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Summary. In this paper we show the finite dimensionality of real linear
spaces with their carriers equal R"™. We also give the standard basis of such
spaces. For the set R"™ we introduce the concepts of linear manifold subsets and

orthogonal subsets. The cardinality of orthonormal basis of discussed spaces is
proved to equal n.
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1. PRELIMINARIES

We use the following convention: i, j, n are elements of N, z, By are sets,
and f, zg are real-valued finite sequences.
Next we state several propositions:

(1) For all functions f, g holds dom(f - g) = domgn g~ '(dom f).

(2) For every binary relation R and for every set Y such that rngR C Y
holds R~Y(Y) = dom R.
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(3) Let X be a set, Y be a non empty set, and f be a function from X into
Y. If f is bijective, then X =Y.
(4) (2)- (1) = (2).
(5) For every element x of R? holds = = ep.
(6) For all elements a, b, ¢ of R™ holds (a —b) +c+b=a+c.
Let f1, f2 be finite sequences. One can verify that (fi, f2) is finite sequence-
like.
Let D be a set and let fi, fo be finite sequences of elements of D. Then
(f1, f2) is a finite sequence of elements of D x D.
Let h be a real-valued finite sequence. Let us observe that A is increasing if
and only if:
(Def. 1) For every ¢ such that 1 < ¢ <lenh holds h(i) < h(i+ 1).
One can prove the following four propositions:
(7) Let h be a real-valued finite sequence. Suppose h is increasing. Let given
i,j.Ifi<jand 1 <iandj <lenh, then h(i) < h(j).
(8) Let h be a real-valued finite sequence. Suppose h is increasing. Let given
i,7.Ifi <jand 1 <iand j <lenh, then h(i) < h(j).
(9) Let h be a natural-valued finite sequence. Suppose h is increasing. Let
given ¢. If 1 <i <lenh and 1 < h(1), then i < h(i).
(10) Let V be a real linear space and X be a subspace of V. Suppose V is
strict and X is strict and the carrier of X = the carrier of V. Then X = V.

Let D be a set, let F' be a finite sequence of elements of D, and let h be a
permutation of dom F. The functor F o h yields a finite sequence of elements of
D and is defined as follows:

(Def. 2) Foh=F-h.
One can prove the following propositions:

(11) Let D be a non empty set and f be a finite sequence of elements of D.
If1 <i<lenfand 1 < j <lenf, then (Swap(f,i,75))(i) = f(j) and
(Swap(f, i,4))(4) = f(@)-

(12) 0 is a permutation of ().

(13) (1) is a permutation of {1}.

(14) For every finite sequence h of elements of R holds h is one-to-one iff
sort, h is one-to-one.

(15) Let h be a finite sequence of elements of N. Suppose h is one-to-one.
Then there exists a permutation h3g of domh and there exists a finite
sequence ho of elements of N such that ho = h - hg and ho is increasing
and dom h = dom ho and rng h = rng ho.
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2. ORTHOGONAL BASIS

Let By be a set. We say that By is R-orthogonal if and only if:

(Def. 3) For all real-valued finite sequences x, y such that z, y € By and z # y
holds |(z,y)| = 0.
Let us observe that every set which is empty is also R-orthogonal.
We now state the proposition

(16) Byg is R-orthogonal if and only if for all points x, y of &} such that x,
y € By and x # y holds x, y are orthogonal.

Let By be a set. We say that By is R-normal if and only if:
(Def. 4) For every real-valued finite sequence x such that x € By holds |z| = 1.
Let us observe that every set which is empty is also R-normal.
Let us observe that there exists a set which is R-normal.
Let By, B1 be R-normal sets. One can verify that By U By is R-normal.
One can prove the following propositions:
(17) If |f| =1, then {f} is R-normal.
(18) If By is R-normal and |zo| = 1, then By U {z¢} is R-normal.
Let By be a set. We say that Bg is R-orthonormal if and only if:
(Def. 5) By is R-orthogonal and R-normal.
Let us note that every set which is R-orthonormal is also R-orthogonal and R-
normal and every set which is R-orthogonal and R-normal is also R-orthonormal.
Let us observe that {(1)} is R-orthonormal.
Let us observe that there exists a set which is R-orthonormal and non empty.

Let us consider n. One can verify that there exists a subset of R™ which is
R-orthonormal.

Let us consider n and let By be a subset of R™. We say that By is complete
if and only if:
(Def. 6) For every R-orthonormal subset B of R™ such that By C B holds
B = By.
Let n be an element of N and let By be a subset of R™. We say that By is
orthogonal basis if and only if:
(Def. 7) By is R-orthonormal and complete.

Let us consider n. One can verify that every subset of R™ which is orthogonal
basis is also R-orthonormal and complete and every subset of R™ which is R-
orthonormal and complete is also orthogonal basis.

The following propositions are true:

(19) For every subset By of R? such that By is orthogonal basis holds By = ().
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(20) Let By be a subset of R™ and y be an element of R™. Suppose By is
orthogonal basis and for every element x of R™ such that = € By holds
|(z,y)] = 0. Then y = (0, ...,0).

——

n

3. LINEAR MANIFOLDS

Let us consider n and let X be a subset of R™. We say that X is linear
manifold if and only if:
(Def. 8) For all elements z, y of R™ and for all elements a, b of R such that z,
ye X holdsa-xz+b-yeX.
Let us consider n. Observe that Qp» is linear manifold.
The following proposition is true

(21) {(0,...,0)} is linear manifold.
——
Let us consider n. Observe that {(0,...,0)} is linear manifold.
———

Let us consider n and let X be a subsent of R™. The linear span of X yielding
a subset of R™ is defined by:
(Def. 9) The linear span of X = {Y C R™: Y is linear manifold A X C Y'}.
Let us consider n and let X be a subset of R". Observe that the linear span
of X is linear manifold.
Let us consider n and let f be a finite sequence of elements of R™. The
functor Y f yielding an element of R is defined as follows:
(Def. 10)(i)  There exists a finite sequence g of elements of R™ such that len f =
leng and f(1) = g(1) and for every natural number i such that 1 < i <
len f holds g(i + 1) = g; + fix1 and > f = g(len f) if len f > 0,
(i) > f=10,...,0), otherwise.
n
Let n be a natural number and let f be a finite sequence of elements of R".
The functor accum f yields a finite sequence of elements of R™ and is defined
as follows:
(Def. 11) len f = lenaccum f and f(1) = (accum f)(1) and for every natural num-
ber i such that 1 <4 < len f holds (accum f)(i + 1) = (accum f); + fit1.
We now state several propositions:
(22) For every finite sequence f of elements of R™ such that len f > 0 holds
(accum f)(len f) = > f.
(23) For all finite sequences F', F; of elements of R™ and for every permutation
h of dom F' such that F» = F o h holds Y F» = F.
(24) For every element k of N holds Yk +— (0,...,0) = (0,...,0).
—— ——
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(25) Let g be a finite sequence of elements of R™, h be a finite sequence of

elements of N, and F' be a finite sequence of elements of R™. Suppose

h is increasing and rngh C domg and F' = g - h and for every element

i of N such that ¢ € domg and 7 ¢ rngh holds g(i) = (0,...,0). Then
——

n
Y9=2F
(26) Let g be a finite sequence of elements of R™, h be a finite sequence of
elements of N, and F' be a finite sequence of elements of R™. Suppose h
is one-to-one and rngh C domg and F' = g - h and for every element
i of N such that ¢ € domg and ¢ ¢ rngh holds g(i) = (0,...,0). Then
——

n

>9=>F.

4. STANDARD BASIS

Let us consider n, i. Then the base finite sequence of n and 7 is an element
of R™.
The following propositions are true:
(27) Let i1, 12 be elements of N. Suppose that
() 1<iy,
(11) il < n,
(iil) 1<,
(iv) iz < n,and
(v)  the base finite sequence of n and i; = the base finite sequence of n
and 79.
Then il = iz.
(28) 2(the base finite sequence of n and i) = the base finite sequence of n
and 4.
(29) If 1 <i < n, then ) the base finite sequence of n and ¢ = 1.
(30) If 1 <i < mn, then |the base finite sequence of n and i| = 1.
(31) Suppose 1 < i <mnand 1l < j <nandi # j. Then |(the base finite
sequence of n and i, the base finite sequence of n and j)| = 0.
(32) For every element x of R" such that 1 < i < n holds |(x, the base finite
sequence of n and )| = x(i).

Let us consider n and let 2o be an element of R™. The functor ProjFinSeq xq
yields a finite sequence of elements of R™ and is defined by the conditions
(Def. 12).

(Def. 12)(i)  lenProjFinSeqzo = n, and
(ii)  for every i such that 1 < ¢ < n holds (ProjFinSeqxo)(i) = |(zo, the
base finite sequence of n and )| - the base finite sequence of n and i.
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The following proposition is true

(33) For every element xg of R™ holds xg = > ProjFinSeq zy.
Let us consider n. The functor RN-Base n yields a subset of R™ and is defined

by:
(Def. 13) RN-Basen = {the base finite sequence of n and i; i ranges over elements
of N: 1 <i A i<n}.

Next we state the proposition

(34) For every non zero element n of N holds RN-Basen # (.

Let us mention that RN-Base 0 is empty.

Let n be a non zero element of N. Note that RN-Basen is non empty.

Let us consider n. Observe that RN-Basen is orthogonal basis.

Let us consider n. Observe that there exists a subset of R™ which is ortho-
gonal basis.

Let us consider n. An orthogonal basis of n is an orthogonal basis subset of
R™.

Let n be a non zero element of N. Observe that every orthogonal basis of n
is non empty.

5. FINITE REAL UNITARY SPACES AND FINITE REAL LINEAR SPACES

Let n be an element of N. Observe that (£, (+|-)) is constituted finite sequ-
ences. Let n be an element of N. One can check that every element of (£, (|-))
is real-valued.

Let n be an element of N, let =, y be vectors of (€™, (+]-)), and let a, b be
real-valued functions. One can verify that 4y and a+ b can be identified when
xr=a and y =b.

Let n be an element of N, let z be a vector of (€™, (+|)), let y be a real-
valued function, and let a, b be elements of R. Observe that a -z and by can be
identified when a = b and = = y.

Let n be an element of N, let x be a vector of (£",(-|-)), and let a be a
real-valued function. Observe that —z and —a can be identified when = = a.

Let n be an element of N, let =, y be vectors of (€™, (+])), and let a, b be
real-valued functions. One can check that x —y and a — b can be identified when
x = a and y = b. The following three propositions are true:

(35) Let n be an element of N, z, y be elements of R", and u, v be points of
(€™, (-]'). If z = v and y = v, then ®gn({u, v)) = |(z,y)|.

(36) Let n, j be elements of N, F' be a finite sequence of elements of the carrier
of (€™, (")), B2 be a subset of (£", (+]-)), vo be an element of (E", (-|-)),
and [ be a linear combination of Bs. Suppose F' is one-to-one and Bj is
R-orthogonal and rng F' = the support of [ and vy € By and j € dom(l F')

and vy = F(j). Then ®@gn((vo, DU F)) = @gn({vo, L(F}) - vo)).
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(37) Let n be an element of N, f be a finite sequence of elements of R™, and
g be a finite sequence of elements of the carrier of (€™, (-|-)). If f = g, then

=29
Let A be a set. Note that Rﬁ is constituted functions.
Let us consider n. Observe that R]%an is constituted finite sequences.
Let A be a set. One can verify that every element of Rﬁ is real-valued.
Let A be a set, let x, y be vectors of R{é, and let a, b be real-valued functions.
Observe that z 4+ y and a + b can be identified when x = a and y = b.
Let A be a set, let  be a vector of ]Rﬁ, let y be a real-valued function, and
let a, b be elements of R. Observe that a-x and by can be identified when a = b
and z = y.
Let A be a set, let x be a vector of Rﬁ, and let a be a real-valued function.
One can check that —z and —a can be identified when = = a.
Let A be a set, let z, y be vectors of R{é, and let a, b be real-valued functions.
Observe that £ — y and a — b can be identified when x = a and y = b.
The following propositions are true:
(38) Let X be a subspace of R%egn, x be an element of R", and a be a real
number. If x € the carrier of X, then a - z € the carrier of X.
(39) Let X be a subspace of ]R%eg" and x, y be elements of R™. Suppose

x € the carrier of X and y € the carrier of X. Then = + y € the carrier of
X.

(40) Let X be a subspace of ]Rﬂs;gn, x, y be elements of R™, and a, b be real
numbers. Suppose = € the carrier of X and y € the carrier of X. Then
a-x+b-y € the carrier of X.

(41) For all elements z, y of R™ and for all points u, v of R%eg " such that
r =wu and y = v holds ®gn ({u, v)) = |(z,y)|.

(42) Let F be a finite sequence of elements of the carrier of R]%eg", B; be a
subset of R%egn, vo be an element of R%eg", and [ be a linear combination
of By. Suppose F' is one-to-one and Bs is R-orthogonal and rng F' = the
support of [ and vy € Bg and j € dom(l F') and vy = F(j). Then ®¢n ({vo,
Y1E)) = ®en({vo, L(F}) - vo))-

Let us consider n. Note that every subset of R%egn which is R-orthonormal
is also linearly independent.
Let n be an element of N. Note that every subset of (£",(:|-)) which is
R-orthonormal is also linearly independent. Next we state the proposition
(43) Let Bs be a subset of R%eg", x, iy be elements of R", and a be a real
number. If By is linearly independent and z, y € Bs and y = a - x, then
T =1y.



YATSUKA NAKAMURA et al.
6. FINITE DIMENSIONALITY OF THE SPACES

Let us consider n. One can check that RN-Basen is finite.
The following propositions are true:

(44) card RN-Basen = n.

(45) Let f be a finite sequence of elements of R™ and ¢ be a finite sequence
of elements of the carrier of Rﬂssg". If f=g,then > f=>Y¢.

(46) Let xo be an element of Ry*™™ and B be a subset of REE™, If B =
RN-Basen, then there exists a linear combination [ of B such that xg =
S

(47) Let n be an element of N, 2y be an element of (€™, (+|-)), and B be a subset
of (€™,(:]-)). If B = RN-Basen, then there exists a linear combination [
of B such that x¢g = >_ 1.

(48) For every subset B of Ry such that B = RN-Basen holds B is a basis
S
of Rp™®™.
Segn

Let us consider n. Observe that R ™" is finite dimensional.
We now state several propositions:

(49) dim(R3®E™) =n
(50) For every subset B of R3®™ such that B is a basis of Ro®™ holds B = n.
(51) 0 is a basis of R3®°.
(52) For every element n of N holds RN-Basen is a basis of (£", (-|-)).
. . . Segn
(53) Every orthogonal basis of n is a basis of Rg®".

Let n be an element of N. Note that (€™, (+]-)) is finite dimensional.
We now state two propositions:

(54) For every element n of N holds dim((E", (-|-))) = n.
(55) For every orthogonal basis B of n holds B =n.
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Summary. In this article, we give several integrability formulas of some
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For simplicity, we use the following convention: r, p, x denote real numbers,
n denotes an element of N, A denotes a closed-interval subset of R, f, g denote
partial functions from R to R, and Z denotes an open subset of R.

We now state a number of propositions:

(1) —(the function exp) - ((—1)0+0) is differentiable on R and for every x
holds (—(the function exp) - ((—1)0+0))g(x) = exp(—x).

(© 2009 University of Bialystok
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(2) /((the function exp) - ((—1)0+0))(z)dx = —exp(—sup A)+exp(—inf A).

A
(3) % ((the function exp) -(20+0)) is differentiable on R and for every
holds (% ((the function exp) -(20+40))) (g (x) = exp(2 - z).

(4)

e

1 1
((the function exp) - (20+4-0))(x)dx = 5-exp(2-sup A)—i-exp(zinf A).

(5) Suppose r # 0. Then 1 ((the function exp) -(r0+0)) is differentiable on
R and for every z holds (2 ((the function exp) -(r0+0))) g (2) = exp(r-z).

—

(6) Ifr #0,then /((the function exp) - (rd+0))(z)dz =
A

S|

-exp(r-sup A) —

Ly exp(r - inf A).
,
1 1
(7) /((the function sin) - (2040))(z)dx = (—5)'008(2'511[) A)—(—i)-cos(l
A
inf A).

(8) Suppose n # 0. Then (—2) ((the function cos) -(n(+0)) is differentiable
on R and for every z holds ((—1) ((the function cos) -(n0+0))) (g (x) =
sin(n - x).

(9) If n # 0, then /((the function sin) - (n0+40))(z)dx = (—%) - cos(n -

1 A
sup A) — (_E) -cos(n - inf A).

(10) & ((the function sin) -(200+0)) is differentiable on R and for every z holds
(3 ((the function sin) -(20+0))) (g (x) = cos(2 - x).

(11) /((the function cos) - (204-0))(x)dx = %-sin(lsup A)—%-sin(linf A).
A

(12) Suppose n # 0. Then + ((the function sin) -(n[J+0)) is differentiable on
R and for every x holds ( ((the function sin) +(n0+0))) g (x) = cos(n-x).

1
(13) Ifn #0, then /((the function cos) - (nO0+0))(x)dx = - -sin(n-sup A) —
A

1
- sin(n - inf A)

(14) If AC Z, then /(idz (the function sin))(z)dx = ((—sup A) - cossup A +
A
sinsup A) — ((—inf A) - cosinf A + sininf A).

(15) If A C Z, then /(idZ (the function cos))(x)dx = (sup A - sinsup A +

A
cossup A) — (inf A - sininf A + cosinf A).
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(16) idz (the function cos) is differentiable on Z and for every z such that
x € Z holds (idz (the function cos))|,(x) = cosz — z - sinz.
(17)(i) —the function sin + idz (the function cos) is differentiable on Z, and
(ii) for every x such that x € Z holds (—the function sin+idz (the function
cos))iz(r) = —x - sinz.

(18) If AC Z, then /((—idz) (the function sin))(z)dr = (—sinsup A+sup A-

A
cossup A) — (—sininf A + inf A - cosinf A).

(19)(1) —the function cos — idy (the function sin) is differentiable on Z, and
(ii) for every x such that € Z holds (—the function cos—id (the function
sin))}(r) = —x - cosz.

(20) If AC Z, then /((—idZ) (the function cos))(z)dxr = —cossup A—sup A-

A
sinsup A — (—cosinf A — inf A - sininf A).

(21) If A C Z, then /((the function sin) 4 idz (the function cos))(z)dz =
A
sup A - sinsup A — inf A - sininf A.
(22) If A C Z, then /(—the function cos + idy (the function sin))(z)dz =
A
(—sup A) - cossup A — (—inf A) - cosinf A.
(23) /((1D+O) (the function exp))(z)dr = exp(sup A — 1) — exp(inf A — 1).
A

‘H

(24)

%>!@%WM=HL;mww“—ahwmmwﬁ

- (O"*1) is differentiable on R and for every z holds (n%rl (D”*l))’m(:v)

)
+

(26) For all partial functions f, g from R to R and for every non empty subset
CofRholds (f—g)1C=f1C—-g]C.

(27) For all partial functions fi, fa, g from R to R and for every non empty
subset C' of R holds ((f1+ f2) [C) (g 1 C)=(fig+ fa9) | C.

(28) For all partial functions fi, fa, g from R to R and for every non empty
subset C' of R holds ((f1 — f2) [C) (g C)=(fig— fa9) | C.

(29) For all partial functions f1, fa, g from R to R and for every non empty
subset C' of R holds ((f1 f2) [C) (g 1C)=(fi1C)((fag) | C).

Let A be a closed-interval subset of R and let f, g be partial functions from
R to R. The functor (f,g)4 yielding a real number is defined by:

(Det. 1) (f9)a = [(f 9)(a)de.

A

13
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The following propositions are true:
(30) For all partial functions f, g from R to R and for every closed-interval
subset A of R holds (f,g)a = (g, f)A.
(31) Let fi1, f2, g be partial functions from R to R and A be a closed-interval
subset of R. Suppose that
(f19) I A is total,
(f29) I A is total,
(f19) I A is bounded,
f1 g is integrable on A,
(f29) | A is bounded, and
f2 g is integrable on A.
Then (fi + f2,9)4 = ((f1), 9)a + ((f2), 9) a-
(32) Let f1, f2, g be partial functions from R to R and A be a closed-interval
subset of R. Suppose that
(f19) I Ais total,
(f29) I A is total,
(f19) I A is bounded,
f1 g is integrable on A,
(f29) | A is bounded, and
f2 g is integrable on A.
Then (f1 — f2,9)4 = ((f1),9)a — {(f2), 9) a-
(33) Let f, g be partial functions from R to R and A be a closed-interval
subset of R. Suppose (f g)[A is bounded and f g is integrable on A and
A C dom(f g). Then (—f,g)a = —(f,9) -
(34) Let f, g be partial functions from R to R and A be a closed-interval
subset of R. Suppose (f ¢g)[A is bounded and f g is integrable on A and
A C dom(f g). Then (r f,g)a =7 (f,9)a.
(35) Let f, g be partial functions from R to R and A be a closed-interval
subset of R. Suppose (f g)[A is bounded and f g is integrable on A and
A C dom(fg). Then (r f,pgla=r-p-(f,9)a-
(36) For all partial functions f, g, h from R to R and for every closed-interval
subset A of R holds (f g,h)a = (f,gh)a.
(37) Let f, g be partial functions from R to R and A be a closed-interval
subset of R. Suppose that (f f) | Aistotaland (f g) | Aistotal and (gg) |
Ais total and (f f) [ A is bounded and (f g) | A is bounded and (g g) | A
is bounded and f f is integrable on A and f g is integrable on A and g g
is integrable on A. Then (f +g,f +g)a = (f,/)a+2-(f,9)a+ (9,9)a-
Let A be a closed-interval subset of R and let f, g be partial functions from
R to R. We say that f is orthogonal with g in A if and only if:

(Def. 2) (f, gha = 0.
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The following propositions are true:

(38) Let f, g be partial functions from R to R and A be a closed-interval
subset of R. Suppose that (f f) | A is total and (fg) [ A is total and
(gg) | Ais total and (f f) | A is bounded and (fg) | A is bounded
and (gg) | A is bounded and f f is integrable on A and f g is integrable
on A and g g is integrable on A and f is orthogonal with ¢ in A. Then
<f+gaf+g>A = <f7f>A+ <gag>A

(39) Let f be a partial function from R to R and A be a closed-interval
subset of R. Suppose (f f) [ A is total and (f f) | A is bounded and f f is
integrable on A and for every x such that x € A holds ((f f) [ A)(z) > 0.
Then (f, f)a > 0.

40) The function sin is orthogonal with the function cos in [0, 7].
41
42

43

The function sin is orthogonal with the function cos in [0, 7 - 2].

(40)
(41)
(42) The function sin is orthogonal with the function cos in [2-n-7, (2-n+1)-7].
(43) The function sin is orthogonal with the function cos in [x +2-n -7,z +
(2-n+1)-7.

(44) The function sin is orthogonal with the function cos in [—m, 7.

(45) The function sin is orthogonal with the function cos in [~3, F].

(46) The function sin is orthogonal with the function cos in [-2- 7,2 - 7.
(47) The function sin is orthogonal with the function cos in [-2-n - 7,2-n-7].
(48) The function sin is orthogonal with the function cos in [z —2-n -7,z +

2-n-m.
Let A be a closed-interval subset of R and let f be a partial function from
R to R. The functor ||f||4 yields a real number and is defined by:

(Def. 3) ||flla = V{f, F)a-

Next we state three propositions:

(49) Let f be a partial function from R to R and A be a closed-interval
subset of R. Suppose (f f) | A is total and (f f) | A is bounded and f f is
integrable on A and for every x such that x € A holds ((f f) [ A)(z) > 0.
Then 0 < || f||a.

(50) For every partial function f from R to R and for every closed-interval
subset A of R holds ||1 f|la = ||f]|a.

(51) Let f, g be partial functions from R to R and A be a closed-interval
subset of R. Suppose that (f f) | A is total and (fg) [ A is total and
(gg) | Ais total and (f f) [ A is bounded and (f g) | A is bounded and
(gg) | Ais bounded and f f is integrable on A and f g is integrable on A
and g g is integrable on A and f is orthogonal with g in A and for every x
such that z € A holds ((f f) [ A)(xz) > 0 and for every x such that z € A

holds ((gg) I A)(x) > 0. Then (||f + gll4)? = (|If]l4)? + (Ilg]l4)*.

15
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For simplicity, we follow the rules: a, b, x are real numbers, n is an element
of N, A is a closed-interval subset of R, f, f1, fo are partial functions from R to
R, and Z is an open subset of R.

Next we state several propositions:

(52) If —a ¢ A, then ﬁ [A is continuous.
(53) Suppose that
(i) ACZ
(ii)  for every x such that x € Z holds f(z) = a+ z and f(x) # 0,
(ili) Z =dom f,
(iv) dom f = dom fo,
)
)

v and

—~

for every x such that x € Z holds fa(x) = —W,

(vi)  falA is continuous.

Then /fg(x)dx = f(sup A)~! — f(inf A)~L.
A

(54) Suppose that
) ACZ,

) for every x such that x € Z holds f(z) = a+ z and f(x) # 0,
(i) dom((-1)§) = Z,

) dom((~1) ) = dom f,

) for every x such that x € Z holds fa(z) =

)

f2] A is continuous.

ﬁ, and

Then /fg(a:)dac = —f(sup A)~! + f(inf A)~L.
A

(55) Suppose that
) ACZ,
) for every x such that x € Z holds f(z) =a—x and f(x) # 0,
) domf =27,
(iv) dom f = dom fo,
) for every z such that x € Z holds fa(z) = ﬁ, and
)

fal A is continuous.

Then /fg(x)daf = f(sup A)~! — f(inf A)~L.
A

(56) Suppose that
) ACZ,
) for every z such that x € Z holds f(z) = a+ z and f(x) > 0,
) dom((the function In) -f) = Z,
(iv)  dom((the function In) -f) = dom fa,
) for every x such that z € Z holds fa(z) = ——, and
)

a+x’
f2[ A is continuous.
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Then /fg(x)dx = In(a + sup A) — In(a + inf A).
A

Next we state a number of propositions:
(57) Suppose that

(i) ACZ,
(ii)  for every x such that € Z holds f(z) =z —a and f(x) > 0,
(ili) dom((the function In) -f) = Z,
(iv)  dom((the function In) -f) = dom fa,
(v) for every x such that « € Z holds fa(z) = -1, and

)

(vi)  f2] A is continuous.

Then /fg(x)dx =In f(sup A) — In f(inf A).
A

(58) Suppose that

(i) AcCZ

for every x such that x € Z holds f(z) =a —x and f(x) > 0,
dom(—(the function In) - f) = Z,
dom(—(the function In) - f) = dom fa,

for every x such that x € Z holds fa(x) =
f2l A is continuous.

Then /fg(a:)da? = —In(a —sup A) + In(a — inf A).
A

=
<

and

—~
<

1
a—zx’

—~
S

—~
—
o
. = .
— — — N N

(59) Suppose that A C Z and f = (the function In) -f; and for every x such
that € Z holds fi(z) =a+ 2 and fi(z) > 0 and dom(idz —a f) = Z =

dom f» and for every z such that z € Z holds fa(z) = s and falA is

continuous. Then / fo(z)dr =supA—a- f(sup A) — (inf A—a- f(inf A)).
A

(60) Suppose that A C Z and f = (the function In) - f; and for every x such
that 2 € Z holds f1(z) = a+ 2z and fi(z) > 0 and dom((2-a) f —idy) =

Z = dom fy and for every z such that x € Z holds fa(z) = 77 and fo[Ais

continuous. Then / fa(z)dz = 2-a- f(sup A)—sup A—(2-a- f(inf A)—inf A).
A

(61) Suppose that A C Z and f = (the function In) - f; and for every x such
that x € Z holds fi(z) =2 + a and fi(z) > 0 and dom(idz — (2-a) f) =

Z = dom fy and for every z such that x € Z holds fa(z) = £77 and f2[A is

continuous. Then / fo(x)dz = sup A—2-a- f(sup A)—(inf A—2-a- f(inf A)).
A

(62) Suppose that A C Z and f = (the function In) -f; and for every x such
that x € Z holds fi(z) =2 — a and fi(z) > 0 and dom(idz + (2-a) f) =
Z = dom f5 and for every x such that x € Z holds fao(x) = 1% and fo]A

r—a
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is continuous. Then /fg(x)dx =(supA+2-a-f(supA)) —(infA+2-a-
A

f(inf A)).
(63) Suppose that A C Z and f = (the function In) -f; and for every z such
that z € Z holds fi(z) =z +b and fi(z) > 0 and dom(idz + (a —b) f) =

Z = dom fo and for every z such that x € Z holds fo(z) = i—ii and folA

is continuous. Then /fg(a;)dx = (supA+ (a—0b)- f(supA)) — (inf A +

(a —b) - f(inf A)).

(64) Suppose that A C Z and f = (the function In) - f; and for every x such
that x € Z holds fi(x) =z —b and fi(z) > 0 and dom(idz + (a +b) f) =
Z = dom fo and for every z such that x € Z holds fa(z) = % and folA

is continuous. Then /fz(x)dx = (supA+ (a+0b)- f(supA)) — (inf A +
A

(a+0b)- f(inf A)).
(65) Suppose that A C Z and f = (the function In) -f; and for every z such
that € Z holds fi(z) =z +b and fi(x) > 0 and dom(idz — (a +b) f) =

Z = dom f; and for every z such that x € Z holds fo(x) = 775 and fa[A

is continuous. Then /fg(:c)dx =supA—(a+b)- f(supA)— (inf A— (a+
A

b) - f(inf A)).

(66) Suppose that A C Z and f = (the function In) - f; and for every x such
that x € Z holds fi(x) =z —b and fi(z) > 0 and dom(idz + (b—a) f) =
Z = dom fy and for every x such that x € Z holds fa(z) = 2=¢ and f>[A

is continuous. Then /fg(x)dx = (supA+ (b—a)- f(supA)) — (inf A +
A

(b —a) - f(inf A)).
(67) Suppose that
i) ACZ,
for every x such that x € Z holds f(z) = x and f(z) > 0,
dom((the function In) -f) = Z,
dom((the function In) - f) = dom fo,
for every z such that € Z holds fo(z) = 1, and
f2] A is continuous.

Then /fg(ac)dx = Insup A — Ininf A.

o~
o e
-y

=

—
—~ —
< —
. —- .
~— N~

A
(68) Suppose that
(i) Acz

(ii)  for every x such that z € Z holds = > 0,
(iii)  dom((the function In) -(O")) = Z,



(iv)
(v)
(vi)

(69)

&~
e

(70)

(71)
(i
(ii

(iii

-
<

—~

\%

— — — O~ —

(vi

(72)
(i

—~
—
—

S e
—-
—_

A)—‘
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dom((the function In) -(d")) = dom fa,
for every x such that x € Z holds fa(x) = 2, and
f2l A is continuous.

Then / fo(@)dz = In((sup A)") — In((inf A)™).
A

Suppose that
AC Z,
for every x such that = € Z holds f(z) = «,
dom((the function In) -1) = Z,
dom((the function In) -4) = dom fa,
for every x such that x € Z holds fa(x) = —%, and
f2l A is continuous.

Then /fg(x)dm = —Insup A + Ininf A.
A

=

Suppose that
ACZ,
for every x such that x € Z holds f(z) = a+ z and f(x) > 0,
dom(2 f%) = Z,
dom(2 f%) = dom fo,
for every x such that z € Z holds fa(z) = (a + x)%, and
falA is continuous.

2 :
Then/fg(x)d:c:§~(a+supA)%— -(a—i—ian)%.
A

Wl N

Suppose that
ACZ,
for every x such that x € Z holds f(z) = a—z and f(x) > 0,
dom((~3) f2) = Z.
dom((~3) f2) = dom fy,
for every x such that € Z holds fa(z) = (a — x)%, and
falA is continuous.

2 ,
Then/fg(x)d:c:—g-(a—supA)%—i— -(a—ian)%.
A

wl N

Suppose that
ACZ,
for every x such that x € Z holds f(z) = a+ z and f(x) > 0,
dom(2 f%) =7,
dom(2 f%) = dom fo,
for every x such that x € Z holds fa(z) = (a + x)_%, and
f2l A is continuous.

19
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Then/fg(x)d:v:l(a—l—supA)%—2-(a—|—ian)%.
A

(73) Suppose that
) ACZ,
) for every x such that x € Z holds f(z) =a —z and f(x) >0,
) dom((-2) f2) =2,
(iv)  dom((~2) f2) = dom f5,
) for every x such that € Z holds fa(x) = (a — ac)_%, and
) f2] A is continuous.
Then /fg(x)dx =-2(a— supA)% +2-(a— ian)%.
A
(74) Suppose that
i) ACZ,
(i) dom((—idy) (the function cos)+the function sin) = Z,
(ili)  for every x such that x € Z holds f(z) = = -sinz,
)
)

—=.

(iv) Z =dom f, and
(v)  flAis continuous.
Then /f(x)dx = (—sup A - cossup A + sinsup A) — (—inf A - cosinf A +
A
sininf A).
(75) Suppose A C Z and dom (the function sec) = Z and for every = such
that © € Z holds f(z) = -22%; and Z = dom f and f[A is continuous.

(cos )2

Then /f(x)dm = secsup A — secinf A.
A

(76) Suppose Z C dom(—the function cosec). Then —the function cosec
is differentiable on Z and for every x such that * € Z holds

(—the function cosec)’TZ(x) - (s‘iﬁsém

(77) Suppose A C Z and dom(—the function cosec) = Z and for every x such
that z € Z holds f(z) = (Sciﬁswagz and Z = dom f and f[A is continuous.

Then /f(a:)d:n = —cosec sup A + cosecinf A.
A
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Summary. In this article, we give several differentiation and integrability
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The articles [10], [23], [19], [21], [22], [1], [8], [15], [9], [2], [4], [17], [5], [13], [16],
[14], [18], [7], [12], [20], [6], and [11] provide the terminology and notation for
this paper.

1. DIFFERENTIATION FORMULAS

For simplicity, we adopt the following rules: r, x, a, b denote real numbers, n,
m denote elements of N, A denotes a closed-interval subset of R, and Z denotes
an open subset of R.
One can prove the following propositions:
(1)) (30+40) — % ((the function sin) -(2004-0)) is differentiable on R, and
(ii)  for every z holds ((30+0) — I ((the function sin) (20+40)) (g (2) =

(sinx)?2.

(© 2009 University of Bialystok
23 ISSN 1426-2630(p), 1898-9934(c)


http://fm.mizar.org/miz/integr11.miz
http://ftp.mizar.org/

24 BO LI et al.

(2)i)  (3040) + 7 ((the function sin) -(20+0)) is differentiable on R, and

(ii)  for every z holds ((30+0) + I ((the function sin) (20+40)) (g (x) =
(cos x)2.

(3) L= ((O™*1) - (the function sin)) is differentiable on R and for every z

n+1
holds (72 (the function sin)™™)|g () = (sinz)™ - cos z.

(4)(i) (—n%rl) ((O™*+1) . (the function cos)) is differentiable on R, and
1

(ii)  for every z holds ((—n—Jrl
(5) Suppose m +n # 0 and m —n # 0. Then
(i) m ((the function sin) -((m+n)040)) 4+ 2.(77%7%) ((the function sin)
-((m —n)d40)) is differentiable on R, and
m ((the function sin) -((m + n)d40)) +
m ((the function sin) -((m — n)D—FO)))’rR(m) = cos(m - x) - cos(n - ).
(6) Suppose m +n # 0 and m —n # 0. Then
(i) 2(T1_n) ((the function sin) -((m —n)040))
-((m 4 n)040)) is differentiable on R, and
(ii)  for every z holds (ﬁ ((the function sin) -((m — n)040)) —
m ((the function sin) -((m + n)0+0)))\g () = sin(m - x) - sin(n - x).
(7) Suppose m +n # 0 and m —n # 0. Then
(i) —m ((the function cos) - ((m + n)0+0)) — m ((the function
cos) -((m —n)0+0)) is differentiable on R, and
(ii)  for every x holds (—m ((the function cos) - ((m + n)d+0)) —
m ((the function cos) -((m — n)00+0)))|g(z) = sin(m - z) - cos(n - z).
(8) Suppose n # 0. Then
(i) % ((the function sin) -(n0+0)) — (10+0) ((the function cos) -(nC+0))
is differentiable on R, and
(ii)  for every z holds (-5 ((the function sin) -(n0+0)) — (1 0+0) ((the func-
tion cos) -(n0+0)))|g(z) = z - sin(n - x).
(9) Suppose n # 0. Then
(i) % ((the function cos) -(n0+0)) 4+ (10+0) ((the function sin) -(nO+0))
is differentiable on R, and
(ii)  for every z holds (- ((the function cos) -(n0+0))+ (1 0+0) ((the func-
tion sin) -(nC0+0)))|g(z) = z - cos(n - x).
(10)(1)  (104-0) (the function cosh)—the function sinh is differentiable on R,
and
(i)  for every z holds ((1040) (the function cosh)—the function
sinh)ig(z) = z - sinhz.
(11)(i)  (1040) (the function sinh)—the function cosh is differentiable on R,
and

) (the function cos)™*!)\g (x) = (cos )" -sin .

(i)  for every x holds (

- m ((the function sin)
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(ii) for every x holds ((10+0) (the function sinh)—the function
cosh)jg(z) =z - coshz.
(12) Ifa-(n+1)# 0, then ﬁ (aO+b)"*! is differentiable on R and for

every = holds (ﬁ (aD—i—b)”H)’rR(a:) =(a-z+0b)".

2. INTEGRABILITY FORMULAS

Next we state a number of propositions:

1 1 1
(13) /(the function sin)2(x)d:c =5 sup A — 2 -sin(2-sup A) — (5 -inf A —
A

i -sin(2 - inf A)).

(14) / (the function sin)?(z)dz = g
(0,7]

(15) / (the function sin)?(z)dz = .
[0,2-7]

1 1
(16) / (the function cos)?(x)dz = (% -sup A+ 1 -sin(2-sup 4)) — (5 -inf A+
A
1. .
1 sin(2 - inf A)).
(17) / (the function cos)?(z)dz = g
(0,7]

(18) / (the function cos)?(x)dz = .

[0,2-7]
1
(19) /((the function sin)" (the function cos))(z)dx = 1 (sinsup A)" 1~
n
§!
- (sininf )"+,
n+1
(20) / ((the function sin)" (the function cos))(z)dz = 0.
(0,7]
(21) / ((the function sin)" (the function cos))(z)dz = 0.
[0,2-7]
1
(22) /((the function cos)” (the function sin))(z)dz = (— n 1)-(008 sup A)"H—
n
4 1
( ) - (cosinf A)" T,

n+1
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(23) / ((the function cos)” (the function sin))(z)dz = 0.
[0,2-7]
(24) / ((the function cos)” (the function sin))(z)dz = 0.
-2.3
(25) Suppose m+n # 0 and m —n # 0. Then
((the function cos) - (m[d+40)) ((the function cos) - (nJ40)))(x)dz =

D>\

G/

(2-(m+ n) 2-(m—n)
(26) Suppose m +n # 0 and m —n # 0. Then
/(((the function sin) - (mJ+40)) ((the function sin) - (nO+0)))(x)dx =

-sin((m + n) - sup A) + -sin((m —n) - sup 4)) —

-~
-sin((m —n) -inf A)).

2. (m +n)
-sin((m +n) -inf A) +

A
1 . 1 '

Wl_n) -sin((m — n) - sup A) — W ~sin((m + n) - sup A) —

Gy S (m =) infA) = gy sinllm ) -t A))

(27) Suppose m +n # 0 and m —n # 0. Then
/(((the function sin) - (m+0)) ((the function cos) - (nJ+0)))(z)dz

A
1
_W ~cos((m+n)-sup A) — m -cos((m —n) - sup A) —
(_m -cos((m +n) -inf A) — m -cos((m —n) -inf A)).
(28) If n # 0, then /((1D+O) ((the function sin) - (n[J40)))(x)dx = % .

A
1 1 1
sin(n -sup A) — o sup A - cos(n - sup A) — (ﬁ -sin(n - inf A) — o inf A -
cos(n - inf A)).
1

(29) If n # 0, then /((ID—i—O) ((the function cos) - (nO+0)))(x)dx = (ﬁ .
A

1 1 1
cos(n-sup A) + - -sup A -sin(n -sup 4)) — (E -cos(n -inf A) + - -inf A -
sin(n - inf A)).

(30) /((1D+0) (the function sinh))(x)dx = sup A - coshsup A — sinhsup A —

A
(inf A - coshinf A — sinhinf A).

(31) /((1D+0) (the function cosh))(x)dx = sup A - sinh sup A — coshsup A —

A
(inf A - sinhinf A — coshinf A).
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(32) Ifa-(n+1) # 0, then Z(aD—l—b)"(w)d:v = M ~(a-sup A+b)" T —
1 . n
I@ﬁiywﬂﬁA+w+P

3. ADDENDA

In the sequel f, fi, fo, f3, g are partial functions from R to R.
The following propositions are true:
(33) If Z C dom(3 f) and f = O then 3 f is differentiable on Z and for
every z such that z € Z holds (3 Hiz(@) ==

(34) If AC Z = dom(} (0?)), then / idy (2)de =
A

(35) Suppose A C Z and for every z such that z € Z holds g(z) = = and
g(z) # 0 and f(z) = —x% and Z = domg and dom f = Z and f]A is

continuous. Then /f(x)dw = (sup A)~! — (inf 4)~L.
A

- (sup A)? — % - (inf A)%.

DN | =

(36) Suppose that

iy ACZ,
(i) f=07
(iii) for every x such that x € Z holds fa(z) = 1 and z # 0 and f(z) =
2.z
T+22)2>
(iv) dom(bﬁfl) =7,

(v) Z =dom f, and
(vi)  flA is continuous.

Then /f(x)dm = (L)(sup A)—( 2
A

inf A).
ot hi RS
(37) Suppose Z C dom((the function tan)-+(the function sec)) and for every

x such that x € Z holds 1 +sinz # 0 and 1 — sinz # 0. Then
(i)  (the function tan)+(the function sec) is differentiable on Z, and
(ii)  for every x such that z € Z holds ((the function tan)+(the function
sec))’rz(x) = ﬁ
(38) Suppose that
i)y ACZ,
(ii)  for every x such that z € Z holds 1 +sinz # 0 and 1 — sinx # 0 and
_ 1
f(@) = =7
(iii)  dom((the function tan)+(the function sec)) = Z,
(iv) Z =dom f, and
(v)  flA is continuous.
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Then /f(a:)dm = (tansup A + secsup A) — (taninf A + secinf A).
A

(39) Suppose Z C dom((the function tan)—(the function sec)) and for every
x such that x € Z holds 1 +sinz # 0 and 1 — sinz # 0. Then
(i)  (the function tan)—(the function sec) is differentiable on Z, and
(ii)  for every x such that x € Z holds ((the function tan)—(the function
sec))’rz(x) = mﬁ
(40) Suppose that
i) ACZ,
(ii)  for every x such that x € Z holds 1 4+ sinz # 0 and 1 — sinz # 0 and
F@) = e
(iii)  dom((the function tan)—(the function sec)) = Z,
(iv) Z =dom f, and
(v)  flA is continuous.

Then /f(:v)da: = tansup A — secsup A — (taninf A — secinf A).

A
(41) Suppose Z C dom(—the function cot + the function cosec) and for every

x such that x € Z holds 1 4+ cosz # 0 and 1 — cosz # 0. Then

(i) —the function cot + the function cosec is differentiable on Z, and
(ii)  for every z such that z € Z holds (—the function cot + the function
cosec)},(z) = mﬁ
(42) Suppose that
(i) ACZ,

(ii)  for every z such that z € Z holds 1 + cosz # 0 and 1 — cosz # 0 and

f(x) = 1+closac’
(iii) dom(—the function cot + the function cosec) = Z,
(iv) Z =dom f, and
(v)  flA is continuous.

Then /f(:c)dw = (—cot sup A + cosecsup A) — (—cot inf A + cosecinf A).
A

(43) Suppose Z C dom(—the function cot — the function cosec) and for every
x such that x € Z holds 1 4+ cosz # 0 and 1 — cosz # 0. Then

(i) —the function cot — the function cosec is differentiable on Z, and
(ii)  for every x such that x € Z holds (—the function cot — the function
cosec)} () = =5z
(44) Suppose that
(i) ACZ,

(ii)  for every x such that x € Z holds 1 + cosz # 0 and 1 — cosz # 0 and

f(l‘) = 1—010590’
(ili)) dom(—the function cot — the function cosec) = Z,

(iv) Z =dom f, and
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(v)  flA is continuous.
Then /f(:c)d:r = —cot sup A — cosecsup A — (—cot inf A — cosecinf A).
A

(45) Suppose that
(i) Acz,

—

)
(i) Zc]-L1]
: __1
) for every x such that x € Z holds f(z) = 1752,
(iv)  dom (the function arctan) = Z,
) Z =dom f, and
)

fTA is continuous.

Then /f(a:)dw = arctansup A — arctaninf A.
A
(46) Suppose that
( ACZ,

—

)
(i) Z<C|-1,1],

) for every x such that x € Z holds f(z) = 1753,
(iv)  dom(r the function arctan) = Z,

) Z =dom f, and

) flA is continuous.

Then /f(x)d:v =r-arctansup A — r - arctan inf A.

A
(47) Suppose that
i)y ACZ,
i) ZcC]-1,1],
(iii)  for every z such that € Z holds f(x) = —ﬁ,
(iv)  dom (the function arccot) = Z,
(v) Z =dom f, and
(vi)  flA is continuous.
Then / f(x)dx = arccot sup A — arccot inf A.
A
(48) Suppose that
i)y ACZ,
i) Zc]-1,1],
(iii) ~ for every z such that € Z holds f(z) = — 7,

(iv)  dom(r the function arccot) = Z,
(v) Z =dom f, and
(vi)  flA is continuous.

Then /f(x)dm = r - arccotsup A — r - arccot inf A.
A

(49) Suppose Z C dom((idz + the function cot)—the function cosec) and for
every z such that z € Z holds 1 4+ cosx # 0 and 1 — cosz # 0. Then
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(i)  (idz + the function cot)—the function cosec is differentiable on Z, and
(ii)  for every x such that z € Z holds ((idz +the function cot)—the function

cosec)|z(7) = (ot
(50) Suppose that
i) ACZ,

(ii)  for every x such that x € Z holds 1 + cosz # 0 and 1 — cosz # 0 and
F(@) = sz

(iii) dom((idz + the function cot)—the function cosec) = Z,

(iv) Z =dom f, and

(v)  flA is continuous.

Then / f(x)dx = (sup A+ cot sup A) — cosecsup A — ((inf A+ cotinf A) —
A

cosecinf A).
(51) Suppose Z C dom(idz + the function cot+the function cosec) and for
every x such that € Z holds 1 4 cosx # 0 and 1 — cosx # 0. Then
(i)  idz + the function cot+the function cosec is differentiable on Z, and
(ii)  for every z such that z € Z holds (idz + the function cot+the function
cosec)|z(7) = o2ty
(52) Suppose that
(i) Acz
(ii)  for every x such that x € Z holds 1 + cosz # 0 and 1 — cosz # 0 and
f2) = ezt
(ili) dom(idz + the function cot+the function cosec) = Z,
(iv) Z =dom f, and
(v)  flA is continuous.

Then /f(x)da: = (sup A + cotsup A + cosecsup A) — (inf A + cotinf A +
A

cosecinf A).
(53) Suppose Z C dom((idz — the function tan)-+the function sec) and for
every x such that z € Z holds 1 4+ sinx # 0 and 1 — sinx # 0. Then
(i)  (idz — the function tan)+the function sec is differentiable on Z, and
(ii)  for every x such that x € Z holds ((idz —the function tan)+the function
sec)iz (%) = gnatt
(54) Suppose that
i) ACZ,
(ii)  for every x such that z € Z holds 1 +sinz # 0 and 1 —sinz # 0 and
f (.73) = 1$;§ g
(ili) Z C dom((idz — the function tan)+the function sec),
(iv) Z =dom f, and
(v)  flA is continuous.
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Then / f(z)dz = ((sup A —tansup A) +secsup A) — ((inf A —taninf A) +
A

secinf A).
(55) Suppose Z C dom(idz —the function tan—the function sec) and for every
x such that x € Z holds 1 +sinz # 0 and 1 — sinx # 0. Then
(i) idz — the function tan—the function sec is differentiable on Z, and
(ii) for every x such that x € Z holds (idz — the function tan—the function
sec)jz(x) = ST
(56) Suppose that
(i) AczZ
(ii)  for every x such that x € Z holds 1 +sinz # 0 and 1 —sinz # 0 and
f(z) = Sifll?gfla
(ili) Z C dom(idz — the function tan—the function sec),
(iv) Z =dom f, and
(v)  flAis continuous.

Then /f(x)dm = sup A — tansup A — secsup A — (inf A — taninf A —
A

secinf A).

(57) Suppose Z C dom((the function tan)—idz). Then (the function
tan)—idyz is differentiable on Z and for every x such that x € Z holds
((the function tan)—idz)|,(z) = (tan x)2.

(58) Suppose that

(i) ACZ,
(ii)  for every x such that z € Z holds (the function cos)(z) > 0 and
f(z) = (tanx)?,
(iii) Z C dom((the function tan)—idy),
(iv) Z =dom f, and
(v)  flA is continuous.
Then /f(x)d:): = tansup A —sup A — (taninf A —inf A).
A

(59) Suppose Z C dom(—the function cot —idz). Then —the function cot —
idgz is differentiable on Z and for every x such that x € Z holds
(—the function cot —idz) () = (cot r)2.

(60) Suppose that

i)y ACZ,
(i)  for every x such that z € Z holds (the function sin)(z) > 0 and
f(z) = (cot ),
(iii) Z C dom(—the function cot — idy),
(iv) Z =dom f, and
(v)  flA is continuous.
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Then /f(a:)dm = —cotsup A — sup A — (—cotinf A — inf A).
A

61) Suppose A C Z and for every x such that x € Z holds f(z) = —L1 __ and
(61) Supp y

(cos )2
cos z # 0 and dom (the function tan) = Z = dom f and f[A is continuous.

Then /f(:v)da: = tansup A — taninf A.
A

(62) Suppose A C Z and for every x such that x € Z holds f(z) = — =3

and sinz # 0 and dom (the function cot) = Z = dom f and f[A is ((S:glrft)i—
nuous. Then /f(x)da: = cot sup A — cot inf A.
A
(63) Suppose A C Z and for every x such that z € Z holds f(z) = %

and Z C dom((the function sec)—idz) and Z = dom f and f[A is conti-
nuous. Then /f(:c)d:v =secsup A —sup A — (secinf A — inf A).

A
(64) Suppose that
i) ACZ
for every x such that z € Z holds f(z) = W,

—
c o~
o e
-y

Z C dom(—the function cosec — idy),
Z = dom f, and
fTA is continuous.

Then /f(a?)da; = —cosecsup A — sup A — (—cosecinf A — inf A).
A

=

—~ =
< =

— .
~— — — ~— ~—

The following propositions are true:
(65) Suppose that
i) ACZ,
(ii) for every x such that x € Z holds sinz > 0,
(ili) Z C dom((the function In) -(the function sin)),
) Z = dom (the function cot), and
)

(the function cot)[A is continuous.

(iv
(v
Then / (the function cot)(x)dz = Insinsup A — Insininf A.
A
(66) Suppose that
(i) Acz
) Z < ]_17 1[7
) for every x such that x € Z holds f(z) = %,
(iv)  Z C dom(3 (the function arcsin)?),
)
)

©

Z = dom f, and
fTA is continuous.
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Then /f(x)dw = % - (arcsinsup A)% — % - (arcsin inf A)2.
A
(67) Suppose that
i)y ACZ,
Z C-1,1],

for every x such that x € Z holds f(x) = — 252

Vi-z2’
Z C dom(3 (the function arccos)?),
Z =dom f, and
fTA is continuous.

1 1
Then /f(x)da: =5 (arccossup A)? — 3 (arccos inf A)?.
A

-
<

—~
<

—~
S

—~
—
=
. juiy .
— — — N

(68) AC ZC|-1,1]and f = f1 — f> and fo = (% and for every x such that
x € Z holds fi(z) =1 and f(x) > 0 and = # 0 and dom (the function
arcsin) = Z C dom(idz (the function arcsin)—kf%).

(69) Suppose that A € Z C ]—1,1[ and f = fi — f2 and fo = 0% and for
every x such that # € Z holds fi(z) = a? and f(z) > 0 and f3(z) = £ and
—1 < f3(x) < land x # 0 and @ > 0 and dom((the function arcsin) - f3) =
Z C dom(idyz ((the function arcsin) -f3) + (D%) - f) and ((the function
arcsin) -f3)[A is continuous. Then [ ((the function arcsin) - f3)(x)dx =

A .

)+ f(sup A)2) — (inf A - arcsin(miA) + f(inf A)?).

(70) Suppose that A € Z C ]—1,1[ and f = fi — f2 and fo = 0% and for
every z such that z € Z holds fi(x) = 1 and f(z) > 0 and = # 0 and
dom (the function arccos) = Z C dom(idy (the function arccos)—(D%) - f).

sup A

(sup A - arcsin(

Then /(the function arccos)(z)dx = sup A - arccossup A — f(sup A)% -
A
(inf A - arccosinf A — f(inf A)%)
(71) Suppose that A € Z C ]—1,1[ and f = f; — f2 and fo = 0% and for
every x such that € Z holds fi(z) = a® and f(z) > 0 and f3(z) = £ and
—1 < f3(x) < land z # 0 and a > 0 and dom((the function arccos) - f3) =
Z = dom(idz ((the function arccos) -f3) — (D%) - f) and ((the function

arccos) -f3)[A is continuous. Then [ ((the function arccos) - f3)(z)dx =
A

) — f(sup A)% — (inf A - arccos(

sup A inf A

sup A - arccos( ) — f(inf A)%)
(72) Suppose that

(i) ACZ

(i) Zc]-1,1],

(i) fo =02

33
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(iv)  for every x such that x € Z holds fi(x) =1,
(v) Z = dom (the function arctan), and
(vi)  Z = dom(idy the function arctan—2 ((the function In) -(f1 + f2))).

Then /(the function arctan)(z)dx = sup A - arctansup A — % ~In(1 4+
A
(sup A)?) — (inf A - arctaninf A — % -In(1 4+ (inf A)?)).
(73) Suppose that
i) ACZ,
) Z < ]_17 1[7
) fo=0F,
(iv)  for every x such that x € Z holds fi(x) =1,
) dom (the function arccot) = Z, and
)

(vi)  Z = dom(idy the function arccot+3 ((the function In) -(f; +1f2))).
Then /(the function arccot)(x)dx = (sup A - arccot sup A + 3 In(1 +
4 1
(sup A)?)) — (inf A - arccot inf A + 3 In(1 + (inf A)?)).
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Summary. Based on the Petri net definitions and theorems already for-
malized in [8], with this article, we developed the concept of “Cell Petri Nets”. It
is based on [9]. In a cell Petri net we introduce the notions of colors and colored
states of a Petri net, connecting mappings for linking two Petri nets, firing rules
for transitions, and the synthesis of two or more Petri nets.

MML identifier: PETRI_2, version: 7.11.01 4.117.1046

The papers [11], [12], 6], [13], [14], [10], [8], [2], [5], [3], [4], [7], and [1] provide
the terminology and notation for this paper.

1. PRELIMINARIES: THIN CYLINDER, LOCUS

Let A be a non empty set, let B be a set, let By be a set, and let y;
be a function from Bj into A. Let us assume that By C B. The functor
cylinder,(A, B, By, y1) yields a non empty subset of A® and is defined by:

(Def. 1) cylindery(A, B, B1,y1) ={y: B — A: y[B1 = y1 }.

Let A be a non empty set and let B be a set. A non empty subset of AP is
said to be a thin cylinder of A and B if:

(Def. 2) There exists a subset By of B and there exists a function y; from Bj
into A such that Bj is finite and it = cylindery(A, B, B1,y1).

The following propositions are true:

(© 2009 University of Bialystok
37 ISSN 1426-2630(p), 1898-9934(c)


http://ftp.mizar.org/
http://fm.mizar.org/miz/petri_2.miz

38 MITSURU JITSUKAWA et al.

(1) Let A be a non empty set, B be a set, and D be a thin cylinder of A
and B. Then there exists a subset B; of B and there exists a function y;
from Bj into A such that Bj is finite and D = {y: B — A: y[B1 = y1}.

(2) Let Ay, A2 be non empty sets, B be a set, and D; be a thin cylinder of
Aj and B. If A1 C As, then there exists a thin cylinder Ds of Ay and B
such that Dy C Ds.

Let A be a non empty set and let B be a set. The thin cylinders of A and
B constitute a non empty family of subsets of AP defined by:

(Def. 3) The thin cylinders of A and B = {D C A®: D is a thin cylinder of A
and B}.

We now state three propositions:

(3) Let A be a non trivial set, B be a set, By be a set, ys be a function from
B into A, Bs be a set, and y3 be a function from Bj into A. If By C B
and Bz C B and cylindery(A, B, Ba,y2) = cylindery(A, B, B3, y3), then
By = B3 and y2 = ys3.

(4) Let Ay, A2 be non empty sets and By, Bs be sets. Suppose A; C Ay and
B4 C Bs. Then there exists a function F' from the thin cylinders of A; and
By into the thin cylinders of As and Bj such that for every set x if z € the
thin cylinders of A; and By, then there exists a subset By of By and there
exists a function yo from By into A and there exists a function y3 from B
into Ay such that Bj is finite and y2» = y3 and « = cylindery (A1, Ba, B1, y2)
and F(x) = cylindery(Asz, Bs, B1, y3).

(5) Let Aj, A2 be non empty sets and By, Bs be sets. Then there exists a
function G from the thin cylinders of As and Bj into the thin cylinders
of A1 and By such that for every set x if x € the thin cylinders of As
and Bs, then there exists a subset Bg of By and there exists a subset Bo
of By and there exists a function yo from By into A; and there exists
a function ys from Bs into Ay such that Bs is finite and Bs is finite and
By = B4yNB3Ny3 (A1) and yo = y3] B2 and x = cylinder(As, Bs, B3, y3)
and G(z) = cylindery(A1, Bs, B2, y2).

Let A1, Ay be non trivial sets and let By, By be sets. Let us assume that there
exist sets x, y such that x # y and z, y € A; and A7 C Ay and By C Bs. The
functor Extcylinders(Ay, By, Ag, Bs) yielding a function from the thin cylinders
of A1 and By into the thin cylinders of Ay and Bs is defined by the condition
(Def. 4).

(Def. 4) Let x be a set. Suppose x € the thin cylinders of A; and By. Then there
exists a subset B of By and there exists a function y» from By into A1 and
there exists a function ys from Bj into As such that By is finite and y2 = y3
and = = cylindery(A1, By, B, y2) and (Extcylinders(A;, By, A2, Bs))(z) =
cylindery(Az, Bs, B1,y3).
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Let Ay be a non empty set, let As be a non trivial set, and let By,
Bs be sets. Let us assume that Ay € Ay and By C Bjs. The functor
Ristcylinders(Ay, By, Ao, Bs) yields a function from the thin cylinders of Aj
and Bs into the thin cylinders of A; and By and is defined by the condition
(Def. 5).

(Def. 5) Let x be a set. Suppose x € the thin cylinders of Ay and Bs. Then
there exists a subset B3 of Bs and there exists a subset By of B4 and
there exists a function yo from By into A; and there exists a function
y3 from Bg into As such that Bs is finite and Bj is finite and By =
BysN B3Nys~ (A1) and yo = y3[ B2 and = = cylindery(As, Bs, B3, y3) and
(Ristcylinders(Ay, By, Ag, Bs))(z) = cylindery (A1, By, B2, y2).

Let A be a non trivial set, let B be a set, and let D be a thin cylinder of A
and B. The functor loc D yielding a finite subset of B is defined by the condition
(Def. 6).

(Def. 6) There exists a subset B; of B and there exists a function y; from By into
A such that By is finite and D = {y : B — A: y|B; = y1} and loc D = Bj.

2. COLORED PETRI NETS

Let Ay, Ay be non trivial sets, let By, Bs be sets, let C1, Cs be non
trivial sets, let D;, Dy be sets, and let F' be a function from the thin cy-
linders of Ay and By into the thin cylinders of Cy and D;. The functor
CylinderFunc(Ay, By, Ag, Bs,C1, D1,Co, Dy, F') yielding a function from the
thin cylinders of As and Bj into the thin cylinders of Cy and Do is defined
as follows:

(Def 7) CylinderFunc(Al, B4, AQ, B5, Cl, Dl, CQ, DQ, F) =
Extcylinders(C1, D1, Co, D) - F - Ristcylinders(Ay, By, Ag, Bs).

We consider colored place/transition net structures as extensions of pla-
ce/transition net structure as systems

( places, transitions, S-T arcs, T-S arcs, a colored set, a firing-rule ),
where the places and the transitions constitute non empty sets, the S-T arcs
constitute a non empty relation between the places and the transitions, the T-S
arcs constitute a non empty relation between the transitions and the places, the
colored set is a non empty finite set, and the firing-rule is a function.

Let C3 be a colored place/transition net structure and let ¢y be a transition
of C3. We say that ¢y is outbound if and only if:

(Def. 8) {to} = 0.
Let C4 be a colored place/transition net structure. The functor Outbds Cy
yielding a subset of the transitions of Cy is defined by:

(Def. 9) Outbds Cy = {x; x ranges over transitions of Cy: x is outbound}.
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Let C3 be a colored place/transition net structure. We say that Cj is colored-
PT-net-like if and only if the conditions (Def. 10) are satisfied.

(Def. 10)(i)  dom (the firing-rule of C3) C (the transitions of C3) \ Outbds C3, and
(ii)  for every transition t of C3 such that ¢t € dom (the firing-rule of C3)
there exists a non empty subset C5 of the colored set of C5 and there
exists a subset I of *{t} and there exists a subset O of {t} such that (the
firing-rule of C3)(¢) is a function from the thin cylinders of Cs and I into
the thin cylinders of C5 and O.
We now state two propositions:

(6) Let C3 be a colored place/transition net structure and ¢ be a transition
of C3. Suppose Cj5 is colored-PT-net-like and ¢ € dom (the firing-rule of
C3). Then there exists a non empty subset C5 of the colored set of C5 and
there exists a subset I of *{t} and there exists a subset O of {t} such that
(the firing-rule of C3)(¢) is a function from the thin cylinders of Cs and I
into the thin cylinders of C5 and O.

(7) Let C4, Cg be colored place/transition net structures, ¢; be a transition
of C4, and to be a transition of Cg. Suppose that
) the places of C4 C the places of Cg,
) the transitions of Cy C the transitions of C,
(iii)  the S-T arcs of Cy C the S-T arcs of C,
) the T-S arcs of Cy C the T-S arcs of Cg, and
)t =t -
Then *{tl} - *{tg} and {tl} - {tz}.
One can verify that there exists a colored place/transition net structure
which is strict and colored-PT-net-like.
A colored place/transition net is a colored-PT-net-like colored pla-
ce/transition net structure.

3. CoLoORrR COUNTS OF CPNT

Let Cy, Cg be colored place/transition net structures. We say that Cy misses
Cg if and only if:
(Def. 11) (The places of C4) N (the places of Cg) = 0 and (the transitions of
C4) N (the transitions of Cg) = 0.

Let us note that the predicate Cy misses Cg is symmetric.

4. COLORED STATES OF CPNT

Let C4 be a colored place/transition net structure and let C be a colored
place/transition net structure. Connecting mapping of Cy and Cg is defined by
the condition (Def. 12).
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(Def. 12) There exists a function O3 from Outbds Cy into the places of Cg and
there exists a function O from Outbds Cg into the places of Cy4 such that
it = (Olg, 021).

5. OUTBOUND TRANSITIONS OF CPNT

Let Cy4, Cs be colored place/transition nets and let O be a connecting map-
ping of Cy and Cjg. Connecting firing rule of Cy4, Cg, and O is defined by the
condition (Def. 13).

(Def. 13) There exist functions gi2, g21 and there exists a function Op from
Outbds Cy into the places of C and there exists a function Os; from
Outbds Cg into the places of C4 such that
(i) O ={(012, Oa),
(ii) domgia = Outbds Cy,
) dom g1 = Outbds Cg,
) for every transition ¢3 of Cy such that ¢3 is outbound holds qi2(t3) is

(iii

(iv
a function from the thin cylinders of the colored set of Cy and *{t3} into
the thin cylinders of the colored set of Cy and O12°t3,

(v)  for every transition ¢4 of Cg such that ¢4 is outbound holds g9 (t4) is
a function from the thin cylinders of the colored set of Cg and *{t4} into
the thin cylinders of the colored set of Cg and O91°t4, and

(vi) it = (q12, go1)-

6. CONNECTING MAPPING FOR CPNT1, CPNT2

Let Cy, Cg be colored place/transition nets, let O be a connecting mapping
of C4 and (%, and let ¢ be a connecting firing rule of Cy, Cg, and O. Let us
assume that Cy misses Cg. The functor synthesis(Cy, Cg, O, q) yielding a strict
colored place/transition net is defined by the condition (Def. 14).

(Def. 14) There exist functions gi2, g21 and there exists a function Op2 from
Outbds C into the places of Cs and there exists a function Os; from
Outbds Cg into the places of C4 such that
O = (012, O21) and dom q13 = Outbds Cy and dom g2; = Outbds C and
for every transition t3 of C4 such that t3 is outbound holds ¢q2(t3) is a
function from the thin cylinders of the colored set of Cy and *{¢3} into
the thin cylinders of the colored set of Cy and O12°t3 and for every trans-
ition t4 of Cg such that t4 is outbound holds go1(%4) is a function from the
thin cylinders of the colored set of Cg and *{t4} into the thin cylinders
of the colored set of Cg and O2:°t4 and ¢ = {q12, g21) and the places of
synthesis(Cy, Cg, O, q) = (the places of Cy) U (the places of Cg) and the
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transitions of synthesis(Cy, Cg, O, q) = (the transitions of Cy) U (the trans-
itions of Cg) and the S-T arcs of synthesis(Cy, Cg, O, q) = (the S-T arcs of
C4)U(the S-T arcs of Cg) and the T-S arcs of synthesis(Cy, Cg, O, q) = (the
T-S arcs of Cy) U (the T-S arcs of Cg) U O12 U Oz; and the colored set of
synthesis(Cy, Cg, O, q) = (the colored set of C4) U (the colored set of Cs)
and the firing-rule of synthesis(Cy, Cs, O, q¢) = (the firing-rule of Cy)+-(the
firing-rule of Cg)4-q12+-q21.
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Summary. In this paper we introduce sets containing number-valued func-
tions. Different arithmetic operations on maps between any set and such func-
tional sets are later defined.
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1. FUNCTIONAL SETS

In this paper z, X, X1, Xy are sets.
Let Y be a functional set. The functor DOMS(Y) is defined by:
(Def. 1) DOMS(Y) = [U{dom f : f ranges over elements of Y'}.
Let us consider X. We say that X is complex-functions-membered if and
only if:
(Def. 2) If 2 € X, then x is a complex-valued function.

Let us consider X. We say that X is extended-real-functions-membered if
and only if:

(Def. 3) If z € X, then x is an extended real-valued function.

Let us consider X. We say that X is real-functions-membered if and only if:
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(Def. 4) If z € X, then z is a real-valued function.
Let us consider X. We say that X is rational-functions-membered if and
only if:
(Def. 5) If z € X, then z is a rational-valued function.
Let us consider X. We say that X is integer-functions-membered if and only
if:
(Def. 6) If x € X, then x is an integer-valued function.
Let us consider X. We say that X is natural-functions-membered if and only
if:
(Def. 7) If z € X, then z is a natural-valued function.
One can check the following observations:

* every set which is natural-functions-membered is also integer-functions-
membered,

x every set which is integer-functions-membered is also rational-functions-
membered,

% every set which is rational-functions-membered is also real-functions-
membered,

x every set which is real-functions-membered is also complex-functions-
membered, and

% every set which is real-functions-membered is also extended-real-
functions-membered.

Let us mention that every set which is empty is also natural-functions-
membered.

Let f be a complex-valued function. Observe that {f} is complex-functions-
membered.

One can verify that every set which is complex-functions-membered is al-
so functional and every set which is extended-real-functions-membered is also
functional.

One can verify that there exists a set which is natural-functions-membered
and non empty.

Let X be a complex-functions-membered set. One can verify that every
subset of X is complex-functions-membered.

Let X be an extended-real-functions-membered set. Note that every subset
of X is extended-real-functions-membered.

Let X be a real-functions-membered set. Note that every subset of X is
real-functions-membered.

Let X be a rational-functions-membered set. Observe that every subset of
X is rational-functions-membered.

Let X be an integer-functions-membered set. Note that every subset of X
is integer-functions-membered.
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Let X be a natural-functions-membered set. Observe that every subset of X
is natural-functions-membered.
Let D be a set. The functor C-PFuncs D yields a set and is defined by:

(Def. 8) For every set f holds f € C-PFuncs D iff f is a partial function from D
to C.

Let D be a set. The functor C-Funcs D yielding a set is defined by:
(Def. 9) For every set f holds f € C-Funcs D iff f is a function from D into C.
Let D be a set. The functor R-PFuncs D yields a set and is defined by:

(Def. 10) For every set f holds f € R-PFuncs D iff f is a partial function from D
to R.

Let D be a set. The functor R-Funcs D yields a set and is defined as follows:
(Def. 11) For every set f holds f € R-Funcs D iff f is a function from D into R.
Let D be a set. The functor R-PFuncs D yielding a set is defined by:

(Def. 12) For every set f holds f € R-PFuncs D iff f is a partial function from D
to R.

Let D be a set. The functor R-Funcs D yielding a set is defined by:
(Def. 13) For every set f holds f € R-Funcs D iff f is a function from D into R.
Let D be a set. The functor Q-PFuncs D yields a set and is defined as follows:
(Def. 14) For every set f holds f € Q-PFuncs D iff f is a partial function from D
to Q.
Let D be a set. The functor Q-Funcs D yields a set and is defined by:
(Def. 15) For every set f holds f € Q-Funcs D iff f is a function from D into Q.
Let D be a set. The functor Z-PFuncs D yielding a set is defined by:

(Def. 16) For every set f holds f € Z-PFuncs D iff f is a partial function from D
to Z.

Let D be a set. The functor Z-Funcs D yields a set and is defined as follows:
(Def. 17) For every set f holds f € Z-Funcs D iff f is a function from D into Z.
Let D be a set. The functor N-PFuncs D yields a set and is defined by:

(Def. 18) For every set f holds f € N-PFuncs D iff f is a partial function from D
to N.

Let D be a set. The functor N-Funcs D yielding a set is defined by:

(Def. 19) For every set f holds f € N-Funcs D iff f is a function from D into N.
The following propositions are true:

1) C-Funcs X is a subset of C-PFuncs X.

2) R-Funcs X is a subset of R-PFuncs X.

3) R-Funcs X is a subset of R-PFuncs X.

4) Q-Funcs X is a subset of Q-PFuncs X.

Z-Funcs X is a subset of Z-PFuncs X.

~~ N I/~ —~
~— — ~— ~— ~—
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(6) N-Funcs X is a subset of N-PFuncs X.
Let us consider X. One can verify the following observations:
% C-PFuncs X is complex-functions-membered,
* C-Funcs X is complex-functions-membered,
* R-PFuncs X is extended-real-functions-membered,
* R-Funcs X is extended-real-functions-membered,
% R-PFuncs X is real-functions-membered,
*  R-Funcs X is real-functions-membered,
*  (Q-PFuncs X is rational-functions-membered,
*  Q-Funcs X is rational-functions-membered,
* Z-PFuncs X is integer-functions-membered,
* Z-Funcs X is integer-functions-membered,
*  N-PFuncs X is natural-functions-membered, and
% N-Funcs X is natural-functions-membered.

Let X be a complex-functions-membered set. Observe that every element of
X is complex-valued.

Let X be an extended-real-functions-membered set. One can check that eve-
ry element of X is extended real-valued.

Let X be a real-functions-membered set. One can check that every element
of X is real-valued.

Let X be a rational-functions-membered set. One can check that every ele-
ment of X is rational-valued.

Let X be an integer-functions-membered set. Observe that every element of
X is integer-valued.

Let X be a natural-functions-membered set. Observe that every element of
X is natural-valued.

Let X, = be sets, let Y be a complex-functions-membered set, and let f be
a partial function from X to Y. Observe that f(z) is function-like and relation-
like.

Let X, = be sets, let Y be an extended-real-functions-membered set, and
let f be a partial function from X to Y. Observe that f(z) is function-like and
relation-like.

Let us consider X, z, let Y be a complex-functions-membered set, and let f
be a partial function from X to Y. One can check that f(x) is complex-valued.

Let us consider X, z, let Y be an extended-real-functions-membered set, and
let f be a partial function from X to Y. One can verify that f(z) is extended
real-valued.

Let us consider X, z, let Y be a real-functions-membered set, and let f be
a partial function from X to Y. Note that f(z) is real-valued.
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Let us consider X, x, let Y be a rational-functions-membered set, and let f
be a partial function from X to Y. Note that f(z) is rational-valued.

Let us consider X, z, let Y be an integer-functions-membered set, and let f
be a partial function from X to Y. Note that f(z) is integer-valued.

Let us consider X, x, let Y be a natural-functions-membered set, and let f
be a partial function from X to Y. One can check that f(z) is natural-valued.

Let us consider X and let Y be a complex-membered set. One can check
that X—=Y is complex-functions-membered.

Let us consider X and let Y be an extended real-membered set. Observe
that XY is extended-real-functions-membered.

Let us consider X and let Y be a real-membered set. Observe that X—>Y is
real-functions-membered.

Let us consider X and let Y be a rational-membered set. Observe that X —>Y
is rational-functions-membered.

Let us consider X and let Y be an integer-membered set. Observe that X —-Y
is integer-functions-membered.

Let us consider X and let Y be a natural-membered set. One can verify that
X -5Y is natural-functions-membered.

Let us consider X and let Y be a complex-membered set. Note that Y ¥ is
complex-functions-membered.

Let us consider X and let Y be an extended real-membered set. Note that
Y X is extended-real-functions-membered.

Let us consider X and let Y be a real-membered set. Note that Y X is real-
functions-membered.

Let us consider X and let Y be a rational-membered set. Note that Y is
rational-functions-membered.

Let us consider X and let Y be an integer-membered set. Note that YX is
integer-functions-membered.

Let us consider X and let Y be a natural-membered set. One can check that
Y X is natural-functions-membered.

Let R be a binary relation. We say that R is complex-functions-valued if
and only if:

(Def. 20) rng R is complex-functions-membered.
We say that R is extended-real-functions-valued if and only if:
(Def. 21) rng R is extended-real-functions-membered.
We say that R is real-functions-valued if and only if:
(Def. 22) rng R is real-functions-membered.
We say that R is rational-functions-valued if and only if:
(Def. 23) rng R is rational-functions-membered.

We say that R is integer-functions-valued if and only if:
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(Def. 24) rng R is integer-functions-membered.
We say that R is natural-functions-valued if and only if:
(Def. 25) rng R is natural-functions-membered.
Let f be a function. Let us observe that f is complex-functions-valued if and
only if:
(Def. 26) For every set z such that x € dom f holds f(x) is a complex-valued
function.
Let us observe that f is extended-real-functions-valued if and only if:
(Def. 27) For every set x such that € dom f holds f(z) is an extended real-valued
function.
Let us observe that f is real-functions-valued if and only if:
(Def. 28) For every set « such that x € dom f holds f(z) is a real-valued function.
Let us observe that f is rational-functions-valued if and only if:
(Def. 29) For every set x such that x € dom f holds f(z) is a rational-valued
function.
Let us observe that f is integer-functions-valued if and only if:
(Def. 30) For every set x such that z € dom f holds f(z) is an integer-valued
function.
Let us observe that f is natural-functions-valued if and only if:
(Def. 31) For every set = such that z € dom f holds f(z) is a natural-valued
function.
One can verify the following observations:
% every binary relation which is natural-functions-valued is also integer-
functions-valued,
% every binary relation which is integer-functions-valued is also rational-
functions-valued,
% every binary relation which is rational-functions-valued is also real-
functions-valued,
% every binary relation which is real-functions-valued is also extended-real-
functions-valued, and
% every binary relation which is real-functions-valued is also complex-
functions-valued.

Let us note that every binary relation which is empty is also natural-
functions-valued.

Let us mention that there exists a function which is natural-functions-valued.

Let R be a complex-functions-valued binary relation. Note that rng R is
complex-functions-membered.

Let R be an extended-real-functions-valued binary relation. Observe that
rng R is extended-real-functions-membered.
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Let R be a real-functions-valued binary relation. Note that rng R is real-
functions-membered.

Let R be a rational-functions-valued binary relation. Observe that rng R is
rational-functions-membered.

Let R be an integer-functions-valued binary relation. One can verify that
rng R is integer-functions-membered.

Let R be a natural-functions-valued binary relation. One can check that
rng R is natural-functions-membered.

Let us consider X and let Y be a complex-functions-membered set. Observe
that every partial function from X to Y is complex-functions-valued.

Let us consider X and let Y be an extended-real-functions-membered set.
One can check that every partial function from X to Y is extended-real-
functions-valued.

Let us consider X and let Y be a real-functions-membered set. One can
check that every partial function from X to Y is real-functions-valued.

Let us consider X and let Y be a rational-functions-membered set. Observe
that every partial function from X to Y is rational-functions-valued.

Let us consider X and let Y be an integer-functions-membered set. Observe
that every partial function from X to Y is integer-functions-valued.

Let us consider X and let Y be a natural-functions-membered set. Note that
every partial function from X to Y is natural-functions-valued.

Let f be a complex-functions-valued function and let us consider z. Note
that f(z) is function-like and relation-like.

Let f be an extended-real-functions-valued function and let us consider x.
Observe that f(z) is function-like and relation-like.

Let f be a complex-functions-valued function and let us consider z. One can
verify that f(x) is complex-valued.

Let f be an extended-real-functions-valued function and let us consider x.
Note that f(x) is extended real-valued.

Let f be a real-functions-valued function and let us consider x. One can
verify that f(x) is real-valued.

Let f be a rational-functions-valued function and let us consider x. Observe
that f(z) is rational-valued.

Let f be an integer-functions-valued function and let us consider x. Note
that f(z) is integer-valued.

Let f be a natural-functions-valued function and let us consider z. One can
check that f(x) is natural-valued.

2. OPERATIONS

For simplicity, we adopt the following rules: Y, Y7, Y5 are complex-functions-
membered sets, ¢, ¢1, co are complex numbers, f is a partial function from X
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to Y, fi is a partial function from X7 to Y7, fo is a partial function from X5 to

Ys, and g, h, k are complex-valued functions.

We now state a number of propositions:
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If g# 0 and g + ¢y = g + co, then ¢ = cs.

If g#0 and g — ¢ = g — o, then ¢; = ¢a.

If g # 0 and g is non-empty and gc; = g ¢, then ¢ = cs.
—(g+c)=—g—c

—(g—c)=-g+c

(g+c1)+eca=g+ (c1+ca).
(g+c)—ca=g+(c1 —c2).

(g—c1) +ea=g—(c1 —c2).

g—c —cx=g—(c1+c2).

gcica =g (e -ca).

—(g+h)=—g—h.
g—h=—(h—g).
(gh)/k =g (h/k).
(g/h) k= (gk)/h.
g/h/k = g/(hk).
c—g=(-0)g.
c—g = —Cg.
(—c)g=—cg.
—gh={(—g)h.
—g/h = (—g)/h.
—g/h=g/-h.

Let f be a complex-valued function and let ¢ be a complex number. The

functor f/c yields a function and is defined as follows:

(Def. 32)

fle=1F.

Let f be a complex-valued function and let ¢ be a complex number. Note
that f/c is complex-valued.

Let f be a real-valued function and let r be a real number. Note that f/r is
real-valued.

Let f be a rational-valued function and let r be a rational number. One can
check that f/r is rational-valued.

Let f be a complex-valued finite sequence and let ¢ be a complex number.
One can check that f/c is finite sequence-like.

The following propositions are true:

(28)
(29)

dom(g/c) = domg.
(g/c)(z) = 42,
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(30) (—g)/c=—g/c

(31) g/—c=—g/c

(32) g/—c=(~g)/c

(33) If g # 0 and g is non-empty and g/c; = g/ca, then ¢; = ca.
(34) (ga)/c2=g¢g.

(35) (g/c1) ca = (ge2)/cr.
(36) g/ci/ca=g/(c1-c2).
(37) (g+h)/c=g/c+ h/ec.
(38) (9—h)/c=g/c—h]ec
(39) (gh)/c=g(h/c).

(40) (g/h)/c=g/(hc).

Let us consider X, let Y be a complex-functions-membered set, and let f be
a partial function from X to Y. The functor —f yields a function and is defined
by:

(Def. 33) dom(—f) = dom f and for every set = such that x € dom(—f) holds
(=) = —f(x).

Let us consider X, let Y be a complex-functions-membered set, and let f
be a partial function from X to Y. Then —f is a partial function from X to
C-PFuncs DOMS(Y).

Let us consider X, let Y be a real-functions-membered set, and let f be
a partial function from X to Y. Then —f is a partial function from X to
R-PFuncs DOMS(Y).

Let us consider X, let Y be a rational-functions-membered set, and let f
be a partial function from X to Y. Then —f is a partial function from X to
Q-PFuncs DOMS(Y).

Let us consider X, let Y be an integer-functions-membered set, and let f
be a partial function from X to Y. Then —f is a partial function from X to
Z-PFuncs DOMS(Y).

Let Y be a complex-functions-membered set and let f be a finite sequence
of elements of Y. One can check that — f is finite sequence-like.

We now state two propositions:

41) ——f=1/.
(42) If —f1 = —fQ, then f1 = fg.
Let X be a complex-functions-membered set, let Y be a set, and let f be a

partial function from X to Y. The functor f o — yielding a function is defined
as follows:

(Def. 34) dom(fo—)=dom f and for every complex-valued function x such that
x € dom(f o —) holds (f o —)(x) = f(—=x).
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Let us consider X, let Y be a complex-functions-membered set, and let f be
a partial function from X to Y. The functor !/f yields a function and is defined
as follows:

(Def. 35) dom!/f = dom f and for every set = such that € dom'/f holds
(/f)(@) = fz)~".

Let us consider X, let Y be a complex-functions-membered set, and let f
be a partial function from X to Y. Then !/f is a partial function from X to
C-PFuncs DOMS(Y).

Let us consider X, let Y be a real-functions-membered set, and let f be
a partial function from X to Y. Then !/f is a partial function from X to
R-PFuncs DOMS(Y).

Let us consider X, let Y be a rational-functions-membered set, and let f
be a partial function from X to Y. Then !/f is a partial function from X to
Q-PFuncs DOMS(Y).

Let Y be a complex-functions-membered set and let f be a finite sequence
of elements of Y. Note that 1/f is finite sequence-like.

The following proposition is true

43) Y f=1.

Let us consider X, let Y be a complex-functions-membered set, and let f be
a partial function from X to Y. The functor |f| yields a function and is defined
by:

(Def. 36) dom|f| = dom f and for every set x such that € dom|f| holds | f|(z) =
|f ()]

Let us consider X, let Y be a complex-functions-membered set, and let f
be a partial function from X to Y. Then |f| is a partial function from X to
C-PFuncs DOMS(Y).

Let us consider X, let Y be a real-functions-membered set, and let f be
a partial function from X to Y. Then |f| is a partial function from X to
R-PFuncs DOMS(Y).

Let us consider X, let Y be a rational-functions-membered set, and let f
be a partial function from X to Y. Then |f| is a partial function from X to
Q-PFuncs DOMS(Y).

Let us consider X, let Y be an integer-functions-membered set, and let f
be a partial function from X to Y. Then |f| is a partial function from X to
N-PFuncs DOMS(Y).

Let Y be a complex-functions-membered set and let f be a finite sequence
of elements of Y. Note that |f]| is finite sequence-like.

We now state the proposition

(44) |[f[l =111

Let us consider X, let Y be a complex-functions-membered set, let f be a
partial function from X to Y, and let ¢ be a complex number. The functor f+c
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yields a function and is defined by:
(Def. 37) dom(f + ¢) = dom f and for every set x such that x € dom(f + ¢) holds
(f+o)(@) =c+ f(z).

Let us consider X, let Y be a complex-functions-membered set, let f be a
partial function from X to Y, and let ¢ be a complex number. Then f + c is a
partial function from X to C-PFuncs DOMS(Y).

Let us consider X, let Y be a real-functions-membered set, let f be a partial
function from X to Y, and let ¢ be a real number. Then f+c is a partial function
from X to R-PFuncs DOMS(Y).

Let us consider X, let Y be a rational-functions-membered set, let f be a
partial function from X to Y, and let ¢ be a rational number. Then f + c is a
partial function from X to Q-PFuncs DOMS(Y).

Let us consider X, let Y be an integer-functions-membered set, let f be a
partial function from X to Y, and let ¢ be an integer number. Then f + ¢ is a
partial function from X to Z-PFuncs DOMS(Y).

Let us consider X, let Y be a natural-functions-membered set, let f be a
partial function from X to Y, and let ¢ be a natural number. Then f + c is a
partial function from X to N-PFuncs DOMS(Y).

One can prove the following propositions:

(45) fHa+c=f+(ca+c).
(46) 1If f # 0 and f is non-empty and f + c¢; = f + cg, then ¢; = cs.
Let us consider X, let Y be a complex-functions-membered set, let f be a

partial function from X to Y, and let ¢ be a complex number. The functor f —c¢
yields a function and is defined as follows:
(Def. 38) f—c=f+—c
We now state two propositions:
(47) dom(f — ¢) = dom f.
(48) If z € dom(f — ¢), then (f — ¢)(z) = f(z) —c.

Let us consider X, let Y be a complex-functions-membered set, let f be a
partial function from X to Y, and let ¢ be a complex number. Then f —cis a
partial function from X to C-PFuncs DOMS(Y).

Let us consider X, let Y be a real-functions-membered set, let f be a partial
function from X to Y, and let ¢ be a real number. Then f—cis a partial function
from X to R-PFuncs DOMS(Y).

Let us consider X, let Y be a rational-functions-membered set, let f be a
partial function from X to Y, and let ¢ be a rational number. Then f — cis a
partial function from X to Q-PFuncs DOMS(Y).

Let us consider X, let Y be an integer-functions-membered set, let f be a

partial function from X to Y, and let ¢ be an integer number. Then f —cis a
partial function from X to Z-PFuncs DOMS(Y).
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We now state four propositions:
49) 1If f # 0 and f is non-empty and f — ¢; = f — co, then ¢; = co.
50) (f+c1)—ca=f+(c1 —ca).
51) (f—c1)+ca=f—(c1 —ca).
52) f—c1—ca=f—(c1+ ).
Let us consider X, let Y be a complex-functions-membered set, let f be a

partial function from X to Y, and let ¢ be a complex number. The functor f - c
yielding a function is defined as follows:
(Def. 39) dom(f -c¢) = dom f and for every set x such that x € dom(f - ¢) holds
(f- o)) = cf().

Let us consider X, let Y be a complex-functions-membered set, let f be a
partial function from X to Y, and let ¢ be a complex number. Then f - c is a
partial function from X to C-PFuncs DOMS(Y).

Let us consider X, let Y be a real-functions-membered set, let f be a partial
function from X to Y, and let ¢ be a real number. Then f-cis a partial function
from X to R-PFuncs DOMS(Y).

Let us consider X, let Y be a rational-functions-membered set, let f be a
partial function from X to Y, and let ¢ be a rational number. Then f - c is a
partial function from X to Q-PFuncs DOMS(Y').

Let us consider X, let Y be an integer-functions-membered set, let f be a
partial function from X to Y, and let ¢ be an integer number. Then f - c is a
partial function from X to Z-PFuncs DOMS(Y).

Let us consider X, let Y be a natural-functions-membered set, let f be a
partial function from X to Y, and let ¢ be a natural number. Then f - ¢ is a
partial function from X to N-PFuncs DOMS(Y).

The following two propositions are true:

(53) f-61~62=f~(01-62>.
(54) 1If f # 0 and f is non-empty and for every x such that x € dom f holds
f(x) is non-empty and f-c¢; = f - o, then ¢; = co.

(
(
(
(

Let us consider X, let Y be a complex-functions-membered set, let f be a
partial function from X to Y, and let ¢ be a complex number. The functor f/c
yielding a function is defined as follows:

(Def. 40) f/c=f-cL.
One can prove the following propositions:
(55) dom(f/c) = dom f.
(56) If x € dom(f/c), then (f/c)(x) =c! f(x).
Let us consider X, let Y be a complex-functions-membered set, let f be a

partial function from X to Y, and let ¢ be a complex number. Then f/c is a
partial function from X to C-PFuncs DOMS(Y).



ARITHMETIC OPERATIONS ON FUNCTIONS FROM SETS ...

Let us consider X, let Y be a real-functions-membered set, let f be a partial
function from X to Y, and let ¢ be a real number. Then f/c is a partial function
from X to R-PFuncs DOMS(Y).

Let us consider X, let Y be a rational-functions-membered set, let f be a
partial function from X to Y, and let ¢ be a rational number. Then f/c is a
partial function from X to Q-PFuncs DOMS(Y).

The following propositions are true:

(57) fler/ea = f/(c1-ca).
(58) If f # () and f is non-empty and for every x such that x € dom f holds
f(z) is non-empty and f/c; = f/ca, then ¢; = co.
Let us consider X, let Y be a complex-functions-membered set, let f be
a partial function from X to Y, and let g be a complex-valued function. The
functor f 4+ g yielding a function is defined as follows:

(Def. 41) dom(f+g) = dom fNdom g and for every set x such that z € dom(f+g)

holds (f + g)(z) = f(z) + ().

Let us consider X, let Y be a complex-functions-membered set, let f be a
partial function from X to Y, and let g be a complex-valued function. Then
f + g is a partial function from X Ndom g to C-PFuncs DOMS(Y).

Let us consider X, let Y be a real-functions-membered set, let f be a partial
function from X to Y, and let g be a real-valued function. Then f+ ¢ is a partial
function from X Ndom g to R-PFuncs DOMS(Y').

Let us consider X, let Y be a rational-functions-membered set, let f be a
partial function from X to Y, and let g be a rational-valued function. Then
f -+ g is a partial function from X Ndom g to Q-PFuncs DOMS(Y).

Let us consider X, let Y be an integer-functions-membered set, let f be a
partial function from X to Y, and let g be an integer-valued function. Then
f 4+ g is a partial function from X Ndom g to Z-PFuncs DOMS(Y).

Let us consider X, let Y be a natural-functions-membered set, let f be a
partial function from X to Y, and let g be a natural-valued function. Then f+g¢
is a partial function from X N dom g to N-PFuncs DOMS(Y').

Next we state two propositions:

59) fH+g+h=f+(g+h).
(60) —(f+9)=(f)+—g.
Let us consider X, let Y be a complex-functions-membered set, let f be

a partial function from X to Y, and let g be a complex-valued function. The
functor f — g yields a function and is defined by:

(Def. 42) f—g=f+ —g.

We now state two propositions:
(61) dom(f —g) =dom f Ndomg.
(62) If 2 € dom(f —g), then (f — g)(z) = f(z) — g().
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Let us consider X, let Y be a complex-functions-membered set, let f be a
partial function from X to Y, and let g be a complex-valued function. Then
f — g is a partial function from X Ndom g to C-PFuncs DOMS(Y).

Let us consider X, let Y be a real-functions-membered set, let f be a partial
function from X to Y, and let g be a real-valued function. Then f— g is a partial
function from X Ndom g to R-PFuncs DOMS(Y').

Let us consider X, let Y be a rational-functions-membered set, let f be a
partial function from X to Y, and let g be a rational-valued function. Then
f — g is a partial function from X Ndom g to Q-PFuncs DOMS(Y).

Let us consider X, let Y be an integer-functions-membered set, let f be a
partial function from X to Y, and let g be an integer-valued function. Then
f — g is a partial function from X Ndom g to Z-PFuncs DOMS(Y).

The following propositions are true:

(63) f——g9g=f+y

64) —(f—9)=(-f)+g

(65) (f+g9)—h=Ff+(g—h).

(66) (f—g)+h=f—(9—h).

(67) f—g—h=f—(g+h).

Let us consider X, let Y be a complex-functions-membered set, let f be

6

w
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a partial function from X to Y, and let g be a complex-valued function. The
functor f - g yielding a function is defined by:
(Def. 43) dom(f-g) = dom f Ndom g and for every set x such that x € dom(f - g)
holds (f - g)(x) = f(x) g(x).

Let us consider X, let Y be a complex-functions-membered set, let f be a
partial function from X to Y, and let g be a complex-valued function. Then f-g
is a partial function from X N dom g to C-PFuncs DOMS(Y').

Let us consider X, let Y be a real-functions-membered set, let f be a partial
function from X to Y, and let g be a real-valued function. Then f - g is a partial
function from X Ndom g to R-PFuncs DOMS(Y').

Let us consider X, let Y be a rational-functions-membered set, let f be a
partial function from X to Y, and let g be a rational-valued function. Then f-g
is a partial function from X N dom g to Q-PFuncs DOMS(Y).

Let us consider X, let Y be an integer-functions-membered set, let f be a
partial function from X to Y, and let g be an integer-valued function. Then f-g
is a partial function from X Ndom g to Z-PFuncs DOMS(Y).

Let us consider X, let Y be a natural-functions-membered set, let f be a
partial function from X to Y, and let g be a natural-valued function. Then f-g¢
is a partial function from X N dom g to N-PFuncs DOMS(Y').

Next we state three propositions:

68) f-—g=(-f)g
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69) f-—g=—f-g
(70) f-g-h=f-(gh).
Let us consider X, let Y be a complex-functions-membered set, let f be

a partial function from X to Y, and let g be a complex-valued function. The
functor f/g yields a function and is defined by:

(Def. 44) f/g=f-g7".
Next we state two propositions:

(71) dom(f/g) = dom f Ndomg.
(72) If 2 € dom(f/g), then (f/g)(z) = f(x)/g(x).

Let us consider X, let Y be a complex-functions-membered set, let f be a
partial function from X to Y, and let g be a complex-valued function. Then f/g
is a partial function from X Ndom g to C-PFuncs DOMS(Y').

Let us consider X, let Y be a real-functions-membered set, let f be a partial
function from X to Y, and let g be a real-valued function. Then f/g is a partial
function from X Ndom g to R-PFuncs DOMS(Y').

Let us consider X, let Y be a rational-functions-membered set, let f be a
partial function from X to Y, and let g be a rational-valued function. Then f/g
is a partial function from X Ndom g to Q-PFuncs DOMS(Y).

Next we state the proposition

(73) (f-9)/h=1-(g/h)
Let X1, X9 be sets, let Y7, Yo be complex-functions-membered sets, let f be

a partial function from X; to Y7, and let g be a partial function from X to Y5.
The functor f + g yielding a function is defined as follows:

(Def. 45) dom(f+g) = dom fNdom g and for every set x such that z € dom(f+g)
holds (f +g)(z) = f(z) + g(x).

Let X1, X9 be sets, let Y7, Y5 be complex-functions-membered sets, let f
be a partial function from X to Y7, and let g be a partial function from X5 to
Y2. Then f + ¢ is a partial function from X; N X2 to C-PFuncs(DOMS(Y7) N
DOMS(Y2)).

Let X7, X2 be sets, let Y7, Y5 be real-functions-membered sets, let f be
a partial function from X to Y7, and let g be a partial function from X5 to
Y2. Then f + ¢ is a partial function from X; N X to R-PFuncs(DOMS(Y7) N
DOMS(Y?2)).

Let X, X5 be sets, let Y7, Y5 be rational-functions-membered sets, let f be
a partial function from X; to Y7, and let g be a partial function from X5 to
Y5. Then f + g is a partial function from X; N X3 to Q-PFuncs(DOMS(Y7) N
DOMS(Y2)).

Let X1, X9 be sets, let Y71, Y5 be integer-functions-membered sets, let f be
a partial function from X to Y7, and let g be a partial function from X5 to
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Y5. Then f + g is a partial function from X; N X5 to Z-PFuncs(DOMS(Y7) N
DOMS(Y3)).
Let X1, X5 be sets, let Y7, Y5 be natural-functions-membered sets, let f be
a partial function from X; to Y7, and let g be a partial function from Xs to
Y5. Then f + g is a partial function from X; N Xa to N-PFuncs(DOMS(Y7) N
DOMS(Y2)).
We now state three propositions:
(74) fitfa=fot+ fr.
(75) (f+fi)+fa=f+(fi+ f2)
(76) —(fi+f2) = (=f1) +—fo
Let X1, X9 be sets, let Y7, Y5 be complex-functions-membered sets, let f be

a partial function from X; to Y7, and let g be a partial function from X5 to Y.
The functor f — g yields a function and is defined by:
(Def. 46) dom(f—g) = dom fNdom g and for every set x such that z € dom(f—g)
holds (f — g)(z) = f(z) — g().

Let X1, Xo be sets, let Y7, Ya be complex-functions-membered sets, let f
be a partial function from X; to Y7, and let g be a partial function from Xs to
Ys. Then f — g is a partial function from X; N Xs to C-PFuncs(DOMS(Y7) N
DOMS(Y2)).

Let X1, X2 be sets, let Y7, Y5 be real-functions-membered sets, let f be
a partial function from X; to Y7, and let g be a partial function from X5 to
Y5. Then f — g is a partial function from X; N X2 to R-PFuncs(DOMS(Y7) N
DOMS(Y2)).

Let X1, X5 be sets, let Y7, Ys be rational-functions-membered sets, let f be
a partial function from X; to Y7, and let g be a partial function from Xs to
Ys. Then f — g is a partial function from X; N X3 to Q-PFuncs(DOMS(Y7) N
DOMS(Y2)).

Let X1, X9 be sets, let Y7, Y5 be integer-functions-membered sets, let f be
a partial function from X; to Y7, and let g be a partial function from X5 to
Y5. Then f — g is a partial function from X; N X5 to Z-PFuncs(DOMS(Y7) N
DOMS(Y2)).

One can prove the following propositions:

(77 fr—fa=—(fa— f1)

(78) —(f1 — f2) = (= f1) + fa.

(79) (f+fi)—fo=f+(fr—fo)
(80) (f=fi)+fo=f—(fi—fo)
Bl) f—fi—fo=f—(fit+f2)
82) f-fi—fo=f—-fa—f1-

Let X7, X9 be sets, let Y7, Y5 be complex-functions-membered sets, let f be
a partial function from X; to Y7, and let g be a partial function from X5 to Ys.
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The functor f - g yields a function and is defined by:

(Def. 47) dom(f-g) = dom f Ndom g and for every set x such that x € dom(f - g)
holds (f - g)(z) = f(z) g().

Let X1, X5 be sets, let Y7, Y5 be complex-functions-membered sets, let f
be a partial function from X; to Y7, and let g be a partial function from Xo
to Ya. Then f - g is a partial function from X; N Xo to C-PFuncs(DOMS(Y71) N
DOMS(Y2)).

Let X7, X9 be sets, let Y7, Y5 be real-functions-membered sets, let f be
a partial function from X; to Y7, and let g be a partial function from Xs to
Ys. Then f - g is a partial function from X; N X2 to R-PFuncs(DOMS(Y71) N
DOMS(Y3)).

Let X1, X5 be sets, let Y7, Yo be rational-functions-membered sets, let f be
a partial function from X; to Y7, and let g be a partial function from Xs to
Ys. Then f - ¢ is a partial function from X; N X3 to Q-PFuncs(DOMS(Y7) N
DOMS(Y2)).

Let X1, X9 be sets, let Y71, Y5 be integer-functions-membered sets, let f be
a partial function from X to Y7, and let g be a partial function from X5 to
Ys. Then f - g is a partial function from X; N X5 to Z-PFuncs(DOMS(Y71) N
DOMS(Y2)).

Let X1, X5 be sets, let Y7, Yo be natural-functions-membered sets, let f be
a partial function from X; to Y7, and let g be a partial function from Xs to
Ys. Then f - g is a partial function from X; N X2 to N-PFuncs(DOMS(Y71) N
DOMS(Y3)).

We now state several propositions:

(83) fi-fa=fo- f1-

84) (f-f1)-fa=[-(f1- fo)
(85) (=f1) fa=—f1" fo.

(86) fi-—fa=—f1fo

@®7) f-(hitf)=ffH+T[ f
88) (fitfa)-f=hH-f+faf
89) f-(hi—-f)=ffi—T f
90) (fi—fa)-f=hH-f—fa I

Let X1, X9 be sets, let Y7, Y5 be complex-functions-membered sets, let f be
a partial function from X7 to Y7, and let g be a partial function from X5 to Ys.
The functor f/g yields a function and is defined by:

(Def. 48) dom(f/g) = dom f Ndom g and for every set = such that x € dom(f/g)
holds (f/g)(z) = f(z)/g(x).

Let X1, X5 be sets, let Y7, Y5 be complex-functions-membered sets, let f
be a partial function from X; to Y7, and let g be a partial function from Xo
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to Y3. Then f/g is a partial function from X; N X5 to C-PFuncs(DOMS(Y1) N
DOMS(Y3)).

Let X1, X5 be sets, let Y7, Yo be real-functions-membered sets, let f be

a partial function from X; to Y7, and let g be a partial function from Xs to

Ys.

Then f/g is a partial function from X; N X3 to R-PFuncs(DOMS(Y7) N

DOMS(Y2)).

Let X1, Xo be sets, let Y7, Y5 be rational-functions-membered sets, let f

be a partial function from X; to Y7, and let g be a partial function from Xo
to Y2. Then f/g is a partial function from X; N Xs to Q-PFuncs(DOMS(Y71) N
DOMS(Y32)).

[11]
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One can prove the following propositions:

1) (=fh)/fa=—fi/fe
2) fi/ = fa=—hH/fa
3) (f-fO/f2=F- (1] f2)-
4) (f/fH)-fa=(f-f2)/f
5 flhi/fa=f/(fi- f2)
6) (fi+/f)/f=h/F+1/Ff
N (=L f=h/f-F/f
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