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Summary. In this article, we define and develop partial differentiation of
vector-valued functions on n-dimensional real normed linear spaces (refer to [19]
and [20]).
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The notation and terminology used in this paper have been introduced in the
following papers: [7], [15], [2], [3], [24], [4], [5], [1], [11], [16], [6], [9], [12], [17],
[18], [10], [8], [23], [14], [21], [13], and [22].

For simplicity, we use the following convention: n, m denote non empty
elements of N, i, j denote elements of N, f denotes a partial function from
E™ 1) to (€™ ]| - I}, g denotes a partial function from R™ to R™, h denotes
a partial function from R™ to R, = denotes a point of (€™, || - ||), y denotes an
element of R™, and X denotes a set.

We now state a number of propositions:
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J i
(2) Ifi<j, then (0,...,0)[(i —' 1) = (0,...,0)
N—— ~——
7 i—'1
(3) (0,...,0),; = (0,...,0)
J J—
(4) Ifi < j, then (0,...,0)[(i —'1) = (0,...,0) and (0,...,0),; = (0,...,0).
N——— S——— —— ——
J i—'1 J Jj='i
(5) For every element a1 of (£',[ - |[) such that 1 < 4 < j holds

[ (reproj (i, 0¢es .y)) (@) | = [l |-
(6) Let m,ibe elements of N, z be an element of R, and r be a real number.
Then (reproj(i,z))(r) — xz = (reproj(i, (0, ...,0)))(r — (proj(i,m))(x)) and
——

£ — (veproj(i, x))(r) = (reproj(i, (0......0)}) (proj(i, m))(x) — r).
——
(7) Let m, ¢ be elements of N, z be a point of (E™, | - |,
and p be a point of (L] - ||). Then (reproj(i,z))(p) — = =

(reproj(i, 0¢gm j1.y))(p — (Proj(i,m))(z)) and z — (reproj(i,z))(p) =
(reproj(i, 0gm |1.1y)) ((Proj(i, m))(x) — p).

(8) Let m, n be non empty elements of N, ¢ be an element of N, f be a partial
function from (E™,| - ||) to (E", ] - ||}, and Z be a subset of (E™, || - ||).
Suppose Z is open and 1 < i < m. Then f is partially differentiable on Z
w.r.t. ¢ if and only if Z C dom f and for every point x of (€™, || - ||) such
that x € Z holds f is partially differentiable in x w.r.t. 7.

(9) For all elements z, y of R and for every element ¢ of N such that
1 <4 < m holds Replace((0,...,0),7,z +y) = Replace((0,...,0),3,z) +
~—— ——

m m
Replace((0, ..., 0),4,y).
——
m
(10) For all elements x, a of R and for every element i of N such that 1 <i <m
holds Replace((0,...,0),%,a - x) = a - Replace((0,...,0),,x).
—— ——
m m

(11) For every element x of R and for every element 7 of N such that 1 <i <m

and x # 0 holds Replace((0, ...,0),i,z) # (0,...,0).
N—— ——

(12) Let z, y be elements of R, z be an element of R™, and i be an
element of N. Suppose 1 < i < m and y = (proj(i,m))(z). Then
Replace(z,i,z) —z = Replace((0, ...,0),i,x —y) and z—Replace(z,i,x) =

——

Replace((0, ...,0),i,y — ).
——

m



PARTIAL DIFFERENTIATION OF VECTOR-VALUED ... 3

(13) For all elements x, y of R and for every element i of N such that 1 <
i < m holds (reproj(i, 0,...,0)))(x +y) = (reproj(, (0,...,0)))(z) +
—— \ﬁ/—’

(xeproj(i, 0, ..., 0)(y).
m

(14) For all points x, y of (€1, - ||) and for every element i of N such that
1 <4 < m holds (reproj(i, 0¢em |.y))(z + y) = (reproj(i, 0em j.y))(z) +
(reproj (7, O¢gm ||.1y)) (Y)-

(15) For all elements x, a of R and for every element i of N such that 1 <i <m
holds (reproj(i, (0,...,0)))(a- ) = a - (reproj(, (0, ..., 0)))(z).

m m

(16) Let x be a point of (€1,]-||), @ be an element of R, and i be an element of
N.If 1 <4 < m, then (reproj(i, 0(em . y))(a-x) = a-(reproj(i, 0gm |.y))(Z)-

(17) For every element x of R and for every element ¢ of Nsuch that 1 <i <m
and z # 0 holds (reproj(i, (0,...,0)))(x) # (0,...,0).

m m

(18) TFor every point = of (€1,| - ||) and for every element i of N such that
1 <i<mand x # 01 .y holds (reproj(i, 0gm ||.1y)) () # Ogm |||y

(19) Let z, y be elements of R, z be an element of R, and i be
an element of N. Suppose 1 < ¢ < m and y = (proj(i,m))(z).
Then (reproj(i,z))(z) — z = (reproj(i,(0,...,0)))(z — y) and z —

——

(reproj(i, z))(x) = (reproj(i, (0,...,0)))(y — x).
——

(20) Let z, y be points of (£1,] - ||), i be an element of N, and 2 be a po-
int of (E™,| - ||). Suppose 1 < i < m and y = (Proj(i,m))(z). Then
(reproj(i, z))(z) —2 = (veproj(i, 0ygm |.y)) (z—y) and z—(reproj(i, z))(v) =
(reproj(i, 0gem . p)) (Y — ).

(21) Suppose f is differentiable in  and 1 < i < m. Then f is partially
differentiable in x w.r.t. i and partdiff(f,z,7) = f'(x) - reproj(i, 0¢gm |.|y)-

(22) Suppose g is differentiable in y and 1 < i < m. Then g is partially diffe-
rentiable in y w.r.t. i and partdiff (g, y,) = (¢'(y)-reproj(i, 0gm |.1y)) ((1)).

Let n be a non empty element of N, let f be a partial function from R" to
R, and let  be an element of R™. We say that f is differentiable in « if and
only if:
(Def. 1) (f) is differentiable in x.
Let n be a non empty element of N, let f be a partial function from R" to
R, and let = be an element of R™. The functor f/(z) yielding a function from
R™ into R is defined as follows:
(Def. 2)  f'(x) = proj(1,1) - (f)'(x).

Next we state several propositions:
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(23) Suppose h is differentiable in y and 1 < ¢ < m. Then h is partially
differentiable in y w.r.t. ¢ and
partdiff (h,y,) = (h - reproj(i, y))'((proj(i, m))(y)) and
partdiff (h,y,7) = h'(y)((reproj(z, (0,...,0)))(1)).

——
m

(24) Let m be a non empty element of N and v, w, u be finite sequences of
elements of R™. If domv = domw and u = v+w, then > u=> v+ w.

(25) Let m be a non empty element of N, r be a real number, and w, u be
finite sequences of elements of R™. If u = rw, then Y u=1r-> w.

(26) Let n be a non empty element of N and h, g be finite sequences of
elements of R™. Suppose len h = len g + 1 and for every natural number ¢
such that ¢ € dom g holds g; = h; — hi+1. Then hy — hjenn = 2 9.

(27) Let n be a non empty element of N and h, g, j be finite sequences of
elements of R™. Suppose lenh = lenj and leng = lenj and for every
natural number ¢ such that ¢ € domj holds j; = h; — g;. Then > j =
Xh=22g.

(28) Let m, n be non empty elements of N, f be a partial function from R™
to R", and z, y be elements of R™. Then there exists a finite sequence h
of elements of R™ and there exists a finite sequence g of elements of R"
such that

(i) lenh=m+1,
(ii) leng=m,
(iii)  for every natural number ¢ such that ¢ € domh holds h; = (y[((m +
1) —"4)) ~(0,...,0),
i1
(iv)  for every natural number ¢ such that i € domg holds ¢; = fyin, —
fx+hi+1 )
(v)  for every natural number i and for every element h; of R™ such that
i € domh and h; = hy holds |h1| < |y|, and
(i) fory— fo= X0

(29) Let m be a non empty element of N and f be a partial function from

R™ to R!'. Then there exists a partial function fy from R™ to R such that

f= (/o).

(30) Let m, n be non empty elements of N, f be a partial function from R™
to R™, fo be a partial function from (€™, ||-]|) to (€™, ||-||), = be an element
of R™, and z¢ be an element of (™, | - ||). If x € dom f and = = ¢ and

f = fo, then fi = (f0)z,-
Let m be a non empty element of N and let X be a subset of R". We say
that X is open if and only if:

(Def. 3) There exists a subset X of (€™, ]| -||) such that Xy = X and X is open.

The following proposition is true
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(31) Let m be a non empty element of N and X be a subset of R™. Then X
is open if and only if for every element x of R™ such that z € X there
exists a real number r such that r > 0 and {y € R™: |y —z| <r} C X.

Let m, n be non empty elements of N, let ¢ be an element of N, let f be a
partial function from R™ to R™, and let X be a set. We say that f is partially
differentiable on X w.r.t. i if and only if:

(Def. 4) X C dom f and for every element x of R™ such that x € X holds f[X
is partially differentiable in x w.r.t. 7.

One can prove the following propositions:

(32) Let m, n be non empty elements of N and f be a partial function from
R™ to R™. Suppose f is partially differentiable on X w.r.t. . Then X is
a subset of R™.

(33) Let m, n be non empty elements of N, ¢ be an element of N, f be a
partial function from R™ to R", g be a partial function from (E™, | -||) to
(E™ I II), and Z be a set. Suppose f = g. Then f is partially differentiable
on Z w.r.t. ¢ if and only if ¢ is partially differentiable on Z w.r.t. .

(34) Let m, n be non empty elements of N, ¢ be an element of N, f be a
partial function from R™ to R"™, and Z be a subset of R™. Suppose Z is
open and 1 < i < m. Then f is partially differentiable on Z w.r.t. ¢ if and
only if Z C dom f and for every element x of R™ such that x € Z holds
f is partially differentiable in x w.r.t. i.

Let m, n be non empty elements of N, let i be an element of N, let f be
a partial function from R™ to R™, and let us consider X. Let us assume that
f is partially differentiable on X w.r.t. . The functor f[°X yielding a partial
function from R™ to R" is defined as follows:

(Def. 5) dom(f["X) = X and for every element x of R™ such that x € X holds
(f1'X), = partdiff(f, z,1).

Let m, n be non empty elements of N, let f be a partial function from R™
to R™, and let zo be an element of R™. We say that f is continuous in zq if and
only if:

(Def. 6) There exists a point yo of (™, - ||) and there exists a partial function
g from (E™ /| - ||} to (€™, ] - ||) such that xg = yo and f = g and g is
continuous in yp.

The following propositions are true:

(35) Let m, n be non empty elements of N, f be a partial function from R™
to R"™, g be a partial function from (€™, |- ||) to (£",]-]|),  be an element
of R™, and y be a point of (€™, - ||). Suppose f = g and x = y. Then f
is continuous in x if and only if ¢ is continuous in y.

(36) Let m, n be non empty elements of N, f be a partial function from R™
to R™, and xy be an element of R™. Then f is continuous in x( if and
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only if the following conditions are satisfied:

(i) o € dom f, and

(ii)  for every real number r such that 0 < r there exists a real number s
such that 0 < s and for every element x5 of R™ such that x9 € dom f and
|x2 — zo| < s holds |fz, — fzol <7

Let m, n be non empty elements of N, let f be a partial function from R™
to R"™, and let us consider X. We say that f is continuous on X if and only if:

(Def. 7) X C dom f and for every element zp of R™ such that zp € X holds f[X
is continuous in xg.

Next we state a number of propositions:

(37) Let m, n be non empty elements of N, f be a partial function from R™
to R", g be a partial function from (E™, || - ||) to (£", ] - ||), and X be a
set. If f = g, then f is continuous on X iff ¢ is continuous on X.

(38) Let m, n be non empty elements of N, f be a partial function from R™
to R™, and X be a set. Then f is continuous on X if and only if the
following conditions are satisfied:

(i) X Cdom f, and

(ii)  for every element xo of R™ and for every real number r such that
g € X and 0 < r there exists a real number s such that 0 < s and
for every element xo of R™ such that x9 € X and |zo — x¢| < s holds

| fzo = faol <7

(39) Let m be a non empty element of N, x, y be elements of R™, 1
be an element of N, and x; be a real number. If 1 < ¢ < m and
y = (reproj(i, x))(z1), then (proj(i,m))(y) = z1.
(40) Let m be a non empty element of N, f be a partial function from R™ to
R, z, y be elements of R™, i be an element of N, and 1 be a real number.
If 1 <i<m and y = (reproj(i, z))(z1), then reproj(i, x) = reproj(i,y).
(41) Let m be a non empty element of N, f be a partial function from R™ to R,
g be a partial function from R to R, x, y be elements of R™, i be an element
of N, and z; be a real number. If 1 < ¢ < m and y = (reproj(i,z))(z1)
and g = f - reproj(i, z), then ¢'(x1) = partdiff (f,y, ).
(42) Let m be a non empty element of N, f be a partial function from R™ to
R, p, g be real numbers,  be an element of R™, and ¢ be an element of
N. Suppose that
) 1<,
(i) i<m,
) p<gq,
) for every real number h such that h € [p,q] holds (reproj(i,z))(h) €
dom f, and
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(v)  for every real number h such that h € [p,q] holds f is partially diffe-
rentiable in (reproj(i, z))(h) w.r.t. i.
Then there exists a real number 7 and there exists an element y of R" such
that r E]p’ Q[ and y = (reproj (iv x))(r) and f(reproj(i,m))(q) - f(reproj(i,m))(p) =
(¢ — p) - partdiff (f,y, 7).
(43) Let m be a non empty element of N, f be a partial function from R™ to
R, p, ¢ be real numbers, £ be an element of R™, and ¢ be an element of
N. Suppose that
) 1<,
) i <m,
(i) p<gq,
) for every real number h such that h € [p,¢] holds (reproj(i,x))(h) €
dom f, and
(v)  for every real number h such that h € [p,q] holds f is partially diffe-
rentiable in (reproj(i, x))(h) w.r.t. .
Then there exists a real number  and there exists an element y of R™ such
that r € [ 7Q] and y = (reproj (Za .%'))(7’) and f(reproj(i,x))(q) _f(reproj(i,:(:))(p) -
(q —p) - partdiff (f, y, ).

(44) Let m be a non empty element of N, z, y, z, w be elements of R, i be
an element of N, and d, p, g, r be real numbers. Suppose 1 < i < m and
ly—z| < dand |z—z| < d and p = (proj(i,m))(y) and z = (reproj(i,y))(q)
and r € [p,q] and w = (reproj(i,y))(r). Then |w — x| < d.

(45) Let m be a non empty element of N, f be a partial function from R™
to R, X be a subset of R™, x, y, z be elements of R™, i be an element of
N, and d, p, ¢ be real numbers. Suppose that 1 < i < m and X is open
and z € X and |y —z| < d and |z — 2| < d and X C dom f and for every
element x of R™ such that x € X holds f is partially differentiable in x
w.r.t. 7 and 0 < d and for every element z of R™ such that |z—z| < d holds
z € X and z = (reproj(i,y))(p) and ¢ = (proj(i,m))(y). Then there exists
an element w of R™ such that |w— x| < d and f is partially differentiable
inww.rt. iand f. — fy = (p — q) - partdiff (f, w, 7).

(46) Let m be a non empty element of N, h be a finite sequence of elements
of R™, vy, x be elements of R™, and j be an element of N. Suppose len h =
m+1 and 1 < j <m and for every natural number ¢ such that ¢ € dom h
holds h; = (y[((m+1)—"4))~(0,...,0). Then z+ h; = (reproj((m+1) —'
Js @ + hjs1))((proj((m + 1) =" j,m))(z + y)).

(47) Let m be a non empty element of N, f be a partial function from R™ to
R, X be a subset of R™, and x be an element of R™. Suppose that

(i) X is open,
(ii) ze€ X, and
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(iii)  for every element i of N such that 1 < ¢ < m holds f is partially
differentiable on X w.r.t. i and f]°X is continuous on X.
Then

(iv)  f is differentiable in z, and

(v)  for every element h of R™ there exists a finite sequence w of elements
of R! such that domw = Segm and for every element i of N such that i €
Segm holds w(i) = (proj(i, m))(h) - partdiff (f, z,7) and f'(z)(h) = > w.

(48) Let m be a non empty element of N, f be a partial function from (€™, ||-|)
to (1, ]| - ||}, X be a subset of (€™, || - ||), and = be a point of (™, || - ||).
Suppose that

(i) X is open,

(ii) ze€X, and

(iii)  for every element i of N such that 1 < ¢ < m holds f is partially
differentiable on X w.r.t. i and f]'X is continuous on X.
Then

(iv)  f is differentiable in =, and

(v)  for every point h of (€™, ||-||) there exists a finite sequence w of elements
of R' such that domw = Segm and for every element i of N such that
i € Segm holds w(i) = (partdiff (f, z,7))({(proj(i,m))(h))) and f'(x)(h) =
S w.

(49) Let m be anon empty element of N, f be a partial function from (E™, ||-||)
to (€1,]|-]]), and X be a subset of (€™, | - ||). Suppose X is open. Then for
every element ¢ of N such that 1 < ¢ < m holds f is partially differentiable
on X w.r.t.and f]*X is continuous on X if and only if f is differentiable
on X and ff y is continuous on X.
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The notation and terminology used here have been introduced in the following
papers: [7], [4], [8], [6], [10], [9], [11], [5], [1], [3], [2], and [12].

1. p-GROUPS

For simplicity, we use the following convention: G is a group, a, b are elements
of G, m, n are natural numbers, and p is a prime natural number.
One can prove the following propositions:

(1) If for every natural number r holds n # p", then there exists an element
s of N such that s is prime and s | n and s # p.

(2) For all natural numbers n, m such that n | p™ there exists a natural
number r such that n = p” and r < m.

If a" = 1¢g, then (a7 )" = 14.

If (a™!)" = 1¢, then a” = 1.

ord(a~!) = ord(a).

ord(a’) = ord(a).

Let G be a group, N be a subgroup of GG, and a, b be elements of G.

Suppose N is normal and b € N. Let given n. Then there exists an element
g of G such that g € N and (a-b)" =a" - g.

A~ o~~~
ot
—_ D T
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(8) Let G be a group, N be a normal subgroup of G, a be an element of
G, and S be an element of ©/y. If S = a - N, then for every n holds
S =a"- N.
(9) Let G be a group, H be a subgroup of G, and a, b be elements of G. If
a-H =0b-H, then there exists an element h of G such that a = b-h and
h e H.
(10) Let G be a finite group and N be a normal subgroup of G. If N is a
subgroup of Z(G) and ¢/ is cyclic, then G is commutative.
(11) Let G be a finite group and N be a normal subgroup of G. If N = Z(G)
and 9/ is cyclic, then G is commutative.

(12) For every finite group G and for every subgroup H of G such that H #+ G
there exists an element a of G such that a ¢ H.

Let p be a natural number, let G be a group, and let a be an element of G.
We say that a is p-power if and only if:

‘s

(Def. 1) There exists a natural number r such that ord(a) = p".
We now state the proposition
(13) 1¢ is m-power.
Let us consider G, m. One can verify that there exists an element of G which
is m-power.
Let us consider p, G and let a be a p-power element of G. Observe that a=!
is p-power.
One can prove the following proposition
(14) If a® is p-power, then a is p-power.
Let us consider p, G, b and let a be a p-power element of G. One can verify
that a® is p-power.
Let us consider p, let G be a commutative group, and let a, b be p-power
elements of G. Observe that a - b is p-power.
Let us consider p and let G be a finite p-group group. One can verify that
every element of G is p-power.
The following proposition is true

(15) Let G be a finite group, H be a subgroup of G, and a be an element of
G. If H is p-group and a € H, then a is p-power.

Let us consider p and let G be a finite p-group group. One can verify that
every subgroup of G is p-group.
We now state the proposition
(16) {1}¢ is p-group.
Let us consider p and let G be a group. Note that there exists a subgroup
of G which is p-group.
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Let us consider p, let G be a finite group, let G; be a p-group subgroup of
G, and let G be a subgroup of G. One can verify that G; N G is p-group and
G2 N G is p-group.

Next we state the proposition

(17) For every finite group G such that every element of G is p-power holds
G is p-group.

Let us consider p, let G be a finite p-group group, and let N be a normal
subgroup of G. Note that @/ is p-group.
The following four propositions are true:

(18) Let G be a finite group and N be a normal subgroup of G. If N is p-group
and ¢ /N is p-group, then G is p-group.

(19) Let G be a finite commutative group and H, Hy, Hy be subgroups of G.
Suppose Hj is p-group and Hj is p-group and the carrier of H = Hy - Ho.
Then H is p-group.

(20) Let G be a finite group and H, N be subgroups of G. Suppose N is a
normal subgroup of G and H is p-group and N is p-group. Then there
exists a strict subgroup P of G such that the carrier of P = H - N and P
is p-group.

(21) Let G be a finite group and Ni, Ny be normal subgroups of G. Sup-
pose Nj is p-group and Ns is p-group. Then there exists a strict normal
subgroup N of G such that the carrier of N = Ny - No and N is p-group.

Let us consider p, let G be a p-group finite group, let H be a finite group,
and let g be a homomorphism from G to H. Observe that Im g is p-group.
The following proposition is true

(22) For all strict groups G, H such that G and H are isomorphic and G is

p-group holds H is p-group.
Let p be a prime natural number and let G be a group. Let us assume that
G is p-group. The functor expon(G,p) yields a natural number and is defined
by:
(Def. 2) @ = povontGn),
Let p be a prime natural number and let G be a group. Then expon(G, p) is
an element of N.
Next we state four propositions:

(23) For every finite group G and for every subgroup H of G such that G is
p-group holds expon(H, p) < expon(G, p).

(24) For every strict finite group G such that G is p-group and expon(G, p) =
0 holds G = {1}¢.

(25) For every strict finite group G such that G is p-group and expon(G, p) =
1 holds G is cyclic.
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(26) Let G be a finite group, p be a prime natural number, and a be an element
of G. If G is p-group and expon(G, p) = 2 and ord(a) = p?, then G is com-
mutative.

2. COMMUTATIVE p-GROUPS

Let p be a natural number and let G be a group. We say that G is p-
commutative group-like if and only if:

Def. 3) For all elements a, b of G holds (a - b)P = aP - bP.
( ) , (a-b)

Let p be a natural number and let G be a group. We say that G is p-
commutative group if and only if:

(Def. 4) @G is p-group and p-commutative group-like.

Let p be a natural number. Observe that every group which is p-commutative
group is also p-group and p-commutative group-like and every group which is
p-group and p-commutative group-like is also p-commutative group.

The following proposition is true

(27) {1}q is p-commutative group-like.

Let us consider p. Note that there exists a group which is p-commutative
group, finite, cyclic, and commutative.

Let us consider p and let G be a p-commutative group-like finite group. Note
that every subgroup of G is p-commutative group-like.

Let us consider p. Note that every group which is p-group, finite, and com-
mutative is also p-commutative group.

We now state the proposition

(28) For every strict finite group G such that G = p holds G is p-commutative
group.

Let us consider p, G. One can check that there exists a subgroup of G which
is p-commutative group and finite.

Let us consider p, let G be a finite group, let H; be a p-commutative group-
like subgroup of G, and let Hs be a subgroup of G. One can check that H; N Hy
is p-commutative group-like and Ho N Hj is p-commutative group-like.

Let us consider p, let G be a finite p-commutative group-like group, and
let N be a normal subgroup of G. One can verify that ¢/ is p-commutative
group-like.

One can prove the following propositions:

(29) Let G be a finite group and a, b be elements of G. Suppose G is p-
commutative group-like. Let given n. Then (a - b)” Y=g P,

(30) Let G be a finite commutative group and H, Hy, Hy be subgroups of G.
Suppose H; is p-commutative group and Hs is p-commutative group and
the carrier of H = Hy - Hy. Then H is p-commutative group.
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(31) Let G be a finite group, H be a subgroup of G, and N be a strict normal
subgroup of G. Suppose N is a subgroup of Z(G) and H is p-commutative
group and N is p-commutative group. Then there exists a strict subgroup
P of G such that the carrier of P = H - N and P is p-commutative group.

(32) Let G be a finite group and Ny, N2 be normal subgroups of G. Suppose
Ny is a subgroup of Z(G) and Nj is p-commutative group and Ny is p-
commutative group. Then there exists a strict normal subgroup N of G
such that the carrier of N = N - Ny and N is p-commutative group.

(33) Let G, H be groups. Suppose G and H are isomorphic and G is p-
commutative group-like. Then H is p-commutative group-like.

(34) Let G, H be strict groups. Suppose G and H are isomorphic and G is
p-commutative group. Then H is p-commutative group.

Let us consider p, let G be a p-commutative group-like finite group, let H be
a finite group, and let g be a homomorphism from G to H. Observe that Im g
is p-commutative group-like.

The following propositions are true:

(35) For every strict finite group G such that G is p-group and expon(G, p) =
0 holds G is p-commutative group.

(36) For every strict finite group G such that G is p-group and expon(G, p) =
1 holds G is p-commutative group.
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1. PRELIMINARIES

Let X be a real normed space, let A be a closed-interval subset of R, let f
be a function from A into the carrier of X, and let D be a Division of A. A
finite sequence of elements of X is said to be a middle volume of f and D if it
satisfies the conditions (Def. 1).

(Def. 1)(i) lenit =len D, and
(ii)  for every natural number ¢ such that i € dom D there exists a point ¢
of X such that ¢ € rng(f[divset(D,q)) and it(i) = vol(divset(D, 1)) - c.
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Let X be a real normed space, let A be a closed-interval subset of R, let f
be a function from A into the carrier of X, let D be a Division of A, and let F
be a middle volume of f and D. The functor middle sum(f, F') yielding a point
of X is defined by:
(Def. 2) middle sum(f, F) =3 F.

Let X be a real normed space, let A be a closed-interval subset of R, let f
be a function from A into the carrier of X, and let T be a division sequence
of A. A function from N into (the carrier of X)* is said to be a middle volume
sequence of f and T if:

(Def. 3) For every element k of N holds it(k) is a middle volume of f and T'(k).

Let X be a real normed space, let A be a closed-interval subset of R, let f
be a function from A into the carrier of X, let 7" be a division sequence of A,
let S be a middle volume sequence of f and T, and let £ be an element of N.
Then S(k) is a middle volume of f and T'(k).

Let X be a real normed space, let A be a closed-interval subset of R, let f be
a function from A into the carrier of X, let T be a division sequence of A, and
let S be a middle volume sequence of f and 7. The functor middle sum(f, S)
yielding a sequence of X is defined as follows:

(Def. 4) For every element ¢ of N holds
(middle sum(f, S))(7) = middle sum(f, S(7)).

2. DEFINITION OF RIEMANN INTEGRAL ON FUNCTIONS FROM R INTO REAL
NORMED SPACE

Let X be a real normed space, let A be a closed-interval subset of R, and
let f be a function from A into the carrier of X. We say that f is integrable if
and only if the condition (Def. 5) is satisfied.

(Def. 5) There exists a point I of X such that for every division sequence
T of A and for every middle volume sequence S of f and T if dr is
convergent and lim(dr) = 0, then middle sum(f,S) is convergent and
lim middle sum(f, S) = I.

We now state three propositions:

(1) Let X be a real normed space and R;, Ry, Rs be finite sequences of
elements of X. If len Ry = len Ry and R3 = Ry + R2, then > R3 => R+
Z Rs.

(2) Let X be a real normed space and R;, Ry, Rs be finite sequences of
elements of X. If len Ry = len Ry and R3 = Ry — Ry, then >, R3 =Y R —
> Ro.

(3) Let X be a real normed space, R, Ra be finite sequences of elements of
X, and a be an element of R. If Ry = a Ry, then >  Ro =a- > R;.
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Let X be a real normed space, let A be a closed-interval subset of R, and let
f be a function from A into the carrier of X. Let us assume that f is integrable.
The functor integral f yields a point of X and is defined by the condition (Def. 6).

(Def. 6) Let T be a division sequence of A and S be a middle volume sequence
of fand T. If d7 is convergent and lim(dr) = 0, then middle sum(f, S) is
convergent and lim middle sum(f, S) = integral f.

We now state four propositions:
(4) Let X be a real normed space, A be a closed-interval subset of R, r be a
real number, and f, h be functions from A into the carrier of X. If h = f
and f is integrable, then A is integrable and integral h = r - integral f.
(5) Let X be a real normed space, A be a closed-interval subset of R, and f,
h be functions from A into the carrier of X. If h = —f and f is integrable,
then h is integrable and integral h = —integral f.
(6) Let X be a real normed space, A be a closed-interval subset of R, and
f, g, h be functions from A into the carrier of X. Suppose h = f + ¢g and
f is integrable and g is integrable. Then h is integrable and integral h =
integral f 4 integral g.
(7) Let X be a real normed space, A be a closed-interval subset of R, and
f, g, h be functions from A into the carrier of X. Suppose h = f — g and
f is integrable and g is integrable. Then h is integrable and integral h =
integral f — integral g.
Let X be a real normed space, let A be a closed-interval subset of R, and let
f be a partial function from R to the carrier of X. We say that f is integrable
on A if and only if:

(Def. 7) There exists a function g from A into the carrier of X such that g = f[A
and g is integrable.

Let X be areal normed space, let A be a closed-interval subset of R, and let f
be a partial function from R to the carrier of X. Let us assume that A C dom f.

The functor / f(x)dx yields an element of X and is defined as follows:
A

(Def. 8) There exists a function g from A into the carrier of X such that g = f[A
and /f(z:)dx = integral g.
A

We now state several propositions:

(8) Let A be a closed-interval subset of R, f be a partial function from R to
the carrier of X, and g be a function from A into the carrier of X. Suppose
fTA = g. Then f is integrable on A if and only if g is integrable.

(9) Let A be a closed-interval subset of R, f be a partial function from R
to the carrier of X, and g be a function from A into the carrier of X. If
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A Cdom f and f[A = g, then /f(:v)da: = integral g.
A

(10) Let X, Y be non empty sets, V be a real normed space, g, f be partial
functions from X to the carrier of V', and g1, f1 be partial functions from
Y to the carrier of V. If ¢ = ¢; and f = f1, then g1 + fi =g+ f.

(11) Let X, Y be non empty sets, V' be a real normed space, g, f be partial
functions from X to the carrier of V', and g1, f1 be partial functions from
Y to the carrier of V. If g = g1 and f = f1, then g1 — fi =g — f.

(12) Let r be a real number, X, Y be non empty sets, V' be a real normed
space, g be a partial function from X to the carrier of V, and g7 be a
partial function from Y to the carrier of V. If g = g1, then r g1 = rg.

3. LINEARITY OF THE INTEGRATION OPERATOR

Next we state three propositions:
(13) Let r be a real number, A be a closed-interval subset of R, and f be
a partial function from R to the carrier of X. Suppose A C dom f and
f is integrable on A. Then r f is integrable on A and /(T Hz)dz =
A

r-/f(x)dm.
A

(14) Let A be a closed-interval subset of R and fi, f2 be partial functions from
R to the carrier of X. Suppose f; is integrable on A and f5 is integrable
on A and A C dom f; and A C dom fo. Then fi; + fo is integrable on A

and /(f1+f2)(x)da::/fl(a:)dx—l—/fg(:c)da;.
A A A

(15) Let A be a closed-interval subset of R and fi, f2 be partial functions from
R to the carrier of X. Suppose f; is integrable on A and f5 is integrable
on A and A C dom f; and A C dom fo. Then f; — fo is integrable on A
and /(f1 — fo)(z)dx = /fl(a;)dx — /fg(:c)da:.
A A A
Let X be a real normed space, let f be a partial function from R to the

b
carrier of X, and let a, b be real numbers. The functor / f(z)dz yielding an
a

element of X is defined as follows:
) / f(x)dz, if a <b,
(Det. 9) / fla)de = { 1@

a —/ f(z)dz, otherwise.

[b,a]
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One can prove the following propositions:

(16) Let f be a partial function from R to the carrier of X, A be a closed-
interval subset of R, and a, b be real numbers. If A = [a,b], then

/f(a;)d:c:/bf(a:)da:.
A a

(17) Let f be a partial function from R to the carrier of X and A be a closed-
interval subset of R. If vol(A) = 0 and A C dom f, then f is integrable on

A and [ f(x)dz =0x.
/

(18) Let f be a partial function from R to the carrier of X, A be a closed-
interval subset of R, and a, b be real numbers. If A = [b,a] and A C dom f,

then —/f(:n)d;v = /bf(x)d:v.
A a
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The papers (2], [4], [5], (3], [8], (9], [7], [10], [11], [6], [1], [13], and [12] provide
the terminology and notation for this paper.

1. NORMAL SUBGROUP OF PRODUCT OF GROUPS

Let I be a non empty set, let F be a group-like multiplicative magma family
of I, and let ¢ be an element of I. Note that F'(7) is group-like.
Let I be a non empty set, let F' be an associative multiplicative magma
family of I, and let i be an element of I. Observe that F'(i) is associative.
Let I be a non empty set, let F' be a commutative multiplicative magma
family of I, and let i be an element of I. Note that F'(i) is commutative.
In the sequel I is a non empty set, F' is an associative group-like multiplica-
tive magma family of I, and ¢, j are elements of I.
We now state the proposition
(1) Let x be a function and g be an element of F(i). Then domx = I and
x(i) = g and for every element j of I such that j # i holds z(j) = 1p;) if
and only if x = 1HF +- (4, 9).
Let I be a non empty set, let F' be an associative group-like multiplicative
magma family of I, and let i be an element of /. The functor ProjSet(F, ) yields
a subset of [[ F' and is defined by:

(© 2011 University of Bialystok
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(Def. 1) For every set z holds x € ProjSet(F, i) iff there exists an element g of
F(i) such that x = e+ (i,9).

Let I be a non empty set, let F' be an associative group-like multiplicative
magma family of I, and let i be an element of I. Observe that ProjSet(F,1) is
non empty.

Next we state several propositions:

(2) Let zgp be a set. Then xy € ProjSet(F,i) if and only if there exists a
function x and there exists an element g of F'(i) such that x = z(p and
domx = I and z(i) = g and for every element j of I such that j # ¢ holds
z(j) = L1p().

(3) Let g1, g2 be elements of [T F and z1, 22 be elements of F(i). If g1 =
1HF +- (i,21) and g = IHF +- (i, 22), then g1 - g2 = IHF +- (4,21 - 22).

(4) For every element g; of [] F' and for every element z; of F(i) such that
g1 = 1HF +- (i,zl) holds g1,1 = 1HF +- (2‘,2’171).

(5) For all elements g1, go of [[F such that g;, go € ProjSet(F,i) holds
g1 - g2 € ProjSet(F,1).

(6) For every element g of [[ F such that g € ProjSet(F,i) holds g~! €
ProjSet(F, ).

Let I be a non empty set, let ' be an associative group-like multiplicative
magma family of I, and let ¢ be an element of I. The functor ProjGroup(F, 1)
yields a strict subgroup of [] F' and is defined as follows:

(Def. 2) The carrier of ProjGroup(F, i) = ProjSet(F, ).

Let us consider I, F', i. The functor 1ProdHom(F, i) yielding a homomor-
phism from F'(i) to ProjGroup(F,i) is defined as follows:

(Def. 3) For every element z of F(i) holds (1ProdHom(F,i))(z) = e+ (i,x).

Let us consider I, F, i. Note that 1ProdHom(F) 1) is bijective.

Let us consider I, F, i. One can check that ProjGroup(F,i) is normal.

One can prove the following proposition

(7) For all elements x, y of [][ F' such that i # j and x € ProjGroup(F,1)
and y € ProjGroup(F,j) holds z -y =y - x.

2. PRODUCT OF SUBGROUPS OF A GROUP

In the sequel n denotes a non empty natural number.
One can prove the following propositions:

(8) Let F be an associative group-like multiplicative magma family of Segn,
J be a natural number, and Gy be a group. Suppose 1 < J < n and
G1 = F(J). Let x be an element of [[ F' and s be a finite sequence of
elements of [[F. Suppose lens < J and for every element k of Segn
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such that & € dom s holds s(k) € ProjGroup(F, k) and = = [][s. Then
.CL‘(J) = 1(G1)'

(9) Let F be an associative group-like multiplicative magma family of
Segn, x be an element of [[ F, and s be a finite sequence of elements
of J[F. Suppose lens = n and for every element k of Segn holds
s(k) € ProjGroup(F, k) and « = [[s. Let ¢ be a natural number. Suppose
1 <4 < n. Then there exists an element s of [] F such that s; = s(i) and
x(i) = s1(7).

(10) Let F be an associative group-like multiplicative magma family of Segn,
x be an element of [[ F, and s, t be finite sequences of elements of [] F.
Suppose that

) lens=mn,
) for every element k of Segn holds s(k) € ProjGroup(F, k),
) x=IIs,

(iv) lent =n,

) for every element k of Segn holds t(k) € ProjGroup(F, k), and
) x=]It.

Then s = t.

(11) Let F be an associative group-like multiplicative magma family of Segn
and = be an element of [[F. Then there exists a finite sequence s of
elements of [[ F' such that len s = n and for every element k of Segn holds
s(k) € ProjGroup(F, k) and x =[] s.

(12) Let G be a commutative group and F' be an associative group-like mul-
tiplicative magma family of Segn. Suppose that

(i) for every element i of Segn holds F(i) is a subgroup of G,

(ii) for every element = of G there exists a finite sequence s of elements of
G such that len s = n and for every element k of Segn holds s(k) € F(k)
and z =[] s, and

(iii)  for all finite sequences s, ¢ of elements of G such that len s = n and for
every element k of Segn holds s(k) € F(k) and lent = n and for every
element k of Segn holds t(k) € F(k) and [[s =[]t holds s = t.

Then there exists a homomorphism f from [[ ' to G such that

(iv)  f is bijective, and

(v)  for every element z of [] F' there exists a finite sequence s of elements of
G such that len s = n and for every element k of Segn holds s(k) € F (k)
and s =z and f(z) =[]s.

(13) Let G, F be associative commutative group-like multiplicative magma
families of Segn. Suppose that for every element k of Segn holds F(k) =
ProjGroup(G, k). Then there exists a homomorphism f from [ F to [[G
such that

(i)  f is bijective, and
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(ii) for every element x of [] F' there exists a finite sequence s of elements of
[1 G such that len s = n and for every element k of Segn holds s(k) € F (k)
and s =z and f(x) =]]s.
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The Mycielskian of a Graph!

Piotr Rudnicki Lorna Stewart
University of Alberta University of Alberta
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Summary. Let w(G) and x(G) be the clique number and the chromatic
number of a graph G. Mycielski [11] presented a construction that for any n
creates a graph M, which is triangle-free (w(G) = 2) with x(G) > n. The
starting point is the complete graph of two vertices (Ka2). M,41) is obtained
from M, through the operation p(G) called the Mycielskian of a graph G.

We first define the operation p(G) and then show that w(u(G)) = w(G) and
x(1(G@)) = x(G) + 1. This is done for arbitrary graph G, see also [10]. Then we
define the sequence of graphs M, each of exponential size in n and give their
clique and chromatic numbers.

MML identifier: MYCIELSK, version: 7.11.07 4.156.1112

The notation and terminology used here have been introduced in the following
papers: [1], [15], [13], [8], [5], [2], [14], [9], [16], [3], [6], [18], [19], [12], [17], [4],
and [7].

1. PRELIMINARIES

One can prove the following propositions:
(1) For all real numbers z, y, z such that 0 < z holds z-(y—'z) = z-y—"x- 2.
(2) For all natural numbers z, y, z holds z € y \ z iff z <z < y.

(3) Forall sets A, B, C, D, E, X such that X C Aor X C Bor X C C or
XCDorXCFEholds XCAUBUCUDUE.

(4) For all sets A, B, C, D, E, x holdsz € AUBUCUDUE iff z € A or
re€BorxeCorxeDorzxekE.

!This work has been partially supported by the NSERC grant OGP 9207.
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(5) Let R be a symmetric relational structure and z, y be sets. Suppose
x € the carrier of R and y € the carrier of R and (z, y) € the internal
relation of R. Then (y, x) € the internal relation of R.

(6) For every symmetric relational structure R and for all elements z, y of
R such that z < y holds y < x.

2. PARTITIONS

One can prove the following proposition
(7) For every set X and for every partition P of X holds PCX.
Let X be a set, let P be a partition of X, and let S be a subset of X. The
functor P[S yields a partition of S and is defined by:
(Def. 1) P[S = {xzNS;x ranges over elements of P: x meets S}.
Let X be a set. Observe that there exists a partition of X which is finite.

Let X be a set, let P be a finite partition of X, and let S be a subset of X.
Observe that PJS is finite.
One can prove the following propositions:
(8) For every set X and for every finite partition P of X and for every subset
S of X holds P|S < P.
(9) Let X be aset, P be a finite partition of X, and S be a subset of X. Then
for every set p such that p € P holds p meets S if and only if P:[S =D.

(10) Let R be a relational structure, C' be a coloring of R, and S be a subset
of R. Then C'[S is a coloring of sub(S).

3. CHROMATIC NUMBER AND CLIQUE COVER NUMBER

Let R be a relational structure. We say that R is finitely colorable if and
only if:
(Def. 2) There exists a coloring of R which is finite.

One can check that there exists a relational structure which is finitely colo-
rable.

Let us observe that every relational structure which is finite is also finitely
colorable.

Let R be a finitely colorable relational structure. Observe that there exists
a coloring of R which is finite.

Let R be a finitely colorable relational structure and let .S be a subset of R.
One can verify that sub(.S) is finitely colorable.

Let R be a finitely colorable relational structure. The functor X(R) yielding
a natural number is defined by:
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(Def. 3) There exists a finite coloring C of R such that C = X(R) and for every
finite coloring C' of R holds X(R) < C'.

Let R be an empty relational structure. Observe that X(R) is empty.

Let R be a non empty finitely colorable relational structure. Observe that
X(R) is positive.

Let R be a relational structure. We say that R has finite clique cover if and
only if:

(Def. 4) There exists a clique-partition of R which is finite.

One can verify that there exists a relational structure which has finite clique
cover.

One can verify that every relational structure which is finite has also finite
clique cover.

Let R be a relational structure with finite clique cover. Observe that there
exists a clique-partition of R which is finite.

Let R be a relational structure with finite clique cover and let S be a subset
of R. Observe that sub(S) has finite clique cover.

Let R be a relational structure with finite clique cover. The functor k(R)
yielding a natural number is defined by:

(Def. 5) There exists a finite clique-partition C of R such that C = k(R) and for
every finite clique-partition C' of R holds x(R) < C.

Let R be an empty relational structure. One can check that x(R) is empty.

Let R be a non empty relational structure with finite clique cover. One can
verify that k(R) is positive.

We now state several propositions:

(11) For every finite relational structure R holds w(R) < the carrier of R.
(12) For every finite relational structure R holds o(R) < the carrier of R.
(13) For every finite relational structure R holds X(R) < the carrier of R.
(14) For every finite relational structure R holds ~(R) < the carrier of R.
(15) For every finitely colorable relational structure R with finite clique num-

ber holds w(R) < X(R).
(16) For every relational structure R with finite stability number and finite
clique cover holds a(R) < k(R).

4. COMPLEMENT

The following two propositions are true:

(17) Let R be a relational structure, x, y be elements of R, and a, b be
elements of ComplRelStr R. If t =a and y = b and z < y, then a £ b.
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(18) Let R be a relational structure, x, y be elements of R, and a, b be
elements of ComplRelStr R. If x = a and y = b and « # y and x € the
carrier of R and a £ b, then z < y.

Let R be a finite relational structure. Note that ComplRelStr R is finite.
Next we state four propositions:

(19) For every symmetric relational structure R holds every clique of R is a
stable set of ComplRelStr R.

(20) For every symmetric relational structure R holds every clique of
ComplRelStr R is a stable set of R.

(21) For every relational structure R holds every stable set of R is a clique of
ComplRelStr R.

(22) For every relational structure R holds every stable set of ComplRelStr R
is a clique of R.

Let R be a relational structure with finite clique number.

One can verify that ComplRelStr R has finite stability number.

Let R be a symmetric relational structure with finite stability number. Ob-
serve that ComplRelStr R has finite clique number.

The following propositions are true:

(23) For every symmetric relational structure R with finite clique number
holds w(R) = o(ComplRelStr R).

(24) For every symmetric relational structure R with finite stability number
holds a(R) = w(ComplRelStr R).
(25) For every relational structure R holds every coloring of R is a clique-
partition of ComplRelStr R.
(26) For every symmetric relational structure R holds every clique-partition
of ComplRelStr R is a coloring of R.
(27) For every symmetric relational structure R holds every clique-partition
of R is a coloring of ComplRelStr R.
(28) For every relational structure R holds every coloring of ComplRelStr R
is a clique-partition of R.
Let R be a finitely colorable relational structure.
Observe that ComplRelStr R has finite clique cover.
Let R be a symmetric relational structure with finite clique cover. One can
check that ComplRelStr R is finitely colorable.
The following propositions are true:
(29) For every finitely colorable symmetric relational structure R holds
X(R) = £(ComplRelStr R).
(30) For every symmetric relational structure R with finite clique cover holds
x(R) = X(ComplRelStr R).
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5. ADJACENT SET

Let R be a relational structure and let v be an element of R. The functor
Adjacent(v) yields a subset of R and is defined as follows:

(Def. 6) For every element = of R holds z € Adjacent(v) iff z < v or v < z.
The following proposition is true
(31) Let R be a finitely colorable relational structure, C' be a finite coloring
of R, and ¢ be a set. Suppose ¢ € C and C' = X(R). Then there exists
an element v of R such that v € ¢ and for every element d of C such

that d # ¢ there exists an element w of R such that w € Adjacent(v) and
w € d.

6. NATURAL NUMBERS AS VERTICES

Let n be a natural number. A strict relational structure is said to be a
relational structure of n if:

(Def. 7) The carrier of it = n.

Let us observe that every relational structure of 0 is empty.

Let n be a non empty natural number. Note that every relational structure
of n is non empty.

Let n be a natural number. Note that every relational structure of n is finite
and there exists a relational structure of n which is irreflexive.

Let n be a natural number. The functor K (n) yields a relational structure
of n and is defined as follows:

(Def. 8) The internal relation of K(n) =n x n\ id,.
The following proposition is true

(32) Let n be a natural number and x, y be sets. Suppose z, y € n. Then (z,
y) € the internal relation of K(n) if and only if 2 # y.

Let n be a natural number. Note that K (n) is irreflexive and symmetric.
Let n be a natural number. Observe that Qg (,) is a clique.
The following propositions are true:

33) For every natural number n holds w(K(n)) = n.
34)
35) For every natural number n holds X(K(n)) = n.
36)

(
( For every non empty natural number n holds o(K(n)) = 1.
(
(

For every non empty natural number n holds ~(K(n)) = 1.
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7. MYCIELSKIAN OF A GRAPH

Let n be a natural number and let R be a relational structure of n. The
functor Mycielskian R yields a relational structure of 2-n + 1 and is defined by
the condition (Def. 9).

(Def. 9) The internal relation of Mycielskian R = (the internal relation of R) U
{{z, y + n); x ranges over elements of N, y ranges over elements of N: (z,
y) € the internal relation of R} U {(z +n, y);x ranges over elements of N,
y ranges over elements of N: (z, y) € the internal relation of R} U{2-n} x
(2-n\n)U(2-n\n)x{2 -n}.
One can prove the following propositions:

(37) Let n be a natural number and R be a relational structure of n. Then
the carrier of R C the carrier of Mycielskian R.

(38) Let n be a natural number, R be a relational structure of n, and z, y be
natural numbers. Suppose (z, y) € the internal relation of Mycielskian R.
Then
) z<nandy<n,or
) z<n<y<2-n,or
(iii) n<z<2-nandy<n,or
) xz=2-nandn<y<2-n,or
) n<z<2-nandy=2-n.
(39) Let n be a natural number and R be a relational structure of n. Then
the internal relation of R C the internal relation of Mycielskian R.

(40) Let n be a natural number, R be a relational structure of n, and z, y be
sets. Suppose z, y € n and (z, y) € the internal relation of Mycielskian R.
Then (z, y) € the internal relation of R.

(41) Let n be a natural number, R be a relational structure of n, and x, y
be natural numbers. Suppose (z, y) € the internal relation of R. Then
(z, y + n) € the internal relation of Mycielskian R and (z + n, y) € the
internal relation of Mycielskian R.

(42) Let n be a natural number, R be a relational structure of n, and z, y be
natural numbers. Suppose x € n and (x, y + n) € the internal relation of
Mycielskian R. Then (x, y) € the internal relation of R.

(43) Let n be a natural number, R be a relational structure of n, and z, y be
natural numbers. Suppose y € n and (z + n, y) € the internal relation of
Mycielskian R. Then (x, y) € the internal relation of R.

(44) Let n be a natural number, R be a relational structure of n, and m
be a natural number. Suppose n < m < 2-n. Then (m, 2-n) € the
internal relation of Mycielskian R and (2 - n, m) € the internal relation of
Mycielskian R.
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(45) Let n be a natural number, R be a relational structure of n, and S be a
subset of Mycielskian R. If S = n, then R = sub(5).

(46) For every natural number n and for every irreflexive relational structure
R of n such that 2 < w(R) holds w(R) = w(Mycielskian R).
(47) For every finitely colorable relational structure R and for every subset S
of R holds X(R) > X(sub(95)).
(48) For every natural number n and for every irreflexive relational structure
R of n holds x(Mycielskian R) = 1 + X(R).
Let n be a natural number. The functor Mycielskian n yielding a relational
structure of 3 - 2" —' 1 is defined by the condition (Def. 10).
(Def. 10) There exists a function m; such that
(i)
(i) domm; =N,
(iii)  my(0) = K(2), and
(iv)

Mycielskiann = m(n),

for every natural number k and for every relational structure R of

3-2F "1 such that R = my(k) holds mq(k + 1) = Mycielskian R.

The following proposition is true
(49) Mycielskian0 = K(2) and for every natural number %k holds

Mycielskian(k + 1) = Mycielskian Mycielskian k.

Let n be a natural number. One can verify that Mycielskiann is irreflexive.

Let n be a natural number. Observe that Mycielskian n is symmetric.

We now state three propositions:

(50) For every natural number n holds w(Mycielskiann) = 2 and
X(Myecielskiann) = n + 2.

(51) For every natural number n there exists a finite relational structure R
such that w(R) = 2 and X(R) > n.

(52) For every natural number n there exists a finite relational structure R
such that a(R) = 2 and ~(R) > n.
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Summary. In this article, we give some important theorems of forward
difference, backward difference, central difference and difference quotient and
forward difference, backward difference, central difference and difference quotient
formulas of some special functions.
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The papers [2], [7], [13], [3], [1], [6], [9], [4], [14], [8], [5], [15], [11], [12], and [10]
provide the notation and terminology for this paper.

We adopt the following rules: n denotes an element of N, h, k, x, xg, 1, T2,
x3 denote real numbers, and f, g denote functions from R into R.

Next we state a number of propositions:
(1) Ifxg>0and x>0, then log, z9 — log, z1 = log,(32).
(2) If o > 0 and x; > 0, then log, x¢ + log, x1 = log,(zo - z1).
(3) If z >0, then log, x = (the function In)(z).
(4)

4) Ifzp > 0 and z; > 0, then (the function In)(zg)— (the function In)(x;) =
(the function In)($2).

(5) Suppose for every z holds f(x) = x% and 9 # 0 and z; # 0 and
o # 0 and x3 # 0 and zg, T1, 2, x3 are mutually different. Then

A[f](.%‘07$1,$2,x3): zywywg \wg ' x it_ngxlxg) w3 e Tay))

(© 2011 University of Bialystok
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(6) Suppose xg € dom (the function cot) and x; € dom (the func-
tion cot). Then Al(the function cot) (the function cot)](zg,z1) =

(cosz1)%—(cos zg)?
(sinzg-sinz)2-(xo—z1) "

(7) Suppose x € dom (the function cot) and x + h € dom (the func-
tion cot). Then (Ap[(the function cot) (the function cot)])(z) =
%~(Cos(2~(az+h))—cos(2~x))

(sin(z+h)-sinx)?

(8) Suppose x € dom (the function cot) and =z — h € dom (the func-
tion cot). Then (Vp[(the function cot) (the function cot)])(z) =
%-(cos(2~m)—cos(2-(h—z)))

(sinz-sin(z—h))? :

(9) Suppose z + % € dom (the function cot) and x — % € dom (the
function cot). Then (dp[(the function cot) (the function cot)])(z) =
%~(cos(h+2~a})—cos(h—2~:c))

(sin(z+2)-sin(z—1))2

(10) If xp, 1 € dom cosec, then

Alcosec cosec|(xg,z1) = 1

4-(sin(x1+x0)-sin(x1—x0))
cos(zo+x1)—cos(zo—z1))2-(xo—71) "

11) If z, z+ h € dom cosec, then (Ay[cosec cosec|)(x) = — (Ci:@ff;f)}i)cifh}ﬁz
12) If 2, z — h € dom cosec, then (Vp[cosec cosec])(z) = — (Ci;g(jf,:)}i);:h};z

4-sin(2-x)-sin h

13 (cos(2-x)—cos h)? "

14

(13) Ifx+%, :E—% € dom cosec, then (d;,[cosec cosec])(x) = —
(14) If xo, x1 € domsec, then
4-(sin(xzo+x1)-sin(zo—x1))
cos(zo+x1)+cos(zo—z1))2-(xo—71)
4-sin(2-z+h)-sin h
cos(2-z+h)+cos h)2 "
4-sin(2-x—h)-sin h
(cos(2-x—h)+cos h)2 "
h h 4-sin(2-x)-sin h
If 2+ 3, x — 5 € domsec, then (0p[sec sec])(z) = ((:05(22)#}1)2
If 9, 1 € domcosecNdomsec, then Alcosec sec|(zg,z1) =
4-(cos(xz14xg)-sin(x —xzq))
sin(2-xg)-sin(2-x1)

Alsec sec|(xg,z1) = i

15
16

17
18

If z, 2 + h € domsec, then (Ay[sec sec])(z) = (

(15)
(16) If x, x — h € domsec, then (Vp[sec sec])(x) =
(17)
(18)

To—T1
(19) If = + h, * € domcosecNdomsec, then (Ap[cosec sec])(z) =
4. cos(2-xz+h)-sinh
sin(2-(z+h))-sin(2-z)
(20) If = — h, * € domcosecNdomsec, then (Vj[cosec sec|)(x) =
___cos(2-x—h)-sinh
sin(2-x)-sin(2-(x—h))

21) If z + 2% 2 -2 € domcosecndomsec, then (dj[cosec sec])(z) =

4 cos(2-x)-sinh
% sin(2z+h)sin(2z—h)
(22) Suppose xo € dom (the function tan) and z; € dom (the function tan).
Then A[(the function tan) (the function tan) (the function cos)|(xo,z1) =

A[(the function tan) (the function sin)](zo,z1).

(23) Suppose x € dom (the function tan) and x4+ h € dom (the function tan).
Then (Ap[(the function tan) (the function tan) (the function cos)])(z) =
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((the function tan) (the function sin))(z + h) — ((the function tan) (the
function sin))(z).

(24) Suppose x € dom (the function tan) and x — h € dom (the func-
tion tan). Then (V,[(the function tan) (the function tan) (the function
cos)])(z) = ((the function tan) (the function sin))(x)— ((the function tan)
(the function sin))(xz — h).

h

(25) Suppose z + 2 € dom (the function tan) and z — 2 € dom (the func-
tion tan). Then (05[(the function tan) (the function tan) (the function
cos)])(z) = ((the function tan) (the function sin))(z + %) — ((the function
tan) (the function sin))(z — 2).

(26) Suppose xg € dom (the function cot) and z; € dom (the function cot).
Then A[(the function cot) (the function cot) (the function sin)|(xg,x1) =
A[(the function cot) (the function cos)](zo,x1).

(27) Suppose z € dom (the function cot) and x + h € dom (the function cot).
Then (Ap[(the function cot) (the function cot) (the function sin)])(z) =
((the function cot) (the function cos))(x 4+ h) — ((the function cot) (the
function cos))(x).

(28) Suppose z € dom (the function cot) and x — h € dom (the func-
tion cot). Then (V[(the function cot) (the function cot) (the function
sin)])(x) = ((the function cot) (the function cos))(z) — ((the function cot)
(the function cos))(z — h).

h

(29) Suppose z + % € dom (the function cot) and z — % € dom (the func-
tion cot). Then (J;[(the function cot) (the function cot) (the function
sin)])(z) = ((the function cot) (the function cos))(z + %) — ((the function
cot) (the function cos))(x — %)

(30) If 9 > 0 and x; > 0, then Afthe function In](zg,z1) =

(the function In)( ;—(1) )

To—T1
(31) If z > 0 and = + h > 0, then (Ap[the function In])(x) = (the function
In)(1+2).
(32) If z > 0 and = — h > 0, then (Vj[the function In])(z) = (the function
In)(1+ 2.
(33) Ifz+%>0andz—2 >0, then (Jy[the function In])(x) = (the function
In)(1 + xf% ).

(34) For all real numbers h, k holds exp(h — k) = %.

(35)  (Anlf)(x) = (Shift(f, h))(z) — f(x).

(36) If for every x holds f(z) = (Aplg])(x), then A[f](xg,z1) = Alg](xo +
h,x1 + h) — Alg)(zo, z1).

(37)  (An[An[f)(@) = (A2nlfD(2) — 2 (An[f]) ().

(38)  (VrlAnlf)(z) = (Anlf])(2) = (Vir[f])(2).

37
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(39)  (On[An[/M)(2) = (AnfN)(@ + §) = (ulf])(x).

(10) (Bal D)) = GO +h) - Eal)O)(z).

(1) El)+ D) = Gl ) +h) — Balf ) @),

(12) (Valf))() = F(2) — (Shite(f, —h)) (x):

(43) If for every z holds f(x) = (Vi[g])(z), then A[f](zo, 1) = Alg](xo, z1)—
Algl(zo — h,x1 = h).

(44)  (An[Va[fD(z) = (Ah[f])(w) (ValfD)().

(45)  (Val[ValfID(@) = 2- (Valf)(2) = (Var[f])(@).

(46)  (On[VilfN)(z) = (ol fD) () = (V [f])(x—%)

(47) (Tl = (FalfDO)@) — (Falf)O) @ — h).

(48) (Tulf)(n+ (@) = (Falfm)@) — (Talf) ) — h)

(19)  (nlf])(x) = (Shifs(f, &) (x) — (Shife(f, —2))(x).

(50) If for every x holds f(z) = (dnlg])(x), then A[f](zo,x1) = Alg](xo +
a1+ %) - Algl(wo — §,21 - §).

(51)  (An[on[fM)(2) = (An[fN)(@ + §) = (ulf])(2).

(52)  (Valonlf(z) = (Gulf])(@) = (ValfD(z = 5).

(53)  (n[0n[f])(z) = (An[fD) (@) = (Va[f])().

(54)  @GulfDM)(@) = (Ga[N(0) (= + §) = GalN(O) (= — §)

(55) (Gulf)(n+ D) = Galf D)@+ &) — Galf D) (e — &),

(56) Suppose zp € dom (the function tan) and z; € dom (the function tan).

Then A[(the function tan) (the function tan) (the function sin)|(x,z1) =

(sinzo)3-(cosz1)2—(sinzy)>-(cos 29)?

(cosz0)2-(cosx1)2-(xo—x1)

(57) Suppose x € dom (the function tan) and = + h € dom (the func-
tion tan). Then (Ap[(the function tan) (the function tan) (the function
sin)])(z) = (the function sin)(z + h)® - ((the function cos)(x + h)_l)2 -
(the function sin)(z)? - ((the function cos)($)_1)2.

(58) Suppose x € dom (the function tan) and x — h € dom (the func-

tion tan). Then (Vp[(the function tan) (the function tan) (the func-

tion sin)])(xz) = (the function sin)(z)® - ((the function cos)(m)_l)2 -

(the function sin)(z — h)* - ((the function cos)(z — h)_l)Q.

(59) Suppose = + % € dom (the function tan) and z — % € dom (the func-

tion tan). Then (0p[(the function tan) (the function tan) (the function
sin)])(z) = (the function sin)(z + %)3 - ((the function cos)(x + %)_1)2 -

(the function sin)(z — %)3 - ((the function cos)(z — %)_1)2.

(60) Suppose xp € dom (the function cot) and z; € dom (the function cot).
Then A[(the function cot) (the function cot) (the function cos)](zg, 1) =

(cos )3 (sinz1)2—(cos z1)>- (sm:to)2

(sinzo)?-(sinz1)2-(zo—x1)
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(61) Suppose z € dom (the function cot) and x + h € dom (the func-
tion cot). Then (Ap[(the function cot) (the function cot) (the function
cos)])(z) = (the function cos)(x + h)® - ((the function sin)(x + h)*1)2 —
(the function cos)(z)? - ((the function sin)(z)~1)”.

(62) Suppose x € dom (the function cot) and =z — h € dom (the func-
tion cot). Then (Vp[(the function cot) (the function cot) (the func-
tion cos)])(#) = (the function cos)(z)® - ((the function sin)(az:)_l)2 -

(the function cos)(z — h)® - ((the function sin)(z — h)*l)Q.

(63) Suppose z + % € dom (the function cot) and x — % € dom (the func-

tion cot). Then (dp[(the function cot) (the function cot) (the function

cos)])(z) = (the function cos)(z + %)3 - ((the function sin)(z + %)_1)2 —

(the function cos)(x — %)3 - ((the function sin)(z — %)_1)2.
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[12], [10], [14], and [5] provide the terminology and notation for this paper.

1. PRELIMINARIES

Let x, y be sets. Observe that {(x, y)} is one-to-one.
In the sequel n denotes a natural number.
One can prove the following two propositions:

(1) For every non empty topological space T holds T and T'[Qr are home-
omorphic.

(2) Let X be a non empty subspace of £ and f be a function from X into
R1. Suppose f is continuous. Then there exists a function g from X into
ET such that

(i)  for every point a of X and for every point b of £} and for every real
number 7 such that a = b and f(a) = r holds g(b) = r - b, and

(ii) g is continuous.

Let us consider n and let S be a subset of £f. We say that S is ball if and
only if:

(Def. 1) There exists a point p of £} and there exists a real number 7 such that
S = Ball(p, r).

(© 2011 University of Bialystok
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Let us consider n. Observe that there exists a subset of £F which is ball and
every subset of £ which is ball is also open.

Let us consider n. One can verify that there exists a subset of £ which is
non empty and ball.

In the sequel p denotes a point of £F and r denotes a real number.

The following proposition is true

(3) For every open subset S of £} such that p € S there exists ball subset
B of £F such that B C S and p € B.

Let us consider n, p, r. The functor B,(p) yields a subspace of £F and is
defined as follows:

(Def. 2) B, (p) = &¢I Ball(p, 7).
Let us consider n. The functor B" yields a subspace of £F and is defined as
follows:
(Def. 3) B" =B1(0gp).
Let us consider n. One can verify that B™ is non empty. Let us consider p
and let s be a positive real number. Observe that Bg(p) is non empty.
The following propositions are true:
(4) The carrier of B, (p) = Ball(p, 7).
(5) Ifn# 0 and p is a point of B, then |p| < 1.
(6) Let f be a function from B" into £. Suppose n # 0 and for every point

a of B™ and for every point b of £F such that a = b holds f(a) = W -b.
Then f is homeomorphism.

(7) Let r be a positive real number and f be a function from B" into B, (p).
Suppose n # 0 and for every point a of B" and for every point b of £F
such that a = b holds f(a) =7 b+ p. Then f is homeomorphism.

(8) B"™ and &F are homeomorphic.

In the sequel ¢ denotes a point of £F.
We now state three propositions:

(9) For all positive real numbers 7, s holds B,(p) and Bs(q) are homeomor-
phic.
(10) For every non empty ball subset B of £f holds B and (lgn are home-
omorphic.

(11) Let M, N be non empty topological spaces, p be a point of M, U be
a neighbourhood of p, and B be an open subset of N. Suppose U and B
are homeomorphic. Then there exists an open subset V of M and there
exists an open subset S of N such that V C U and p € V and V and S
are homeomorphic.
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2. MANIFOLD

In the sequel M is a non empty topological space.
Let us consider n, M. We say that M is n-locally Euclidean if and only if
the condition (Def. 4) is satisfied.

(Def. 4) Let p be a point of M. Then there exists a neighbourhood U of p and
there exists an open subset S of £F such that U and S are homeomorphic.

Let us consider n. Observe that £F is n-locally Euclidean.

Let us consider n. Observe that there exists a non empty topological space
which is n-locally Euclidean.

We now state two propositions:

(12) M is n-locally Euclidean if and only if for every point p of M there exists
a neighbourhood U of p and there exists ball subset B of £} such that U
and B are homeomorphic.

(13) M is n-locally Euclidean if and only if for every point p of M there exists
a neighbourhood U of p such that U and {¢» are homeomorphic.

Let us consider n. Observe that every non empty topological space which is
n-locally Euclidean is also first-countable.

Let us note that every non empty topological space which is 0-locally Euc-
lidean is also discrete and every non empty topological space which is discrete
is also O-locally Euclidean.

Let us consider n. One can verify that £} is second-countable.

Let us consider n. Note that there exists a non empty topological space
which is second-countable, Hausdorff, and n-locally Euclidean.

Let us consider n, M. We say that M is n-manifold if and only if:

(Def. 5) M is second-countable, Hausdorff, and n-locally Euclidean.
Let us consider M. We say that M is manifold-like if and only if:
(Def. 6) There exists n such that M is n-manifold.

Let us consider n. Observe that there exists a non empty topological space
which is n-manifold.
Let us consider n. One can check the following observations:

* every non empty topological space which is n-manifold is also second-
countable, Hausdorff, and n-locally Euclidean,

* every non empty topological space which is second-countable, Hausdorff,
and n-locally Euclidean is also n-manifold, and

* every non empty topological space which is n-manifold is also manifold-
like.

Let us note that every non empty topological space which is second-countable

and discrete is also 0-manifold.
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Let us consider n and let M be an n-manifold non empty topological space.
One can verify that every non empty subspace of M which is open is also n-
manifold.

Let us note that there exists a non empty topological space which is manifold-
like.

A manifold is a manifold-like non empty topological space.
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1. PRELIMINARIES

For simplicity, we adopt the following rules: n denotes an element of N, X,
X1 denote sets, r, p denote real numbers, s, zg, 1, T9 denote real numbers, S,
T denote real normed spaces, f, fi, fo denote partial functions from R to the
carrier of S, s1 denotes a sequence of real numbers, and Y denotes a subset of
R.

The following propositions are true:

(1) Let s2 be a sequence of real numbers and h be a partial function from
R to the carrier of S. If rng sy C dom h, then s2(n) € dom h.

(2) Let hy, he be partial functions from R to the carrier of S and sy be a
sequence of real numbers. If rng so C dom hj Ndom hg, then (hy +hg).s2 =
(h1x52) + (h2«82) and (h1 — h2)«s2 = (h1x82) — (h2«52).

(© 2011 University of Bialystok
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(3) For every sequence h of S and for every real number r holds r h = r - h.

(4) Let h be a partial function from R to the carrier of S, sy be a sequence
of real numbers, and r be a real number. If rng so C dom A, then 7 h,so =

7+ (hyS2).
(5) Let h be a partial function from R to the carrier of S and s be a
sequence of real numbers. If rng sy C dom h, then ||h.s2|| = ||h]|«s2 and

—(]’L*SQ) = —h*SQ.

2. CONTINUOUS REAL FUNCTIONS INTO NORMED LINEAR SPACES

Let us consider S, f, zg. We say that f is continuous in xg if and only if:
(Def. 1) xg € dom f and for every s; such that rngs; C dom f and s is conver-
gent and lim s; = xg holds f.s; is convergent and f,, = lim(fss1).
Next we state a number of propositions:
(6) If zp € X and f is continuous in g, then f[]X is continuous in .

(7) f is continuous in zg if and only if the following conditions are satisfied:
(i) o € dom f, and
(ii)  for every s1 such that rng s; C dom f and s; is convergent and lim s1 =
xo and for every n holds sj(n) # xo holds f.s; is convergent and f,, =
lHm(fys1).
(8) f is continuous in z if and only if the following conditions are satisfied:
(i) o € dom f, and
(ii)  for every r such that 0 < r there exists s such that 0 < s and for every
x1 such that x; € dom f and |z — 20| < s holds || fz, — faol < 7
(9) Let given S, f, xo. Then f is continuous in z if and only if the following
conditions are satisfied:
(i) o € dom f, and
(ii)  for every neighbourhood Nj of f,, there exists a neighbourhood N of xg
such that for every z; such that z; € dom f and x; € N holds f,;, € N;.
(10) Let given S, f, xg. Then f is continuous in x if and only if the following
conditions are satisfied:
(i) o € dom f, and
(ii)  for every neighbourhood Nj of f;, there exists a neighbourhood N of
xzg such that f°N C Nj.
(11) If there exists a neighbourhood N of zy such that dom f N N = {xz¢},
then f is continuous in xg.
(12) If zp € dom f; Ndom fy and f; is continuous in xp and f2 is continuous
in xg, then f; + f9 is continuous in xy and f; — f2 is continuous in zq.

(13) If f is continuous in zg, then r f is continuous in zo.
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(14) 1If 29 € dom f and f is continuous in zg, then || f|| is continuous in xg
and —f is continuous in xg.

(15) Let f1 be a partial function from R to the carrier of S and f be a partial
function from the carrier of S to the carrier of T'. Suppose xy € dom( fa- f1)
and fi is continuous in zp and fy is continuous in (fi)g,. Then fo - f1 is
continuous in xg.

Let us consider S, f. We say that f is continuous if and only if:
(Def. 2) For every xg such that zp € dom f holds f is continuous in zg.
Next we state two propositions:

(16) Let given X, f. Suppose X C dom f. Then f[X is continuous if and only
if for every s; such that rngs; C X and sp is convergent and lims; € X
holds f.s; is convergent and fiim, s, = im(f.s1).

(17) Suppose X C dom f. Then f[X is continuous if and only if for all zq, r
such that g € X and 0 < r there exists s such that 0 < s and for every
x1 such that 1 € X and |z1 — o] < s holds || fz, — fazoll < 7

Let us consider S. One can check that every partial function from R to the
carrier of S which is constant is also continuous.

Let us consider S. Note that there exists a partial function from R to the
carrier of S which is continuous.

Let us consider S, let f be a continuous partial function from R to the carrier
of S, and let X be a set. Observe that f]X is continuous.

Next we state the proposition

(18) If f]X is continuous and X; C X, then f[X; is continuous.

Let us consider S. Observe that every partial function from R to the carrier
of § which is empty is also continuous.

Let us consider S, f and let X be a trivial set. Observe that f[X is conti-
nuous.

Let us consider S and let f;, f2 be continuous partial functions from R to
the carrier of S. Observe that f; + f2 is continuous and f; — fo is continuous.

The following two propositions are true:

(19) Let given X, f1, fo. Suppose X C dom fiNdom f2 and f1]X is continuous
and fo]X is continuous. Then (f1 + f2)[X is continuous and (f; — f2)[ X
is continuous.

(20) Let given X, X1, f1, fo. Suppose X C dom f; and X; C dom f» and
f11X is continuous and f2[ X7 is continuous. Then (f1 + f2o)[(X N X1) is
continuous and (f1 — f2)[(X N X7) is continuous.

Let us consider S, let f be a continuous partial function from R to the carrier
of S, and let us consider r. One can check that r f is continuous.
We now state several propositions:

(21) If X Cdom f and f]X is continuous, then (r f)[X is continuous.
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(22) If X C dom f and f[X is continuous, then ||f]|[X is continuous and
(—f)1X is continuous.

(23) If f is total and for all z1, x2 holds fy, 4z, = fz, + fz, and there exists
xzg such that f is continuous in zg, then f[R is continuous.

(24) 1If dom f is compact and f[dom f is continuous, then rng f is compact.

(25) IfY C dom f and Y is compact and f]Y is continuous, then f°Y is
compact.

3. LipscHITZ CONTINUITY

Let us consider S, f. We say that f is Lipschitzian if and only if:
(Def. 3) There exists a real number r such that 0 < r and for all 21, x5 such that
x1, x2 € dom f holds || fz, — faoll <7 |x1 — 22].
The following proposition is true
(26) fIX is Lipschitzian if and only if there exists a real number r such that
0 < r and for all 1, x9 such that x1, 2 € dom(f[X) holds || fz, — fa,|l <
r-|xr — .

Let us consider S. Observe that every partial function from R to the carrier
of S which is empty is also Lipschitzian.

Let us consider S. One can verify that there exists a partial function from
R to the carrier of S which is empty.

Let us consider S, let f be a Lipschitzian partial function from R to the
carrier of S, and let X be a set. One can check that f[X is Lipschitzian.

The following proposition is true

(27) If f]X is Lipschitzian and X; C X, then f[X; is Lipschitzian.

Let us consider S and let fi, fo be Lipschitzian partial functions from R
to the carrier of S. One can check that f; 4+ fo is Lipschitzian and f; — fo is
Lipschitzian.

One can prove the following propositions:

(28) If f1[X is Lipschitzian and fo] X7 is Lipschitzian, then (f1+ f2)[(XNX7)
is Lipschitzian.

(29) If f1]X is Lipschitzian and f2[ X is Lipschitzian, then (f; — f2)[(XNX1)
is Lipschitzian.

Let us consider S, let f be a Lipschitzian partial function from R to the
carrier of S, and let us consider p. Note that p f is Lipschitzian.

Next we state the proposition

(30) If f]X is Lipschitzian and X C dom f, then (p f)]X is Lipschitzian.

Let us consider S and let f be a Lipschitzian partial function from R to the
carrier of S. Note that || f|| is Lipschitzian.
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One can prove the following proposition

(31) If fIX is Lipschitzian, then —f[X is Lipschitzian and (—f)[X is Lip-

schitzian and || f||[X is Lipschitzian.

Let us consider S. One can verify that every partial function from R to the

carrier of S which is constant is also Lipschitzian.

Let us consider S. Observe that every partial function from R to the carrier

of S which is Lipschitzian is also continuous.

Next we state two propositions:

(32) If there exists a point r of S such that rng f = {r}, then f is continuous.

(33) For all points 7, p of S such that for every zy such that z¢p € X holds

SO

NI

fzo = x0 -7+ p holds f[X is continuous.
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Summary. In this article we introduced the isomorphism mapping betwe-
en cartesian products of family of linear spaces [4]. Those products had been
formalized by two different ways, i.e., the way using the functor [:X,Y:] and ones
using the functor “product”. By the same way, the isomorphism mapping was
defined between Cartesian products of family of linear normed spaces also.
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[10], [19], and [9].

1. PRELIMINARIES

One can prove the following propositions:
(1) Let D, E, F, G be non empty sets. Then there exists a function I from
D x Ex (F xG@G)into D x F x (E x G) such that
(i) I is one-to-one and onto, and
(ii) for all sets d, e, f, g such that d € D and e € F and f € F and g € G
holds I({d, €}, (f, 9)) = ({d, f), (e, 9)).
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(2) Let X be a non empty set and D be a function. Suppose dom D = {1}
and D(1) = X. Then there exists a function I from X into [[ D such
that I is one-to-one and onto and for every set x such that x € X holds
I(z) = (z).

(3) Let X, Y be non empty sets and D be a function. Suppose dom D =
{1,2} and D(1) = X and D(2) =Y. Then there exists a function I from
X XY into [[ D such that I is one-to-one and onto and for all sets x, y
such that z € X and y € Y holds I(z, y) = (z,y).

(4) Let X be a non empty set. Then there exists a function I from X into
[1(X) such that I is one-to-one and onto and for every set z such that
x € X holds I(x) = (z).

Let X, Y be non-empty non empty finite sequences. Observe that X 7Y is
non-empty.

We now state two propositions:

(5) Let X,Y be non empty sets. Then there exists a function I from X x Y
into [T(X,Y") such that I is one-to-one and onto and for all sets x, y such
that x € X and y € Y holds I(z, y) = (z,y).

(6) Let X, Y be non-empty non empty finite sequences. Then there exists
a function I from [T X x [TY into [[(X 7 Y) such that I is one-to-one
and onto and for all finite sequences x, y such that x € [[ X and y € [[Y
holds I(z, y) =z " y.

Let G, F be non empty additive loop structures. The functor prodadd(G, F')
yielding a binary operation on (the carrier of G) x (the carrier of F') is defined
by:

(Def. 1) For all points g1, g2 of G and for all points fi, fo of F holds
(prodadd(G, F))({g1, f1), {92, f2)) = {91 + g2, f1 + f2).

Let G, F be non empty RLS structures. The functor prodmlt(G, F) yielding
a function from R X ((the carrier of G)) x (the carrier of F')) into (the carrier of
G) % (the carrier of F') is defined by:

(Def. 2) For every element r of R and for every point g of G and for every point
f of F holds (prodmlt(G, F))(r, {g, f)) = {r-g, r- f).
Let G, F be non empty additive loop structures. The functor prodzero(G, F')
yields an element of (the carrier of G) x (the carrier of F') and is defined by:
(Def. 3) prodzero(G, F) = (0, 0F).
Let G, F' be non empty additive loop structures. The functor G x F' yielding
a strict non empty additive loop structure is defined by:
(Def. 4) G x F = ((the carrier of G) x (the carrier of F'), prodadd(G, F),
prodzero(G, F)).

Let G, F be Abelian non empty additive loop structures. Observe that G x
F' is Abelian.
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Let G, F be add-associative non empty additive loop structures. Note that
G x F is add-associative.

Let G, F be right zeroed non empty additive loop structures. Note that G x
F' is right zeroed.

Let G, F be right complementable non empty additive loop structures. Note
that G x F is right complementable.

Next we state two propositions:

(7) Let G, F be non empty additive loop structures. Then

(i) for every set x holds x is a point of G x F' iff there exists a point x; of
G and there exists a point zo of F such that x = (a1, z2),

(ii)  for all points x, y of G x F' and for all points 1, y; of G and for all points
X9, yo of F' such that z = (1, x2) and y = (y1, y2) holds x+y = (x1 + 1,
x9 + y2), and

(iii))  Ogxr = (Og, OF).

(8) Let G, F be add-associative right zeroed right complementable non emp-
ty additive loop structures, x be a point of G x F, z1 be a point of GG, and
x9 be a point of F. If x = (x1, z2), then —x = (—x1, —x2).

Let G, F' be Abelian add-associative right zeroed right complementable strict
non empty additive loop structures. One can check that GG x F' is strict, Abelian,
add-associative, right zeroed, and right complementable.

Let G, F be non empty RLS structures. The functor G x F' yields a strict
non empty RLS structure and is defined by:

(Def. 5) G x F = ((the carrier of G) x (the carrier of F'), prodzero(G, F),
prodadd(G, F'), prodmlt(G, F)).

Let GG, F be Abelian non empty RLS structures. Observe that G x F' is
Abelian.

Let G, F be add-associative non empty RLS structures. Note that G x F' is
add-associative.

Let GG, F be right zeroed non empty RLS structures. Note that G x F is
right zeroed.

Let G, F be right complementable non empty RLS structures. One can check
that G x F is right complementable.

Next we state two propositions:

(9) Let G, F be non empty RLS structures. Then
(i) for every set x holds x is a point of G x F' iff there exists a point x; of
G and there exists a point z3 of F' such that x = (x1, x2),
(ii)  for all points x, y of G x F' and for all points 1, y; of G and for all points
X9, y2 of F such that z = (1, x2) and y = (y1, y2) holds x +y = (x1 + 1,
T2 + y2),
(iii)  Ogxr = (0g, OF), and
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(iv)  for every point z of G x F and for every point x1 of G and for every
point x9 of F' and for every real number a such that © = (z1, x2) holds
a-x={a-x1,a- ).

(10) Let G, F be add-associative right zeroed right complementable non emp-
ty RLS structures, = be a point of G x F, 1 be a point of G, and x2 be a
point of F. If x = (x1, x2), then —z = (—xz1, —x2).

Let G, F be vector distributive non empty RLS structures. Note that G x
F' is vector distributive.

Let G, F' be scalar distributive non empty RLS structures. Note that G x F'
is scalar distributive.

Let G, F be scalar associative non empty RLS structures. Observe that G x
F' is scalar associative.

Let G, F be scalar unital non empty RLS structures. One can verify that
G x F is scalar unital.

Let G be an Abelian add-associative right zeroed right complementable sca-
lar distributive vector distributive scalar associative scalar unital non empty
RLS structure. Note that (G) is real-linear-space-yielding.

Let G, F be Abelian add-associative right zeroed right complementable sca-
lar distributive vector distributive scalar associative scalar unital non empty
RLS structures. Note that (G, F') is real-linear-space-yielding.

2. CARTESIAN PRODUCTS OF REAL LINEAR SPACES

One can prove the following proposition

(11) Let X be a real linear space. Then there exists a function I from X into
[1(X) such that
(i) I is one-to-one and onto,
(ii)  for every point = of X holds I(z) = (x),

(iii)  for all points v, w of X holds I(v+ w) = I(v) + I(w),
(iv)  for every point v of X and for every element r of R holds I(r-v) = r-I(v),
and

(v)  1(0x) = Oppxy-
Let G, F' be non empty real-linear-space-yielding finite sequences. Observe
that G~ F' is real-linear-space-yielding.
We now state three propositions:
(12) Let X, Y be real linear spaces. Then there exists a function I from X x
Y into [[(X,Y) such that
(i) I is one-to-one and onto,
(ii)  for every point x of X and for every point y of Y holds I(x, y) = (z,
Y),
(iii)  for all points v, w of X x Y holds I(v + w) = I(v) + I(w),
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(iv)  for every point v of X x Y and for every element r of R holds I(r-v) =
r-I(v), and

(v)  I(0xxy) = 0H(X,Y>'

(13) Let X, Y be non empty real linear space-sequences. Then there exists a
function I from [T X x [[Y into [[(X 7 Y) such that

(i) I is one-to-one and onto,

(ii)  for every point z of [[ X and for every point y of [[Y there exist finite
sequences 1, y1 such that x = 21 and y = yy and I(z, y) = 1 ~ y1,

(iii)  for all points v, w of [T X X [TY holds I(v + w) = I(v) + I(w),

(iv)  for every point v of [[X x [[Y and for every element r of R holds
I(r-v)=r-1(v), and

(v) I(OHXXHY) = OH(X“Y)'

(14) Let G, F be real linear spaces. Then

(i) for every set z holds x is a point of [[(G, F) iff there exists a point x;
of G and there exists a point x2 of F' such that x = (x1, z9),

(ii)  for all points x, y of [[(G, F') and for all points z1, y; of G and for all
points xg, yo of F such that x = (x1,22) and y = (y1,y2) holds x +y =
(X1 4+ y1, 22 + Y2),

(i) Ore.ry = (0, 0F),

(iv) for every point z of [[(G, F') and for every point x; of G and for every
point zy of F such that z = (z1,z9) holds —x = (—x1, —x2), and

(v)  for every point = of [[(G, F) and for every point 21 of G and for every
point z9 of F' and for every real number a such that x = (z1,z2) holds
a-x={(a-x1,a-2).

3. CARTESIAN PrODUCTS OF REAL NORMED LINEAR SPACES

Let G, F be non empty normed structures. The functor prodnorm(G, F')
yields a function from (the carrier of G) x (the carrier of F') into R and is
defined by:

(Def. 6) For every point g of G and for every point f of F' there exists an element
v of R? such that v = {||g||, | f||) and (prodnorm(G, F))(g, f) = |v|.
Let G, F' be non empty normed structures. The functor G x F' yielding a
strict non empty normed structure is defined as follows:

(Def. 7) G x F = ((the carrier of G) x (the carrier of F'), prodzero(G, F),
prodadd(G, F), prodmlt(G, F'), prodnorm(G, F))).
Let G, F be real normed spaces. Observe that G x F' is reflexive, discernible,
and real normed space-like.
Let G, F be reflexive discernible real normed space-like scalar distributive
vector distributive scalar associative scalar unital Abelian add-associative right
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zeroed right complementable non empty normed structures. One can verify that
G x F is strict, reflexive, discernible, real normed space-like, scalar distributive,
vector distributive, scalar associative, scalar unital, Abelian, add-associative,
right zeroed, and right complementable.

Let G be a reflexive discernible real normed space-like scalar distributive
vector distributive scalar associative scalar unital Abelian add-associative right
zeroed right complementable non empty normed structure. One can verify that
(G) is real-norm-space-yielding.

Let G, F be reflexive discernible real normed space-like scalar distributive
vector distributive scalar associative scalar unital Abelian add-associative right
zeroed right complementable non empty normed structures. Observe that (G,
F') is real-norm-space-yielding.

One can prove the following propositions:

(15) Let X, Y be real normed spaces. Then there exists a function I from
X x Y into [[(X,Y) such that
(i) I is one-to-one and onto,
(ii)  for every point x of X and for every point y of Y holds I(z, y) = (=,
Y)s
(iii)  for all points v, w of X x Y holds I(v + w) = I(v) + I(w),
(iv)  for every point v of X x Y and for every element r of R holds I(r-v) =
r-1(v),
(v) Opxyy = I(0xxy), and
(vi)  for every point v of X x Y holds ||I(v)| = ||v]|.
(16) Let X be a real normed space. Then there exists a function I from X
into [[(X) such that
) I is one-to-one and onto,
) for every point = of X holds I(x) = (z),
(iii)  for all points v, w of X holds I(v+w) = I(v) + I(w),
) for every point v of X and for every element r of R holds I (r-v) = r-I(v),
) 0H<X> ZI(Ox), and
(vi)  for every point v of X holds ||I(v)|| = ||v]|-

Let G, F be non empty real-norm-space-yielding finite sequences. One can
check that G~ F is non empty and real-norm-space-yielding.

One can prove the following propositions:

(17) Let X, Y be non empty real norm space-sequences. Then there exists a
function [ from [T X x [[Y into [[(X 7 Y) such that

(i) I is one-to-one and onto,

(ii)  for every point z of [[ X and for every point y of [[Y there exist finite
sequences x1, y1 such that x = 21 and y = y; and I(z, y) = x1 ~ y1,
(iii)  for all points v, w of [[ X x [TY holds I(v + w) = I(v) + I(w),



CARTESIAN PRODUCTS OF FAMILY OF REAL LINEAR ... 57

(iv)  for every point v of [[X X [[Y and for every element r of R holds
I(r-v)=r-I(v),

(v) I(OHXXHY) = OH(X“Y)v and

(vi)  for every point v of [[ X x [TY holds [[I(v)] = ||v].

(18) Let G, F be real normed spaces. Then

(i) for every set x holds x is a point of G x F' iff there exists a point x; of
G and there exists a point zy of F' such that z = (x1, x2),

(ii)  for all points x, y of G x F' and for all points 1, y; of G and for all points
x9, y2 of F such that z = (x1, z2) and y = (y1, y2) holds z+y = (z1 + 1,
T2 + y2),

(iii)  Ogxr = (0g, OF),

(iv)  for every point  of G x F' and for every point x; of G and for every
point xg of F' such that z = (z1, x2) holds —x = (—x1, —x2),

(v) for every point x of G x F' and for every point x; of G and for every
point 2o of F and for every real number a such that x = (z1, x2) holds
a-z={a-x1,a-x2), and

(vi)  for every point x of G x F' and for every point x; of G and for every
point x5 of F' such that x = (x1, x2) there exists an element w of R? such
that w = (1 s}y and [jo]] = fu].

(19) Let G, F be real normed spaces. Then

(i)  for every set = holds x is a point of [[(G, F) iff there exists a point x;
of G and there exists a point zo of F such that x = (z1, z2),

(ii)  for all points z, y of [[(G, F') and for all points z1, y; of G and for all
points xg, yo of F such that x = (x1,z9) and y = (y1,y2) holds x +y =
(1 +y1, 22 + Y2),

(i) Orpe.r) = (0, 0r),

(iv) for every point z of [[(G, F') and for every point x; of G and for every
point x5 of F such that = (z1,29) holds —x = (—x1, —x3),

(v)  for every point = of [[(G, F') and for every point 27 of G and for every
point z9 of F' and for every real number a such that x = (z1,z2) holds
a-z=(a-x1,a-x2), and

(vi)  for every point x of [[(G, F') and for every point z; of G and for every
point x5 of F such that x = (1, z2) there exists an element w of R? such
that w = (1 ] s}y and [jo]] = ]

Let X, Y be complete real normed spaces. Observe that X x Y is complete.

We now state several propositions:

(20) Let X, Y be non empty real norm space-sequences. Then there exists a
function I from [[([TX,[1Y) into [T(X 7 Y) such that
(i) I is one-to-one and onto,
(ii)  for every point = of [[ X and for every point y of [ Y there exist finite
sequences x1, y1 such that x = 21 and y = y; and I({z,y)) = 1 " y1,
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(iii)  for all points v, w of [[(I] X, [1Y) holds I(v + w) = I(v) + I(w),

(iv)  for every point v of [[(J]X,[]Y) and for every element r of R holds
I(r-v)=r-1(v),

v) IO qxI1v)) = O[fx~v)» and

(vi)  for every point v of [[([TX,[]Y) holds || I(v)| = [|v].

(21) Let X, Y be non empty real linear spaces. Then there exists a function
I from X x Y into X x [[(Y) such that

(i) I is one-to-one and onto,
(ii)  for every point x of X and for every point y of Y holds I(z, y) = (=,
(),
(iii)  for all points v, w of X x Y holds I(v+ w) = I(v) + I(w),
(iv)  for every point v of X x Y and for every element r of R holds I(r-v) =
r-I(v), and
(v)  1(0xxy) = Ox ,T]vy-

(22) Let X be a non empty real linear space-sequence and Y be a real linear
space. Then there exists a function I from [[ X x Y into [[(X ™ (Y)) such
that

(i) I is one-to-one and onto,
(ii)  for every point x of [[ X and for every point y of Y there exist finite
sequences x1, y1 such that x =z and (y) = y1 and I(z, y) = x1 ~ y1,

(iii)  for all points v, w of [[ X x Y holds I(v 4+ w) = I(v) + I(w),

(iv)  for every point v of [[X x Y and for every element r of R holds
I(r-v)=r-1(v), and

(v) IO xxv) = O (x~(vy)-

(23) Let X, Y be non empty real normed spaces. Then there exists a function

I from X x Y into X x [[(Y) such that

(i) I is one-to-one and onto,

(ii)  for every point x of X and for every point y of Y holds I(z, y) = (=,
(),

(iii)  for all points v, w of X x Y holds I(v+ w) = I(v) + I(w),

(iv)  for every point v of X x Y and for every element r of R holds I(r-v) =
re ),

(v)  I(0xxy) = Ox, vy and

(vi)  for every point v of X x Y holds || I(v)|| = ||v]|-

(24) Let X be a non empty real norm space-sequence and Y be a real normed
space. Then there exists a function I from [T X x Y into [[(X ~(Y)) such
that

(i) I is one-to-one and onto,
(ii)  for every point x of [[ X and for every point y of Y there exist finite
sequences x1, y1 such that x = 21 and (y) = y1 and I(z, y) = x1 ~ y1,
(iii)  for all points v, w of [[ X X Y holds I(v 4+ w) = I(v) + I(w),
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(iv)  for every point v of [TX x Y and for every element r of R holds
I(r-v)=r-I(v),

(v) IO xxy) = O (x~qvy)» and
(vi)  for every point v of [T X x Y holds [|[I(v)] = ||v]|-
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Summary. In this article, we formalize integral linear spaces, that is a li-
near space with integer coefficients. Integral linear spaces are necessary for lattice
problems, LLL (Lenstra-Lenstra-Lovész) base reduction algorithm that outputs
short lattice base and cryptographic systems with lattice [8].

MML identifier: RLVECT_X, version: 7.11.07 4.156.1112

The notation and terminology used here have been introduced in the following
papers: [1], [10], 3], [9], [11], [2], [4], [6], [16], [14], [13], [12], [5], [7], [15], and
[17].

1. PRELIMINARIES

The following propositions are true:

(1) Let X be a real linear space and R, Ry be finite sequences of elements
of X. If len Ry = len Ry, then > (R; + R2) =>. R1 + Y Ro.

(2) Let X be a real linear space and R;, Ry, R3 be finite sequences of
elements of X. If len Ry = len Ry and R3 = Ry — Ry, then >, R3 =) R —
> Ra.

(3) Let X be a real linear space, R;, Rz be finite sequences of elements of
X, and a be an element of R. If Ry = a Ry, then Y  Ro =a- > R;.

! This work was supported by JSPS KAKENHI 22300285.
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2. INTEGRAL LINEAR SPACE

For simplicity, we use the following convention: x denotes a set, a denotes a
real number, ¢ denotes an integer, V denotes a real linear space, v, v, v, v3,
u, w, w1, we, wy denote vectors of V, A, B denote subsets of V', L denotes a
linear combination of V', and [, [, o denote linear combinations of A.

Let us consider V', ¢, L. The functor i - L yielding a linear combination of V'
is defined as follows:

(Def. 1) For every v holds (i - L)(v) =i - L(v).
Let us consider V', A. The functor Linz A yielding a subset of V is defined
by:
(Def. 2) Ling A={>"1:rgl CZ}.
One can prove the following propositions:
(i)-l=1i-1l.
If rngly C Z and rngly C Z, then rng(l; + o) C Z.
If rngl C Z, then rng(i- 1) C Z.
rng(Orc, ) C Z.
Lingz A C the carrier of Lin(A).
If v, u € Ling A, then v + u € Ling A.
If v € Ling A, then 7 - v € Ling A.
Oy € Ling A.
If x € A, then x € Ling A.
If A C B, then Liny A C Ling B.
Ling(A U B) = (Ling A) + Ling, B.
Linz(AN B) C (Ling A) N Ling B.
x € Ling{v} iff there exists an integer a such that z = a - v.
v € Ling{v}.

x € v+ Ling{w} iff there exists an integer a such that r = v + a - w.

=~~~ —~ —~
— O © 00 N O Ut

—_ = = = e R
© 00 N O Ut = W N
Y Y N T Y Y Y ' N N N Y

x € Ling{wi, wa} iff there exist integers a, b such that x = a-wy +b-wa.

[\
@)

w1 € Linz{wl, ’LUQ}.

o~~~ o~ o~ o~ o~ o~ o~ o~ o~ o~

[N
—

x € v+ Ling{w;,wy} iff there exist integers a, b such that z = v+ a -
w1 + b - ws.
(22) =z € Ling{vy, vy, v3} iff there exist integers a, b, ¢ such that z = a - vy +
b-vo+c-us.
(23) wi, we, w3 € Ling{w;, wa, w3}.
(24) =z € v+ Ling{w;, w2, w3} iff there exist integers a, b, ¢ such that x =
v+a-ws+b-wy+c-ws.
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(25) Let x be a set. Then x € Ling A if and only if there exist finite sequences
g1, h1 of elements of V and there exists an integer-valued finite sequence a;
such that x = > hy and rng g1 C A and leng; = lenh; and len g; = lena;
and for every natural number ¢ such that i € Segleng; holds (hy); =
a1(i) - (g1)i-

Let R4 be a real linear space and let f be a finite sequence of elements of Ry4.
The functor Ling f yielding a subset of Ry is defined by the condition (Def. 3).

(Def. 3) Ling f = {>"g;g ranges over len f-element finite sequences of ele-

ments of R4: va: len f-element integer-valued finite sequence /\i:natural number (Z €
Seglen f = g, =a(i)- fi)}.
One can prove the following propositions:

(26) Let R4 be a real linear space, f be a finite sequence of elements of Ry,
and x be a set. Then = € Ling f if and only if there exists a len f-element
finite sequence g of elements of R4 and there exists a len f-element integer-
valued finite sequence a such that © = 3 ¢g and for every natural number
i such that i € Seglen f holds g; = a(i) - f;.

(27) Let R4 be a real linear space, f be a finite sequence of elements of Ry,
x, y be elements of Ry, and a, b be elements of Z. If x, y € Ling f, then
a-r+b-y e Ling f.

(28) For every real linear space R4 and for every finite sequence f of elements
of Ry such that f = Seglen f —— 0(g,) holds > f = O(g,)-

(29) Let R4 be a real linear space, f be a finite sequence of elements of Ry,
v be an element of Ry, and ¢ be a natural number. If ¢ € Seglen f and
J = (Seglen f — O(g,y)+-({i} = v), then 3_ f = v.

(30) Let R4 be a real linear space, f be a finite sequence of elements of Ry,
and ¢ be a natural number. If ¢ € Seglen f, then f; € Ling f.

(31) For every real linear space R4 and for every finite sequence f of elements
of R4 holds rng f C Ling f.

(32) Let Ry be areal linear space, f be a non empty finite sequence of elements
of R4, g, h be finite sequences of elements of R4, and s be an integer-valued
finite sequence. Suppose rng g C Ling f and leng = len s and leng = len h
and for every natural number i such that i € Seglen g holds h; = s(i) - g;.
Then > h € Ling f.

(33) For every real linear space R4 and for every non empty finite sequence
f of elements of R4 holds Ling rng f = Ling f.

(34) Lin(Lingz A) = Lin(A).

(35) Let x be a set, g1, hq be finite sequences of elements of V', and a; be an
integer-valued finite sequence. Suppose z = > hy and rng g; C Ling A and

leng; = lenh; and leng; = lena; and for every natural number ¢ such
that i € Seglen g; holds (h1); = a1(%) - (g1);- Then x € Ling A.
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(36) LinZ LinZ A= LiHZ A.
(37) If Ling A = Ling B, then Lin(A) = Lin(B).

[10]

[11]
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