).
(56) If s; is bounded, then sup (the inferior realsequence s;) < (the superior
realsequence s1)(n).
(57) 1If s is bounded, then sup (the inferior realsequence s;) < inf (the supe-
rior realsequence si).
(58) If s1 is bounded, then the superior realsequence s; is bounded and the
inferior realsequence sq is bounded.
(59) Suppose s1 is bounded. Then
(i)  the inferior realsequence s; is convergent, and
(ii)  lim (the inferior realsequence s1) = sup (the inferior realsequence s1).
(60) Suppose s1 is bounded. Then
(i)  the superior realsequence s; is convergent, and
(ii)  lim (the superior realsequence s;) = inf (the superior realsequence s1).
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(61) If s; is lower bounded, then (the inferior realsequence si)(n) =
—(the superior realsequence —sp)(n).

(62) If s; is upper bounded, then (the superior realsequence si)(n) =
—(the inferior realsequence —s1)(n).

(63) If s; is lower bounded, then the inferior realsequence s; =
—the superior realsequence —sj.

(64) If s; is upper bounded, then the superior realsequence s; =
—the inferior realsequence —sj.

(65) If s1 is non-decreasing, then s1(n) < (the inferior realsequence s1)(n+1).

(66) If s is non-decreasing, then the inferior realsequence s; = s7.

(67) If s; is non-decreasing and upper bounded, then sj(n) < (the superior
realsequence s1)(n + 1).

(68) Suppose s; is non-decreasing and upper bounded. Then (the superior
realsequence s1)(n) = (the superior realsequence s1)(n + 1).

(69) Suppose s; is non-decreasing and upper bounded. Then (the superior
realsequence s1)(n) = sup s1 and the superior realsequence s is constant.

(70) If s1 is non-decreasing and upper bounded, then inf (the superior realse-
quence §1) = sup §j.

(71) If s is non-increasing, then (the superior realsequence s1)(n+1) < s1(n).

(72) If s; is non-increasing, then the superior realsequence s; = sj.

(73) If s; is non-increasing and lower bounded, then (the inferior realsequence
s1)(n+1) <s1(n).

(74) Suppose s; is non-increasing and lower bounded. Then (the inferior
realsequence s1)(n) = (the inferior realsequence s1)(n + 1).

(75) Suppose s; is non-increasing and lower bounded. Then (the inferior
realsequence s1)(n) = inf s; and the inferior realsequence s is constant.

(76) If s1 is non-increasing and lower bounded, then sup (the inferior realse-
quence s1) = inf s7.

(77) Suppose s9 is bounded and s3 is bounded and for every n holds s2(n) <
sg(n). Then

(i)  for every n holds (the superior realsequence s3)(n) < (the superior
realsequence s3)(n), and

(ii)  for every n holds (the inferior realsequence s9)(n) < (the inferior re-
alsequence s3)(n).

(78) Suppose s3 is lower bounded and s3 is lower bounded. Then (the inferior
realsequence sz + s3)(n) > (the inferior realsequence s9)(n) + (the inferior
realsequence s3)(n).

(79) Suppose sy is upper bounded and sz is upper bounded. Then (the su-
perior realsequence sg + s3)(n) < (the superior realsequence sg9)(n) + (the

379



380 BO ZHANG et al.

superior realsequence s3)(n).

(80) Suppose sz is lower bounded and non-negative and s3 is lower bounded
and non-negative. Then (the inferior realsequence sg s3)(n) > (the inferior
realsequence s3)(n) - (the inferior realsequence s3)(n).

(81) Suppose sy is lower bounded and non-negative and s3 is lower bounded
and non-negative. Then (the inferior realsequence sy s3)(n) > (the inferior
realsequence s3)(n) - (the inferior realsequence s3)(n).

(82) Suppose s is upper bounded and non-negative and s3 is upper bounded
and non-negative. Then (the superior realsequence s9 s3)(n) < (the supe-
rior realsequence s3)(n) - (the superior realsequence s3)(n).

Let s1 be a sequence of real numbers. The functor limsup s; yielding an
element of R is defined as follows:

(Def. 6) limsups; = inf (the superior realsequence s1).
Let s1 be a sequence of real numbers. The functor liminf s; yielding an
element of R is defined by:
(Def. 7) liminfs; = sup (the inferior realsequence s1).
Next we state a number of propositions:

(83) If s; is bounded, then liminf s; < r iff for every s such that 0 < s and
for every n there exists k such that sy(n + k) <r + s.

(84) 1If s; is bounded, then r < liminf s; iff for every s such that 0 < s there
exists n such that for every k holds r — s < s1(n + k).

(85) Suppose s; is bounded. Then r = liminf s; if and only if for every s
such that 0 < s holds for every n there exists k such that s;(n+k) < r+s
and there exists n such that for every k holds r — s < s1(n + k).

(86) If s; is bounded, then r < limsup s; iff for every s such that 0 < s and
for every n there exists k such that s;(n+ k) > r — s.

(87) 1If s1 is bounded, then limsup s; < r iff for every s such that 0 < s there
exists n such that for every k holds s1(n+ k) < r +s.

(88) Suppose s; is bounded. Then r = limsup s; if and only if for every s
such that 0 < s holds for every n there exists k such that s;(n+k) > r—s
and there exists n such that for every k holds si(n+ k) < r+ s.

(89) If s; is bounded, then liminf s; < limsup s;.

(90) 7 is bounded and limsup s; = liminf s; iff s; is convergent.

(91) If s; is convergent, then lim s; = limsup s; and lim s; = liminf s;.

(92) If s; is bounded, then limsup(—s;) = —liminfs; and liminf(—s;) =
—lim sup s;.

(93) If s is bounded and s3 is bounded and for every n holds sa(n) < s3(n),
then lim sup s9 < limsup s3 and liminf s < lim inf s3.
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(94) Suppose s9 is bounded and s3 is bounded. Then liminf so + lim inf s3 <
liminf(s2+s3) and liminf(s2+s3) < liminf so+lim sup s3 and lim inf(so+
s3) < limsup so+lim inf s3 and lim inf so+lim sup s3 < lim sup(s2+s3) and
lim sup so +lim inf s3 < lim sup(s2 + s3) and lim sup(sa+s3) < limsup sa+
lim sup s3 and if s is convergent or s3 is convergent, then lim inf(sa+s3) =
liminf sy + lim inf s3 and lim sup(sg + s3) = lim sup s9 + lim sup s3.

(95) If s9 is bounded and non-negative and ss is bounded and non-negative,
then liminf sg - liminf s3 < liminf(sy s3) and limsup(sg s3) < limsup sg -
lim sup s3.
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1. PRELIMINARIES

In this paper z, y, t denote real numbers.
Next we state a number of propositions:

(1) Ifz >0, then 2 =z

(2) Ifz > 1, then (‘/”";7_1)2<1.
(B) (=)<l
(4)
()

z2+1

Va2 +1>0.
V2 +1+z>0.

(© 2005 University of Bialystok
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(6) IfyZOandle,thenxTHZO

(7) InyOandle,then%ZO

(8) Ifz>1, then /& > 1.

(9) Ifyanndle,then%zo.

(10) Itz > 1, then \/@+\/§>O.

(11) If22<1,thenz+1>0and 1—z > 0.

(12) Ifx # 1, then (1 — )2 > 0.

(13) If 2% < 1, then 2£L > 0.

(14) If 22 <1, then (3%45)% < 1.

(15) If0<xandw<1,then1f—i>0.

(16) If 0 <z and = < 1, then 22 < 1.

(17) If0<xand:n<1,then\/1+7>1.

(18) If 0 < z and = < 1, then 1%:2 > 0.

(19) If0 <z and x < 1, then 0 < (1 — 22)2.

(20) If0 <z and <1, then 125 > 1.

(21) If1 <22, then (1)2 < 1.

(22) If0<zand x <1, then 1 — 22 > 0.

(23) If1 <z, then 0 <z ++a2 - 1.

(24) If1<zand1<y,then0<z-\/y2—1+y Va2 —1.
(25) Ifl1<zand1<yand |y <|z|, then 0 <y —+/y2 — 1.
(26) If1<zand1<yand |y <|z|,then 0 <y -vVaZ—1—z-/y2—1.
(27) If22 <1landy? <1, then z-y# —1.

(28) If 22 <1and y? <1, then x -y # 1.

(29) If x # 0, then expz # 1.

(30) If 0 # z, then (expx)? — 1 #0.

(31) If0<t¢, then 571 <1.

(32) If —1<tandt<1,then0< .

2. FORMULAS AND IDENTITIES OF INVERSE HYPERBOLIC FUNCTIONS

Let = be a real number. The functor sinh’z yields a real number and is
defined by:

(Def. 1) sinh’z = log,(z + Va2 + 1).

Let = be a real number. The functor cosh) x yielding a real number is defined
by:
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(Def. 2) cosh} z =log,(z + V2 —1).
Let = be a real number. The functor cosh) x yields a real number and is
defined by:

(Def. 3) coshyx = —log,(x + Va2 —1).

Let = be a real number. The functor tanh’z yields a real number and is
defined by:

(Def. 4) tanh'z = % '10ge(%)-
Let = be a real number. The functor coth’ z yielding a real number is defined

as follows:
(Def. 5) coth’z = 3 - log, (£t1).

z—1
Let z be a real number. The functor sech] z yields a real number and is
defined by:
(Def. 6) sech)x = loge(@).
Let = be a real number. The functor sech}, z yielding a real number is defined
as follows:
(Def. 7) sechhx = —loge(@).
Let = be a real number. The functor csch’ z yielding a real number is defined
by:
(Def. 8)(i) csch’x = loge(@) if 0 <,
(ii) csch’x = loge(@) if z <0,
(iii) « <0, otherwise.
The following propositions are true:
If 0 < @, then sinh’ z = cosh) V22 + 1.
If z < 0, then sinh’ z = cosh), V22 + 1.

sinh’ z = tanh’( )

If z > 1, then cosh) z = sinh’ V22 — 1.
If z > 1, then cosh} z = tanh’(¥Z=1),

x

If 2 > 1, then cosh} z = 2 - cosh /ZH.

W W W
T =~ W

w w
~N

w
oo

If 2 > 1, then coshyz = 2 - cosh y/ZEL.

A~ N /N /N /N /N /N /N /N /N o/~~~
= W
S ©

N T S N N N D N N

If 2 > 1, then cosh] z = 2 - sinh’ |/ Z51.

If 22 < 1, then tanh’ 2 = sinh’(\/lf?).

If 0 < x and = < 1, then tanh’ z = cosh} ().

N
—

N
)

V1—z2
43) 1If 2% < 1, then tanh'z = § - sinh’(:2%3).
44) TIf 2 >0 and x < 1, then tanh’z = L - cosh] (1+x2).
2 g
2.

N
ot

If 22 < 1, then tanh’z = § - tanh'({3%).

385
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(46) If 22 > 1, then coth’z = tanh/(2).

(47) If 2 > 0 and z < 1, then sech} z = cosh](2).

(48) If z >0 and = < 1, then sech) x = coshj(2).

(49) If z > 0, then csch’ z = sinh’(1).

(50) Ifz-y++v2Z +1-1/y%2 + 1 > 0, then sinh’ z+sinh’y = sinh/(z-/1 + y2+

y-V1+a2).

(51) sinh’x —sinh’y = sinh’(z - /1 +y2 — y - V1 + 22).

(52) If 1 < z and 1 < y, then coshjz + coshiy = coshi(z -y +
V(22 =1)- (42 - 1)).

(53) If 1 < z and 1 < 1y, then coshbz + coshby = coshh(z -y +
V(@2 —1)-(y* - 1)).

(54) If 1 <xand 1<y and |y| < |z|, then cosh} x — cosh| y = cosh)(z -y —
V@2 =1)- (2 - 1))

(55) If 1 <xand 1 <y and |y| < |z|, then cosh) z — coshly = cosh)(z -y —

V(zZ=1)- (2 -1)).

(56) If 22 < 1 and 32 < 1, then tanh’ x + tanh’y = tanh’(l‘f;%’y).

(57) If 22 <1 and y? < 1, then tanh’z — tanh’y = tanh’(lf_:fy).

(58) If 0 < z and (%)2 < 1, then log, x = 2- tanh’(%).

(59) If0 <z and (ﬁzji)z < 1, then log, x = tanh’(iz:).

(60) Ifl<zandl< x;ﬂ;, then log, x = cosh’l(m;j;l).

(61) If0<zandz<landl< m;j;l, then log, z = COShIQ(m;.—;l).

(62) If 0 <z, then log, z = sinh’(x;_;l).

(63) Ify =1 (expz —exp(—x)), then x = log,(y + V2 +1).

(64) Ify =3 (expz +exp(—z)) and 1 < y, then z = log,(y + V2 —1) or

z = —log.(y +vy?—1).

(65) If y = SReexpl2) yhop o — Lo log, (1),

exp z+exp(—z)’ -y
(66) Ify= %ﬁ{m and z # 0, then = 3 -loge(%).
(67) Iy = speriprsy then o = log, (V™0 or & = ~log, (V12
2
68) If y = ———=— and =z O,thenx:logworx—
exp z—exp(—x) e
1—+/14y2
log, (A1),

(The function cosh)(2 - z) = 1 + 2 - (the function sinh)(z)2.
(The function cosh)(z)? = 1 + (the function sinh)(z)2.
(The function sinh)(x)2? = (the function cosh)(z)? — 1.
sinh(5 - ) = 5 - sinha + 20 - (sinhx)? + 16 - (sinh z)°.
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(73) cosh(5-x) = (5-coshx — 20 - (coshx)3) + 16 - (cosh z)>.

S
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Lines on Planes in n-Dimensional
Euclidean Spaces

Akihiro Kubo
Shinshu University, Nagano, Japan

Summary. In the paper we introduce basic properties of lines in the plane
on this space. Lines and planes are expressed by the vector equation and are the
image of R and R?. By this, we can say that the properties of the classic Euclid
geometry are satisfied also in R™ as we know them intuitively. Next, we define
the metric between the point and the line of this space.

MML identifier: EUCLIDLP, version: 7.5.01 4.39.921

The notation and terminology used here are introduced in the following papers:
[1], [5], [12], [4], [9], [14], [13], [8], [15], [6], [2], [3], [7], [11], and [10].
We follow the rules: a, a1, as, as, b, by, ba, b3, 7, s, t, u are real numbers, n
is a natural number, and xg, x, x1, T2, T3, Yo, ¥, Y1, Y2, y3 are elements of R".
One can prove the following propositions:

(1) 2 (u-z)=%%zand ;- (u-z)="% 2
(2) @1+ (z2 4+ 23) = (21 + 22) + 3.

(3) z—1(0,...,0) = z.

(5) T —($2+JZ3) =X — T2 — I3.

(6) X1 — To =21 + —29.

(7) x—x2=/0,...,0) and z + —z = (0,...,0).
N—— SN——

8) —a-z=(—a)-xzand —a-z=a-—x.

(9) xr1 — (.%'2 — .1‘3) = (acl — :L'Q) + x3.
(10) z1 + (x2 — x3) = (21 + x2) — x3.

(© 2005 University of Bialystok
389 ISSN 1426-2630
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(11) x1 = zo + x5 iff 29 = 21 — x3.

(12) z=x1+x2+ a3 iff x — 21 = 22 + 3.

(13) —(x1 4+ x2 4+ 23) = =21 + —22 + —23.

(14) z1 =ag iff 21 — 290 =(0,...,0).
——

(15) If zy —x9 =t-x and x1 # x0, then t # 0.

(16) (a—b)-x=a-z+(-b)-zand (a—b)-x =a-z+—b-zand (a—b) -z =
a-r—b-x.

(17) a-(r—y)=a-z+—-a-yanda-(r—y)=a-z+(—a)-yanda-(z—y) =
a-r—a-y.

—
0¢]

(s—t—wu)-x=s-x—t-x—u-x.

z— (a1 -z +ag-ra+a3-x3) =x+ ((—a1) -z + (—az) - x2+ (—as) - x3).

z—(s+ttu)-y=x+(=s) y+(=t)-y+(-u) -y

(x1 +x2) + (Y1 +y2) =21 +y1 + (22 + 12).

(x1+ 22+ 23) + (y1 +y2 +y3) =21+ 1 + (22 +y2) + (23 + y3).

(z1+22) — (Y1 +y2) = (21— y1) + (22 — ¥2).

(x1+22+23) — (1 +y2+y3) = (1 —y1) + (22 —y2) + (23 — y3).
(r14+z24+23)=0a -1 +0a -2+ a-xs.

N NN
N = O O

NN
[SAEN S

e N e T e e N e T T N
[\ [\)
D w

N’ e e e e e e e S T N N

a
a'(bl'l‘l—l—bz'l’g):a-bl-l‘l—l—a'bg'l’g.
a

\)
J

(b x1+by-x9+bs-x3)=a-by-x1+a-by-xo+a-bs-xs.
ai-x1+az-x2+ (b -1+ b2 x2) = (a1 +b1) - 21 + (a2 + b2) - x2.
ap-x1+az-x2+az-x3+ (b w1 +be-xo+bs-x3) = ((ar +b1) z1 +
(ag + b2) - x2) + (a3 + b3) - 3.

(30) (a1‘x1+a2'a:2)—(b1-xl—l—bg-a:g):(al—bl)-xl—i—(ag—bg)-xg.
(31) (a1-z1+4+az-x2+az-x3)— (b1 -z1+ba-x2+0b3-x3) = (a1 —b1) -1+

(ag — b2) - x2 + (ag — b3) - x3.

(32) Ifa;+az+as=1,thenay -z +as-x9+ag-xr3=1x1+as- (re—x1)+
as - (x3 — x1).
(33) Ifz=x1+4ag-(xa—x1)+as- (3 —x1), then there exists a real number

a1 such that x = a; -1 + a2 -2+ a3 -x3 and a; + az + a3z = 1.

(34) For every natural number n such that n > 1 holds 1 xn # (0,...,0).
L

(35) For every subset A of R™ and for all z1, x2 such that A is a line and
x1 € A and x93 € A and z1 # z2 holds A = Line(x1, x3).

(36) For all elements x1, xo of R™ such that y; € Line(x;,z2) and yo €
Line(z1, z2) there exists a such that yo —y; = a - (x2 — x1).

N DN
O

Let us consider n and let x1, xo be elements of R™. The predicate z; || x2
is defined as follows:
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(Def. 1) z1 #(0,...,0) and z2 # (0, ...,0) and there exists r such that z; = r-zs.
—— ——

n n
One can prove the following proposition
(37) For all elements 1, z2 of R™ such that z || 22 there exists a such that
a#0and z1 =a- xs.
Let us consider n and let x1, zo be elements of R™. Let us note that the
predicate 1 || 2 is symmetric.
The following proposition is true

(38) If 1 || z2 and z2 || x5, then z; || z3.

Let n be a natural number and let x1, zo be elements of R"™. We say that
1 and zo are linearly independent if and only if:

(Def. 2) For all real numbers aj, ag such that a; - x1 + as - x2 = (0,...,0) holds
——

n
a1 =0 and ay = 0.

Let us note that the predicate x1 and xo are linearly independent is symmetric.

Let us consider n and let 1, 22 be elements of R™. We introduce x1 and xo
are linearly dependent as an antonym of x1 and x2 are linearly independent.

Next we state a number of propositions:
(39) If 1 and z9 are linearly independent, then z7 # (0,...,0) and zo #
—

n

(40) For all x;, xo such that x; and x9 are linearly independent holds if
ai-x1+as-xo =by-x1 + by xo, then a1 = by and as = bs.

(41) Let given x1, 2, y1, y1. Suppose y; and y2 are linearly independent.
Suppose y1 = a1 -1+ as-x2 and ys = by - x1 + b - x2. Then there exist real
numbers ¢y, ¢2, di, ds such that 1 = ¢1-y1+c2-y2 and 2o = di-y1 +d2 - yo.-

(42) 1If 1 and x9 are linearly independent, then x; # xs.

(43) If x9 — z1 and x3 — x; are linearly independent, then zo # x3.

(44) If 21 and x5 are linearly independent, then x1 4 ¢ - 29 and 9 are linearly
independent.

(45) Suppose x1 — x¢p and x3 — x9 are linearly independent and yo €
Line(zg,z1) and y; € Line(zp,x1) and yo # y1 and yo € Line(zg,x3)
and ys € Line(xa, x3) and y2 # y3. Then y1 — yo and y3 — yo are linearly
independent.

(46) If x1 || x2, then x; and xo are linearly dependent and x; # (0,...,0)

——

n

and z3 # (0,...,0).
——

n
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(47) If 1 and zo are linearly dependent, then z; = (0,...,0) or o =
——
n
(0,...,0) or x1 || 2.
——

n
(48) For all elements x1, x2, y1 of R™ there exists an element ys of R™ such
that yo € Line(x1,x2) and 1 — x9, y1 — yo2 are orthogonal.

Let us consider n and let 1, 9 be elements of R™. The predicate z1 L xo
is defined by:

(Def. 3) x1 #(0,...,0) and z3 # (0,...,0) and z1, 2 are orthogonal.
SN—— SN——

n n
Let us note that the predicate x; L xo is symmetric.

The following propositions are true:
49) If z L yo and yo || y1, then = L y;.
50) If x L y, then x and y are linearly independent.
51) If 21 || z2, then z1 L .
52) If 21 L x9, then zq Jf xo.

Let us consider n. The functor Lines(R"™) yields a family of subsets of R"
and is defined by:

(Def. 4) Lines(R"™) = {Line(z1, z2)}.
Let us consider n. Note that Lines(R"™) is non empty.
The following proposition is true
(53) Line(xy,z2) € Lines(R"™).
In the sequel L, Ly, Ly, Ly are elements of Lines(R™).
The following propositions are true:
54) If 1 € L and x9 € L, then Line(zy,z2) C L.
55) L7 meets Lo iff there exists x such that z € L1 and = € Ls.
6) If Lo misses L; and = € Ly, then x ¢ L;.
7) There exist z1, 2 such that L = Line(z, x2).
58
59

ot

(@38
N e e N N N

(
(
(
(
( There exists « such that x € L.
( If g € L and L is a line, then there exists x1 such that z; # z¢ and
z1 € L.
(60) Ifx ¢ L and L is aline, then there exist z1, x2 such that L = Line(x1, z2)
and z —x1 L 9 — x1.
(61) Ifx ¢ Land L is aline, then there exist x1, x2 such that L = Line(x1, z2)
and x — x; and x9 — x1 are linearly independent.
Let n be a natural number, let  be an element of R™, and let L be an
element of Lines(R"™). The functor p(z, L) yields a real number and is defined
by:
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(Def. 5) There exists a subset S of R such that S = {|x — z¢|;z¢ ranges over
elements of R™: xy € L} and p(z, L) = inf S.

Next we state three propositions:

(62) There exists xo such that g € L and |z — zo| = p(x, L).

(63) p(xz,L)>0.

(64) z e Liff p(x, L) =0.
Let us consider n and let us consider L;, Ly. The predicate L; || Lo is

defined as follows:

(Def. 6) There exist elements 1, x2, y1, y2 of R™ such that L; = Line(x1,x2)
and Lo = Line(y1,y2) and z2 — 21 || y2 — y1.

Let us note that the predicate L; || Ly is symmetric.
The following proposition is true

(65) If LO || L1 and L1 || LQ, then L() H L2.

Let us consider n and let us consider Ly, Ly. The predicate L L Lo is
defined by:

(Def. 7) There exist elements z1, x2, y1, y2 of R™ such that L; = Line(z,x2)
and Ly = Line(y;, y2) and 92 — z1 L y2 — y1.
Let us note that the predicate Ly 1 Lo is symmetric.
We now state a number of propositions:
(66) If LO 1 L1 and L1 ” LQ, then LO 1 L2.
(67) If x ¢ L and L is a line, then there exists Ly such that = € Ly and
Lo L L and Ly meets L.

(68) If L; misses Lo, then there exists x such that x € Ly and = ¢ Lo.
(69) If zq € L and x9 € L and x1 # x2, then Line(x1,x2) = L and L is a line.
(70) If L; is a line and Lo is a line and Ly = Lo, then L; || Lo.
(71) If Ly || Lo, then L; is a line and Ls is a line.
(72) 1If Ly L Lo, then L; is a line and Ly is a line.
(73) Ifxe€ Landa#1and a-z € L, then (0,...,0) € L.

———

n

(74) If 21 € L and zo € L, then there exists x3 such that z3 € L and
x3—x1 =a- (x2 —x1).

(75) If 1 € L and x5 € L and z3 € L and x1 # x9, then there exists a such
that x5 — 21 = a - (a2 — x1).

(76) If Ly || L2 and Ly # Lo, then L; misses Lo.

(77) 1If Ly || Lo, then Ly = Lo or Ly misses Lo.

(78) 1If Ly || Ly and Lj meets Lo, then Ly = Lo.

(79) If L is a line, then there exists Ly such that x € Ly and Lo || L.
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(80) For all z, L such that x ¢ L and L is a line there exists Ly such that
x € Lo and Lo || L and Lo # L.

(81) For all zg, x1, yo, y1, L1, L2 such that 29 € Ly and z1 € L1 and xy # 21
and yg € Lo and y; € Lo and yo # y1 and Ly L Lo holds 1 —xg L y1 —yo-

(82) For all Ly, Ly such that Ly L Lo holds Ly # Lo.

(83) For all z1, 9, L such that L is a line and L = Line(x1, xz2) holds x1 # x3.

(84) If zp € Ly and 1 € Ly and zp # x; and yo € Lo and y; € Lo and
yo # y1 and Ly || Lo, then 21 — x¢ || y1 — %o-

(85) Suppose zo — x1 and x3 — x7 are linearly independent and y, €
Line(x1,z2) and y3 € Line(x;,z3) and L; = Line(x2,23) and Ly =
Line(ya,y3). Then Ly || Lo if and only if there exists a such that a # 0
and yo —x1 = a- (xe —x1) and y3 — 1 = a - (v3 — 7).

(86) For all Ly, Ly such that L; is a line and Ly is a line and L; # Lo there
exists = such that x € L; and = ¢ L.

(87) For all z, Ly, Lo such that Ly L Ly and = € Ly there exists Ly such that
T e Lo and LO 1 L2 and LQ H Ll.

(88) For all x, Ly, Ly such that « € L1 and x € Ly and L; L Ly there exists
xo such that  # xg and xo € L; and z¢ ¢ Lo.

Let n be a natural number and let z1, x2, x3 be elements of R™. The functor
Plane(x1, x2, x3) yielding a subset of R" is defined as follows:

(Def. 8) Plane(x1,z2,23) = {a1-x1 +az2-x2+asg-x3: a1 +az+az =1}
Let n be a natural number and let x1, x2, x3 be elements of R™. One can
check that Plane(z, x2, x3) is non empty.
Let us consider n and let A be a subset of R". We say that A is plane if
and only if:
(Def. 9) There exist x1, x2, x3 such that zo — x; and z3 — x; are linearly inde-
pendent and A = Plane(x1, z2, x3).
One can prove the following propositions:
(89) x1 € Plane(z1,22,23) and x2 € Plane(z1,22,23) and x3 €
Plane(x1, x2, x3).
(90) If 1 € Plane(y1,y2,y3) and z2 € Plane(yi,y2,y3) and z3 €
Pla‘ne(y17 Y2, y3)7 then Pla‘ne(xlu T2, xS) g Plane(y17 Y2, y3)

(91) Let A be a subset of R"™ and given z, x1, 3, x3. Suppose x €
Plane(x1, x9, x3) and there exist real numbers ¢y, ¢a, ¢3 such that ¢; +co+
c3=0and x = ¢y 21+ ¢y 22+ c3-x3. Then (0,...,0) € Plane(xy, x9, x3).

——
n

(92) If y; € Plane(zy, z9,x3) and yo € Plane(xy, x2, x3), then Line(y;,y2) C

Plane(x1, x2, x3).
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(93) For every subset A of R™ and for every x such that A is plane and x € A
and there exists a such that a # 1 and a-x € A holds (0,...,0) € A.
n
(94) If 21 — z1 and x3 — x; are linearly independent and = € Plane(z1, x2, z3)
and © = aj - 1 + ag - x2 + a3 - x3, then a1 +ags +az =1 or (0,...,0) €
——
Plane(z1, x2, x3). "
(95) x € Plane(xy, 9, x3) iff there exist aj, ag, as such that a; + a2 + a3 =1
and x =a; -1 + az - 2 + a3 - x3.
(96) Suppose that
)  x2 —xp and x3 — x1 are linearly independent,
)« € Plane(xy, 22, x3),
) a1 +as+az =1,
(iv) z=a1-x1+az-x2+as-xs,
) b1 + b2+ b3 =1, and
) x=0b1-x1+byx2+ b3 w3,
Then a1 = b1 and ay = by and a3z = bs.
Let us consider n. The functor Planes(R"™) yielding a family of subsets of
R"™ is defined by:
(Def. 10) Planes(R"™) = {Plane(z1, z2,x3)}.
Let us consider n. Note that Planes(R™) is non empty.
The following proposition is true
(97) Plane(z1, x2,x3) € Planes(R"™).
In the sequel P, Py, P;, P; are elements of Planes(R").
Next we state several propositions:
(98) If x; € P and 3 € P and z3 € P, then Plane(xy, z2,23) C P.
(99) If 1 € P and x5 € P and z3 € P and x2 — 21 and x3 — 1 are linearly
independent, then P = Plane(z1, z2, x3).
(100) If Py is plane and P; C Ps, then P; = P;.
(101) Line(x1,z2) C Plane(xy, z2,x3) and Line(za, x3) C Plane(xy, x2, 3) and
Line(zs,z1) C Plane(x1, x2, x3).
(102) If 21 € P and x5 € P, then Line(z1,22) C P.
Let n be a natural number and let L1, Ly be elements of Lines(R™). We say
that Ly and Lo are coplanar if and only if:
(Def. 11) There exist elements x, x2, 3 of R™ such that L; C Plane(x1, z2, 3)
and Lo C Plane(z1, 22, x3).
We now state a number of propositions:
(103) L; and Ly are coplanar iff there exists P such that Ly C P and Ly C P.

(104) If Ly || L2, then Ly and Lo are coplanar.
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(105) Suppose L is a line and Lo is a line and Ly and Lo are coplanar and L
misses Lo. Then there exists P such that L1 € P and Ly C P and P is
plane.

(106) There exists P such that x € P and L C P.

(107) If x ¢ L and L is a line, then there exists P such that x € P and L C P
and P is plane.

(108) Ifx € Pand L C P and x ¢ L and L is a line, then P is plane.

(109) Ifx ¢ L and L is aline and z € Py and L C Py and x € P, and L C P,
then Py = P;.

(110) 1If Ly is a line and Ls is a line and Ly and Lg are coplanar and Ly # Lo,
then there exists P such that 1y C P and Ly C P and P is plane.

(111) For all Ly, Lo such that L; is a line and Lo is a line and L; # Lo and
L1 meets Ly there exists P such that L1 C P and Ly C P and P is plane.

(112) If Ly is a line and Lg is a line and L; # Lo and L; meets Ly and L1 C P,
and Ly C Py and L1 C P> and Ly C P, then P, = Ps.

(113) If Ly || Ly and Ly # Lo, then there exists P such that L; C P and
Lo C P and P is plane.

(114) 1If Ly L Lo and Ly meets Lo, then there exists P such that P is plane
and L1 - P and LQ - P.

(115) If Ly C Pand Ly CPand Ly C Pand z € Lg and x € Ly and x € Lo
and Lo L Ly and Ly L Lo, then Ly = Lq.

(116) If Ly and Lo are coplanar and L; L Lo, then Lj meets Lo.

(117) If Ly CPand Ly C Pand Ly L Ly and x € P and Ly || Ly and = € Ly,
then Lo C P and Lo L L.

(118) fLC Pand L C Pand Ly C Pand L 1 Ly and L | Ly, then Ly || Lo.

(119) Suppose Lo € P and Ly € P and Ly C P and Ly || Ly and Ly || Lo
and Lg # L1 and L1 # Lo and Lo # Ly and L meets Ly and L meets L.
Then L meets Lo.

(120) If L; and Ly are coplanar and L; is a line and Ls is a line and L; misses
Lo, then L H Lo.

(121) If ;1 € P and 29 € P and y; € P and y2 € P and 2 — x1 and y2 — 3
are linearly independent, then Line(x, x2) meets Line(y1, y2).
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Summary. In this paper we define class of functions and operators needed
for the proof of the principle of inclusions and the disconnections. We also given
certain cardinal numbers concerning elementary class of functions (this function
mapping finite set in finite set).

MML identifier: CARD_FIN, version: 7.5.01 4.39.921

The articles [21], [10], [24], [17], [26], [6], [27], [2], [9], [11], [1], [25], [7], [8],
[22], [19], [5], [15], [12], [20], [16], [14], [18], [13], [3], [23], and [4] provide the
terminology and notation for this paper.

For simplicity, we use the following convention: x, x1, xs, ¥, 2z, X' denote
sets, X, Y denote finite sets, n, k, m denote natural numbers, and f denotes a
function.

Next we state the proposition

(1) If X CY and card X = cardY, then X =Y.
In the sequel F' is a function from X U {z} into Y U {y}.
One can prove the following proposition
(2) For all X, Y, z, y such that if Y = (), then X = () and = ¢ X holds
card(YX) = {F:mg(FIX)CY A F(z)=y}.

In the sequel F is a function from X U {z} into Y.

One can prove the following two propositions:

(3) For all X, Y, x, y such that + ¢ X and y € Y holds card(YX) =

{F:F(@)=y).

!This work has been partially supported by the KBN grant 4 T11C 039 24 and the FP6
IST grant TYPES No. 510096.
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(4) Ifif Y =0, then X = (), then card(Y*) = (card Y)card X,
In the sequel F} denotes a function from X into Y and F5 denotes a function
from X U {z} into Y U {y}.
One can prove the following two propositions:
(5) Let given X, Y, z, . Suppose if Y is empty, then X is
empty and x ¢ X and y ¢ Y. Then {Fj:F) is one-to-one} =
{Fy : F» is one-to-one A Fy(z) =y}.
n!

(6) Gy is a natural number.

In the sequel F' is a function from X into Y.

The following proposition is true

(7) If card X < cardY, then {F : F is one-to-one} = %.

In the sequel F' denotes a function from X into X.
The following proposition is true
(8) {F:F is apermutation of X} = (card X)!.
Let us consider X, k, x1, 2. The functor Choose(X, k, x1, x2) yields a subset
of {x1, 29} and is defined as follows:
(Def. 1) =z € Choose(X, k, 1, x2) iff there exists a function f from X into {1, x2}
such that f =z and f~1({z1}) = k.

We now state several propositions:

(9) If card X # k, then Choose(X, k, x1,21) is empty.
(10) If card X < k, then Choose(X, k, x1,z2) is empty.
(11) If 1 # z2, then card Choose(X,0,x1,z2) = 1.
(12) card Choose(X, card X, x1,x9) = 1.
(13) 1f f(y) = o and y € dom f, then {y} U (fI(dom f \ {y}))"'({z}) =

=)
In the sequel g denotes a function from X U {z} into {z,y}.
The following propositions are true:

(14) 1If z ¢ X, then card Choose(X, k,x,y) =

{g:9 ({a}) =k+1 A g(z) = a}.
(15) 1If f(y) # z, then (f(dom £\ {y}))"'({z}) = f~'({=}).
(16) If = ¢ X and x # y, then cardChoose(X, k,x,y) =

{g: 97 {z}) =k A g(z) =y}
(17) If * # y and z ¢ X, then card Choose(X U {z},k + 1,z,y) =
card Choose(X, k + 1, z,y) + card Choose(X, k, z, y).

(18) If = # y, then card Choose(X, k, z,y) = (Car]le).
(19) If z # y, then (Y — y)+-(X — z) € Choose(X UY, card X, z, ).
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(20) If z # y and X misses Y, then (X —— z)+-(Y —— y) € Choose(X U
Y, card X, z,y).

Let F', C; be functions and let y be a set. The functor Intersection(F, Cy,y)
yielding a subset of | Jrng F' is defined as follows:

(Def. 2) z € Intersection(F,C1,y) iff z € (Jrng F' and for every x such that

x € domCy and Cj(x) =y holds z € F(z).
In the sequel F', C; denote functions.
The following propositions are true:

(21) For all F, C; such that dom F N C;~({x}) is non empty holds y €
Intersection(F, Cy, z) iff for every z such that z € domC; and Ci(z) = «
holds y € F(2).

(22) If Intersection(F, Cy,y) is non empty, then C;~*({y}) € dom F.

(23) If Intersection(F, C1,y) is non empty, then for all x;, z9 such that x; €
C17*({y}) and 9 € C171({y}) holds F(z1) meets F(z2).

(24) If z € Intersection(F, C1,y) and y € rng Cy, then there exists = such that
x € domCy and Cj(x) =y and z € F(z).

(25) If F'is empty or [ Jrng F' is empty, then Intersection(F, C1,y) = |Jrng F.

(26) If FIC17'({y}) = C17'({y}) = Urng F, then Intersection(F,Cy,y) =
(Jrng F.

(27) If Urng F is non empty and Intersection(F,Cy,y) = (JrngF, then
FIC ' ({yh) =i ({y}) — Umg F.

(28) Intersection(F,(,y) = (Jrng F.

(29) Intersection(F,Cy,y) C Intersection(F, C1 | X', y).

(30) If Ci'({y}) = (Ci1X")"'({y}), then Intersection(F,Cy,y) =
Intersection(F, C1 [ X', y).

(31) Intersection(FX’, Cy,y) C Intersection(F, Cy,y).

(32) If y € mngC; and C;1({y}) C X', then Intersection(F[X',C1,y) =
Intersection(F, C1,vy).

(33) If z € 17 '({y}), then Intersection(F,C1,y) C F(x).

(34) If x € C17'({y}), then Intersection(F,Cy[(dom C; \ {x}),y) N F(x) =
Intersection(F, C1, y).

(35) TFor all functions C, C3 such that Co~'({x1}) = C571({z2}) holds
Intersection(F, Ca, x1) = Intersection(F, C3, z2).

(36) If C1t({y}) = 0, then Intersection(F,Cy,y) = Jrng F.

(37) If {z} = C1 *({y}), then Intersection(F, C1,y) = F(z).

(38) If {z1,22} = C171({y}), then Intersection(F,Cy,y) = F(x1) N F(x3).
(39) For every F' such that F'is non empty holds y € Intersection(F, dom F' —

x,x) iff for every z such that z € dom F' holds y € F(z).
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Let F be a function. We say that F' is finite-yielding if and only if:
(Def. 3) For every x holds F(z) is finite.

Let us observe that there exists a function which is non empty and finite-
yielding and there exists a function which is empty and finite-yielding.

Let F' be a finite-yielding function and let x be a set. Observe that F'(x) is
finite.

Let F' be a finite-yielding function and let X be a set. One can check that
F[X is finite-yielding.

Let F be a finite-yielding function and let G be a function. Note that F'- G
is finite-yielding and Intersect(F, G) is finite-yielding.

In the sequel Fj is a finite-yielding function.

The following two propositions are true:

(40) If y € rng Cy, then Intersection(F3, Cy,y) is finite.

(41) If dom F3 is finite, then |Jrng F3 is finite.

Let F' be a finite 0-sequence and let us consider n. Then F[n is a finite
0-sequence.

Let D be a set, let F' be a finite 0-sequence of D, and let us consider n.
Then F[n is a finite 0-sequence of D.

In the sequel D is a non empty set and b is a binary operation on D.

Next we state several propositions:

(42) For every finite 0-sequence F' of D and for all b, n such that n € dom F'
but b has a unity or n # 0 holds b(b® F'[n, F(n)) =b® F[(n+1).

(43) For every finite O-sequence F' of D and for every n such that len F' = n+1
holds F' = (F'[n) ™~ (F(n)).

(44) For every finite 0-sequence F' of N and for every n such that n € dom F’
holds Y (F'[n) + F(n) = > (F[(n+1)).

(45) For every finite 0-sequence F' of N and for every n such that rng F' C
{0,n} holds Y F = n - card(F~1({n})).

(46) = € Choose(n, k,1,0) iff there exists a finite 0-sequence F' of N such that
F =z and dom F =n and rng F C {0,1} and > F = k.

(47) For every finite O-sequence F' of D and for every b such that b has a
unity or len F' > 1 holds b ® F = b ©® XFS2FS(F)).

(48) Let F, G be finite 0-sequences of D and P be a permutation of dom F.
Suppose b is commutative and associative but b has a unity or len ' > 1
but G=F-P.ThenbO F=b0G.

Let us consider k£ and let F' be a finite-yielding function. Let us assume that
dom F is finite. The card intersection of F' wrt k yielding a natural number is
defined by the condition (Def. 4).

(Def. 4) Let z, y be sets, X be a finite set, and P be a function from
card Choose(X, k, x,y) into Choose(X, k, x,y). Suppose dom F' = X and
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P is one-to-one and = # y. Then there exists a finite 0-sequence X; of N
such that dom X; = dom P and for all z, f such that z € dom X; and
f = P(z) holds X1(z) = Intersection(F, f,z) and the card intersection of
F wrt k= Z X1.

One can prove the following propositions:

(49) Let x, y be sets, X be a finite set, and P be a function from
card Choose(X, k, z,y) into Choose(X, k, z,y). Suppose dom F3 = X and
P is one-to-one and = # y. Let X; be a finite 0-sequence of N. Suppose
dom X; = dom P and for all z, f such that z € dom X; and f = P(z)
holds X (z) = Intersection(F3, f, x). Then the card intersection of F3 wrt
k= ZXl

(50) If dom F3 is finite and k = 0, then the card intersection of F3 wrt k =
Jrng F3.

(51) If domF3 = X and k > card X, then the card intersection of F3 wrt
k=0.

(52) Let given F3, X. Suppose dom F3 = X. Let P be a function from
card X into X. Suppose P is one-to-one. Then there exists a finite 0-
sequence X7 of N such that dom X; = card X and for every z such that
z € dom X holds X;(z) = card(F3 - P)(z) and the card intersection of F3
wrt 1 = ZXI

(53) If domF3; = X, then the card intersection of Fj3 wrt card X =
Intersection(F3, X — x,x).

(54) If F3 = {z} — X, then the card intersection of F3 wrt 1 = card X.

(55) Suppose z # y and F3 = [x — X,y —— Y|. Then the card intersection
of F3 wrt 1 = card X + cardY and the card intersection of F3 wrt 2
=card(X NY).

(56) Let given F3, x. Suppose dom F3 is finite and x € dom Fj. Then the
card intersection of F3 wrt 1 = (the card intersection of F3[(dom F3\ {z})
wrt 1)+ card F3(x).

(57) dom Intersect(F,dom F —— X') = dom F and for every z such that
x € dom F holds (Intersect(F,dom F —— X'))(x) = F(x) N X'.

(58) Urng FFN X' = Jrng Intersect(F, dom F — X').

(59) Intersection(F,Cy,y) N X' = Intersection(Intersect(F,dom F +——
X'),Ch,y).

(60) Let F, G be finite 0-sequences. Suppose F' is one-to-one and G is one-
to-one and rng F’ misses rng G. Then F' ~ G is one-to-one.

(61) Let given F3, X, x, n. Suppose dom F3 = X and z € dom F3 and
k > 0. Then the card intersection of F3 wrt k + 1 = (the card in-
tersection of F3[(dom F3 \ {z}) wrt k& + 1) + (the card intersection of
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Intersect(F3[(dom F3 \ {z}),dom F3 \ {z} — F3(z)) wrt k).
(62) Let F, G, by be finite 0-sequences of D. Suppose that

()

(ii) b has a unity or len F' > 1,

(ili) lenF =lenG,

)

)

b is commutative and associative,

—

len F' =len by, and

for every n such that n € dom by holds by (n) = b(F(n), G(n)).
Then bO F~G=b® by.

Let Fy be a finite 0-sequence of Z. The functor > Fy yielding an integer is
defined as follows:

(Def. 5) > Fy=+70 Fy.
Let Fy be a finite 0-sequence of Z and let us consider . Then Fy(x) is an
integer.

(iv

(v

Next we state several propositions:

(63) For every finite 0-sequence F5 of N and for every finite 0-sequence F of
Z such that Fy = F5 holds Y Fy = ) F5.

(64) Let F, Fy be finite O-sequences of Z and ¢ be an integer. If dom F' =
dom Fy and for every n such that n € dom F holds i - F/(n) = Fy(n), then
i->. F=> Fy.

(65) If x € dom F, then |Jrmg F' = |Jrng(F[(dom F'\ {z})) U F(x).

(66) Let F3 be a finite-yielding function and given X. Then there exists a
finite O-sequence X of Z such that dom X; = card X and for every n such
that n € dom X; holds X;(n) = (—1)" - the card intersection of F3 wrt
n+1.

(67) Let F3 be a finite-yielding function and given X. Suppose dom F3 = X.
Let X7 be a finite 0-sequence of Z. Suppose dom X; = card X and for
every n such that n € dom X; holds X;(n) = (—1)" - the card intersection

of F3 wrt n+ 1. Then (Jrng F5 =) X;.
(68) Let given F3, X, n, k. Suppose domF; = X. Given z, y such
that © # y and for every f such that f € Choose(X,k,z,y) holds

Intersection(F3, f,z) = n. Then the card intersection of F3 wrt k =
n- (card X)
e )

(69) Let given F3, X. Suppose dom F3 = X. Let X5 be a finite 0-sequence of
N. Suppose dom Xy = card X and for every n such that n € dom X5 there
exist x, y such that x # y and for every f such that f € Choose(X,n +

1,z,y) holds Intersection(F3, f,z) = Xa(n). Then there exists a finite 0-

sequence F' of Z such that dom F' = card X and |Jrng F3 = > F and for

every n such that n € dom F holds F(n) = (—1)" - Xa(n) - (Cfif{).

In the sequel g denotes a function from X into Y.
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The following propositions are true:

(70) Let X, Y be finite sets. Suppose X is non empty and Y is non empty.
Then there exists a finite 0-sequence F' of Z such that dom F' = card Y + 1
and > F' = {g: g is onto} and for every n such that n € dom F holds
Fn)=(-1)"- (Carjy) - (card Y — n)card X,

(71) Let given n, k. Suppose k < n. Then there exists a finite 0-sequence F'
of Z such that nblockk = % -> F and dom F' = k 4+ 1 and for every m
such that m € dom F' holds F(m) = (—1)™ - (TIZ) - (k—m)".

In the sequel A, B are finite sets and f is a function from A into B.
One can prove the following proposition

(72) Let given A, B and X be a finite set. Suppose if B is empty, then

A is empty and X C A. Let F be a function from A into B. Sup-

pose F' is one-to-one and card A = card B. Then (card A —' card X)! =
{f : f is one-to-one A rng(f[(A\ X)) C F°(A\X) A
Ne (€ X = f(z)=F(x))}.

In the sequel F' denotes a function and h denotes a function from X into

rng F.
The following proposition is true
(73) Let given F. Suppose dom F' = X and F is one-to-one. Then there
exists a finite 0-sequence X5 of Z such that
(i) > Xo={h:hisoneto-one N A\, (r€X = h(z)# F(x))},
(ii)) dom Xg = card X + 1, and
(ili)  for every n such that n € dom X5 holds Xa(n)

In the sequel A is a function from X into X.

_ (=1)"(card X)!
- n! )

The following proposition is true
(74) There exists a finite 0-sequence X» of Z such that
(i) > Xo={h:hisoneto-one AN A\, (r€X = h(z)#x)},
(ii) dom X9 = card X + 1, and
(iii)  for every n such that n € dom X5 holds X2(n)

_ (=1)"(card X)!
- n! )
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Summary. Set operations for sequences of subsets are introduced here.
Some relations for these operations with the limit of sequences of subsets, also
with the inferior sequence and the superior sequence of sets, and with the inferior
limit and the superior limit of sets are shown.

MML identifier: SETLIM_2, version: 7.5.01 4.39.921

The articles [5], [2], [6], [1], [3], [4], and [7] provide the notation and terminology
for this paper.

For simplicity, we use the following convention: n, k denote natural numbers,
X denotes a set, A denotes a subset of X, and Ay, Ao denote sequences of subsets
of X.

We now state two propositions:

(1) (The inferior setsequence Ap)(n) = Intersection(A; T n).
(2) (The superior setsequence Aj)(n) = J(A41 T n).
Let us consider X and let Ay, As be sequences of subsets of X. The functor
A1 N Ay yields a sequence of subsets of X and is defined as follows:
(Def. 1) For every n holds (A1 N Ag)(n) = Ai(n) N Az(n).
Let us note that the functor A; N As is commutative. The functor A; U As
yielding a sequence of subsets of X is defined as follows:
(Def. 2)  For every n holds (41 U A2)(n) = A1(n) U Az(n).
Let us observe that the functor A; U A is commutative. The functor A; \ As
yielding a sequence of subsets of X is defined by:
(Def. 3) For every n holds (A; \ A2)(n) = A1(n) \ A2(n).
The functor A;—As yields a sequence of subsets of X and is defined as follows:

(© 2005 University of Bialystok
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(Def. 4) For every n holds (A1~A43)(n) = A1(n)=As(n).
Let us note that the functor A;~As is commutative.
One can prove the following propositions:

(3) A1=Ay=(A1\ Az) U (42\ Ay).

(4) (AiNA)Tk=A11TkNA2T k.

(5) (AJUA)Tk=A1TkUA2T k.

(6) (A1\A2)Thk=A1Tk\ ATk

(1) (A1=Ag) Tk = Ay 1k=Ay T k.

(8) U(A1NnAz) CUAINU As.

(9) U(AlUAQ) :UA1UUA2.
(10) UAi\UAs € U(Ar\ As).
(11) UAi=UA2 CU(41+42).
(12) Intersection(A4; N Ay) = Intersection A; N Intersection As.
(13) Intersection A; U Intersection Ay C Intersection(A; U Ag).
(14) Intersection(A; \ Ag2) C Intersection A; \ Intersection A,.

Let us consider X, let A; be a sequence of subsets of X, and let A be a
subset of X. The functor A N A; yielding a sequence of subsets of X is defined
by:
(Def. 5) For every n holds (AN Ap)(n) = AN Ai(n).

The functor AU A; yielding a sequence of subsets of X is defined as follows:
(Def. 6) For every n holds (AU Ap)(n) = AU Aq(n).

The functor A\ A; yields a sequence of subsets of X and is defined by:
(Def. 7)  For every n holds (A\ A1)(n) = A\ Ai(n).

The functor A; \ A yields a sequence of subsets of X and is defined by:
(Def. 8) For every n holds (41 \ 4)(n) = A1(n) \ A.

The functor A=A, yielding a sequence of subsets of X is defined as follows:
(Def. 9) For every n holds (A=A;1)(n) = A=A;(n).

One can prove the following propositions:

A=A = (A\ A1) U (41 A).
(ANA))Tk=ANAL k.
AUA)Tk=AUA Tk
ANAD) Th=A\ Al 1k,
ANA) Th= ATk \ A
A=A Tk=A-A1 Tk

If A; is non-increasing, then A N A; is non-increasing.

= = e
o g O Ot
S~—

(
(
(
(

P N N e T e T e N e
N =
oS ©

N e e e e N N N

N DN
N =

If A; is non-decreasing, then A N A; is non-decreasing.

[N
w

If A; is monotone, then A N Ay is monotone.
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)
NG

If A; is non-increasing, then A U A; is non-increasing.

[\
ot

If A; is non-decreasing, then A U A; is non-decreasing.

[\)
D

If A1 is monotone, then A U Ay is monotone.

[\
J

If A; is non-increasing, then A\ A; is non-decreasing.

[\]
oo

If Ay is non-decreasing, then A\ A; is non-increasing.

[\V)
Ne)

If A; is monotone, then A\ A; is monotone.

w
(==}

If A is non-increasing, then A; \ A is non-increasing.

w
—

If Ay is non-decreasing, then A; \ A is non-decreasing.

w
[\

If A; is monotone, then A; \ A is monotone.

Intersection(A N A;) = AN Intersection Aj.

Intersection(A U A1) = A U Intersection A;.

Intersection(A \ A1) C A\ Intersection A;.

Intersection(A4; \ A) = Intersection 4; \ A.

Intersection(A~A;) C A= Intersection A;.

UANA)=AnUA:

UAUA;) = AUl A;.

ANU A C UM\ Ap).

UAi\ 4) =U A\ A

A=-U A CUA=Ay).

(The inferior setsequence A; N Ag)(n) = (the inferior setsequence
A1)(n) N (the inferior setsequence As)(n).

(44) (The inferior setsequence A;)(n)U(the inferior setsequence As)(n) C (the
inferior setsequence A; U As)(n).

(45)  (The inferior setsequence A;\ A2)(n) C (the inferior setsequence A;)(n)\
(the inferior setsequence As)(n).

[OM]
w

ok s W W W W Ww
N B O © 0 J & Ot

AAAAAAA/—\AA/—\/—\/—\/—\/—\/—\/—\/—\A/—\
B N N N N N N N I S N N N N

(46) (The superior setsequence A; N Ag2)(n) C (the superior setsequence
A1)(n) N (the superior setsequence As)(n).

(47) (The superior setsequence A; U As)(n) = (the superior setsequence
A1)(n) U (the superior setsequence As)(n).

(48) (The superior setsequence Aj)(n) \ (the superior setsequence As)(n) C
(the superior setsequence Aj \ Az)(n).

(49) (The superior setsequence A;)(n)=(the superior setsequence Az)(n) C
(the superior setsequence A;~A3)(n)

(50) (The inferior setsequence A N Aj)(
Ap)(n).

(51) (The inferior setsequence A U A;)(n) = A U (the inferior setsequence

Aq)(n).

n) = A N (the inferior setsequence

409
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(52) (The inferior setsequence A \ A1)(n) C A\ (the inferior setsequence

Aq)(n).

(53) (The inferior setsequence A; \ A)(n) = (the inferior setsequence A1 )(n)\
A.

(54) (The inferior setsequence A=-A;)(n) C A-(the inferior setsequence

(55) (The superior setsequence AN A;)(n) = A N (the superior setsequence
Aq)(n).

(56) (The superior setsequence A U A;)(n) = A U (the superior setsequence

(57) A\ (the superior setsequence A;)(n) C (the superior setsequence A \
Aq)(n).

(58) (The superior setsequence A; \ A)(n) = (the superior setsequence

(59) A-=(the superior setsequence A;)(n) C (the superior setsequence
A=Aq)(n).

60
61
62
63

liminf(A; N Ag) = liminf A; N liminf As.

liminf A; Uliminf Ay C liminf(A; U Ag).

liminf(A; \ A2) C liminf A; \ liminf As.

If A; is convergent or Ay is convergent, then liminf(A; U Ay) =
liminf A7 Uliminf As.
(64) If Ag is convergent, then liminf(A; \ A2) = liminf A; \ liminf As.
(65) If A; is convergent or Ay is convergent, then liminf(A;=-A;) C
liminf Ay liminf As.

(60)
(61)
(62)
(63)

(66) If A; is convergent and Az is convergent, then liminf(A;-A4y) =
lim inf A1 = lim inf A,.

(67) limsup(A; N Az) C limsup Ay Nlimsup As.

(68) limsup(A; U Ag) = limsup A; Ulimsup A,.

(69) limsup A; \ limsup Az C limsup(4; \ 42).

(70) limsup A;—limsup Ay C limsup(A;—As).

(71) 1If A; is convergent or Ay is convergent, then limsup(A; N Ag) =

lim sup A1 N lim sup As.
(72) If As is convergent, then limsup(A4; \ A2) = limsup A; \ lim sup As.
(73) If Ay is convergent and Ag is convergent, then limsup(A;—Ag) =
lim sup A= lim sup As.
(74) liminf(ANA;) = ANliminf A4;.
(75) liminf(AU A;) = AUliminf 4;.
(76) liminf(A\ A1) C A\ liminf A;.
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(77) liminf(A; \ A) = liminf A; \ A.

(78) liminf(A=-A;) C A=liminf A;.

(79) 1If A; is convergent, then liminf(A\ A1) = A\ liminf A;.
(80) If Ay is convergent, then liminf(A=A;) = A= liminf A;.
(81) limsup(ANA;)=ANlimsup A;.

(82) limsup(AUA;) = AUlimsup A;.

(83) A\ limsup 4; C limsup(A\ A1).

(84) limsup(A4; \ A) =limsup 4; \ A.

(85) A=limsup A; C limsup(A=A4;).

(86) If A; is convergent, then limsup(A4\ A1) = A\ limsup 4;.
(87) If A; is convergent, then limsup(A+-A;) = A= limsup A;.
(88) If A; is convergent and Ajs is convergent, then A; N Ay is convergent and

lim(A1 N AQ) = lim A; N lim As.

(89) If A; is convergent and Ajs is convergent, then A; U Ay is convergent and
hm(A1 U Ag) = lim A; Ulim As.

(90) If Ay is convergent and As is convergent, then A; \ As is convergent and
hm(A1 \ AQ) = lim A1 \ lim AQ.

(91) If A; is convergent and A, is convergent, then A;—Ajs is convergent and
hm(Al;Az) = lim Al; lim Ag.

(92) If A; is convergent, then A N A; is convergent and lim(AN A4;) = AN
lim A;.

(93) 1If A; is convergent, then A U A; is convergent and lim(AU A;) = AU
lim Al.

(94) 1If A; is convergent, then A\ A; is convergent and lim(A\ A;) = A\lim A;.

(95) If A; is convergent, then A;\ A is convergent and lim(A;\ A) = lim A;\ A.

(96) If A; is convergent, then A-A; is convergent and lim(A+-A4;) =
A= limA1.
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On the Partial Product of Series and
Related Basic Inequalities

Fuguo Ge Xiquan Liang
Qingdao University of Science Qingdao University of Science
and Technology and Technology
China China

Summary. This article describes definition of partial product of series,
introduced similarly to its related partial sum, as well as several important in-
equalities true for chosen special series.

MML identifier: SERIES_3, version: 7.5.01 4.39.921

The notation and terminology used in this paper are introduced in the following
articles: [1], [9], [10], [5], [2], [4], [6], [7], [8], and [3].

For simplicity, we adopt the following convention: a, b, ¢ are positive real
numbers, m, x, y, z are real numbers, n is a natural number, and s, s, So, s3,
s4, S5 are sequences of real numbers.

Let us consider x. Note that |z| is non negative.

We now state a number of propositions:

1) Ify>axand 2 >0and m >0, then £ < Ztm,

1) Yy — y+tm
(2) “>a-b
b
(B) at+§=2
@ (F)?=za-y
2 2
(6) =& > (52
6) 2> +y>>2-x-y
(7) $2;y22$ Y.
(8) 2®+y*>2-|zf |yl
9) (@+y?=z4-ay
(10) 22+ 2 +22>2-y+y-2+x-2

(© 2005 University of Bialystok
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11) (z+y+2)2>3-(z-y+y-z2+z-2).
12) a3+ +3>3-a-b-c.

13) @ > g pe,

14) (9P + P+ (EP=bye4a

15) a+b+c>3-Va-b-c

16 7a+§+c >Va-b-c

—
BN |

Ifz+y+z=1thenz -y+y-z+z-2<3.
Ifx+y:1,thenx-y§%.

_ 2, .2+ 1
If z +y =1, then z° + y* > 3.

1 1

Ifa+b=1,then (14+2)-(1+3)>09.

_ 3,.,3> 1
If v +y =1, then 2° + y° > 7.
If a+b=1, then a3 + b < 1.

_ 1 1 25
Ifa—I—b—l,then(a—G—a)-(b—l-g)ZT.
If || < a, then 22 < a2,
If |z| > a, then 22 > a2,
[zl = [yll < [=] + |yl
Ifa-b-c=1theni+1+1> /a+Vb+ e
Ifz>0andy>0and 2 <0and x +y + 2z = 0, then (22 + % + 22)3 >
6- (23 + 93+ 23)2.

[
o

A~ o~ o~~~ o~~~ o~ o~~~ o~ o~ o~ o~ o~~~
[N N T N B N N N S
N O Ot A W NN = O ©

T D D D D T D D e DD Do —

[\
oo

(29) If a > 1, then a® +a® > 2-aVPe.

(30) Ifazbandbzc,thenaa'bb‘c‘zz(a-b'c)Hgﬂ

(31) (a+b)"*2>a*2 4+ (n42)-a"t b

(32) o2 > ()™

(33) If for every n holds s(n) > 0, then for every n holds (35 _ s(0))xen(n) >
0.

(34) If for every n holds s(n) > 0, then for every n holds (3 5 _ s(0))ren(n) >
0.

K

(35) If for every n holds s(n) < 0, then (3. _ s(a))xen(n) < 0.

(36) If s = s1 51, then for every n holds (3, _ s(c))xen(n) > 0.

(37) If for every n holds s(n) > 0 and s(n) > s(n—1), then (n+1)-s(n+1) >
(> 6= 5())ren(n).

(38) If s = s1s2 and for every m holds si(n) > 0 and sa(n) > 0,
then for every n holds (3 n_os(a))ken(n) < (b _o(s1)(@))ren(n) -
(> a=0(52)(@))ren(n).

(39) If s = s1s2 and for every n holds s1(n) < 0 and s2(n) < 0, then
(>a=0 s(@))ren(n) < (a—o(s1)(@))ren(n) - (3oq—o(s2)(a))ren(n)-

(40)  For every n holds |(325_g 5(c))wen(n)]| < (Xa—olsl(@))sen(n).
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(41)  (Xa=o s(@))ren(n) < (Xa—olsl(@))ren(n).
Let us consider s. The partial product of s yielding a sequence of real
numbers is defined by the conditions (Def. 1).
(Def. 1)(i)  (The partial product of s)(0) = s(0), and
(ii)  for every n holds (the partial product of s)(n+1) = (the partial product
of s)(n) - s(n+1).
We now state a number of propositions:
(42) If for every n holds s(n) > 0, then (the partial product of s)(n) > 0.
(43) If for every n holds s(n) > 0, then (the partial product of s)(n) > 0.
(44) Suppose that for every n holds s(n) > 0 and s(n) < 1. Let given n. Then
(the partial product of s)(n) > 0 and (the partial product of s)(n) < 1.
(45) If for every n holds s(n) > 1, then for every n holds (the partial product
of s)(n) > 1.
(46) Suppose that for every n holds s;(n) > 0 and s2(n) > 0. Let given n.
Then (the partial product of s1)(n)+ (the partial product of s2)(n) < (the
partial product of s; + s2)(n).

(47) If for every n holds s(n) = Q"E, then (the partial product of s)(n) <
1

V3n+ta
(48) If for every n holds si(n) =14 s(n) and s(n) > —1 and s(n) < 0, then
for every n holds 1+ (35 _ s(a))xen(n) < (the partial product of s1)(n).
(49) If for every n holds s1(n) = 1+ s(n) and s(n) > 0, then for every n holds
1+ (300 s(@))ren(n) < (the partial product of s1)(n).
(50) If s3 = s1s2 and s4 = s1s; and s; = sg 92, then for every n holds
(Xa—o(s3)(@))ren(n)? < (3oa_o(sa) (e ))neN( ) - (Xa=o(s5) () ren(n)-
(51) If s4 = s1s1 and s5 = s382 and for every m holds si(n) >
0 and sa(n) > 0 and s3(n) = (si(n) + 32( ))2, then for ev-
ery m holds \/(22:0(53)(a)),{eN(n) < \/ o_o(sa)())ken(n) +
V(2a=o(s5)(@))ren(n).

(52) If for every m holds s(n) > 0 and s(n) > s(n — 1), then
(3F o s(@))ken(n) > (n+ 1) - "R/(the partial product of s)(n).
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Topological Spaces, Two-Dimensional
Lattice Spaces and a Fixed Point Theorem

Masami Tanaka Hiroshi Imura Yatsuka Nakamura
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Summary. In this paper we first introduced the notion of homeomorphism
between finite topological spaces. We also gave a fixed point theorem in finite
topological space. Next, we showed two 2-dimensional concrete models of lattice
spaces. One was 2-dimensional linear finite topological space. Another was 2-
dimensional small finite topological space.

MML identifier: FINTOPO5, version: 7.5.01 4.39.921

The articles [10], [6], [12], [1], [13], [4], [5], [2], [7], [9], [8], [3], and [11] provide
the notation and terminology for this paper.

The following propositions are true:

(1) Let X be a set, Y be a non empty set, f be a function from X into Y,
and A be a subset of X. If f is one-to-one, then (f~1)°f°A = A.
(2) For every natural number n holds n > 0 iff Segn # 0.

Let Fy, F5 be finite topology spaces and let h be a map from Fj into Fb.
We say that h is a homeomorphism if and only if the conditions (Def. 1) are
satisfied.

(Def. 1)(i)  h is one-to-one and onto, and

(ii)  for every element z of F} holds h°(the neighbour-map of F)(z) = (the

neighbour-map of Fy)(h(z)).

One can prove the following propositions:

(3) Let F1, F5 be non empty finite topology spaces and h be a map from F}
into F5. Suppose h is a homeomorphism. Then there exists a map g from
F5 into F; such that ¢ = h~! and ¢ is a homeomorphism.

(© 2005 University of Bialystok
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(4) Let Fy, F» be non empty finite topology spaces, h be a map from F} into
F5, n be a natural number, x be an element of F}, and y be an element of
F>. Suppose h is a homeomorphism and y = h(z). Let z be an element of
Fy. Then z € U(z,n) if and only if h(z) € U(y,n).

(5) Let Fy, F» be non empty finite topology spaces, h be a map from F} into
F5, n be a natural number, x be an element of F}, and y be an element of
F,. Suppose h is a homeomorphism and y = h(z). Let v be an element of
Fy. Then h~1(v) € U(z,n) if and only if v € U(y, n).

(6) Let n be a non zero natural number and f be a map from FTSL1(n)

into FTSL1(n). If f is continuous 0, then there exists an element p of
FTSL1(n) such that f(p) € U(p,0).

(7) Let T be a non empty finite topology space, p be an element of T, and
k be a natural number. If T is filled, then U(p, k) C U(p,k + 1).

(8) Let T be a non empty finite topology space, p be an element of 7', and
k be a natural number. If T is filled, then U(p,0) C U(p, k).
(9) Let n be a non zero natural number, j;, 7, £ be natural numbers, and p
be an element of FTSL1(n). If p = j1, then j € U(p, k) iff j € Segn and
i —Jl<k+1
(10) Let ki, ko be natural numbers, n be a non zero natural number, and
f be a map from FTSL1(n) into FTSL1(n). Suppose f is continuous k;
and ky = [%ﬂ Then there exists an element p of FTSL1(n) such that
f(p) € U(p k2).
Let n, m be natural numbers. The functor Nbdl2(n,m) yields a function
from [ Segn, Segm ] into 2tSeg™ Segm] anq is defined by:

(Def. 2) For every set x such that z € [ Segn, Segm | and for all natural num-
bers i, j such that z = (i, j) holds (Nbdl2(n,m))(x) = [ (Nbdll(n))(7),
(NBdIL(m)) (7).

Let n, m be natural numbers. The functor FTSL2(n,m) yielding a strict
finite topology space is defined as follows:

(Def. 3) FTSL2(n,m) = ([ Segn, Segm |, Nbdl2(n, m)).

Let n, m be non zero natural numbers. One can verify that FTSL2(n,m) is
non empty.
We now state three propositions:
(11) For all non zero natural numbers n, m holds FTSL2(n, m) is filled.
(12) For all non zero natural numbers n, m holds FTSL2(n,m) is symmetric.
(13) For every non zero natural number n holds there exists a map from
FTSL2(n,1) into FTSL1(n) which is a homeomorphism.

Let n, m be natural numbers. The functor Nbds2(n,m) yielding a function
from [ Segn, Segm ] into 2tSeg™ Segm] g defined by:
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(Def. 4) For every set « such that x € [ Segn, Segm ] and for all natural numbers

i, 7 such that = = (7, 7) holds (Nbds2(n,m))(z) = [ {i}, (Nbdll(m))(j) JU
F (NbdlL(n)) (@), {5} -

Let n, m be natural numbers. The functor FTSS2(n,m) yielding a strict

finite topology space is defined as follows:
(Def. 5) FTSS2(n,m) = ([ Segn, Segm ], Nbds2(n, m)).

Let n, m be non zero natural numbers. Note that FTSS2(n, m) is non empty.
One can prove the following propositions:

(14) For all non zero natural numbers n, m holds FTSS2(n,m) is filled.

(15) For all non zero natural numbers n, m holds FTSS2(n, m) is symmetric.

(16) For every non zero natural number n holds there exists a map from

FTSS2(n, 1) into FTSL1(n) which is a homeomorphism.
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Summary. A concept of the Maclaurin expansions is defined here. This
article contains the definition of the Maclaurin expansion and expansions of exp,
sin and cos functions.
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The papers [15], [16], [4], [12], [2], [14], [5], [1], [3], [7], [6], [10], [11], 8], [9], [17],
and [13] provide the notation and terminology for this paper.

The following proposition is true

(1) For every real number x and for every natural number n holds |z"| =
|z[".

Let f be a partial function from R to R, let Z be a subset of R, and let a be
a real number. The functor Maclaurin(f, Z, a) yields a sequence of real numbers
and is defined by:

(Def. 1) Maclaurin(f, Z,a) = Taylor(f, Z,0,a).
The following propositions are true:

(2) Let n be a natural number, f be a partial function from R to R,
and r be a real number. Suppose 0 < r and f is differentiable n + 1
times on |—r,r[. Let z be a real number. Suppose = € |—r,r[. Then
there exists a real number s such that 0 < s and s < 1 and f(z) =

K . "(=r,r[)(n s-x)-zntl
(Xh_o(Maclaurin(f, |-, 7[, 2))(a) Jsen (n) + LIRS0

(3) Let n be a natural number, f be a partial function from R to R,
and zg, r be real numbers. Suppose 0 < r and f is differentiable
n + 1 times on |zg — r,xg + r[. Let x be a real number. Suppose
x € |xg —r,xo + r[. Then there exists a real number s such that 0 < s and
s <1 and | f(z) — (X5 _o(Tavlor(f. Jzo — .0 + [, 20, 2))(a) nert ()| =

I Qzo—rmo+r[) (n+1) (wo+s-(z—20))-(x—20)" !
| (n+1)! |

(© 2005 University of Bialystok
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(4) Let m be a natural number, f be a partial function from R to R,
and r be a real number. Suppose 0 < r and f is differentiable n + 1
times on |—r,r[. Let z be a real number. Suppose x € |—r,r[. Then
there exists a real number s such that 0 < s and s < 1 and |f(z) —

K i "(]=r,r)(n s-x)-x" !
(ro(Maclaurin(f, |-, r[, 2)) () uen (n)| = |07l D (eaya T

(5) For every real number r holds eXp'H_r ;| = ©Xp []—r,r] and
dom(exp [|—r,r[) = ]|—-r,r[.

(6) For every natural number n and for every real number r holds
exp/(|=r,r[)(n) = exp [|-r,r[.

(7) For every natural number n and for all real numbers r, = such that
x € |—r,r[ holds exp/(]—r, r[)(n)(x) = exp(x).

(8) For every natural number n and for all real numbers r, 2 such that 0 < r
holds (Maclaurin(exp, |—r,7[,z))(n) = Z;

H.
(9) Let n be a natural number and r, z, s be real numbers. Suppose
/ n+1
x € ]-r,r[ and 0 < s and s < 1. Then |= (]_T’T[zy(x%!)(s'x)m : | <
lexp(s-z)|-|a|"*!
(n+1)!
(10) For every real number r and for every natural number n holds exp is

differentiable n times on |—r, 7|

(11) Let r be a real number. Suppose 0 < r. Then there exist real numbers
M, L such that
(i) 0< M,
(i) 0<L,and
(iii)  for every natural number n and for all real numbers z, s such that
xz €]-r,r[and 0 < s and s < 1 holds ]exP/(]fr’T[T)L!(")(S'x)'mn] < MLZ
(12) Let M, L be real numbers. Suppose M > 0 and L > 0. Let e be a real
number. Suppose e > 0. Then there exists a natural number n such that

for every natural number m if n < m, then M7'f,m <e

(13) Let r, e be real numbers. Suppose 0 < r and 0 < e. Then there exists
a natural number n such that for every natural number m if n < m, then

for all real numbers z, s such that € |—r,r[ and 0 < s and s < 1 holds

e (orlm) s

(14) Let 7, e be real numbers. Suppose 0 < r and 0 < e. Then there
exists a natural number n such that for every natural number m if
n < m, then for every real number x such that x € |—r,r[ holds
lexp(z) — (>-h_o(Maclaurin(exp, | =7, r[, z))(a) ) wen(m)| < e.

(15) For every real number = holds x ExpSeq is absolutely summable.

(16) For all real numbers 7, x such that 0 < r holds Maclaurin(exp, |—r,r[,z) =
xExpSeq and Maclaurin(exp, |—r,r[,x) is absolutely summable and
exp(z) = ) Maclaurin(exp, |-, r[, z).
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(17) Let r be a real number. Then

(i)  (the function sin)’”_rvr[ = (the function cos)[]—r, ],
(ii)  (the function COS)’”#’T[ = (—the function sin)[]—r,r],
(iii)  dom((the function sin)[|—r,r[) = |—r,r[, and
(iv)  dom((the function cos)[]—r,r[) = ]—r,r[.

et e a partial function from R to R an e a subset of R. 18
18) Let f b ial function from R to R and Z b b fR.If fi
differentiable on Z, then (—f)}, = —f|,.
(19) Let r be a real number and n be a natural number. Then
(i)  (the function sin)’'(]—r,r[)(2-n) = (—1)™ ((the function sin)[]—r,r[),
(i)  (the function sin)'(]—r,7[)(2:n+1) = (—1)™ ((the function cos)||—r, r[),
(iii)  (the function cos)'(]—r,r[)(2-n) = (—1)" ((the function cos)[]—r,r|),
and
(iv)  (the function cos)'(]—r,7[)(2 - n + 1) = (=1)""!((the function
sim)[]—r, 7).
(20) Let n be a natural number and r, x be real numbers. Suppose r > 0.
Then
(i)
(i)
(iii)  (Maclaurin(the function cos, |—r,r[,z))(2 - n) =
(iv)  (Maclaurin(the function cos,|—r,r[,z))(2-n+ 1) = 0.

(21) Let r be a real number and n be a natural number. Then the function

(Maclaurin(the function sin, |

( —r
(Maclaurin(the function sin, |—r,r[, z
(

v

sin is differentiable n times on |—r, r[ and the function cos is differentiable
n times on |—r,r|.
(22) Let r be a real number. Suppose r > 0. Then there exist real numbers
r1, 9 such that
(i) >0,
(ii) re >0, and
(iii)  for every natural number n and for all real numbers z, s such that x €
|—r,r[ and 0 < s and s < 1 holds \(the function Sirl)/(]_T’TD(”)(s'%)wn| < ”an

n!
(the function COS)/(]_T,T[)(n)(s-a:)~z”| <

2’!’1
n! n!

and |

(23) Let 7, e be real numbers. Suppose 0 < r and 0 < e. Then there
exists a natural number n such that for every natural number m if
n < m, then for all real numbers z, s such that € ]—r,r[ and

0 < s and s < 1 holds |(the function sin)'(}'—r,r[)(m)(s-z)mm| < e and

m:

| (the function cos)'(]'—r,r[)(m)(sw)w’” ’

(24) Let r, e be real numbers. Suppose 0 < r and 0 < e
Then there exists a natural number n such that for every natu-
ral number m if n < m, then for every real number x such that
z € |—r,r[ holds |(the function sin)(z) — (>_h_,(Maclaurin(the func-

< e.
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tion sin,|—r,r[,z))(a))ken(m)] < e and |(the function cos)(z) —
(>0 _o(Maclaurin(the function cos, |—r, r[,z))(®))xen(m)| < e.

(25) Let r, = be real numbers and m be a natural number. Suppose
0 < r. Then (3 _,(Maclaurin(the function sin,|—r,r[,z))(c))xen(2 -
m+1) = (3n_grPsin(a))ken(m) and (3, _,(Maclaurin(the function
cos, |—r,r[,z))(a))wen(2-m + 1) = (>0 _y x P_cos(a))wen(m).

(26) Let r, x be real numbers and m be a natural number. Suppose 0 < r
and m > 0. Then (3>, _,(Maclaurin(the function sin, |—r, [, z))(®)) xen(2-
m) = (O n_xzPsin(a))wen(m — 1) and (D5 _,(Maclaurin(the function
08, | =171, 2)) (@) en (2 - 1) = (g & P-cos(a) e (m).

(27) Let 7, = be real numbers and m be a natural number. If 0 <
r, then (3°5_,(Maclaurin(the function cos,]—r,r[,z))(a))ken(2 - m) =

(Xa—o * P-cos(a))xen(m).
(28) Let 7, x be real numbers. Suppose r > 0. Then

i)  (OCh_o(Maclaurin(the function sin, |—r,7[,2))(®))ken is convergent,
(ii)  (the function sin)(z) = ) Maclaurin(the function sin, |—r,r[, z),
(i) (> _y(Maclaurin(the function cos,]—r,r[,z))(a))xen is convergent,
and
(iv)  (the function cos)(xz) = > Maclaurin(the function cos, |—r,r[, x).
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The notation and terminology used in this paper have been introduced in the
following articles: [13], [15], [16], [1], [4], [10], [12], [3], [6], [9], [7], [8], [11], [17],
[5], [14], and [2].

For simplicity, we follow the rules: z, a, b, ¢ denote real numbers, n denotes
a natural number, Z denotes an open subset of R, and f, f1, fo denote partial
functions from R to R.

One can prove the following propositions:

(1) Suppose Z C dom(log_(e) - f) and for every x such that x € Z holds
f(z) =a+z and f(x) > 0. Then log_(e) - f is differentiable on Z and for
every z such that z € Z holds (log-(e) - f)|z(z) = H%

(2) Suppose Z C dom(log_(e) - f) and for every z such that z € Z holds
f(z) =2 —aand f(x) > 0. Then log_(e) - f is differentiable on Z and for
every z such that z € Z holds (log-(e) - f)| () = ;2.

(3) Suppose Z C dom(—log_(e) - f) and for every x such that x € Z holds
f(z) =a— =z and f(x) > 0. Then —log_(e) - f is differentiable on Z and
for every x such that x € Z holds (—log-(e) - f)|z(z) = .

a—=x

(© 2005 University of Bialystok
427 ISSN 1426-2630
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(4) Suppose Z C dom(idz—a f) and f = log_(e)- f1 and for every x such that
x € Z holds fi(z) =a+ x and fi(z) > 0. Then idz — a f is differentiable
on Z and for every x such that x € Z holds (idz — a f)|,(z) = ;-

(5) Suppose Z C dom((2-a) f —idz) and f = log_(e) - fi and for every x
such that x € Z holds f1(z) = a+ = and fi(x) > 0. Then (2-a) f —idy
is differentiable on Z and for every x such that z € Z holds ((2-a) f —
idZ)’rz(l‘) = %

(6) Suppose Z C dom(idgz — (2-a) f) and f = log_(e) - f1 and for every x
such that x € Z holds fi(z) = x +a and fi(z) > 0. Then idz — (2-a) f
is differentiable on Z and for every z such that x € Z holds (idz — (2 -
a) f),rz(x) = %

(7) Suppose Z C dom(idz + (2-a) f) and f = log_(e) - f1 and for every x
such that € Z holds f1(z) =2 —a and fi(x) > 0. Then idz + (2-a) f
is differentiable on Z and for every z such that x € Z holds (idz + (2 -
a) f)iz(x) = Ita

(8) Suppose Z C dom(idz + (a — b) f) and f = log_(e) - f1 and for every x
such that € Z holds fi(z) =z + b and fi(x) > 0. Then idz + (a — b) f
is differentiable on Z and for every x such that z € Z holds (idz + (a —
b) fiz(x) = 55

(9) Suppose Z C dom(idz + (a+b) f) and f = log_(e) - f1 and for every x
such that x € Z holds fi(z) =z — b and fi(x) > 0. Then idz + (a + b) f
is differentiable on Z and for every x such that x € Z holds (idz + (a +
b) f)/rz(x) = %-

(10) Suppose Z C dom(idz — (a+b) f) and f = log_(e) - f1 and for every z
such that € Z holds fi(z) =z + b and fi(x) > 0. Then idzy — (a +b) f
is differentiable on Z and for every x such that x € Z holds (idz — (a +
b) iz(x) = 3¢

(11) Suppose Z C dom(idz + (b —a) f) and f = log_(e) - f1 and for every x
such that x € Z holds fi(z) =z — b and fi(x) > 0. Then idz + (b — a) f
is differentiable on Z and for every = such that z € Z holds (idz + (b —
a) f)lrz(x) =

(12) Suppose Z C dom(fi + ¢ f2) and for every x such that = € Z holds
filx) =a+b-xand fo = 2. Then fi + c f» is differentiable on Z and for
every z such that € Z holds (f1 + ¢ f2)|z(z) =b+2-c-x.

(13) Suppose Z C dom(log_(e) - (f1 + ¢ f2)) and fo = Z and for every
such that x € Z holds fi(z) = a+b-x and (f1 + ¢ f2)(z) > 0. Then
log_(e) - (f1 + ¢ f2) is differentiable on Z and for every = such that z € Z
holds (log_(e) - (f1 + ¢ f2))|4(z) = HfZer .

(14) Suppose Z C dom f and for every x such that x € Z holds f(z) =a+=x
and f(z) # 0. Then % is differentiable on Z and for every x such that
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z € Z holds (})),(x) = — 72

(15) Suppose Z C dom((—1) %) and for every x such that x € Z holds f(z) =
a+z and f(x) # 0. Then (—1)% is differentiable on Z and for every z

such that € Z holds ((—1) %)/rz(x) = (a—i—#x)z

(16) Suppose Z C dom f and for every x such that z € Z holds f(z) =a—x
and f(x) # 0. Then % is differentiable on Z and for every x such that
x € Z holds (7),(z) = ﬁ

(17) Suppose Z C dom(f; + f2) and for every z such that x € Z holds
fi(z) = a® and fo = %. Then fi + fo is differentiable on Z and for every
z such that x € Z holds (f1 + f2)jz(z) =2 z.

(18) Suppose Z C dom(log_(e) - (f1 + f2)) and fo = 2 and for every x such
that x € Z holds fi(x) = a? and (f1 + f2)(z) > 0. Then log_(e) - (f1 + f2)
is differentiable on Z and for every z such that x € Z holds (log_(e)- (f1+
f2))/yz(33) = agﬁ

(19) Suppose Z C dom(—log-(e)-(fi — f2)) and fo = 2 and for every
x such that z € Z holds fi(z) = a? and (fi — f2)(x) > 0. Then
—log_(e) - (f1 — f2) is differentiable on Z and for every x such that z € Z
holds (—log_(e) - (f1 — fg))/rz(ﬂj) = ﬁ

(20) Suppose Z C dom(f; + f2) and for every z such that x € Z holds
fi(x) =a and fo = 3. Then f; + f> is differentiable on Z and for every z
such that z € Z holds (f1 + f2)jz(z) = 3- z2.

(21) Suppose Z C dom(log-(e) - (f1 + f2)) and fo = 3 and for every x such
that # € Z holds f1(z) = a and (f1+ f2)(x) > 0. Then log_(e) - (f1+ f2) is
differentiable on Z and for every x such that z € Z holds (log_(e) - (f1 +
)z () = 2.

(22) Suppose Z C dom(log_(e) - %) and for every z such that x € Z holds
fi(x) = a+ 2 and fi(z) > 0 and fa(x) = a — 2z and fa(z) > 0. Then

f1

log_(e) - 4, is differentiable on Z and for every x such that x € Z holds
(log-(€) - )1 (2) = 225

(23) Suppose Z C dom(log_(e) - %) and for every = such that z € Z holds
fi(x) =z —a and fi(z) > 0 and fa(x) = 4+ a and fa(z) > 0. Then
log_(e) - % is differentiable on Z and for every x such that x € Z holds
(log_(e) - %)Irz(iﬁ) = m;faaz

(24) Suppose Z C dom(log_(e) - %) and for every = such that x € Z holds
fi(x) = z —a and fi(z) > 0 and fao(x) = x — b and fo(z) > 0. Then

bl

log_(e) - 7 s differentiable on Z and for every x such that z € Z holds
(log_(e) - %)/rz(fﬂ) = %

(25) Suppose Z C dom(-2; f) and f = log_(e) - % and for every x such that

429
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x € Z holds fi(z) =2 —a and fi(x) > 0 and fa(zr) =2 —band fo(x) >0
and a —b # 0. Then ﬁ f is differentiable on Z and for every x such that

z € Z holds (5 /)12(2) = G=ar=py-

(26) Suppose Z C dom(log_(e) - %) and fo = 2 and for every = such that

x € Z holds fi(x) =2 —a and fi(x) > 0 and fo(xz) > 0 and = # 0. Then
log_(e) - f—; is differentiable on Z and for every x such that z € Z holds

(log_(e) - ﬁl)rz(m) = ﬁ(f;_i)-

(27) Suppose Z C dom((%) - f) and for every x such that x € Z holds f(x) =
a+ x and f(z) > 0. Then (H%) - f is differentiable on Z and for every x
such that x € Z holds ((H%) “iz(z) = 3. (a+ x)]%

3
(28) Suppose Z C dom(2 ((2) - f)) and for every z such that z € Z holds
f(x) =a+x and f(r) > 0. Then 5 ((R) - f) is differentiable on Z and for

3 1

every x such that z € Z holds (3 ((2) - MNiz(@) = (a+ 2).

(29) Suppose Z C dom((—%) (( )+ f)) and for every x such that z € Z holds
f(z) =a—z and f(x) > 0. Then (— )((ﬁ)
3
for every x such that 2 € Z holds ((—2) ((2) -

f) is differentiable on Z and
i) = (0 = )2,
(30) Suppose Z C dom(2 ((ﬂ%) - f)) and for every x such that = € Z holds
f(x) =a+x and f(x) > 0. Then 2 ((H%) - f) is differentiable on Z and for
every x such that z € Z holds (2 ((ﬂ%) “iz(@) = (a+ x)ﬂg%

1
(31) Suppose Z C dom((—=2) ((g) - f)) and for every x such that z € Z holds

f(z) =a—z and f(z) > 0. Then (—2) (( ) - f) is differentiable on Z and
1 1
for every  such that € Z holds ((—2) ((§) - f))}z(z) = (a — z)g*.

3
(32) Suppose Z C dom(% ((g) - f)) and for every x such that z € Z holds

f(z)=a+b-zand b+#0and f(z) > 0. Then 2% ((2) - f) is dlﬂerentlable
3
on Z and for every x such that « € Z holds (2 ((2)- Niz(x) = (a—i—b-w)]}%.

(33) Suppose Z C dom((—5%) ((%) -f)) and for every x such that x € Z holds
() = a—bzand b # 0 and f(z) > 0. Then (—2) (2)-f) is differentiable
on Z and for every z such that € Z holds ((—) ((B%) “)iz(@) =
(a—1b- iL')%K

(34) Suppose Z C dom((]}%) -f)and f = fi+f2 and fo = % and for every z such
that = € Z holds fi(x) = a? and f(x) > 0. Then (H%)-f is differentiable on
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1 1
Z and for every z such that z € Z holds ((g) - f)}(z) == - (a® + 2%) 2.

1
(35) Suppose Z C dom(—(g) - f) and f = f1 — fo and fo = 2 and for every
1
z such that € Z holds fi(z) = a® and f(z) > 0. Then —(2)- f is
1

differentiable on Z and for every z such that z € Z holds (—(3) - f )iz(x) =
z-(a? — x2)]§%.

(36) Suppose Z C dom(2 ((11%{) -f)) and f = fi + fo and fo = 2 and for
every x such that x € Z holds fi(z) =  and f(x) > 0. Then 2 ((ﬂ%) )

1
is differentiable on Z and for every x such that x € Z holds (2((g) -

1
Miz@) =2 -z +1)- (2* + 2)g .
(37) Suppose Z C dom((the function sin) - f) and for every x such that x € Z
holds f(x) = a-x + b. Then
(i)  (the function sin) -f is differentiable on Z, and
(i) ~ for every x such that x € Z holds ((the function sin) - f)},(z) = a- (the
function cos)(a - x + b).
(38) Suppose Z C dom((the function cos) -f) and for every x such that x € Z
holds f(z) =a-x +b. Then
(i)  (the function cos) -f is differentiable on Z, and
(i)  for every z such that z € Z holds ((the function cos) -f)},(x) =
—a - (the function sin)(a - = + b).
(39) Suppose that for every x such that = € Z holds (the function cos)(z) # 0.
Then
(i)  geoao is differentiable on Z, and
(i)  for every x such that x € Z holds (Wlﬁoncos)/rz(x) =

(the function sin)(z)
(the function cos)(z)?2"

(40) Suppose that for every x such that = € Z holds (the function sin)(z) # 0.
Then

(i) oo is differentiable on Z, and
(i)  for every x such that € Z holds (%)’rz(:ﬂ) =

the function sin
(the function cos)(z)
(the function sin)(z)? "

(41) Suppose Z C dom((the function sin) (the function cos)). Then
(i)  (the function sin) (the function cos) is differentiable on Z, and
(ii)  for every x such that € Z holds ((the function sin) (the function
cos))}z(x) = cos(2 - z).

(42) Suppose Z C dom(log_(e) - (the function cos)) and for every x such that
x € Z holds (the function cos)(z) > 0. Then log_(e) - (the function cos) is
differentiable on Z and for every x such that z € Z holds (log-(e) - (the
function cos))|,(z) = —tanw.
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(43) Suppose Z C dom(log_(e) - (the function sin)) and for every x such that
x € Z holds (the function sin)(xz) > 0. Then log_(e) - (the function sin) is
differentiable on Z and for every x such that € Z holds (log_(e) - (the
function sin))|,(z) = cot .

(44) Suppose Z C dom((—idyz) (the function cos)). Then

(i)  (—idgz) (the function cos) is differentiable on Z, and
(ii) for every x such that € Z holds ((—idz) (the function cos))|,(z) =
— (the function cos)(x) + « - (the function sin)(x).

(45) Suppose Z C dom(idz (the function sin)). Then
(i) idz (the function sin) is differentiable on Z, and
(ii) for every  such that x € Z holds (idz (the function sin))},(x) = (the

function sin)(z) + x - (the function cos)(x).

(46) Suppose Z C dom((—idyz) (the function cos)+the function sin). Then
(i)  (—idz) (the function cos)+the function sin is differentiable on Z, and
(ii)  for every x such that x € Z holds ((—idz) (the function cos)+the

function sin)},(x) = = - (the function sin)(z).

(47) Suppose Z C dom(idz (the function sin)+the function cos). Then
(i) idz (the function sin)+the function cos is differentiable on Z, and
(ii)  for every z such that x € Z holds (idz (the function sin)+the function

cos)}(x) = x - (the function cos)(z).

1
(48) Suppose Z C dom(2 (() - (the function sin))) and for every x such that
x € Z holds (the function sin)(z) > 0. Then
1
(i)  2((g) - (the function sin)) is differentiable on Z, and
1
(ii) ~ for every x such that z € Z holds (2 ((g) - (the function sin)))},(x) =

D=

(the function cos)(z) - (the function sin)(x)g *.

(49) Suppose Z C dom(3 ((2) - (the function sin))). Then
(i) 2 ((3)- (the function sin)) is differentiable on Z, and
(i)  for every z such that z € Z holds (3 ((3) - (the function sin)))}(v) =
(the function sin)(x) - (the function cos)(z).
(50) Suppose that
(i) Z C dom((the function sin)+3 ((3) - (the function sin))), and
(ii)  for every z such that z € Z holds (the function sin)(z) > 0 and (the
function sin)(z) < 1.
Then
(iii)  (the function sin)+3 ((3)- (the function sin)) is differentiable on Z, and
(iv)  for every z such that € Z holds ((the function sin)+3 ((3) - (the

. . / __ (the function cos)(z)3
function Sln))) [Z(x) ~ 1—(the function sin)(z) "

(51) Suppose that
(i) Z < dom(} ((2) - (the function sin))—the function cos), and
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(ii)  for every x such that x € Z holds (the function sin)(z) > 0 and (the
function cos)(x) < 1.

Then

(i) 3 ((3) - (the function sin))—the function cos is differentiable on Z, and

(iv)  for every z such that € Z holds (5 ((%) - (the function sin))—the

(the function sin)(z)3
1—(the function cos)(z) "

function cos)|,(z) =

(52) Suppose that
(i)  Z C dom((the function sin)—2% ((%) - (the function sin))), and

(ii)  for every z such that z € Z holds (the function sin)(z) > 0 and (the
function sin)(z) > —1.
Then
(iif)  (the function sin)—3 ((%)- (the function sin)) is differentiable on Z, and
(iv)  for every z such that € Z holds ((the function sin)—3 ((3) - (the

. . / __ (the function cos)(x)3
function Sln))) 1Z (I‘) ~ 1+(the function sin)(z) "

(53) Suppose that
(i)  Z C dom(—the function cos — % ((%) - (the function sin))), and

(ii)  for every z such that z € Z holds (the function sin)(z) > 0 and (the
function cos)(z) > —1.

Then
(i) ~ —the function cos — 3 ((3) - (the function sin)) is differentiable on Z,

and

(iv) for every x such that € Z holds (—the function cos — 3 ((3) - (the

2
(the function sin)(x)3
1+(the function cos)(z) "

function sin)))|,(z) =

(54) Suppose Z C dom(2 ((%) - (the function sin))) and n > 0. Then
(i) L((%)- (the function sin)) is differentiable on Z, and

n

(ii)  for every z such that z € Z holds (1 ((%) - (the function sin)))| 4 (z) =

((the function sin)(x)% ') - (the function cos)(z).

(55) Suppose Z C dom(exp f) and for every x such that x € Z holds f(z) =
x — 1. Then exp f is differentiable on Z and for every z such that x € Z

holds (exp f)},(x) = = - exp(z).
(56) Suppose Z C dom(log_(e)- ——=F—) and for every z such that z € Z holds

exp +f
f(x) = 1. Then log_(e) - exe;ﬁ 7 Is differentiable on Z and for every x such
that = € Z holds (log-(e) - 5 5%)|4(2) = m.
(57) Suppose Z C dom(log_(e)- %) and for every z such that x € Z holds
o _f . . .
f(z) =1 and (exp —f)(z) > 0. Then log_(e) - X+ is differentiable on Z

and for every z such that z € Z holds (log_(e) - =2 _f)’rZ(a:) = ﬁ.

exp
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