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Summary. In this article, we aim to prove the characterization of dif-
ferentiation by means of partial differentiation for vector-valued functions on
n-dimensional real normed linear spaces (refer to [15] and [16]).
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and [18].
One can prove the following propositions:
(1) Let n, i be elements of N, ¢ be an element of R™, and p be a point of
Er. If i € Segn and g = p, then [p;| < |q|.
(2) For every real number x and for every element vy of (€1, | - ||) such that
v1 = (z) holds |jv1]| = |=|.
(3) Let n be a non empty element of N, z be a point of (£", ] - ||), and i be
an element of N. If 1 <4 <mn, then ||(Proj(i,n))(x)| < |z
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(4) For every non empty element n of N and for every element x of (€™, || -||)
and for every element ¢ of N holds [|(Proj(i,n))(z)|| = |(proj(i,n))(z)|.

(5) Let n be a non empty element of N, z be an element of R", and i be an
element of N. If 1 <1 < n, then |(proj(i,n))(z)| < |z|.

(6) Let m, n be non empty elements of N, s be a point of the real norm
space of bounded linear operators from (£, || - ||) into (€™, - ||), and 4
be an element of N. Suppose 1 < i < n. Then Proj(i,n) is a bounded
linear operator from (€™, |- ||) into (€L, |- ||) and (BdLinOpsNorm((£™, || -

;€411 1)) (Proj(i, m)) < 1.

(7) Let m, n be non empty elements of N, s be a point of the real norm
space of bounded linear operators from (€™, || - ||) into (£", ] - ||), and i be
an element of N. Suppose 1 < ¢ < n. Then

(i)  Proj(i,n)-s is a point of the real norm space of bounded linear operators
from (£™, |- ||) into (€L, || - ||), and

(i)  (BdLinOpsNorm((€™, |- 1), (€%, 1| - [1))) (Proj(i,n) - s) <
(BALinOpsNorm((E™, |-}, (€L, ||-11))) (Proj(i, n))-(BdLinOpsNorm({E™, || -
1, €™ 11 1)) (s)-

(8) For every non empty element n of N and for every element i of N holds
Proj(i,n) is homogeneous.

(9) Let n be a non empty element of N, x be an element of R", r be a
real number, and ¢ be an element of N. Then (proj(i,n))(r-z) = r -
(proj(i, n))(x).

(10) Let n be a non empty element of N, z, y be elements of R", and i be an
element of N. Then (proj(i,n))(x + y) = (proj(i,n))(x) + (proj(i,n))(y).

(11) Let n be anon empty element of N, z, y be points of (€™, ||-]|), and i be an
element of N. Then (Proj(i,n))(z —y) = (Proj(i,n))(z) — (Proj(i,n))(y).

(12) Let n be a non empty element of N, z, y be elements of R", and i be an
element of N. Then (proj(i,n))(z — y) = (proj(i,n))(z) — (proj(i,n))(y).

(13) Let m, n be non empty elements of N, s be a point of the real norm
space of bounded linear operators from (€™, || - ||) into (£™, ] - ||}, ¢ be an
element of N, and s; be a point of the real norm space of bounded linear
operators from (€™, |-]|) into (€L, ||-||). If s1 = Proj(i,n)-s and 1 < i < n,
then [s1[| < ||

(14) Let m, n be non empty elements of N, s, ¢ be points of the real norm space
of bounded linear operators from (€™, || - ||) into (€™, || -|), s1, t1 be points
of the real norm space of bounded linear operators from (™, || - ||) into
(EL]1)11), and i be an element of N. If s; = Proj(i,n)-s and t; = Proj(i,n)-t
and 1 < i <mn, then ||s; —t1] < ||s — t||.

(15) Let K be a real number, n be an element of N, and s be an element
of R™. Suppose that for every element ¢ of N such that 1 < ¢ < n holds
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|s(?)| < K. Then |s| <n- K.

(16) Let K be a real number, n be a non empty element of N, and s be an
element of (£, || - ||). Suppose that for every element ¢ of N such that
1 <4 < nholds ||[(Proj(i,n))(s)|| < K. Then ||s|| <n- K.

(17) Let K be a real number, n be a non empty element of N, and s be an
element of R™. Suppose that for every element ¢ of N such that 1 <i<mn
holds |(proj(i,n))(s)| < K. Then |s| < n- K.

(18) Let m, n be non empty elements of N, s be a point of the real norm
space of bounded linear operators from (€™, || -||) into (€™, ||-||), and K be
a real number. Suppose that for every element i of N and for every point
s1 of the real norm space of bounded linear operators from (€™, || - ||) into
(L, ]| ||y such that s; = Proj(i,n)-s and 1 < i < n holds ||s1]| < K. Then
sl <n- K.

(19) Let m, n be non empty elements of N, s, ¢ be points of the real norm
space of bounded linear operators from (€™, || -||) into (™, ||-||), and K be
a real number. Suppose that for every element ¢ of N and for all points s,
t1 of the real norm space of bounded linear operators from (€™, || - ||) into
(€L, ]| - || such that s; = Proj(i,n)-s and t; = Proj(i,n)-tand 1 <i <n
holds [[s1 — t1|| < K. Then ||s —t|| <n- K.

(20) Let m, n be non empty elements of N, f be a partial function from
E™ 1) to (€™ || - II); X be a subset of (€™, || -||), and i be an element
of N. Suppose 1 < ¢ < m and X is open. Then the following statements
are equivalent

(i)  f is partially differentiable on X w.r.t. i and f[*X is continuous on X,

(ii)  for every element j of N such that 1 < j < m holds Proj(j,n) - f is
partially differentiable on X w.r.t. ¢ and Proj(j,n)- f "X is continuous on
X.

(21) Let m, n be non empty elements of N, f be a partial function from
E™ - 1) to (€™ ]| - |I), and X be a subset of (€™, || - ||). Suppose X is
open. Then f is differentiable on X and ffX is continuous on X if and
only if for every element j of N such that 1 < j <n holds Proj(j,n) - f is
differentiable on X and (Proj(j,n) - f)x is continuous on X.

(22) Let m, n be non empty elements of N, f be a partial function from
(E™ - 1) to (€™ ]| - |I), and X be a subset of (€™, || - ||). Suppose X is
open. Then for every element ¢ of N such that 1 < ¢ < m holds f is
partially differentiable on X w.r.t. i and f]*X is continuous on X if and
only if f is differentiable on X and ffX is continuous on X.
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Summary. In this article, we formalize the differentiability of functions
from the set of real numbers into a normed vector space [14].
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The notation and terminology used here have been introduced in the following
papers: [12], [2], [3], [7], [9], [11], [1], [4], [10], [13], [6], [17], [18], [15], [8], [16],
[19], and [5].

For simplicity, we adopt the following rules: F' denotes a non trivial real
normed space, G denotes a real normed space, X denotes a set, z, xg, 7, p
denote real numbers, n, k denote elements of N, Y denotes a subset of R, Z
denotes an open subset of R, s; denotes a sequence of real numbers, so denotes
a sequence of G, f, f1, fo denote partial functions from R to the carrier of F,
h denotes a convergent to 0 sequence of real numbers, and ¢ denotes a constant
sequence of real numbers.

We now state two propositions:

(1) If for every n holds ||sa(n)|| < s1(n) and s is convergent and lim s; = 0,
then s is convergent and lim so = Og.

(2) (81 T ]{7) (82 T k) = (81 Sg) T k.
Let us consider F' and let I; be a partial function from R to the carrier of

F'. We say that I is rest-like if and only if:
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(Def. 1) I; is total and for every h holds h~!(I[;,h) is convergent and
lim(h~t (I1.h)) = 0p.

Let us consider F'. One can check that there exists a partial function from R
to the carrier of F' which is rest-like. Let us consider F'. A rest of F' is a rest-like
partial function from R to the carrier of F. Let us consider F' and let I; be a
function from R into the carrier of F'. We say that I; is linear if and only if:

(Def. 2) There exists a point r of F' such that for every real number p holds
L(p)=p-r

Let us consider F'. Note that there exists a function from R into the carrier
of F which is linear. Let us consider F'. A linear of F' is a linear function from
R into the carrier of F.

We use the following convention: R, Ry, Rs denote rests of F' and L, Ly, Lo
denote linears of F'.

The following propositions are true:

(3) L1+ Ly is alinear of F and Ly — Lo is a linear of F.
(4) r L is a linear of F.

(5) Let hy, ho be partial functions from R to the carrier of F' and sy be a
sequence of real numbers. If rng so C dom hj Ndom hg, then (hy+hg).s2 =
(h1x52) + (h2ss2) and (h1 — ha).s2 = (h1.s52) — (h2ss2).

(6) Let hy, ho be partial functions from R to the carrier of F' and sy be a
sequence of real numbers. If h; is total and hq is total, then (hy + ha).s2 =
(h1+82) + (h2ss2) and (h1 — ha)«s2 = (h1.+52) — (h24S2).

(7) Ry + Rois arest of F and Ry — Rg is a rest of F.

(8) rRisarest of F.

Let us consider F, f and let zg be a real number. We say that f is differen-
tiable in z¢ if and only if:

(Def. 3) There exists a neighbourhood N of zy such that N C dom f and there
exist L, R such that for every = such that z € N holds f, — fz, = L(z —
xo) + Re_zp-

Let us consider F, f and let zp be a real number. Let us assume that f is
differentiable in xg. The functor f’(x) yielding a point of F' is defined by the
condition (Def. 4).

(Def. 4) There exists a neighbourhood N of zy such that N C dom f and there
exist L, R such that f’'(z¢) = L(1) and for every z such that x € N holds
fz— fro = L(x - «7»'0) + Rx—zo'

Let us consider F', f, X. We say that f is differentiable on X if and only if:

(Def. 5) X C dom f and for every x such that z € X holds f[X is differentiable
in x.

The following propositions are true:
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(9) If f is differentiable on X, then X is a subset of R.
(10) f is differentiable on Z iff Z C dom f and for every x such that x € Z
holds f is differentiable in x.
(11) If f is differentiable on Y, then Y is open.

Let us consider F', f, X. Let us assume that f is differentiable on X. The
functor ff y yields a partial function from R to the carrier of F' and is defined
by:

(Def. 6) dom(fjy) = X and for every z such that z € X holds fiy(z) = f'().

Next we state a number of propositions:

(12) Suppose Z C dom f and there exists a point 7 of F' such that rmg f = {r}.
Then f is differentiable on Z and for every x such that x € Z holds
(f fZ )z = 0p.

(13) Let x¢ be a real number and N be a neighbourhood of xy. Suppose f is

differentiable in g and N C dom f. Let given h, c¢. Suppose rmgc = {xo}
and tng(h 4+ ¢) € N. Then h=! ((f«(h + ¢)) — (f«c)) is convergent and
f'(xo) = lim(h=" ((fu(h +¢)) = (f«c)))-

(14) If f; is differentiable in z¢ and fy is differentiable in zg, then f1 + fa is
differentiable in zg and (f1 + f2)'(x0) = fi'(x0) + f2/(x0)-

(15) If f; is differentiable in xp and fy is differentiable in zq, then f; — fy is
differentiable in xo and (f1 — f2)'(z0) = fi'(z0) — fo' (x0).

(16) For every real number r such that f is differentiable in xo holds r f is
differentiable in xo and (r f)'(xo) = r - f'(z0).

(17) Suppose Z C dom(f; + f2) and f; is differentiable on Z and f, is diffe-
rentiable on Z. Then f; 4 fo is differentiable on Z and for every x such
that = € Z holds (f1 + f2)|(2) = fi' (x) + fo' (2).

(18) Suppose Z C dom(f; — f2) and f; is differentiable on Z and fs is diffe-
rentiable on Z. Then f; — fo is differentiable on Z and for every x such
that x € Z holds (f; — f2)/rZ(33) = fi'(z) — fo ().

(19) Suppose Z C dom(r f) and f is differentiable on Z. Then r f is differen-
tiable on Z and for every x such that x € Z holds (r f)}(x) =7 - f'().

(20) If Z Cdom f and f[Z is constant, then f is differentiable on Z and for
every x such that € Z holds f{,(x) = Op.

(21) Let r, p be points of F and given Z, f. Suppose Z C dom f and for every
x such that z € Z holds f, =z - r + p. Then f is differentiable on Z and
for every x such that x € Z holds f{,(z) =r.

(22) For every real number xy such that f is differentiable in xg holds f is
continuous in xg.

(23) 1If f is differentiable on X, then f[X is continuous.

(24) If f is differentiable on X and Z C X, then f is differentiable on Z.
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(25) There exists a rest R of F' such that Ry = 0r and R is continuous in 0.

Let us consider F' and let f be a partial function from R to the carrier of F.

We say that f is differentiable if and only if:
(Def. 7)  f is differentiable on dom f.

Let us consider F'. One can check that there exists a function from R into

the carrier of F' which is differentiable. We now state the proposition
(26) Let f be a differentiable partial function from R to the carrier of F. If

1]
2]

ERRCINC

Z C dom f, then f is differentiable on Z.
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Summary. We formulate a few basic concepts of J. H. Conway’s theory
of games based on his book [6]. This is a first step towards formalizing Conway’s
theory of numbers into Mizar, which is an approach to proving the existence of
a FIELD (i.e., a proper class that satisfies the axioms of a real-closed field) that
includes the reals and ordinals, thus providing a uniform, independent and simple
approach to these two constructions that does not go via the rational numbers
and hence does for example not need the notion of a quotient field.

In this first article on Conway’s games, we provide a definition of games, their
birthdays (or ranks), their trees (a notion which is not in Conway’s book, but is
useful as a tool), their negates and their signs, together with some elementary
properties of these notions. If one is interested only in Conway’s numbers, it
would have been easier to define them directly, but going via the notion of a
game is a more general approach in the sense that a number is a special instance
of a game and that there is a rich theory of games that are not numbers.

The main obstacle in formulating these topics in Mizar is that all defini-
tions are highly recursive, which is not entirely simple to translate into the Mizar
language. For example, according to Conway’s definition, a game is an object
consisting of left and right options which are themselves games, and this is by
definition the only way to construct a game. This cannot directly be transla-
ted into Mizar, but a theorem is included in the article which proves that our
definition is equivalent to Conway’s.

MML identifier: CGAMES_1, version: 7.11.07 4.156.1112

The terminology and notation used here have been introduced in the following
articles: [1], [4], [7], [5], [2], [3], [9], and [8].

(© 2011 University of Bialystok
73 ISSN 1426-2630(p), 1898-9934(c)


http://fm.mizar.org/miz/cgames_1.miz
http://ftp.mizar.org/

74 ROBIN NITTKA

1. CONSTRUCTION OF DAYS

We follow the rules: z, z, s are sets, «, § are ordinal numbers, and n is a
natural number.
We introduce lefts-rights which are systems
( left options, right options ),
where the left options and the right options constitute sets.
The functor 0 is defined by:
(Def. 1) 0= (0, 0).
One can verify that there exists a left-right which is strict.
Let us consider a. The functor ConwayDay « yields a set and is defined by
the condition (Def. 2).
(Def. 2) There exists a transfinite sequence f such that o € dom f and f(a) =
ConwayDay « and for every (3 such that 5 € dom f holds f(3) = {(z,y) :
x ranges over subsets of |Jrng(f[f3), y ranges over subsets of |Jrng(f[5)}.
We now state three propositions:
(1) z € ConwayDay « if and only if there exists a strict left-right w such
that z = w and for every x such that = € (the left options of w) U (the
right options of w) there exists § such that 8 € a and x € ConwayDay /3.
(2) ConwayDay0 = {0}.
(3) If a C B, then ConwayDay o C ConwayDay (3.

Let us consider a.. Note that ConwayDay « is non empty.

2. GAMES

Let us consider x. We say that z is Conway game-like if and only if:
(Def. 3) There exists « such that x € ConwayDay a.

Let us consider «.. Note that every element of ConwayDay « is Conway game-
like.

Let us observe that 0 is Conway game-like.

One can check that there exists a left-right which is Conway game-like and
strict and there exists a set which is Conway game-like.

A Conway game is a Conway game-like set.

0 is an element of ConwayDay 0.

The element 1 of ConwayDay 1 is defined by:

(Def. 4) 1 = ({0}, 0).
The element * of ConwayDay 1 is defined as follows:
(Def. 5) «= ({0}, {0}).
In the sequel g, go, 91, 92, 93, 9, g5, gs are Conway games.
We now state the proposition
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(4) g is a strict left-right.

One can verify that every left-right which is Conway game-like is also strict.
Let us consider g. The left options of g is defined as follows:

(Def. 6) There exists a left-right w such that ¢ = w and the left options of g = the
left options of w.

The right options of g is defined by:

(Def. 7) There exists a left-right w such that ¢ = w and the right options of
g = the right options of w.

Let us consider g. The options of ¢ is defined by:
(Def. 8) The options of g = (the left options of g) U (the right options of g).
Next we state the proposition
(5) g1 = go if and only if the following conditions are satisfied:
(i)  the left options of g; = the left options of gs, and
(ii)  the right options of g; = the right options of go.
One can verify the following observations:
* the left options of 0 is empty,
x the right options of 0 is empty, and
* the right options of 1 is empty.
Next we state four propositions:
(6) ¢ = 0 iff the options of g = 0.
(7) x € the left options of 1 iff x = 0.
(8)(i) x € the options of x iff 2 = 0,
(ii)  x € the left options of * iff z = 0, and
(ili) « € the right options of x iff z = 0.
(9) g € ConwayDay « iff for every x such that x € the options of g there
exists 3 such that § € o and x € ConwayDay .

Let g be a set. Let us assume that ¢ is a Conway game. The functor
ConwayRank g yields an ordinal number and is defined as follows:

(Def. 9) ¢g € ConwayDay ConwayRankg and for every [ such that § €
ConwayRank g holds g ¢ ConwayDay (.

One can prove the following propositions:
(10) If g € ConwayDay a and x € the options of g, then x € ConwayDay a.

(11) If g € ConwayDay « and if = € the left options of g or x € the right
options of g, then x € ConwayDay «.

(12) g € ConwayDay « iff ConwayRank g C «.

(13) ConwayRankg € « iff there exists [ such that § € «a and g €
ConwayDay (3.

(14) If g3 € the options of g, then ConwayRank g3 € ConwayRank g.
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(15) 1If g3 € the left options of g or g3 € the right options of g, then
ConwayRank g3 € ConwayRank g.

(16) g ¢ the options of g.

(17) If x € the options of g, then z is a Conway game-like left-right.

(18) If = € the left options of g or x € the right options of g, then z is a
Conway game-like left-right.

(19) Let w be a strict left-right. Then w is a Conway game if and only if for
every z such that z € (the left options of w) U (the right options of w)
holds z is a Conway game.

3. SCHEMES OF INDUCTION

In this article we present several logical schemes. The scheme ConwayGa-
meMinTot concerns a unary predicate P, and states that:
There exists g such that P[g] and for every g; such that ConwayRank g; €
ConwayRank g holds not Pg1]
provided the following condition is met:
e There exists g such that P|g].

The scheme ConwayGameMin concerns a unary predicate P, and states that:
There exists g such that P[g] and for every g3 such that g3 € the
options of g holds not P|[gs]

provided the parameters satisfy the following condition:
e There exists g such that P|g].
The scheme ConwayGamelnd concerns a unary predicate P, and states that:
For every g holds P[g]
provided the following condition is met:
e For every g such that for every gs such that gs € the options of ¢
holds P[gs] holds P[g].

4. TREE OF A GAME

Let f be a function. We say that f is Conway game-valued if and only if:
(Def. 10) For every x such that x € dom f holds f(x) is a Conway game.

Let us consider g. One can verify that (g) is Conway game-valued.

Let us mention that there exists a finite sequence which is Conway game-
valued and non empty.

Let f be a non empty finite sequence. Observe that every element of dom f
is natural and non empty.

Let f be a Conway game-valued non empty function and let x be an element
of dom f. Note that f(x) is Conway game-like.
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Let f be a Conway game-valued non empty finite sequence. We say that f
is Conway game chain-like if and only if:
(Def. 11) For every element n of dom f such that n > 1 holds f(n — 1) € the
options of f(n).
One can prove the following proposition
(20) For every finite sequence f and for every n such that n € dom f and
n > 1 holds n — 1 € dom f.
Let us consider g. Observe that (g) is Conway game chain-like.
Let us observe that there exists a Conway game-valued non empty finite
sequence which is Conway game chain-like.
A Conway game chain is a Conway game chain-like Conway game-valued
non empty finite sequence.
Next we state three propositions:
(21) For every Conway game chain f and for all elements n, m of dom f such
that n < m holds ConwayRank f(n) € ConwayRank f(m).
(22) For every Conway game chain f and for all elements n, m of dom f such
that » < m holds ConwayRank f(n) C ConwayRank f(m).
(23) For every Conway game chain f such that f(len f) € ConwayDay « holds
f(1) € ConwayDay «.

Let us consider g. The tree of g yields a set and is defined as follows:

(Def. 12) z € the tree of g iff there exists a Conway game chain f such that
f(1) =z and f(len f) = g.
Let us consider g. Observe that the tree of g is non empty.

Let us consider g. The proper tree of g yielding a subset of the tree of g is
defined by:

(Def. 13) The proper tree of g = (the tree of g) \ {g}.
We now state the proposition
(24) g € the tree of g.
Let us consider « and let g be an element of ConwayDay . Then the tree
of g is a subset of ConwayDay «.
Let us consider g. One can verify that every element of the tree of g is
Conway game-like.
The following propositions are true:
(25) For every Conway game chain f and for every non empty natural number
n holds f[n is a Conway game chain.
(26) Let fi, fo be Conway game chains. Given g such that g = f2(1) and
fi(len f1) € the options of g. Then f1 ™ fa is a Conway game chain.

(27) x € the tree of g iff x = g or there exists g3 such that g3 € the options
of g and x € the tree of gs.
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(28) If g3 € the tree of g, then g3 = g or ConwayRank g3 € ConwayRank g.
(29) If g3 € the tree of g, then ConwayRank g3 C ConwayRank g.

(30) For every set s such that g € s and for every g; such that g; € s holds
the options of g1 C s holds the tree of g C s.

(31) 1If g1 € the tree of go, then the tree of g; C the tree of go.

(32) If g1 € the tree of go, then the proper tree of g; C the proper tree of gs.
(33) The options of g C the proper tree of g.

(34) The options of g C the tree of g.

(35) 1If g1 € the proper tree of go, then the tree of g; C the proper tree of go.
(36) If g3 € the options of g, then the tree of g3 C the proper tree of g.

(37) The tree of 0 = {0}.

(38) 0 € the tree of g.

The scheme ConwayGameMin2 concerns a unary predicate P, and states
that:
There exists g such that P[g] and for every g3 such that g3 € the
proper tree of g holds not P|gs]
provided the following condition is met:
e There exists g such that P[g].

5. SCHEME ABOUT DEFINABILITY OF FUNCTIONS BY RECURSION

Now we present two schemes. The scheme FunclRecUniq deals with a binary
functor F yielding a set, and states that:
Let given g and f1, f2 be functions. Suppose that
(i) dom f; = the tree of g,
(i) dom fy = the tree of g,
(iii) for every g; such that g; € dom f; holds f1(g1) = F(g1, f1[the
proper tree of g1), and
(iv) forevery g; such that g; € dom fs holds f2(g1) = F(g1, f2[the
proper tree of g;).
Then f, = f2
for all values of the parameter.
The scheme FunclRecEx deals with a binary functor F yielding a set, and
states that:
There exists a function f such that dom f = the tree of ¢ and for
every g; such that g1 € dom f holds f(g1) = F(g1, fthe proper
tree of ¢1)
for all values of the parameter.
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6. THE NEGATIVE AND SIGNS

Let us consider g. The functor —g is defined by the condition (Def. 14).

(Def. 14) There exists a function f such that
(i) dom f = the tree of g,
(i) —g=/(g), and
(iii)  for every g; such that g; € dom f holds f(g1) = ({f(g4); g4 ranges over
elements of the right options of g;: the right options of g1 # 0}, {f(97); 97
ranges over elements of the left options of g1: the left options of g1 # 0}).
Let us consider g. One can check that —g is Conway game-like.
We now state three propositions:
(39)(1)  For every z holds x € the left options of —g¢ iff there exists g4 such
that g4 € the right options of g and x = —g4, and
(ii)  for every x holds x € the right options of —g iff there exists g; such
that g7 € the left options of g and x = —g7.

(40) ——g=g
)

(41)(i) g3 € the left options of —g iff —g3 € the right options of g,
(ii) g3 € the left options of g iff —g3 € the right options of —g,
(iii) g3 € the right options of —g iff —g3 € the left options of g, and

(iv) g3 € the right options of g iff —g3 € the left options of —g.

Let us consider g. We say that ¢ is non-negative if and only if the condition
(Def. 15) is satisfied.

(Def. 15) There exists s such that
(i) ge€s,and
(ii)  for every g; such that g; € s and for every g4 such that g4 € the right
options of g1 there exists gg such that gg € the left options of g4 and gg € s.

Let us consider g. We say that ¢ is non-positive if and only if:
(Def. 16) —g is non-negative.
Let us consider g. We say that g is zero if and only if:
(Def. 17) ¢ is non-negative and non-positive.
We say that g is fuzzy if and only if:
(Def. 18) ¢ is not non-negative and ¢ is not non-positive.
Let us consider g. We say that g is positive if and only if:
(Def. 19) ¢ is non-negative and ¢ is not zero.
We say that g is negative if and only if:
(Def. 20) g is non-positive and g is not zero.
One can verify the following observations:
x every Conway game which is zero is also non-negative and non-positive,

* every Conway game which is non-positive and non-negative is also zero,
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x every Conway game which is negative is also non-positive and non zero,

* every Conway game which is non-positive and non zero is also negative,

x every Conway game which is positive is also non-negative and non zero,

* every Conway game which is non-negative and non zero is also positive,

* every Conway game which is fuzzy is also non non-negative and non
non-positive, and

x every Conway game which is non non-negative and non non-positive is
also fuzzy.

One can prove the following propositions:

(42) g is zero, or positive, or negative, or fuzzy.

(43) ¢ is non-negative if and only if for every g4 such that g4 € the right
options of g there exists gg such that gg € the left options of g4 and gg is
non-negative.

(44) g is non-positive if and only if for every g7 such that g7 € the left options
of g there exists gg such that g € the right options of g7 and gg is non-
positive.

(45)(1) g is non-negative iff for every g4 such that g4 € the right options of g
holds g4 is fuzzy or positive, and

(ii) g is non-positive iff for every g7 such that g; € the left options of g
holds g7 is fuzzy or negative.

(46) g is fuzzy if and only if the following conditions are satisfied:

(i)  there exists g7 such that g7 € the left options of g and g7 is non-negative,
and

(ii)  there exists g4 such that g4 € the right options of g and g4 is non-
positive.

(47) g is zero if and only if the following conditions are satisfied:

(i)  for every g7 such that g; € the left options of g holds g7 is fuzzy or
negative, and

(ii)  for every g4 such that g4 € the right options of g holds g4 is fuzzy or
positive.

(48) g is positive if and only if the following conditions are satisfied:

(i)  for every g4 such that g4 € the right options of g holds g4 is fuzzy or
positive, and
(ii)  there exists g7 such that g7 € the left options of g and g7 is non-negative.

(49) g is negative if and only if the following conditions are satisfied:

(i)  for every g7 such that g7 € the left options of ¢g holds g7 is fuzzy or
negative, and

(ii)  there exists g4 such that g4 € the right options of g and g4 is non-
positive.
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One can check that 0 is zero.
Let us observe that 1 is positive and x* is fuzzy.
One can verify the following observations:

* there exists a Conway game which is zero,
* there exists a Conway game which is positive, and
* there exists a Conway game which is fuzzy.

Let g be a non-positive Conway game. Note that —g is non-negative.
Let g be a non-negative Conway game. Note that —g is non-positive.
Let g be a positive Conway game. One can verify that —g is negative.
Let us note that there exists a Conway game which is negative.

Let g be a negative Conway game. Note that —g is positive.

Let g be a fuzzy Conway game. Note that —g is fuzzy.
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Summary. The Veblen hierarchy is an extension of the construction of
epsilon numbers (fixpoints of the exponential map: w® = €). It is a collection
@a of the Veblen Functions where ¢o(8) = w” and ¢1(8) = e5. The sequence
of fixpoints of @1 function form s, etc. For a limit non empty ordinal A the
function ¢ is the sequence of common fixpoints of all functions ¢, where a < A.

The Mizar formalization of the concept cannot be done directly as the Veblen
functions are classes (not (small) sets). It is done with use of universal sets (Tarski
classes). Namely, we define the Veblen functions in a given universal set and ¢« (3)
as a value of Veblen function from the smallest universal set including a and .
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The papers [16], [18], [2], [5], [14], [13], [9], [10], [15], [3], [4], [1], [8], [11], [19],
[17], [6], [7], and [12] provide the terminology and notation for this paper.

1. PRELIMINARIES

For simplicity, we adopt the following convention: «, 3, v, § denote ordinal
numbers, A denotes a non empty limit ordinal ordinal number, A denotes a non
empty ordinal number, e denotes an element of A, X, Y, x, y denote sets, and
n denotes a natural number.

Next we state several propositions:

(1) Let ¢ be a function. Suppose ¢ is an isomorphism between <y and Sy.
Let given z, y. If z, y € X, then x C y iff p(z) C ¢(y).

(2) Let X, Y be ordinal-membered sets and ¢ be a function. Suppose ¢ is
an isomorphism between Sx and Sy. Let given z, y. If 2, y € X, then
z €y iff p(z) € ().
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If (x, y) € Sx, then x C .
For all transfinite sequences fi, fo holds f; C f1 ~ fo.
For all transfinite sequences f1, fo holds rng(f1 ~ f2) = rng f1 Urng fo.
aC Biff e, C eg.
7) acpBiff e, €ep.
Let X be an ordinal-membered set. Note that |J X is ordinal.
Let ¢ be an ordinal yielding function. Observe that rng ¢ is ordinal-membered.
Let us consider «. Note that id, is transfinite sequence-like and ordinal
yielding.
Let us consider a.. Observe that id, is increasing.

I R e
S Ot
N N N N N

Let us consider «. Note that id, is continuous.
Let us observe that there exists a sequence of ordinal numbers which is non
empty, increasing, and continuous.
Let ¢ be a transfinite sequence. We say that ¢ is normal if and only if:
(Def. 1) ¢ is an increasing continuous sequence of ordinal numbers.
Let ¢ be a sequence of ordinal numbers. Let us observe that ¢ is normal if
and only if:
(Def. 2) ¢ is increasing and continuous.
One can verify the following observations:
% every transfinite sequence which is normal is also ordinal yielding,
* every sequence of ordinal numbers which is normal is also increasing and
continuous, and
x every sequence of ordinal numbers which is increasing and continuous is
also normal.
Let us observe that there exists a transfinite sequence which is non empty
and normal.
Next we state the proposition
(8) For every sequence ¢ of ordinal numbers such that ¢ is non-decreasing
holds ¢Ja is non-decreasing.
Let us consider X. The functor ord-type X yields an ordinal number and is
defined by:
(Def. 3) ord-type X = So, x.
Let X be an ordinal-membered set. Then ord-type X can be characterized
by the condition:
(Def. 4) ord-type X = Sy.
Let X be an ordinal-membered set. One can verify that < x is well-ordering.
Let E be an empty set. Observe that On F is empty.
Let E be an empty set. One can verify that F is empty.
Next we state four propositions:
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) ord-type® = 0.
) ord-type{a} = 1.
(11) If o # B, then ord-type{a, f} = 2.
) ord-typea = a.
Let us consider X. The functor numbering X yields a sequence of ordinal
numbers and is defined as follows:
(Def. 5) numbering X = the canonical isomorphism between Qord_type x and
gOn X
Next we state four propositions:

13) domnumbering X = ord-type X and rng numbering X = On X.

15) Card dom numbering X = Card On X.

(
(14) For every ordinal-membered set X holds rng numbering X = X.
(
(16) numbering X is an isomorphism between gord_type v and Sop x.

In the sequel ¢ denotes a sequence of ordinal numbers.
One can prove the following propositions:
(17) If ¢ = numbering X and z, y € dom ¢, then x C y iff p(z) C p(y).
(18) If ¢ = numbering X and z, y € dom ¢, then x € y iff p(z) € ¢(y).
Let us consider X. Note that numbering X is increasing.
Let X, Y be ordinal-membered sets. One can check that X UY is ordinal-
membered.
Let X be an ordinal-membered set and let Y be a set. Observe that X \ Y
is ordinal-membered.
The following three propositions are true:

(19) Let X, Y be ordinal-membered sets. Suppose that for all z, y such that
x € X and y € Y holds « € y. Then (numbering X) ~ numbering Y is an
isomorphism between gord_type Xtord-typey and Sxuy.

(20) For all ordinal-membered sets X, Y such that for all x, y such that
x € X and y € Y holds = € y holds numbering(X UY') = (numbering X) ™
numbering Y.

(21) For all ordinal-membered sets X, Y such that for all z, y such that z € X
and y € Y holds = € y holds ord-type(X UY) = ord-type X + ord-type Y.

2. FIXPOINTS OF A NORMAL FUNCTION

Next we state the proposition
(27) For every function ¢ such that x is a fixpoint of ¢ holds x € rng .

Let ¢ be a sequence of ordinal numbers. The functor criticals ¢ yields a
sequence of ordinal numbers and is defined by:
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(Def. 7) criticals ¢ = numbering{a € dom ¢ : « is a fixpoint of ¢}.
We now state three propositions:
(28) On{a € domy : « is a fixpoint of ¢} = {a € dom ¢ : « is a fixpoint of
e}
(29) If x € dom criticals ¢, then (criticals ¢)(x) is a fixpoint of .
(30) rngecriticalsp = {a € dom ¢ : « is a fixpoint of ¢} and rng criticals ¢ C
rng .
Let us consider ¢. One can verify that criticals ¢ is increasing.
We now state several propositions:
(31) If x € domcriticals ¢, then z C (criticals ¢)(x).
(32) dom criticals ¢ C dom ¢.
(33) 1If B is a fixpoint of ¢, then there exists o such that o € dom criticals
and 3 = (criticals ¢)(a).
(34) If a € domecriticals and 3 is a fixpoint of ¢ and (criticals p)(a) € S,
then succ o € dom criticals .
(35) If succ v € dom criticals ¢ and [ is a fixpoint of ¢ and (criticals )(a) €
3, then (criticals ¢)(succ ) C .
(36) Suppose ¢ is normal and JX € domy and X is non empty and for
every x such that x € X there exists y such that z C y and y € X and y
is a fixpoint of ¢. Then X = ¢(J X).
(37) If ¢ is normal and |JX € domy and X is non empty and for every x
such that z € X holds z is a fixpoint of ¢, then [JX = p(U X).
(38) If A C dom criticals ¢ and « is a fixpoint of ¢ and for every x such that
x € X holds (criticals p)(z) € a, then A € dom criticals ¢.
(39) If ¢ is normal and A € domecriticalsp, then (criticalsg)(A) =
U((criticals @) A).
Let ¢ be a normal sequence of ordinal numbers. Observe that criticals ¢ is

continuous.
Next we state the proposition
(40) For all sequences fi, fo of ordinal numbers such that f; C fo holds
criticals f1 C criticals fs.

3. FIXPOINTS IN A UNIVERSAL SET

In the sequel U, W are universal classes.

Let us consider U. One can check that there exists a transfinite sequence of
ordinals of U which is normal.

Let us consider U, a. An ordinal-sequence from « to U is a function from «

into OnU.
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Let us consider U, «a. Note that every ordinal-sequence from « to U is trans-
finite sequence-like and ordinal yielding.
Let us consider U, «, let ¢ be an ordinal-sequence from « to U, and let us
consider z. Then ¢(x) is an ordinal of U.
The following two propositions are true:
(41) If a € U, then for every ordinal-sequence ¢ from « to U holds |Jp € U.
(42) 1If o € U, then for every ordinal-sequence ¢ from « to U holds sup ¢ € U.
In this article we present several logical schemes. The scheme CriticalNum-
ber2 deals with a universal class A, an ordinal B of A, an ordinal-sequence C
from w to A, and a unary functor F yielding an ordinal number, and states
that:
B CJC and F(UC) = JC and for every [ such that B C 3 and
B e Aand F(B) = holds UC C 3
provided the following conditions are met:
e weE A,
e For every a such that a € A holds F(«a) € A,
e For all a, § such that a € § and 8 € A holds F(«a) € F(B),
e Let a be an ordinal of A. Suppose « is non empty and limit
ordinal. Let 1 be a sequence of ordinal numbers. If dom ¢ = «
and for every (3 such that § € a holds ¢;1(5) = F(5), then F(«)
is the limit of ¢,
e C(0) =B, and
e For every a such that a € w holds C(succa) = F(C(a)).
The scheme CriticalNumber3 deals with a universal class A, an ordinal B of
A, and a unary functor F yielding an ordinal number, and states that:
There exists an ordinal « of A such that B € o and F(a) = «
provided the following requirements are met:
e we A,
e For every a such that a € A holds F(a) € A,
e For all «, 3 such that @ € § and 8 € A holds F(a) € F(3), and
e Let a be an ordinal of A. Suppose « is non empty and limit
ordinal. Let ¢ be a sequence of ordinal numbers. If dom¢; = «
and for every ( such that 5 € « holds ¢;1(8) = F(5), then F(«)
is the limit of ;.
In the sequel F, @1 denote normal transfinite sequences of ordinals of W.
One can prove the following propositions:
(43) If w, B € W, then there exists « such that § € a and « is a fixpoint of
$1.
(44) 1If w € W, then criticals F' is a transfinite sequence of ordinals of W.

(45) If ¢ is normal, then for every a such that a € dom criticalsy holds
w(a) C (criticals ¢) ().
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4. SEQUENCES OF SEQUENCES OF ORDINALS

Let us consider U and let «, 8 be ordinals of U. Then o is an ordinal of U.
Let us consider U, a. Let us assume that o € U. The functor U exp « yields
a transfinite sequence of ordinals of U and is defined as follows:

(Def. 8)  For every ordinal 8 of U holds (U exp a)(3) = a”.

Let us observe that w is non trivial.

Let us consider U. Observe that there exists an ordinal of U which is non
trivial and finite.

One can verify that there exists an ordinal number which is non trivial and
finite.

Let us consider U and let « be a non trivial ordinal of U. Note that U exp «
is normal.

Let ¥ be a function. We say that v is ordinal-sequence-valued if and only if:

(Def. 9) If z € rng, then z is a sequence of ordinal numbers.

Let ¢ be a sequence of ordinal numbers. Observe that () is ordinal-sequence-
valued.
Let ¢ be a function. We say that ¢ has the same dom if and only if:

(Def. 10) rng ¢ has common domain.

Let ¢ be a function. Observe that {¢} has common domain.
Let ¢ be a function. One can verify that () has the same dom.
One can verify that there exists a transfinite sequence which is non empty
and ordinal-sequence-valued and has the same dom.
Let ¢ be an ordinal-sequence-valued function and let us consider x. Observe
that 1 (z) is relation-like and function-like.
Let ¢ be an ordinal-sequence-valued function and let us consider x. Observe
that ¢ (x) is transfinite sequence-like and ordinal yielding.
Let v be a transfinite sequence and let us consider «. Note that [« is
transfinite sequence-like.
Let ¥ be an ordinal-sequence-valued function and let us consider X. One
can check that ¥ [X is ordinal-sequence-valued.
Let us consider «, 3. Observe that every function from « into 3 is ordinal
yielding and transfinite sequence-like.
Let 1 be an ordinal-sequence-valued transfinite sequence. The functor criticals
yields a sequence of ordinal numbers and is defined as follows:
(Def. 11) = criticals¢) = numbering{a € dom¢(0) : € dom(0) A A, (p €
rngY = «is a fixpoint of ¢)}.
In the sequel % is an ordinal-sequence-valued transfinite sequence.
One can prove the following propositions:
(46) Let given ¢. Then {a € dom ¢ (0) : o € dom1(0) A AW (pemgy) = «
is a fixpoint of ¢)} is ordinal-membered.
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(47) If @ € dom and 8 € dom criticals ), then (criticals)(() is a fixpoint
of Y(a).

(48) If x € dom criticals v, then x C (criticals)(z).

(49) If ¢ € rng), then dom criticalsy C dom ¢.

(50) If dom® # @ and for every ~ such that v € domt holds § is a fi-
xpoint of 9(v), then there exists a such that o € dom criticalsy and
B = (criticals ¥)(«).

(51) Suppose dom ) # () and A C dom criticalsi) and for every ¢ such that
p € rng 1 holds « is a fixpoint of ¢ and for every x such that x € X\ holds
(criticals¢)(x) € a. Then X\ € dom criticals .

(52) For every v such that dom # () and for every « such that o € dom
holds ¥ («) is normal holds if A € dom criticals ), then (criticals)(\) =
U((criticals ) [A).

(53) For every v such that dom # () and for every « such that o € dom
holds ¥ («) is normal holds criticals v is continuous.

(54) Let given 1. Suppose dom ) # () and for every « such that o € dom
holds ¥ («) is normal. Let given a, ¢. If a € dom criticals i and ¢ € rng,
then ¢(a) C (criticals¢)(a).

(55) Let g1, g2 be ordinal-sequence-valued transfinite sequences. If dom g; =
dom gy and domg; # () and for every a such that a € domg; holds
g1(a) C ga(a), then criticals g; C criticals gs.

Let ¥ be an ordinal-sequence-valued transfinite sequence. The functor lims
yielding a sequence of ordinal numbers is defined by:
(Def. 12) domlimsv = dom(0) and for every « such that o € domlims holds
(lims¢)(a) = U{(B)(); 8 ranges over elements of dom : 5 € dom}.
Next we state the proposition

(56) Let 1 be an ordinal-sequence-valued transfinite sequence. Suppose
dom # () and domt € U and for every « such that o € dom holds
() is a transfinite sequence of ordinals of U. Then lims ) is a transfinite
sequence of ordinals of U.

5. VEBLEN HIERARCHY

Let us consider . The functor OSz yields a sequence of ordinal numbers
and is defined by:

x, if x is a sequence of ordinal numbers,
the sequence of ordinal numbers, otherwise.

(Def. 13) OSz = {

The functor OSVz yielding an ordinal-sequence-valued transfinite sequence is
defined by:
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(Def. 14) OSVz = { x, if z is an ordinal-sequence-valued transfinite sequence,
the ordinal-sequence-valued transfinite sequence, otherwise.
Let us consider U. The functor U -Veblen yields an ordinal-sequence-valued
transfinite sequence and is defined by the conditions (Def. 15).
(Def. 15)(i) dom(U -Veblen) = OnU,
(i) U-Veblen(0) = U expw,
(iii)  for every [ such that succf € OnU holds U-Veblen(succf) =
criticals U -Veblen(/3), and
(iv)  for every A such that A € OnU holds U-Veblen(\) =
criticals(U -Veblen [).
Let us note that there exists a universal class which is uncountable.
One can prove the following propositions:
(57) For every universal class U holds U is uncountable iff w € U.

(58) If « € fand B, w € U and v € dom U -Veblen(3), then U -Veblen(3)(7)
is a fixpoint of U -Veblen(«).

(59) If X € U and for every ~ such that v € A\ holds « is a fixpoint of
U -Veblen(v), then « is a fixpoint of lims(U -Veblen [A).

(60) If « C B and B, w € U and v € domU -Veblen(3) and for every -~
such that v € (3 holds U-Veblen(v) is normal, then U -Veblen(a)(y) C
U -Veblen(5)(7).

(61) Suppose A\, a € U and € A and for every = such that v € A holds
U -Veblen(v) is a normal transfinite sequence of ordinals of U. Then
(lims(U -Veblen [A))(«) is a fixpoint of U -Veblen(/3).

(62) Ifw,a € U, then U-Veblen(a) is a normal transfinite sequence of ordinals
of U.

(63) IfweUand U C W and a € U, then U -Veblen(a) C W -Veblen(a).

(64) If w, a, 8 € U and w, a, f € W, then U-Veblen(f)(a) =
W -Veblen(()(«).

(65) Suppose A € U and for every a such that o € A holds U -Veblen(«) is a
normal transfinite sequence of ordinals of U. Then lims(U -Veblen [)) is a
non-decreasing continuous transfinite sequence of ordinals of U.

Let us consider a. Note that T(a Uw) is uncountable.
Let us consider «, . The functor ¢,(3) yields an ordinal number and is
defined by:
(Def. 16) ¢ (8) = T(aU B Uw)-Veblen(a)(f).

Let us consider n, 5. Then ¢, (8) is an ordinal number and it can be cha-
racterized by the condition:

(Def. 17)  ¢n(8) = T(B U w)-Veblen(n)(5).

One can prove the following propositions:
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a € T(aUpUY).

If w, a, B € U, then pg(a) = U -Veblen(3)(«).

o) = w®.

905(60succ,@(04)) = Spsucc,@(a)-

It 3 € v, then pp(py(@)) = ¢y(a).

a C B iff ¢y (a) € y(8).

a € B iff py(a) € ¢y (B).

0a(B) € py(9) iff a =~ and B € or a € yand § € ¢,(d) or v € o and
va(B) € 4.

6. EPSILON NUMBERS

In the sequel U is an uncountable universal class.
Next we state four propositions:

U -Veblen(1) = criticals(U expw).
¢1(«) is epsilon.
For every epsilon ordinal number e there exists a such that e = 1 ().

v1(a) = eq.
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Sorting by Exchanging
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Summary. We show that exchanging of pairs in an array which are in
incorrect order leads to sorted array. It justifies correctness of Bubble Sort, In-
sertion Sort, and Quicksort.

MML identifier: EXCHSORT, version: 7.11.07 4.156.1112

The notation and terminology used here have been introduced in the following
papers: [20], [6], [11], [1], [8], [16], [12], [13], [10], [9], [17], [18], [3], [4], [2], [7],
[14], [21], [22], [19], [5], and [15].

1. PRELIMINARIES

We adopt the following convention: «, 3, v, § denote ordinal numbers, k
denotes a natural number, and x, y, 2z, t, X, Y, Z denote sets.
The following propositions are true:

(1) z € (a+ )\ «aiff there exists v such that = a + vy and v € S.

(2) Suppose a € f and v € 6. Then v # o and v # [ and § # o and 0 # 3
orycEaandd=aoryeEaandd=Fory=aand J € §or y=«a and
d=fory=aand fedoracyand § =F ory= [ and 3 € 4.

(3) Ifz ¢y, then (yU{z})\y = {z}.

(4) succzx \ z = {z}.

(5) Let f be a function, r be a binary relation, and given x. Then = € f°r
if and only if there exist y, z such that (y, z) € r and (y, z) € dom f and
fly, z) = .

(6) If a\ B # 0, then inf(a\ §) = § and sup(a\ 8) = o and J(a'\ 5) = U e
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(7) If o\ B is non empty and finite, then there exists a natural number n
such that a = 6+ n.

2. ARRAYS

Let f be a set. We say that f is segmental if and only if:
(Def. 1) There exist «, 3 such that m(f) = o\ (.
In the sequel f, g denote functions.
The following two propositions are true:
(8) If dom f = domg and f is segmental, then g is segmental.
(9) If f is segmental, then for all a;, (3, v such that « C 8 C v and «,
~v € dom f holds 8 € dom f.
Let us observe that every function which is transfinite sequence-like is also
segmental and every function which is finite sequence-like is also segmental.
Let us consider a and let s be a set. We say that s is a-based if and only if:
(Def. 2) If 5 € m(s), then o € m1(s) and o C 3.
We say that s is a-limited if and only if:
(Def. 3) a =supm(s).
Next we state two propositions:
(10) f is a-based and segmental iff there exists § such that dom f = §\ «
and a C f.
(11) f is B-limited, non empty, and segmental iff there exists a such that
dom f =g\ aand a € 3.
Let us observe that every function which is transfinite sequence-like is also
0-based and every function which is finite sequence-like is also 1-based.
The following three propositions are true:
(12) f is inf dom f-based.
(13) f is supdom f-limited.
(14) 1If f is B-limited and o € dom f, then a € 3.
Let us consider f. The functor base f yielding an ordinal number is defined
as follows:
(Def. 4)(i)  f is base f-based if there exists « such that o € dom f,
(ii) base f = 0, otherwise.
The functor limit f yields an ordinal number and is defined as follows:
(Def. 5)(i)  f is limit f-limited if there exists a such that a € dom f,
(ii)  limit f = 0, otherwise.
Let us consider f. The functor length f yielding an ordinal number is defined
as follows:
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(Def. 6) length f = limit f — base f.

We now state four propositions:
(15) base() = 0 and limit ) = 0 and length ) = 0.
(16) limit f = sup dom f.
(17)  f is limit f-limited.
(18) Every empty set is a-based.
Let us consider «, X, Y. Note that there exists a transfinite sequence which
is Y-defined, X-valued, a-based, segmental, finite, and empty.
An array is a segmental function.
Let A be an array. Observe that dom A is ordinal-membered.
We now state the proposition
(19) For every array f holds f is O-limited iff f is empty.
Let us mention that every array which is 0-based is also transfinite sequence-
like.
Let us consider X. An array of X is an X-valued array.
Let X be a 1-sorted structure. An array of X is an array of the carrier of X.
Let us consider o, X. An array of o, X is an a-defined array of X.
In the sequel A, B, C' denote arrays.
Next we state several propositions:
(20) base f = inf dom f.
(21) f is base f-based.
(22) dom A = limit A \ base A.
(23) If dom A =« '\ B and A is non empty, then base A = 3 and limit A = a.
(24) For every transfinite sequence f holds base f = 0 and limit f = dom f
and length f = dom f.
Let us consider «, 8, X. Note that there exists an array of o, X which is
(B-based, natural-valued, integer-valued, real-valued, complex-valued, and finite.
Let us consider «, x. Note that {{(«a, =)} is segmental.
Let us consider a and let « be a natural number. Observe that {{«, z)} is
natural-valued.
Let us consider « and let x be a real number. One can verify that {{a, z)}
is real-valued.
Let us consider «, let X be a non empty set, and let  be an element of X.
One can check that {{a, z)} is X-valued.
Let us consider o, z. One can check that {{(a, z)} is a-based and succa-
limited.
Let us consider (. Note that there exists an array which is non empty, 5-
based, natural-valued, integer-valued, real-valued, complex-valued, and finite.

~— — ~— ~— ~—

Let X be a non empty set. Note that there exists an array which is non empty,
[B-based, finite, and X-valued.

95
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Let s be a transfinite sequence. We introduce slast as a synonym of last s.
Let A be an array. The functor last A is defined by:

(Def. 7) last A = A(Jdom A).

3. DESCENDING SEQUENCES

Let f be a function. We say that f is descending if and only if:
(Def. 8) For all «, 3 such that o, 8 € dom f and « €  holds f(5) C f(«).
We now state four propositions:
(25) For every finite array f such that for every a such that «, succa € dom f
holds f(succa) C f(«) holds f is descending.
(26) For every array f such that length f = w and for every « such that a,
succa € dom f holds f(succa) C f(a) holds f is descending.
(27) For every transfinite sequence f such that f is descending and f(0) is
finite holds f is finite.
(28) Let f be a transfinite sequence. Suppose f is descending and f(0) is
finite and for every a such that f(a) # 0 holds succa € dom f. Then
last f = 0.
The scheme A deals with a transfinite sequence A and a unary functor F
yielding a set, and states that:
A is finite
provided the parameters meet the following requirements:
e F(A(0)) is finite, and
e For every a such that succ o € dom A and F(A(«)) is finite holds
F(A(succa)) C F(A(a)).

4. SWAP

Let us consider X, let f be anX-defined function, and let «, 8 be sets. Note
that Swap(f,a, ) is X-defined.

Let X be a set, let f be an X-valued function, and let =, y be sets. Note that
Swap(f, z,y) is X-valued.

The following propositions are true:

(29) If x, y € dom f, then (Swap(f,z,y))(z) = f(y).

(30) For every array f of X such that x, y € dom f holds (Swap(f,z,y))s =
fy-

(31) If z, y € dom f, then (Swap(f,z,y))(y) = f(z).

(32) For every array f of X such that z, y € dom f holds (Swap(f,z,y)), =
fﬁ‘
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(33) 1If z # x and z # y, then (Swap(f,x,y))(z) = f(2).
(34) For every array f of X such that z € dom f and z # x and z # y holds
(SW&p(f, z, y))Z = fZ
(35) If z, y € dom f, then Swap(f,z,y) = Swap(f,y, ).
Let X be a non empty set. Observe that there exists an X-valued non empty
function which is onto.
Let X be a non empty set, let f be an onto X-valued non empty function,
and let x, y be elements of dom f. Note that Swap(f, z,y) is onto.
Let us consider A and let us consider z, y. Note that Swap(A, z,y) is seg-
mental.
We now state the proposition
(36) If z, y € dom A, then Swap(Swap(A4,z,y),z,y) = A.
Let A be a real-valued array and let us consider x, y. One can verify that
Swap(A, x,y) is real-valued.

5. PERMUTATIONS

Let A be an array. An array is called a permutation of A if:
(Def. 9) There exists a permutation f of dom A such that it = A - f.
We now state several propositions:
(37) For every permutation B of A holds dom B = dom A and rng B = rng A.
(38)
(39) If Ais a permutation of B, then B is a permutation of A.
(40)

A is a permutation of A.

If A is a permutation of B and B is a permutation of C, then A is a
permutation of C.
(41) Swap(idx, z,y) is one-to-one.
Let X be a non empty set and let x, y be elements of X.
Note that Swap(idx,z,y) is one-to-one, X-valued, and X-defined.
Let X be a non empty set and let x, y be elements of X.
Note that Swap(idx, x,y) is onto and total.
Let X, Y be non empty sets, let f be a function from X into Y, and let z,
y be elements of X. Then Swap(f,x,y) is a function from X into Y.
Next we state three propositions:
(42) If z, y € X and f = Swap(idy,z,y) and X = domA, then
Swap(A4,z,y) = A - f.
(43) If z, y € dom A, then Swap(A,z,y) is a permutation of A and A is a
permutation of Swap(A4, z,y).

(44) Suppose z, y € dom A and A is a permutation of B. Then Swap(A4, z,y)
is a permutation of B and A is a permutation of Swap(B, x,y).
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6. EXCHANGING

Let O be a relational structure and let A be an array of O. We say that A
is ascending if and only if:
(Def. 10) For all o, § such that o, § € dom A and « € 8 holds A, < Ag.
The functor inversions A is defined by:
(Def. 11) inversions A = {(«, 3); « ranges over elements of dom A, 3 ranges over
elements of domA:a €8 N A, £ Ag}.

Let O be a relational structure. One can verify that every empty array of O
is ascending. Let A be an empty array of O. One can verify that inversions A is
empty.

In the sequel O is a connected non empty poset and R, () are arrays of O.

We now state the proposition

(45) For every O and for all elements z, y of O holds z > y iff x £ y.

Let us consider O, R. Then inversions R can be characterized by the condi-
tion:

(Def. 12) inversions R = {{«, [3); a ranges over elements of dom R, 3 ranges over
elements of domR: v € 3 N Ry > Rg}.

Next we state two propositions:

(46) (x, y) € inversions R iff z, y € dom R and = € y and R, > R,
(47) inversions R C dom R x dom R.

Let us consider O and let R be a finite array of O. Observe that inversions R
is finite.

We now state three propositions:

(48) R is ascending iff inversions R = ().
(49) 1If (z, y) € inversions R, then (y, =) ¢ inversions R.
(50) If (x, y), (y, z) € inversions R, then (x, z) € inversions R.

Let us consider O, R. Note that inversions R is relation-like.

Let us consider O, R. Note that inversions R is asymmetric and transitive.

Let us consider O and let «, § be elements of O. Let us note that the
predicate v < (3 is antisymmetric.

Next we state several propositions:

(51) If (x, y) € inversions R, then (z, y) ¢ inversions Swap(R, x,y).

(52) If 2,y € domR and z # x and z # y and t # x and t # y, then (z,
t) € inversions R iff (z, t) € inversions Swap(R, z,y).

(563) If (z, y) € inversions R, then (z, y) € inversions R and z € z iff (z,
x) € inversions Swap(R, z,y).

(54) If (z, y) € inversions R, then (z, ) € inversions R iff z € z and (z,
y) € inversions Swap(R, z,y).
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(55) If (x, y) € inversions R and z € y and (x, z) € inversions Swap(R, z,y),
then (z, z) € inversions R.
(56) If (z, y) € inversions R and z € z and (z, y) € inversions Swap(R, z,y),
then (z, y) € inversions R.
(57) If (z, y) € inversions R and y € z and (x, z) € inversions Swap(R, z,y),
then (y, z) € inversions R.
(58) If (z, y) € inversions R, then y € z and (x, z) € inversions R iff (y,
z) € inversions Swap(R, x,y).
Let us consider O, R, x, y. The functor Qﬁy yields a function and is defined
by:
(Def 13) gﬁy: Swap(iddom Ry T, y) ><Swap(iddom R, Z, y)+'id{x}><(succ y\z)U(succy\z)x{y}-
Next we state the proposition
(59) yesuccf\aiff a Ty C 8.
We adopt the following convention: 7' is a non empty array of O and p, ¢,
r, s are elements of dom 7.
The following propositions are true:

(@)
(a=]
=

succq \ p € domT.

61) dom Q;‘;q: dom T x dom T and rng g]{qg domT x domT.

62) If p Cr Cgq, then (ggq)(p, r) = (p, r) and (ggq)(r, q) = (r, q).

63) 1fr#pand s # g and f = Swap(idaomr. p.q), then (CT,)(r, ) = (/(r),
f(s)).

(64) Ifr € pand f = Swap(idgom, P, q), then (CI ) (r, ¢) = (f(r), f(q)) and
(S (1, p) = {f(r), f(p))-

(65) If ¢ € r and f = Swap(iddomr,p,q), then (CI )(p, ) = (f(p), f(r))
and (S} ,)(q, ) = (f(q), f(r)).

(66) If p € g, then (S} )(p, 9) = (p, q)-

(67) Ifpegandr #pandr+#qands#pands # q, then (Q;Cq)(r, s) = (r,
s).

68) Ifr € pand p € ¢, then (ng)(r, p) = (r, q) and (ng)(ﬁ q) = (r, p).

( bl

(69) 1rpe s and s € g, then (L) 5) = (. ) and (], )0, ) = (5,0
(70) Ifp€qandgq E;, then (Cp ,)(p, s) = (g, s) and (S, 4)(q, s) = (p, s).
(71) 1If p € ¢, then C, , [(inversions Swap(T’, p, ¢) qua set) is one-to-one.

et us consider O, R, x, vy, z. Note that (Qﬁy)oz is relation-like.

(
(
(
(

=
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7. CORRECTNESS OF SORTING BY EXCHANGING

The following proposition is true
(72) If (x,y) € inversionsR, then (Qf;y)oinversions Swap(R,x,y) C
inversions R.
Let R be a finite function and let us consider z, y. One can check that
Swap(R, x,y) is finite.
Next we state two propositions:

(73) For every array R of O such that (z, y) € inversions R and inversions R

is finite holds inversions Swap(R, z,y) € inversions R.

(74) For every finite array R of O such that (z, y) € inversions R holds

inversions Swap(R, x,y) < inversions R.

Let us consider O, R. A non empty array is called a computation of R if it
satisfies the conditions (Def. 14).
(Def. 14)(1) It(baseit) = R,

(ii)  for every a such that a € domit holds it(«) is an array of O, and

(ili) for every « such that «, succa € domit there exist R, x, y such that

(z, y) € inversions R and it(«) = R and it(succ ) = Swap(R, z,y).

We now state the proposition

(75) {{(«, R)} is a computation of R.

Let us consider O, R, a. One can check that there exists a computation of
R which is a-based and finite.

Let us consider O, R, let C be a computation of R, and let us consider x.
One can check that C'(z) is segmental, function-like, and relation-like.

Let us consider O, R, let C' be a computation of R, and let us consider z.
Observe that C(x) is the carrier of O-valued.

Let us consider O, R and let C' be a computation of R. Observe that last C
is segmental, relation-like, and function-like.

Let us consider O, R and let C' be a computation of R. Observe that last C'
is the carrier of O-valued.

Let us consider O, R and let C' be a computation of R. We say that C is
complete if and only if:

(Def. 15) last C' is ascending.
One can prove the following three propositions:

(76) For every 0-based computation C' of R such that R is a finite array of O
holds C' is finite.

(77) Let C be a 0-based computation of R. Suppose R is a finite array of O
and for every a such that inversions C'(«) # () holds succ o € dom C. Then
C' is complete.
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(78) Let C be a finite computation of R. Then last C' is a permutation of R
and for every « such that o € dom C holds C(«) is a permutation of R.

8. EXISTENCE OF COMPLETE COMPUTATIONS

Next we state three propositions:
(79) For every O-based finite array A of X such that A # ) holds last A € X.
(80) last(z) = x.
(81) For every 0-based finite array A holds last(A ™~ (x)) = x.
Let X be a set. Observe that every element of X“ is X-valued.
The scheme A deals with a unary functor F yielding a set, a non empty set
A, a set B, and a binary predicate P, and states that:

There exists a finite 0-based non empty array f and there exists
an element k of A such that

(i) k=lastf,
(i) F(k) =0,
(iii)  f(0) =B, and

(iv)  for every a such that succa € dom f there exist elements
x, y of A such that x = f(«a) and y = f(succa) and P[z, y]
provided the following requirements are met:
o Be A,
e F(B) is finite, and
e For every element = of A such that F(z) # 0 there exists an
element y of A such that Pz, y] and F(y) C F(z).
In the sequel A is an array and B is a permutation of A.
We now state the proposition
(82) B € (rng A)domA4,
Let A be a real-valued array. One can verify that every permutation of A is
real-valued.
Let us consider o and let X be a non empty set. Observe that every element
of X is transfinite sequence-like.
Let us consider X and let Y be a real-membered non empty set. One can
check that every element of YX is real-valued.
Let us consider X and let A be an array of X. One can check that every
permutation of A is X-valued.
Let X be a set, let Z be a set, and let Y be a subset of Z. Note that every
element of YX is Z-valued.
One can prove the following propositions:

(83) Every X-defined Y-valued binary relation is a relation between X and Y.
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(84) For every finite ordinal number « and for every z such that x € a holds

x = 0 or there exists  such that x = succ g.

(85) For every 0-based finite non empty array A of O holds there exists a

0-based computation of A which is complete.

(86) For every 0-based finite non empty array A of O holds there exists a

permutation of A which is ascending.

Let us consider O and let A be a 0-based finite array of O. Observe that

there exists a permutation of A which is ascending.

[13]

14
15

16
17

[18]

19
20

21]

22]
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The papers [2], [12], [6], [26], [7], [8], [30], [21], [22], [23], [15], [31], [29], [19],
[24], (3], [4], [9], [16], [5], [20], [18], [1], [14], [28], [13], [10], [25], [27], [11], and
[17] provide the notation and terminology for this paper.

1. PRELIMINARIES

For simplicity, we adopt the following rules: X, Y denote sets, n, m, k, i
denote natural numbers, r denotes a real number, R denotes an element of Rp,
K denotes a field, f, fi, f2, g1, go denote finite sequences, 11, ro, 3 denote
real-valued finite sequences, c1, ¢o denote complex-valued finite sequences, and
F' denotes a function.

Let us consider X, Y and let F' be a positive yielding partial function from
X to R. One can check that F'[Y is positive yielding.

Let us consider X, Y and let F' be a negative yielding partial function from
X to R. One can verify that F'[Y is negative yielding.

Let us consider X, Y and let I’ be a non-positive yielding partial function
from X to R. Note that F'[Y is non-positive yielding.
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Let us consider X, Y and let F' be a non-negative yielding partial function
from X to R. Note that F'[Y is non-negative yielding.
Let us consider r1. One can check that ,/rq is finite sequence-like.
Let us consider ;. The functor ®r; yielding a finite sequence of elements of
R is defined by:
(Def. 1) @ry =7r1.
Let p be a finite sequence of elements of Ry. The functor ®p yields a finite
sequence of elements of R and is defined as follows:
(Def. 2) “p =p.
We now state several propositions:
( ) (@7“2) +@’l“3 =712+ 1T3.
(2) Vr2"ry=\/ra” /13
3) V{r)={Vr).
(4) V2 =rl.
(5) If r1 is non-negative yielding, then /3 r1 <Y \/r1.
(6) There exists X such that X C dom F' and rng F' = rng(F'[X) and F[X
is one-to-one.
Let us consider ¢;, X. Observe that ¢; — X is complex-valued.
Let us consider r;, X. Observe that ri — X is real-valued.
Let ¢; be a complex-valued finite subsequence. Note that Seq ¢y is complex-
valued.
Let r1 be a real-valued finite subsequence. Observe that Seqr; is real-valued.
One can prove the following propositions:
(7) For every permutation P of dom f such that f; = f - P there exists a
permutation @ of dom(f — X) such that f1 — X = (f — X) - Q.
(8) For every permutation P of domc; such that ca = ¢; - P holds Y (c2 —
X) =2(a - X).
(9) Let f, fi be finite subsequences and P be a permutation of dom f. If
f1 = f- P, then there exists a permutation @ of dom Seq(f1[P~!(X)) such
that Seq(f1X) = Seq(f1[P~1(X)) - Q.
(10) Let c1, c2 be complex-valued finite subsequences and P be a permutation
of domey. If ¢y = ¢ - P, then " Seq(c1[X) = 3 Seq(c2 [P7L(X)).
(11) Let f be a finite subsequence and n be an element of N. If for every 4
holds i +n € X iff i € Y, then Shift" f[|X = Shift"(f[Y).
(12) There exists a subset Y of N such that Seq((f1” f2)[X) = (Seq(f1[X))"
Seq(f2]Y") and for every n such that n > 0 holds n € Y iff n + len f; €
XN dom(fl - f2)
(13) Ifleng; = len f; and len go < len fo, then Seq((f1 7 f2) (91" g2) H(X)) =
(Sea(filgr1(X))) ~ Sed(f2lg2 " (X)).
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(14) Let D be a non empty set and M be a matrix over D of dimension n x
m. Then M — X is a matrix over D of dimension n — M—1(X) x m.

(15) Let F be a function from Segn into Segn, D be a non empty set, M
be a matrix over D of dimension n x m, and given . If i € Seg width M,
then (M - F)D,i = MD,i - F.

(16) Let A be a matrix over K of dimension n x m. Suppose rk(A) = n.
Then there exists a matrix B over K of dimension m —' n X m such that
rk(A ™ B) = m.

(17) Let A be a matrix over K of dimension n x m. Suppose rk(A) = m.
Then there exists a matrix B over K of dimension n x n —' m such that
k(A ™ B) =n.

For simplicity, we adopt the following convention: f, f1, fo denote n-element
real-valued finite sequences, p, p1, p2 denote points of £F, M, My, My denote
matrices over Ry of dimension n x m, and A, B denote square matrices over
Ry of dimension n.

2. LINEAR TRANSFORMATIONS OF EUCLIDEAN TOPOLOGICAL SPACES GIVEN
BY A TRANSFORMATION MATRIX

Let us consider n, m, M. The functor Mx2Tran M yielding a function from
&L into EF' is defined by:

(Def. 3)i)  (Mx2Tran M)(f) = Line(LineVec2Mx(® f) - M, 1) if n # 0,
(i)  (Mx2Tran M)(f) = Ogp, otherwise.

Let us consider n, m, M and let x be a set. One can check that (Mx2Tran M)(x)
is function-like and relation-like and (Mx2Tran M)(x) is real-valued and finite
sequence-like.

Let us consider n, m, M, f. One can check that (Mx2Tran M)(f) is m-
element.

One can prove the following propositions:

(18) If 1 <i<m and n# 0, then (Mx2Tran M)(f)(i) = (°f) - Mp,.

(19) len MX2FinS(I") = n.

(20) Let By be an ordered basis of the n-dimension vector space over Ry and
B be an ordered basis of the m-dimension vector space over Rg. Suppose
By = MX2FinS(Ip ") and By = MX2FinS(/ ™). Let M; be a matrix
over Ry of dimension len By x len By. If My = M, then Mx2Tran M =
Mx2Tran(M;, By, Bs).

(21) For every permutation P of Segn holds (Mx2Tran M)(f) =
(Mx2Tran(M - P))(f - P) and f - P is an n-element finite sequence of
elements of R.

(22) (Mx2Tran M)(f1 + f2) = (Mx2Tran M )(f1) + (Mx2Tran M)(f2).
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(23) (Mx2Tran M)(r - f) = r - (Mx2Tran M)(f).

(24) (Mx2Tran M)(f1 — f2) = (Mx2Tran M)(f1) — (Mx2Tran M )(f2).

(25)  (Mx2Tran(M; + M2))(f) = (Mx2Tran M) (f) + (Mx2Tran Ms)(f).

(26) (R)- (Mx2Tran M)(f) = (Mx2Tran(R - M))(f).

(27)  (Mx2Tran M)(p1 + p2) = (Mx2Tran M)(p1) + (Mx2Tran M )(p2).

(28) (Mx2Tran M)(p1 — p2) = (Mx2Tran M)(p1) — (Mx2Tran M)(p2).

(20) (Mx2Tran M)(0gz) = Ogge.

(30) For every subset A of &R holds (Mx2TranM)°(p + A) =

(Mx2Tran M)(p) + (Mx2Tran M)° A.

(31) For every subset A of EF holds (Mx2Tran M)~ ((Mx2Tran M)(p)+A) =
p + (Mx2Tran M)~ 1(A).

(32) Let A be a matrix over Ry of dimension n x m and B be a matrix over
Rp of dimension width A x k. If if n = 0, then m = 0 and if m = 0, then
k =0, then Mx2Tran B - Mx2Tran A = Mx2Tran(A - B).

(33) Mx2Tran(Ig ") = iden.
Ry T
(34) 1If Mx2Tran M; = Mx2Tran M,, then My = M.

(35) Let A be a matrix over Ry of dimension n x m and B be a matrix
over Ry of dimension k x m. Then (Mx2Tran(A =~ B))(f ~ (k — 0)) =
(Mx2Tran A)(f) and (Mx2Tran(B ~ A))((k — 0) ™ f) = (Mx2Tran A)(f).

(36) Let A be a matrix over Rp of dimension n X m, B be a matrix over
Rp of dimension k& x m, and g be a k-element real-valued finite sequence.
Then (Mx2Tran(A ™ B))(f ~ g) = (Mx2Tran A)(f) + (Mx2Tran B)(g).

(37) Let A be a matrix over Rp of dimension n x k and B be a matrix
over Rp of dimension n x m such that if n = 0, then £k + m = 0. Then
(Mx2Tran(A ™ B))(f) = (Mx2Tran A)(f) ~ (Mx2Tran B)(f).

(38) (Mx2Tran(Ig " [n))(f)In = f.

3. SELECTED PROPERTIES OF THE MX2TRAN OPERATOR

Next we state several propositions:

(39) Mx2Tran M is one-to-one iff rk(M) = n.

(40) Mx2Tran A is one-to-one iff Det A # Og,.

(41) Mx2Tran M is onto iff rk(M) = m.

(42) Mx2Tran A is onto iff Det A # Og,..

(43) For all A, B such that Det A # Og,, holds (Mx2Tran A)~! = Mx2Tran B

iff A~ = B.

(44) There exists an m-element finite sequence L of elements of R such that
for every i such that i € dom L holds L(i) = |*(Mp;)| and for every f
holds |[(Mx2Tran M )(f)| < > L-|f|.
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(45) There exists a real number L such that L > 0 and for every f holds

|(Mx2Tran M)(f)| < L - |f].

(46) If rk(M) = n, then there exists a real number L such that L > 0 and for

every f holds |f| < L -|(Mx2Tran M)(f)].

(47) Mx2Tran M is continuous.

Let us consider n, K. One can check that there exists a square matrix over

K of dimension n which is invertible.

Let us consider n and let A be an invertible square matrix over Ry of di-

mension n. Note that Mx2Tran A is homeomorphism.

REFERENCES

Jesse Alama. The rank+nullity theorem. Formalized Mathematics, 15(3):137-142, 2007,
doi:10.2478 /v10037-007-0015-6.

Grzegorz Bancerek. Cardinal numbers. Formalized Mathematics, 1(2):377-382, 1990.
Grzegorz Bancerek. The fundamental properties of natural numbers. Formalized Mathe-
matics, 1(1):41-46, 1990.

Grzegorz Bancerek. The ordinal numbers. Formalized Mathematics, 1(1):91-96, 1990.
Grzegorz Bancerek, Mitsuru Aoki, Akio Matsumoto, and Yasunari Shidama. Processes
in Petri nets. Formalized Mathematics, 11(1):125-132, 2003.

Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite
sequences. Formalized Mathematics, 1(1):107-114, 1990.

Czestaw Bylinski. Functions and their basic properties. Formalized Mathematics, 1(1):55—
65, 1990.

Czestaw Bylinski. Functions from a set to a set. Formalized Mathematics, 1(1):153-164,

1990.
Czestaw Byliniski. Partial functions. Formalized Mathematics, 1(2):357-367, 1990.

Czestaw Byliniski. The sum and product of finite sequences of real numbers. Formalized
Mathematics, 1(4):661-668, 1990.

Agata Darmochwat. Families of subsets, subspaces and mappings in topological spaces.
Formalized Mathematics, 1(2):257-261, 1990.

Agata Darmochwal. The Euclidean space. Formalized Mathematics, 2(4):599-603, 1991.
Noboru Endou, Takashi Mitsuishi, and Yasunari Shidama. Dimension of real unitary
space. Formalized Mathematics, 11(1):23-28, 2003.

Krzysztof Hryniewiecki. Basic properties of real numbers. Formalized Mathematics,
1(1):35-40, 1990.

Katarzyna Jankowska. Matrices. Abelian group of matrices. Formalized Mathematics,
2(4):475-480, 1991.

Artur Kornitowicz. On the real valued functions. Formalized Mathematics, 13(1):181-187,

2005.
Fugeniusz Kusak, Wojciech Leonczuk, and Michal Muzalewski. Abelian groups, fields

and vector spaces. Formalized Mathematics, 1(2):335-342, 1990.

Anna Lango and Grzegorz Bancerek. Product of families of groups and vector spaces.
Formalized Mathematics, 3(2):235-240, 1992.

Robert Milewski. Associated matrix of linear map. Formalized Mathematics, 5(3):339—
345, 1996.

Beata Padlewska and Agata Darmochwat. Topological spaces and continuous functions.
Formalized Mathematics, 1(1):223-230, 1990.

Karol Pak. Basic properties of determinants of square matrices over a field. Formalized
Mathematics, 15(1):17-25, 2007, doi:10.2478 /v10037-007-0003-x.

Karol Pak. Basic properties of the rank of matrices over a field. Formalized Mathematics,
15(4):199-211, 2007, doi:10.2478/v10037-007-0024-5.

Karol Pak. Solutions of linear equations. Formalized Mathematics, 16(1):81-90, 2008,
doi:10.2478 /v10037-008-0012-4.



108

[24]
[25]
[26]

[27]
[28]

[29]
[30]

31]

KAROL PAK

Karol Pak. Linear map of matrices. Formalized Mathematics, 16(3):269-275, 2008,
doi:10.2478 /v10037-008-0032-0.

Andrzej Trybulec and Czestaw Bylinski. Some properties of real numbers. Formalized
Mathematics, 1(3):445-449, 1990.

Wojciech A. Trybulec. Non-contiguous substrings and one-to-one finite sequences. For-
malized Mathematics, 1(3):569-573, 1990.

Zinaida Trybulec. Properties of subsets. Formalized Mathematics, 1(1):67-71, 1990.
Edmund Woronowicz. Relations and their basic properties. Formalized Mathematics,
1(1):73-83, 1990.

Xiaopeng Yue, Xiquan Liang, and Zhongpin Sun. Some properties of some special matri-
ces. Formalized Mathematics, 13(4):541-547, 2005.

Katarzyna Zawadzka. The sum and product of finite sequences of elements of a field.
Formalized Mathematics, 3(2):205-211, 1992.

Katarzyna Zawadzka. The product and the determinant of matrices with entries in a
field. Formalized Mathematics, 4(1):1-8, 1993.

Received October 26, 2010



FORMALIZED MATHEMATICS
vol. 19, No. 2, Pages 109-112, 2011

Linear Transformations of Euclidean
Topological Spaces. Part 11

Karol Pak
Institute of Informatics
University of Bialtystok

Poland

Summary. We prove a number of theorems concerning various notions
used in the theory of continuity of barycentric coordinates.

MML identifier: MATRTOP2, version: 7.11.07 4.156.1112

The papers [2], [9], [4], [5], [6], [14], [10], [25], [13], [16], [3], [7], [12], [1], [24],
[15], [21], [23], [19], [17], [8], [11], [22], [20], and [18] provide the terminology and
notation for this paper.

1. CORRESPONDENCE BETWEEN EUCLIDEAN TOPOLOGICAL SPACE AND
VECTOR SPACE OVER Rp

For simplicity, we follow the rules: X denotes a set, n, m, k denote natural
numbers, K denotes a field, f denotes an n-element real-valued finite sequence,
and M denotes a matrix over Ry of dimension n x m.

One can prove the following propositions:

(1) X is a linear combination of the n-dimension vector space over Ry if and
only if X is a linear combination of £F.

(2) Let Lo be a linear combination of the n-dimension vector space over Rp
and L; be a linear combination of £F. If Ly = Lo, then the support of
L1 = the support of Ls.

(3) Let F be a finite sequence of elements of £}, f1 be a function from EF.
into R, F; be a finite sequence of elements of the n-dimension vector space
over Rp, and f5 be a function from the n-dimension vector space over Rp
into Rp. If f; = fo and F = F1, then fi F = fy F7.
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(4) Let F be a finite sequence of elements of £ and F; be a finite sequence
of elements of the n-dimension vector space over Rp. If F} = F| then
SF=>F.

(5) Let Lo be a linear combination of the n-dimension vector space over Ry
and L; be a linear combination of £F. If Ly = Lo, then > Ly = )" Lo.

(6) Let A be a subset of the n-dimension vector space over Ry and A; be
a subset of &F. If Ay = Ay, then Qpiya,) = Qin(as)-

(7) Let A be a subset of the n-dimension vector space over Ry and A; be
a subset of £. Suppose Ay = A;. Then Aj is linearly independent if and
only if A is linearly independent.

(8) Let V be a vector space over K, W be a subspace of V', and L be a linear
combination of V. Then L[the carrier of W is a linear combination of W.

(9) Let V be a vector space over K, A be a linearly independent subset of V|
and Ls, L4 be linear combinations of V. Suppose the support of Ly C A
and the support of Ly C A and Y L3 =Y Ly. Then L3 = Ly.

(10) Let V be a real linear space, W be a subspace of V', and L be a linear
combination of V. Then L[the carrier of W is a linear combination of W.

(11) Let U be a subspace of the n-dimension vector space over Rp and W be
a subspace of £F. Suppose €y = Q. Then X is a linear combination of
U if and only if X is a linear combination of W.

(12) Let U be a subspace of the n-dimension vector space over Rp, W be
a subspace of £}, L5 be a linear combination of U, and Lg be a linear
combination of W. If Ly = Lg, then the support of Ls = the support of
L6 and ZL5 = ZLG-

Let us consider m, K and let A be a subset of the m-dimension vector space
over K. Note that Lin(A) is finite dimensional.

2. CORRESPONDENCE BETWEEN THE MX2TRAN OPERATOR AND
DECOMPOSITION OF A VECTOR IN BASIS

The following propositions are true:
(13) If rk(M) = n, then M is an ordered basis of Lin(lines(M)).

(14) Let V, W be vector spaces over K, T be a linear transformation from V'
to W, A be a subset of V', and L be a linear combination of A. If T'[A is
one-to-one, then T'(3. L) = S (T®L).

(15) Let S be a subset of Segn. Suppose M |S is one-to-one and rng(M[S) =
lines(M). Then there exists a linear combination L of lines(M) such
that >~ L = (Mx2Tran M)(f) and for every k such that & € S holds
L(Line(M, k)) = 3" Seq(f M~ ({Line(M, k)})).
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(16) Suppose M is without repeated line. Then there exists a linear combi-
nation L of lines(M) such that Y>> L = (Mx2Tran M)(f) and for every k
such that k € dom f holds L(Line(M, k)) = f(k).

(17) For every ordered basis B of Lin(lines(M)) such that B = M and for
every element M, of Lin(lines(M)) such that M; = (Mx2Tran M)(f) holds
M, — B=f.

(18) rng Mx2Tran M = Qpin(lines(M))-

(19) Let F be a one-to-one finite sequence of elements of £F. Suppose rng F

is linearly independent. Then there exists a square matrix M over Rp of
dimension n such that M is invertible and M [len F' = F.

(20) Let B be an ordered basis of the n-dimension vector space over Rp. If
B = MX2FinS(Ip "), then f € Lin(rng(B[k)) iff f = (flk) " ((n —"k) —
0).

(21) Let F be a one-to-one finite sequence of elements of £}. Suppose rng F
is linearly independent. Let B be an ordered basis of the n-dimension
vector space over Rg. Suppose B = MXQFinS(I[EFX"). Let M be a square
matrix over Rg of dimension n. If M is invertible and M [len F' = F, then
(MX2TI‘&H M)O(QLin(rng(B[lenF))) = QLin(rng F)-

(22) Let A, B be linearly independent subsets of £ Suppose A = B. Then
there exists a square matrix M over Rp of dimension n such that M is
invertible and (Mx2Tran M)°(Qpin4)) = Qrin(s)-

3. PRESERVATION OF LINEAR AND AFFINE INDEPENDENCE OF VECTORS BY
THE MX2TRAN OPERATOR

The following propositions are true:

(23) For every linearly independent subset A of £F such that rk(M) = n holds
(Mx2Tran M)°A is linearly independent.

(24) For every affinely independent subset A of & such that rk(M) = n holds
(Mx2Tran M )°A is affinely independent.

(25) Let A be an affinely independent subset of £F. Suppose rk(M) = n.
Let v be an element of &f. If v € Affin A, then (Mx2TranM)(v) €
Affin((Mx2Tran M)°A) and for every f holds (v — A)( =
((Mx2Tran M)(v) — (Mx2Tran M )°A)((Mx2Tran M)(f)).

(26) For every linearly independent subset A of & such that rk(M) = n
holds (Mx2Tran M)~!(A) is linearly independent.

(27) For every affinely independent subset A of &' such that rk(M) = n
holds (Mx2Tran M)~!(A) is affinely independent.
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1. PRELIMINARIES

In this paper a, b, ¢ denote boolean numbers.
Next we state three propositions:

(1) (a=bAc)=(a=0b) =1
(2) (a=(b=c)=(@@Nb=c)=1.
3) (aANb=c)=(a=(b=c¢c) =1.

2. THE LANGUAGE. BASIC OPERATORS. FURTHER OPERATORS AS
ABBREVIATIONS

We introduce the LTLB-WFF as a synonym of HP-WFF.

For simplicity, we adopt the following rules: p, ¢, r, s, A, B, C are elements
of the LTLB-WFF, G is a subset of the LTLB-WFF, ¢, j, n are elements of N,
and f1, fo are finite sequences of elements of the LTLB-WFF.

(© 2011 University of Bialystok
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We introduce L; as a synonym of VERUM.
Let us consider p, ¢q. We introduce pUs g as a synonym of p A gq.
We now state the proposition
(4) For every A holds A = L, or there exists n such that A = propn or there
exist p, ¢ such that A = p = ¢ or there exist p, ¢ such that A = pU;q.

Let us consider p. The functor —p yields an element of the LTLB-WFF and
is defined as follows:

(Def. 1) —p=p= 1.
The functor X p yielding an element of the LTLB-WFF is defined as follows:
(Def. 2) Xp= LiUsp.
The element T, of the LTLB-WFF is defined by:
(Def. 3) Ty=-1y.
Let us consider p, ¢. The functor p && ¢ yields an element of the LTLB-WFF
and is defined as follows:
(Def. 4) p&&g=(p= (¢= L)) = L.
Let us consider p, q. The functor p|| g yielding an element of the LTLB-WFF
is defined as follows:
(Def. 5) pllq=~(-p&&q).
Let us consider p. The functor G p yielding an element of the LTLB-WFF is
defined as follows:
(Def. 6) Gp = —=(-p||(T: &&(T:Us —p))).
Let us consider p. The functor F p yields an element of the LTLB-WFF and
is defined as follows:
(Def. 7) Fp=-G-p.
Let us consider p, g. The functor pU ¢q yields an element of the LTLB-WFF
and is defined as follows:
(Def. 8)  pU q=q|(p&&(pUs q)).
Let us consider p, q. The functor pRq yielding an element of the LTLB-WFF
is defined as follows:

(Def. 9) pRgq=~(-pU—q).

3. THE SEMANTICS

The subset AP of the LTLB-WFF is defined by:
(Def. 10) For every set = holds x € AP iff there exists an element n of N such that
Z = propn.
A LTL Model is a sequence of 247,
In the sequel M denotes a LTL Model.
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Let M be a LTL Model. The functor SAT); yielding a function from N X
the LTLB-WFF into Boolean is defined by the condition (Def. 11).

(Def. 11) Let given n. Then
() SATw((n, 1)) =0,
(ii)  for every k holds SAT;({n, prop k)) = 1 iff prop k € M (n), and
(iii)  for all p, ¢ holds SATy({n, p = ¢)) = SATy({n, p)) = SATy((n,
q)) and SATy/({n, pUsq)) = 1 iff there exists i such that 0 < i and
SATr({n+1, ¢)) = 1 and for every j such that 1 < j < i holds SAT ys({n+
s p)) =1
One can prove the following propositions:

(5) SATu((n, ~A)) = 1 iff SATy;((n, A)) = 0.
(6) SATm({n, Te)) = 1.
(7) SATwn((n, A&& B)) = 1iff SAT;({n, A)) = 1 and SATy/({n, B)) = 1.
(8) SAT({n, A||B)) = 1iff SAT({n, A)) =1 or SATy;({n, B)) = 1.
(9) SATa({n, X A)) = SATy({n + 1, A)).
(10) SATp({n, G A)) = 1 iff for every i holds SAT p;({n +1i, A)) = 1.
(11) SATp({n, F A)) = 1 iff there exists i such that SATy;({n +1, A)) = 1.
(12) SATp({n, pU q)) = 1 iff there exists ¢ such that SATy/({n + i, q)) =1

and for every j such that j < ¢ holds SAT ;({n + j, p)) = 1.
(13) SATp({n, p R q)) = 1 if and only if one of the following conditions is
satisfied:
(i)  there exists i such that SAT y/({n+1, p)) = 1 and for every j such that
§ < holds SAT({n + 4, q¢)) =1, or
for every i holds SAT y;({n +1i, q)) = 1.

—
—
~—

(14) SATy ({n, = X B)) = SATy({n, X ~B)).
(15) SATy({n, X B= X -B)) =1.

(16) SATy({n, X -B= -XB)) = 1.

(17) SATy({n, X(B=C)= (¥ B=XxC))) =1.

(18) SATuy({n,GB = B&& X GB)) = 1.

(19) SATM({n, BUsC = x C|| xX(B &&(BU;s C)))) = 1.
(20) SATy({n, X C|| X(B&&(BU;sC)) = BU;C)) = 1.
(21) SAT)({n, BU;C = x FC)) =1.

4. VALIDITY. CONSEQUENCE. SOME FACTS ABOUT THE SEMANTICAL
NOTIONS

Let us consider M, p. The predicate M |= p is defined as follows:
(Def. 12) For every element n of N holds SAT/((n, p)) = 1.
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Let us consider M, F. The predicate M = F' is defined by:
(Def. 13) For every p such that p € F' holds M = p.

Let us consider F', p. The predicate F' |= p is defined as follows:
(Def. 14) For every M such that M |= F holds M [ p.

One can prove the following propositions:

(22) MEFand M EGIfMEFUG.

(23) MEAiff M = {A}.

(24) f Fl=Aand F = A= B, then F = B.

(25) If F = A, then F = X A.

(26) If F = A, then F |= G A.

(27) fFEA=Band FEA= XA, then F = A= GB.
(28) SAT (1 (0, A)) = SATas(Gi 4, A)).

(29) It M = F, then M 14 = F.

(30) FU{A}=Bif F=GA= B.

Let f be a function from the LTLB-WFF into Boolean. The functor VAL f
yielding a function from the LTLB-WFF into Boolean is defined as follows:
(Def. 15) (VAL f)(L:) = 0 and (VAL f)(propn) = f(propn) and (VAL f)(A =
B) = (VAL f)(A) = (VAL f)(B) and (VAL f)(AU,; B) = f(AlUs B).

The following propositions are true:

(31) For every function f from the LTLB-WFF into Boolean and for all p, ¢
holds (VAL f)(p && q) = (VAL f)(p) A (VAL f)(q)-

(32) Let f be a function from the LTLB-WFF into Boolean. Suppose that for
every set B such that B € the LTLB-WFF holds f(B) = SAT y/({n, B)).
Then (VAL f)(A) = SATy({n, A)).

Let us consider p. We say that p is tautologically valid if and only if:
(Def. 16) For every function f from the LTLB-WFF into Boolean holds
(VAL f)(p) = 1.
One can prove the following proposition
(33) If A is tautologically valid, then F' = A.

5. AXIoMS. DERIVATION RULES. DERIVABILITY. SOUNDNESS THEOREM FOR
LTL

Let D be a set. We say that D has LTL axioms if and only if the condition
(Def. 17) is satisfied.
(Def. 17) Let given p, ¢q. Then if p is tautologically valid, then p € D,
“Xp=>XpeED,
X p=-"XpeD,
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X(p=9q) = (Xp=Xq) €D,
Gp=>p&&XxGpe D,
pUsq = X ql| X(p&&(pUs q)) € D,
X ql|lx(p&&(pUsq)) = pUsq € D,
pUsq= X FqeD.
The subset AX7y11, of the LTLB-WFF is defined as follows:

(Def. 18) AXypp, has LTL axioms and for every subset D of the LTLB-WFF such
that D has LTL axioms holds AXyr, € D.

Let us mention that AXy, has LTL axioms.
Next we state two propositions:

(34) p= (¢=p) € AXrrL.
(35) (p=(@=r)=(p=9 = (p=r)) € AXrrL.
Let us consider p, q. The predicate NEX(p, q) is defined as follows:
(Def. 19) ¢ = Xp.
Let us consider r. The predicate MP(p, ¢, 7) is defined as follows:
(Def. 20) ¢g=p=r.
The predicate IND(p, ¢, r) is defined as follows:
(Def. 21) There exist A, Bsuchthat p=A= Band¢g=A=XAandr=A=
G B.
Let us observe that AXy 1, is non empty.
Let us consider A. We say that A is LTL axiom 1 if and only if:
(Def. 22) There exists B such that A =-x B = X —B.
We say that A is LTL axiom la if and only if:
(Def. 23) There exists B such that A =¥ -B = - X B.
We say that A is LTL axiom 2 if and only if:
(Def. 24) There exist B, C such that A= x(B=C)= (¥ B=xC).
We say that A is LTL axiom 3 if and only if:
(Def. 25) There exists B such that A =GB = B&& X G B.
We say that A is LTL axiom 4 if and only if:
(Def. 26) There exist B, C such that A= BU;C = X C'|| X(B &&(BU; C)).
We say that A is LTL axiom 5 if and only if:
(Def. 27) There exist B, C such that A = x C'|| X(B&&(BUsC)) = BU; C.
We say that A is LTL axiom 6 if and only if:
(Def. 28) There exist B, C such that A = BU;C = x FC.
Next we state two propositions:

(36) Every element of AXy7y, is tautologically valid, or LTL axiom 1, or LTL
axiom la, or LTL axiom 2, or LTL axiom 3, or LTL axiom 4, or LTL
axiom 5, or LTL axiom 6.
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(37) Suppose that A is LTL axiom 1, or LTL axiom la, or LTL axiom 2, or
LTL axiom 3, or LTL axiom 4, or LTL axiom 5, or LTL axiom 6. Then
F E A
Let i be a natural number and let us consider f, X. The predicate pre(f, X, )
is defined by the conditions (Def. 29).
(Def. 29)(i) f(l) € AXyrL, or
(i) f(i) € X, or
(ili)  there exist natural numbers j, k such that 1 < j <iand 1 <k < i and
MP(fj, fk: fz) or IND(fJ, fk, fl), or
(iv)  there exists a natural number j such that 1 < j <i and NEX(f;, fi).
Let us consider X, p. The predicate X F p is defined as follows:
(Def. 30) There exists f such that f(len f) = pand 1 <len f and for every natural
number ¢ such that 1 <4 <len f holds pre(f, X, 7).
We now state four propositions:
(38) Let i, n be natural numbers. Suppose n + len f < len fy and for every
natural number & such that 1 < k < len f holds f(k) = fo(k + n) and
1 <i<lenf. If pre(f, X, i), then pre(fo, X,i 4 n).
(39) Suppose that
i) fo=f"h,
(i) 1<lenf,
(iii) 1 <len fy,
(iv)  for every natural number ¢ such that 1 < i < len f holds pre(f, X, 1),
and
(v)  for every natural number i such that 1 < ¢ <len f; holds pre(fi1, X, ).
Let i be a natural number. If 1 <i <len fs, then prc(fa, X, 7).
(40) Suppose f = f1 7 (p) and 1 < len f; and for every natural number ¢ such
that 1 < i <len f holds prc(fi, X, i) and pre(f, X,len f). Then for every
natural number ¢ such that 1 <4 <len f holds prec(f, X,7) and X F p.

(41)! If F+ A, then F = A.

6. DERIVATION OF SOME FORMULAS. DEDUCTION THEOREM OF LTL

We now state a number of propositions:

If pe AXyrr, or p € X, then X F p.
IfXFpand X Fp=gq, then X I-q.

If X+ p, then X - X p.
fXFp=qgand XFp= Xp, then X Fp=Ggq.
IEXFr=p&&qg, then X+r=pand X Fr =q.
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'Soundness Theorem for LTL
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47) If XFp=gand X+ g=r then X Fp=r.

48) If XFp= (¢=r),then X Fp&&qg=r.

49) If X Fp&&q=r, then X Fp= (¢=r).

50) X Fp&&qg=rand X Fp=s, then X Fp&&qg= s&&r.
51) f XFp=(¢=r)and X Fr=s,then X Fp= (¢ = s).
52) If X Fp=gq, then X F —¢ = —p.

53) XFXxp&&Xxqg= X(p&&q).

54) If F'+ p, then F' + Gp.

55) If p=q € F, then FU{p}F Ggq.

56) If F'+ q, then FU{p}+t q.

57)2 If FU{p}+ g, then FGp=q.

58) If F-p=gq, then FU{p}Fq.

59) If FGp=q, then FU{p}tq.

60) FFGlp=q) = (Gp=Gq).
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Let V be a complex algebra. A complex algebra is called a complex subal-
gebra of V' if it satisfies the conditions (Def. 1).

(Def. 1)(i)  The carrier of it C the carrier of V,
(ii)  the addition of it = (the addition of V') | (the carrier of it),
(iii)  the multiplication of it = (the multiplication of V') [ (the carrier of it),
(iv)  the external multiplication of it = (the external multiplication of

V)I(C x the carrier of it),

(v) 1 =1y, and

(Vl) Oit = Ov.

We now state the proposition

(1) Let X be a non empty set, V be a complex algebra, V; be a non empty
subset of V', di, ds be elements of X, A be a binary operation on X, M
be a function from X x X into X, and M; be a function from C x X
into X. Suppose that V1 = X and d; = Oy and dy = 1y and A = (the
addition of V') | (Vi) and M = (the multiplication of V) [ (V1) and
M; = (the external multiplication of V)[(C x Vi) and Vi has inverse.
Then (X, M, A, M1,ds,d;) is a complex subalgebra of V.

(© 2011 University of Bialystok
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Let V be a complex algebra. One can check that there exists a complex
subalgebra of V which is strict.

Let V be a complex algebra and let V; be a subset of V. We say that V; is
C-additively-linearly-closed if and only if:

(Def. 2) Vj is add closed and has inverse and for every complex number a and
for every element v of V' such that v € Vi holds a - v € V7.

Let V be a complex algebra and let V] be a subset of V. Let us assume
that V1 is C-additively-linearly-closed and non empty. The functor Mult(V;, V')
yielding a function from C x Vj into V; is defined as follows:

(Def. 3) Mult(V1, V) = (the external multiplication of V)[(C x V7).

Let X be a non empty set. The functor C-BoundedFunctions X yielding a
non empty subset of CAlgebra(X) is defined by:

(Def. 4) C-BoundedFunctions X = {f : X — C: f[X is bounded}.

Let X be a non empty set. Note that CAlgebra(X) is scalar unital.
Let X be a non empty set. One can verify that C-BoundedFunctions X is
C-additively-linearly-closed and multiplicatively-closed.
Let V be a complex algebra. Observe that there exists a non empty subset
of V' which is C-additively-linearly-closed and multiplicatively-closed.
Let V be a non empty CLS structure. We say that V' is scalar-multiplcation-
cancelable if and only if:
(Def. 5) For every complex number a and for every element v of V' such that
a-v =0y holds a =0 or v = Oy.
One can prove the following two propositions:
(2) Let V be a complex algebra and V; be a C-additively-linearly-closed
multiplicatively-closed non empty subset of V.
Then (Vi, mult(V1,V),Add(V1, V), Mult(V1, V), One(V1, V), Zero(V1,V))
is a complex subalgebra of V.
(3) Let V be a complex algebra and V; be a complex subalgebra of V. Then
(i)  for all elements v1, wy of V; and for all elements v, w of V' such that
v1 = v and w; = w holds vi + w1 = v + w,
(ii)  for all elements v1, wy of Vi and for all elements v, w of V' such that
vy =v and wi = w holds v1 - w1 = v - w,
(iii)  for every element v; of V; and for every element v of V' and for every
complex number a such that v1 =v holds a-v1 =a - v,
(iV) ]‘(Vl) = 1\/, and
(V) O(Vl) = Ov.
Let X be a non empty set. The C-algebra of bounded functions of X yielding
a complex algebra is defined by:

(Def. 6) The C-algebra of bounded functions of X =
(C-BoundedFunctions X, mult(C-BoundedFunctions X, CAlgebra(X)),
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Add(C-BoundedFunctions X, CAlgebra(X)),
Mult(C-BoundedFunctions X, CAlgebra(X)),
One(C-BoundedFunctions X, CAlgebra(X)),
Zero(C-BoundedFunctions X, CAlgebra(X))).

One can prove the following proposition

(4) For every non empty set X holds the C-algebra of bounded functions of
X is a complex subalgebra of CAlgebra(X).

Let X be a non empty set. Note that the C-algebra of bounded functions of
X is vector distributive and scalar unital.
Next we state several propositions:

(5) Let X be a non empty set, F'; G, H be vectors of the C-algebra of
bounded functions of X, and f, g, h be functions from X into C. Suppose
f=F and g =G and h = H. Then H = F + G if and only if for every
element x of X holds h(z) = f(z) + g(x).

(6) Let X be a non empty set, a be a complex number, F, G be vectors of
the C-algebra of bounded functions of X, and f, g be functions from X
into C. Suppose f = F' and g = G. Then G = o - F' if and only if for every
element x of X holds g(x) = a- f(x).

(7) Let X be a non empty set, F'; G, H be vectors of the C-algebra of
bounded functions of X, and f, g, h be functions from X into C. Suppose
f=Fand g =G and h = H. Then H = F - G if and only if for every
element x of X holds h(z) = f(z) - g(x).

(8) For every non empty set X holds Othe C-algebra of bounded functions of X —
X —0.

(9) For every non empty set X holds ]-the C-algebra of bounded functions of X —
X — 1¢.

Let X be a non empty set and let F' be a set. Let us assume that F' €
C-BoundedFunctions X. The functor modetrans(F, X) yields a function from X
into C and is defined by:

(Def. 7) modetrans(F, X) = F and modetrans(F, X)X is bounded.
Let X be a non empty set and let f be a function from X into C. The functor
PreNorms(f) yields a non empty subset of R and is defined by:
(Def. 8) PreNorms(f) = {|f(z)| : « ranges over elements of X}.
We now state two propositions:

(10) For every non empty set X and for every function f from X into C such
that f[X is bounded holds PreNorms(f) is upper bounded.

(11) Let X be a non empty set and f be a function from X into C. Then
f1X is bounded if and only if PreNorms(f) is upper bounded.
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Let X be a non empty set. The functor C-BoundedFunctionsNorm X yields
a function from C-BoundedFunctions X into R and is defined by:
(Def. 9) For every set z such that =z € C-BoundedFunctions X holds
(C-BoundedFunctionsNorm X')(z) = sup PreNorms(modetrans(z, X)).
One can prove the following two propositions:

(13)!  For every non empty set X and for every function f from X into C such
that f[X is bounded holds modetrans(f, X) = f.

(14) For every non empty set X and for every function f from X into
C such that f[X is bounded holds (C-BoundedFunctionsNorm X)(f) =
sup PreNorms(f).

Let X be a non empty set. The C-normed algebra of bounded functions of
X yielding a normed complex algebra structure is defined by:

(Def. 10) The C-normed algebra of bounded functions of X =
(C-BoundedFunctions X, mult(C-BoundedFunctions X, CAlgebra(X)),
Add(C-BoundedFunctions X, CAlgebra(X)),

Mult(C-BoundedFunctions X, CAlgebra(X)),
One(C-BoundedFunctions X, CAlgebra(X)),
Zero(C-BoundedFunctions X, CAlgebra(X)), C-BoundedFunctionsNorm X).

Let X be a non empty set. One can verify that the C-normed algebra of
bounded functions of X is non empty.
Let X be a non empty set. One can check that the C-normed algebra of
bounded functions of X is unital.
We now state a number of propositions:
(15) Let W be a normed complex algebra structure and V be a complex
algebra. Suppose (the carrier of W, the multiplication of W, the addition
of W, the external multiplication of W, the one of W, the zero of W) = V.
Then W is a complex algebra.
(16) For every non empty set X holds the C-normed algebra of bounded
functions of X is a complex algebra.
(17) Let X be a non empty set and F' be a point of the C-normed algebra of
bounded functions of X.
Then (Mult(C-BoundedFunctions X, CAlgebra(X)))(1c, F) = F.
(18) For every non empty set X holds the C-normed algebra of bounded
functions of X is a complex linear space.
(19) For every non empty set X holds
Xr—0= 0the C-normed algebra of bounded functions of X -
(20) Let X be a non empty set, x be an element of X, f be a function from

X into C, and F' be a point of the C-normed algebra of bounded functions
of X. If f = F and f]X is bounded, then |f(z)| < || F|.

!The proposition (12) has been removed.
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(21) For every non empty set X and for every point F' of the C-normed
algebra of bounded functions of X holds 0 < || F|.

(22) Let X be a non empty set and F be a point of the C-
normed algebra of bounded functions of X. Suppose F =
0the C-normed algebra of bounded functions of X - Then 0 = ”FH

(23) Let X be anon empty set, f, g, h be functions from X into C, and F, G,
H be points of the C-normed algebra of bounded functions of X. Suppose
f=F and g =G and h = H. Then H = F + G if and only if for every
element x of X holds h(z) = f(z) + g(x).

(24) Let X be a non empty set, a be a complex number, f, g be functions
from X into C, and F, G be points of the C-normed algebra of bounded
functions of X. Suppose f = F and ¢ = GG. Then G = a - F if and only if
for every element z of X holds g(z) = a - f(x).

(25) Let X be anon empty set, f, g, h be functions from X into C, and F, G,
H be points of the C-normed algebra of bounded functions of X. Suppose
f=Fand g =G and h = H. Then H = F - G if and only if for every
element x of X holds h(z) = f(z) - g(x).

(26) Let X be a non empty set, a be a complex number, and F', G be points
of the C-normed algebra of bounded functions of X. Then
(i) if ||FH = 0, then F' = Othe C-normed algebra of bounded functions of X
(11) it = Othe C-normed algebra of bounded functions of X then ”FH = Oa
(iii)  fla- F|l =la| - [|F], and
(iv) F+GI<I[FI+ 1G]

Let X be a non empty set. Note that the C-normed algebra of bounded
functions of X is right complementable, Abelian, add-associative, right zeroed,
vector distributive, scalar distributive, scalar associative, scalar unital, discer-
nible, reflexive, and complex normed space-like.

We now state two propositions:

(27) Let X be a non empty set, f, g, h be functions from X into C, and F, G,
H be points of the C-normed algebra of bounded functions of X. Suppose
f=F and g =G and h = H. Then H = F — G if and only if for every
element x of X holds h(z) = f(z) — g(x).

(28) Let X be a non empty set and s; be a sequence of the C-normed algebra
of bounded functions of X. If s; is CCauchy, then s; is convergent.

Let X be a non empty set. Observe that the C-normed algebra of bounded
functions of X is complete.
Next we state the proposition

(29) For every non empty set X holds the C-normed algebra of bounded
functions of X is a complex Banach algebra.
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