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Summary. In this article, we first extend several basic theorems of the
operation of vector in 3-dimensional Euclidean spaces. Then three unit vectors:
el, e2, e3 and the definition of vector function in the same spaces are introduced.
By dint of unit vector the main operation properties as well as the differentiation
formulas of vector function are shown [12].
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1. PRELIMINARIES

For simplicity, we use the following convention: r, 1, o, x, ¥, 2, 1, T2, T3,
Y1, Y2, y3 are elements of R, p, q, p1, p2, P3, q1, q2 are elements of R3, f1, fo,
f3, 91, 92, g3, h1, ho, hs are partial functions from R to R, and ¢, tg, t1, to are
real numbers.

Let , y, z be real numbers. Then [z, v, 2] is an element of R3.

One can prove the following proposition
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(1) For every finite sequence f of elements of R such that len f = 3 holds f
is an element of R3.

The element e; of R? is defined by:
(Def. 1) e =[1,0,0].
The element ey of R? is defined as follows:
(Def. 2) ey =10,1,0].
The element es of R? is defined as follows:
(Def. 3) e3=1[0,0,1].
Let us consider pi, po. The functor p; x po yielding an element of R3 is
defined as follows:

(Def. 4)  p1 x p2 = [p1(2) - p2(3) — p1(3) - p2(2), p1(3) - p2(1) — p1(1) - p2(3), 1 (1) -
p2(2) — p1(2) - p2(1)].
Next we state the proposition

(2) 1If p; and po are linearly dependent, then p; X ps = 05%.

2. VECTOR FUNCTIONS IN 3-DIMENSIONAL EUCLIDEAN SPACES

We now state a number of propositions:

[N
—

(3) le1] = 1.
(4) les| = 1.
(5) les| =1.
(6) e, eg are orthogonal.
(7) e, eg are orthogonal.
(8) eg, eg are orthogonal.
9) Ienen)] =1.
(10) |(e2,e2)| = 1.
(11) |(es,e3)| = 1.
(12) |(e1,[0,0,0])| = 0.
(13)  [(e2,[0,0,0])] = 0.
(14)  [(es, [0,0,0])] = 0.
(15) e1 x eg = e3.
(16) ex x e3 =e;.
(17) e3 x e1 = ea.
(18) e3 x e = —ej.
(19) e x e3 = —eg.
(20) ey x €] = —es.
(21)

e1 % [0,0,0] = [0,0,0].
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e2 % [0,0,0] = [0,0,0].

23) es x [0,0,0] = [0,0,0].

24) r-e; =[r,0,0].

25) r-ey=[0,7,0].

26) r-e3=[0,0,r7].

27) 1-e1 =eq.

28) 1-e9 = e9.

29) 1-e3=e3.

30) —ey =[~1,0,0].

31) —ey = [0,-1,0).

32) —ey =[0,0,—1].

33) 0-e;3 =10,0,0].
0-ey =10,0,0].

35) 0-e3=10,0,0].

w
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p=p(1)-e1+p(2)-e2+p(3) - es.
rep=7r-p(l)-e1+7r-p2)-ex+r-p(3)-es.
[@,y,2] =x-e1 +y- e+ 2-e3.
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relr,y,zl=r-x-e1+r-y-ea+r-z-es.

—p=—p(1)-e1—p(2) e2—p(3) - es.

—lz,y,z|=—x-e1 —y-ea—z-e3.

p1+p2 = (p1(1) +p2(1)) - e + (P1(2) + p2(2)) - e2 + (p1(3) + p2(3)) - €3.

p1—p2 = (p1(1) —p2(1)) - e1 + (p1(2) — p2(2)) - e2 + (p1(3) — p2(3)) - e3.

(w1, @2, w3] + [y1,y2, y3] = (w1 +y1) - €1 + (w2 + y2) - €2 + (w3 + y3) - e3.

[21, 22, 23] — [y1, 92, y3] = (21 —y1) - €1 + (22 — y2) - €2 + (x5 — y3) - e3.

p1(1)-e1+p1(2) - e2+pi(3) - e3 = (p2(1) +p3(1)) - e1 + (p2(2) + p3(2)) -
ez + (p2(3) +p3(3)) - e3 if and only if pa(1) - e1 + pa(2) - €2 + p2(3) - e3 =
(p1(1) —p3(1)) - e1 + (p1(2) — p3(2)) - e2 + (p1(3) — p3(3)) - es.

Let fi1, f2, f3 be partial functions from R to R. The functor VFunc(f1, f2, f3)

yielding a function from R into R? is defined as follows:

(Def. 5)  For every ¢ holds (VFunc(f1, fa, f3))(t) = [f1(t), f2(t), f3(1)].
We now state a number of propositions:
(A7) (VRune(fi, fo, fo))(t) = Fr(t) - ex + falt) - 2 + fo(t) - es.
(48) fZZt): (VFunc(f1, fa, f3))(t) iff p(1) = fi(t) and p(2) = f2(t) and p(3) =
3(t).
(49) If p = (VFunc(f1, f2, f3))(t), then lenp = 3 and domp = Seg 3.
(50) 1tp = (VFunc(fi, fo, f3))(t1) and g = (VFunc(gy, g, gs)) (t2), then peg =
(f1(t1) - g1(t2), fa(t1) - g2(t2), f3(t1) - g3(t2))-
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(51) If P = (VFLIHC(fl, fg, fg)

(52) If p = (VFunc(f1, fa, f3)

(53) If p = (VFunc(f1, fa, fs))(t) then (—p)(1) = —f1(t) and (—p)(2) =
—f2(t) and (—p)(3) = —f3(t).

(54) If p = (VFunc(f1, f2, f3))(t), then len(—p) = 3.

(55) 1If p = (VFunc(f1, fa, f3))(¢

(56) If p = (VFunc(fi, f2, f3)
len(p + q) = 3.

(57) If p = (VFunc(f1, fa, f3))(t1) and ¢ = (VFunc(g1, 92, 93))(t2), then p +
q = [f1(t1) + g1(t2), fa(t1) + ga(t2), f3(t1) + g3(t2)]-

(58) If p = (VFunc(fi, f2, f3))(t1) and ¢ = (VFunc(g1, g2, 93))(t2) and p = g,
then fi1(t1) = g1(t2) and fa(t1) = ga(t2) and f3(t1) = g3(t2).

(59) If fi(t)) = agi(t2) and fo(t1) = ga(tz) and f3(t1) =
(VFunc(f1, f2, f3))(t1) = (VFunc(g1, g2, g3)) (t2).

(60) If p = (VFunc(f1, f2, f3))(t1) and ¢ = (VFunc(g1, 92,93))(t2), then p +
q = [f1(t1) + g1(t2), fa(tr) + g2(t2), f3(t1) + gs(t2)]-

(61) 1t p = (VRunc(fu, fo, f5))(t1) and ¢ = (VEunc(gr, g2, g5))(t2), then p +
—q = [f1(t1) — g1(t2), fo(t1) — ga(t2), f3(t1) — g3(t2)].

(62) If p = (VFunc(fi, fa, f3))(t1) and ¢ = (VFunc(g1, 92, 93))(t2), then p —
q = [f1(t1) — g1(t2), fa(t1) — ga2(t2), f3(t1) — g3(t2)]-

(63) If p = (VFunc(fi, f2, f3))(t1) and ¢ = (VFunc(g1,92,93))(t2), then
len(p — q) = 3.

(64) If p = (VFunc(f1, fo, f3))(
(P @) = f1(t1) - g1(t2) + fo(ta

, then len(—p) = lenp.
(t1) and ¢ = (VFunc(g1,92,93))(t2), then

gs (tz) s then

t1) and ¢ = (VFunc(g1,92,93))(t2), then
) - go(t2) + f3(t1) - g3(t2)-

(65) If p = (VFunc(f1, fo, f3))(t), then [(p,p)| = fi(t)* + f2(t)* + f3(t).

(66) If p= (VFunc(f1, f2, f3))(t), then |p| = \/f1(t)% + fo(t)* + f5(1)2.

(67) 1If p = (VFunc(fi, f2, f3))(t), then |r-p| = |r[- / f1(1)% + fo(£)% + f3(t)%.

(68) If p = (VFunc(fi, f2 f3))(t1) and ¢ = (VFunc(g1, g2, g3))(t2), then p x
= [fa(t1) - g3(t2) — f3(t1) - ga(ta), f3(t1) - ga(t2) — fi(ta) - g3(t2), fu(tr) -

92 ( 2) — fa(t1) - g1 (t2)]-
(69) If p= (VFunc(fi, f2, f3))(t), then ri-p+ra-p=(r1+r2) - [fi(t), fo(t),
f3(t)].
(70) If p = (VFunc(fi, f2, f3))(t), then r1-p —ro-p = (11 —12) - [f1 (1), f2(2),
f3(t)].
(71) If p = (VFunc(fy, f2, f3))(t1) and ¢ = (VFunc(g1, g2, g3))(t2), then |(r -
p)l =7 (fi(t1) - g1(t2) + fo(t1) - g2(t2) + f3(t1) - g3(t2)).
(72) If p = (VFunc(f1, f2, f3))(t), then |(p,0gs)| = 0.
(73) If p = (VFunc(fi, f2, f3))(t1) and ¢ = (VFunc(g1,92,93))(t2), then
|(=p, @) = —|(p, q)]-
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(74) If p = (VFunc(f1, f2, f3))(t1) and ¢ = (VFunc(g1,92,93))(t2), then
[(=p, —@)| = |(p, @)I.

(75) 1If p1 = (VFunc(f1, f2, f3))(t1) and pe = (VFunc(f1, fo, f3))(t2) and ¢ =
(VFunc(g1, g2, g3))(t2), then |(p1 — p2,9)| = |(p1,9)| — (P2, 9)

(76) If pr = (VFunc(fi, f2,f3))(t1) and p = (VFunc(f1, fa, f3))
(VFunc(gi, g2, g3))(t2), then |(p1 + p2,9)| = [(p1,9)| + [(p2, 9)

(77) If pr = (VFunc(fi, fo, f3))(t1) and pa = (VFunc(f1, f2, f3))(t2) and ¢ =
(VFunc(g1, g2, g3))(t2), then |(r1-p1+r2-p2, ¢)| = r1-|(p1, @)|+72- (P2, 9)]-

(78) If p1 = (VFunc(f1, f2, f3))(t1) and p2 = (VFunc(f1, f2, f3))(t2) and q1 =
(VFunc(g1, g2, 93))(t1) and g2 = (VFunc(g1, g2, g3))(t2), then |(p1+p2, g1 +
@) = |(p1, @) + |(p1, @2)| + |(p2, @1)| + |(p2, @2)|.

(79) If p1 = (VFunc(f1, fa, f3))(t1) and pa = (VFunc(f1, fo, f3))(t2) and ¢ =
(VFunc(g1, 92, 93))(t1) and g2 = (VFunc(g1, g2, g3))(t2), then [(p1 —p2, ¢1 —
a2)| = (|(p1, a)| = [(p1, @2)| = [(P2, q1)|) + (P2, 42)-

(80) For every p such that p = (VFunc(f1, f2, f3))(t) holds |(p,p)| = 0 iff
p=0gs.

(81) For every p such that p = (VFunc(f1, f2, f3))(¢) holds |p| = 0 iff p = Ogs -

(82) If p = (VFunc(f1, f2, f3))(t) and ¢ = (VFunc(g1, g2, 93))(t), then |(p —
¢.p—a)l =@ —2-|pd]) + (g, 9]

(83) If p = (VFunc(f1, fo, f3))(t) and ¢ = (VFunc(g1, 92,93))(t), then |(p +
¢.p+ o)l =|w:p)+2- [, + (g9l

(84) If p = (VFunc(fi, f2, f3))(t) and ¢ = (VFunc(g1, g2, 93))(t), then (r-p) x
q=r-(pxq)and (r-p)xqg=px(r-q.

(85) If p1 = (VFunc(f1, fa, f3))(t1) and pa = (VFunc(f1, f2, f3))(t2) and ¢ =
(VFunc(g1, g2, g3))(t), then p1 X (p2 + q) = p1 X p2 +p1 X ¢.

(86) 1f p1 = (VFunc(fu, fo, f5))(tr) and ps = (VFunc(fi, fo, f3))(t2) and q =
(VFunc(g1, 92, g3))(t), then (p1 +p2) X ¢ =p1 X ¢ +p2 X g.

Let us consider p1, pa, p3. The functor (|p1, p2, ps|) yields a real number and

f
(t2) and ¢ =
-
(

is defined as follows:

(Def. 6)  (|p1,p2,p3l) = |(p1,p2 % p3)|-
Next we state several propositions:

(87) If p1 = (VFunc(fl,fg,fg))(tl) and po = (VFunc(f1, f2, f3))(t2), then

(Ip1,p1,p2l) =

(88) If ;1 (VFUHC(fl,fQ,fg))( 1) and pe = (VFunc(f1, fo, f3))(t2), then
<|P2,p1,p2|>

(89) If pP1 = (VFunc(fl,fQ,fg))( ) and P2 = (VFUHC(fl,fQ,fg))(tg), then

(|lp1,p2,p2]) = 0.

(90) If P1 = (VFunC(fl, f2, f3))(t1) and D2
(VFunc(g1, g2, g3))(t), then (|p1,p2, q|)

(VFunc(f1, f2, f3))(t2) and ¢ =
(Ip2, q, p1l)-
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(91) If pr = (VFunc(f1, f2, f3))(t1) and pa = (VFunc(f1, f2, f3))(t2) and ¢ =
(VFunc(g1, g2, g3))(¢), then (|p1, p2,ql) = [(p1 X p2, )]

(92) If pr = (VFunc(f1, f2, f3))(t1) and pa = (VFunc(f1, f2, f3))(t2) and ¢ =
(VFunc(g1, g2, 93))(t), then (|p1,p2, q|) = |(q X p1,p2)|.

3. THE DIFFERENTIATION FORMULAS OF VECTOR FUNCTIONS IN
3-DIMENSIONAL EUCLIDEAN SPACES

Let f1, fo, f3 be partial functions from R to R and let ¢y be a real num-
ber. The functor VFuncdiff (f1, fo, f3,to) yielding an element of R? is defined as
follows:

(Def. 7) VFuncdiff(fl, fg, f3, to) = [fll(t()), fgl(to), fgl(to)].

Next we state a number of propositions:

(93) Suppose fi is differentiable in ¢ty and fs is differentiable in to and f3 is
differentiable in to. Then VFuncdiff(f1, fa, f3,t0) = fi'(to) - e1 + f2'(to) -
ez + f3'(to) - es.

(94) Suppose that

) fi is differentiable in ¢,
) fo is differentiable in g,
(iii)  fs is differentiable in ¢,
)
)
)

<~
¢ Do

g1 is differentiable in ¢y,

go is differentiable in tg, and

gs is differentiable in tg.
Then VFuncdiff(f1 + g1, fo + 92, f3 + g3, t0) = VFuncdiff(f1, fo, f3,t0) +
VFuncdiff (g1, g2, g3, to)-
(95) Suppose that

( /1 is differentiable in tg,

—

)
(ii)  fo is differentiable in tg,
i)  fs is differentiable in ¢,
(iv) g1 is differentiable in ¢y,
) g is differentiable in ¢y, and
) g3 is differentiable in ¢.
Then VFuncdin(fl — g1, f2 — g2, f3 — g3, to) = VFuncdiff(fl, fg, f3, to) —
VFuncdiff(gl, g2, 33, to).
(96) If fy is differentiable in ¢ty and fo is differentiable in ¢y and f3 is differen-
tiable in g, then VFuncdiff (r f1,r fo,7 f3,t0) = r- VFuncdiff (f1, f2, f3,%0).
(97) Suppose that
(i)  f1 is differentiable in ¢,
(ii)  fo is differentiable in to,
(iii)  fs is differentiable in ¢,



VECTOR FUNCTIONS AND THEIR DIFFERENTIATION ... 7

(iv) g1 is differentiable in ¢,
(v) g9 is differentiable in ¢y, and
(vi) g3 is differentiable in .
Then VFuncdiff(f1 g1, f2 92, f393,t0) = [91(to) - fi'(t0), g2(t0) - f2'(to),
g3(to) - f3'(to)] + [f1(to) - 91/ (t0), f2(to) - 92'(to). f3(to) - g5'(t0)]-
(98) Suppose that

(i)  fi is differentiable in g,
(ii)  fo is differentiable in to,
(iii)  fs is differentiable in ¢,
(iv) ¢ is differentiable in fi (o),
(v) g is differentiable in fa(ty), and
(vi) g3 is differentiable in f3(to).

Then VFuncdiff (g1 - f1, 92 f2, 93 f3,t0) = [g1"(f1(t0)) - f1'(t0), 92’ (f2(to)) -
fo (t0), g3 (f3(t0)) - f5'(to)]-

(99) Suppose that f; is differentiable in tp and fo is differentiable in ¢y and
f3 is differentiable in ¢y and ¢; is differentiable in #y and g9 is differen-
tiable in to and g3 is differentiable in tg and g;1(t9) # 0 and ga(tp) # 0
and g3(to) # 0. Then VFuncdiff(ﬁ, &a E,to) = [fl/(to)'gl(to)iglzl(to).fl(to)a

917 927 g3 91(to)
f2'(t0)-92(to) —g2’ (to)- f2(to) fs’(to)'93(to)*g?)/(to)'f?s(to)].
g2(to)? ’ g3(to)?

(100) Suppose f; is differentiable in ty and fo is differentiable in ¢y and f3 is
differentiable in to and fi1(t9) # 0 and fa(tg) # 0 and f3(tg) # 0. Then
VEBunediff (£, . 75 t0) = ~[fish: o fios)

(101) Suppose f; is differentiable in ty and fo is differentiable in ¢y and f3 is
differentiable in tg. Then VFuncdiff (r fi,r fo,r f3,t0) =17+ fi'(to) -e1 +17-
f2'(to) - e2 + 7 - f3'(to) - e3.

(102) Suppose that

f1 is differentiable in ¢,

)
) fo is differentiable in g,
(ili)  f3 is differentiable in ¢y,
) @1 is differentiable in ¢y,
) g2 is differentiable in ¢y, and
) g3 is differentiable in ¢y.
Then VFuncdiff(r (f1 + g1),7 (fo + g92),7 (f3 + g3),t0) =
r - VFuncdiff (f1, fo, f3,to) + r - VFuncdiff (g1, g2, g3, to).
(103) Suppose that
(i)  fi is differentiable in ¢g,
) f2 is differentiable in ¢,
(iii)  fs is differentiable in ¢,
) g1 is differentiable in ¢,
) g is differentiable in ¢y, and
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(vi) g3 is differentiable in tg.

Then VFuncdiff (r (f1 — g1),7 (fo — g2),7 (f3 — g3),t0) =
r - VFuncdiff (f1, fo, f3,t0) — r - VFuncdiff (g1, g2, g3, to).

(104) Suppose that

(i)  fi1 is differentiable in ¢,
(ii)  fo is differentiable in t,
(ili)  f3 is differentiable in ¢y,

)

)

)
(iv) g1 is differentiable in ¢,

) go is differentiable in ¢y, and

) g3 is differentiable in ¢y.
Then VFuncdiﬁ(r f1 g1, T fg gz, T f3 gs, to) = T'[gl (to)‘fll(to), gg(to)-fgl(to),
g3(to) - f5'(t0)] + 7 [fi(to) - 91" (o), fa(to) - g2’ (t0), f3(to) - g5’ (to)]-
(105) Suppose that

(i)  f1 is differentiable in ¢,

) fa is differentiable in ¢,
(ili)  f3 is differentiable in to,

) @1 is differentiable in f;(¢o),

) g2 is differentiable in fa(tg), and

) g3 is differentiable in f3(to).
Then VFuncdiff((r g1) - f1, (r g2) - f2, (7 g3) - f3,t0) = - [91(f1(t0)) - [’ (o),
92 (f2(t0)) - f2(to), g5'(f3(t0)) - f5'(to)].
(106) Suppose that f; is differentiable in ¢y and fo is differentiable in ty and f3
is differentiable in tg and ¢; is differentiable in ¢y and g9 is differentiable
in tgp and g3 is differentiable in ¢y and g¢1(tp) # 0 and ga2(tp) # 0 and
g3(to) # 0. Then VFuncdiff (%L, 22 T 40y — . [fl/(to)"ql(to)iglzl(to)’fl(to)a

g1’ g2 g3’ g1(to)
J2'(t0)-g2(to) —g2’(to)-f2(to) fsl(to)'gs(to)*93/(t0)'f3(to)]
g2(t0)? ’ g3(to)? )

(107) Suppose that f; is differentiable in ¢y and f; is differentiable in ¢y, and
f3 is differentiable in ¢y and fi(tg) # 0 and fa(to) # 0 and f3(tp) # 0 and
e 111 — _ 1 fl(to) fo!(to) f3'(to)
r# 0. Then VFuncdiff (-, 75 77, f0) = =5 - [fll(t0(327 fj(to())% f:(to())z]'
(108) Suppose that

(i)  fi1 is differentiable in ¢,

fo is differentiable in ¢,

g1 is differentiable in tg,

g9 is differentiable in ¢y, and

g3 is differentiable in ¢g.
Then VFuncdiff(f2 g3 — f392, f3g1 — fi93. frg2 — fag1,t0) = [fa(to) -
93’ (to) — f3(t0) - g2' (o), f3(to) 91" (to) — f1(to) g3’ (to), f1(t0) - g2’ (to) — f2(to)-
g1’ (to)] + [fo(to) - g3(to) — f3'(t0) - g2(t0), f3'(to) - g1(to) — fi'(to) - g3(to),
fi'(to) - g2(to) — f2'(to) - g1(to)].

)
)
(ili)  f3 is differentiable in to,
)
)
)
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(109) Suppose that f; is differentiable in ¢ty and f» is differentiable in ty and f3
is differentiable in ty and g; is differentiable in ty and gs is differentiable
in tp and g3 is differentiable in ty and hy is differentiable in ¢y and ho is
differentiable in ¢y and hg is differentiable in ¢ty. Then VFuncdiff (h; (f2 g3—
f392),h2 (f3 91 — f193), k3 (fi 92 — fag1),t0) = [h1'(to) - (fa(to) - ga(to) —
f3(t0)-g2(t0)), ha'(to)- (f3(to)-g1(to) — f1(to)-g3(ta)), hs'(to) - (f1(to)-ga(to) —
fa(to) - 91(t0))] + [h1(to) - (f2' (o) - g3(to) — f3'(to) - g2(t0)), ha(to) - (f3'(to) -
g1(to) — f1'(to) - 93 ( 0)), ha(to) - (f1'(to) - g2(to) — f2'(t0) - 91(t0))] + [ha (to) -
(f2(to) - g5'(to) — f3(to) - 92’ (o)), ha(to) - (f3(to) - g1 (to) — fi(to) - g5’ (o)),
hs(to) - (fl(to) 92" (to) — fa(to) - 1’ (0))]-

(110) Suppose that f; is differentiable in tg and fo is differentiable in ¢y and f3
is differentiable in ty and g¢; is differentiable in ty and go is differentiable
in tp and g3 is differentiable in ty and hy is differentiable in ¢y and ho is
differentiable in ¢y and hs is differentiable in to. Then VFuncdiff (ho f2 g3 —
hsfégz,h3fégl—-hlf1937h1f192—-h2fb91,h0 [ha(to) - f2(to) - 93’ (to) —
h3(to) - f3(to) - g2'(to), ha(to) - f3(to) - 91’ (to) — hi(to) - f1(to) - g3’ (to), hl(to)
fi(to) - g2'(to) — ha(to) - f2(to) - g1’ (t0)] + [h (0)1ﬁT ) g3(to) — hs(to) -
f3(t0) - g2(to), ha(to) - f3'(t0) - g1(to) — ha(to) - f1'(to) - ga(to), ha(to) - f1' (to) -
g2(to) —ha(to)- fo' (to)-g1(to)] +[h2'(to) - fa(to)- gz(t ) —h3'(to)- f3(to)- 92(t0),
hs'(to) - f3(to) - g1(to) —h1'(to) - f1(t0) - g3(to), h1' (o) - fi(to) - g2(to) — h2'(to) -
fa(to) - g1(to)]-

(111) Suppose that f; is differentiable in ¢ty and fo is differentiable in ty and f3
is differentiable in tg and ¢; is differentiable in ¢y and g9 is differentiable
in ¢y and g3 is differentiable in ¢y and h; is differentiable in ¢y and hs is
differentiable in ¢y and hg is differentiable in ty. Then VFuncdiff (hs (f1 g2 —
fag1) —hs (fsgr — f193),h3 (fags — f3g2) — h1(f192 — fag1), h1 (f3g1 —
f193) —ha (f2 93— f3 92),t0) = [ha(to) - (f1(to) - 92’ (to) — fa(to) - 91’ (t0)) —
hs(to) - (f3(to) - 91'(to) — fi(to) - g5'(t0)), ha(to) - (f2(to) - g3'(t0) — f3(to) -
92/ (to)) — hu(to) - (f1(to) - g2/ (o) — fa(to) - 91" (t0)), M (to) - (f3(to) - 91’ (to) —
fi(to) - g5'(to)) — ha(to) - (f2(to) - 95" (to) — f3(to) - 92" (t0))] + [h2(to) - (f2' (o) -
92(to) — f2'(to) - g1(t0)) — ha(to) - (fs'(to) - g1(to) — f1'(to) - g3(t0)), ha(to) -
(f2'(to) - g3(to) — f5'(to) - g2(t0)) — ha(to) - (fr' (o) - g2(to) — f2'(to) - g1(t0)),
hi(to) - (fs'(to) - 91(to) — fi'(to) - g3(to)) — ha(to) - (f2'(to) - g3(to) — f3'(to) -

92(t0))] + [h2' (o) - (f1(to) - g2(t0) — f2(to) - g1(to)) — 3’ (to) - (f3(t0) - g1(t0) —

fi(to) - g3(to)), ha'(to) - (f2(to) - ga(to) — f3(to) - ga(to)) — ha'(to) - (fi(to) -

() fa(to) - g1(to)), k' (to) - (f3(to) - 91(to) — fi(to) - g3(to)) — h2'(to) -
( (o) - g3(to) — fs(to) - g2(t0))]-
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Summary. In this article, we give a definition of a functional space which
is constructed from all continuous functions defined on a compact topological
space. We prove that this functional space is a Banach algebra. Next, we give a
definition of a function space which is constructed from all real-valued continuous
functions with bounded support. We prove that this function space is a real
normed space.
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1. BANACH ALGEBRA OF CONTINUOUS FUNCTIONALS

Let X be a l-sorted structure and let y be a real number. The functor
X — gy yielding a real map of X is defined as follows:

(Def. 1) X —— y = (the carrier of X) — y.

! This work was supported by JSPS KAKENHI 22300285.
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Let X be a topological space and let y be a real number. Note that X —— y
is continuous.
Next we state the proposition

(1) Let X be anon empty topological space and f be a real map of X. Then
f is continuous if and only if for every point x of X and for every subset
V of R such that f(z) € V and V is open there exists a subset W of X
such that z € W and W is open and f°W C V.

In the sequel X denotes a non empty topological space.
Let us consider X. The functor C(X;R) yielding a subset of RAlgebra (the
carrier of X) is defined by:

(Def. 2) C(X;R) ={f: f ranges over continuous real maps of X}.

Let us consider X. Observe that C(X;R) is non empty.

Let us consider X. One can verify that C(X;R) is additively-linearly-closed
and multiplicatively-closed.

Let X be a non empty topological space. The functor Ca(X;R) yielding an
algebra structure is defined by the condition (Def. 3).

(Def. 3) Ca(X;R) = (C(X;R), mult(C(X;R), RAlgebra (the carrier of X)),
Add(C(X;R),RAlgebra (the carrier of X)), Mult(C(X;R), RAlgebra (the car-
rier of X)), One(C(X;R), RAlgebra (the carrier of X)), Zero(C(X;R),
RAlgebra (the carrier of X))).

One can prove the following proposition

(2) Ca(X;R) is a subalgebra of RAlgebra (the carrier of X).

Let us consider X. Note that Ca(X;R) is strict and non empty.

Let us consider X. Observe that Ca (X;R) is Abelian, add-associative, right
zeroed, right complementable, vector distributive, scalar distributive, scalar as-
sociative, scalar unital, commutative, associative, right unital, right distributive,
vector distributive, scalar distributive, scalar associative, and vector associative.

We use the following convention: F'; G, H denote vectors of Ca(X;R), g, h
denote real maps of X, and a denotes a real number.

One can prove the following propositions:

(3) Suppose f = F and g = G and h = H. Then H = F + G if and only if
for every element z of the carrier of X holds h(z) = f(x) + g(x).

(4) If f =F and g = G, then G = a - F iff for every element x of X holds
g(@) =a- f(x).

(5) Suppose f = F and g = G and h = H. Then H = F - G if and only if
for every element z of the carrier of X holds h(x) = f(x) - g(x).

(6) OCA(X;]R) =X+—0.

() Lleaxm) =X — L.

In the sequel X denotes a compact non empty topological space and f, g, h
denote real maps of X.
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We now state two propositions:
(8) Let A be an algebra and Aj, Ay be subalgebras of A. Suppose the carrier
of A; C the carrier of As. Then A; is a subalgebra of As.
(9) Ca(X;R) is a subalgebra of the R-algebra of bounded functions on the
carrier of X.

Let us consider X. The functor || -||c(x;r) yielding a function from C(X;R)
into R is defined as follows:

(Def. 4) || |lc(x;r) = BoundedFunctionsNorm (the carrier of X)[ C(X;R).

Let us consider X. The functor Cna (X;R) yielding a normed algebra struc-
ture is defined by the condition (Def. 5).

(Def. 5) Cna(X;R) = (C(X;R), mult(C(X;R), RAlgebra (the carrier of X)),
Add(C(X;R),RAlgebra (the carrier of X)), Mult(C(X;R), RAlgebra (the
carrier of X)), One(C(X;R), RAlgebra (the carrier of X)), Zero(C(X;R),
RAlgebra (the carrier of X)), || - [|c(x:r))-

Let us consider X. Observe that Cna(X;R) is strict and non empty.
Let us consider X. Note that Cna(X;R) is unital.
Next we state the proposition
(10) Let W be a normed algebra structure and V' be an algebra. If the algebra
structure of W =V, then W is an algebra.

In the sequel F, G, H denote points of Cna(X;R).

Let us consider X. Note that Cna(X;R) is Abelian, add-associative, right
zeroed, right complementable, commutative, associative, right unital, right di-
stributive, vector distributive, scalar distributive, scalar associative, and vector
associative.

We now state the proposition

(11) (Mult(C(X;R), RAlgebra (the carrier of X)))(1, F') = F.

Let us consider X. Note that Cna (X;R) is vector distributive, scalar distri-
butive, scalar associative, and scalar unital.

We now state several propositions:

(12) X+—0= OCNA(X§R)‘
(13) 0 <|F].
(14) 0 = [[(Ocyy (x5m)) I
(15) If f=F and g = G and h = H, then H = F + G iff for every element x

of X holds h(x) = f(z) + g(z).

(16) If f = F and g = G, then G = a - F iff for every element = of X holds

9(x) =a- f(z).

(17) If f=F and g = G and h = H, then H = F - G iff for every element z

of X holds h(z) = f(x) - g(x).
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(18) |IF| = 0 iff F = Ogy,(x;r) and [[a - F|| = [a] - [[F]| and [|[F' + G| <
IE+ Gl
Let us consider X. One can check that Cna(X;R) is reflexive, discernible,
and real normed space-like.
Next we state four propositions:

(19) If f=F and g = G and h = H, then H = F — G iff for every element x
of X holds h(z) = f(z) — g(z).

(20) Let X be a real Banach space, Y be a subset of X, and s; be a sequence
of X. Suppose Y is closed and rngs; C Y and s; is Cauchy sequence by
norm. Then s; is convergent and lims; € Y.

(21) Let Y be a subset of the R-normed algebra of bounded functions on the
carrier of X. If Y = C(X;R), then Y is closed.

(22) For every sequence s; of Cna(X;R) such that s; is Cauchy sequence by
norm holds s; is convergent.

Let us consider X. One can verify that Cnxa(X;R) is complete.
Let us consider X. Observe that Cna(X;R) is Banach Algebra-like.

2. SOME PROPERTIES OF SUPPORT

Next we state three propositions:

(23) For every non empty topological space X and for all real maps f, g of
X holds support(f + ¢g) C support f U support g.

(24) For every non empty topological space X and for every real number a
and for every real map f of X holds support(a f) C support f.

(25) For every non empty topological space X and for all real maps f, g of
X holds support(f g) C support f U support g.

3. THE SPACE OF REAL-VALUED CONTINUOUS FUNCTIONALS WITH
BOUNDED SUPPORT

Let X be a non empty topological space. The functor Co(X) yielding a non
empty subset of Rthe carrier of X ig defined by the condition (Def. 6).

(Def. 6) Co(X) = {f; f ranges over real maps of X: f is continuous A

\/Y: non empty subset of X (Y is compact A /\A:subset of X (A =
support f = A is a subset of Y))}.

The following propositions are true:

(26) For every non empty topological space X holds Cp(X) is a non empty
non empty subset of RAlgebra (the carrier of X).
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(27) Let X be a non empty topological space and W be a non empty subset of
RAlgebra (the carrier of X). If W = Co(X), then W is additively-linearly-
closed.

(28) For every non empty topological space X holds Co(X) is linearly closed.

Let X be a non empty topological space. Note that Cop(X) is non empty and
linearly closed.
Let X be a non empty topological space. The functor CB’S (X) yielding a real
linear space is defined by:
(Def. 7)  CyS(X) = (Co(X), Zero(Co(X), Ripe carrier of Xy “Aqd(Cp(X),
RItRhe carrier of X)’ Mult(Co (X), R%e carrier of X)>

The following two propositions are true:
(29) For every non empty topological space X holds C§®(X) is a subspace of
Rthe carrier of X
R .
(30) For every non empty topological space X and for every set x such that
x € Co(X) holds z € BoundedFunctions (the carrier of X).

Let X be a non empty topological space. The functor || - ||, (x) yielding a
function from Co(X) into R is defined by:

(Def. 8) | ||co(x) = BoundedFunctionsNorm (the carrier of X)[ Co(X).

Let X be a non empty topological space. The functor CSIS(X) yields a non
empty normed structure and is defined as follows:

(Def. 9)  CYS(X) = (Co(X), Zero(Co(X), Ripe carrier of Xy 'Aqd(Cp(X),
R}khe carrier of X)’ Mult(Co(X),Rﬁ“e carrier of X)7 || . ||C0(X)>'

Let X be a non empty topological space. One can verify that CHS(X) is
strict and non empty.

Next we state several propositions:

(31) For every non empty topological space X and for every set x such that
x € Co(X) holds z € C(X;R).

(32) For every non empty topological space X holds OCOVS( X) = X +—0.

(33) For every non empty topological space X holds OCONS( x)=Xr—0.

(34) Let a be a real number, X be a non empty topological space, and F, G
be points of CY3(X). Then ||F|| = 0iff F = OCONS(X) and ||a-F|| = |a|-||F||
and [|[F' + G| < [[F[| + [|G].

(35) For every non empty topological space X holds C)(X) is real normed
space-like.

Let X be a non empty topological space. Note that CONS(X ) is reflexive,
discernible, real normed space-like, vector distributive, scalar distributive, sca-
lar associative, scalar unital, Abelian, add-associative, right zeroed, and right
complementable.

Next we state the proposition
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(36) For every non empty topological space X holds C)°(X) is a real normed

Otk W N~

space.
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Summary. This article introduces the free magma M (X) constructed on a
set X [6]. Then, we formalize some theorems about M (X): if f is a function from
the set X to a magma N, the free magma M (X) has a unique extension of f to a
morphism of M (X) into N and every magma is isomorphic to a magma generated
by a set X under a set of relators on M(X). In doing it, the article defines the
stable subset under the law of composition of a magma, the submagma, the
equivalence relation compatible with the law of composition and the equivalence
kernel of a function. We also introduce some schemes on the recursive function.
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1. PRELIMINARIES

Let X be a set, let f be a function from N into X, and let n be a natural
number. Observe that f[n is transfinite sequence-like.
Let X, x be sets. The 0-sequence x(x) yielding a finite 0-sequence of X is
defined as follows:
(Def. 1) The O-sequence x (z) = { x, if = is a finite O-sequence of X,
() x, otherwise.
Let X be a non empty set, let f be a function from X% into X, and let ¢ be
a finite 0-sequence of X. Then f(c) is an element of X.
One can prove the following proposition
(1) For all sets X, Y, Z such that Y C the universe of X and Z C the
universe of X holds Y x Z C the universe of X.
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In this article we present several logical schemes. The scheme FuncRecur-
stveUniq deals with a unary functor F yielding a set and functions A, B, and
states that:

A=B
provided the parameters satisfy the following conditions:
e dom A = N and for every natural number n holds A(n) = F(Aln),
and
e dom B = N and for every natural number n holds B(n) = F(B[n).

The scheme FuncRecursiveFxist deals with a unary functor F yielding a set,
and states that:

There exists a function f such that dom f = N and for every
natural number n holds f(n) = F(fIn)
for all values of the parameter.

The scheme FuncRecursiveUniqu2 deals with a non empty set A, a unary
functor F yielding an element of A, and functions B, C from N into A, and
states that:

B=C
provided the parameters meet the following requirements:
e For every element n of N holds B(n) = F(B[n), and
e For every element n of N holds C(n) = F(C|n).

The scheme FuncRecursiveEzist2 deals with a non empty set A and a unary

functor F yielding an element of A, and states that:
There exists a function f from N into A such that for every natural
number n holds f(n) = F(f[n)
for all values of the parameters.
Let f, g be functions. We say that f extends g if and only if:

(Def. 2) domg C dom f and f ~ g.

Let us note that there exists a multiplicative magma which is empty.

2. EQUIVALENCE RELATIONS AND RELATORS

Let M be a multiplicative magma and let R be an equivalence relation of

M. We say that R is compatible if and only if:
(Def. 3) For all elements v, v/, w, w’ of M such that v € [v/]; and w € [w'],
holds v - w € [v" - '] .

Let M be a multiplicative magma. Observe that Vine carrier of M 1S compa-
tible.

Let M be a multiplicative magma. Observe that there exists an equivalence
relation of M which is compatible.

One can prove the following proposition
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(2) Let M be a multiplicative magma and R be an equivalence relation of
M. Then R is compatible if and only if for all elements v, v/, w, w’ of M
such that [v], = [V']g and [w]z = [W]z holds [v - w]p = [V - W']p.
Let M be a multiplicative magma and let R be a compatible equivalence
relation of M. The functor op yielding a binary operation on Classes R is defined
as follows:

(Def. 4)(i)  For all elements x, y of Classes R and for all elements v, w of M such
that © = [v]p and y = [w]p holds (og)(z, y) = [v - w]p if M is non empty,
(ii) or =0, otherwise.
Let M be a multiplicative magma and let R be a compatible equivalence
relation of M. The functor ™/ yielding a multiplicative magma is defined as
follows:

(Def. 5) M /p = (Classes R, oR).

Let M be a multiplicative magma and let R be a compatible equivalence
relation of M. Observe that M /g is strict.

Let M be a non empty multiplicative magma and let R be a compatible
equivalence relation of M. One can check that M /R is non empty.

Let M be a non empty multiplicative magma and let R be a compatible
equivalence relation of M. The canonical homomorphism onto cosets of R yields
a function from M into ™ /g and is defined by:

(Def. 6) For every element v of M holds (the canonical homomorphism onto
cosets of R)(v) = [v]p.

Let M be a non empty multiplicative magma and let R be a compatible
equivalence relation of M. Note that the canonical homomorphism onto cosets
of R is multiplicative.

Let M be a non empty multiplicative magma and let R be a compatible
equivalence relation of M. Note that the canonical homomorphism onto cosets
of R is onto.

Let M be a multiplicative magma. A function is called a relators of M if:

(Def. 7) rngit C (the carrier of M) x (the carrier of M).

Let M be a multiplicative magma and let r be a relators of M. The equ-
ivalence relation of r yielding an equivalence relation of M is defined by the
condition (Def. 8).

(Def. 8) The equivalence relation of r = ({R; R ranges over compatible equiva-
lence relations of M: A;..t A i € domr A r(i) = (v,
w) = v € wlp)}

Next we state the proposition

v,w: element of M (

(3) Let M be a multiplicative magma, r be a relators of M, and R be a
compatible equivalence relation of M. Suppose that for every set i and

19
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for all elements v, w of M such that i € domr and r(i) = (v, w) holds
v € [w]p. Then the equivalence relation of r C R.
Let M be a multiplicative magma and let r» be a relators of M. Note that
the equivalence relation of r is compatible.
Let X, Y be sets and let f be a function from X into Y. The equivalence
kernel of f yielding an equivalence relation of X is defined as follows:
(Def. 9) For all sets x, y holds (z, y) € the equivalence kernel of f iff x, y € X
and f(z) = f(y).
In the sequel M, N are non empty multiplicative magmas and f is a function
from M into N.
The following propositions are true:
(4) If f is multiplicative, then the equivalence kernel of f is compatible.
(5) Suppose f is multiplicative. Then there exists a relators r of M such
that the equivalence kernel of f = the equivalence relation of r.

3. SUBMAGMAS AND STABLE SUBSETS

Let M be a multiplicative magma. A multiplicative magma is said to be a
submagma of M if it satisfies the conditions (Def. 10).

(Def. 10)(i)  The carrier of it C the carrier of M, and
(ii)  the multiplication of it = (the multiplication of M) [ (the carrier of it).
Let M be a multiplicative magma. One can check that there exists a sub-
magma of M which is strict.
Let M be a non empty multiplicative magma. Note that there exists a sub-
magma of M which is non empty.
In the sequel M denotes a multiplicative magma and N, K denote submag-
mas of M.
One can prove the following propositions:
(6) Suppose N is a submagma of K and K is a submagma of N. Then the
multiplicative magma of N = the multiplicative magma of K.
(7) Suppose the carrier of N = the carrier of M. Then the multiplicative
magma of N = the multiplicative magma of M.

Let M be a multiplicative magma and let A be a subset of M. We say that
A is stable if and only if:

(Def. 11) For all elements v, w of M such that v, w € A holds v - w € A.

Let M be a multiplicative magma. One can check that there exists a subset
of M which is stable.
We now state the proposition

(8) The carrier of N is a stable subset of M.
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Let M be a multiplicative magma and let N be a submagma of M. Note
that the carrier of N is stable.

We now state the proposition

(9) Let F be a function. Suppose that for every set i such that i € dom F
holds F'(i) is a stable subset of M. Then () F' is a stable subset of M.

For simplicity, we adopt the following convention: M, N are non empty
multiplicative magmas, A is a subset of M, f, g are functions from M into N,
X is a stable subset of M, and Y is a stable subset of V.

Next we state four propositions:

(10) Aisstableiff A- A C A.

(11) If f is multiplicative, then f°X is a stable subset of N.

(12) If f is multiplicative, then f~1(Y) is a stable subset of M.

(13) If f is multiplicative and ¢ is multiplicative, then {v € M: f(v) = g(v)}
is a stable subset of M.

Let M be a multiplicative magma and let A be a stable subset of M. The
multiplication induced by A yields a binary operation on A and is defined by:

(Def. 12) The multiplication induced by A = (the multiplication of M) | A.

Let M be a multiplicative magma and let A be a subset of M. The submagma,
generated by A yielding a strict submagma of M is defined by the conditions
(Def. 13).

(Def. 13)(i) A C the carrier of the submagma generated by A, and
(ii)  for every strict submagma N of M such that A C the carrier of N
holds the submagma generated by A is a submagma of N.
We now state the proposition
(14) Let M be a multiplicative magma and A be a subset of M. Then A is
empty if and only if the submagma generated by A is empty.

Let M be a multiplicative magma and let A be an empty subset of M. Note
that the submagma generated by A is empty.

The following proposition is true

(15) Let M, N be non empty multiplicative magmas, f be a function from M
into N, and X be a subset of M. Suppose f is multiplicative. Then f°(the

carrier of the submagma generated by X) = the carrier of the submagma
generated by f°X.
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4. FREE MAGMAS

Let X be a set. The free magma sequence of X yielding a function from N
into 2the universe of XUN g defined by the conditions (Def. 14).

(Def. 14)(i)  (The free magma sequence of X)(0) = (),
(ii)  (the free magma sequence of X)(1) = X, and
(iii)  for every natural number n such that n > 2 there exists a finite sequence
f1 such that len fi = n — 1 and for every natural number p such that
p>1and p <n—1holds fi(p) = (the free magma sequence of X)(p) x
(the free magma sequence of X )(n — p) and (the free magma sequence of
X)(n) = Udisjoint fi.
Let X be a set and let n be a natural number. The functor M,,(X) is defined
by:
(Def. 15) My(X) = (the free magma sequence of X)(n).

Let X be a non empty set and let n be a non zero natural number. Observe
that My, (X) is non empty.

In the sequel X is a set.

We now state four propositions:

16) Mp(X) = 0.
17) My(X) = X.
18) Ma(X) =X x X x {1}.
19) M3g(X) =X x (X x X x{1}) x {1} UX x X x {1} x X x {2}.
We adopt the following convention: z, y, Y are sets and n, m, p are elements

of N.
One can prove the following propositions:

(20) Suppose n > 2. Then there exists a finite sequence f; such that len f; =
n—1 and for every p such that p > 1 and p < n—1 holds fi(p) = Mp(X) x
M, _rp(X) and M, (X) = Jdisjoint fi.

(21) Suppose n > 2 and x € M,(X). Then there exist p, m such that z2 =p
and 1 <p <n—1and (z1)1 € Mp(X) and (z1)2 € Mn(X) and n = p+m
and z € Mp(X) x My, (X) x {p}.

(22) If x € My(X) and y € My, (X), then ({x, y), n) € Mptm(X).
(23) If X CY, then M,(X) C M,(Y).
Let X be a set. The carrier of free magma on X is defined as follows:
(Def. 16) The carrier of free magma on X = Jdisjoint((the free magma sequence
of X)INT).
One can prove the following proposition
(24) X = 0 iff the carrier of free magma on X = ().
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Let X be an empty set. Observe that the carrier of free magma on X is
empty.
Let X be a non empty set. One can verify that the carrier of free magma
on X is non empty. Let w be an element of the carrier of free magma on X.
Observe that ws is non zero and natural.
We now state four propositions:
(25) For every non empty set X and for every element w of the carrier of free
magma on X holds w € My, (X) x {wz}.
(26) Let X be a non empty set and v, w be elements of the carrier of free
magma on X. Then (({v1, w1), v2), va + wsz) is an element of the carrier
of free magma on X.
(27) If X C Y, then the carrier of free magma on X C the carrier of free
magma on Y.

(28) If n >0, then M,(X) x {n} C the carrier of free magma on X.

Let X be a set. The multiplication of free magma on X yields a binary
operation on the carrier of free magma on X and is defined as follows:

(Def. 17)(i)  For all elements v, w of the carrier of free magma on X and for all n,
m such that n = vg and m = wa holds (the multiplication of free magma
on X)(v, w) = ({{v1, w1), v2), n+m) if X is non empty,

(ii)  the multiplication of free magma on X = (), otherwise.
Let X be a set. The functor M(X) yields a multiplicative magma and is
defined by:

(Def. 18) M(X) = (the carrier of free magma on X, the multiplication of free
magma on X).

Let X be a set. Note that M(X) is strict.

Let X be an empty set. One can verify that M(X) is empty.

Let X be a non empty set. Note that M(X) is non empty. Let w be an
element of M(X). One can verify that wg is non zero and natural.

The following proposition is true

(29) For every set X and for every subset S of X holds M(S) is a submagma
of M(X).

Let X be a set and let w be an element of M(X). The functor length w yields

a natural number and is defined by:

e 19) 1= f 2 X0 o et
One can prove the following proposition

(30) X = {w1;w ranges over elements of M(X): lengthw = 1}.
In the sequel v, v1, ve, w, wi, we denote elements of M(X).
One can prove the following propositions:
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(31) If X is non empty, then v - w = ({{v1, w1), va), length v + length w).
(32) If X is non empty, then v = (v1, v2) and lengthv > 1.

(33) length(v - w) = length v + length w.

(34) If lengthw > 2, then there exist wi, wy such that w = wy - we and

length w; < lengthw and length wy < length w.
(35) If v1 - v9 = wy - wa, then v1 = wy and vy = wo.
Let X be a set and let n be a natural number. The n-canonical image of X
yields a function from M, (X) into M(X) and is defined as follows:

(Def. 20)(i)  For every z such that z € dom (the n-canonical image of X) holds
(the m-canonical image of X)(z) = (z, n) if n > 0,
(i)  the n-canonical image of X = (), otherwise.
Let X be a set and let n be a natural number. Observe that the n-canonical
image of X is one-to-one.
Let X be a non empty set. Observe that the 1-canonical image of X
In the sequel X, Y, Z are non empty sets.
Next we state three propositions:

(36) For every subset A of M(X) such that A = (the 1-canonical image of
X)°X holds M(X) = the submagma generated by A.

(37) Let R be a compatible equivalence relation of M(X). Then M(X)/ R =
the submagma generated by (the canonical homomorphism onto cosets of
R)°(the 1-canonical image of X)°X.

(38) For every function f from X into Y holds (the 1-canonical image of Y)- f
is a function from X into M(Y).

Let X be a non empty set, let M be a non empty multiplicative magma, let
n, m be non zero natural numbers, let f be a function from M, (X) into M, and
let g be a function from M, (X) into M. The functor f x g yielding a function
from My (X) X My (X) x {n} into M is defined by the condition (Def. 21).

(Def. 21) Let x be an element of My (X) x My (X) x {n}, y be an element of
M, (X), and z be an element of My, (X). If y = (1)1 and z = (x1)2, then
(f xg)(x) = fy) - 9(2).
In the sequel M is a non empty multiplicative magma.
One can prove the following propositions:

(39) Let f be a function from X into M. Then there exists a function h
from M(X) into M such that h is multiplicative and h extends f - (the
I-canonical image of X)~!.

(40) Let f be a function from X into M and h, g be functions from M(X)
into M. Suppose that

(i) h is multiplicative,
(i)  h extends f - (the 1-canonical image of X)~!,

(iii) ¢ is multiplicative, and
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(iv) g extends f - (the 1-canonical image of X)~!.
Then h = g.

For simplicity, we adopt the following rules: M, N are non empty multipli-
cative magmas, f is a function from M into N, H is a non empty submagma of
N, and R is a compatible equivalence relation of M.

We now state three propositions:

(41) Suppose f is multiplicative and the carrier of H = rng f and R = the
equivalence kernel of f. Then there exists a function g from ™ /g into H
such that f = g - the canonical homomorphism onto cosets of R and g is
bijective and multiplicative.

(42) Let g1, g2 be functions from ™/ into N. Suppose g; - the canonical
homomorphism onto cosets of R = go - the canonical homomorphism onto
cosets of R. Then g1 = go.

(43) Let M be a non empty multiplicative magma. Then there exists a non
empty set X and there exists a relators r of M(X) such that there exists a
function from M(X) /the equivalence relation of » ilto M which is bijective and
multiplicative.

Let X, Y be non empty sets and let f be a function from X into Y. The
functor M(f) yields a function from M(X) into M(Y") and is defined by:

(Def. 22) M(f) is multiplicative and M(f) extends (the 1-canonical image of Y) -
f - (the 1-canonical image of X)~ 1.

Let X, Y be non empty sets and let f be a function from X into Y. One
can verify that M(f) is multiplicative.

In the sequel f denotes a function from X into Y and ¢ denotes a function
from Y into Z.

Next we state several propositions:

(44) Mg - f) = M(g) - M(/)-

(45) For every function g from X into Z such that Y C Z and f = g holds
M(f) = M(9)-

(46) M(idx) = iddom m(s)-

(47) If f is one-to-one, then M(f) is one-to-one.

(48) If f is onto, then M(f) is onto.
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Summary. In this article, we give several differentiation and integrability
formulas of special and composite functions including the trigonometric function,
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The papers [12], [2], [3], (1], [7], [11], (13], [4], [17], [8], [9], [6], [18], [5], [10], [15],
[16], and [14] provide the terminology and notation for this paper.
One can check that there exists a subset of R which is closed-interval.
For simplicity, we use the following convention: a, b, z, r are real numbers,
n is an element of N, A is a closed-interval subset of R, f, g, f1, fo, g1, go are
partial functions from R to R, and Z is an open subset of R.
We now state a number of propositions:
(1) Suppose Z C dom(ﬁ) and for every x such that z € Z holds fi(z) =1
and f» = 2. Then ﬁ is differentiable on Z and for every x such that

x € Z holds (ﬁ)’rz(m) = ——2&

(14x2)2 -
1
(2) Suppose that A C Z and f = glf% and fo = the func-
tion arccot and Z C ]-1,1[ and go = [? and for every z such

that * € Z holds ¢i(z) = 1 and fa(z) > 0 and Z = dom f.
Then /f(a:)d:n = (—(the function In) - (the function arccot))(sup A) —
A

(—(the function In) - (the function arccot))(inf A).
(3) Suppose that
(i) AczZ
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(i)  for every x such that z € Z holds (the function exp)(z) < 1 and
fi (.Z') =1,
(iii) Z C dom((the function arctan) -(the function exp)),

(iV) Z = dom f, and
. the function exp
(v) f= f1+(the function exp)?”

Then /f(x)dx = ((the function arctan) -(the function exp))(sup A) —

A
((the function arctan) -(the function exp))(inf A).

(4) Suppose that
i)y ACZ,
(i)  for every x such that z € Z holds (the function exp)(xz) < 1 and
f1 (J}) =1,
(iii) Z C dom((the function arccot) -(the function exp)),

(iV) Z = dom f, and
o —the function exp
(V) f - f1+(the function eXP)2 ’

Then / f(x)dx = ((the function arccot) -(the function exp))(sup A)—((the

function arccot) -(the function exp))(inf A).
(5) Suppose that
i) ACZ,
(i) Z =dom f, and
(iii)  f = (the function exp)

the function sin + the function exp
the function cos (the function cos)?’

Then / flx ((the function exp) (the function tan))(sup A) — ((the

functlon exp) (the function tan))(inf A).
(6) Suppose that
i) ACZ,
(i) Z =dom f, and

3 the functi the function exp
(iii)  f = (the function exp) {HEEReon % (the fanction sin)? "
Then / f(z ((the function exp) (the function cot))(sup A) — ((the

functlon exp) (the function cot))(inf A).

(7) Suppose that
) ACZ
) for every x such that x € Z holds fi(z) =1,
(i) ZC]-1,1],
)  Z =dom f, and
) f = (the function exp) (the function arctan)+

the function exp
1+
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Then / f(x)dx = ((the function exp) (the function arctan))(sup A)—((the
A

function exp) (the function arctan))(inf A).

(8) Suppose that
(i) AcZz,

—

)
(ii)  for every x such that x € Z holds fi(z) =1,
(i) ZC)-1,1],
) Z =dom f, and
o . . the function ex
) f = (the function exp) (the function arccot)—fngp

Then / f(x)dx = ((the function exp) (the function arccot))(sup A)—((the
A

function exp) (the function arccot))(inf A).
(9) Suppose A C Z = dom f and f = ((the function exp) -(the function sin))
(the function cos). Then /f(m)dx = ((the function exp) -(the function

A
sin))(sup A) — ((the function exp) -(the function sin))(inf A).
(10) Suppose A C Z = dom f and f = ((the function exp) -(the function
cos)) (the function sin).

Then /f(x)dx = (—(the function exp) - (the function cos))(sup A) —

A
(—(the function exp) - (the function cos))(inf A).
(11) Suppose A C Z and for every x such that x € Z holds z > 0 and
Z = dom f and f = ((the function cos) -(the function In)) é. Then

/f(:v)dx = ((the function sin) -(the function In))(sup A) — ((the function
A

sin) -(the function In))(inf A).

(12) Suppose A C Z and for every x such that x € Z holds x > 0
and Z = domf and f = ((the function sin) -(the function In))
é. Then /f(:n)dx = (—(the function cos) - (the function In))(sup A) —

A
(—(the function cos) - (the function In))(inf A).

(13) Suppose A C Z = dom f and f = (the function exp) ((the function cos)
-(the function exp)). Then / f(z)dz = ((the function sin) -(the function

A
exp))(sup A) — ((the function sin) -(the function exp))(inf A).
(14) Suppose A C Z = dom f and f = (the function exp) ((the function sin)
-(the function exp)).
Then /f(x)d:n = (—(the function cos) - (the function exp))(sup A) —

A
(—(the function cos) - (the function exp))(inf A).
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(15) Suppose that A C Z C dom((the function In) -(f14f2)) and r # 0 and for
every x such that z € Z holds g(z) = T and g(x) > —1 and g(z) < 1 and
fi(x) =1and fo = (O0%)-g and Z = dom f and f = (the function arctan)

-g. Then /f(x)da: = (idz ((the function arctan) -g) — § ((the function In)

(fr+ fg)jgl)(sup A) — (idz ((the function arctan) -g) — 5 ((the function In)
((f1 + f2))) (inf A).

(16) Suppose that A C Z C dom((the function In) -(f1+f2)) and r # 0 and for
every x such that z € Z holds g(z) = ¥ and g(x) > —1 and g(z) < 1 and
fi(z) =1and fo = (0%)-g and Z = dom f and f = (the function arccot)

-g. Then /f(x)dx = (idz ((the function arccot) -g) + § ((the function In)

(fi+ fg)sl)(sup A) — (idz ((the function arccot) -g) + § ((the function In)
(1 + f2)))(inf A).
(17) Suppose that
(i) AcZ
(ii)  f = (the function arctan) -fi + - (gii?lz),
(iii)  for every x such that x € Z holds g(z) = 1 and fi(z) = £ and
fi(z) > -1 and fi(z) <1
(iv) Z =dom f, and

(

is continuous on A.

v) f
Then /f(x)d:z = (idz ((the function arctan) -f;))(sup A) — (idz ((the

A
function arctan) - f1))(inf A).

(18) Suppose that
(i) AcCZ
(ii)  f = (the function arccot) - f1 — m

(iii)  for every x such that x € Z holds g(z) = 1 and fi(z) = £ and
fi(x) > —1and fi(z) <1

(iv) Z =dom f, and

(v)  f is continuous on A.

Then /f(x)dm = (idz ((the function arccot) -f1))(sup A) — (idz ((the

A
function arccot) -f1))(inf A).

(19) Suppose that A C Z C ]—1,1] and for every z such that x € Z holds
fi(x) =1and Z = dom f and Z C dom((C") - (the function arcsin)) and

1<mnand f = n ((O" ). (the function arcsin)) Then / dZC — (" the
f= LT fx (@) - (

function arcsin))(sup A) — ((d") - (the function arcsm))(lnf A).
(20) Suppose that A C Z C ]—1,1] and for every z such that x € Z holds
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fi(z) = 1 and Z C dom((O") - (the function arccos)) and Z = dom f

n n—1y. e function arccos
and 1 < n and f = (™ zm(éh)-(iﬁfl;) ) Then A/f(ac)dx =
(—(O") - (the function arccos))(sup A) — (—(O") - (the function arccos))
(inf A).
(21) Suppose A C Z and for every x such that x € Z holds fi(z) = 1 and
Z C ]-1,1] and Z = dom f and f = (the function arcsin)+——92—.
(O2)-(HL-0P)
Then /f(x)dac = (idz (the function arcsin))(sup A) — (idz (the function
A

arcsin))(inf A).
(22) Suppose A C Z and for every z such that z € Z holds fi(z) = 1 and
Z C ]-1,1] and Z = dom f and f = (the function arccos)— idg

O2)(f1-0»)
Then /f(x)dx = (idz (the function arccos))(sup A) — (idz (the function
A

arccos))(inf A).
(23) Suppose that
i)y ACZ,
(i) ZC]-1,1],
(iii) for every x such that x € Z holds fi(z) =a- -2z + b and fa(x) =1,
(iv) Z =dom f, and ;
— ] 1 1
(v)  f = a(the function arcsm)—km.
Then /f(x)da: = (f1 (the function arcsin))(sup A) — (fi (the function
arcsin)ﬁinf A).
(24) Suppose that
(i) Acz
(i) ZC]-1,1],
(iii)  for every x such that € Z holds fi(z) =a-2z+ b and fa(x) =1,
(iv) Z =dom f, and ;
— ] 1
(v)  f = a(the function arccos)—m.
Then /f(:v)dx = (f1 (the function arccos))(sup A) — (fi (the function
arccos)l)él(inf A).
(25) Suppose that
i)y ACZ,

(ii) for every x such that € Z holds g(z) = 1 and fi(z) = ¥ and fi(z) > —1
and fi(x) <1,
(ili)) Z =dom f,

(iv)  f is continuous on A, and
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v)  f = (the function arcsin) - f; + — 92—,
v ( T Yy

Then /f(a;)dac = (idz ((the function arcsin) -f1))(sup A) — (idz ((the function

aurcsinj4 -f1))(inf A).
(26) Suppose that
G) Acz
(ii)  for every z such that € Z holds g(z) = 1 and fi(z) = { and fi(z) > —1
and fi(z) <1
(iii) Z = dom f,
(iv)  f is continuous on A, and

v = (the function arccos #
v F=l e S

Then /f(a:)dm = (idz ((the function arccos) -f1))(sup A) — (idz ((the function

A
arccos) -f1))(inf A).

Orn-1 : H
(27) Suppose A C Z and [ = ((mn+1>)(Eﬁzefiﬁﬂfgincils)) and 1 < n and Z C

dom((") - (the function tan)) and Z = dom f. Then /f(a:)d:c = ((O") - (the

A
function tan))(sup A) — ((O") - (the function tan))(inf A).

0"—1).(the functi
(28) Suppose A C Z and f = nE(DnH)?(glteful;rgité%nsics)s)) and 1 < n and

Z C dom((O") - (the function cot)) and Z = dom f. Then /f(x)dw =

(—(O") - (the function cot))(sup A) — (—(0") - (the function cot))(?nf A).
(29) Suppose that
) ACZ,
) Z C dom((the function tan) -f;),
(iii) f= ((the function sin)-f1)?
)
)

~ ((the function cos)-f1)2’
for every x such that x € Z holds fi(x) = a -z and a # 0, and

Z = dom f.
Then /f(:n)dx = (% ((the function tan) -f1) —idz)(sup A) — (2 ((the function

tan) :?1) —idy)(inf A).
(30) Suppose that
) ACZ,

) Z C dom((the function cot) - f1),
(iii) f= ((the function cos)-f1)?
)

)

~ ((the function sin)-f1)2’
for every x such that = € Z holds f1(z) = a-x and a # 0, and

Z = dom f.
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Then /f(a;)d:c = ((—2) ((the function cot) -f1) — idz)(sup A) — ((—%) ((the
A

function cot) -f1) —idz)(inf A).

(31) Suppose that

(i) ACZ,

(ii)  for every x such that x € Z holds fi(z) =a -z +0,
(ii) Z =dom f, and

. ___ the function sin f

(IV) f=a the function cos T (the functlion cos)?”

Then /f(l’)dl’ = (f1 (the function tan))(sup A) — (f1 (the function tan))(inf A).
A

(32) Suppose that

(i) ACZ
(ii)  for every z such that x € Z holds fi(x) =a-x +b,
(ili)) Z =dom f, and
: __ , the functi f
(IV) f=a thz fﬁ?l(étligrri gﬁ? o (the functlion sin)? "

Then /f(x)da: = (f1 (the function cot))(sup A) — (f1 (the function cot))(inf A).
A

(33) Suppose that
) ACZ,
e function sin)(z)?2
) for every x such that x € Z holds f(z) = ((:Ee gum:ion cos))Ex))z’
(iii)) Z C dom((the function tan)—idyz),
)
)

Z = dom f, and
f is continuous on A.

Then /f(x)dm = ((the function tan)—idz)(supA) — ((the function
A

tan)—idz)(inf A).
(34) Suppose that
(i) ACZ
i) for every x such that x € Z holds f(z) =
(ili)) Z C dom(—the function cot —idy),
)
)

(the function cos)(x)?
(the function sin)(z)2’

Z = dom f, and

f is continuous on A.

Then /f(a:)dx = (—the function cot — idz)(sup A) — (—the function cot —

A
(35) Suppose that
i)y ACZ
(ii)  for every z such that x € Z holds f(z) = (T (e funlction @z and (the

function In)(z) > —1 and (the function In)(z) < 1,

33
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(iii) Z C dom((the function arctan) -(the function In)),
(iv) Z =dom f, and
(v)  f is continuous on A.

Then /f(w)dx = ((the function arctan) -(the function In))(sup A) — ((the func-
A

tion arctan) -(the function In))(inf A).

(36) Suppose that
i)y ACZ,
(ii)  for every x such that z € Z holds f(x) = — > (T (e funlction @3 and (the
function In)(z) > —1 and (the function In)(z) < 1,
(ii) Z C dom((the function arccot) -(the function In)),
(iv) Z =dom f, and
(v)  fis continuous on A.

Then /f(x)da: = ((the function arccot) -(the function In))(sup A) — ((the func-
A

tion arccot) -(the function In))(inf A).
(37) Suppose that
(i) ACZ
(ii)  for every x such that z € Z holds f(x) =
and fi(z) > —1 and fi(z) <1,
(ili)) Z C dom((the function arcsin) - f1),
(iv) Z =dom f, and
(v)  f is continuous on A.
Then / f(z)dz = ((the function arcsin) -fi)(sup A) — ((the function arcsin)

\/ﬁandfl(l‘):a.x_i_b

A
1) (inf 4).
(38) Suppose that
(i) ACZ
(ii)  for every x such that x € Z holds f(z) = m and fi(z) =a-z+b
and fi(z) > —1 and fi(z) <1,
(iii) Z C dom((the function arccos) - f1),
(iv) Z =dom f, and
(v)  f is continuous on A.
Then /f(:c)d:z: = (—(the function arccos) - f1)(sup A) — (—(the function

A
arccos) - f1)(inf A).

(39) Suppose that A C Z and fi = g — f» and fo = % and for every x such
that x € Z holds f(x) = z- (1 — x2)_% and g(z) = 1 and fi(x) > 0 and
Z C dom((D%)-fl) and Z = dom f and f is continuous on A. Then /f(:z:)dm =

A



INTEGRABILITY FORMULAS. PART 1

(~(@2) - fi)(sup A) — (~(02) - f)(inf A).
(40) Suppose that A C Z and g = f1 — f> and fo = % and for every x such
that = € Z holds f(z) = z - (a® — x2)7% and fi(z) = a2 and g(z) > 0 and
Z C dom((D%) -g) and Z = dom f and f is continuous on A. Then /f(x)dac =
A
1 1 .
(—=(@2) - g)(sup A) — (=(032) - g)(inf A).
(41) Suppose that
(i) ACZ
(i) n>0,
__ (the function cos)(z)
(iii)  for every z such that z € Z holds f(z) = (the Fanction s (n)orT and (the
function sin)(z) # 0,
(iv)  Z C dom((0") - e Fumction s )"
(v) Z =dom f, and
(vi)  f is continuous on A.

Then /f(x)da: = ((—%)((Dn) !
A

1

the function sin
(42) Suppose that

D(sup A) — ((—0) (@) -

" the function sin

))(inf A).

i) Acz,

(i) n >0,

(iii)  for every x such that = € Z holds f(x) = (t}(lih?uflirtlf;ozo?)r(li()?+1 and (the
function cos)(z) # 0,

(iv) 2 € dom((0") " i famction cos):

(v) Z =dom f, and

(vi)  f is continuous on A.

1 1 1
Th d = (=((@O - sup 4A) — (= ((@O") -
en A/f(ﬂﬂ)fﬁ ) s funetion cos)) P A) = (—((07)
1 .
the function cos))(lnf A).
1
(43) Suppose that A C Z and f = % and fo = the function arccot

and Z C ]-1,1[ and go = [? and for every z such that x € Z holds
f(l‘) = (14+z2)-(the funlction arccot)(z) and gl(iv) = 1 and fQ(:E) > 0 and 7 =

dom f. Then /f(x)da: = (—(the function In) - (the function arccot))(sup A) —

A
(—(the function In) - (the function arccot))(inf A).

(44) Suppose that
G) Acz
(11) Zg]_lal[a
(iii) for every z such that = € Z holds (the function arcsin)(z) > 0 and fi(z) =1,
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(iv)  Z C dom((the function In) -(the function arcsin)),
(v) Z =dom f, and

vi) f= L

(vi) ((

D% )-(f1—[2)) (the function arcsin) )

Then /f(x)dsc = ((the function In) -(the function arcsin))(sup A) — ((the func-

A
tion In) -(the function arcsin))(inf A).

(45) Suppose that

) ACZ,

) ZC ]_17 1[7

) for every x such that x € Z holds fi(z) = 1 and (the function arccos)(x) > 0,

(iv)  Z C dom((the function In) -(the function arccos)),

)  Z =dom f, and
1

) F=1

D%)-(fl—I:IQ)) (the function arccos) '

Then /f(x)dac = (—(the function In) - (the function arccos))(sup A) —

A
(—(the function In) - (the function arccos))(inf A).
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1. PRELIMINARIES

For simplicity, we use the following convention: D denotes a set, x, xg, ¥, Yo,
Z, 29, T, 8, t denote real numbers, p, a, u, uy denote elements of R3, f, f1, fo,
f3, g denote partial functions from R? to R, R denotes a rest, and L denotes a
linear function.
One can prove the following three propositions:
(1) domproj(1,3) = R? and rng proj(1,3) = R and for all elements z, y, z
of R holds (proj(1,3))((x,y, z)) = =.
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http://fm.mizar.org/miz/pdiff_4.miz
http://ftp.mizar.org/

40 TAKAO INOUE AND BING XIE AND XIQUAN LIANG

(2) domproj(2,3) = R? and rng proj(2,3) = R and for all elements z, y, z
of R holds (proj(2,3))({x,y, 2)) = y.

(3) domproj(3,3) = R3 and rngproj(3,3) = R and for all elements z, y, z
of R holds (proj(3,3))((x,y, z)) = =.

2. PARTIAL DIFFERENTIATION OF REAL TERNARY FUNCTIONS

One can prove the following propositions:
(4) If uw = (x,y,2z) and f is partially differentiable in u w.r.t. coordinate
number 1, then SVF1(1, f,u) is differentiable in x.
(5) If u = (x,y,2) and f is partially differentiable in u w.r.t. coordinate
number 2, then SVF1(2, f,u) is differentiable in y.
(6) If u = (x,y,z) and f is partially differentiable in u w.r.t. coordinate
number 3, then SVF1(3, f,u) is differentiable in z.
(7) Let f be a partial function from R? to R and u be an element of R3.
Then the following statements are equivalent
(i)  there exist real numbers zg, yo, 2o such that u = (z9,yo,20) and
SVF1(1, f,u) is differentiable in xg,
(ii)  f is partially differentiable in u w.r.t. coordinate number 1.
(8) Let f be a partial function from R? to R and u be an element of R3.
Then the following statements are equivalent
(i)  there exist real numbers g, yo, zo such that u = (xo,y0,20) and
SVF1(2, f,u) is differentiable in yp,
(ii)  f is partially differentiable in uw w.r.t. coordinate number 2.

(9) Let f be a partial function from R? to R and u be an element of R3.
Then the following statements are equivalent
(i)  there exist real numbers zg, yo, 2o such that u = (x9,yo,20) and
SVF1(3, f,u) is differentiable in z,
(ii)  f is partially differentiable in w w.r.t. coordinate number 3.

(10) Suppose u = (zg,¥0,20) and f is partially differentiable in u w.r.t.
coordinate number 1. Then there exists a neighbourhood N of xy such
that N C dom SVFI1(1, f,u) and there exist L, R such that for eve-
ry x such that x € N holds (SVF1(1, f,u))(z) — (SVF1(1, f,u))(zo) =
L(z — zo) + R(z — o).

(11) Suppose u = (xg,¥0,20) and f is partially differentiable in u w.r.t.
coordinate number 2. Then there exists a neighbourhood N of gy such
that N C domSVF1(2, f,u) and there exist L, R such that for eve-
ry y such that y € N holds (SVF1(2, f,u))(y) — (SVF1(2, f,u))(yo) =
L(y — yo) + R(y — yo)-
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(12) Suppose u = (xg, yo, 20) and f is partially differentiable in u w.r.t. co-
ordinate number 3. Then there exists a neighbourhood N of zy such that
N C dom SVF1(3, f,u) and there exist L, R such that for every z such that
z € N holds (SVF1(3, f,u))(2)—(SVF1(3, f,u))(20) = L(z—20)+R(z—2p).

(13) Let f be a partial function from R? to R and u be an element of R3.
Then the following statements are equivalent

(i)  f is partially differentiable in u w.r.t. coordinate number 1,

(ii)  there exist real numbers xg, yo, 2o such that u = (xg, yo, 20) and there
exists a neighbourhood N of g such that N C dom SVF1(1, f, u) and there
exist L, R such that for every x such that x € N holds (SVF1(1, f,u))(z)—
(SVF1(1, f,u))(x0) = L(z — zo) + R(z — ).

(14) Let f be a partial function from R? to R and u be an element of R3.
Then the following statements are equivalent

(i)  f is partially differentiable in u w.r.t. coordinate number 2,

(ii)  there exist real numbers xg, yo, 2o such that u = (xg, yo, 20) and there
exists a neighbourhood N of yy such that N C dom SVF1(2, f, u) and there
exist L, R such that for every y such that y € N holds (SVF1(2, f,u))(y)—
(SVF1(2, f,u))(yo) = L(y — vo) + R(y — vo)-

(15) Let f be a partial function from R? to R and u be an element of R3.
Then the following statements are equivalent

(i)  f is partially differentiable in u w.r.t. coordinate number 3,

(ii)  there exist real numbers xg, yo, 29 such that u = (xg, yo, 20) and there
exists a neighbourhood N of zg such that N C dom SVF1(3, f,u) and there
exist L, R such that for every z such that z € N holds (SVF1(3, f,u))(z)—
(SVF1(3, f,u))(z0) = L(z — 20) + R(z — 2p).

(16) Suppose u = (zg, Yo, 20) and f is partially differentiable in u w.r.t. co-
ordinate number 1. Then r = partdiff(f,u, 1) if and only if there exist
real numbers zg, Yo, 20 such that u = (xg,y0,20) and there exists a
neighbourhood N of zy such that N C domSVFI1(1, f,u) and there
exist L, R such that r = L(1) and for every z such that x € N holds
(SVF1(1, f,u))(x) — (SVF1(1, f,u))(xo) = L(x — zo) + R(x — xp).

(17) Suppose u = (xg, Yo, z0) and [ is partially differentiable in u w.r.t. co-
ordinate number 2. Then r = partdiff(f, u,2) if and only if there exist
real numbers zg, yo, 20 such that u = (xo,y0,20) and there exists a
neighbourhood N of yg such that N C domSVF1(2, f,u) and there
exist L, R such that » = L(1) and for every y such that y € N holds

(SVFL(2, f,u))(y) — (SVFL(2, f,u))(y0) = L(y — yo) + R(y — yo)-

(18) Suppose u = (xg, Yo, z0) and [ is partially differentiable in u w.r.t. co-
ordinate number 3. Then r = partdiff(f,u,3) if and only if there exist
real numbers zg, Yo, 20 such that u = (xg,y0,20) and there exists a
neighbourhood N of zy such that N C domSVF1(3, f,u) and there
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exist L, R such that r = L(1) and for every z such that z € N holds
(SVF1(3, f,u))(z) — (SVF1(3, f,u))(z0) = L(z — 20) + R(z — z0).
(19) If u = (w0, Yo, 20), then partdiff(f,u,1) = (SVFI1(1, f,u)) (x0).
(20) If uw = (x0, Y0, 20), then partdiff (f,u,2) = (SVF1(2, f,u)) (yo)-
(21) If u = (@0, Yo, 20), then partdiff(f,u,3) = (SVF1(3, f,u)) (20).
Let f be a partial function from R3 to R and let D be a set. We say that f

is partially differentiable w.r.t. 1st coordinate on D if and only if the conditions
(Def. 1) are satisfied.

(Def. 1)(i) D C dom f, and
(ii)  for every element u of R3 such that uw € D holds f|D is partially
differentiable in u w.r.t. coordinate number 1.

We say that f is partially differentiable w.r.t. 2nd coordinate on D if and only
if the conditions (Def. 2) are satisfied.
(Def. 2)(i) D C dom f, and
(ii)  for every element u of R3 such that v € D holds f|D is partially
differentiable in u w.r.t. coordinate number 2.
We say that f is partially differentiable w.r.t. 3rd coordinate on D if and only
if the conditions (Def. 3) are satisfied.
(Def. 3)(i) D C dom f, and
(ii)  for every element u of R?® such that v € D holds f[|D is partially
differentiable in u w.r.t. coordinate number 3.
The following three propositions are true:
(22) Suppose f is partially differentiable w.r.t. 1st coordinate on D. Then D C
dom f and for every u such that u € D holds f is partially differentiable
in v w.r.t. coordinate number 1.
(23) Suppose f is partially differentiable w.r.t. 2nd coordinate on D. Then
D C dom f and for every u such that u € D holds f is partially differen-
tiable in u w.r.t. coordinate number 2.
(24) Suppose f is partially differentiable w.r.t. 3rd coordinate on D. Then
D C dom f and for every u such that u € D holds f is partially differen-
tiable in u w.r.t. coordinate number 3.

Let f be a partial function from R? to R and let D be a set. Let us assume
that f is partially differentiable w.r.t. 1st coordinate on D. The functor frlf)t

yielding a partial function from R3 to R is defined as follows:
(Def. 4)  dom( fr%t) = D and for every element u of R3 such that v € D holds
frlf)t(u) = partdiff (f, u, 1).
Let f be a partial function from R? to R and let D be a set. Let us assume

that f is partially differentiable w.r.t. 2nd coordinate on D. The functor f?Bd
yields a partial function from R3 to R and is defined as follows:



PARTIAL DIFFERENTIATION OF REAL TERNARY ... 43

(Def. 5) dom( f?Bd) = D and for every element u of R? such that v € D holds
f%gd(u) = partdiff (f, u, 2).
Let f be a partial function from R? to R and let D be a set. Let us assume
that f is partially differentiable w.r.t. 3rd coordinate on D. The functor f‘?f)d
yielding a partial function from R? to R is defined as follows:

(Def. 6) dom( f?[r)d) = D and for every element u of R3 such that v € D holds
f?lr)d(u) = partdiff (f, u, 3).

3. MAIN PROPERTIES OF PARTIAL DIFFERENTIATION OF REAL TERNARY
FUNCTIONS

We now state a number of propositions:

(25) Let ug be an element of R? and N be a neighbourhood of (proj(1, 3))(uo).
Suppose f is partially differentiable in ug w.r.t. coordinate number 1
and N C domSVFI1(1, f,ug). Let h be a convergent to 0 sequence of
real numbers and ¢ be a constant sequence of real numbers. Suppose
g ¢ = {(proj(1,3))(uo)} and rng(h + ¢) € N. Then h=t (SVF1(1, f, ug) -
(h + ¢) — SVFI1(1, f,up) - ¢) is convergent and partdiff(f,up,1) =
lim(h=! (SVF1(1, f,ug) - (h+ c) — SVF1(1, f,ug) - ¢)).

(26) Let ug be an element of R? and N be a neighbourhood of (proj(2, 3))(uo).
Suppose f is partially differentiable in ug w.r.t. coordinate number 2
and N C domSVF1(2, f,ug). Let h be a convergent to 0 sequence of
real numbers and ¢ be a constant sequence of real numbers. Suppose
rng ¢ = {(proj(2,3))(up)} and rng(h + ¢) € N. Then h=* (SVF1(2, £, up) -
(h + ¢) — SVF1(2, f,up) - ¢) is convergent and partdiff(f,up,2) =
lim(h= (SVF1(2, f,uo) - (h + ¢) — SVF1(2, f,up) - c)).

(27) Let up be an element of R? and N be a neighbourhood of (proj(3, 3))(uo).
Suppose f is partially differentiable in ug w.r.t. coordinate number 3
and N C domSVFI1(3, f,ug). Let h be a convergent to 0 sequence of
real numbers and ¢ be a constant sequence of real numbers. Suppose
rng ¢ = {(proj(3,3))(up)} and rng(h + ¢) € N. Then h=t (SVF1(3, £, up) -
(h + ¢) — SVF1(3, f,up) - ¢) is convergent and partdiff(f,up,3) =
lim(h= (SVF1(3, f,uo) - (h + ¢) — SVF1(3, f,up) - )).

(28) Suppose that

(i)  f1 is partially differentiable in ug w.r.t. coordinate number 1, and
(ii)  fo is partially differentiable in ug w.r.t. coordinate number 1.
Then fi f5 is partially differentiable in ug w.r.t. coordinate number 1.

(29) Suppose that

(i)  f1 is partially differentiable in up w.r.t. coordinate number 2, and
(ii)  fo2 is partially differentiable in ug w.r.t. coordinate number 2.
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Then fi fs is partially differentiable in ug w.r.t. coordinate number 2.

(30) Suppose that

(i)  f1 is partially differentiable in ug w.r.t. coordinate number 3, and
(ii)  f2 is partially differentiable in ug w.r.t. coordinate number 3.
Then f; fo is partially differentiable in ug w.r.t. coordinate number 3.

(31) Let up be an element of R3. Suppose f is partially differentiable in
up w.r.t. coordinate number 1. Then SVFI(1, f,up) is continuous in
(proj(1,3))(uo).

(32) Let up be an element of R3. Suppose f is partially differentiable in
ug w.r.t. coordinate number 2. Then SVF1(2, f,up) is continuous in
(proj(2, 3))(uo)-

(33) Let up be an element of R3. Suppose f is partially differentiable in
ug w.r.t. coordinate number 3. Then SVFI1(3, f,up) is continuous in
(proj(3,3))(uo).

(34) Suppose f is partially differentiable in up w.r.t. coordinate number 1.
Then there exists R such that R(0) = 0 and R is continuous in 0.

(35) Suppose f is partially differentiable in ug w.r.t. coordinate number 2.
Then there exists R such that R(0) = 0 and R is continuous in 0.

(36) Suppose f is partially differentiable in up w.r.t. coordinate number 3.
Then there exists R such that R(0) = 0 and R is continuous in 0.

4. GRADS AND CURL

Let f be a partial function from R? to R and let p be an element of R3. The
functor grad(f,p) yields an element of R3 and is defined as follows:

(Def. 7) grad(f,p) = partdiff (f, p, 1)-e; +partdiff (£, p, 2)-ea+partdiff (f, p, 3)-es.
We now state several propositions:

(37) grad(f,p) = [partdiff(f, p, 1), partdiff (f, p, 2), partdiff (f, p, 3)].
(38) Suppose that
(i)  f is partially differentiable in p w.r.t. coordinate number 1, partially
differentiable in p w.r.t. coordinate number 2, and partially differentiable
in p w.r.t. coordinate number 3, and
(ii) ¢ is partially differentiable in p w.r.t. coordinate number 1, partially
differentiable in p w.r.t. coordinate number 2, and partially differentiable
in p w.r.t. coordinate number 3.
Then grad(f + g, p) = grad(f, p) + grad(g, p).
(39) Suppose that
(i)  f is partially differentiable in p w.r.t. coordinate number 1, partially
differentiable in p w.r.t. coordinate number 2, and partially differentiable
in p w.r.t. coordinate number 3, and
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(ii) ¢ is partially differentiable in p w.r.t. coordinate number 1, partially
differentiable in p w.r.t. coordinate number 2, and partially differentiable
in p w.r.t. coordinate number 3.
Then grad(f - gvp) = grad(f, p) - grad(gvp)
(40) Suppose that
(i)  f is partially differentiable in p w.r.t. coordinate number 1,
(ii)  f is partially differentiable in p w.r.t. coordinate number 2, and
(iii)  f is partially differentiable in p w.r.t. coordinate number 3.
Then grad(r f,p) = r - grad(f, p).
(41) Suppose that
(i)  f is partially differentiable in p w.r.t. coordinate number 1, partially
differentiable in p w.r.t. coordinate number 2, and partially differentiable
in p w.r.t. coordinate number 3, and
(ii) g is partially differentiable in p w.r.t. coordinate number 1, partially
differentiable in p w.r.t. coordinate number 2, and partially differentiable
in p w.r.t. coordinate number 3.
Then grad(s f +tg,p) = s- grad(f,p) + t - grad(g, p).
(42) Suppose that
(i)  f is partially differentiable in p w.r.t. coordinate number 1, partially
differentiable in p w.r.t. coordinate number 2, and partially differentiable
in p w.r.t. coordinate number 3, and
(ii) ¢ is partially differentiable in p w.r.t. coordinate number 1, partially
differentiable in p w.r.t. coordinate number 2, and partially differentiable
in p w.r.t. coordinate number 3.
Then grad(s f —tg,p) = s- grad(f,p) —t - grad(g, p).
(43) If f is total and constant, then grad(f,p) = Ogs -

Let a be an element of R3. The functor unitvector a yields an element of R?
and is defined as follows:

: _ a(l) a(2) a(3)
(Def. 8) unitvectora = [\/a(1)2+a(2)2+a(3)27 Ve ra@ a@)?’ \/a(1)2+a(2)2+a(3)2].

Let f be a partial function from R? to R and let p, a be elements of R3.
The functor Directiondiff(f, p,a) yielding a real number is defined by:
(Def. 9) Directiondiff(f, p, a) = partdiff (f, p, 1)-(unitvector a)(1)-+partdiff (f, p, 2)-
(unitvector a)(2) + partdiff (f, p, 3) - (unitvector a)(3).
The following propositions are true:

(44) If a = (x0,90,20), then Directiondiff(f,p,a) = —partd;ﬂ(f’p’l)'xo +
V02 +yo2+202
partdiff(f,p,2)-yo | partdiff(f,p,3)-20
VEo2+yo2+202 /w2ty +z02
(45) Directiondiff (f,p, a) = |(grad(f, p), unitvector a)|.
Let fi, f2, f3 be partial functions from R? to R and let p be an element of
R3. The functor curl(fy, fa, f3,p) yields an element of R3 and is defined by:
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(Def 10) Curl(fla f27 f3>p) = (partdiﬁ(f37p7 2) - partdiﬁ(vapv 3)) cer+

(partdiﬁ(flapa 3) - partdiﬁ(f37pa 1)) ceg + (partdiﬁ(f27pa 1)_
partdiff (f1,p,2)) - es.

Next we state the proposition

(46) Curl(fla f27 f3>p) = [partdiﬁ(f3ap7 2)_partdlﬁ(f27p7 3)7 partdiﬁ(flapa 3>_

[1]
2]
3]
(4]

[5]
(6]

[7]
(8]
[9]
[10]
[11]

[12]

partdiff(fg,p, 1)7 partdiﬁ(f27pa 1) - partdiﬁ(f17p7 2)]
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Summary. This text includes the definition of chain-complete poset, fix-
point theorem on it, and the definition of the function space of continuous func-
tions on chain-complete posets [10].
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The papers (8], [4], [5], (3], [1], (9], [7], [11], [13], (12], [2], [14], and [6] provide
the notation and terminology for this paper.

1. MONOTONE FUNCTIONS, CHAIN AND CHAIN-COMPLETE POSETS

Let P be a non empty poset. Observe that there exists a chain of P which
is non empty.
Let I be a relational structure. We say that I is chain-complete if and only
if:
(Def. 1) I is lower-bounded and for every chain L of I; such that L is non empty
holds sup L exists in I;.

One can prove the following proposition
(1) Let Py, P, be non empty posets, K be a non empty chain of P, and h
be a monotone function from P; into P,. Then A°K is a non empty chain
of PQ.
Let us note that there exists a poset which is strict, chain-complete, and non
empty.
Let us mention that every relational structure which is chain-complete is
also lower-bounded.

(© 2010 University of Bialystok
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For simplicity, we adopt the following rules: x, y denote sets, P, ) denote
strict chain-complete non empty posets, L denotes a non empty chain of P,
M denotes a non empty chain of @, p denotes an element of P, f denotes a
monotone function from P into ), and g, g1, go denote monotone functions
from P into P.

We now state the proposition

(2) sup(f°L) < f(supL).

2. FIXPOINT THEOREM FOR CONTINUOUS FUNCTIONS ON CHAIN-COMPLETE
PoOsETS

Let P be a non empty poset, let g be a monotone function from P into P,
and let p be an element of P. The functor iterSet(g,p) yields a non empty set
and is defined by:

(Def. 2) iterSet(g,p) = {z € P:

Next we state the proposition

n:natural number © — gn (p)}
(3) iterSet(g, Lp) is a non empty chain of P.

Let us consider P and let g be a monotone function from P into P. The
functor iter-min g yields a non empty chain of P and is defined by:

(Def. 3) iter-min g = iterSet(g, Lp).
The following propositions are true:
(4) supiter-min g = sup(g° iter-min g).
(5) If g1 < go, then supiter-min g; < sup iter-min go.
Let P, @@ be non empty posets and let f be a function from P into (). We
say that f is continuous if and only if:

(Def. 4)  f is monotone and for every non empty chain L of P holds f preserves
sup of L.
We now state two propositions:
(6) For every function f from P into @ holds f is continuous iff f is monotone
and for every L holds f(sup L) = sup(f°L).
(7) For every element z of @ holds P — z is continuous.
Let us consider P, Q. Observe that there exists a function from P into @
which is continuous.
Let us consider P, (). One can verify that every function from P into @
which is continuous is also monotone.
The following proposition is true

(8) For every monotone function f from P into @ such that for every L
holds f(sup L) < sup(f°L) holds f is continuous.
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Let us consider P and let g be a monotone function from P into P. Let us
assume that g is continuous. The least fixpoint of g yields an element of P and
is defined by the conditions (Def. 5).
(Def. 5)(i)  The least fixpoint of g is a fixpoint of g, and
(ii)  for every p such that p is a fixpoint of g holds the least fixpoint of g < p.
One can prove the following propositions:
(9) For every continuous function g from P into P holds the least fixpoint
of g = supiter-min g.
(10) Let g1, g2 be continuous functions from P into P. If g; < g9, then the
least fixpoint of g; < the least fixpoint of go.

3. FUNCTION SPACE OF CONTINUOUS FUNCTIONS ON CHAIN-COMPLETE
POsSETS

Let us consider P, @. The functor ConFuncs(P, @) yields a non empty set
and is defined by the condition (Def. 6).

(Def. 6) ConFuncs(P,Q) = {x;z ranges over elements of (the carrier of
Q)the carrier of P: \/f: continuous function from P into Q f = ZL‘}
Let us consider P, (). The functor ConRelat(P, @) yielding a binary relation
on ConFuncs(P, Q) is defined by the condition (Def. 7).
(Def. 7) Let given z, y. Then (z, y) € ConRelat(P, Q) if and only if the following
conditions are satisfied:
(i) =z € ConFuncs(P,Q),
(i) y € ConFuncs(P, @), and
(iii)  there exist functions f, g from P into @ such that z = f and y = ¢
and f <g.
Let us consider P, ). One can verify the following observations:
x ConRelat(P, @) is reflexive,
x ConRelat(P, Q) is transitive, and
x ConRelat(P, Q) is antisymmetric.

Let us consider P, @. The functor ConPoset(P, Q) yielding a strict non
empty poset is defined as follows:

(Def. 8) ConPoset(P, Q) = (ConFuncs(P, @), ConRelat(P, Q)).

In the sequel F' is a non empty chain of ConPoset(P, Q).
Let us consider P, @, F, p. The functor F-image(p) yielding a non empty
chain of () is defined as follows:

(Def 9) F_image(p) = {$ € Q: Vf: continuous function from P into Q (f €EF N x=
f(0)}-
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Let us consider P, @, F. The functor sup-func F' yields a function from P
into @ and is defined as follows:
(Def. 10) For all p, M such that M = F-image(p) holds (sup-func F')(p) = sup M.
Let us consider P, @, F'. One can check that sup-func F' is continuous.
The following proposition is true
(11) Sup F exists in ConPoset(P, Q) and sup-func F' = [ oonposet(p,q) F-
Let us consider P, Q. The functor min-func(P, Q) yielding a function from
P into @ is defined as follows:
(Def. 11)  min-func(P,Q) = P — Lg.
Let us consider P, (). One can check that min-func(P, @) is continuous.
The following proposition is true
(12) For every element f of ConPoset(P, Q) such that f = min-func(P,Q)
holds f < the carrier of ConPoset(P, Q).
Let us consider P, Q). Note that ConPoset(P, Q) is chain-complete.

4. CONTINUITY OF FIXPOINT FUNCTION FROM CONPOSET(P, P) INTO P

Let us consider P. The functor fix-func P yielding a function
from ConPoset(P, P) into P is defined by the condition (Def. 12).

(Def. 12) Let g be an element of ConPoset(P, P) and h be a continuous function
from P into P. If g = h, then (fix-func P)(g) = the least fixpoint of h.

Let us consider P. One can check that fix-func P is continuous.
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The papers [2], [3], [4], [6], [7], [5], [8], [9], [10], and [1] provide the terminology
and notation for this paper.

For simplicity, we adopt the following convention: x denotes a set, G denotes
a group, A, B, H, Hi, Hy denote subgroups of GG, a, b, ¢ denote elements of
G, F denotes a finite sequence of elements of the carrier of GG, and 4, j denote
elements of N.

One can prove the following propositions:

(1) a®=a- [a, b].

@) [a,bt = [a,b1]".

(3) [a, b7t =[a"t,0]"

@) (b)) =" a)

(5) la, 671 " = [[a.b7"]", ]

(6) [a.b7")" = [b,a].

(7) [a, b7Y, ¢]” = [b, a, ]

(8) la, b, ¢ [e, a, b°] - [b, ¢, ab] =1q
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(9) [A, B] is a subgroup of [B, A].
(10) [A,B]=[B,A].
Let us consider G, A, B. Let us note that the functor [A4, B] is commutative.
One can prove the following propositions:

(11) If B is a subgroup of A, then the commutators of A & B C A.

(12) If B is a subgroup of A, then [A, B] is a subgroup of A.

(13) If B is a subgroup of A, then [B, A] is a subgroup of A.

(14) 1If [H1, Q] is a subgroup of Hy, then [H1NH, H] is a subgroup of HoNH.
(15) [Hy, Hs] is a subgroup of [Hy, Q¢].

(16) A is a normal subgroup of G iff [A,Q¢] is a subgroup of A.

Let us consider G. The normal subgroups of G yields a set and is defined

by:

(Def. 1) x € the normal subgroups of G iff x is a strict normal subgroup of G.

Let us consider G. One can verify that the normal subgroups of G is non

empty.
Next we state three propositions:

(17) Let F be a finite sequence of elements of the normal subgroups of G and
given j. If j € dom F), then F(j) is a strict normal subgroup of G.

(18) The normal subgroups of G C SubGrG.

(19) Every finite sequence of elements of the normal subgroups of G is a finite
sequence of elements of SubGr G.

Let I; be a group. We say that I; is nilpotent if and only if the condition
(Def. 2) is satisfied.

(Def. 2) There exists a finite sequence F' of elements of the normal subgroups of
I such that
(i) lenF >0,
(i) FO) =)
(iii) F(len F) = {1}(z,), and
) for every i such that ¢, i+1 € dom F' and for all strict normal subgroups
G1, Gy of I such that G; = F(i) and Gy = F(i+1) holds G is a subgroup
of G; and Gl/(G2)(G1>

Let us note that there exists a group which is nilpotent and strict.

(iv
is a subgroup of Z(*/a,).

We now state four propositions:

(20) Let G; be a subgroup of G and N be a strict normal subgroup of G.
Suppose N is a subgroup of G; and Gl/(N) is a subgroup of Z(%/y).
Then [G1, Q¢] is a subgroup of N.

(21) Let G; be a subgroup of G and N be a normal subgroup of G. Suppose
N is a strict subgroup of Gy and [G1,Q¢] is a strict subgroup of N. Then
Gl/(N)(c1> is a subgroup of Z(%/x).

(G1)
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(22) Let G be a group. Then G is nilpotent if and only if there exists a
finite sequence F of elements of the normal subgroups of G such that
len F > 0 and F(1) = Qg and F(len F') = {1} and for every ¢ such that
i, 1+ 1 € dom F and for all strict normal subgroups GGy, G of GG such that
G1 = F(i) and G2 = F(i + 1) holds G3 is a subgroup of G; and [G1,Q¢]
is a subgroup of Gs.

(23) Let G be a group, H, G; be subgroups of G, G2 be a strict normal
subgroup of G, Hy be a subgroup of H, and Hs be a normal subgroup
of H. Suppose G5 is a subgroup of G; and Gl/(G2)(G1) is a subgroup of
72(/g,) and H; = Gy N H and Hy = Gy N H. Then M/ (), 18 2
subgroup of Z(* /).

Let G be a nilpotent group. Note that every subgroup of G is nilpotent.

Let us mention that every group which is commutative is also nilpotent and
every group which is cyclic is also nilpotent.

We now state four propositions:

(24) Let G, H be strict groups, h be a homomorphism from G to H, A be a
strict subgroup of G, and a, b be elements of G. Then h(a) - h(b) - h°A =
h°(a-b-A) and h°A - h(a) - h(b) = h°(A-a-b).

(25) Let G, H be strict groups, h be a homomorphism from G to H, A be
a strict subgroup of G, a, b be elements of G, H; be a subgroup of Im h,
and aq, by be elements of Im h. If a; = h(a) and by = h(b) and H; = h°A,
then ay - by - Hy = h(a) - h(b) - h°A.

(26) Let G, H be strict groups, h be a homomorphism from G to H, G; be a
strict subgroup of G, G5 be a strict normal subgroup of G, H; be a strict
subgroup of Im h, and Hs be a strict normal subgroup of Im h. Suppose
G4 is a strict subgroup of G; and Gl/(G2)(G1) is a subgroup of Z(%/g,) and
H1 = hoGl and HQ = hOGQ. Then Hl/(H2)(H1)

(27) Let G, H be strict groups, h be a homomorphism from G to H, and A

be a strict normal subgroup of G. Then h°A is a strict normal subgroup
of Im h.

Let G be a strict nilpotent group, let H be a strict group, and let h be a
homomorphism from G to H. One can check that Im h is nilpotent.

is a subgroup of Z(™"/5.).

Let G be a strict nilpotent group and let N be a strict normal subgroup of
G. Note that ¢/ is nilpotent.
One can prove the following three propositions:
(28) Let G be a group. Given a finite sequence F' of elements of the normal
subgroups of G such that
(i) lenF >0,
(ii)  F(1) =g,
(iii) F(lenF)={1}q, and
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(iv)  for every i such that i, i + 1 € dom F and for every strict normal
subgroup G of G such that G; = F(i) holds [G1,Q¢] = F(i + 1).
Then G is nilpotent.
(29) Let G be a group. Given a finite sequence F' of elements of the normal
subgroups of G such that
(i) lenF >0,
() F(1)=Qa,
(ili) F(lenF) = {1}q, and
(iv)  for every i such that 4, i+1 € dom F and for all strict normal subgroups
G1, G of G such that G; = F(i) and Gy = F(i+1) holds G2 is a subgroup
of Gy and “/¢, is a commutative group.
Then G is nilpotent.

(30) Let G be a group. Given a finite sequence F' of elements of the normal

subgroups of G such that
(i) lenF >0,

(i)  F(1) =,

(ili) F(lenF) = {1}q, and

(iv) for every i such that i, i+1 € dom F and for all strict normal subgroups
G1, G2 of G such that G; = F(i) and Gy = F(i+1) holds G is a subgroup
of Gy and &/ G, s a cyclic group.
Then G is nilpotent.

Let us mention that every group which is nilpotent is also solvable.
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Summary. In this article, we give some important theorems of forward
difference, backward difference, central difference and difference quotient and
forward difference, backward difference, central difference and difference quotient
formulas of some special functions.

MML identifier: DIFF_3, version: 7.11.04 4.130.1076

The terminology and notation used in this paper have been introduced in the
following papers: [6], [2], [1], [4], [11], [7], [5], [8], [12], [9], [10], and [3].

We follow the rules: n, m are elements of N, h, k, r, r1, 72, x, xg, T1, T2, T3
are real numbers, and f, fi, fo are functions from R into R.

Next we state a number of propositions:

©) Gl = Ay~ (A_y ().
) (A_s[MN@) = (Vs [N,

(3) GlE) = (Vo)) ~ (Vs [)@)

() Bulr fi+ L)+ )@ = BalfiD o+ D)) + Bl 0+ 1))
(5) (Balfi+r LD+ 1)) = Bl 0+ )(@) + - (Ealfa) o+ 1))
6) (& (

(1) (AnlH) = Anlf] ) )

(8)  (Valr fu+ D) (n+ D(@) =7 (ValAD(n + )(@) + (Valf)) (0 + 1) (2).

(9 (Valfi+r fo)(n+1)(@) = (ValA]) (0 +1)(@) + 7 (Valfl) (0 + 1) (2).

(10) )((*)h[n fr=ra o) (n+1)(@) = 1+ (ValAD)(n+ 1) (@) = r2 - (Valfal) (0 +
1)(z).

(© 2010 University of Bialystok
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(1) (Valf)(1) = Valf]

(12) (TN @) = (Falfhom+m)@.

(13) Glr i+ LD+ D) = GLANE + 1)@) + Gl + 1))

(14) Gulfi+7 L)+ 1)) = GalA) 0+ 1)) + 7+ Galfa]) (n + 1)()

(15) @Gl fi—ra L)t 1)) = ri- @D+ 1) (@) - (Ga[fa]) (01 2)

(16) GO =alsl

(A7) Gl @) = Galf)m + n) o).

(18) 1 (Buf)m@) = Gl + 5 - h), then (TulfNm)) =
Galf () — 5 - D).

(19) I (Rul/Nm)@) = GO+ 25 b+ §), then (VulfH()(@) =
Galf(m)(w = 252 h = b)

(20) Alf](w,z + h) = LalfDle)

21) Alf](z — h,z) = (Va[fD)(z)

(22) Alf]w = §oo+§) = O

(28) Alfl( - §,z +5) = L0

(24) If h #0, then A[f](z — h,z,z + h) = @DA@

(25)  Alfy = fol(zo, 21) = A[fi](zo, x1) — Alf2] (20, 21).

(26) Alr fi + fol(zo,z1) = r - Alfil(wo, 21) + Alfo](z0, 21)-

(27)  Alr fi = fol(zo, 1) = 7 - Al fi](z0, z1) — A[f2](x0, 21).

(28) Alfi +7 fo](zo, 21) = Alfi](zo, z1) + 7 - A[fo] (20, 21).

(29)  Alfi =7 fo](zo, 21) = Alfi](z0, z1) — 7 - Al fo) (20, 21).

(30) Alr1 fi —r2 fol(wo, 21) = r1 - Alfi](2o, 21) — 12 - Alf2] (20, 21).

(31)  (Valh D)) = fi(z) - (Valf))W)(@) + fo(z — B) - (VA[AD(D)().
(32) If =y, x1, x2 are mutually different, then A[f](xo,z1,22) =

Alf](zo, x2, 21).

In the sequel S is a sequence of real sequences.
We now state a number of propositions:

(33) Suppose that for all natural numbers n, i such that i < n holds S(n)(4)
(5) - (ValAaD()(x) 'Eﬁh[f2])(n ~"i)(w — i - h). Then (Vu[f1 fo])(1)(x)
Zifo S()(k) and (Valf1 f2])(2)(x) = Ya—08(2)(k).

(34)  (Gnlfr L)) (x) = il + 5) - Gulfa))(1)(@) + folz — B) - (GulAD(1) ().

(35) Suppose that for all natural numbers n, i such that ¢ < n holds
Sm)(@) = () - (Onl i) (D) (@ + (n="1) 5 (gh[fﬂ)(n ~"i)(x —i-%). Then
(Onlf1 f2) (1) (x) = Ypmo S(1)(k) and (33 [f1 f2])(2)(x) = 3o 5( ) ().

(36) If for every x holds f(z) = v/ and z¢ # x1 and z¢ > 0 and 27 > 0, then
Alfl(zo, 1) = fhﬁ
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(37) Suppose for every x holds f(z) = \/z and xg, 1, x2 are mutually dif-
ferent and 9 > 0 and x; > 0 and z2 > 0. Then A[f](zo,x1,22) =
1
-~ (VaotvEn) (Vaot+yaz) (Var+v/@2)
(38) Suppose for every z holds f(z) = \/x and xg, x1, 2, x3 are mutually
different and x¢g > 0 and 7 > 0 and x2 > 0 and x3 > 0.

Then A[f](xg,z1, 22, x3) =

VIO TLH T+ /T3
(Vo0 rVa) (Vao +/on) (Voo t/as) (Va1 +v/e2) (ot +as) (Vaz tv/es)

(39) If for every x holds f(z) = /z and 2 > 0 and = + h > 0, then
(A1) = Vi +h— V.

(40) If for every x holds f(z) = /x and z > 0 and z — h > 0, then
(ValfD(z) = Vo — vz —h.

(41) If for every = holds f(x) = v/z and x + % > 0 and z — % > 0, then
GulMN@) = Jo+ b —Jo -1

(42) If for every = holds f(x) = 22 and z¢ # z1, then A[f](wo, 1) = 20 + 21.

(43) If for every x holds f(z) = 22 and zg, 1, T2 are mutually different, then
A[f](wo, w1, 72) = 1.

(44) If for every z holds f(x

2 and z, 1, 2, x3 are mutually different,

D||

(
then A[f](xo,x1,x2,23) =
(45) If for every x holds f(z) = 2, then (Ap[f])(z) =2-x-h+ h2.
(46) If for every x holds f(x) = 22, then (V,[f])(z) = (2 x —h).
(47) 1If for every z holds f(x) = 2, then (6[f])(x) =2 -h-x.
(48)

If for every = holds f(z) = 2 and xg # x1 and xg # 0 and 21 # 0, then
k 1.4
A[f]('r()?xl) - 10-1‘1 ' (3370 xl)'
(49) Suppose for every z holds f(xz) = I% and zg # 0 and z; # 0 and

zo # 0 and a:o, x1, :cg are mutually different. Then A[f](zg,z1,22) =
e (a2 + )

T0-T1-T2

(50) If for every x holds f( )= x% and z # 0 and z+h # 0, then (Ay[f])(z) =
(—=k)-h-(2-z+h)
(z2+4h-x)?

(51) If for every x holds f(z) = x% and z # 0 and z—h # 0, then (V[f])(z) =
(—k)-h-(2-2—h)
(z2—z-h)2

(52) If for every z }llloklds f(z) = m% and x + 2 #£ 0 and 2 — & # 0, then
Gnl/N(@) = Z2iiyas-
(=2—-(3)?)
(53) A[(the function sin) (the function sin) (the function sin)|(zg,z1) =

x T TO—T 3-(x x 3-(xg—=
( o-g L) 01 _cos( ( 02+ 1)) ( 0 1)))

+

%~(3~cos -sin( -sin(

To—T1
(54) (Ap[(the function sin) (the function sin) (the function sin)])(z) =
(2R . gin(L) — cos(EELHN ) i (3h)).

1.
2
(3 cos

99
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(55) (Vp[(the function sin) (the function sin) (the function sin)])(z) = 3
(3 - cos(25) - sin(4) - COS(M) sin(31)).
(56)  (6p[(the function sin) (the function sin) (the function sin)])(z) = 3 - (3"

cos - sin(%) — cos(3 - z) - sin(32)).

(57) A[(the function cos) (the function cos) (the function cos)|(xg,x1) =
L (3sin(T0EEL) sin (P05 ) sin (2EOEETL ) gin (2202201 )
ro—T1 :

(58) (Ap[(the function cos) (the function cos) (the function cos)])(z) =

h
—1.(3-sin(2&H) - sin(4 )—I—sm(w) sin(3)).
(59) (Vp[(the function cos) (the function cos) (the function cos)])(z) =
—1 - (3-sin(257) - sin(4) + sin(2E5M) - sin(3)).
(60) (dn[(the function cos) (the function cos) (the function cos)])(z) =

—1-(3-sinz- sm( ) +sin(3-z) - s1n(32h)).
(61) If for every x holds f(z) = and sinxzg # 0 and sinz; # 0, then

sin x
2-(sinzq —sin zq)

A[f] (l“o, xl) - _ cos(x0+x1)7cos(a:077;1)

To—T1

(62) If for every x holds f(z) = sz

2-(sin z—sin(z+h
(Anlf])(x) = —%

(63) If for every z holds f(x) = =1 and sinz # 0 and sin(x — h) # 0, then

sin x

(Valf]) () = C2dgne ) -sinz)

(64) If for every x hold; £(2) = gz and sin(a + ) # 0 and sin(@ — §) # 0,
then (5h[f])(x) _ .(s1n(x75)7sm(gc+§)).

cos(2-x)—cosh

(65) If for every x holds f(z) = —i— and xg # z; and coszg # 0 and

cosx
2-(cos w1 —cos z()

COS X1 # O, then A[f] ($0)$1) — cos(zo+z1)+005(zo—zl)

To—T1
(66) If for every x holds f(z) = and cosx # 0 and cos(z + h) # 0, then
(Ah[f])($) = w.

cos(2-z+h)+cosh
(67) If for every z holds f(z) = —=— and cosz # 0 and cos(xz — h) # 0, then

(Valf (@) = Zesipirens).
(68) If for every x holds f(z) = —— and cos(z + %) # 0 and cos(z — %) # 0,

cosxT

2-(cos(z— L) —cos(z+L
then (6,[f]) () = ZLeoteflenlerd))

and sinz # 0 and sin(z + h) # 0, then

CcCos T

(69) Suppose for every x holds f(z) = (Sln1$)2 and g # 1 and sinzy # 0 and

16-cos( 1JrQEO) sm(ag1 £0). c«as(gE1 o). s1n(m1+m0)

sinzy # 0. Then A[f](xg,21) = (cost@oTa1)= Cos(xo xl))z To—z1)
(70) If for every z holds f(z) = smx)2 and sinz # 0 and sin(x + h) # 0, then

16-cos( 2 x+h) -sin( ) cos( 2h) -sin(2zth x+h)

2

(Ah[.ﬂ)(m) = (cos(2-z+h)—cos h)2
(71) If for every x holds f(z) = (sm%)z and sinx # 0 and sin(x — h) # 0, then
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16-cos(ZZ=1Y.sin(=2)-cos( =L )-sin( 2z=L
(ValI) @) = 2 g R e

(72) If for every z holds f(z) = = Gmnz and sin(z+2%) # 0 and sin(z — ) # 0,

(sm;r
—h
then (6h[f])(33) _ 16-cos x-sin( =" hy.cos(S2 5 )smac.

(cos(2-x)—cos h)?
(73) Suppose for every z holds f(x) = W and zg # x1 and cos xg # 0 and
(—16)-sin(Z1F20) sin(FL770).cos(PLEL0 ) cos (L1 20,
cosxy # 0. Then A[f](zg,x1) = (onCag oy ontrg = )

xo—x1 :
(74) If for every x holds f(z) = —~~ and cosz # 0 and cos(z + h) # 0,
then (A [7])(z) — (10 in( R eon (2520 con()

(cos z)
2
(cos(2-z+h)~+cos h)?
(75) If for every x holds f(z) = —~— and cosx # 0 and cos(z — h) # 0,
(716).sin(2'x h).sin( Qh)-cos(%h)-cos(%)'

(cosx)
then (Vh[f])(.fﬂ) = (cos(2-x—h)+cos h)2
(76) If for every x holds f(z) = cosl:p)z and cos(z+%) # 0 and cos(z —2) # 0,

16)-sin x-sin cos z-cos( =L
then (5h[f])(x) = (10 (005(2-(96)2+ztosh)2 = )

(77) Suppose zy € dom (the function tan) and z; € dom (the func-
tion tan). Then A[(the function tan) (the function sin)|(zg,z1) =

1
(CDSIO cos o CDSZI)Jrcosml

To—T1
(78) Suppose that
(i) for every z holds f(x) = ((the function tan) (the function sin))(x),
(ii) x € dom (the function tan), and
(iii) x4+ h € dom (the function tan).
Then (Ap[f])(z) = (m —cos(z+h) — L) + cosz.
(79) Suppose that
(i)  for every x holds f(x) = ((the function tan) (the function sin))(z),
(ii) 2 € dom (the function tan), and
(ili) « — h € dom (the function tan).
Then (Vi [f])(z) = (45 — cosz — m) + cos(x — h).
(80) Suppose that
(i) for every x holds f(z) = ((the function tan) (the function sin))(z),

(i) 2+ % € dom (the function tan), and
(i) z-— 5 € dom (the functlon tan).
Then (0,[f])(x) = ( —cos(z + %) — —L ) +cos(z — ).

cos(er cos(x— )

(81) Suppose for every x holds f(x) = ((the function tan) (the function
cos))(z) and xy € dom (the function tan) and z; € dom (the function
tan). Then A[f](zo,zq1) = =205

(82) Suppose that

(i)  for every z holds f(x) = ((the function tan) (the function cos))(x),

(ii) x € dom (the function tan), and
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(ili) =+ h € dom (the function tan).
Then (Ap[f])(x) =sin(z + h) —sinz.
(83) Suppose that
(i)  for every x holds f(x) = ((the function tan) (the function cos))(z),
(ii) x € dom (the function tan), and
(ili) « — h € dom (the function tan).
Then (V,[f])(x) = sinz — sin(z — h).
(84) Suppose that
(i)  for every x holds f(x) = ((the function tan) (the function cos))(z),
(i) 2+ % € dom (the function tan), and
(i) x-— % € dom (the function tan).
Then (05[f])(z) = sin(z + %) —sin(z — £).

(85) Suppose for every z holds f(z) = ((the function cot) (the function
cos))(x) and x¢ € dom (tlahe function1 cot) and 1 € dom (the function cot).
Then A[f](xo,21) = 2% ey AT

(86) Suppose that

(i)  for every x holds f(x) = ((the function cot) (the function cos))(z),
(ii) x € dom (the function cot), and
(ili) x4+ h € dom (the function cot).
Then (Ap[f])(x) = (m —sin(z +h) — ) +sinz.
(87) Suppose that
(i)  for every x holds f(x) = ((the function cot) (the function cos))(z),
(ii) x € dom (the function cot), and
(iii) « — h € dom (the function cot).
Then (Vi[f])(z) = (51 —sinz — Wl—h)) + sin(x — h).
(88) Suppose that
(i)  for every x holds f(x) = ((the function cot) (the function cos))(z),

—sinxzg—

To—T1

(i) =« + % € dom (the function cot), and
(i) 2 — % € dom (the function cot).
Then (6,[f])(x) = ( 1 — sin(x + %) — 1 ) + sin(x — %)

sin(x—l—%) sin(m—%)

(89) Suppose for every = holds f(z) = ((the function cot) (the function
sin))(x) and zp € dom (the function cot) and z; € dom (the function cot).
Then A[f](zo, 1) = <=0

(90) Suppose that

(i)  for every z holds f(x) = ((the function cot) (the function sin))(z),
(ii) x € dom (the function cot), and
(ili) x4 h € dom (the function cot).
Then (Ap[f])(x) = cos(z + h) — cos x.
(91) Suppose that
(i)  for every x holds f(x) = ((the function cot) (the function sin))(z),
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(ii) x € dom (the function cot), and
(ili) « — h € dom (the function cot).
Then (V[f])(z) = cosz — cos(x — h).
(92) Suppose that
(i) for every x holds f(z) = ((the function cot) (the function sin))(z),
(i) =+ % € dom (the function cot), and
(i) 2 — % € dom (the function cot).
Then (6,,[f])(z) = cos(z + £) — cos(z — &).
(93) Suppose for every z holds f(x) = ((the function tan) (the function
tan))(z) and zyp € dom (the function tan) and x; € dom (the function
tan). Then A[f](zg,a1) = \co321)*=(cosz0)?

(coszo-cosx1)2-(zo—21) "
(94) Suppose that
(i) for every z holds f(x) = ((the function tan) (the function tan))(x),
(ii) x € dom (the function tan), and
(iii) x4+ h € dom (the function tan).
1 N 5
Then (A4[f]) () = 2 G
(95) Suppose that
(i)  for every x holds f(x) = ((the function tan) (the function tan))(x),
(ii) « € dom (the function tan), and
(ili) « — h € dom (the function tan).
Then (VA[f])(r) = ~ XG0 00
(96) Suppose that
(i) for every x holds f(x) = ((the function tan) (the function tan))(x),
(i) 2+ % € dom (the function tan), and
(iil)) = — % € dom (the function tan).

1.(cos(h+2-z)—cos(h—2-z))
— _2
Then (6h [f])(x) - (cos(gch%)-cos(zf%))z
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Summary. The aim of this paper is to develop a formal theory of Mizar
linguistic concepts following the ideas from [6] and [7]. The theory presented
is an abstraction from the existing implementation of the Mizar system and is
devoted to the formalization of Mizar expressions. The concepts formalized here
are: standarized constructor signature, arity-rich signatures, and the unification
of Mizar expressions.
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The notation and terminology used in this paper are introduced in the following
articles: [20], [21], [12], [22], [10], [14], [13], [17], [18], [15], [1], [8], [11], [2], [3], [4],
[19], [16], [5], [9], and [7]. For simplicity the abbreviation 9t = MaxConstrSign
is introduced.

1. PRELIMINARY

In this paper ¢, 7 denote natural numbers.
Next we state two propositions:
(1) For every pair set = holds x = (21, z2).
(2) For every infinite set X there exist sets x1, x2 such that z1, zo € X and
il 75 I9.
In this article we present several logical schemes. The scheme MinimalEle-

ment deals with a finite non empty set A and a binary predicate P, and states
that:
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There exists a set 2 such that x € A and for every set y such that
y € A holds not Ply, x]
provided the parameters have the following properties:
e For all sets x, y such that z, y € A and P|z, y| holds not Ply, z],
and
e For all sets x, y, z such that z, y, z € A and P[z,y] and Py, z]
holds Pz, z].
The scheme FiniteC deals with a finite set A and a unary predicate P, and
states that:
P[A]
provided the following condition is satisfied:
e For every subset A of A such that for every set B such that B C A
holds P[B] holds P[A].
The scheme Numeration deals with a finite set A and a binary predicate P,
and states that:
There exists an one-to-one finite sequence s such that rngs = A
and for all 7, j such that i, j € dom s and P]s(i), s(j)] holds ¢ < j
provided the parameters satisfy the following conditions:
e For all sets z, y such that z, y € A and P|z, y| holds not Ply, z],
and
e For all sets x, y, z such that z, y, z € A and P[z,y] and Py, z]
holds Pz, z].
One can prove the following two propositions:
(3) For every variable = holds varcl vars(z) = vars(x).
(4) Let € be an initialized constructor signature and e be an expression of
€. Then e is compound if and only if it is not true that there exists an
element = of Vars such that e = x¢.

2. STANDARDIZED CONSTRUCTOR SIGNATURE

Let us note that there exists a quasi-locus sequence which is empty.
Let € be a constructor signature. We say that € is standardized if and only
if the condition (Def. 1) is satisfied.
(Def. 1) Let o be an operation symbol of €. Suppose o is constructor. Then o €
Constructors and o3 = the result sort of 0 and Card((o2)1) = len Arity(o).

The following proposition is true

(5) Let € be a constructor signature. Suppose € is standardized. Let o
be an operation symbol of €. Then o is constructor if and only if
o € Constructors.

Let us note that 91 is standardized.
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Let us observe that there exists a constructor signature which is initialized,
standardized, and strict.
Let € be an initialized standardized constructor signature and let ¢ be a

constructor operation symbol of €. The loci of ¢ yielding a quasi-locus sequence
is defined by:

(Def. 2) The loci of ¢ = (c2)1.

Let € be a constructor signature. One can verify that there exists a subsi-
gnature of € which is constructor.

Let € be an initialized constructor signature. Note that there exists a con-
structor subsignature of € which is initialized.

Let € be a standardized constructor signature. One can verify that every
constructor subsignature of € is standardized.

One can prove the following two propositions:

(6) Let Sy, Sy be standardized constructor signatures. Suppose the operation
symbols of S; = the operation symbols of S3. Then the many sorted
signature of S7 = the many sorted signature of Ss.

(7) For every constructor signature € holds € is standardized iff € is a sub-
signature of 9.

Let € be an initialized constructor signature. Observe that there exists a
quasi-term of € which is non compound.

Let us mention that every element of Vars is pair.

The following propositions are true:

(8) For every element z of Vars such that vars(z) is natural holds
vars(z) = 0.
(9) Vars misses Constructors.
(10) For every element x of Vars holds x # * and = # non.

(11) For every standardized constructor signature € holds Vars misses the
operation symbols of €.
(12) Let € be an initialized standardized constructor signature and e be an
expression of €. Then
(i)  there exists an element x of Vars such that e = z¢ and e(0) = (z,
term), or
(ii)  there exists an operation symbol o of € such that e(f)) = (o, the carrier
of €) but o € Constructors or o = * or 0 = non.
Let € be an initialized standardized constructor signature and let e be an
expression of €. Note that e() is pair.
The following propositions are true:
(13) Let € be an initialized constructor signature, e be an expression of €,
and o be an operation symbol of €. Suppose e(0)) = (o, the carrier of €).
Then e is an expression of € from the result sort of o.
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(14) Let € be an initialized standardized constructor signature and e be an
expression of €. Then
(i) if (D)1 = *, then e is an expression of € from typeg, and
(ii) if ()1 = non, then e is an expression of € from adje.
(15) Let € be an initialized standardized constructor signature and e be an
expression of €. Then
(i) e(0)1 € Vars and e(0)2 = term and e is a quasi-term of €, or
(i) e(@)2 = the carrier of € but e(); € Constructors and e(f); € the
operation symbols of € or e(f)); = * or e(()); = non.

(16) Let € be an initialized standardized constructor signature and e be
an expression of €. If e(0); € Constructors, then e € (the sorts of
Freeg(Vars €))((e(0)1)1)-

(17) Let € be an initialized standardized constructor signature and e be an
expression of €. Then e(()); ¢ Vars if and only if e(f)); is an operation
symbol of €.

(18) Let € be an initialized standardized constructor signature and e be an
expression of €. If e(()); € Vars, then there exists an element = of Vars
such that = e(0); and e = z¢.

(19) Let € be an initialized standardized constructor signature and e be an
expression of €. Suppose e(f)); = *. Then there exists an expression « of
¢ from adje and there exists an expression g of € from types such that
e = (x, 3)-tree(q, q).

(20) Let € be an initialized standardized constructor signature and e be an
expression of €. If e(()); = non, then there exists an expression a of €
from adje such that e = (non, 3)-tree(«).

(21) Let € be an initialized standardized constructor signature and e be an
expression of €. Suppose e(()); € Constructors. Then there exists an ope-
ration symbol o of € such that o = e(())1 and the result sort of 0 = 01 and
e is an expression of € from the result sort of o.

(22) Let € be an initialized standardized constructor signature and 7 be a
quasi-term of €. Then 7 is compound if and only if 7(0); € Constructors
and (7(0)1)1 = term.

(23) Let € be an initialized standardized constructor signature and 7 be an

expression of €. Then 7 is a non compound quasi-term of € if and only if
7(0)1 € Vars.

(24) Let € be an initialized standardized constructor signature and 7 be
an expression of €. Then 7 is a quasi-term of € if and only if 7(0); €
Constructors and (7(0)1)1 = term or 7(0); € Vars.

(25) Let € be an initialized standardized constructor signature and o« be an
expression of €. Then « is a positive quasi-adjective of € if and only if
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a()1 € Constructors and («(0)1)1 = adj.
(26) Let € be an initialized standardized constructor signature and « be a
quasi-adjective of €. Then « is negative if and only if a(0)); = non.

(27) Let € be an initialized standardized constructor signature and 7 be an
expression of €. Then 7 is a pure expression of € from typeg if and only
if 7(0)1 € Constructors and (7(f)1)1 = type.

3. EXPRESSIONS

In the sequel 7 is a natural number, z is a variable, and ¢ is a quasi-locus
sequence.

An expression is an expression of 9. A valuation is a valuation of 9. A quasi-
adjective is a quasi-adjective of 9. The subset QuasiAdjs of Freegn(VarsIN) is
defined as follows:

(Def. 3) QuasiAdjs = QuasiAdjs .
A quasi-term is a quasi-term of 9. The subset QuasiTerms of Freegy(Vars9t)
is defined as follows:
(Def. 4)  QuasiTerms = QuasiTerms 9.
A quasi-type is a quasi-type of M. The functor QuasiTypes is defined as follows:
(Def. 5) QuasiTypes = QuasiTypes .

One can verify the following observations:

*  QuasiAdjs is non empty,

*  QuasiTerms is non empty, and

*  QuasiTypes is non empty.

Modes is a non empty subset of Constructors. Then Attrs is a non empty
subset of Constructors. Then Funcs is a non empty subset of Constructors.

In the sequel € denotes an initialized constructor signature.

The element set-constr of Modes is defined by:

(Def. 6) set-constr = ( type, (0, 0)).
One can prove the following propositions:

(28) The kind of set-constr = type and the loci of set-constr = () and the
index of set-constr = 0.

(29) Constructors = {type, adj, term} x (QuasiLoci xN).

(30) (rngt, i) € Vars and ¢~ ({(rng/, 7)) is a quasi-locus sequence.

(31) There exists ¢ such that len? = i.

(32)

(33)

33

For every finite subset X of Vars there exists ¢ such that rng ¢ = varcl X.

Let X, o be sets and p be a decorated tree yielding finite sequence. Given
¢ such that X = (J (the sorts of Freee(Vars €)). If o-tree(p) € X, then p is
a finite sequence of elements of X.
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Let us consider € and let e be an expression of €. An expression of € is called
a subexpression of e if:

(Def. 7) It € Subtrees(e).
The functor constrse is defined by:
(Def. 8) constrse = m(rnge) N {o : o ranges over constructor operation symbols
of ¢}.
The functor main-constr e is defined by:

(Def. 9) main-constre = (D, if € compound,
(), otherwise.

The functor argse yields a finite sequence of elements of Freeeg(Vars €) and is
defined by:

(Def. 10) e = e(0)-tree(argse).

Next we state three propositions:

(34) For every € holds every expression e of € is a subexpression of e.

(35) main-constr(z¢) = 0.

(36) Let ¢ be a constructor operation symbol of € and p be a finite
sequence of elements of QuasiTerms€. If lenp = len Arity(c), then
main-constr(c(p)) = c.

Let us consider € and let e be an expression of €. We say that e is constructor
if and only if:

(Def. 11) e is compound and main-constr e is a constructor operation symbol of €.

Let us consider €. Observe that every expression of € which is constructor
is also compound.

Let us consider €. Observe that there exists an expression of € which is
constructor.

Let us consider € and let e be a constructor expression of €. One can verify
that there exists a subexpression of e which is constructor.

Let S be a non void signature, let X be a non empty yielding many sorted
set indexed by S, and let 7 be an element of Freeg(X). Observe that rng T is
relation-like.

One can prove the following proposition

(37) For every constructor expression e of € holds main-constre € constrse.

4. ARITY

For simplicity, we follow the rules: « is a quasi-adjective, 7, 71, 79 are quasi-
terms, ¢ is a quasi-type, and c is an element of Constructors.

Let € be a non void signature. We say that € is arity-rich if and only if the
condition (Def. 12) is satisfied.
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(Def. 12) Let n be a natural number and s be a sort symbol of €. Then {o; o ranges
over operation symbols of €: the result sort of o =s A len Arity(o) = n}
is infinite.

Let o be an operation symbol of €. We say that o is nullary if and only if:

(Def. 13)  Arity(o) = 0.

We say that o is unary if and only if:

(Def. 14) len Arity(o) = 1.

We say that o is binary if and only if:

(Def. 15) len Arity(o) = 2.

The following proposition is true

(38) Let € be a non void signature and o be an operation symbol of €. Then
(i) if o is nullary, then o is not unary,
(ii)  if o is nullary, then o is not binary, and
(iii)  if o is unary, then o is not binary.
Let € be a constructor signature. Observe that nong is unary and *¢ is
binary.
Let € be a constructor signature. Note that every operation symbol of €
which is nullary is also constructor.
The following proposition is true

(39) Let € be a constructor signature. Then € is initialized if and only if
there exists an operation symbol m of type, and there exists an operation
symbol a of adje such that m is nullary and « is nullary.

Let € be an initialized constructor signature. One can verify that there exists
an operation symbol of typee which is nullary and constructor and there exists
an operation symbol of adjs which is nullary and constructor.

Let € be an initialized constructor signature. Observe that there exists an
operation symbol of € which is nullary and constructor.

One can check that every non void signature which is arity-rich has also an
operation for each sort and every constructor signature which is arity-rich is
also initialized.

One can check that 9 is arity-rich.

Let us mention that there exists a constructor signature which is arity-rich
and initialized.

Let € be an arity-rich constructor signature and let s be a sort symbol of €.
One can verify the following observations:

* there exists an operation symbol of s which is nullary and constructor,

% there exists an operation symbol of s which is unary and constructor,
and

* there exists an operation symbol of s which is binary and constructor.
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Let € be an arity-rich constructor signature. One can check that there exists
an operation symbol of € which is unary and constructor and there exists an
operation symbol of € which is binary and constructor.

The following proposition is true

(40) Let o be a nullary operation symbol of €. Then (o, the carrier of
¢)-tree() is an expression of € from the result sort of o.

Let € be an initialized constructor signature and let m be a nullary con-
structor operation symbol of typegs. Then my is a pure expression of € from

typeg.
Let ¢ be an element of Constructors. The functor ®c yielding a constructor
operation symbol of 91 is defined by:

(Def. 16) %c=c.
Let m be an element of Modes. Then ®m is a constructor operation symbol

of typegy.
Let us note that ®set-constr is nullary.
We now state the proposition

(41)  Arity(®set-constr) = 0.
The quasi-type set-type is defined by:
(Def. 17)  set-type = Dquasiadjs am * (®set-constr)s.
The following proposition is true
(42) adjsset-type = () and the base of set-type = (“set-constr)s.

Let ¢ be a finite sequence of elements of Vars. The functor args? yields a
finite sequence of elements of QuasiTerms 9N and is defined as follows:

(Def. 18) lenargs?¢ = len? and for every i such that i € dom ¢ holds (args?)(i) =
(4i)om-
Let us consider c. The base expression of ¢ yields an expression and is defined
as follows:

(Def. 19) The base expression of ¢ = (®c)(args (the loci of ¢)).
Next we state several propositions:

(43) For every operation symbol o of 9t holds o is constructor iff o €
Constructors.

(44) For every nullary operation symbol m of 9t holds main-constr(ms) = m.

(45) For every unary constructor operation symbol m of 9t and for every 7
holds main-constr(m(7)) = m.

(46) For every a holds main-constr(nongy(a)) = non.

(47) For every binary constructor operation symbol m of 9t and for all 71, 7o
holds main-constr(m(ry, 7)) = m.

(48) For every expression g of 9 from typeg, and for every a holds
main-constr(xgn(a, q)) = *.
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Let 9 be a quasi-type. The functor constrs ¢ is defined by:
(Def. 20) constrs® = constrs (the base of ¥) U [J{constrs o : o € adjs¥}.
The following two propositions are true:

(49) For every pure expression g of 9 from typegy and for every finite subset
A of QuasiAdjs 9 holds constrs(A * q) = constrs gUJ{constrsa : v € A}.

(50) constrs(a * ¥) = constrs a U constrs .

5. UNIFICATION

Let € be an initialized constructor signature and let 7, p be expressions of
€. We say that 7 matches p if and only if:
(Def. 21) There exists a valuation f of € such that 7 = p[f].
Let us note that the predicate 7 matches p is reflexive.
The following proposition is true
(51) For all expressions 71, T2, 73 of € such that 71 matches 7 and 75 matches
73 holds 7 matches 73.
Let € be an initialized constructor signature and let A, B be subsets of
QuasiAdjs €. We say that A matches B if and only if:
(Def. 22) There exists a valuation f of € such that B[f] C A.
Let us note that the predicate A matches B is reflexive.
The following proposition is true
(52) For all subsets Ay, Ag, Az of QuasiAdjs € such that A; matches Az and
Ao matches Az holds A; matches As.
Let € be an initialized constructor signature and let ¥/, P be quasi-types of
€. We say that ¢ matches P if and only if:
(Def. 23) There exists a valuation f of € such that (adjs P)[f] C adjsv and (the
base of P)[f] = the base of 9.
Let us note that the predicate ¥ matches P is reflexive.
One can prove the following proposition
(53) For all quasi-types 91, Y2, ¥3 of € such that 97 matches ¥ and v
matches 93 holds ¥ matches ¥s.
Let € be an initialized constructor signature, let 71, 7 be expressions of €,
and let f be a valuation of €. We say that f unifies 7y with 7 if and only if:
(Def. 24)  71[f] = 72[f].
The following proposition is true
(54) Let 71, 72 be expressions of € and f be a valuation of €. If f unifies 7
with 79, then f unifies 7o with 7.
Let € be an initialized constructor signature and let 71, 72 be expressions of
€. We say that m and 7 are unifiable if and only if:
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(Def. 25) There exists a valuation f of € such that f unifies 71 with 7.
Let us notice that the predicate 7 and 7 are unifiable is reflexive and symmetric.

Let € be an initialized constructor signature and let 71, 7 be expressions of
€. We say that 7 and 1o are weakly-unifiable if and only if:

(Def. 26) There exists an irrelevant one-to-one valuation g of € such that Varm C
dom g and 71 and 7[g| are unifiable.
Let us note that the predicate 71 and 7o are weakly-unifiable is reflexive.
We now state the proposition
(55) For all expressions 71, 72 of € such that 71 and 75 are unifiable holds 7
and 7o are weakly-unifiable.

Let € be an initialized constructor signature and let 7, 71, 7o be expressions
of €. We say that 7 is a unification of 7y and 75 if and only if:

(Def. 27) There exists a valuation f of € such that f unifies 71 with 7 and 7 =
m[f]-

We now state two propositions:

(56) For all expressions 71, 72, 7 of € such that 7 is a unification of 71 and 7o
holds 7 is a unification of 5 and 7.

(57) For all expressions 71, T2, 7 of € such that 7 is a unification of 71 and 7o
holds 7 matches 71 and 7 matches 7.

Let € be an initialized constructor signature and let 7, 7, 70 be expressions of
€. We say that 7 is a general-unification of 71 and 75 if and only if the conditions
(Def. 28) are satisfied.

(Def. 28)(i) 7 is a unification of 71 and 79, and
(ii)  for every expression u of € such that w is a unification of 7 and 7o
holds u matches 7.

6. TYPE DISTRIBUTION

The following three propositions are true:

(58) Let m be a natural number and s be a sort symbol of 9t. Then there
exists a constructor operation symbol m of s such that len Arity(m) = n.

(59) Let given ¢, s be a sort symbol of 9, and m be a constructor operation
symbol of s. If len Arity(m) = len ¢, then Var(m™(args{)) = rng¢.

(60) Let X be a finite subset of Vars. Suppose varcl X = X. Let s be a sort
symbol of 9. Then there exists a constructor operation symbol m of s
and there exists a finite sequence p of elements of QuasiTermsN such
that len p = len Arity(m) and vars(m™(p)) = X.

Let d be a partial function from Vars to QuasiTypes. We say that d is even
if and only if:
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(Def. 29) For all x, ¥ such that € domd and ¢ = d(x) holds vars(d) = vars(x).

Let £ be a quasi-locus sequence. A partial function from Vars to QuasiTypes

is said to be a type-distribution for £ if:
(Def. 30) domit =rng/ and it is even.

We now state the proposition

(61) For every empty quasi-locus sequence ¢ holds () is a type-distribution

for 4.
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1. PRELIMINARIES

One can prove the following propositions:

af

be

(2) For every real number a and for all integer numbers b, ¢ such that a # 0
holds a®™¢ = ab - a°.

(3) For every natural number n and for every real number a such that n is
even and a # 0 holds (—a)" = a™.

(4) For every natural number n and for every real number a such that n is
odd and a # 0 holds (—a)™ = —a™.

(5) 7] <1.

(6) For every natural number n and for every non empty real number r such
that n is even holds " > 0.

(1) For all real numbers a, b and for every natural number ¢ holds (§)¢ =

(7) For every natural number n and for every real number r such that n is

odd and r < 0 holds "™ < 0.
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(8) For every natural number n such that n # 0 holds 7" < 3.
(9) For all natural numbers n, m and for every real number r such that m
is odd and n > m and r < 0 and r > —1 holds " > r™.
(10) For all natural numbers n, m such that m is odd and n > m holds
T >Tm
(11) For all natural numbers n, m such that n is even and m is even and
n > m holds 7% < 7™
(12) For all non empty natural numbers m, n such that m > n holds
Luc(m) > Luc(n).

(13) For every non empty natural number n holds 7" > 7".

(14) For every natural number n such that n > 1 holds —3 < 7".
(15) For every natural number n such that n > 2 holds 7" > —%.
(16) For every natural number n such that n > 2 holds 7" < %
(17) For every natural number n holds ~ f +3 >0 and \/% +3 <1

2. FORMULAS FOR THE FIBONACCI NUMBERS

Next we state two propositions:

(18) For every natural number n holds L% + 3] = Fib(n

)-
(19) For every natural number n such that n # 0 holds [\TT 3] = Fib(n).
We now state a number of propositions:

(20) For every natural number n such that n # 0 holds L%J = Fib(2 - n).

=Fib(2-n+1).

(22) For every natural number n such that n > 2 and n is even holds Fib(n +
1) = |7 - Fib(n) +1].

(23) For every natural number n such that n > 2 and n is odd holds Fib(n +
1) = [7 - Fib(n) — 1].

(24) For every natural number n such that n > 2 holds Fib(n + 1) =
LFib(n)Jr\/g-Fib(n)JrlJ.

(21) For every natural number n holds (T2 n+1_|

(25) For every natural number n such that n > 2 holds Fib(n + 1) =
[(Fib(n)—i-\/g-Fib(n))—l—l
5 :

(26) For every natural number n holds Fib(n+1) = Fib(n)+ 5’Fi;(n)2+4'(_1)n

(27) For every natural number n such that n > 2 holds Fib(n + 1) =
LFlb +1+\/(5F1b n)2— 2~Fib(n))+1J

(28) For every natural number n such that n > 2 holds Fib(n) = |1+ (Fib(n+
1)+ 3)].
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(29) For all natural numbers n, k such that n > k> 1lork=1and n > k
holds | 7% - Fib(n) + 1| = Fib(n + k).

3. FORMULAS FOR THE LucAs NUMBERS

Next we state a number of propositions:

3

+

3 ol o=
_

(30) For every natural number n such that n > 2 holds Luc(n)
(31)
(32) For every natural number n such that n > 2 holds Luc(2-n) = [
(33)

T

=1
For every natural number n such that n > 2 holds Luc(n) = [7" —

[\

For every natural number n such that n > 2 holds Luc(2 - n + 1
|72t
(34) For every natural number n such that n > 2 and n is odd holds Luc(n +
1) = |7 - Luc(n) + 1].
(35) For every natural number n such that n > 2 and n is even holds Luc(n+
1) = [7 - Luc(n) — 1].
(36) For every natural number n such that n # 1 holds Luc(n + 1) =
Luc(n)+\/5~(Luc(n)2—4~(—1)”)
2

~—

(37) For every natural number n such that n > 4 holds Luc(n + 1) =

Luc(n)+1+\/(5~Luc(n)2—2-Luc(n))+1
] ; J.

(38) For every natural number n such that n > 2 holds Luc(n) = |1 (Luc(n+
1)+ 3)].

(39) For all natural numbers n, k such that n > 4 and k¥ > 1 and n > k and
n is odd holds Luc(n + k) = [7% - Luc(n) + 1].
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For simplicity, we use the following convention: x, y are sets, ¢, n are natural
numbers, r, s are real numbers, and f1, fo are n-long real-valued finite sequences.

Let s be a real number and let r be a non positive real number. One can
check the following observations:

% ]s —r, s+ r[is empty,

% [s—r,s+r|is empty, and

* ]s—r,s4 7] is empty.

Let s be a real number and let r be a negative real number. Observe that
[s — 7, s+ 7] is empty.

Let f be an empty yielding function and let us consider x. Observe that f(z)
is empty.

Let us consider 7. Observe that i — 0 is empty yielding.

Let f be an n-long complex-valued finite sequence. One can check the follo-
wing observations:

(© 2010 University of Bialystok
81 ISSN 1426-2630(p), 1898-9934(c)


http://fm.mizar.org/miz/euclid_9.miz
http://ftp.mizar.org/

82 ARTUR KORNILOWICZ

* —f is n-long,

x f~1is n-long,
x f?is n-long, and
x| f] is n-long.

Let g be an n-long complex-valued finite sequence. One can verify the following
observations:

* f + g is n-long,

x f — g is n-long,

* fgis n-long, and

x  f/g is n-long.

Let ¢ be a complex number and let f be an n-long complex-valued finite
sequence. One can check the following observations:

* ¢+ f is n-long,

* f — cis n-long, and

* ¢ f is n-long.

Let f be a real-valued function. Note that {f} is real-functions-membered.
Let g be a real-valued function. One can verify that {f, g} is real-functions-
membered.

Let D be a set and let us consider n. Note that D" is finite sequence-
membered.

Let us consider n. Note that R" is finite sequence-membered.

Let us consider n. Observe that R" is real-functions-membered.

Let us consider z, y and let f be an n-long finite sequence. Observe that
f+ (z,y) is n-long.

One can prove the following three propositions:

(1) For every n-long finite sequence f such that f is empty holds n = 0.
(2) For every n-long real-valued finite sequence f holds f € R™.
(3) For all complex-valued functions f, g holds |f — g| = |g — f]-

Let us consider f1, fo. The functor max-diff-index(fi, f2) yields a natural

number and is defined as follows:
(Def. 1) max-diff-index(f1, f2) is the element of |f; — fo| "t ({suprng|f1 — fa|}).
Let us note that the functor max-diff-index(fi, f2) is commutative.
One can prove the following propositions:
(4) If n # 0, then max-diff-index(fi, f2) € dom f.

(5) |fi — fol(z) < |f1 — fo|(max-diff-index(f1, f2)).
One can verify that the metric space of real numbers is real-membered.
Let us observe that (€%)p is trivial.
Let us consider n. Observe that £" is constituted finite sequences.
Let us consider n. One can verify that every point of £ is real-valued.
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Let us consider n. One can check that every point of £ is n-long.
The following two propositions are true:

(6) The open set family of £° = {0, {0}}.
(7) For every subset B of €Y holds B = () or B = {0}.
In the sequel e, e; are points of £".
Let us consider n, e. The functor e yields a point of (£")i0p and is defined
by:
(Def. 2) ©e=e.
Let us consider n, e and let r be a non positive real number. Observe that
Ball(e, r) is empty.
Let us consider n, e and let r be a positive real number. Note that Ball(e, r)
is non empty.
We now state three propositions:
(8) For all points py, ps of EL such that i € domp; holds (p1 (i) — p2(i))? <
S22 (p1 — p2).
(9) Let n be an element of N and a, o, p be elements of £}. If a € Ball(o, ),
then for every set x holds |(a — 0)(z)| < r and |a(z) — o(z)| < 7.
(10) For all points a, o of £" such that a € Ball(o, ) and for every set x holds
|(a —o)(z)| < rand |a(x) —o(x)| <.
Let f be a real-valued function and let » be a real number. The functor
Intervals(f,r) yields a function and is defined as follows:
(Def. 3) dom Intervals(f,r) = dom f and for every set x such that € dom f
holds (Intervals(f,r))(x) = |f(z) —r, f(x) + r|.
Let us consider r. Note that Intervals(), r) is empty.
Let f be a real-valued finite sequence and let us consider r. One can check
that Intervals(f,r) is finite sequence-like.
Let us consider n, e, r. The functor OpenHypercube(e, r) yielding a subset
of (€™)top is defined by:
(Def. 4) OpenHypercube(e, ) = [] Intervals(e, ).
Next we state the proposition
(11) If 0 < r, then e € OpenHypercube(e, ).
Let n be a non zero natural number, let e be a point of £”, and let r be a
non positive real number. Observe that OpenHypercube(e, r) is empty.
One can prove the following proposition
(12) For every point e of £° holds OpenHypercube(e, r) = {(}.
Let e be a point of £° and let us consider 7. Note that OpenHypercube(e, 7)
is non empty.
Let us consider n, e and let r be a positive real number. One can check that
OpenHypercube(e, ) is non empty.
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One can prove the following propositions:
(13) If r < s, then OpenHypercube(e,r) C OpenHypercube(e, s).
(14) If n#0or 0 < r and if e; € OpenHypercube(e, r), then for every set x
holds |(e; — e)(x)| < r and |e1(z) — e(z)| < r.

If n # 0 and e; € OpenHypercube(e,r), then > ?(e; —e) < n - r2.

If n # 0 and e; € OpenHypercube(e,r), then p(ej,e) < r-/n.

If n # 0, then OpenHypercube(e, =) C Ball(e, ).

If n # 0, then OpenHypercube(e, ) C Ball(e,r - /n).

If e; € Ball(e, r), then there exists a non zero element m of N such that
OpenHypercube(ey, %) C Ball(e, 7).
(20) If n # 0 and e; € OpenHypercube(e,r),

then r > |e; — e|(max-diff-index(eq, €)).

(15
(16
(17
(18
(19

~— — ~— ~— ~—

(21) OpenHypercube(ey,r — |e; — e|(max-diff-index(ey,e))) C
OpenHypercube(e, 7).

(22) Ball(e,) C OpenHypercube(e, 7).

Let us consider n, e, r. Observe that OpenHypercube(e, r) is open.
We now state two propositions:

(23) Let V be a subset of (£")op. Suppose V' is open. Let e be a point of
E™. If e € V, then there exists a non zero element m of N such that
OpenHypercube(e, %) cV.

(24) Let V be a subset of (£")iop. Suppose that for every point e of £"
such that e € V there exists a real number r such that » > 0 and
OpenHypercube(e,r) C V. Then V is open.

Let us consider n, e. The functor OpenHypercubes e yields a family of subsets
of (€™)top and is defined by:
(Def. 5) OpenHypercubese = {OpenHypercube(e, %) : M ranges over Non Zzero
elements of N}.
Let us consider n, e. Observe that OpenHypercubese is non empty, open,
and e-quasi-basis.
Next we state four propositions:

(25) For every 1-sorted yielding many sorted set J indexed by Segn such that
J = Segn — R holds R5€" = [] (the support of .J).

(26) Let J be a topological space yielding many sorted set indexed by Segn.
Suppose n # 0 and J = Segn —— R. Let P; be a family of subsets of
(€™)top- If P1 = the product prebasis for J, then P; is quasi-prebasis.

(27) Let J be a topological space yielding many sorted set indexed by Segn.
Suppose J = Segn —— R. Let P; be a family of subsets of (E™)iqp. If
P = the product prebasis for J, then P; is open.

(28)  (E™)top = [1(Segn — RY).
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1. PRELIMINARIES

For simplicity, we adopt the following convention: x, y are sets, r, s are real
numbers, S is a non empty additive loop structure, L1, Lo, L3 are linear combi-
nations of S, G is an Abelian add-associative right zeroed right complementable
non empty additive loop structure, L4, L5, Lg are linear combinations of G,
g, h are elements of G, R; is a non empty RLS structure, R is a real linear
space-like non empty RLS structure, Ay is a subset of R, L7, Lg, Lg are linear
combinations of R, V' is a real linear space, v, v, v2, w, p are vectors of V', A, B
are subsets of V', Fy, F5 are families of subsets of V', and L, Lig, L11 are linear
combinations of V.

Let us consider Ry and let A be an empty subset of R;. Note that conv A is
empty.

(© 2010 University of Bialystok
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Let us consider Ry and let A be a non empty subset of R;. One can check
that conv A is non empty.
One can prove the following propositions:

1) For every element v of R holds conv{v} = {v}.

2) For every subset A of Ry holds A C conv A.

3) For all subsets A, B of R; such that A C B holds conv A C conv B.

4) For all subsets S, A of R; such that A C convS holds convS =
conv .S U A.

(5) Let V be an add-associative non empty additive loop structure, A be a

subset of V', and v, w be elements of V. Then (v+w)+ A =v+ (w+ A).

(6) For every Abelian right zeroed non empty additive loop structure V' and
for every subset A of V holds Oy + A = A.

(
(
(
(

(7) For every subset A of G holds Card A = Card(g + A).
(8) For every element v of S holds v + g = ().
(9) For all subsets A, B of R; such that A C B holds r- A C r- B.
(10) (r-s)-A1=r-(s-A).
(11) 1-A; = A;.
(12) 0-AC {0y}
(13) For every finite sequence F of elements of S holds (Lg + L3) - F =
Ly -F+Ls-F.

(14) For every finite sequence F' of elements of V holds (r-L)-F =r-(L-F).

(15) Suppose A is linearly independent and A C B and Lin(B) = V. Then
there exists a linearly independent subset I of V' such that A C I C B
and Lin(I) = V.

2. Two TRANSFORMATIONS OF LINEAR COMBINATIONS

Let us consider G, L4, g. The functor g + Ly yielding a linear combination
of G is defined as follows:

(Def. 1) (g + L4)(h) = La(h — g).
Next we state several propositions:
) The support of g+ Ly = g + the support of Ly.
) 9+ (Ls + Le) = (9 + Ls) + (g + Le).
18) v+r-L=r-(v+1L).
) g+ (h+Ls)=(9+h)+ L.
) 9+0rc. = Orcy-
) O+ L4 = Ly.
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Let us consider R, L7, r. The functor r o L7 yields a linear combination of
R and is defined as follows:

(Def. 2)(i)  For every element v of R holds (r o L7)(v) = L7(r=!-v) if r # 0,
(ii) 7o L7 =0cy,, otherwise.
The following propositions are true:

(22) The support of r o L7 C r - (the support of L7).

(23) If r # 0, then the support of r o Ly = r - (the support of Ly).

(24) ro(Lg+ Lg) =roLg+roLg.

(25) r-(soL)=wso(r-L).

(26) roOyc, =Oncy,-

(27) ro(soLy)=(r-s)oLs.

(28) lolL;=Ls.

3. THE SuM OF COEFFICIENTS OF A LINEAR COMBINATION

Let us consider S, Li. The functor sum L yields a real number and is defined
as follows:

(Def. 3) There exists a finite sequence F' of elements of S such that F is one-to-
one and rng F' = the support of Ly and sum L1 = > (L - F).

One can prove the following propositions:

(29) For every finite sequence F' of elements of S such that the support of L;
misses rng F* holds >>(L; - F') = 0.

(30) Let F be a finite sequence of elements of S. If F' is one-to-one and the
support of L1 C rng F, then sum Ly = Y (Ly - F).

(31) sumOrcg = 0.

(32) For every element v of S such that the support of L; C {v} holds
sum L; = Lq(v).

(33) For all elements vy, ve of S such that the support of L1 C {v1,v2} and

v1 # vy holds sum Ly = Ly (v1) + L1 (v2).

sum Lo + L3 = sum Lo + sum L3.

W W
[SAEN

sumr - L =7 -sum L.

w
(=2}

sum L9 — L11 = sum L1g — sum Lq;.

sum Ly =sumg + Ly4.

()
o

If r # 0, then sum L7y = sumr o Ly.
Y(v+L)=sumL-v+3 L.
S(roL)=r-Y L.

w
=)

N N /N /N /SN /N /S
=~ w
=) =~
~— — — — ~— ~— ~—
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4. AFFINE INDEPENDENCE OF VECTORS

Let us consider V', A. We say that A is affinely independent if and only if:

(Def. 4) A is empty or there exists v such that v € A and (—v + A) \ {Oy} is
linearly independent.

Let us consider V. Observe that every subset of V' which is empty is al-
so affinely independent. Let us consider v. One can check that {v} is affinely
independent. Let us consider w. Observe that {v,w} is affinely independent.

Let us consider V. Note that there exists a subset of V' which is non empty,
trivial, and affinely independent.

We now state three propositions:

(41) A is affinely independent iff for every v such that v € A holds (—v+ A)\
{0y } is linearly independent.

(42) A is affinely independent if and only if for every linear combination L of
A such that > L = 0y and sum L = 0 holds the support of L = {).

(43) If A is affinely independent and B C A, then B is affinely independent.

Let us consider V. Note that every subset of V' which is linearly independent
is also affinely independent.

In the sequel I denotes an affinely independent subset of V.

Let us consider V', I, v. Observe that v + I is affinely independent.

One can prove the following proposition

(44) If v+ A is affinely independent, then A is affinely independent.

Let us consider V', I, r. One can check that r - I is affinely independent.
The following propositions are true:

(45) If r- A is affinely independent and r # 0, then A is affinely independent.
(46) If Oy € A, then A is affinely independent iff A \ {Oy} is linearly inde-
pendent.
Let us consider V' and let F' be a family of subsets of V. We say that F' is
affinely independent if and only if:

(Def. 5) If A € F, then A is affinely independent.

Let us consider V. Observe that every family of subsets of V' which is empty
is also affinely independent. Let us consider I. One can check that {I} is affinely
independent.

Let us consider V. Note that there exists a family of subsets of V' which is
empty and affinely independent and there exists a family of subsets of V' which
is non empty and affinely independent.

Next we state two propositions:

(47) If Fy is affinely independent and F5 is affinely independent, then F} U F5
is affinely independent.

(48) If Fy C F; and F5 is affinely independent, then F} is affinely independent.
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5. AFFINE HUuLL

Let us consider R; and let A be a subset of Ry. The functor Affin A yields
a subset of R and is defined as follows:

(Def. 6) Affin A = {B; B ranges over affine subsets of R;: A C B}.

Let us consider R; and let A be a subset of R;. Observe that Affin A is affine.
Let us consider R; and let A be an empty subset of R;. Note that Affin A
is empty.
Let us consider R; and let A be a non empty subset of R;. Note that Affin A
is non empty.
One can prove the following propositions:
(49) For every subset A of R; holds A C Affin A.
(50) For every affine subset A of R; holds A = Affin A.

(51) For all subsets A, B of Ry such that A C B and B is affine holds
Affin A C B.

(52) For all subsets A, B of Ry such that A C B holds Affin A C Affin B.
(563) Affin(v + A) = v + Affin A.

(54) If A; is affine, then r - A; is affine.

(55) If r # 0, then Affin(r- A;) = r - Affin A;.

(56)

(57)

(58)

ot
T~

Affin(r - A) = r - Affin A.
If v € Affin A, then Affin A = v+ Up(Lin(—v + A)).

A is affinely independent iff for every B such that B C A and Affin A =
Affin B holds A = B.

(59) Affin A= {>" L; L ranges over linear combinations of A: sum L = 1}.

(60) If I C A, then there exists an affinely independent subset I1 of V' such
that I C I1 C A and Affin [; = Affin A.

(61) Let A, B be finite subsets of V. Suppose A is affinely independent and
Affin A = Affin B and B < A. Then B is affinely independent.

(62) L is convex iff sum L = 1 and for every v holds 0 < L(v).

(63) If L is convex, then L(z) < 1.

(64) If L is convex and L(x) = 1, then the support of L = {z}.

(65) conv A C Affin A.

(66) If z € conv A and conv A \ {z} is convex, then x € A.

(67) Affinconv A = Affin A.

(68) If conv A C conv B, then Affin A C Affin B.

(69)

For all subsets A, B of R; such that A C Affin B holds Affin(AU B) =
Affin B.

91
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6. BARYCENTRIC COORDINATES

Let us consider V' and let us consider A. Let us assume that A is affinely
independent. Let us consider z. Let us assume that x € Affin A. The functor
x — A yielding a linear combination of A is defined by:

(Def. 7) > (x — A) =z and sumzx — A = 1.

We now state a number of propositions:

(70) Ifwvy,ve € AffinI, then (1—7)-v1+7r-ve — I = (1—7)-(vy = I)+7r-(v2 —
I).

(71) If x € conv I, then z — I is convex and 0 < (z — I)(v) < 1.

(72) If x € convl, then (z — I)(y) =1iff xt =y and z € I.

(73) For every I such that x € AffinI and for every v such that v € I holds
0 < (z— I)(v) holds = € conv I.

(74) If x € I, then conv I \ {z} is convex.

(75) For every B such that x € Affin I and for every y such that y € B holds
(¢ — I)(y) =0holds z € Affin(/\ B) and v - [ =z — I\ B.

(76) For every B such that z € conv I and for every y such that y € B holds
(x — I)(y) = 0 holds x € conv I \ B.

(77) I BC I and x € Affin B, thenz — B=xz — I.

(78) If vy, vy € Affin A and r + s = 1, then r - v; + s - vy € Affin A.

(79) For all finite subsets A, B of V such that A is affinely independent and
Affin A C Affin B holds A < B.

(80) Let A, B be finite subsets of V. Suppose A is affinely independent and
Affin A C Affin B and A = B. Then B is affinely independent.

(81) If Lio(v) # Lu1(v), then (r-Lig+(1—7)-Li1)(v) = s iff r = 805

(82) AU {v} is affinely independent iff A is affinely independent but v € A
or v ¢ Affin A.

(83) If w ¢ Affin A and vy, v € Aandr # land r-w+ (1 —7)-v; =
s-w+ (1 —s)- vy, then r = s and v, = vo.

(84) Ifvelandwe Aftinl and p € Affin(I\{v}) and w=r-v+(1—r)-p,
then r = (w — I)(v).
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Summary. In this article we define the notion of abstract simplicial com-
plexes and operations on them. We introduce the following basic notions: simplex,
face, vertex, degree, skeleton, subdivision and substructure, and prove some of
their properties.

MML identifier: SIMPLEXO, version: 7.11.05 4.134.1080

The articles [2], [5], [6], [10], [8], [14], [1], [7], [3], [4], [11], [13], [16], [12], [15],
and [9] provide the notation and terminology for this paper.

1. PRELIMINARIES

For simplicity, we adopt the following convention: x, y, X, Y, Z are sets, D
is a non empty set, n, k are natural numbers, and i, i1, i2 are integers.

Let us consider X. We introduce X has empty element as an antonym of X
has non empty elements.

Note that there exists a set which is empty and finite-membered and every
set which is empty is also finite-membered. Let X be a finite set. Note that { X}
is finite-membered and 2% is finite-membered. Let Y be a finite set. Observe
that {X,Y} is finite-membered.

Let X be a finite-membered set. Observe that every subset of X is finite-
membered. Let Y be a finite-membered set. One can check that X UY is finite-
membered.

Let X be a finite finite-membered set. Note that | J X is finite.

One can verify the following observations:

* every set which is empty is also subset-closed,

(© 2010 University of Bialystok
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% every set which has empty element is also non empty,

* every set which is non empty and subset-closed has also empty element,

and

* there exists a set which has empty element.

Let us consider X. Observe that SubFin(X) is finite-membered and there exi-
sts a family of subsets of X which is subset-closed, finite, and finite-membered.

Let X be a subset-closed set. One can check that SubFin(X) is subset-closed.

Next we state the proposition

(1) Y is subset-closed iff for every X such that X € Y holds 2X C Y.

Let A, B be subset-closed sets. Note that A U B is subset-closed and AN B
is subset-closed.

Let us consider X. The subset-closure of X yields a subset-closed set and is
defined by the conditions (Def. 1).

(Def. 1)(i) X C the subset-closure of X, and
(ii)  for every Y such that X CY and Y is subset-closed holds the subset-
closure of X C Y.
The following proposition is true
(2) x € the subset-closure of X iff there exists y such that z C y and y € X.

Let us consider X and let F' be a family of subsets of X. Then the subset-
closure of F' is a subset-closed family of subsets of X.

Observe that the subset-closure of () is empty. Let X be a non empty set.
Note that the subset-closure of X is non empty.

Let X be a set with a non-empty element. One can check that the subset-
closure of X has a non-empty element.

Let X be a finite-membered set. Note that the subset-closure of X is finite-
membered.

The following propositions are true:

(3) If X CY and Y is subset-closed, then the subset-closure of X C Y.

(4) The subset-closure of {X} = 2%.

(5) The subset-closure of X UY = (the subset-closure of X) U (the subset-
closure of Y).

(6) X is finer than Y iff the subset-closure of X C the subset-closure of Y.

(7) If X is subset-closed, then the subset-closure of X = X.

(8) If the subset-closure of X C X, then X is subset-closed.

Let us consider Y, X and let n be a set. The subsets of X and Y with
cardinality limited by n yields a family of subsets of Y and is defined by the
condition (Def. 2).

(Def. 2) Let Abeasubset of Y. Then A € the subsets of X and Y with cardinality
limited by n if and only if A € X and Card A C Cardn.
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Let us consider D. One can verify that there exists a family of subsets of D
which is finite, subset-closed, and finite-membered and has a non-empty element.

Let us consider Y, X and let n be a finite set. One can check that the subsets
of X and Y with cardinality limited by n is finite-membered.

Let us consider Y, let X be a subset-closed set, and let n be a set. Note that
the subsets of X and Y with cardinality limited by n is subset-closed.

Let us consider Y, let X be a set with empty element, and let n be a set.
One can check that the subsets of X and Y with cardinality limited by n has
empty element.

Let us consider D, let X be a subset-closed family of subsets of D with a
non-empty element, and let n be a non empty set. Note that the subsets of X
and D with cardinality limited by n has a non-empty element.

Let us consider X, let Y be a family of subsets of X, and let n be a set. We
introduce the subsets of Y with cardinality limited by n as a synonym of the
subsets of Y and X with cardinality limited by n.

Let us observe that every set which is empty is also C-linear and there exists
a set which is empty and C-linear.
Let X be a C-linear set. Note that every subset of X is C-linear.

The following propositions are true:
(9) If X is non empty, finite, and C-linear, then |J X € X.

(10) For every finite C-linear set X such that X has non empty elements
holds Card X C Card | X.

(11) If X is C-linear and |J X misses z, then X U {JX Uz} is C-linear.
(12) Let X be a non empty set. Then there exists a family Y of subsets of X
such that
(i) Y is C-linear and has non empty elements,
(i) X €Y,
(ili) Card X = CardY, and
) for every Z such that Z € Y and Card Z # 1 there exists  such that
x€Zand Z\{z} €Y.

(13) Let Y be a family of subsets of X. Suppose Y is finite and C-linear and
has non empty elements and X € Y. Then there exists a family Y’ of
subsets of X such that

Yy CY,

(iv

(i)
(i) Y’ is C-linear and has non empty elements,
(ii) Card X = CardY’, and
) for every Z such that Z € Y/ and Card Z # 1 there exists = such that
x€Zand Z\{z} €Y'

(iv
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2. SIMPLICIAL COMPLEXES

A simplicial complex structure is a topological structure.
In the sequel K denotes a simplicial complex structure.
Let us consider K and let A be a subset of K. We introduce A is simplex-like
as a synonym of A is open.
Let us consider K and let S be a family of subsets of K. We introduce S is
simplex-like as a synonym of .S is open.
Let us consider K. One can check that there exists a family of subsets of K
which is empty and simplex-like.
The following proposition is true
(14) For every family S of subsets of K holds S is simplex-like iff S C the
topology of K.
Let us consider K and let v be an element of K. We say that v is vertex-like
if and only if:
(Def. 3) There exists a subset S of K such that S is simplex-like and v € S.
Let us consider K. The functor Vertices K yielding a subset of K is defined
by:
(Def. 4) For every element v of K holds v € Vertices K iff v is vertex-like.
Let K be a simplicial complex structure. A vertex of K is an element of
Vertices K.
Let K be a simplicial complex structure. We say that K is finite-vertices if
and only if:
(Def. 5) Vertices K is finite.
Let us consider K. We say that K is locally-finite if and only if:

(Def. 6) For every vertex v of K holds {S C K: S is simplex-like A v € S} is
finite.

Let us consider K. We say that K is empty-membered if and only if:
(Def. 7) The topology of K is empty-membered.
We say that K has non empty elements if and only if:
(Def. 8) The topology of K has non empty elements.

Let us consider K. We introduce K has a non-empty element as an antonym
of K is empty-membered. We introduce K has empty element as an antonym
of K has non empty elements.

Let us consider X. A simplicial complex structure is said to be a simplicial
complex structure of X if:

(Def 9) Qit C X.

Let us consider X and let K; be a simplicial complex structure of X. We
say that K is total if and only if:
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(Def 10) Q(K1) = X.
One can check the following observations:
* every simplicial complex structure which has empty element is also non
void,
* every simplicial complex structure which has a non-empty element is
also non void,

* every simplicial complex structure which is non void and empty-membered
has also empty element,

* every simplicial complex structure which is non void and subset-closed
has also empty element,

* every simplicial complex structure which is empty-membered is also
subset-closed and finite-vertices,

* every simplicial complex structure which is finite-vertices is also locally-
finite and finite-degree, and

* every simplicial complex structure which is locally-finite and subset-
closed is also finite-membered.

Let us consider X. Observe that there exists a simplicial complex structure
of X which is empty, void, empty-membered, and strict.

Let us consider D. Note that there exists a simplicial complex structure of D
which is non empty, non void, total, empty-membered, and strict and there exists
a simplicial complex structure of D which is non empty, total, finite-vertices,
subset-closed, and strict and has empty element and a non-empty element.

Let us observe that there exists a simplicial complex structure which is non
empty, finite-vertices, subset-closed, and strict and has empty element and a
non-empty element.

Let K be a simplicial complex structure with a non-empty element. Observe
that Vertices K is non empty.

Let K be a finite-vertices simplicial complex structure. Note that every fa-
mily of subsets of K which is simplex-like is also finite.

Let K be a finite-membered simplicial complex structure. Note that every
family of subsets of K which is simplex-like is also finite-membered.

Next we state several propositions:

(15) Vertices K is empty iff K is empty-membered.

(16) Vertices K = | (the topology of K).

(17) For every subset S of K such that S is simplex-like holds S C Vertices K.
(18) If K is finite-vertices, then the topology of K is finite.

(19) 1If the topology of K is finite and K is non finite-vertices, then K is non

finite-membered.

(20) If K is subset-closed and the topology of K is finite, then K is finite-
vertices.
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3. THE SIMPLICIAL COMPLEX GENERATED ON THE SET

Let us consider X and let Y be a family of subsets of X. The complex of Y
yielding a strict simplicial complex structure of X is defined as follows:

(Def. 11) The complex of Y = (X, the subset-closure of Y).

Let us consider X and let Y be a family of subsets of X. One can verify that
the complex of Y is total and subset-closed.

Let us consider X and let Y be a non empty family of subsets of X. Note
that the complex of Y has empty element.

Let us consider X and let Y be a finite-membered family of subsets of X.
Note that the complex of Y is finite-membered.

Let us consider X and let Y be a finite finite-membered family of subsets of
X. Observe that the complex of Y is finite-vertices.

One can prove the following proposition

(21) If K is subset-closed, then the topological structure of K = the complex
of the topology of K.

Let us consider X. A simplicial complex of X is a finite-membered subset-
closed simplicial complex structure of X.

Let K be a non void simplicial complex structure. A simplex of K is a
simplex-like subset of K.

Let K be a simplicial complex structure with empty element. One can check
that every subset of K which is empty is also simplex-like and there exists a
simplex of K which is empty.

Let K be a non void finite-membered simplicial complex structure. Note
that there exists a simplex of K which is finite.

4. THE DEGREE OF SIMPLICIAL COMPLEXES

Let us consider K. The functor degree(K) yields an extended real number
and is defined as follows:

(Def. 12)(1)  For every finite subset S of K such that S is simplex-like holds S <
degree(K)+1 and there exists a subset S of K such that S is simplex-like
and Card S = degree(K) + 1 if K is non void and finite-degree,

(ii)  degree(K) = —1 if K is void,
(iii)  degree(K) = 400, otherwise.
Let K be a finite-degree simplicial complex structure. Note that degree(K)+
1 is natural and degree(K) is integer.
The following propositions are true:

(22) degree(K) = —1 iff K is empty-membered.
(23) —1 < degree(K).
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(24) For every finite subset S of K such that S is simplex-like holds S <
degree(K) + 1.
(25) Suppose K is non void or ¢ > —1. Then degree(K) < i if and only if the
following conditions are satisfied:
(i) K is finite-membered, and
(ii)  for every finite subset S of K such that S is simplex-like holds S < i+1.

(26) For every finite subset A of X holds degree(the complex of {A}) = A-1.

5. SUBCOMPLEXES

Let us consider X and let K7 be a simplicial complex structure of X. A

simplicial complex of X is said to be a subsimplicial complex of K if:
(Def. 13) Qi € Q(g,) and the topology of it C the topology of Kj.

In the sequel K denotes a simplicial complex structure of X and S; denotes
a subsimplicial complex of K.

Let us consider X, Kj. One can check that there exists a subsimplicial
complex of K7 which is empty, void, and strict.

Let us consider X and let K be a void simplicial complex structure of X.
Observe that every subsimplicial complex of K7 is void.

Let us consider D and let Ko be a non void subset-closed simplicial complex
structure of D. Note that there exists a subsimplicial complex of Ko which is
non void.

Let us consider X and let K be a finite-vertices simplicial complex structure
of X. One can check that every subsimplicial complex of K7 is finite-vertices.

Let us consider X and let K7 be a finite-degree simplicial complex structure
of X. Note that every subsimplicial complex of K is finite-degree.

Next we state several propositions:

(27) Every subsimplicial complex of S; is a subsimplicial complex of Kj.

(28) Let A be a subset of K7 and S be a finite-membered family of subsets
of A. Suppose the subset-closure of S C the topology of Ki. Then the
complex of S is a strict subsimplicial complex of Kj.

(29) Let K; be a subset-closed simplicial complex structure of X, A be a
subset of K7, and S be a finite-membered family of subsets of A. Suppose
S C the topology of K;. Then the complex of S is a strict subsimplicial
complex of Kj.

(30) Let Yy, Y5 be families of subsets of X. Suppose Y is finite-membered
and finer than Y5. Then the complex of Y7 is a subsimplicial complex of
the complex of Y5.

(31) Vertices S; C Vertices K.

(32) degree(S7) < degree(K).
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Let us consider X, K7, S7. We say that 57 is maximal if and only if:
(Def. 14) For every subset A of S; such that A € the topology of K; holds A is
simplex-like.
We now state the proposition
(33) S; is maximal iff 24s1) N the topology of K7 C the topology of Si.
Let us consider X, K7. Note that there exists a subsimplicial complex of K3
which is maximal and strict.
We now state three propositions:
(34) Let Sy be a subsimplicial complex of S1. Suppose S; is maximal and Sy
is maximal. Then S5 is a maximal subsimplicial complex of Kj.
(35) Let S be a subsimplicial complex of Sp. If So is a maximal subsimplicial
complex of K7, then Sy is maximal.
(36) Let K3, K4 be maximal subsimplicial complexes of K.
Suppose Q(f;) = Q(k,)- Then the topological structure of K3 = the topo-
logical structure of Kj.

Let us consider X, let K be a subset-closed simplicial complex structure
of X, and let A be a subset of K;. Let us assume that 24 N the topology of
K is finite-membered. The functor Ki[A yields a maximal strict subsimplicial
complex of K7 and is defined as follows:

(Def 15) QKl [A = A.
In the sequel S5 denotes a simplicial complex of X.

Let us consider X, S3 and let A be a subset of S3. Then S3[A is a maximal
strict subsimplicial complex of S3 and it can be characterized by the condition:

(Def. 16) Qg 14 = A.
The following four propositions are true:

(37) For every subset A of S3 holds the topology of S3[A = 24 Nthe topology
of 53.

(38) For all subsets A, B of S3 and for every subset B’ of S3]A such that
B’ = B holds S3|A|B’ = S3]B.

(39) S3[€g,) = the topological structure of S3.

(40) For all subsets A, B of S3 such that A C B holds S3[ A is a subsimplicial
complex of S3[B.

Let us observe that every integer is finite.

6. THE SKELETON OF A SIMPLICIAL COMPLEX

Let us consider X, K7 and let 7 be a real number. The skeleton of K7 and ¢
yielding a simplicial complex structure of X is defined by the condition (Def. 17).
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(Def. 17) The skeleton of K7 and i = the complex of the subsets of the topology
of K with cardinality limited by ¢ + 1.

Let us consider X, Kj. Observe that the skeleton of K; and —1 is empty-
membered. Let us consider i. Note that the skeleton of K7 and 7 is finite-degree.

Let us consider X, let K7 be an empty-membered simplicial complex struc-
ture of X, and let us consider 7. One can check that the skeleton of K7 and 7 is
empty-membered.

Let us consider D, let K3 be a non void subset-closed simplicial complex
structure of D, and let us consider 7. One can check that the skeleton of Ko and
7 is non void.

One can prove the following proposition

(41) If —1 <43 < ig, then the skeleton of K; and 4; is a subsimplicial complex
of the skeleton of K7 and is.

Let us consider X, let K; be a subset-closed simplicial complex structure
of X, and let us consider i. Then the skeleton of K7 and ¢ is a subsimplicial
complex of Kj.

We now state several propositions:

(42) If K, is subset-closed and the skeleton of K; and i is empty-membered,
then K is empty-membered or i = —1.

(43) degree(the skeleton of K and i) < degree(K7).

(44) 1If —1 <4, then degree(the skeleton of K; and i) < .

(45) If —1 < i and the skeleton of K; and i = the topological structure of
K1, then degree(K;) < i.

(46) If K, is subset-closed and degree(K;) < i, then the skeleton of K; and
1 = the topological structure of Kj.

In the sequel K is a non void subset-closed simplicial complex structure.
Let us consider K and let i be a real number. Let us assume that ¢ is integer.
A finite simplex of K is said to be a simplex of 7 and K if:
(Def. 18)(i) it =i+ 1if —1 < i < degree(K),
(ii) it is empty, otherwise.
Let us consider K. Note that every simplex of —1 and K is empty.
The following three propositions are true:

(47) For every simplex S of ¢ and K such that S is non empty holds i is
natural.

(48) Every finite simplex S of K is a simplex of S —1and K.

(49) Let K be a non void subset-closed simplicial complex structure of D, S be
a non void subsimplicial complex of K, i be an integer, and A be a simplex
of i and S. If A is non empty or i < degree(S) or degree(S) = degree(K),
then A is a simplex of ¢ and K.
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Let us consider K and let ¢ be a real number. Let us assume that ¢ is integer
and ¢ < degree(K). Let S be a simplex of i and K. A simplex of max(: —1,—1)
and K is said to be a face of S if:

(Def. 19) It C S.
One can prove the following proposition

(50) Let S be a simplex of n and K. Suppose n < degree(K). Then X is a
face of S if and only if there exists « such that x € S and S\ {z} = X.

7. THE SUBDIVISION OF A SIMPLICIAL COMPLEX

In the sequel P is a function.

Let us consider X, K, P. The functor subdivision(P, K;) yields a strict
simplicial complex structure of X and is defined by the conditions (Def. 20).

(Def 20)(1) qubdivision(P,Kl) = Q(Kl)a and
(ii)  for every subset A of subdivision(P, K7) holds A is simplex-like iff there
exists a C-linear finite simplex-like family S of subsets of K; such that
A= P°S.

Let us consider X, K1, P. One can verify that subdivision(P, K1) is subset-
closed and finite-membered and has empty element.

Let us consider X, let K7 be a void simplicial complex structure of X, and
let us consider P. Observe that subdivision(P, K7) is empty-membered.

The following propositions are true:

(51) degree(subdivision(P, K1)) < degree(K7) + 1.
(52) If dom P has non empty elements, then degree(subdivision(P, K1)) <
degree(K1).

Let us consider X, let K7 be a finite-degree simplicial complex structure of
X, and let us consider P. Note that subdivision(P, K1) is finite-degree.

Let us consider X, let K; be a finite-vertices simplicial complex structure
of X, and let us consider P. One can check that subdivision(P, K1) is finite-
vertices.

One can prove the following propositions:

(53) Let Kj be a subset-closed simplicial complex structure of X and given
P. Suppose that
(i) dom P has non empty elements, and
(ii) for every n such that n < degree(K) there exists a subset S of K such
that S is simplex-like and Card S = n + 1 and Qi C dom P and P°2i is
a subset of Ky and P[Qi is one-to-one.
Then degree(subdivision(P, K7)) = degree(K7).
(54) If Y C Z, then subdivision(P[Y, K;) is a subsimplicial complex of
subdivision(P[Z, K1).
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(55) If dom P N the topology of K; C Y, then subdivision(P]Y, K;) =
subdivision(P, K7).

(56) If Y C Z, then subdivision(Y [P, K7) is a subsimplicial complex of
subdivision(Z[ P, K1).

(57) If P°(the topology of Kj;) C Y, then subdivision(Y [P, K;) =
subdivision(P, K7).

(58) subdivision(P, Sy) is a subsimplicial complex of subdivision(P, K1).
(59) For every subset A of subdivision(P, K1) such that dom P C the topology
of S1 and A = Q(g,) holds subdivision(P, S1) = subdivision(P, K1)[A.
(60) Let K3, K4 be simplicial complex structures of X. Suppose the to-

pological structure of K3 = the topological structure of K,. Then
subdivision(P, K3) = subdivision(P, Ky).
Let us consider X, Kj, P, n. The functor subdivision(n, P, K) yielding a
simplicial complex structure of X is defined by the condition (Def. 21).

(Def. 21) There exists a function F' such that
(i)  F(0) =Ky,
(i)  F(n) = subdivision(n, P, K1),
(iii) domF =N, and
(iv) for every k and for every simplicial complex structure K7 of X such
that K{ = F(k) holds F(k + 1) = subdivision(P, K7/).
Next we state several propositions:
(61) subdivision(0, P, K1) = K.
(62) subdivision(1, P, K1) = subdivision(P, K1).
(63) For every natural number n; such that n; = n + k holds
subdivision(ny, P, K1) = subdivision(n, P, subdivision(k, P, K1)).

(64) qubdivision(n,P,Kl) = Q(Kl)‘
(65) subdivision(n, P, S1) is a subsimplicial complex of subdivision(n, P, K7).
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