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Summary. We prove, following [5, p. 92], that any family of subtrees of a
finite tree satisfies the Helly property.

MML identifier: HELLY, version: 7.8.09 4.97.1001

The articles [12], [4], [10], [3], [2], [1], [11], [9], [8], [7], and [6] provide the notation
and terminology for this paper.

1. GENERAL PRELIMINARIES

One can prove the following proposition
(1) For every non empty finite sequence p holds (p(1)) ~ p = p.
Let p, ¢ be finite sequences. The functor maxPrefix(p, q) yields a finite se-
quence and is defined by:
(Def. 1) maxPrefix(p, q) < p and maxPrefix(p, ¢) < ¢ and for every finite sequen-
ce r such that » < p and r < ¢ holds r < maxPrefix(p, q).
Let us observe that the functor maxPrefix(p, ¢) is commutative.
Next we state several propositions:

(2) For all finite sequences p, ¢ holds p < ¢ iff maxPrefix(p, ¢) = p.

(3) For all finite sequences p, ¢ holds len maxPrefix(p, ¢) < len p.

(4) For every non empty finite sequence p holds (p(1)) =< p.

(5) For all non empty finite sequences p, ¢ such that p(1) = ¢(1) holds

1 < len maxPrefix(p, q).

IThis work has been partially supported by the NSERC grant OGP 9207.
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(6) For all finite sequences p, ¢ and for every natural number j such that
j <lenmaxPrefix(p, ¢) holds (maxPrefix(p, q))(j) = p(j).

(7) For all finite sequences p, ¢ and for every natural number j such that
j < lenmaxPrefix(p, q) holds p(j) = q(j)-

(8) For all finite sequences p, ¢ holds p A ¢ iff len maxPrefix(p, q) < lenp.

(9) For all finite sequences p, ¢ such that p £ ¢ and ¢ A p holds
p(len maxPrefix(p, ¢) + 1) # g(len maxPrefix(p, ¢) + 1).

2. GRAPH PRELIMINARIES

Next we state three propositions:

(10) For every graph G and for every walk W of G and for all natural numbers
m, n holds len(W.cut(m,n)) < len W.

(11) Let G be a graph, W be a walk of G, and m, n be natural numbers. If
W .cut(m,n) is non trivial, then W is non trivial.

(12) Let G be a graph, W be a walk of G, and m, n, i be odd natural
numbers. Suppose m < n < len W and i < len(W.cut(m,n)). Then there
exists an odd natural number j such that (W.cut(m,n))(:) = W(j) and
j=(m+i)—1and j <lenW.

Let G be a graph. One can verify that every walk of G is non empty.
The following propositions are true:

(13) For every graph G and for all walks Wy, Wy of G such that W, < Wy
holds Wj.vertices() C Wa.vertices().

(14) For every graph G and for all walks Wy, Wy of G such that W, < Wy
holds Wj.edges() C Wa.edges().

(15) For every graph G and for all walks Wj, Wy of G holds W; =
W1 .append(Ws).

(16) For every graph G and for all trails Wy, Wy of G such that Wj.last() =
Wy first() and W7.edges() misses Wa.edges() holds Wi.append(Ws) is trail-
like.

(17) Let G be a graph and P;, P; be paths of G. Suppose P;.last() = P.first()
and P; is open and P, is open and Pj.edges() misses Pr.edges() and if
Py first() € Py.vertices(), then Pj.first() = Ps.last() and Pj.vertices() N
Py.vertices() C { P .first(), Py .last()}. Then Pj.append(P») is path-like.

(18) Let G be a graph and Py, P» be paths of G. Suppose Pj.last() =
P, first() and P; is open and P» is open and P;.vertices() N Py.vertices() =
{Py.last()}. Then P;.append(F2) is open and path-like.

(19) Let G be a graph and P, P5 be paths of G. Suppose P;.last() = P.first()
and Py.last() = P.first() and P; is open and P» is open and Pj.edges()
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misses Ps.edges() and P.vertices() N Py.vertices() = { P;.last(), P .first() }.
Then P;.append(P,) is cycle-like.

(20) Let G be a simple graph, Wi, Wy be walks of G, and k be an odd
natural number. Suppose k£ < len W; and k£ < len Wy and for every odd
natural number j such that j < k holds Wi (j) = Wa(j). Let j be a natural
number. If 1 < j <k, then Wy (j) = Wa(j).

(21) For every graph G and for all walks Wi, Wy of G such that W first() =
W first() holds len maxPrefix(Wy, W3) is odd.

(22) For every graph G and for all walks W5, Wy of G such that Wi first() =
Wo first() and Wi A W holds len maxPrefix(Wy, Wa) 4+ 2 < len Wj.

(23) For every non-multi graph G and for all walks Wj, Wy of G such
that Wifirst() = Woafirst() and W3 A Wy and Wo A W; holds
Wi (len maxPrefix(Wy, Wa) 4 2) # Wa(len maxPrefix(W1, Wa) + 2).

3. TREES

A tree is a tree-like graph. Let G be a graph. A subtree of G is a tree-like
subgraph of G.
Let T be a tree. Observe that every walk of T" which is trail-like is also
path-like.
One can prove the following proposition
(24) For every tree T and for every path P of T such that P is non trivial
holds P is open.
Let T be a tree. Note that every path of T" which is non trivial is also open.
The following propositions are true:
(25) Let T be a tree, P be a path of T, and 4, j be odd natural numbers. If
i < j <len P, then P(i) # P(j).
(26) Let T be a tree, a, b be vertices of T', and P;, P, be paths of T. If P; is
walk from a to b and P is walk from a to b, then P, = P».
Let T be a tree and let a, b be vertices of T'. The functor T".pathBetween(a, b)
yields a path of T" and is defined as follows:

(Def. 2) T.pathBetween(a,b) is walk from a to b.
One can prove the following propositions:
(27) For every tree T" and for all vertices a, b of T" holds
(T.pathBetween(a, b)).first() = a and (T.pathBetween(a,b)).last() = b.
(28) For every tree T and for all vertices a, b of T holds a, b €
(T.pathBetween(a, b)).vertices().

Let T be a tree and let a be a vertex of T'. Observe that T".pathBetween(a, a)
is closed.
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Let T be a tree and let a be a vertex of T'.
One can check that T.pathBetween(a, a) is trivial.
We now state a number of propositions:

(29) For every tree T and for every vertex a of T holds
(T.pathBetween(a, a)).vertices() = {a}.

(30) For every tree T and for all vertices a, b of T" holds
(T.pathBetween(a, b)).reverse() = T.pathBetween(b, a).

(31) For every tree T  and for all vertices a, b of T" holds
(T.pathBetween(a, b)).vertices() = (T.pathBetween(b, a)).vertices().

(32) Let T be a tree, a, b be vertices of T, t be a subtree of T, and «/,
b’ be vertices of ¢t. If a = a/ and b = V', then T.pathBetween(a,b) =
t.pathBetween(a’, v').

(33) Let T be a tree, a, b be vertices of T, and ¢t be a subtree of
T. Suppose a € the vertices of ¢t and b € the vertices of ¢t. Then
(T.pathBetween(a, b)).vertices() C the vertices of ¢.

(34) Let T be a tree, P be a path of T, a, b be vertices of T, and i, j be
odd natural numbers. If i < j <len P and P(i) = a and P(j) = b, then
T.pathBetween(a, b) = P.cut(i, 7).

(35) For every tree T and for all vertices a, b, ¢ of T holds
¢ € (T.pathBetween(a,b)).vertices() iff 7T.pathBetween(a,b) =
(T'.pathBetween(a, c)).append((7.pathBetween(c, b))).

(36) For every tree T and for all vertices a, b, ¢ of T holds
¢ € (T.pathBetween(a,b)).vertices() iff 7T.pathBetween(a,c) =
T.pathBetween(a, b).

(37) For every tree T and for all paths P;, P, of T such that
P .last() = Po.first() and Pj.vertices() N Py.vertices() = {P;.last()} holds
Py .append(P,) is path-like.

(38) For every tree T and for all vertices a, b, ¢ of T holds
¢ € (T.pathBetween(a, b)).vertices() iff (T.pathBetween(a, c)).vertices() N
(T.pathBetween(c, b)).vertices() = {c}.

(39) Let T be a tree, a, b, ¢, d be vertices of T, and P;, P» be paths of
T. Suppose Py = T.pathBetween(a,b) and P, = T.pathBetween(a,c)
and P, £ P, and P, £ P; and d = Pi(lenmaxPrefix(P;, P»)). Then
(T.pathBetween(d, b)).vertices() N (T.pathBetween(d, c)).vertices() = {d}.

Let T be a tree and let a, b, ¢ be vertices of T'. The functor middleVertex(a, b, ¢)
yielding a vertex of T is defined as follows:
(Def. 3) (T.pathBetween(a,b)).vertices() N (T".pathBetween(b, ¢)).vertices()N
(T.pathBetween(c, a)).vertices() = {middleVertex(a, b, c)}.

We now state a number of propositions:
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(40) For every tree T and for all vertices a, b, ¢ of T holds
middleVertex(a, b, c) = middleVertex(a, ¢, b).

(41) For every tree T and for all vertices a, b, ¢ of T holds
middleVertex(a, b, c) = middleVertex(b, a, c).

(42) For every tree T and for all vertices a, b, ¢ of T holds
middleVertex(a, b, ¢) = middleVertex(b, ¢, a).

(43) For every tree T and for all vertices a, b, ¢ of T holds
middleVertex(a, b, ¢) = middleVertex(c, a, ).

(44) For every tree T and for all vertices a, b, ¢ of T holds
middleVertex(a, b, ¢) = middleVertex(c, b, a).

(45) For every tree T and for all vertices a, b, ¢ of T such that ¢ €
(T .pathBetween(a, b)).vertices() holds middleVertex(a, b, c) = c.

(46) For every tree T  and for every vertex a of T holds middleVertex(a, a, a) =
a.

(47) For every tree T and for all vertices a, b of T holds middleVertex(a, a, b) =
a.

(48)  For every tree T and for all vertices a, b of T holds middleVertex(a, b, a) =
a.

(49) For every tree T" and for all vertices a, b of T" holds middleVertex(a, b, b) =
b.

(50) Let T be a tree, P, P» be paths of T, and a, b, ¢ be vertices of
T. If P, = T.pathBetween(a,b) and P, = T.pathBetween(a,c) and
b ¢ Py.vertices() and ¢ ¢ Pj.vertices(), then middleVertex(a,b,c) =
Py (len maxPrefix(Py, P»)).

(51) Let T be a tree, Py, Py, P3, Py be paths of T, and a, b, ¢ be vertices
of T. Suppose P, = T.pathBetween(a,b) and P» = T.pathBetween(a, c)
and P; = T.pathBetween(b,a) and P, = T.pathBetween(b,c) and
b ¢ Py.vertices() and ¢ ¢ Pj.vertices() and a ¢ Py.vertices(). Then
Py (len maxPrefix( Py, P»)) = Ps(len maxPrefix(Ps, Py)).

(52) Let T be a tree, a, b, ¢ be vertices of T, and S be a non empty set.
Suppose that for every set s such that s € S holds there exists a subtree
t of T such that s = the vertices of t but a, b € sora,c € sor b, c € s.
Then NS # (.

4. THE HELLY PROPERTY

Let F be a set. We say that F' has Helly property if and only if:

(Def. 4) For every non empty set H such that H C F' and for all sets x, y such
that x, y € H holds x meets y holds ( H # 0.
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One can prove the following proposition

(53) Let T be a tree and X be a finite set such that for every set = such that

x € X there exists a subtree ¢ of T such that z = the vertices of t. Then
X has Helly property.
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Summary. The goal of this article is to formalize some theorems that are
in the [17] on the web. These are elementary theorems included in every handbook
of Euclidean geometry and trigonometry: the law of cosines, the Heron’s formula,

the isosceles triangle theorem, the intersecting chords theorem and the Ptolemy’s
theorem.

MML identifier: EUCLID_6, version: 7.8.09 4.97.1001

The terminology and notation used here are introduced in the following articles:
[51, [16], [2], [1], [13], [14], [15], [18], [12], [6], [8], [7], [11], [4], [9], [10], and [3].

1. Law OF COSINES AND MEISTER-GAUSS FORMULA

We adopt the following rules: p1, p2, p3, p4, s, Ps, P, p7 denote points of 5’%
and a, b, ¢, r, s denote real numbers.

Next we state four propositions:
(1) If sinL(pi,p2,p3) = sinL(psa,ps,p6) and cosL(p1,p2,p3) =
cos £ (pa, s, P6), then £(p1,p2,p3) = £(pa,Ps,D6)-
(2) sinL(p1,p2,p3) = —sin £(p3, p2, p1)-
(3) cos L(p1,p2, p3) = cos £(p3, P2, p1)-

(4)  £(p1,p4,p2)+4 (P2, P4, p3) = £L(P1,Pa,P3) O L(p1, P4, p2)+ 4 (P2, Pa, P3) =
£(p1,pa,p3) +2- 7.
Let us consider p1, p2, p3. The area of A(p1,p2,p3) yields a real number and
is defined by:

(Def. 1) The area of A(p1,p2,p3) = % “(((p1)1 - (p2)2 — P2)1 - (p1)2) + ((P2)1 -
(p3)2 — (p3)1 - (p2)2) + ((p3)1 - (p1)2 — (p1)1 - (p3)2))-

(© 2008 University of Bialystok
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Let us consider py, p2, ps. The perimeter of A(p1, p2, p3) yields a real number
and is defined by:

(Def. 2) The perimeter of A(p1,p2,ps3) = |p2 — p1| + |p3 — p2| + |p1 — p3l-
One can prove the following three propositions:

_ |p1=p2|-lp3—p2|'sin L(p3,p2.p1)
(5) The area of A(p1,p2,p3) = H—2E=E2 3:PLPL)

(6) If po # p1, then |p3 — pa| - sin £(p3, p2,p1) = |p3 — p1] - sin £ (p2, p1,p3)-

(7) (Ips —p1D? = ((Ipr — p21)? + (Ips — p21)?) = 2 - (Ipr — p2l) - (I3 — p2l) -
cos £(p1,p2,p3)-

2. SOME ELEMENTARY FACTS ABOUT EUCLIDEAN GEOMETRY

Next we state a number of propositions:

(8) Ifp € L(p1,p2) and p # p1 and p # pa, then £(p1,p,p2) = 7.
(9) If p € L(p2, p3) and p # pa, then £(ps, p2, p1) = £L(p, P2, P1)-
(10) If p € L(p2,p3) and p # pa, then L(p1,p2,p3) = £L(p1,P2,D)-
(11) If £(p1,p,p2) = 7, then p € L(p1,p2).
(12) If p € L(p1,p3) and p € L(p1,p4) and p3 # ps and p # p;, then p3 €

L(p1,pa) or ps € L(p1,p3)-

(13) Ifp € L(p1,p3) and p # p1 and p # p3, then L(p1, p, p2) + 4L (p2, p,p3) =7
or £(p1,p,p2) + £(p2,p,p3) =37

(14) If p € L(p1,p2) and p # p1 and p # p2 and L(p3,p,p1) = § or
£(p3,p,p1) = 3 -, then £(p1,p,p3) = £(p3, p,p2)-

(15) If p € L(p1,ps3) and p € L(p2,ps) and p # p1 and p # py and p # p3 and
p # pa, then L(p1,p,p2) = L(p3,p,p4)-

(16) If [p3 — p1| = [p2 — p3| and p1 # pa2, then L(ps3,p1,p2) = £L(p1, P2, P3)-

(17) For all p1, pa, p3, p such that p € L(p1,p2) and p # p2 holds |(p3 —p,p2—
p1)| = 0iff |(p3s — p,p2 — p)| = 0.

(18) If |p1 — p3| = |p2 — p3| and p € L(p1,p2) and p # p3 and p # p; and
£(p3,p,p1) = 5 or £(ps,p,p1) = 3 -, then £(p1,p3,p) = £L(p, p3, p2).

(19) Let given p1, pa, p3, p such that [p1 — p3| = [p2 — p3| and p € L(p1, p2)
and p # p3. Then

(i) if L(p1,p3,p) = L(p,p3,p2), then |p1 — p| = |p — pal,
(ii) if [p1 — pl = [p — p2l, then |(p3 — p,p2 — p1)| =0, and
(iti)  if [(p3 — p,p2 — p1)| = 0, then £L(p1,p3,p) = £(P, P3,p2)-
Let us consider p1, ps, p3. We say that p1, po and ps are collinear if and only
if:
(Def. 3) p1 € L(p2,p3) or p2 € L(p3,p1) or p3 € L(p1,p2).
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Let us consider p1, p2, ps. We introduce p1, p2, ps form a triangle as an
antonym of p1, p2 and p3 are collinear.
The following propositions are true:

(20) pi1, p2, ps form a triangle iff pi, po, p3 are mutually different and
£(p1,p2,p3) # 7 and L(p2,ps,p1) # m and L(p3, p1,p2) # 7.

(21) Suppose p1, p2, ps form a triangle and p4, ps, pe form a triangle and
£(p1,p2,p3) = £(p4,p5,p6) and L(p3,p1,p2) = £(p6,pa, p5). Then |ps —
p2|-1pa—pe| = |p1—ps|-|ps —ps| and |p3 —pa|- |ps —pa| = [p2 —p1|-|ps — ps|
and |p1 — p3| - |ps — pa| = |p2 — p1| - |4 — psl-

(22) Suppose p1, p2, ps form a triangle and p4, ps, pe form a triangle and
£(p1,p2,p3) = £L(p4,p5,p6) and L(ps,p1,p2) = £L(p5,p6,p4). Then |ps —
p3l-|pa—pe| = |ps —pi1l-[ps —pa| and |p2 —ps|-|ps —ps| = |p1 —p2|-[ps — Pl
and [p3 — p1| - [ps — ps| = |p1 — p2| - [Pa — ps|.

(23) If p1, p2, p3 are mutually different and A(p1,p2,p3) < m, then
£(p2,p3,p1) < and L(p3,p1,p2) < T

(24) If p1, p2, p3 are mutually different and ((p1,p2,p3) > m, then
£(p2,p3,p1) > 7 and L(p3,p1,p2) > T

(25) If p € L(p1,p2) and p1, p2, ps form a triangle and «(p1,ps,p2) =
£(p,p3,p2), then p = p;.

(26) If p € L(p1,p2) and p3 ¢ L(p1,p2) and L(p1,ps,p2) < m, then
£(p;p3,p2) < £(p1,p3,D2)-

(27) Ifp € L(p1,p2) and p3 & L(p1,p2) and L(p1,p3, p2) > m and p # p2, then
£(p;p3,p2) = £(p1,p3,p2)-

(28) If p € L(p1,p2) and p3s ¢ L(p1,p2), then there exists py such that py €
L(p1,p2) and L(p1,p3,ps) = £(p, 3, P2)-

(29) If p1 € InsideOfCircle(a,b,r) and ps € OutsideOfCircle(a,b,r), then
there exists p such that p € L(p1,p2) N Circle(a, b, r).

(30) If p1, p3, ps € Circle(a,b,r) and p € L(p1,ps) and p € L(p1,ps) and
p3 # P4, then p = py.

(31) If p1, po, p € Circle(a, b,r) and p7 = [a,b] and p7 € L(p,p2) and p1 # p,
then 2 - £(p1,p,p2) = £(p1,p7,p2) or 2- (L(p1,p,p2) — ™) = £L(p1,P7,P2)-

(32) 1If p; € Circle(a,b,r) and r > 0, then there exists pa such that p; # po
and po € Circle(a, b, r) and [a,b] € L(p1, p2).

(33) If p1, p2, p € Circle(a,b,r) and py = [a,b] and p; # p and pa # p, then
2 L(p1,p,p2) = £L(p1,p7,p2) O 2+ (L(P1,P,p2) — ) = £L(P1, D7, P2)-

(34) Suppose pi1, p2, p3, p4 € Circle(a,b,r) and p; # ps and p; # ps and
p2 # p3 and py # ps. Then L(p1,ps,p2) = £(p1,pa, p2) or £(p1,p3,p2) =
£(p1,pa,p2) — 7 or £(p1,p3,p2) = £L(P1,pa; p2) + 7.

(35) If p1, p2, ps € Circle(a, b, r) and p; # pa # p3, then L(p1,p2,p3) # 7.
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(36) Suppose p1, p2, p3, p4 € Circle(a,b,r) and p € L(p1,p3) and p € L(p2, ps)
and p1, p2, p3, p4 are mutually different. Then £ (p1,p4, p2) = £L(p1,p3,P2)-

(37) If p1, p2, p3 € Circle(a, b,r) and £(p1,p2,p3) = 0 and p; # p2 # p3, then
P1 = p3.

(38) If p1, p2, p3, pa € Circle(a,b,r) and p € L(p1,p3) and p € L(p2,p4), then
lp1 = pl - [p—p3| = p2 — pl - [p — pal.

3. HERON’S FORMULA AND PTOLEMY’S THEOREM

One can prove the following propositions:

(39) Suppose a = |po — p1] and b = |p3 — p2| and ¢ = |p1 — p3| and
s = the perimeter of A(p1,p2,p3). Then |the area of A(p1,p2,p3)| =
\/s (s—a)-(s—=b) (s—c).

(40) If p1, p2, p3, pa € Circle(a,b,r) and p € L(p1,p3) and p € L(p2,p4), then
Ips — p1| - [pa — p2| = [p2 — p1l - [pa — p3| + |ps — p2| - [pa — p1l-

4. APPENDIX

In the sequel ¢q, ¢, c3 denote elements of C.
One can prove the following propositions:
(p1 —p2)1 = (p1)1 — (p2)1 and (p1 — p2)2 = (p1)2 — (P2)2-
lp1 — p2| = 0 iff p1 = p2
Ip1 — pa| = |p2 — p1l-
£(p1,p2,p3) # 2 - £(p4,ps5,p6) +
£(p1,p2,p3) # 2+ £(p4,p5,P6) +
A(p1,p2,p3) # 2 £(pa,P5,P6) —
£(p1,p2,p3) # 2+ £(p4,p5,P6) —
£(p1,p2,p3) = L((euc2epx(py — p2)), (euc2epx(ps — p2))).
L(c1,e2) + £(ca,c3) = £(c1,¢3) or L(c1,c2)+ L(c2,¢3) = L(c1,¢3)+2-.
Suppose ¢; = euc2cpx(p; — p2) and co = euc2cpx(ps — p2). Then
R((c1le2)) = ((p1)1—(p2)1) - ((p3)1— (P2)1) + ((p1)2 — (p2)2) - ((P3)2 — (p2)2)
and S((cifez)) = —((p1)1 — (p2)1) - ((p3)2 — (p2)2) + ((p1)2 — (p2)2) -
((p3)1 — (p2)1) and |e1] = V/((p1)1 — (p2)1)% + ((P1)2 — (p2)2)? and [p1 —
p2| = leal.
(51) Let n be an element of N, ¢ be a point of £}, and f be a function from
ER into RY. If for every point ¢ of EF holds f(q) = |q¢ — qi|, then f is
continuous.
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(52) Let n be an element of N and ¢; be a point of £}. Then there exists

a function f from &L into R! such that for every point g of EF holds
f(q) =|g — q1| and f is continuous.
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Summary. In the [20], it had been proven that the Integers modulo p, in
this article we shall refer as Z/pZ, constitutes a field if and only if p is a prime.
Then the prime modulo Z/pZ is an additive cyclic group and Z/pZ* = Z/pZ\ {0}
is a multiplicative cyclic group, too. The former has been proven in the [23].
However, the latter had not been proven yet. In this article, first, we prove a
theorem concerning the LCM to prove the existence of primitive elements of
Z/p*. Moreover we prove the uniqueness of factoring an integer. Next we define
the multiplicative group Z/pZ* and prove it is cyclic.

MML identifier: INT_7, version: 7.8.10 4.99.1005

The articles [31], [3], [9], [1], [25], [2], [32], [8], [24], [4], [19], [29], [28], [13], [7],
[26], [22], [11], [17], [18], [12], [16], [30], [23], [27], [5], [14], [15], [20], [21], [6], and
[10] provide the terminology and notation for this paper.

1. UNIQUENESS OF FACTORING AN INTEGER

In this paper x, X denote sets.
Next we state four propositions:
(1) For every many sorted set p indexed by X such that supportp = {x}
holds p = (X +— 0) +- (z, p(x)).
(2) Let X be a set and p, g, r be real-valued many sorted sets indexed by
X. If support p Nsupport ¢ = () and support p U support ¢ = support 7 and
p| support p = r[ support p and ¢[ support g = 7| support g, then p+q = 7.

(© 2008 University of Bialystok
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(3) For every set X and for all many sorted sets p, ¢ indexed by X such that
p| support p = q| support g holds p = q.

(4) For every set X and for all bags p, ¢ of X such that supportp = () and
support ¢ = () holds p = q.

Let p be a bag of Prime. We say that p is prime-factorization-like if and only
if:
(Def. 1) For every prime number x such that = € support p there exists a natural
number n such that 0 < n and p(z) = z™.
Let n be a non empty natural number. Note that PPF(n) is prime-factorization-
like.
Next we state a number of propositions:

(5) For all prime numbers p, ¢ and for all natural numbers n, m such that
p|m-q" and p # q holds p | m.

(6) Let f be a finite sequence of elements of N, b be a bag of Prime, and a
be a prime number. Suppose b is prime-factorization-like and [[ b # 1 and
a|llband [Tb=T]f and f =b- CFS(supportb). Then a € support b.

(7) For all bags p, ¢ of Prime such that supportp C supportq and
p| support p = ¢ support p holds [[p | [1g.

(8) Let p be a bag of Prime and x be a prime number. If p is prime-
factorization-like, then x | []p iff « € support p.

(9) For all non empty natural numbers n, m, k such that k& = lem(n,m)
holds support PPF (k) = support PPF(n) U support PPF(m).

(10) For every set X and for all bags by, by of X holds support min(by, by) =
support by N support bs.

(11) For all non empty natural numbers n, m, k such that & = n ged m holds
support PPF(k) = support PPF(n) N support PPF(m).

(12) Let p, g be bags of Prime. Suppose p is prime-factorization-like and ¢
is prime-factorization-like and support p misses support g. Then [[p and
[1¢q are relative prime.

(13) For every bag p of Prime such that p is prime-factorization-like holds
[Ip#0.

(14) For every bag p of Prime such that p is prime-factorization-like holds
[Ip = 1 iff support p = 0.

(15) Let p, g be bags of Prime. Suppose p is prime-factorization-like and ¢ is
prime-factorization-like and [[p = ][ ¢. Then p = q.

(16) Let p be a bag of Prime and n be a non empty natural number. If p is
prime-factorization-like and n = [ p, then PPF(n) = p.

(17) Let n, m be elements of N. Suppose 1 < n and 1 < m. Then there exist
elements mg, ng of N such that lem(n,m) = ng - mp and nggedmg = 1
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and ng | n and mg | m and ng # 0 and mg # 0.

2. MULTIPLICATIVE GROUP Z/pZ*

Let n be a natural number. Let us assume that 1 < n. The functor Z; yields
a non empty finite subset of N and is defined by:

(Def. 2) Z¢ = Zy, \ {O}.
We now state the proposition
(18) For every natural number n such that 1 < n holds Z* =n — 1.

Let n be a prime number. The functor -z: yielding a binary operation on Z;,
is defined by:
(Def. 3) -zx =z, | Zy,.
One can prove the following proposition
(19) For every prime number p holds (Zj, -Z;) is associative, commutative,
and group-like.
Let p be a prime number. The functor Z/pZ* yielding a commutative group
is defined by:

(Def. 4)  Z/pL* = (T}, 2.).

The following three propositions are true:
(20) Let p be a prime number, x, y be elements of Z/pZ*, and z1, y1 be
elements of ZE. Ifr=x1and y =191, thenz -y =z1-y1.
(21) For every prime number p holds 17/,7- = 1 and 17,7~ = lzz.

(22) For every prime number p and for every element z of Z/pZ* and for

every element x; of Zg such that z = z; holds z7! = 2~ L.

Let p be a prime number. One can verify that Z/pZ* is finite.
We now state several propositions:

(23) For every prime number p holds ord(Z/pZ*) = p — 1.

(24) Let G be a group, a be an element of G, and i be an integer. Suppose a
is not of order 0. Then there exist elements n, k of N such that a* = a®
and n = k - ord(a) + 1.

(25) Let G be a commutative group, a, b be elements of G, and n, m be natural
numbers. If G is finite and ord(a) = n and ord(b) = m and ngedm = 1,
then ord(a-b) =n-m.

(26) For every non empty zero structure L and for every polynomial p of L
such that 0 < degp holds p is non-zero.

(27) For every field L and for every polynomial f of L such that 0 < deg f
holds Roots f is a finite set and Roots f < deg f.



106 HIROYUKI OKAZAKI AND YASUNARI SHIDAMA

(28) Let p be a prime number, z be an element of Z/pZ*, and y be an element
of Z]P}. If z = y, then for every element n of N holds powery (2, n) =

powerzg (y, n).

(29) Let p be a prime number, a, b be elements of Z/pZ*, and n be a natural
number. If 0 < n and ord(a) = n and b” = 1, then b is an element of
gr({a}).

(30) Let G be a group, z be an element of G, and d, [ be elements of N. If G
is finite and ord(z) = d - [, then ord(z%) = I.

(31) For every prime number p holds Z/pZ* is a cyclic group.
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Summary. In this article three classes of ideals are discussed: associati-
ve ideals, commutative ideals, implicative ideals and positive implicative ideals,
and their elementary properties. Some of their properties and the relationships
between them have not been proven yet, and will be completed in the following
article.
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The papers [4], [1], [2], and [3] provide the terminology and notation for this
paper.

1. PRELIMINARIES

For simplicity, we use the following convention: X denotes a BCl-algebra,
X7 denotes a non empty subset of X, A, I denote ideals of X, x, y, z denote
elements of X, and a denotes an element of A.

The following four propositions are true:

(1) For all elements z, y, z, u of X such that < y holds u\ (z\z

(2) For all elements z, y, z, u of X holds z \ (y\ 2) \ (z\ (v \

(3) For all elements z, y, z, u, v of X holds z\ (y\ (z\w))\ (z\
v\ u.

(4) For all elements z, y of X holds Ox \ (z\y) \ (v \ ) = Ox.

Let us consider X and let a be an element of X. The initial section of a is
defined by:

(Def. 1) The initial section of a = {z € X: x < a}.

(z\y).

) < z\u.

W\ (z\v))) <

)

<
)

(© 2008 University of Bialystok
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The following propositions are true:
(5) If z <a, then x € A.

(6) For all elements x, a, b of AtomSet X such that x is an element of
BranchV b holds a \ z =a \ b.

(7) For every element a of X and for all elements x, b of AtomSet X such
that x is an element of BranchV b holds a \ x = a \ b.

(8) The initial section of a C A.
(9) If AtomSet X is an ideal of X, then for every element x of BCK-part X
and for every element a of AtomSet X such that x \ @ € AtomSet X holds
z = 0x.
(10) If AtomSet X is an ideal of X, then AtomSet X is a closed ideal of X.
Let us consider X, I. We say that I is positive if and only if:
(Def. 2) Every element of I is positive.
Next we state three propositions:

(11) Let X be a BCK-algebra and A, I be ideals of X. Then ANI = {0x}
if and only if for every element x of A and for every element y of I holds
x\y=uw.

(12) For every associative BCI-algebra X holds every ideal of X is closed.

(13) For every BCl-algebra X and for every ideal A of X such that X is
quasi-associative holds A is closed.

2. DEFINITIONS OF ASSOCIATIVE IDEALS

Let X be a BCl-algebra and let I; be an ideal of X. We say that I; is
associative if and only if:
(Def. 3) 0x € I and for all elements z, y, z of X such that x\ (y\ 2), y\z € [
holds z € I;.

Let X be a BCI-algebra. One can verify that there exists an ideal of X which
is associative.

Let X be a BCI-algebra. A non empty subset of X is said to be an associative-
ideal of X if:

(Def. 4) 0x € it and for all elements x, y, z of X such that z\y\ z, y\z € it
holds z € it.

We now state four propositions:
(14) If X, is an associative-ideal of X, then X is an ideal of X.
(15) I is an associative-ideal of X iff for all z, y, z such that x \y\ z € T
holds z \ (v \ 2) € I.
(16) If I is an associative-ideal of X, then for every element z of X holds

2\ (0x \ z) € 1.



IDEALS OF BCI-ALGEBRAS AND THEIR PROPERTIES 111

(17) 1If for every element x of X holds x\ (0x \ x) € I, then I is a closed ideal
of X.

Let X be a BCI-algebra. A non empty subset of X is said to be a p-ideal of

X if:

(Def. 5) 0x € it and for all elements z, y, z of X such that 2\ z\ (v \ 2), y € it
holds z € it.

We now state several propositions:

(18) If X, is a p-ideal of X, then X is an ideal of X.

(19) For all X, I such that I is a p-ideal of X holds BCK-part X C I.

(20) BCK-part X is a p-ideal of X.

(1)

(22)

I is a p-ideal of X iff for all x, y such that x € I and x <y holds y € I.

I is a p-ideal of X iff for all z, y, z such that z \ z\ (v \ z) € I holds
x\yel

3. DEFINITIONS OF COMMUTATIVE IDEALS

Let X be a BCK-algebra and let I; be an ideal of X. We say that I is
commutative if and only if:
(Def. 6) For all elements x, y, z of X such that z\y\z, z € I1 holds z\ (y\(y\z)) €
I.
Let X be a BCK-algebra. One can verify that there exists an ideal of X
which is commutative.
Next we state two propositions:
(23) For every BCK-algebra X holds BCK-part X is a commutative ideal of
X.
(24) Let X be a BCK-algebra. Suppose X is a p-semisimple BCI-algebra.
Then {Ox} is a commutative ideal of X.
In the sequel X denotes a BCK-algebra.
One can prove the following proposition
(25) BCK-part X = the carrier of X.

In the sequel X denotes a BCI-algebra.
We now state several propositions:
(26) If for every BClI-algebra X and for all elements z, y of X holds z\y\y =
x \ y, then the carrier of X = BCK-part X.
(27) 1If for every BCI-algebra X and for all elements x, y of X holds z\ (y\z) =
x, then the carrier of X = BCK-part X.
(28) If for every BClI-algebra X and for all elements x, y of X holds z\ (z\y) =
y \ (y \ z), then the carrier of X = BCK-part X.
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(29) 1If for every BCI-algebra X and for all elements x, y, z of X holds (x\
y)\y=z\2z\(y\ 2), then the carrier of X = BCK-part X.

(30) If for every BCl-algebra X and for all elements =, y of X holds x \ y \
(y\ ) = x \ y, then the carrier of X = BCK-part X.

(31) 1If for every BCI-algebra X and for all elements z, y of X holds z \ y \
(x\y\ (y\x))=0x, then the carrier of X = BCK-part X.

(32) For every BCK-algebra X holds the carrier of X is a commutative ideal
of X.

In the sequel X denotes a BCK-algebra and I denotes an ideal of X.
One can prove the following propositions:

(33) I is a commutative ideal of X iff for all elements x, y of X such that
z\y€Tlholdsz\ (y\(y\x)) €l

(34) Let I, A be ideals of X. Suppose I C A and I is a commutative ideal of
X. Then A is a commutative ideal of X.

(35) Every ideal of X is a commutative ideal of X iff {Ox} is a commutative
ideal of X.

(36) {0x} is a commutative ideal of X iff X is a commutative BCK-algebra.

(37) X is a commutative BCK-algebra iff every ideal of X is a commutative
ideal of X.

(38) {0x} is a commutative ideal of X iff every ideal of X is a commutative
ideal of X.

In the sequel I denotes an ideal of X.
One can prove the following propositions:

(39) For all elements z, y of X such that '\ (z\y) € I holds z\ (z\y\(z\y\z)),
y\\2)\z, y\(y\2)\(z\y) e L.

(40) {0x} is a commutative ideal of X iff for all elements z, y of X holds
z\ (z\y) <y\(y\a).

(41) {Ox} is a commutative ideal of X iff for all elements z, y of X holds
z\y=z\(y\(y\x))

(42) {0x} is a commutative ideal of X iff for all elements z, y of X holds
e\ (@\y) =y \(y\ @\ (x\y)))

(43) {0x} is a commutative ideal of X iff for all elements z, y of X such that
x<yholdsz=y\(y\x).

(44) Suppose {Ox} is a commutative ideal of X. Then

(i) for all elements z, y of X holds z \y =z iff y \ (v \ z) = Ox,

(ii)  for all elements x, y of X such that x \ y = z holds y \ x =y,

(iii)  for all elements z, y, a of X such that y < a holds a\z\ (a\y) =y \ =,

for all elements z, y of X holds z\ (y\(y\z)) = z\y and z\y\ (z\y\z) =
z\ y, and

)
)
)
)

(iv
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(v) for all elements x, y, a of X such that x < a holds (a\y)\(a\y\(a\z)) =
a\y\ (z\y)

(45) Every ideal of X is a commutative ideal of X iff for all elements x, y of
X holds z\ (z\y) <y\ (y\ =)
(46) Every ideal of X is a commutative ideal of X iff for all elements x, y of

X holds z\y =2\ (y\ (y \ ))-
(47) Every ideal of X is a commutative ideal of X iff for all elements x, y of

X holds 2\ (z\y) =y \ (y\ (z\ (z\y))).

(48) Every ideal of X is a commutative ideal of X iff for all elements z, y of
X such that x <y holds z =y \ (v \ ).
(49) Suppose every ideal of X is a commutative ideal of X. Then
(i) for all elements z, y of X holds z \y =z iff y\ (v \ ) = Ox,
(ii)  for all elements x, y of X such that x \ y = z holds y \ x = v,
(iii)  for all elements z, y, a of X such that y < a holds a\ z\ (a\y) =y \ =,
)

(iv \for all elements x, y of X holds z\ (y\(y\z)) = z\y and z\y\(z\y\z) =
x \ y, and

(v) for all elements x, y, a of X such that z < a holds (a\y)\(a\y\(a\z)) =
a\y\ (z\y)

4. DEFINITIONS OF IMPLICATIVE IDEALS AND POSITIVE IMPLICATIVE IDEALS

Let X be a BCK-algebra. A non empty subset of X is said to be an implicative-
ideal of X if:

(Def. 7) Ox € it and for all elements x, y, z of X such that x \ (y\ z)\ z, z € it
holds z € it.

In the sequel X denotes a BCK-algebra and I denotes an ideal of X.
Next we state the proposition

(50) I is an implicative-ideal of X iff for all elements x, y of X such that
x\(y\x) € holds x € I.
Let X be a BCK-algebra. A non empty subset of X is said to be a positive-
implicative-ideal of X if:
(Def. 8) 0x € it and for all elements x, y, z of X such that z\y\ z, y\z € it
holds z \ z € it.
We now state several propositions:
(51) [ is a positive-implicative-ideal of X if and only if for all elements z, y
of X such that z\y\y €I holds z\y € I.
(52) Suppose that for all elements x, y, z of X such that x\y\z, y\z € I holds
x\z € I. Let z, y, z be elements of X. If x\y\z € I, then z\z\ (y\2) € I.

(53) Suppose that for all elements x, y, z of X such that x \ y \ z € I holds
z\ 2\ (y\z) €l Then I is a positive-implicative-ideal of X.
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(54) I is a positive-implicative-ideal of X if and only if for all elements x, y,
z of X such that z\y\ 2z, y\z €I holds z\ z € I.

(55) [ is a positive-implicative-ideal of X if and only if for all elements z, y,
z of X such that z \y\ ze€ I holds z\ z\ (y\ 2) € I.

(56) Let I, A be ideals of X. Suppose I C A and I is a positive-implicative-
ideal of X. Then A is a positive-implicative-ideal of X.

(57) Suppose [ is an implicative-ideal of X. Then I is a commutative ideal
of X and a positive-implicative-ideal of X.
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1. SOME PROPERTIES OF RINGS

Let V' be a non empty additive loop structure and let V7 be a subset of V.
We say that V; has inverse if and only if:

(Def. 1) For every element v of V such that v € V; holds —v € Vj.

Let V' be a non empty additive loop structure and let V7 be a subset of V.
We say that Vj is additively-closed if and only if:

(Def. 2) Vj is add closed and has inverse.
Let V be a non empty additive loop structure. One can verify that y is
add closed and has inverse.
Let V be a non empty double loop structure. One can verify that every
subset of V' which is additively-closed is also add closed and has inverse and
every subset of V' which is add closed and has inverse is also additively-closed.
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Let V be a non empty additive loop structure. Observe that there exists a
subset of V' which is add closed and non empty and has inverse.

Let V be a ring. A ring is called a subring of V if it satisfies the conditions
(Def. 3).

(Def. 3)(i) The carrier of it C the carrier of V,

(ii)  the addition of it = (the addition of V') [ (the carrier of it),

(iii)  the multiplication of it = (the multiplication of V') [ (the carrier of it),
(iv)  1li =1y, and

(V) Oit = Ov.

For simplicity, we follow the rules: X is a non empty set, x is an element
of X, dy, do are elements of X, A is a binary operation on X, M is a function
from X x X into X, V is a ring, and V) is a subset of V.

We now state the proposition

(1) Suppose Vi = X and A = (the addition of V) [ (V1) and M = (the
multiplication of V') | (V1) and d; = 1y and d2 = Oy and V; has inverse.
Then (X, A, M,d;,dsy) is a subring of V.

Let V be a ring. One can check that there exists a subring of V' which is
strict.

Let V be a non empty multiplicative loop with zero structure and let V; be
a subset of V. We say that V; is multiplicatively-closed if and only if:

(Def. 4) 1y € V4 and for all elements v, u of V' such that v, u € V4 holds v-u € V.

Let V be a non empty additive loop structure and let V7 be a subset of V.
Let us assume that V; is add closed and non empty. The functor Add(Vi,V)
yielding a binary operation on Vj is defined as follows:

(Def. 5) Add(Vi,V) = (the addition of V') | (V7).

Let V be a non empty multiplicative loop with zero structure and let Vi be a
subset of V. Let us assume that V is multiplicatively-closed and non empty. The
functor mult(Vy, V) yields a binary operation on V; and is defined as follows:

(Def. 6) mult(Vy, V) = (the multiplication of V') [ (V1).

Let V be an add-associative right zeroed right complementable non empty
double loop structure and let Vi be a subset of V. Let us assume that V; is
add closed and non empty and has inverse. The functor Zero(Vy, V) yields an
element of V] and is defined by:

(Def. 7)  Zero(V1,V) = 0y.

Let V' be a non empty multiplicative loop with zero structure and let V; be
a subset of V. Let us assume that Vi is multiplicatively-closed and non empty.
The functor One(V;, V) yields an element of V; and is defined as follows:

(Def 8) One(VI,V) = 1v.

We now state the proposition



BANACH ALGEBRA OF BOUNDED FUNCTIONALS 117

(2) If V7 is additively-closed, multiplicatively-closed, and non empty, then
(Vi,Add(V1, V), mult(Vy, V), One(V1, V), Zero(V1, V)) is a ring.

2. SOME PROPERTIES OF ALGEBRAS

In the sequel V is an algebra, V; is a subset of V', M is a function from R x
X into X, and a is a real number.
Let V be an algebra. An algebra is called a subalgebra of V' if it satisfies the
conditions (Def. 9).
(Def. 9)(i)  The carrier of it C the carrier of V,
(ii)  the addition of it = (the addition of V') | (the carrier of it),
(iii)  the multiplication of it = (the multiplication of V') | (the carrier of it),
) the external multiplication of it = (the external multiplication of
V)T (R x the carrier of it),
(V) 1it = lv, and
(Vi) Oit == OV.
The following proposition is true
(3) Suppose that V; = X and dj = Oy and do = 1y and A = (the ad-
dition of V) [ (V1) and M = (the multiplication of V) [ (V1) and
M; = (the external multiplication of V)[(R x Vj) and V; has inverse.
Then (X, M, A, My, ds,d;y) is a subalgebra of V.
Let V be an algebra. Observe that there exists a subalgebra of V which is
strict.
Let V be an algebra and let V7 be a subset of V. We say that V; is additively-
linearly-closed if and only if:

(iv

(Def. 10) Vj is add closed and has inverse and for every real number a and for
every element v of V such that v € V4 holds a - v € V.
Let V be an algebra. One can check that every subset of V' which is additively-
linearly-closed is also additively-closed.
Let V be an algebra and let V] be a subset of V. Let us assume that V)
is additively-linearly-closed and non empty. The functor Mult(V1, V) yielding a
function from R x Vj into Vj is defined by:
(Def. 11)  Mult(V3, V) = (the external multiplication of V)[(R x V7).

Let V be a non empty RLS structure. We say that V' is scalar-multiplcation-
cancelable if and only if:
(Def. 12)  For every real number a and for every element v of V such that a-v = Oy
holds a = 0 or v = Oy
One can prove the following propositions:

(4) Let V be an add-associative right zeroed right complementable algebra-
like non empty algebra structure and a be a real number. Then a-0y = Oy .
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(5) Let V be an Abelian add-associative right zeroed right complemen-
table algebra-like non empty algebra structure. Suppose V is scalar-
multiplcation-cancelable. Then V' is a real linear space.

(6) Suppose V; is additively-linearly-closed, multiplicatively-closed, and non
empty.

Then (Vi, mult(V1,V),Add(V1, V), Mult(V1, V), One(V1, V), Zero(V1,V))
is a subalgebra of V.

Let X be a non empty set. Observe that RAlgebra X is Abelian, add-
associative, right zeroed, right complementable, commutative, associative, right
unital, right distributive, and algebra-like.

One can prove the following two propositions:

(7) RAlgebra X is a real linear space.

(8) Let V be an algebra and V; be a subalgebra of V. Then

(i)  for all elements v, w; of Vi and for all elements v, w of V such that
v1 = v and wy = w holds vi + w; = v + w,

(ii)  for all elements vy, wy of V; and for all elements v, w of V' such that
vy =v and wy = w holds v1 - w1 = v - w,

(iii)  for every element v; of V; and for every element v of V' and for every
real number a such that v1 = v holds a-v; = a - v,

(iV) 1(V1) = 1v, and

(V) O(Vl) = OV.

3. BANACH ALGEBRA OF BOUNDED FUNCTIONALS

Let X be a non empty set. The functor BoundedFunctions X yielding a non
empty subset of RAlgebra X is defined as follows:

(Def. 13) BoundedFunctions X = {f : X — R: f is bounded on X}.
We now state the proposition

(9) BoundedFunctions X is additively-linearly-closed and multiplicatively-
closed.
Let us consider X. Note that BoundedFunctions X is additively-linearly-
closed and multiplicatively-closed.
The following proposition is true

(10) (BoundedFunctions X, mult(BoundedFunctions X, RAlgebra X),
Add(BoundedFunctions X, RAlgebra X), Mult(BoundedFunctions X,
RAlgebra X '), One(BoundedFunctions X, RAlgebra X),
Zero(BoundedFunctions X, RAlgebra X)) is a subalgebra of RAlgebra X.

Let X be a non empty set. The R-algebra of bounded functions on X yields
an algebra and is defined by:
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(Def. 14) The R-algebra of bounded functions on X = (BoundedFunctions X,
mult(BoundedFunctions X, RAlgebra X ), Add(BoundedFunctions X,
RAlgebra X'), Mult(BoundedFunctions X, RAlgebra X ), One(Bounded
Functions X, RAlgebra X ), Zero(BoundedFunctions X, RAlgebra X)).

The following proposition is true
(11) The R-algebra of bounded functions on X is a real linear space.

We adopt the following rules: F', G, H are vectors of the R-algebra of boun-
ded functions on X and f, g, h are functions from X into R.
Next we state several propositions:
(12) If f=F and g = G and h = H, then H = F + G iff for every element z
of X holds h(z) = f(x) + g(x).
(13) If f = F and g = G, then G = a - F iff for every element x of X holds
g(x) =a- f(z).
(14) If f=F and g = G and h = H, then H = F - G iff for every element z
of X holds h(z) = f(x) - g(x).
(15) Othe R-algebra of bounded functions on X = X —0.

(16) Line R-algebra of bounded functions on X — X +— 1
Let X be a non empty set and let F' be a set. Let us assume that F' €
BoundedFunctions X. The functor modetrans(F, X) yielding a function from X
into R is defined by:

(Def. 15) modetrans(F, X) = F and modetrans(F, X) is bounded on X.

Let X be a non empty set and let f be a function from X into R. The functor
PreNorms(f) yielding a non empty subset of R is defined as follows:

(Def. 16) PreNorms(f) = {|f(x)| : = ranges over elements of X }.
Next we state three propositions:

(17) If f is bounded on X, then PreNorms(f) is non empty and upper boun-
ded.

(18) f is bounded on X iff PreNorms(f) is upper bounded.

(19) There exists a function N; from BoundedFunctions X into R such that
for every set F such that F' € BoundedFunctions X holds Ni(F) =
sup PreNorms(modetrans(F, X)).

Let X be a non empty set. The functor BoundedFunctionsNorm X yields a
function from BoundedFunctions X into R and is defined by:

(Def. 17) For every set = such that = € BoundedFunctions X holds
(BoundedFunctionsNorm X )(x) = sup PreNorms(modetrans(z, X)).

We now state two propositions:
(20) If f is bounded on X, then modetrans(f, X) = f.

(21) If f is bounded on X, then (BoundedFunctionsNorm X)(f) =
sup PreNorms(f).
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Let X be a non empty set. The R-normed algebra of bounded functions on
X yielding a normed algebra structure is defined as follows:

(Def. 18) The R-normed algebra of bounded functions on X =
(BoundedFunctions X, mult(BoundedFunctions X, RAlgebra X),
Add(BoundedFunctions X, RAlgebra X ), Mult(BoundedFunctions X,
RAlgebra X), One(BoundedFunctions X, RAlgebra X),
Zero(BoundedFunctions X, RAlgebra X ), BoundedFunctionsNorm X).

Let X be a non empty set. Note that the R-normed algebra of bounded
functions on X is non empty.

Let X be a non empty set. Observe that the R-normed algebra of bounded
functions on X is unital.

We now state the proposition

(22) Let W be a normed algebra structure and V' be an algebra. If the algebra
structure of W =V and 1y = 1y, then W is an algebra.

In the sequel F, G, H denote points of the R-normed algebra of bounded
functions on X.

We now state a number of propositions:

(23) The R-normed algebra of bounded functions on X is an algebra.

(24) (Mult(BoundedFunctions X, RAlgebra X))(1, F') = F.

(25) The R-normed algebra of bounded functions on X is a real linear space.
(26) X +— 0 = O¢he R-normed algebra of bounded functions on X -

(27) If f = F and f is bounded on X, then |f(x)| < ||F||.

(28) 0<|F|.

(29) 0 = ||(Othe R-normed algebra of bounded functions on X)]|-

(30)

(M)
@)

If f=F and g =G and h = H, then H = F + G iff for every element z
of X holds h(x) = f(z) + g(z).
(31) If f=F and g = G, then G = a - F iff for every element x of X holds
g(@) = a- f(a).
(32) If f=F and g =G and h = H, then H = F - G iff for every element x
of X holds h(z) = f(z) - g(x).
(33)(1) ||FH =0iff I = Othe R-normed algebra of bounded functions on X
(ii)  la- F[| = la| - [[F]], and
(iii) JF+Gl <[F[+G].
(34) The R-normed algebra of bounded functions on X is real normed space-
like.
Let X be a non empty set.
Note that the R-normed algebra of bounded functions on X is real normed
space-like, real linear space-like, Abelian, add-associative, right zeroed, and right
complementable.
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We now state three propositions:
(35) If f=F and g =G and h = H, then H = F — G iff for every element z
of X holds h(z) = f(x) — g(x).
(36) Let X be a non empty set and s; be a sequence of the R-normed algebra
of bounded functions on X. If s; is Cauchy sequence by norm, then s; is
convergent.

(37) The R-normed algebra of bounded functions on X is a real Banach space.

Let X be a non empty set.
Observe that the R-normed algebra of bounded functions on X is complete.
The following proposition is true

(38) The R-normed algebra of bounded functions on X is a Banach algebra.
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1. CoMPLEX LINEAR COMBINATIONS

Let V be a non empty zero structure. An element of Cthe carrier of Vg gaid

to be a C-linear combination of V if:
(Def. 1) There exists a finite subset T of V' such that for every element v of V
such that v ¢ T holds it(v) = 0.
Let V be a non empty additive loop structure and let L be an element of
Cthe carrier of V. The support of L yielding a subset of V is defined by:
(Def. 2) The support of L = {v € V: L(v) # Oc}.
Let V' be a non empty additive loop structure and let L be a C-linear com-
bination of V. One can check that the support of L is finite.
The following proposition is true
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(1) Let V be a non empty additive loop structure, L be a C-linear combina-
tion of V', and v be an element of V. Then L(v) = Oc if and only if v ¢ the
support of L.

Let V' be a non empty additive loop structure. The functor ZeroCLC V yields
a C-linear combination of V' and is defined by:

(Def. 3) The support of ZeroCLCV = 0.
Let V' be a non empty additive loop structure. Note that the support of
ZeroCLCV is empty.
We now state the proposition
(2) For every non empty additive loop structure V' and for every element v
of V holds (ZeroCLC V) (v) = Oc.

Let V be a non empty additive loop structure and let A be a subset of V.
A C-linear combination of V is said to be a C-linear combination of A if:
(Def. 4) The support of it C A.
Next we state three propositions:

(3) Let V be a non empty additive loop structure, A, B be subsets of V,
and [ be a C-linear combination of A. If A C B, then [ is a C-linear
combination of B.

(4) Let V be a non empty additive loop structure and A be a subset of V.
Then ZeroCLCV is a C-linear combination of A.

(5) Let V be a non empty additive loop structure and [ be a C-linear com-
bination of Oihe carrier of v- Then [ = ZeroCLC V.

In the sequel ¢ is a natural number.
Let V be a non empty CLS structure, let F' be a finite sequence of elements
of the carrier of V, and let f be a function from the carrier of V' into C. The

functor f F yields a finite sequence of elements of the carrier of V' and is defined
as follows:

(Def. 5) len(f F') = len F and for every ¢ such that ¢ € dom(f F') holds (f F)(i) =
f(F) - F.
For simplicity, we follow the rules: V' denotes a non empty CLS structure,
v, U1, V2, vg denote vectors of V', A denotes a subset of V', [ denotes a C-linear
combination of A, x denotes a set, a, b denote complex numbers, F' denotes a
finite sequence of elements of the carrier of V, and f denotes a function from
the carrier of V into C.
The following propositions are true:

If x € dom F' and v = F(x), then (f F)(z) = f(v) - v.

~N O
—_

f €(the carrier of V) = €(the carrier of V)-
f (o) = {f(v)-v).
9) [f(vr,v2) = (f(v1) - v1, f(v2) - v2).

~~ I~
Qo
~—
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(10)  f(v1,v2,v3) = (f(v1) - v1, f(v2) - va, f(v3) - v3).
In the sequel L, L1, Lo, L3 are C-linear combinations of V.
Let V be an Abelian add-associative right zeroed right complementable non
empty CLS structure and let L be a C-linear combination of V. The functor
>~ L yields an element of V' and is defined by the condition (Def. 6).

(Def. 6) There exists a finite sequence F' of elements of the carrier of V such that
F' is one-to-one and rng F' = the support of L and Y. L =5 L F.

One can prove the following propositions:

(11) For every Abelian add-associative right zeroed right complementable non
empty CLS structure V holds ) ZeroCLCV = 0y .

(12) Let V be a complex linear space and A be a subset of V. Suppose A # ().
Then A is linearly closed if and only if for every C-linear combination ! of
A holds Y 1 € A.

(13) Let V be an Abelian add-associative right zeroed right complemen-
table non empty CLS structure and [ be a C-linear combination of
Dthe carrier of v- Then 371 = Oy.

(14) Let V be a complex linear space, v be a vector of V', and [ be a C-linear
combination of {v}. Then 1 =I(v) - v.

(15) Let V be a complex linear space and vy, v be vectors of V. Suppose
v1 # vg. Let [ be a C-linear combination of {v1,v2}. Then > 1 = I(vy) -
vy + [(v2) - va.

(16) Let V be an Abelian add-associative right zeroed right complementable
non empty CLS structure and L be a C-linear combination of V. If the
support of L = (J, then Y L = Oy.

(17) Let V be a complex linear space, L be a C-linear combination of V', and
v be a vector of V. If the support of L = {v}, then >> L = L(v) - v.

(18) Let V be a complex linear space, L be a C-linear combination of V', and
v1, v be vectors of V. If the support of L = {v1,v2} and v; # vg, then
L= L(Ul) -1+ L('UQ) - V9.

Let V be a non empty additive loop structure and let Li, Ly be C-linear
combinations of V. Let us observe that L1 = Lo if and only if:

(Def. 7) For every element v of V holds L1 (v) = La(v).

Let V be a non empty additive loop structure and let L;, Ls be C-linear
combinations of V. Then Ly + Ly is a C-linear combination of V' and it can be
characterized by the condition:

(Def. 8) For every element v of V holds (L1 + L2)(v) = L;i(v) + La(v).
One can prove the following propositions:
(19) The support of L1 + Ly C (the support of Li) U (the support of Ls).
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(20) Suppose L; is a C-linear combination of A and Ls is a C-linear combi-
nation of A. Then Li + Lo is a C-linear combination of A.

Let us consider V, A and let Ly, Ly be C-linear combinations of A. Then
Ly + Ly is a C-linear combination of A.
The following three propositions are true:

(21) For every non empty additive loop structure V' and for all C-linear com-
binations Ly, Lo of V holds Ly + Ly = Lo + L.

(22) Li+ (Lo + L3) = (L1 + Lo) + Ls.
(23) L + ZeroCLCV = L.

Let us consider V', a and let us consider L. The functor a - L yielding a
C-linear combination of V' is defined as follows:

(Def. 9) For every v holds (a- L)(v) = a - L(v).
One can prove the following propositions:
(24) If a # Oc, then the support of a - L = the support of L.
(25) Oc - L = ZeroCLC V.

(26) If L is a C-linear combination of A, then a - L is a C-linear combination
of A.

27) (a+b)-L=a-L+b-L.
28) a-(L1+Ly)=a-Ly+a- Ls.
29) a-(b-L)=(a-b)-L.

30) 1c-L=L.

Let us consider V, L. The functor —L yielding a C-linear combination of V'

(
(
(
(

is defined as follows:
(Def. 10) —L = (—1¢)- L.
We now state three propositions:
(31) (~L)(v) = —L(v).
(32) If Ly + Ly = ZeroCLCV, then Ly = — L.
(33) ——L=1L.
Let us consider V' and let us consider L1, Lo. The functor L1 — Lo yields a
C-linear combination of V' and is defined by:
(Def. 11) Ly — Lo = Ly + —Lo.
One can prove the following propositions:
(34) (L1 — La)(v) = L1(v) — La(v).
(35) The support of Ly — Lo C (the support of L1) U (the support of Ls).

(36) Suppose L; is a C-linear combination of A and Lg is a C-linear combi-
nation of A. Then L; — Ly is a C-linear combination of A.

(37) L — L = ZeroCLC V.
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Let us consider V. The functor C-LinComb V' yields a set and is defined as
follows:

(Def. 12) 2 € C-LinComb V iff z is a C-linear combination of V.

Let us consider V. One can verify that C-LinComb V' is non empty.

In the sequel e, e, es denote elements of C-LinComb V.

Let us consider V and let us consider e. The functor ®e yields a C-linear
combination of V' and is defined as follows:

(Def. 13) %e =e.

Let us consider V and let us consider L. The functor L yielding an element

of C-LinComb V' is defined by:
(Def. 14) °L = L.

Let us consider V. The functor C-LCAddV yields a binary operation on
C-LinComb V' and is defined by:

(Def. 15) For all e, ep holds (C-LCAdd V) (e1, e2) = (®e1) + ©ey.

Let us consider V. The functor C-LCMult V' yields a function from C X
C-LinComb V into C-LinComb V' and is defined as follows:

(Def. 16) For all a, e holds (C-LCMult V)({a, €)) = a - (%e).

Let us consider V. The functor LC-CLSpaceV yielding a complex linear
space is defined by:

(Def. 17) LC-CLSpace V = (C-LinComb V, ®ZeroCLC V, C-LCAdd V, C-LCMult V).

Let us consider V. Note that LC-CLSpace V' is strict and non empty.

We now state four propositions:
LlL(C—CLSpaceV + LQLC—CLSpaeeV — Ll + L2'

38)
39) a - LL(C—CLSpaceV =a-L.
40) 7LL(C—CLSpaceV = L.

41) LlL(C—CLSpaceV o LZLC—CLSpaceV — Ll o L2.
Let us consider V' and let us consider A. The functor LC-CLSpace A yielding
a strict subspace of LC-CLSpace V' is defined as follows:
(Def. 18) The carrier of LC-CLSpace A = {l}.

2. PRELIMINARIES FOR COMPLEX CONVEX SETS

Let V be a complex linear space and let W be a subspace of V. The functor
Up(W) yields a subset of V' and is defined by:

(Def. 19) Up(W) = the carrier of W.

Let V be a complex linear space and let W be a subspace of V. One can
check that Up(WW) is non empty.
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Let V be a non empty CLS structure and let S be a subset of V. We say
that S is affine if and only if the condition (Def. 20) is satisfied.

(Def. 20) Let x, y be vectors of V and z be a complex number. If there exists a
real number a such that a = z and x, y € S, then (Ic —2) -z +2-y € S.

Let V be a complex linear space. The functor Qy yields a strict subspace of
V and is defined as follows:

(Def. 21) Qy = the CLS structure of V.

Let V' be a non empty CLS structure. Observe that Qy is affine and )y is
affine.

Let V be a non empty CLS structure. One can check that there exists a
subset of V' which is non empty and affine and there exists a subset of V' which
is empty and affine.

We now state three propositions:

(42) For every real number a and for every complex number z holds R(a-z) =
a-R(z).

(43) For every real number a and for every complex number z holds $(a-z) =
a-3(z).

(44) For every real number a and for every complex number z such that
0<a<1lholds|a-z|=a-|z] and |(1c —a)- 2| = (1c — a) - |#|.

3. CoMPLEX CONVEX SETS

Let V be a non empty CLS structure, let M be a subset of V', and let r be
an element of C. The functor r - M yielding a subset of V is defined by:

(Def. 22) r- M = {r - v;v ranges over elements of V: v € M}.

Let V' be a non empty CLS structure and let M be a subset of V. We say
that M is convex if and only if the condition (Def. 23) is satisfied.

(Def. 23) Let u, v be vectors of V' and z be a complex number. Suppose there
exists a real number r such that z =r and 0 <r <1 and u, v € M. Then
z-u+ (1c —2)-v € M.

One can prove the following propositions:
(45) Let V be a complex linear space-like non empty CLS structure, M be
a subset of V, and z be a complex number. If M is convex, then z - M is
convex.

(46) Let V be an Abelian add-associative complex linear space-like non empty
CLS structure and M, N be subsets of V. If M is convex and N is convex,
then M + N is convex.

(47) Let V be a complex linear space and M, N be subsets of V. If M is
convex and N is convex, then M — N is convex.



CONVEX SETS AND CONVEX COMBINATIONS . ..

(48) Let V be a non empty CLS structure and M be a subset of V. Then M
is convex if and only if for every complex number z such that there exists a
real number 7 such that z = 7 and 0 < r < 1 holds z- M+ (1c—2)-M C M.

(49) Let V be an Abelian non empty CLS structure and M be a subset of V.
Suppose M is convex. Let z be a complex number. If there exists a real
number 7 such that z =r and 0 <r <1, then (1c —2) - M +z2-M C M.

(50) Let V be an Abelian add-associative complex linear space-like non empty
CLS structure and M, N be subsets of V. Suppose M is convex and N is
convex. Let z be a complex number. If there exists a real number r such
that z =r, then z- M + (1¢ — z) - N is convex.

(51) For every complex linear space-like non empty CLS structure V' and for
every subset M of V holds 1¢ - M = M.

(52) For every complex linear space V' and for every non empty subset M of
V holds Oc - M = {0y }.

(53) For every add-associative non empty additive loop structure V' and for
all subsets M7, My, M3 of V holds (M1 + Mg) + M3 = M7 + (M2 + Mg).

(54) Let V be a complex linear space-like non empty CLS structure, M be a
subset of V', and z1, 22 be complex numbers. Then z;-(z2-M) = (21-22)-M.

(55) Let V be a complex linear space-like non empty CLS structure, M,
M> be subsets of V', and z be a complex number. Then z - (M; + M) =
z- M+ z- M.

(56) Let V be a complex linear space, M be a subset of V', and v be a vector
of V. Then M is convex if and only if v + M is convex.

(57) For every complex linear space V' holds Up(0y) is convex.
(58) For every complex linear space V' holds Up(fy) is convex.

(59) For every non empty CLS structure V' and for every subset M of V' such
that M = () holds M is convex.

(60) Let V be an Abelian add-associative complex linear space-like non empty
CLS structure, M7, Ms be subsets of V, and z71, 2o be complex numbers.
If My is convex and My is convex, then z1 - My + z9 - M is convex.

(61) Let V be a complex linear space-like non empty CLS structure, M be
a subset of V, and z1, z9 be complex numbers. Then (z1 + 2z3) - M C
21+ M + 29 - M.

(62) Let V be a non empty CLS structure, M, N be subsets of V', and z be
a complex number. If M C N, then z- M C z - N.

(63) For every non empty CLS structure V' and for every empty subset M of
V and for every complex number z holds z - M = ().

(64) Let V be a non empty additive loop structure, M be an empty subset
of V, and N be a subset of V. Then M + N = (.

129
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(65) For every right zeroed non empty additive loop structure V' and for every
subset M of V holds M + {0y} = M.

(66) Let V be a complex linear space, M be a subset of V, and z1, 22 be
complex numbers. Suppose there exist real numbers r1, 2 such that z; =
r1 and zo = r9 and 1 > 0 and 7 > 0 and M is convex. Then z1 - M + 25 -
M = (21+22)‘M.

(67) Let V be an Abelian add-associative complex linear space-like non empty
CLS structure, M1, My, M3 be subsets of V, and z;, 29, z3 be complex
numbers. If M; is convex and Ms is convex and Mjs is convex, then zj -
My + z9 - My + z3 - M3 is convex.

(68) Let V be a non empty CLS structure and F' be a family of subsets of
V. Suppose that for every subset M of V such that M € F holds M is
convex. Then () F is convex.

(69) For every non empty CLS structure V' and for every subset M of V' such
that M is affine holds M is convex.

Let V be a non empty CLS structure. One can check that there exists a
subset of V' which is non empty and convex.

Let V be a non empty CLS structure. Observe that there exists a subset of
V' which is empty and convex.

One can prove the following propositions:

(70) Let V be a complex unitary space-like non empty complex unitary space
structure, M be a subset of V', v be a vector of V', and r be a real number.
If M = {u;u ranges over vectors of V: R((u|v)) > r}, then M is convex.

(71) Let V be a complex unitary space-like non empty complex unitary space
structure, M be a subset of V', v be a vector of V', and r be a real number.
If M = {u;u ranges over vectors of V: R((u|v)) > r}, then M is convex.

(72) Let V be a complex unitary space-like non empty complex unitary space
structure, M be a subset of V', v be a vector of V', and r be a real number.
If M = {u;u ranges over vectors of V: R((u|v)) < r}, then M is convex.

(73) Let V be a complex unitary space-like non empty complex unitary space
structure, M be a subset of V', v be a vector of V', and r be a real number.
If M = {u;u ranges over vectors of V: R((u|v)) < r}, then M is convex.

(74) Let V be a complex unitary space-like non empty complex unitary space
structure, M be a subset of V', v be a vector of V', and r be a real number.
If M = {u;u ranges over vectors of V: I((ulv)) > r}, then M is convex.

(75) Let V be a complex unitary space-like non empty complex unitary space
structure, M be a subset of V', v be a vector of V', and r be a real number.
If M = {u;u ranges over vectors of V: I((ulv)) > r}, then M is convex.

(76) Let V be a complex unitary space-like non empty complex unitary space
structure, M be a subset of V', v be a vector of V', and r be a real number.
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If M = {u;u ranges over vectors of V: I((ulv)) < r}, then M is convex.

(77) Let V be a complex unitary space-like non empty complex unitary space
structure, M be a subset of V', v be a vector of V', and r be a real number.
If M = {u;u ranges over vectors of V: I((ulv)) < r}, then M is convex.

(78) Let V be a complex unitary space-like non empty complex unitary space
structure, M be a subset of V', v be a vector of V', and r be a real number.
If M = {u;u ranges over vectors of V: |(u|v)| < r}, then M is convex.

(79) Let V be a complex unitary space-like non empty complex unitary space
structure, M be a subset of V', v be a vector of V', and r be a real number.
If M = {u;u ranges over vectors of V: |(u|v)| < r}, then M is convex.

4. COMPLEX CONVEX COMBINATIONS

Let V' be a complex linear space and let L be a C-linear combination of V.
We say that L is convex if and only if the condition (Def. 24) is satisfied.

(Def. 24) There exists a finite sequence F' of elements of the carrier of V such that
(i) F is one-to-one,
(i) rng F' = the support of L, and
(ili)  there exists a finite sequence f of elements of R such that len f = len F’
and > f = 1 and for every natural number n such that n € dom f holds
f(n) = L(F(n)) and f(n) > 0.
We now state several propositions:

(80) Let V be a complex linear space and L be a C-linear combination of V.
If L is convex, then the support of L # ().

(81) Let V be a complex linear space, L be a C-linear combination of V', and
v be a vector of V. Suppose L is convex and there exists a real number r
such that » = L(v) and r < 0. Then v ¢ the support of L.

(82) For every complex linear space V and for every C-linear combination L
of V such that L is convex holds L # ZeroCLCYV.

(83) Let V be a complex linear space, v be a vector of V, and L be a C-
linear combination of V. Suppose L is convex and the support of L = {v}.
Then there exists a real number r such that » = L(v) and r = 1 and
> L= L(v)-v.

(84) Let V be a complex linear space, v1, va be vectors of V, and L be
a C-linear combination of V. Suppose L is convex and the support of
L = {v1,v2} and v # ve. Then there exist real numbers ry, ro such that
r1 = L(vy) and 79 = L(ve) and 71 + 72 = 1 and 71 > 0 and r9 > 0 and
S L= L(vy) - vy + L(vy) - va.
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(85) Let V be a complex linear space, v1, ve, v3 be vectors of V, and L be
a C-linear combination of V. Suppose L is convex and the support of
L = {v1,v2,v3} and vy # va # v3 # v1. Then

(i)  there exist real numbers 71, 79, 73 such that r; = L(v1) and ro = L(vg)
and r3 = L(vg) and 1 + 719 +r3 =1 and 71 > 0 and 79 > 0 and r3 > 0,
and

(ii) L= L(’Ul) -1+ L(UQ) - U9 + L(U3) - V3.

(86) Let V be a complex linear space, v be a vector of V', and L be a C-linear
combination of {v}. Suppose L is convex. Then there exists a real number
r such that r = L(v) and r =1 and }_ L = L(v) - v.

(87) Let V be a complex linear space, v1, vy be vectors of V, and L be a
C-linear combination of {v1,v2}. Suppose v; # v9 and L is convex. Then
there exist real numbers 71, rg such that v = L(v;) and 79 = L(v2) and
r1 > 0and ro >0 and Y L = L(vy) - v1 + L(va) - va.

(88) Let V be a complex linear space, v, v, v3 be vectors of V', and L be a
C-linear combination of {vy,va,v3}. Suppose vy # vy # vz # v; and L is
convex. Then

(i)  there exist real numbers 71, 9, 73 such that r; = L(v1) and ro = L(vs)
and r3 = L(vg) and 71 +r9 +r3 =1 and 1 > 0 and 7o > 0 and r3 > 0,
and

(ii) Z L= L(Ul) -V + L(Ug) -V + L(Ug) + V3.

5. CoMPLEX CONVEX HULL

Let V be a non empty CLS structure and let M be a subset of V. The
functor Convex-Family M yielding a family of subsets of V' is defined by:

(Def. 25) For every subset N of V holds N € Convex-Family M iff N is convex
and M C N.

Let V be a non empty CLS structure and let M be a subset of V. The
functor conv M yielding a convex subset of V' is defined as follows:
(Def. 26) conv M = ) Convex-Family M.
The following proposition is true

(89) Let V be a non empty CLS structure, M be a subset of V', and N be a
convex subset of V. If M C N, then conv M C N.
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Summary. In this article, we define the division of the quaternion num-
bers, we also give the definition of inner products, group, ring of the quaternion
numbers, and we prove some of their properties.

MML identifier: QUATERN2, version: 7.8.10 4.100.1011

The articles [9], [1], [3], [4], [6], [5], [2], [7], and [8] provide the notation and
terminology for this paper.

We use the following convention: ¢, 7, ¢, ¢1, ¢2, c3 are quaternion numbers
and x1, 2, T3, T4, Y1, Y2, Y3, Y4 are elements of R.

Og is an element of H.

1y is an element of H.

Next we state several propositions:

—

For all real numbers z, y, z, w holds (x,y, z,w)yg =z +y-i+z-j+w-k.
(c1 4 c2)+c3=c1+ (ca+c3).

c+ O0g =c.

—(x1, @2, X3, Xa)u = (—X1, —T2, —T3, —T4)H-

(T1, T2, T3, Ta)u — (Y1, Y2, Y3, Ya)mm = (T1 — Y1, T2 — Y2, T3 — Y3, T4 — Ya)H.
(c1 —c2) +c3 = (c1+ ¢3) — ca.

=W N

~N O

c1 = (Cl =+ C2) — Co.

co

c1 = (61 — CQ) + co.

I I e e e e e
e ot
S N e e e e N N

(—z1)-c=—x1-cC.
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Let us consider ¢g. Then |¢| is an element of R.
i Is an element of H.
We now state a number of propositions:

10) If r # 0, then |r| > 0.
11) (0)-c=0.
12) ¢-(0)=0.
13) c-Ilg=c.
14) 1g-c=c.

—_
(@)

(Cl . Cg) +C3 =C1 - (62 . 63).

16) ¢1-(ca4c3)=c1-ca+e-cs.

17) (c1+c2)-c3=c1-c3+co-cs.
—c=(—1g)-c

19) (—c1)-ca = —cq - co.

20) e¢1-—c9g = —c1-Co.

(\)
—

(—c1) - —ca=c1 - ca.
(c1—c2)-cg=c1-c3—cy-cs.
c1-(ca—c3)=c1-ca—cy-cs.
(x1, 72,23, v4)m = (T1, —T2, —T3, —T4)H.
T=c
Let us consider ¢, r. The functor £ is defined by the condition (Def. 1).
(Def. 1) There exist elements qo, q1, g2, g3, T0, 71, T2, T3 of R such that

(1) q= <QO7Q17qQ7q3>H7
(i)  r=(ro,r1,72,73)m, and
(ifi) ¢ = (odotrigitragatrgs (ro-g1—=r1-go—r2-g3)+73-q2  (ro-g2+r1-g3)—r2:go—rs-q1
T r[? ’ [ ’ r[? ’
(("“0~<13—r1~q2)+rz-q1)—'r3'qo>
I H-

NN
w N

DO
=~

o~~~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ —~
—
N N N i N N N N I i S g

[\]
ot

Let us consider ¢, . One can check that ¥ is quaternion.

Let us consider ¢, 7. Then £ is an element of H and it can be characterized
by the condition:

(Def. 2) %= §R(?“)'%(Q)-*‘%l(‘1)'31(7")7;('\\;2(7“)‘32((1)-*‘33(7‘)'33(11)_i_
(R(r '%1(q)—%(T)'W(Q)—322(T)~33(Q))+C\‘93(7’)'%2(Q) g
(ﬂ?(r)-%‘z(q)+31(T)-%s(ql)g‘ggz(T)-W(q)*ﬁs(r)-%(4) it
((9?(7‘)-%3(11)791(T)-Sz(q‘))rg%(r)-%(Q))*%(T‘)-@“‘f(q) k.

Let us consider ¢. The functor ¢! yielding a quaternion number is defined
by:

(Def. 3) ¢ 1 =1,

Cc
Let us consider r. Then r—

1 is an element of H and it can be characterized

by the condition:
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— R(r I (r . S (r . I3 (r
(Def. 4) T 1 = |7’(|2) - |:,|(2) <1 — |i|(2) '] - |i‘(2) N k.
We now state several propositions:
(26) R(rY = R and S1(r 7t = —sli—g) and So(r~ 1) = _%\il(;) and

|r[?
r 1): S3(r)

—~

33

I

r 2
q R(r)-R(P)+31(9)-S1 (1) +F2(1)-F2(9)+33(1)- I3 ()
( )(1) §R(,,,) 1 1 |,,.‘22 2 3 3
R(r 61(q)f%(T)-?R(q)Iffz(r)'%(q))Jr%a(r)%z(q)’

1(3)
2(9) )-S2(q)+S1(r)- 63(ql))‘ S2(r) - R(q)—S3(r)-S1(q)
( ) = ((R(r)-S3(g) =S1(r)-2(9))+S2(r)-S1(9)) =3 (r)-R(a)

I

© @
I
“93
=
o

ii)
(iii)
(iv) 3
(28) Ifr#0, then 7 -7t =1.
(29) Ifr #0, then r—!.r=1.
(30) If ¢ # Og, then £ = 1p.

(31) (o)~ t=—ch
The unary operation comply on H is defined by:
(Def. 5) For every element ¢ of H holds comply(c) = —c.

The binary operation +y on H is defined as follows:

(Def. 6) For all elements ¢1, co of H holds +p(c1, c2) = ¢1 + co.

The binary operation —y on H is defined by:

(Def. 7) For all elements ¢y, co of H holds —pg(e1, c2) = ¢1 — co.

The binary operation - on H is defined as follows:

(Def. 8) For all elements c1, co of H holds ‘g(c1, c2) = ¢1 - co.

The binary operation /g on H is defined as follows:

(Def. 9) For all elements ¢, co of H holds /g(c1, c2) = %

The unary operation ]ﬁl on H is defined by:

(Def. 10) For every element ¢ of H holds (")(c) = ¢ 1.
The strict additive loop structure Hg is defined as follows:
(Def. 11) The carrier of Hg = H and the addition of Hg = 4+ and Op,, = Op.

Let us mention that Hg is non empty.

Let us note that every element of Hg is quaternion.

Let z, y be elements of Hg and let a, b be quaternion numbers. One can
check that x + y and a + b can be identified when x = a and y = b.

One can prove the following proposition

(32) Omg = Om.

Let us observe that Hg is Abelian, add-associative, right zeroed, and right

complementable.

Let z be an element of Hg and let a be a quaternion number. Note that —z
and —a can be identified when z = a.
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Let z, y be elements of Hg and let a, b be quaternion numbers. One can
verify that x — y and a — b can be identified when x = a and y = b.

Next we state the proposition

(33) For all elements x, y, z of Hg holds x +y =y 4+ x and (z +y) + 2z =
z+ (y+2) and x + O, = .

The strict double loop structure Hy is defined as follows:

(Def. 12) The carrier of Hg = H and the addition of Hr = +py and the multipli-
cation of Hr = ‘g and 1g, = 1y and O, = Og.

Let us note that Hg is non empty.

Let us observe that every element of Hy is quaternion.

Let a, b be quaternion numbers and let =, y be elements of Hgr. One can
check the following observations: x + y can be identified with a + b and z -y can
be identified with a - b when x = a and y = b.

One can check that Hg is well unital.

Next we state three propositions:

(34) 1m, = lu.
(35) 1m, = lm.
(36) Opy, = Om.

Let us mention that Hpg is add-associative, right zeroed, right complemen-
table, Abelian, associative, left unital, right unital, distributive, almost right
invertible, and non degenerated.

Let x be an element of Hyr and let a be a quaternion number. Observe that
—x and —a can be identified when x = a.

Let x, y be elements of Hy and let a, b be quaternion numbers. Observe that
x —y and a — b can be identified when = = a and y = b.

Let z be an element of Hy. Then Z is an element of HRg.

In the sequel z denotes an element of Hg.

The following propositions are true:

(37) —z=(-1mg) 2
( ) Omg = OHR'
( ) If?ZOHR,thenZZOHR.
(40) Img = lmg-
(41)  [Omg| = 0.
(42) If |z2| =0, then z = Opy.
(43) [lpg|=1.
(44)  (lmg) ™' = lpy.
Let z, y be quaternion numbers. The functor (z|y) yielding an element of H
is defined as follows:

(Def. 13) (zly) =z -7.
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The following propositions are true:

(45) (Cl|62) = <§R(Cl) . %(02) + %1(01) . %1(62) + %2(01) . SQ(CQ) -+ %3(61)
S3(c2), (R(er) - =Siule2) + Siler) - R(ez)) — S2(er) - Ss(e2)) + Sz(er)
Sa2(c2), (R(er) - =Salez) + Riez) - Sa(er)) — Si(e2) - Ss(er)) + Si(e2)
S1(er), (Rler) - —S3(e2)+S3(er1) R(ez)) =S (e1)-Fa(e2))+S2(c1)-Si(e2))m

46)  (cle) = |¢f?.

47) R((c|c)) = |c|2 and 31 ((clc)) = 0 and I2((clc)) = 0 and I2((c|c)) = 0.

48) |(c1le2)| = ler] - [ezl.

o
NeJ

AAAAAA/—\/—\/—\A/—\/—\/—\
ot
[\)

o D D D D T T D T

If (¢|c) = 0, then ¢ = 0.

((e1 4 e2)les) = (erfes) + (c2fes).
(c1](e2 + e3)) = (e1lea) + (cifes).
((—e1)le2) = —(c1]e2).

—(c1]e2) = (e1]—c2).

(—c1)|—c2) = (cilea).

(c1 — e2)les) = (cies) — (ezles).

(
(
(c1](e2 = e3)) = (e1lea) — (cafes).
(
(

(@2 N |
=)

v Ot ot Ot Ot
~N O Ot =~ W

(c1 + e2)l(e1+ ¢e2)) = (e1ler) + (e1]e2) + (e2fer) + (ealea).
(c1 —e2)l(e1 — e2)) = ((e1]er) — (eale2) — (ealer)) + (e2fe2).

ot
oo
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The notation and terminology used in this paper are introduced in the following
articles: [16], [13], [2], [3], [5], (1], [7], [9], [12], [10], [8], [18], [14], [11], [6], [15],
and [17].

For simplicity, we use the following convention: x, r, a, xg, p are real numbers,
n, i, m are elements of N, Z is an open subset of R, and f, fi, fo are partial
functions from R to R.

Next we state a number of propositions:

(1) For every function f from R into R holds dom(f[Z) = Z.
(2) (=f)-fo=hH Lo

(3) Ifn>1, then dom(:) = R\ {0} and (O")~'({0}) = {0}.
4 () m=rp):

(5) For all elements n, m of R holds n f +m f = (n+m) f.
(6) If f1Z is differentiable on Z, then f is differentiable on Z.

(© 2008 University of Bialystok
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(7) If n>1 and f is differentiable n times on Z, then f is differentiable on
Z.

(8) [ is differentiable on R.
(9) If x € Z, then (the function sin)(Z)(2)(z) = —sinz.
(10) If x € Z, then (the function sin)(Z)(3)(z) = —cos .
(11) If z € Z, then (the function sin)'(Z)(n)(x) = sin(z 4 %57).
(12) If x € Z, then (the function cos) (Z)(2)(z) = —cosz.
(13) If x € Z, then (the function cos) (Z)(3)(x) = sinz.
(14) If z € Z, then (the function cos)'(Z)(n)(x) = cos(z + %5).
(15) is differentiable n times on Z,

If f1 is differentiable n times on Z and f5 i

then (fi + f2)'(Z)(n) = £'(Z2)(n) + £2'(Z)(n).

(16) If f; is differentiable n times on Z and f> is differentiable n times on Z,
then (fi — f2)'(Z)(n) = £'(Z)(n) — £'(Z)(n).

(17) 1If f; is differentiable n times on Z and f3 is differentiable n times on Z
and i < n, then (fi + fo)(2)(i) = £'(Z)(0) + f2/(Z)(i).

(18) If f; is differentiable n times on Z and f, is differentiable n times on Z
and i < n, then (f1 — f2)(Z)(i) = A'(Z)(i) - f2'(2)(i).

(19) 1If f; is differentiable n times on Z and fs is differentiable n times on Z,

then f; + f is differentiable n times on Z.

(20) If f; is differentiable n times on Z and f5 is differentiable n times on Z,
then f; — fo is differentiable n times on Z.

(21) If f is differentiable n times on Z, then (r ) (Z)(n) = r f'(Z)(n).
(22) 1If f is differentiable n times on Z, then r f is differentiable n times on
Z.

If f is differentiable on Z, then f'(Z)(1) = f{.

If n > 1 and f is differentiable n times on Z, then f'(Z)(1) = f{5.

If x € Z, then (r (the function sin))'(Z)(n)(z) = r - sin(z + &F).

If x € Z, then (r (the function cos))'(Z)(n)(z) = r - cos(x + ).

If z € Z, then (r (the function exp))’ (Z)(n)(z) = r - exp x.

@)z = @@ ")z

If z # 0, then Dln is differentiable in z and (Dln ) (z) = —%.

If n > 1, then (O0")(2)(2) = ((n- (n — 1)) (O 2))|Z.

If n > 2, then (0")(2)(3) = ((n- (n—1)- (n—2)) (O"3))]Z.

£ n > m, then (TY(Z)(m) = (%) -ml) (O™ 12

If f is differentiable n times on Z, then (—f) (Z)(n ) = —f(Z)(n) and
—f is differentiable n times on Z.
(34) If xp € Z, then (Taylor(the function sin, Z, xg, x))(n) =

NN NN
~N O Ot = W

[\V]
Ne)

W W W
N = O

N N /N /N /N /N /N /N /N /S /N
w [\
w co
R T N N N D D N N
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sin(zo+ 27 )-(z—z0)"
n!

cos(xo+ 5" )-(z—x0)"
n! :

and (Taylor(the function cos, Z, xg,x))(n) =

(35) If r > 0, then (Maclaurin(the function sin,|—r,r[,z))(n) =
cos( ") -x"™
n!

and (Maclaurin(the function cos, |—r,r[,z))(n) =

(36) Ifn>m and x € Z, then (O")(Z)(m)(x) = () - m!- 2"~

(37) If z € Z, then (O™)(Z)(m)(z) = ml.

(38) [ is differentiable n times on Z.

(39) Ifz € Z and n > m, then (a (O0"))(Z)(m)(z) =a- () -m!- 2"

(40) If x € Z, then (a (O"))(Z)(n)(xz) = a-n!.

(41) If z9 € Z and n > m, then (Taylor(O", Z,zg,x))(m) = ()}) - xo" ™ -

(z — x0)™ and (Taylor(O", Z, xg,z))(n) = (x — xo)".

(42) Let n, m be elements of N and r, z be real numbers. If
n > m and r > 0, then (Maclaurin(O",]—r,r[,z))(m) = 0 and
(Maclaurin(O", |—r,r[,z))(n) = ™.

(43) g is differentiable on ]0, r|.

(44) If o € ]O,T[, then (ﬁ),ﬂo,T[(mO) = —W

(45) If z # 0, then gy is differentiable in z and (&r)'(z) = —@%)2.

(46) 1£10,r{ C dom(y), then (Yo, = ((=1) )10, 7]

(47) If 2 # 0, then gy is differentiable in 2 and (&)’ (z) = — (296'2””)12

(48) 1610,{ € dom(dy), then (Yo, = ((=2) )10, 7]

(49) If n > 1, then (ﬁ)’”oﬂ = ((—=n) )10, 7.

(50) Suppose fi is differentiable 2 times on Z and f, is differentiable 2 times

on Z. Then (f1 f2)'(2)(2) = f'(2)(2) fa+2((f1)}7 (f2)}2) + [ £2'(Z)(2).
(51) If Z C dom (the function In) and Z C dom(gr), then (the function
ln)’rZ = ﬁ IZ.
(52) Ifn>1and g €]0,r[, then (J=)'(J0,7[)(2)(z0) = n-(n+1)- (mrz) (20)-
(53) ((The function sin) (the function sin))'(Z)(2) = 2 (((the function cos)
(the function cos))[Z) + (—2) (((the function sin) (the function sin))[Z).
(54) ((The function cos) (the function cos))'(Z)(2) = 2 (((the function sin)
(the function sin))[Z) + (—2) (((the function cos) (the function cos))[Z).
(55) ((The function sin) (the function cos))’(Z)(2) =
4 (((—the function sin) (the function cos))[Z).

(56) Suppose Z C dom (the function tan). Then the function tan is differen-
tiable on Z and (the function tan)|, = ( 1 1 1NZ.

the function cos the function cos
(57) Suppose Z C dom (the function tan). Then
on Z and (

1 . g .
the function cos is differentiable
L (the function tan))[Z.

the function cos) 1z — (the function cos
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(58) Suppose Z C dom (the function tan). Then (the function tan) (Z)(2) =
2 (((the function tan) L 1 1"Z).

the function cos the function cos
(59) Suppose Z C dom (the function cot). Then
(i)  the function cot is differentiable on Z, and
(ii)  (the function cot)}, = ((=1) ( L L NIZ.

the function sin the function sin

(60) Suppose Z C dom (the function cot). Then

(i) e fraio is differentiable on Z, and
.. 1 . 1 .
(11) (the function sin)/[Z - (_the function sin (the function COt)) fZ

(61) Suppose Z C dom (the function cot). Then (the function cot)’(Z)(2) =
2 (((the function COt) the funition sin the funition sin) rZ)

(62) ((The function exp) (the function sin))'(Z)(2) = 2 (((the function exp)
(the function cos))[Z).

(63) ((The function exp) (the function cos))’(Z)(2) = 2 (((the function exp)

—the function sin)[Z).

(64) Suppose f; is differentiable 3 times on Z and fs is differentiable 3 ti-
mes on Z. Then (f1 f2)(2)(3) = f'(Z)(3) f2 + 3 (£ (2)(2) (f2)}2) +
3((f1z £(2)2) + £ 1 (2)(3).

(65) ((The function sin) (the function sin))'(Z)(3) = (—8) (((the function
cos) (the function sin))[Z).

(66) If f is differentiable 2 times on Z, then (f f)(Z)(2) = 2(f f'(Z2)(2)) +
2(fiz fz)-

(67) Suppose f is differentiable 2 times on Z and for every zy such that
20 € Z holds f(x0) # 0. Then (})/(2)(2) = 2zlz-TIAAT

(68) ((The function exp) (the function sin))'(Z)(3) = (2 ((the function exp)
(—the function sin + the function cos)))[Z.
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The articles [17], [1], [2], [18], [3], [13], [19], [7], [15], [5], [9], [12], [16], [4], [6],
[8], [11], [14], and [10] provide the notation and terminology for this paper.

1. FUNCTION ARCTAN AND ARCCOT

For simplicity, we adopt the following convention: x, r, s, h denote real
numbers, n denotes an element of N, Z denotes an open subset of R, and f, fi,
fo denote partial functions from R to R.

The following propositions are true:

(1) ]-%,5[ € dom (the function tan).
(2) ]0,7[ € dom (the function cot).
(

3)i)  The function tan is differentiable on |—7, 5[, and

(ii) for every x such that x € |-7, Z[ holds (the function tan)'(z) = W

(4) The function cot is differentiable on ]0,7[ and for every z such that
x € ]0, 7| holds (the function cot)(x) = —m.

(5) The function tan is continuous on |—7, 7.

T
2
.

(6) The function cot is continuous on |0,

(© 2008 University of Bialystok
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7
8
9
0

Let us mention that (the function tan)[]—7%, 5[ is one-to-one and (the func-
tion cot)[]0, 7r[ is one-to-one.
The partial function the function arctan from R to R is defined as follows:
(Def. 1) The function arctan = ((the function tan)[]—%, Z[)~".
The partial function the function arccot from R to R is defined by:
(Def. 2) The function arccot = ((the function cot)[]0, 7[)~*
Let r be a real number. The functor arctanr is defined by:
(Def. 3) arctanr = (the function arctan)(r).
The functor arccot r is defined by:
(Def. 4) arccotr = (the function arccot)(r).

Let r be a real number. Then arctanr is a real number. Then arccotr is a

The function tan is increasing on |—-7, 5.

The function cot is decreasing on |0, 7[.

(The function tan)[]—7, 5[ is one-to-one.

(The function cot)[]0, 7| is one-to-one.

)
)
)
)

— o~ o~ —

(

real number.
We now state two propositions:

us

(11) rng (the function arctan) = |7,
(12) rng (the function arccot) = |0, x].

Let us mention that the function arctan is one-to-one and the function arccot

[

w\:a

is one-to-one.

Let r» be a real number. Then tanr is a real number. Then cotr is a real
number.

Next we state a number of propositions:

(13) For every real number x such that x € |-F, 5[ holds (the function
tan)(z) = tanx.

(14) For every real number z such that = € ]0, 7[ holds (the function cot)(z) =
cot x.

(15) For every real number z such that cos x # 0 holds (the function tan)(z) =
tanx.

(16) For every real number x such that (the function sin)(z) # 0 holds (the
function cot)(x) = cot x.

tan(—%) = —1.

cot(%) =1 and cot(3 - 7) = —1.

For every real number x such that x € [~7, 7] holds tanz € [—1,1].
For every real number z such that z € [Z, 2 - 7] holds cot z € [—1,1].
rng((the function tan)[[-7%, ]) = [-1,1].

rng((the function cot)[[F,2 - 7)) = [-1,1].
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(23) [—1,1] C dom (the function arctan).
(24) [-1,1] C dom (the function arccot).

Let us observe that (the function tan) [[—7,
cot)[[Z, 2 - 7] is one-to-one.

7] is one-to-one and (the function
The following propositions are true:

(25) (The function arctan)[[—1,1] = ((the function tan)[[—Z, T])~ .

(26) (The function arccot)[[—1,1] = ((the function cot)[[%, 2 - «])~1.

(27)  ((The function tan)[[—7, 7] qua function) -((the function arctan)[[-1,1]) =

id[—l,l] .
(28)  ((The function cot)[[Z, 3-7] qua function) -((the function arccot)[[—1,1]) =
id[—l,l] .

(29) ((The function tan)[[—7, %]) - ((the function arctan)[[—1,1]) = idj_y 1.

(30) ((The function cot)[[F,3 - 7]) - ((the function arccot)[[—1,1]) = id[_y ).
(31) (The function arctan qua function) -((the function tan)[]-7,F[) =

(
(
d] 272
(32) (The function arccot) -((the function cot)[]0, 7[) = idjg |-
(33) ( he function arctan qua function) -((the function tan)[]—7,5[) =
i)
(Th

[

function arccot qua function) -((the function cot)[]0, 7[) = idjg x[-

NH
M\=|

w
=~

35) If =5 <r < 7, then arctantanr = r.
36) If 0 <r < m, then arccotcotr = r.
37) arctan(—1) = —7%.

38) arccot(—1) =3 ..

39) arctanl = 7

40) arccotl =7

41) tan0=0.

42) cot(g) =0.

arctan(0 = 0.

N
N

arccot 0 = g

The function arctan is increasing on (the function tan) °]—

=
(=22

(
The function arccot is decreasing on (the function cot) °]0,
(-1

1.

The function arccot is decreasing on [—1 1].

N
-

The function arctan is increasing on

N
0

o~~~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~~~ o~ o~
N S N N N N N e N N N N D I S N g

For every real number x such that x € [—1, 1] holds arctanz € [—

o
o
Noo Mﬂ

For every real number x such that « € [—1, 1] holds arccotz € [T,
If -1 <r <1, then tanarctanr = r.
If -1 <r <1, then cotarccotr = r.

jus
4>

ot Ot
N =
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53) The function arctan is continuous on [—1, 1].

54) The function arccot is continuous on [—1,1].

55) rng((the function arctan)[[—1,1]) = [-7, T].

56) rng((the function arccot)[[-1,1]) = [F,2 - 7).
57) If =1 <r <1 and arctanr = —7, then r = —1.

(@)
oo

If -1 <r <1 and arccotr = Z 7, then r = —1.
If -1 <r <1 and arctanr = 0, then r = 0.

If -1 <r <1 and arccotr = 7, then r = 0.

If -1 <r<1andarctanr = %, then r = 1.

If -1 <r <1 and arccotr = 7, then r = 1.

If -1 <r <1, then — % < arctanr < ”

If -1 <r <1, then 1 § arccotr < %

If -1 <r <1, then —% <arctanr < 7

If -1 <r <1, then § <arccotr < %-77.

If -1 <r <1, then arctanr = —arctan(—r).
If —1 <r <1, then arccotr = m — arccot(—r).

DD Y DY O O O O Ut
S O W NN =R O O

AA/—\AAAA/—\AA/—\AAAA/—\AA/—\/—\A/—\AA/—\A/—\/—\
R N N N N e N T O N I N N N N N g

69) If —1 <r <1, then cotarctanr = %

70) If -1 <r <1, then tanarccotr = l

71) The function arctan is dlfferentlable on (the function tan) °|—7, 7[.
72) The function arccot is differentiable on (the function cot) °]0, x|.
73) The function arctan is differentiable on |]—1,1[.

74) The function arccot is differentiable on ]—1, 1[.

75) If —1 <r <1, then (the function arctan)’(r) = H%

76) If —1 <r <1, then (the function arccot)’(r) = —H%.

77) The function arctan is continuous on (the function tan) °|—7, 5.
78) The function arccot is continuous on (the function cot) °]0, 7.
79) dom (the function arctan) is open.

80) dom (the function arccot) is open.

2. SEVERAL DIFFERENTIATION FORMULAS OF ARCTAN AND ARCCOT

We now state a number of propositions:

(81) Suppose Z C |—1,1[. Then the function arctan is differentiable on Z and
for every x such that x € Z holds (the function arctan),(z) = H%
(82) Suppose Z C ]—1,1[. Then the function arccot is differentiable on Z and

for every z such that x € Z holds (the function arccot)},(z) = —ﬁ.
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(83) Suppose Z C ]|—1,1[. Then
(i)  rthe function arctan is differentiable on Z, and

(ii)  for every x such that z € Z holds (r the function arctan),(z) = 1753
(84) Suppose Z C ]|—1,1[. Then

(i)  rthe function arccot is differentiable on Z, and

(ii)  for every x such that x € Z holds (r the function arccot)|,(z) = — 1753

(85) Suppose f is differentiable in  and —1 < f(z) < 1. Then (the func-

tion arctan) -f is differentiable in z and ((the function arctan) -f)'(z) =
f'(x)
1+ f(z)2

(86) Suppose f is differentiable in  and —1 < f(z) < 1. Then (the func-

tion arccot) -f is differentiable in x and ((the function arccot) -f)(z) =
f'(x)
IREFIOE

(87) Suppose Z C dom((the function arctan) -f) and for every x such that
x € Z holds f(z) =r-z+sand —1 < f(x) < 1. Then
(i)  (the function arctan) -f is differentiable on Z, and
(ii)  for every x such that x € Z holds ((the function arctan) -f)|,(z) =

(88) Suppose Z C dom((the function arccot) -f) and for every x such that
x € Z holds f(z) =r-z+sand —1 < f(x) < 1. Then
(i)  (the function arccot) -f is differentiable on Z, and
(ii)  for every x such that x € Z holds ((the function arccot) - f)’rz(x) =
(89) Suppose Z C dom((the function In) -(the function arctan)) and Z C
|—1,1[ and for every z such that € Z holds arctanx > 0. Then
(i)  (the function In) -(the function arctan) is differentiable on Z, and
(ii)  for every x such that z € Z holds ((the function In) -(the function

1
arctan))|,(r) = {+z2)-arctanz

(90) Suppose Z C dom((the function In) -(the function arccot)) and Z C
|—1,1[ and for every x such that x € Z holds arccot x > 0. Then
(i)  (the function In) -(the function arccot) is differentiable on Z, and
(ii)  for every z such that x € Z holds ((the function In) -(the function

1
aI‘CCOt)),rz(x) = _m

(91) Suppose Z C dom((J") - the function arctan) and Z C ]—1,1[. Then
(i)  (O") - the function arctan is differentiable on Z, and
(ii) for every z such that z € Z holds ((") - the function arctan)},(x) =

n-(arctan )" !
1+22

(92) Suppose Z C dom((1") - the function arccot) and Z C |—1,1[. Then
(i) (") - the function arccot is differentiable on Z, and

151
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(ii)  for every x such that x € Z holds ((O") - the function arccot)|,(z) =

_ n-(arccot z)" 1
1422

(93) Suppose Z C dom(3 ((O%) - the function arctan)) and Z C ]—1,1[. Then
(i) 2 ((0?)- the function arctan) is differentiable on Z, and
(ii) for every x such that « € Z holds (5 ((0?)-the function arctan))’,(z) =

arctan o
1422 -

(94) Suppose Z C dom( ((3?%) - the function arccot)) and Z C ]—1,1[. Then
(i) 3 ((O?%) - the function arccot) is differentiable on Z, and
(ii)  for every z such that = € Z holds (3 ((0%)-the function arccot))’ (z) =

__arccotx
1422 -

(95) Suppose Z C |—1,1[. Then
(i)  idy the function arctan is differentiable on Z, and
(ii)  for every x such that € Z holds (idz the function arctan)},(z) =
arctanz + 17%3.
(96) Suppose Z C |—1,1[. Then
(i) idgz the function arccot is differentiable on Z, and
(ii)  for every x such that x € Z holds (idz the function arccot)|,(z) =
arccot T — 77
(97) Suppose Z C dom( f the function arctan) and Z C |—1,1[ and for every
x such that z € Z holds f(z) =r -2z + s. Then
(i)  fthe function arctan is differentiable on Z, and
(ii)  for every x such that z € Z holds (fthe function arctan)},(z) =
r-arctanx + qf;fzs
(98) Suppose Z C dom(f the function arccot) and Z C |—1,1[ and for every
x such that z € Z holds f(z) =r -2z + s. Then
(i)  fthe function arccot is differentiable on Z, and
(ii)  for every z such that x € Z holds (fthe function arccot),(z) =

. _ rzts
7 - arccot x Tra? -

(99) Suppose Z C dom(3 ((the function arctan) -f)) and for every z such
that x € Z holds f(z) =2-x and —1 < f(z) < 1. Then
(i) % ((the function arctan) -f) is differentiable on Z, and

(ii)  for every x such that = € Z holds (5 ((the function arctan) iz(@) =

1
[ENGRAER

(100) Suppose Z C dom(3 ((the function arccot) - f)) and for every z such that
x € Z holds f(x) =2-x and —1 < f(x) < 1. Then
(i) % ((the function arccot) -f) is differentiable on Z, and

(i)  for every z such that = € Z holds (3 ((the function arccot) iz(@) =

__ 1
T2

(101) Suppose Z C dom(fi + f2) and for every = such that x € Z holds
fi(x) =1 and fo = 02 Then f; + f is differentiable on Z and for every
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x such that z € Z holds (f1 + fa)}z(z) =2 2.
102) Suppose Z C dom L ((the function In) - fi+ f2))) and fo = 0% and for
( 2
every x such that z € Z holds fi(z) = 1. Then
(i) 1 ((the function In) -(f1 + f2)) is differentiable on Z, and
(i) for every x such that * € Z holds (% ((the function In) -(f; +
f2)))iz(x) = 5=
(103) Suppose that

(i)  Z C dom(idz the function arctan—3 ((the function In) -(f1 + f2))),
i) ZcC]-1,1],
(iii)  fo =2, and
(iv) for every x such that = € Z holds fi(z) = 1.
Then
(v) idy the function arctan—3 ((the function In) -(fi + f2)) is differentiable
on Z, and

(vi)  for every x such that z € Z holds (idz the function arctan—2i ((the
function In) -(f1 + f2)))}z(x) = arctanz.

(104) Suppose that

(i) Z C dom(idz the function arccot+3 ((the function In) -(fi + f2))),
i) ZcC]-1,1],
(iii)  fo =2, and
(iv) for every z such that x € Z holds fi(z) = 1.
Then
(v) idy the function arccot+3 ((the function In) -(fi + f2)) is differentiable
on Z, and

(vi)  for every z such that € Z holds (idz the function arccot+31 ((the
function In) -(f1 + f2)))}(x) = arccot z.

(105) Suppose Z C dom(idyz ((the function arctan) -f)) and for every x such
that z € Z holds f(z) = £ and —1 < f(z) < 1. Then

(i)  idz ((the function arctan) - f) is differentiable on Z, and

(i)  for every z such that z € Z holds (idz ((the function arctan)
f))/rZ(ﬂj) = arctan(%) + MW
(106) Suppose Z C dom(idy ((the function arccot) -f)) and for every x such
that x € Z holds f(z) = £ and —1 < f(z) < 1. Then

(i)  idz ((the function arccot) - f) is differentiable on Z, and
(ii) ~ for every z such that z € Z holds (idz ((the function arccot) - f)) z(z) =

arccot (%) — W

(107) Suppose Z C dom(f1 + f2) and for every z such that x € Z holds
fi(z) = 1 and fo = (O%) - f and for every = such that * € Z holds
f(x) = £. Then f1 + f2 is differentiable on Z and for every x such that
x € Z holds (f1 + f2)}(x) = 2.
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(108) Suppose that
) Z C dom(g ((the function In) -(f1 + f2))),
) for every x such that x € Z holds fi(x) =1,
(iii) 70,
) fo=(0%-f, and
) for every x such that x € Z holds f(z) = 7.
Then
(vi) 5 ((the function In) -(f1 + f2)) is differentiable on Z, and
(vii)  for every x such that 2 € Z holds (3 ((the function In) -(f1 +
f2))jz(2) = ST ER)
(109) Suppose that

(i) Z C dom(idz ((the function arctan) - f)—5 ((the function In) -(fi1+f2))),
G) 40,
(iii) ~ for every x such that x € Z holds f(z) = £ and —1 < f(z) <1,
(iv)  for every x such that x € Z holds fi(x) =1,
(v) fo=(0%)-f and
(vi)  for every x such that x € Z holds f(z) = .

Then
(vii)  idgz ((the function arctan) -f) — & ((the function In) -(f1 + f2)) is diffe-
rentiable on Z, and
(viii)  for every x such that x € Z holds (idz ((the function arctan) -f) —
5 ((the function In) -(f1 + f2)))} () = arctan(¥).
(110) Suppose that
(i)  Z C dom(idz ((the function arccot) - f)+% ((the function In) -(f1+f2))),
) r#0,
(i)  for every z such that € Z holds f(z) = £ and —1 < f(z) <1,
) for every x such that x € Z holds fi(z) =1,
) fo=(0%)f, and
) for every x such that 2 € Z holds f(z) = .
Then
(vii)  idgz ((the function arccot) - f) + % ((the function In) -(f1 + f2)) is diffe-
rentiable on Z, and
(viii)  for every x such that 2 € Z holds (idz ((the function arccot) - f)+5 ((the
function In) (f1 + f2)))}z(z) = arccot(7).
(111) Suppose Z C dom((the function arctan) -%) and for every x such that
x € Z holds f(z) =z and —1 < (%)(1‘) < 1. Then
(i)  (the function arctan) % is differentiable on Z, and

S

(ii)  for every x such that z € Z holds ((the function arctan) -%)'rz(x) =

__1
1422
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(112) Suppose Z C dom((the function arccot) %) and for every z such that

x € Z holds f(z) =z and —1 < (%)(m) < 1. Then
1

(i)  (the function arccot) -4 is differentiable on Z, and

(ii)  for every x such that z € Z holds ((the function arccot) '%)/rz(x) =

_1
14+22°

(113) Suppose that
(i)  Z C dom((the function arctan) -f),

(i) f=fit+hfs

(iii)  for every x such that z € Z holds —1 < f(z) < 1,
)
)

—

(iv) for every x such that z € Z holds fi(z) =7+ s-x, and
(V f2 = |:|2.
Then
(vi)  (the function arctan) -(f1 + h fo) is differentiable on Z, and
(vii)  for every x such that x € Z holds ((the function arctan) -(f1 +
h12))iz(%) =
(114) Suppose that
(i)  Z C dom((the function arccot) - f),
(i) f=f+hfy
(iii)  for every z such that z € Z holds —1 < f(z) < 1,
)
)

—

(iv

(v

for every x such that z € Z holds fi(z) =7+ s -, and
fo =12
Then
(vi)  (the function arccot) -(f1 + h f2) is differentiable on Z, and
(viil)  for every x such that z € Z holds ((the function arccot) -(f1 +
hF2)iz(2) = — G i i
(115) Suppose Z C dom((the function arctan) -(the function exp)) and for
every x such that x € Z holds expx < 1. Then
(i)  (the function arctan) -(the function exp) is differentiable on Z, and
(ii) for every x such that x € Z holds ((the function arctan) -(the function
exp))iz(z) = %~
(116) Suppose Z C dom((the function arccot) -(the function exp)) and for
every x such that x € Z holds expx < 1. Then
(i)  (the function arccot) -(the function exp) is differentiable on Z, and
(ii)  for every x such that = € Z holds ((the function arccot) -(the function
eXp)),rz(x) = _%-
(117) Suppose that
(i)  Z C dom((the function arctan) -(the function In)), and
(ii)  for every x such that z € Z holds —1 < (the function In)(x) and (the
function In)(z) < 1.
Then
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(ili)  (the function arctan) -(the function In) is differentiable on Z, and
(iv)  for every x such that € Z holds ((the function arctan) -(the function

ln))/{Z(x) = z-(1+(the funlction In)(z)2)"
(118) Suppose that
(i)  Z C dom((the function arccot) -(the function In)), and

(ii)  for every z such that x € Z holds —1 < (the function In)(z) and (the
function In)(x) < 1.
Then

(iii)  (the function arccot) -(the function In) is differentiable on Z, and

(iv)  for every x such that z € Z holds ((the function arccot) -(the function

n))iz(z) = T Z(1+(the funlction n)(2)2) "
(119) Suppose Z C dom((the function exp) -(the function arctan)) and Z C
|—1,1[. Then
(i)  (the function exp) -(the function arctan) is differentiable on Z, and
(ii)  for every x such that € Z holds ((the function exp) -(the function

arctan))'rz(x) = 76)‘1’1?‘323“:”
(120) Suppose Z C dom((the function exp) -(the function arccot)) and Z C
|—1,1[. Then

(i)  (the function exp) -(the function arccot) is differentiable on Z, and

(ii)  for every z such that x € Z holds ((the function exp) -(the function

arccot) )| () = _%%tz

(121) Suppose Z C dom((the function arctan)—idz) and Z C |—1,1[. Then
(i)  (the function arctan)—idy is differentiable on Z, and
(ii) ~ for every z such that € Z holds ((the function arctan)—idz)},(z) =

22

T 1422
(122) Suppose Z C dom(—the function arccot —idz) and Z C |—1, 1[. Then
(i)  —the function arccot — idy is differentiable on Z, and

(ii) ~ for every = such that x € Z holds (—the function arccot —idz)',(z) =
372
T 1422
(123) Suppose Z C |—1,1[. Then
(i)  (the function exp) (the function arctan) is differentiable on Z, and

(ii)  for every z such that z € Z holds ((the function exp) (the function
exp T
142"

arctan)),(z) = expx - arctan x +
(124) Suppose Z C |—1,1[. Then
(i)  (the function exp) (the function arccot) is differentiable on Z, and
(ii)  for every z such that z € Z holds ((the function exp) (the function

exp T
1422
(125) Suppose Z C dom(2 ((the function arctan) -f) —idz) and for every z
such that z € Z holds f(x) =r-z and r # 0 and —1 < f(x) < 1. Then
(i) 1 ((the function arctan) -f) —idy is differentiable on Z, and

arccot)),(z) = expz - arccot ¥ —
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(i)  for every x such that z € Z holds (2 ((the function arctan) -f) —
. r-x)?
idz))7(2) = (e

(126) Suppose Z C dom((—1) ((the function arccot) -f) —idz) and for every
x such that x € Z holds f(z) =r -z and r # 0 and —1 < f(z) < 1. Then
(i) (—=1) ((the function arccot) -f) —idy is differentiable on Z, and

T

(ii) for every x such that z € Z holds ((—2) ((the function arccot) -f) —

. rz)2 "
idz)i(2) = — 7525,

(127) Suppose Z C dom((the function In) (the function arctan)) and Z C
]—1,1[. Then
(i)  (the function In) (the function arctan) is differentiable on Z, and
(ii)  for every x such that x € Z holds ((the function In) (the function

arctan))’rz(x) _ arctxanx + (the fu?‘iii;zn In)(x) )
(128) Suppose Z C dom((the function In) (the function arccot)) and Z C
|—1,1[. Then

(i)  (the function In) (the function arccot) is differentiable on Z, and
(ii)  for every x such that z € Z holds ((the function In) (the function

arccotz __ (the function In)(x)
x 142

(129) Suppose Z C dom(% the function arctan) and Z C ]—1, 1[ and for every
x such that z € Z holds f(x) = x. Then
(i) %the function arctan is differentiable on Z, and

arccot)),(z) =

(i)  for every z such that x € Z holds (%the function arctan)|,(z) =

__arctanx

1
x2 + z-(1+z2)"
(130) Suppose Z C dom(% the function arccot) and Z C |—1,1[ and for every
x such that z € Z holds f(x) = x. Then
(1) %the function arccot is differentiable on Z, and

(i)  for every = such that z € Z holds (% the function arccot)|,(z) =

__arccotx 1
x2 z-(1+z2)"
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Summary. This article describes definitions of inverse trigonometric func-
tions arcsec and arccosec, as well as their main properties.
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The papers [1], [2], [16], [3], [12], [17], [13], [5], [8], [11], [14], [4], [6], [7], [10],
[15], and [9] provide the notation and terminology for this paper.

In this paper z, r denote real numbers.

The following propositions are true:

(1) [0,5[<€ dom (the function sec).

(2) 15,7 € dom (the function sec).

(3) [~%,0[C dom (the function cosec).

(4) ]0,%] € dom (the function cosec).

(5) The function sec is differentiable on ]0, 5[ and for every z such that
x €0, 5[ holds (the function sec)'(z) = (ngélf)z.

(6) The function sec is differentiable on |7, 7| and for every x such that
x € )%, m[ holds (the function sec)’(x) = T

(7)(i) The function cosec is differentiable on |—7,0[, and

(© 2008 University of Bialystok
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(ii) for every x such that € ]—%,0[ holds (the function cosec)'(z) =
CcCos T

sinz)2°
(8)(1) | T)he function cosec is differentiable on ]0, 5[, and
(ii)  for every x such that x € ]0, [ holds (the function cosec) (x) =
BICTEES
(9) The function sec is continuous on |0, 5.
10) The function sec is continuous on |7, 7|.
11) The function cosec is continuous on |3, 0[.
12) The function cosec is continuous on |0, 5.
13) The function sec is increasing on |0, 5.
14) The function sec is increasing on |7, 7[.
15) The function cosec is decreasing on |—7,0][.
The function cosec is decreasing on ]0, 7.

)
The function sec is increasing on [0, [

—_
oo

The function sec is increasing on |7,

—_
N

The function cosec is decreasing on [—g, 0.

The function cosec is decreasing on ]0, 7].
(The function sec)[[0

N DN
= O

, 5[ is one-to-one.

[\)
\V]

The function sec)|]F, ] is one-to-one.

[\) =
w D
N’ N e e e e e e e e e e S N N N

o~~~ o~ o~ o~ o~ o~ o~ o~ o~~~ —~
—_

(
(The function cosec)[[—7F, 0[ is one-to-one.
(

[\
=~

The function cosec)[]0, 5] is one-to-one.

One can verify the following observations:

*  (the function sec)[[0, 5[ is one-to-one,

*  (the function sec)|]F, 7] is one-to-one,

*  (the function cosec)[[—7,0[ is one-to-one, and
*  (the function cosec)[]0, 5] is one-to-one.

The partial function the 1st part of arcsec from R to R is defined as follows:
(Def. 1) The 1st part of arcsec = ((the function sec)[[0, Z[)~*.
The partial function the 2nd part of arcsec from R to R is defined as follows:
(Def. 2) The 2nd part of arcsec = ((the function sec)|]Z, x])~*.
The partial function the 1st part of arccosec from R to R is defined by:
(Def. 3) The 1st part of arccosec = ((the function cosec)[[—F,0[)"".
The partial function the 2nd part of arccosec from R to R is defined by:
(Def. 4) The 2nd part of arccosec = ((the function cosec)!]0, Z])~!.
Let r be a real number. The functor arcsec; r is defined by:
(Def. 5) arcsec; r = (the 1st part of arcsec)(r).

The functor arcsecs r is defined as follows:
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(Def. 6) arcsecyr = (the 2nd part of arcsec)(r).
The functor arccosecy r is defined as follows:

(Def. 7) arccosec; r = (the 1st part of arccosec)(r).
The functor arccosecs r is defined by:

(Def. 8) arccosecy r = (the 2nd part of arccosec)(r).

Let r be a real number. Then arcsec; r is a real number. Then arcsecs r is
a real number. Then arccosecy r is a real number. Then arccosecs r is a real
number.

We now state four propositions:

(25) rng (the 1st part of arcsec) = [0, Z[.
(26) rng (the 2nd part of arcsec) = |5, 7.
(27) rng (the 1st part of arccosec) = [—7,0][.
(28) rng (the 2nd part of arccosec) = |0, 7].
One can check the following observations:
x the 1st part of arcsec is one-to-one,
* the 2nd part of arcsec is one-to-one,
* the 1st part of arccosec is one-to-one, and
x the 2nd part of arccosec is one-to-one.

Let t1 be a real number. Then sect; is a real number. Then cosect; is a real
number.
We now state a number of propositions:

s

(29) sin(}) = % and cos(}) = %

(30) sin(=7%) = —% and cos(—7) = % and sin(2 - 1) = % and cos(2 - ) =
.

(31) sec0 =1 and sec(Z) = v/2 and sec(2 - 1) = —v/2 and secw = —1.

(32) cosec(—%) = —1 and cosec(—F) = —+/2 and cosec() = V2 and

cosec(3) = 1.

w0
w

0, %] holds secx € [1,/2].

3.7, 7] holds secx € [—v/2,—1].
—Z,—2] holds cosecz € [-v/2,—1].
7, 2] holds cosecz € [1,v/2].

The function sec is continuous on [0, Z[.

For every set x such that x &

w
=~

For every set x such that = €

w
at

For every set x such that x €

w
(=]

For every set x such that = €

s
2
The function cosec is continuous on [—3, 0.

w
co

The function sec is continuous on |7, 7.

w
Ne)

AN N AN N N N N N /N /N
e~ w
@) ~J

~— O N N N~ N N N

The function cosec is continuous on |0, F].
rng((the function sec)[[0, ]) = [1,v/2].
rng((the function sec)|[3 - 7, 7]) = [—v/2, —1].

=
N =
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(43) rng((the function cosec)[[-F,—7F]) = [-V2, —1].
(44) rng((the function cosec)[[F, F]) = [1,V2].
(45) [1,v/2] C dom (the 1st part of arcsec).
(46) [—+/2,—1] C dom (the 2nd part of arcsec).
(47) [~v/2,—1] C dom (the 1st part of arccosec).
(48) [1,4/2] € dom (the 2nd part of arccosec).
One can check the following observations:
*  (the function sec)[[0, 7] is one-to-one,
* (the function sec)[[2 - m, 7] is one-to-one,
% (the function cosec)[[—7, —7] is one-to-one, and
% (the function cosec)|[], 5] is one-to-one.

One can prove the following propositions:

(49) (The 1st part of arcsec)|[1,v/2] = ((the function sec)[[0, F])~".

(50) (The 2nd part of arcsec)[[—v/2, —1] = ((the function sec)[[2 - 7, 7]) L.

(51) (The 1st part of arccosec) [[—v/2, —1] = ((the function cosec)[[—3, —Z])~!

(52) (The 2nd part of arccosec)[[1, V2] = ((the function cosec)[[T, 5]) !

(53)  ((The function sec)[[0, 5] qua function) -((the 1st part of arcsec) 1, v/2])
id; g

(54) ((The function sec)[2 - m,7] qua function) -((the 2nd part of
arcsec) [[—v/2, —1]) = id[,\@,,ly

(55) ((The function cosec)[[—F,—7%] qua function) -((the 1st part of
arccosec) [[—v/2, —1]) = id_ 5 _q)-

(56) ((The function cosec)[[],%5] qua function) -((the 2nd part of
arccosec) [[1,/2]) = idpy -

(57)  ((The function sec)[[0, ]) - ((the 1st part of arcsec)|[1,v2]) = id 1,v2)"

(58) ((The function sec)[[3 - 7, 7]) - ((the 2nd part of arcsec)[[—v/2, —1]) =
id_ 5y

(59)  ((The function cosec) [[— %, —Z])-((the 1st part of arccosec)[[—v/2, —1]) =
iz,

(60) ((The function cosec)|[F,%]) - ((the 2nd part of arccosec)|[1,Vv2]) =
idp,vay-

(61) (The 1st part of arcsec qua function) -((the function sec)[[0, §[) =
id[o,g[.

(62) (The 2nd part of arcsec qua function) -((the function sec)[]|5,7]) =
id]%m].

(63) (The 1st part of arccosec qua function) -((the function cosec)[[-F,0[) =
id[_g’o[.
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(64) (The 2nd part of arccosec qua function) -((the function cosec)!]0, §]) =
)2
(The 1st part of arcsec) -((the function sec)[[0, 5[) = id
(The 2nd part of arcsec) -((the function sec)[]5, 71]) = idjz .
(The 1st part of arccosec) -((the function cosec)[[—
(The 2nd part of arccosec) -((the function cosec)[]0, 3]) = idjo ).

Ifo<rc g, then arcsecy secr = r.

N N N N N N N N N N N N N N N N N N N N N N N N N N N N N N N N~ N
oo S O O O O
[\ © 00 ~J O Ot
s i N s s N N s s N N NN N N s N N N N D S

-
=

If % < r <, then arcsecg secr =r.

N
—_

If —g < r < 0, then arccosecy cosecr = r.

-3
[\V)

If 0 <r < 7, then arccosecs cosecr = r.

N}
w

arcsec; 1 = 0 and arcsec; v2 = I

\]
=~

arcseco(—v/2) = 2 - 7 and arcseca(—1) = .

N
(@)

arccoseci (—1) = —% and arccosect(—v/2) = —Z.

ISP

arccosecs v2 = 7 and arccoseca 1 = 7.

- 3
NR=

The 1st part of arcsec is increasing on (the function sec) °[0, 5.

EN|
0.0]

The 2nd part of arcsec is increasing on (the function sec) °] 5, 7].

79) The 1st part of arccosec is decreasing on (the function cosec) °[—7,0[.
80) The 2nd part of arccosec is decreasing on (the function cosec) °J0, 7]
81) The 1st part of arcsec is increasing on [1,/2].
The 2nd part of arcsec is increasing on [—v/2, —1].
83) The Ist part of arccosec is decreasing on [—+/2, —1].
84) The 2nd part of arccosec is decreasing on [1, v/2].
85) For every set z such that # € [1,v/2] holds arcsec; z € [0, T].
86) For every set x such that = € [—/2, —1] holds arcsecox € [2 - 7, 7).
87) For every set z such that z € [—/2, —1] holds arccosec; x € [—F, —Z].

-
For every set z such that z € [1,v/2] holds arccosecy z € [, Z].
Hi<r< f, then secarcsec;r = r.
If —v2<r< —1, then secarcsecor =r.
If —vV2<r< —1, then cosec arccosecy 7 = 7.

O © © o o©
N~ O © 0o

IfTi<r< \/5, then cosec arccosecy r = 7.

Nej
w

The 1st part of arcsec is continuous on [1,v/2].

Ne)
=

The 2nd part of arcsec is continuous on [—/2, —1].

el
ot

The 1st part of arccosec is continuous on [—v/2, —1].

el
(=]

The 2nd part of arccosec is continuous on [1,v/2].
rng((the 1st part of arcsec)[[1,v/2]) = [0, %]
rng((the 2nd part of arcsec) [[—v/2, —1]) =

rng((the 1st part of arccosec)[[—v/2, —1

© © ©
O o0
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(100) rng((the 2nd part of arccosec)|[1,v2]) = [, Z].
(101) f1<r< V2 and arcsec; 7 = 0, then r = 1 and if 1 < r < /2 and
arcsec; r = 7, then r = V2.

(102) If —V2 < r < —1 and arcsecor = % .7, then 7 = —v/2 and if —v/2 <

r < —1 and arcsecor = 7, then r = —1.
(103) If —v/2 <r < —1 and arccosec; 7 = —7, then r = —1 and if —V2<r<
—1 and arccosecy r = —%, then r = —/2.

(104) If1<r< V2 and arccosecs 1 = T then r = V2 and if 1 <r < /2 and
arccosecg r = 5, then r = 1.

125
126
127
128
129
130

The function sec) °]0, 5[ is open.

2, m| is open.

29
s

The function cosec) °]—7,0[ is open.

The function sec) °]

s
’2
The 1st part of arcsec is continuous on (the function sec) °]0, Z[.

(
(
(
(

The function cosec) °]0, 5[ is open.

(105) If1<r< V2, then 0 < arcsec; r < T
106) If —v/2 <r < —1, then 3 - 7 < arcsecy r < .
(106) : 1
107) If —v/2 <r < —1, then —Z < arccosec; r < —T.
( : 2 1
(108) If 1 <r < /2, then T < arccosecar < 7.
(109) If 1 <7 < /2, then 0 < arcsec;r < Z.
110) If —v/2 < r < —1, then 2 - 7 < arcseca r < .
( : i
(111) If —V2 < r < —1, then —75 < arccosecyr < —7.
(112) If1 <7 < /2, then T < arccosecar < 3.
(113) If1<r< V2, then sin arcsec; r = 7”?_1 and cosarcsecy r = %
(114) If —v/2 <1 < —1, then sinarcsecy r = —Y Ti_l and cos arcsecy T = %
115) If —v2 < r < —1, then sinarccosecir = 1 and cosarccosec; r =
T
_ V2l
—.
. Vr2—1
(116) If1<r< \/ﬁ, then sin arccoseco r = % and cosarccosecy r = TT .
(117) If 1 < r < /2, then cosec arcsecy r = -
(118) If —v/2 < r < —1, then cosec arcsecy r = —\/%.
(119) If —v/2 < r < —1, then sec arccosec; 1 = _\/'r;i—l'
_ T
(120) If 1 < r < +/2, then secarccosecy r = T
(121) The 1st part of arcsec is differentiable on (the function sec) °]0, 5.
(122) The 2nd part of arcsec is differentiable on (the function sec) °]7,n[.
(123) The 1st part of arccosec is differentiable on (the function cosec) °|—7,0[.
(124) The 2nd part of arccosec is differentiable on (the function cosec) °]0, 7.
(125)
(126)
(127)
(128)
(129)
(130)

The 2nd part of arcsec is continuous on (the function sec) °|%, 7[.
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(131) The 1st part of arccosec is continuous on (the function cosec) °]—7,0[.
[

(132) The 2nd part of arccosec is continuous on (the function cosec) °J0, 7.
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Summary. In this article we prove the Monotone Convergence Theorem
[16].
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The notation and terminology used in this paper have been introduced in the
following articles: [10], [20], [2], [7], [21], [6], [8], [9], [1], [17], [18], [3], [4], [5],
[13], [14], [15], [19], [11], [12], and [22].

1. PRELIMINARIES

For simplicity, we adopt the following rules: X is a non empty set, S is a
o-field of subsets of X, M is a o-measure on S, E is an element of S, F, G are
sequences of partial functions from X into R, I is a sequence of extended reals,
f, g are partial functions from X to R, s1, s2, 3 are sequences of extended reals,
p is an extended real number, n, m are natural numbers, x is an element of X,
and z, D are sets.

Next we state a number of propositions:

(1) If f is without 400 and g is without +oo, then dom(f + g) = dom f N
dom g.

(2) If fis without 400 and ¢ is without —oo, then dom(f — g) = dom f N
dom g.

(© 2008 University of Bialystok
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3
4

(3) If f is without —oo and g is without —oo, then f 4+ g is without —oc.
(4)
(5) If f is without —oo and g is without +oo, then f — g is without —oc.
(6)
(7)

If f is without +o00 and g is without +o0, then f + g is without +o0.

6

7)(i) If s; is convergent to finite number, then there exists a real number

If f is without +o00 and ¢ is without —oo, then f — g is without +oo.

g such that lim s; = ¢ and for every real number p such that 0 < p there
exists a natural number n such that for every natural number m such that
n < m holds [s;(m) — lims;| < p,

(ii)  if s1 is convergent to +o0, then lim s; = 400, and

(iii)  if s1 is convergent to —oo, then lim s; = —o0.

(8) If s1 is non-negative, then s; is not convergent to —oo.

(9) If s1 is convergent and for every natural number & holds s;(k) < p, then
lim sy < p.
(10) If s; is convergent and for every natural number k holds p < s;(k), then
p < lim s;.
(11) Suppose that
(

i So is convergent,

i

)

) s3 is convergent,
(ili)  s9 is non-negative,
)

)

(iv s3 is non-negative, and
(v)  for every natural number k holds s1(k) = so(k) + s3(k).
Then s; is non-negative and convergent and lim s; = lim s + lim s3.
(12) Suppose for every natural number n holds G(n) = F(n)[D and = € D.
Then
(i) if F#x is convergent to +o0o, then G#x is convergent to 400,
(ii)  if F#x is convergent to —oo, then G#x is convergent to —oo,
(ili) if F'#a is convergent to finite number, then G#x is convergent to finite
number, and
(iv) if F#x is convergent, then G#x is convergent.

(13) If E = dom f and f is measurable on E and f is non-negative and
M(E NEQ-dom(f,+00)) # 0, then [ fdM = +oc.
(14) fXEg(dM:M(E) andeE,X[EdM:M(E).
)

(15) Suppose that
(i) FE Cdomf,
(i) E Cdomy,
(iii)  f is measurable on E,
(iv) g is measurable on E,
(v)  f is non-negative, and
(vi)  for every element x of X such that z € E holds f(z) < g(z).

Then [ f[EdM < [ g[EdM.
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2. SELECTED PROPERTIES OF EXTENDED REAL SEQUENCE

Let f be an extended real-valued function and let = be a set. Then f(x) is
an element of R.

Let s be an extended real-valued function. The functor (3-5_;s(a))ken
yields a sequence of extended reals and is defined by:

(Def. 1) (360 s(a))ken(0) = s(0) and for every natural number n holds
(Xa=o s(a))ren(n +1) = (Xa=o 5(@))sen(n) + s(n +1).
Let s be an extended real-valued function. We say that s is summable if and
only if:
(Def. 2)  (3-h—p s(a))ken is convergent.

Let s be an extended real-valued function. The functor > s yielding an
extended real number is defined as follows:

(Def. 3) > s =1lm((>h_( s())ken)-
Next we state several propositions:
(16) If s; is non-negative, then (}5_q(s1)(a))xen is non-negative and
(>h—o(s1)(@))ken is non-decreasing.
(17) If for every natural number n holds 0 < si(n), then for every natural

number m holds 0 < (3-5_(51)(®))ken(m).

(18) If F has the same dom and for every natural number n holds G(n) =
F(n)ID, then G has the same dom.

(19) Suppose that

(i) D Cdom F(0),

(ii)  for every natural number n holds G(n) = F(n)[D, and

(iii)  for every element x of X such that x € D holds F#ux is convergent.

Then lim F[D = lim G.

(20) Suppose F' has the same dom and F C dom F'(0) and for every natural
number m holds F(m) is measurable on F and G(m) = F(m)[E. Then
G(n) is measurable on E.

(21) Suppose that

(i) FE Cdom F(0),

(ii) G has the same dom,
(iii)  for every element x of X such that x € E holds F'#x is summable, and
(iv)  for every natural number n holds G(n) = F(n)|E.

Let x be an element of X. If x € E, then G#x is summable.
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3. PARTIAL SUMS OF FUNCTIONAL SEQUENCE AND THEIR PROPERTIES

Let X be a non empty set and let F' be a sequence of partial functions from
X into R. The functor (3-5_, F(a))xen yields a sequence of partial functions
from X into R and is defined as follows:
(Def. 4) (h_gF(a))ken(0) = F(0) and for every natural number n holds
(XCb=0 F(@))ren(n + 1) = X a=0 F())ren(n) + F(n + 1).
Let X be a set and let F be a sequence of partial functions from X into R.
We say that F' is additive if and only if:
(Def. 5) For all natural numbers n, m such that n # m and for every set z such
that z € dom F(n) N'dom F'(m) holds F(n)(z) # +oo or F(m)(z) # —oo.
Next we state a number of propositions:
(22) If z € dom(}i_oF(a))ken(n) and m < n, then z €
dom(>5_g F(a))ken(m) and z € dom F'(m).
(23) If z € dom(} i  F(a))ken(n) and (3or_o F(a))ken(n)(z) = +00, then
there exists a natural number m such that m <n and F(m)(z) = +occ.
(24) 1If F is additive and z € dom(>_h_o F'(@))ken(n) and
(>or_o F(a))ken(n)(z) = 400 and m < n, then F(m)(z) # —oo.
(25) If z € dom(} h_ F(a))ken(n) and (3r_y F(a))ken(n)(z) = —oo, then
there exists a natural number m such that m <n and F(m)(z) = —oc.
(26) If F is additive and z € dom (> h_o F'(a))ken(n) and
(>or_o F(a))ken(n)(z) = —oo and m < n, then F(m)(z) # +oc.
(27) If F is additive, then (XF_oF(a))wen(n) 1({—00}) N F(n +
D)7 4o0}) = D20 (S F(@ () (roeDVF(0+1) o))~
(28) If F is additive, then dom(>"h_q F(a))ren(n) = ({dom F(k); k ranges
over elements of N: k < n}.
(29) If F is additive and has the same dom, then dom(>_5_ F(«))xen(n) =
dom F'(0).
(30) If for every natural number n holds F(n) is non-negative, then F' is
additive.
(31) If F is additive and for every n holds G(n) = F(n)[D, then G is additive.
(32) If F is additive and has the same dom and D C dom F'(0) and x € D,
then (S0 _o(F#a)(a) wer (1) = (o F(@) werder) ().
(33) Suppose F' is additive and has the same dom and D C dom F(0) and
z € D. Then
(i)  (Ch_o(F#x)(a))ken is convergent to finite number iff
(>a=0 F(a))wen#x is convergent to finite number,
(i)  (OCh_o(F#x)(a))ken is convergent to +oo iff (3 h_o F(a))xen#e is
convergent to 400,
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(iii)  (OCh_o(F#zx)(a))ken is convergent to —oo iff (3 h_, F(a))xen#x is
convergent to —oo, and

(iv)  (OCh_o(F#z)(a))ken is convergent iff (3°F_ F(a))xen#x is conver-
gent.

(34) If F is additive and has the same dom and dom f C dom F(0) and
x € dom f and F#zx is summable and f(z) = Y F#ux, then f(x) =
m((X6=0 F())nentfe).

(35) Suppose that for every natural number m holds F'(m) is simple function
in S. Then F is additive and (3>°5_y F(®))xen(n) is simple function in S.

(36) If for every natural number m holds F(m) is non-negative, then
(>h_o F(a))ken(n) is non-negative.

(37) If F has the same dom and x € dom F'(0) and for every natural number
k holds F(k) is non-negative and n < m, then (}5_, F(a))xen(n)(z) <
(X6=0 F(@))ren(m)(z).

(38) Suppose F' has the same dom and x € dom F'(0) and for every natural
number m holds F'(m) is non-negative. Then (3>°5_y F(a))xen#2 is non-
decreasing and (3 h_ F(a))sen#x is convergent.

(39) If for every natural number m holds F(m) is without —oo, then
(>2F _o F(a))ken(n) is without —oo.

(40) If for every natural number m holds F(m) is without +oo, then
b o F(a))ren(n) is without +oo.

(41) Suppose that for every natural number n holds F'(n) is measurable on

E and F(n) is without —oco. Then (>°5_ F'(a))ken(m) is measurable on
E.

(42) Suppose that
(i)
(ii) G is additive and has the same dom,
(ili) « € dom F(0) NdomG(0), and
) for every natural number k and for every element y of X such that

y € dom F'(0) Ndom G(0) holds F(k)(y) < G(k)(y).

Then (Y% F(0))wen(n)(@) < (g G(0) uen(n) (@).

(43) Let X be a non empty set and F' be a sequence of partial functions from
X into R. If F is additive and has the same dom, then (3°F_q F(a))xen
has the same dom.

(44) Suppose that

(i) domF(0) =E,
(ii)  F' is additive and has the same dom,

F' is additive and has the same dom,

(iv

(iii)  for every natural number n holds (3} h_y F(®))ken(n) is measurable on
E. and
(iv) for every element = of X such that x € E holds F#z is summable.
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Then lim((>°5_y F(a))ken) is measurable on E.

(45) Suppose that for every natural number n holds F'(n) is integrable on M.
Let m be a natural number. Then (3°5_ F(«))xen(m) is integrable on
M.

(46) Suppose that
(i) E =domF(0),
(ii) F is additive and has the same dom, and
(iii)  for every natural number n holds F'(n) is measurable on E and F'(n)
is non-negative and I(n) = [ F(n)dM.
Then [(X5_q F(0))een(m) dM = (S5 I(a))ecri(m).

4. SEQUENCE OF MEASURABLE FUNCTIONS

Next we state two propositions:

(47) Suppose that

) E Cdomf,

) f is non-negative,

(ili)  f is measurable on F,

) Fis additive,
) for every n holds F'(n) is simple function in S and F'(n) is non-negative

and E C dom F(n), and

(vi)  for every x such that x € E holds F#x is summable and f(z) =
> F#ux.
Then there exists a sequence I of extended reals such that for every n
holds I(n) = [ F(n)[EdM and I is summable and [ f[EdM =>"1I.

(48) Suppose E C dom f and f is non-negative and f is measurable on E.
Then there exists a sequence g of partial functions from X into R such
that

(i) g is additive,
(ii)  for every natural number n holds g(n) is simple function in S and g(n)
is non-negative and g(n) is measurable on F,
(iii)  for every element z of X such that z € E holds g#x is summable and
f(z) = ¥ g, and
(iv)  there exists a sequence I of extended reals such that for every natural
number n holds I(n) = [ g(n)|EdM and I is summable and [ f[EdM =
S I
Let X be a non empty set. Observe that there exists a sequence of partial
functions from X into R which is additive and has the same dom.
Let C, D, X be non empty sets, let F' be a function from C' x D into X —R,
let ¢ be an element of C, and let d be an element of D. Then F(c, d) is a partial
function from X to R.
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Let C, D, X be non empty sets, let F' be a function from C x D into X,
and let ¢ be an element of C. The functor curry(F,c) yields a function from D
into X and is defined as follows:

(Def. 6) For every element d of D holds (curry(F,c))(d) = F(c, d).

Let C, D, X be non empty sets, let F' be a function from C x D into X,
and let d be an element of D. The functor curry’(F,d) yields a function from C
into X and is defined as follows:

(Def. 7) For every element ¢ of C' holds (curry’(F,d))(c) = F(c, d).

Let X, Y be sets, let F' be a function from N x N into XY, and let n be a
natural number. The functor curry(F, n) yielding a sequence of partial functions
from X into Y is defined by:

(Def. 8) For every natural number m holds (curry(F,n))(m) = F(n, m).

The functor curry’(F,n) yields a sequence of partial functions from X into YV
and is defined by:

(Def. 9) For every natural number m holds (curry’(F,n))(m) = F(m, n).

Let X be a non empty set, let F' be a function from N into (X-5R)N, and
let n be a natural number. Then F'(n) is a sequence of partial functions from X
into R.
The following four propositions are true:
(49) Suppose E = dom F(0) and F has the same dom and for every natural
number n holds F'(n) is non-negative and F'(n) is measurable on E. Then
there exists a function F} from N into (X -R)N such that for every natural
number n holds
(i)  for every natural number m holds Fi(n)(m) is simple function in .S and
dom Fi(n)(m) = dom F(n),

(ii)  for every natural number m holds Fj(n)(m) is non-negative,

(iii)  for all natural numbers j, k such that j < k and for every element x of
X such that z € dom F(n) holds F;(n)(j)(z) < Fi(n)(k)(x), and

(iv) for every element x of X such that z € dom F(n) holds Fi(n)#x is
convergent and lim(Fy(n)#zx) = F(n)(z).

(50) Suppose that

(i) FE =dom F(0),

(ii)  F is additive and has the same dom, and

(iii)  for every natural number n holds F'(n) is measurable on E and F'(n)
is non-negative.
Then there exists a sequence I of extended reals such that for every natural
number n holds
I(n) = J P(n)dM and [(S%5_y F(a))eer(n) AM = (S5_o I(a))sen(n).

(51) Suppose that

(i) E Cdom F(0),
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(
(

(ii)  F is additive and has the same dom,

iii)  for every natural number n holds F'(n) is non-negative and F(n) is
measurable on F, and

iv)  for every element x of X such that z € E holds F#x is summable.
Then there exists a sequence I of extended reals such that for every
natural number n holds I(n) = [ F(n)[EdM and I is summable and

JUim((3G=0 F())ren) [EAM =301

(52) Suppose that

(

[13]
[14]
[15]
[16]

[17]
[18]

)  E =domF(0),

) F(0) is non-negative,
iii)  F has the same dom,

) for every natural number n holds F'(n) is measurable on F,

) for all natural numbers n, m such that n < m and for every element x
of X such that z € E holds F(n)(z) < F(m)(x), and
vi)  for every element x of X such that € E holds F'#x is convergent.
Then there exists a sequence I of extended reals such that for every natural
number n holds I(n) = [ F(n)dM and I is convergent and [lim F dM =
lim /.
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(1) Let x,y, z, a, b, ¢ be sets. Suppose a # b # ¢ # a. Then there exists a
function f such that f(a) =z and f(b) =y and f(c) =

Let F be a non empty functional set, let « be a set, and let f be a set. The
functor F'[%, yields a subset of F' and is defined by:

(Def. 1) FI%; = {g € F: g(x) # f}.
One can prove the following proposition
(2) Let F be a non empty functional set, x, y be sets, and g be an element
of F. Then g € F'|Z, if and only if g(z) # y.

Let X be a set, let Y, Z be sets, and let f be a function from ZX x Y into
Z.

(Def. 2) An element of X is called a variable in f.

Let f be a real-yielding function and let « be a real number. We introduce
f -« as a synonym of x f.

Let t1, t9 be integer-yielding functions. The functors: t; + t9, t1 mod to,
leq(t1,t2), gt(t1,t2), and eq(ty,t2) yield integer-yielding functions and are defi-
ned as follows:

(Def. 3) dom(t;+t2) = domt¢;Ndomte and for every set s such that s € dom(¢1+
tg) holds (tl - tg)(s) = tl(S) - tQ(S).

(Def. 4) dom(t; mod t2) = domt; N domty and for every set s such that s €
dom(t; mod t3) holds (t; mod t2)(s) = t1(s) mod ta(s).

(Def. 5) domleq(t1,t2) = domt; N domts and for every set s such that s €
domleq(ty, t2) holds (leq(t1,t2))(s) = (t1(s) > ta(s) — 0,1).

(Def. 6) domgt(t1,t2) = domt; N domty and for every set s such that s €
dom gt(t1,t2) holds (gt(t1,t2))(s) = (t1(s) > ta(s) — 1,0).

(Def. 7) domeq(t1,t2) = domt; N domts and for every set s such that s €
dom eq(t1,t2) holds (eq(t1,t2))(s) = (t1(s) = ta(s) — 1,0).

Let X be a non empty set, let f be a function from X into Z, and let x be
an integer number. Then f + z, f — x, and f - x are functions from X into Z
and they can be characterized by the conditions:

(Def. 8) For every element s of X holds (f + z)(s) = f(
(Def. 9) For every element s of X holds (f — z)(s) = f(s) — .
(Def. 10) For every element s of X holds (f - z)(s) = f(s) -

Let X be a set and let f, g be functions from X into Z. Then f-+g¢, f mod g,
leq(f,9), gt(f,q), and eq(f, g) are functions from X into Z.

Let X be a non empty set and let £1, to be functions from X into Z. Then

s) + .

8

t1 — to and t1 + to are functions from X into Z and they can be characterized
by the conditions:

(Def. 11) For every element s of X holds (¢; — t2)(s) =
(Def. 12) For every element s of X holds (t1 + t2)(s) =
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Let A be a non empty set and let B be an infinite set. Note that B4 is
infinite.

Let N be a set, let v be a function, and let f be a function. The functor
vop f yields a function and is defined by the conditions (Def. 13).

(Def. 13)(i)  There exists a set Y such that for every set y holds y € Y iff there
exists a function h such that h € domwv and y € rng h and for every set a
holds a € dom(v oy f) iff a € YV and there exists a function g such that
a=gandg-fedomw, and

(ii)  for every function g such that g € dom(v oy f) holds (v oyn f)(g) =

v(g - f)-

Let X, Y, Z, N be non empty sets, let v be an element of ZYX7 and let f
be a function from X into N. Then v oy f is an element of AR

The following three propositions are true:

(3) For all functions f1, f2, g such that rngg € dom f5 holds (fi+-fa) - g =
f2- g

(4) Let X, N, I be non empty sets, s be a function from X into I, and ¢ be
a function from X into N. Suppose c is one-to-one. Let n be an element
of I. Then (N +—— n)+-s- ¢! is a function from N into I.

(5) Let N, X, I be non empty sets and vy, ve be functions. Suppose dom v; =
domwvy = IX. Let f be a function from X into N. If f is one-to-one and
vi oy f =wvg oy f, then vy = vs.

Let X be a set. Observe that there exists a function from X into X which
is one-to-one and onto and there exists a function from X into X which is
one-to-one and onto.

Let X be a set. An enumeration of X is an one-to-one onto function from X
into X. A denumeration of X is an one-to-one onto function from X into X.

One can prove the following propositions:

(6) Let X be aset and f be a function. Then f is an enumeration of X if
and only if dom f = X and rng f = X and f is one-to-one.

(7) Let X be a set and f be a function. Then f is a denumeration of X if
and only if dom f = X and rng f = X and f is one-to-one.

(8) Let X be a non empty set, , y be elements of X, and f be an enume-
ration of X. Then f +- (z, f(y)) + (v, f(x)) is an enumeration of X.

(9) For every non empty set X and for every element = of X there exists an
enumeration f of X such that f(z) = 0.
(10) For every non empty set X and for every denumeration f of X holds
f(0) e X.
(11) For every countable set X and for every enumeration f of X holds
rng f C N.
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Let X be a set and let f be an enumeration of X. Then f~! is a denumeration
of X.

Let X be a set and let f be a denumeration of X. Then f~! is an enumeration
of X.

We now state two propositions:
(12) For all natural numbers n, m holds 0"+ = 0™ . 0™,

(13) For every real number z and for all natural numbers n, m holds (z™)™ =
™™,

2. IF-WHILE ALGEBRA OVER INTEGERS

Let X be a non empty set. A Z-variable of X is a function from Z¥ into X.
A Z-expression of X is a function from Z¥ into Z. A Z-array of X is a function
from Z into X.

In the sequel A is a pre-if-while algebra.

Let us consider A, let I be an element of A, let X be a non empty set, let
T be a subset of ZX, and let f be an execution function of A over ZX and T.
We say that [ is an assignment w.r.t. A, X, and f if and only if the conditions
(Def. 14) are satisfied.

(Def. 14)(i) I € ElementaryInstructions 4, and
(ii)  there exists a Z-variable v of X and there exists a Z-expression t of X
such that for every element s of ZX holds f(s, I) = s +- (v(s),t(s)).

Let us consider A, let X be a non empty set, let T be a subset of ZX, let f
be an execution function of A over ZX and T, let v be a Z-variable of X, and
let ¢ be a Z-expression of X. We say that v and ¢ form an assignment w.r.t. f
if and only if:
(Def. 15) There exists an element I of A such that I € ElementaryInstructions 4
and for every element s of ZX holds f(s, I) = s + (v(s),t(s)).
Let us consider A, let X be a non empty set, let T be a subset of Z¥X, and
let f be an execution function of A over Z* and T. Let us assume that there

exists an element of A which is an assignment w.r.t. A, X, and f. A Z-variable
of X is said to be a Z-variable of A w.r.t. f if:

(Def. 16) There exists a Z-expression t of X such that it and ¢ form an assignment
w.r.t. f.

Let us consider A, let X be a non empty set, let T be a subset of Z¥X, and let
f be an execution function of A over ZX and T'. Let us assume that there exists
an element of A which is an assignment w.r.t. A, X, and f. A Z-expression of
X is said to be a Z-expression of A w.r.t. f if:

(Def. 17) There exists a Z-variable v of X such that v and it form an assignment
w.r.t. f.
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Let X, Y be non empty sets, let f be an element of YX, and let = be an
element of X. Then f(z) is an element of Y.

Let X be a non empty set and let x be an element of X. The functor &
yielding a Z-expression of X is defined as follows:

(Def. 18) For every element s of ZX holds (Z)(s) = s(z).

Let X be a non empty set and let v be a Z-variable of X. The functor ©
yielding a Z-expression of X is defined by:

(Def. 19) For every element s of Z~ holds (v)(s) = s(v(s)).

Let X be a non empty set and let x be an element of X. The functor Z yields
a Z-variable of X and is defined by:

(Def. 20) & =Z* s .
The following proposition is true
(14) For every non empty set X and for every element = of X holds & = .

Let X be a non empty set and let ¢ be an integer number. The functor ¢x
yields a Z-expression of X and is defined by:

(Def. 21) ix = ZX .
One can prove the following proposition

(15) For every non empty set X and for every Z-expression ¢t of X holds
t+0x =tandtlxy =t.

Let us consider A, let X be a non empty set, let T be a subset of Z¥X, and
let f be an execution function of A over ZX and T. We say that f is Euclidean
if and only if the conditions (Def. 22) are satisfied.

(Def. 22) For every Z-variable v of A w.r.t. f and for every Z-expression t of A
w.r.t. f holds v and t form an assignment w.r.t. f and for every integer
number ¢ holds ix is a Z-expression of A w.r.t. f and for every Z-variable
vof Aw.r.t. f holds v is a Z-expression of A w.r.t. f and for every element
x of X holds & is a Z-variable of A w.r.t. f and there exists a Z-array a
of X such that a] X is one-to-one and for every Z-expression ¢ of A w.r.t.
f holds a -t is a Z-variable of A w.r.t. f and for every Z-expression t of A
w.r.t. f holds —t is a Z-expression of A w.r.t. f and for all Z-expressions
t1, to of A w.r.t. f holds t; t5 is a Z-expression of A w.r.t. f and t; +t5 is
a Z-expression of A w.r.t. f and ¢1 +t9 is a Z-expression of A w.r.t. f and
t1 mod ty is a Z-expression of A w.r.t. f and leq(t1,t2) is a Z-expression
of A w.r.t. f and gt(t1,t2) is a Z-expression of A w.r.t. f.

Let us consider A. We say that A is Euclidean if and only if:

(Def. 23) For every non empty countable set X and for every subset 7" of Z* holds
there exists an execution function of A over ZX and T which is Euclidean.

The infinite missing N set Z-Elemlns is defined by:
(Def. 24)  Z-ElemIns = N2 x 72",
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An execution function of F(&, Z-ElemlIns) over ZN and ZN [250 is said to be
a Z-execution if it satisfies the condition (Def. 25).

(Def. 25) Let s be an element of ZY, v be an element of NZ" | and e be an element
of ZZ". Then it(s, the root tree of (v, €)) = s +- (v(s), e(s)).

Let X be a non empty set. The functor Z-Elemlns X yielding an infinite

missing N set is defined as follows:
(Def. 26) Z-ElemIns X = X%* x 27"

Let X be a non empty set and let  be an element of X. An execution
function of F(&,Z-ElemIns X) over Z* and ZX 1% is said to be a Z-execution
with z if it satisfies the condition (Def. 27).

(Def. 27) Let s be an element of ZX, v be an element of X ZX, and e be an element
of ZZ* . Then it(s, the root tree of (v, e)) = s+ (v(s), e(s)).

Let X be a non empty set, let T be a subset of ZX, and let ¢ be an
enumeration of X. Let us assume that rngc C N. An execution function of
3(8, Z-ElemlIns) over ZX and T is said to be a Z-execution with ¢ over T if it
satisfies the condition (Def. 28).

(Def. 28) Let s be an element of ZX, v be an element of X Z* and e be an element
of Z%™ . Then it(s, the root tree of (c-voyne, eoyc)) =s+ (v(s),e(s)).

We now state three propositions:

(16) Let f be a Z-execution, v be a Z-variable of N, and ¢ be a Z-expression
of N. Then v and ¢ form an assignment w.r.t. f.

(17) For every Z-execution f holds every Z-variable of N is a Z-variable of
§(6,Z-Elemlns) w.r.t. f.

(18) For every Z-execution f holds every Z-expression of N is a Z-expression
of §(6, Z-Elemlns) w.r.t. f.

Let us mention that every Z-execution is Euclidean.
One can prove the following three propositions:

(19) Let X be a non empty countable set, T be a subset of Z¥, ¢ be an
enumeration of X, f be a Z-execution with ¢ over T', v be a Z-variable of
X, and t be a Z-expression of X. Then v and t form an assignment w.r.t.
f.

(20) Let X be a non empty countable set, T' be a subset of Z*, ¢ be an
enumeration of X, and f be a Z-execution with ¢ over T'. Then every
Z-variable of X is a Z-variable of §(&,Z-ElemlIns) w.r.t. f.

(21) Let X be a non empty countable set, T' be a subset of Z¥, ¢ be an
enumeration of X, and f be a Z-execution with ¢ over T'. Then every
Z-expression of X is a Z-expression of §(&, Z-ElemlIns) w.r.t. f.

Let X be a countable non empty set, let 7' be a subset of ZX, and let ¢ be an
enumeration of X. Observe that every Z-execution with ¢ over T' is Euclidean.
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Let us observe that §(&, Z-ElemlIns) is Euclidean.

One can check that there exists a pre-if-while algebra which is Euclidean
and non degenerated.

Let A be an Euclidean pre-if-while algebra, let X be a non empty countable
set, and let T be a subset of ZX. Observe that there exists an execution function
of A over Z*X and T which is Euclidean.

In the sequel A is an Euclidean pre-if-while algebra, X is a non empty
countable set, T is a subset of Z¥, and f is an Euclidean execution function of
Aover ZX and T.

Let us consider A, X, T, f and let ¢t be a Z-expression of A w.r.t. f. Then
—t is a Z-expression of A w.r.t. f.

Let us consider A, X, T, f, let t be a Z-expression of A w.r.t. f, and let ¢
be an integer number. Then t + 4, t — ¢, and ¢ - ¢ are Z-expressions of A w.r.t. f.

Let us consider A, X, T, f and let t1, to be Z-expressions of A w.r.t. f.
Then t1 — t9, t1 + o, and tq ty are Z-expressions of A w.r.t. f. Moreover, t; = ts,
t1 mod to, leq(t1,t2), and gt(t1, t2) are also Z-expressions of A w.r.t. f and they
can be characterized by the conditions:

(Def. 29) For every element s of Z* holds (t1 = t2)(s) = t1(s) = ta(s).

(Def. 30) For every element s of ZX holds (t; mod t5)(s) = t1(s) mod ta(s).
(Def. 31) For every element s of ZX holds (leq(t1,t2))(s) = (t1(s) > ta(s) — 0,1).
(Def. 32) For every element s of ZX holds (gt(t1,t2))(s) = (t1(s) > t2(s) — 1,0).

Let us consider A, X, T, f and let t1, to be Z-expressions of A w.r.t. f.
Then eq(t1,t2) is a Z-expression of A w.r.t. f and it can be characterized by the
condition:

(Def. 33) For every element s of Z~ holds (eq(t1,t2))(s) = (t1(s) = t2(s) — 1,0).

Let us consider A, X, T, f and let v be a Z-variable of A w.r.t. f. The
functor ¥ yields a Z-expression of A w.r.t. f and is defined by:

(Def. 34) © = & where z = v qua Z-variable of X.

Let us consider A, X, T, f and let x be an element of X. The functor 4 ¢
yields a Z-variable of A w.r.t. f and is defined as follows:

(Def. 35) &4 =2.
Let us consider A, X, T, f and let x be a variable in f. We introduce & as
a synonym of Z 4 ;.
Let us consider A, X, T, f and let = be a variable in f. The functor &
yielding a Z-expression of A w.r.t. f is defined as follows:
(Def. 36) & = 1.
The following proposition is true

(22) For every variable = in f and for every element s of Z¥ holds (&)(s) =

s(x).
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Let us consider A, X, T', f and let 7 be an integer number. The functor iy4 ¢

yields a Z-expression of A w.r.t. f and is defined as follows:
(Def. 37) a5 =1ix.

Let us consider A, X, T, f, let v be a Z-variable of A w.r.t. f, and let ¢t be a
Z-expression of A w.r.t. f. The functor v:=t yielding an element of A is defined
as follows:

(Def. 38) w:=t = choose({I € A: I € ElementaryInstructions, A
/\s:element of ZX f(S, I) =5+ (v(s),t(s))}).
One can prove the following proposition
(23) Let v be a Z-variable of A w.r.t. f and t be a Z-expression of A w.r.t.
f. Then v:=t € ElementarylInstructions 4 .

Let us consider A, X, T, f, let v be a Z-variable of A w.r.t. f, and let ¢ be
a Z~expression of A w.r.t. f. Observe that v:=t is absolutely-terminating.

Let us consider A, X, T', f, let v be a Z-variable of A w.r.t. f, and let ¢ be
a Z-expression of A w.r.t. f. The functors v+=t and v*=t yielding absolutely-
terminating elements of A are defined by:

(Def. 39) v+=t =wv:=(0+1).
(Def. 40) v*=t =wv:=(0t).

Let us consider A, X, T, f, let x be an element of X, and let ¢ be a Z-
expression of A w.r.t. f. The functor z:=t yielding an absolutely-terminating
element of A is defined as follows:

(Def. 41) z:=t =124 :=t.

Let us consider A, X, T, f, let x be an element of X, and let y be a variable
in f. The functor x:=y yields an absolutely-terminating element of A and is
defined by:

(Def. 42) z:=y=2x:=7.

Let us consider A, X, T, f, let x be an element of X, and let v be a Z-variable
of A w.r.t. f. The functor x:=v yields an absolutely-terminating element of A
and is defined by:

(Def. 43) z:=v=1x:=10.

Let us consider A, X, T, f and let v, w be Z-variables of A w.r.t. f. The
functor v:=w yielding an absolutely-terminating element of A is defined as
follows:

(Def. 44) v:i=w =v:=w.
Let us consider A, X, T, f, let x be a variable in f, and let ¢ be an integer

number. The functor z:=14 yielding an absolutely-terminating element of A is
defined by:

(Def. 45) w:=i=a:=(ia ).
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Let us consider A, X, T, f, let v1, vo be Z-variables of A w.r.t. f, and let x
be a variable in f. The functor swap(vy, z,v2) yields an absolutely-terminating
element of A and is defined by:

(Def. 46) swap(v1,z,v2) = x:=v1;01:=V;V2:=1.

Let us consider A, X, T, f, let x be a variable in f, and let ¢t be a Z-
expression of A w.r.t. f. The functors z+=t, x*=t, x¥=t, and x/=t yielding
absolutely-terminating elements of A are defined by:

Def. 47) x+=t =xz:=(& +1).
Def. 48) axx=t =x:=(it).
Def. 49) a¥%=t = z:= (4 mod t).
Def. 50) x/=t=x:=(% +1t).
Let us consider A, X, T, f, let x be a variable in f, and let ¢ be an integer

number. The functor z+=1, x*=1, %=1, and z/=1 yield absolutely-terminating
elements of A and are defined as follows:

Def. 51) a+=i=x:=(& +1).
Def. 52) ax=i=x:=(&-1).
Def. 53) 2%=i=x:=(& mod ia f).
Def. 54) wx/=i=x:=(& +iay).
The functor x + i yields a Z-expression of A w.r.t. f and is defined as follows:
(Def. 55) x%i:i%iAf.
Let us consider A, X, T, f, let v be a Z-variable of A w.r.t. f, and let ¢ be an

integer number. The functors v:=1, v+=1, and v*=1 yield absolutely-terminating
elements of A and are defined by:
(Def. 56) v:=i=wv:=(iay).
(Def. 57) v+=i=wv:=(0+1).
(Def. 58) wvx=i=wv:=(0-1).
Let us consider A, X, let b be an element of X, let ¢ be an Euclidean
execution function of A over ZX and ZX [;’éo, and let t; be a Z-expression of A

w.r.t. g. Absolutely-terminating elements “t; is odd” and “t; is even” of A are
defined by:

(Def. 59) t1 is odd = b:=(t; mod 24).

(Def. 60) t1 is even = b:=((t1 + 1) mod 24 ).
Let to be a Z-expression of A w.r.t. g. The functors t; leqts, t1 gt t2, and t1 eqts
yield absolutely-terminating elements of A and are defined as follows:

(Def. 61) tl leqt2 =b:= 1eq(t1,t2).
The functor ¢1 gt to yields an absolutely-terminating element of A and is defined

(
(
(
(

(
(
(
(

as follows:
(Def. 62) tl gt tQ =b:= gt(tl,tg).

185



186 GRZEGORZ BANCEREK

(Def. 63) ty1eqte = b:=eq(ty,t2).

Let us consider A, X, let b be an element of X, let ¢ be an Fuclidean
execution function of A over ZX and ZX [;’60, and let t1, to be Z-expressions of A
w.r.t. g. We introduce to geqt1 as a synonym of 1 leqto and to 1t ¢ as a synonym
of t1 gt to.

Let us consider A, X, let b be an element of X, let ¢ be an Euclidean
execution function of A over Z¥ and Z¥ [géo, and let v, vo be Z-variables of A
w.r.t. g. The functors v; leqve and v; gt vo yield absolutely-terminating elements
of A and are defined as follows:

(Def 64) (%] leq Vg = Ul leq UQ.
(Def. 65) U1 gt Vo = Ul gt 1f2.

Let us consider A, X, let b be an element of X, let ¢ be an Fuclidean
execution function of A over ZX and ZX [l;o, and let vy, v9 be Z-variables of
A w.r.t. g. We introduce vs gequi as a synonym of vilequy and voltvy as a
synonym of v gt vs.

Let us consider A, X, let b be an element of X, let ¢ be an Euclidean
execution function of A over ZX and ZX [géo, and let 7 be a variable in g.
Absolutely-terminating elements “x; is odd” and “xy is even” of A are defined
by:

(Def. 66) 7 is odd = (21) is odd.

(Def. 67) 7 is even = (1) is even.
Let xo be a variable in g. The functors = leqxs and x1 gt 2o yield absolutely-
terminating elements of A and are defined by:

(Def. 68) x1lequo = 21 leq 2s.

(Def. 69) z1 gt xo = 21 gt Za.

Let us consider A, X, let b be an element of X, let ¢ be an Euclidean
execution function of A over ZX and ZX [1;50, and let x1, o be variables in g.
We introduce zs geqx; as a synonym of xjleqao and xolt z; as a synonym of
I gt xI9.

Let us consider A, X, let b be an element of X, let ¢ be an Euclidean
execution function of A over ZX and ZX [géo, let = be a variable in g, and let
7 be an integer number. The functors xleqi, x geqi, rgti, and xlti yielding
absolutely-terminating elements of A are defined as follows:

(Def. 70) zleqi = &leqiag.
(Def. 71) xgeqi =2 geqiag.
(Def. 72) zgti=dgtiag.
(Def. 73) wlti=a1tig,.
The functor 7

(Def. 74) £ =i +ia,.

yielding a Z-expression of A w.r.t. ¢ is defined as follows:



A~~~ I~ /N

Def. 75)

Def. 76) x1*=x9 = x1%=29.

Def. 77)

Def. 78) x1/=x9 = x1:= (2] + @9).
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Let us consider A, X, T, f and let z1, xo be variables in f. The functors
T1+=x2, T1*=2T2, X1%=T2, and x1/=x9 yielding absolutely-terminating elements
of A are defined as follows:

T1+=To = X1+=129.
1‘1%= T2 = X1 :=(£L;1 mod x'g).

The functors x1 + x2, x1 - £2, 1 mod x2, and x1 + xo yield Z-expressions of A
w.r.t. f and are defined as follows:

1+ T2 = T1 + Za.

T+ T = IE.l .’E.Q.

z1 mod x9 = 21 mod 5.

T1+ X9 = T1 +~ To.

For simplicity, we follow the rules: A denotes an Euclidean pre-if-while al-
gebra, X denotes a non empty countable set, x, y, z denote elements of X, s
denotes an element of ZX, T denotes a subset of ZX, f denotes an Euclidean
execution function of A over ZX and T, v denotes a Z-variable of A w.r.t. f, t
denotes a Z-expression of A w.r.t. f, and ¢ denotes an integer number.

Next we state a number of propositions:

(24) f(s, v:=t)(v(s)) = t(s) and for every z such that z # wv(s) holds f(s,
vi=t)(z) = s(2).

(25) Let = be a variable in f and 7 be an integer number. Then f(s,
x:=1)(x) =i and for every z such that z # z holds f(s, x:=17)(z) = s(2).

(26) Let = be a variable in f and t be a Z-expression of A w.r.t. f. Then f(s,
x:=t)(x) = t(s) and for every z such that z # z holds f(s, z:=t)(z) =
s(2).

(27) For all variables x, y in f holds f(s, z:=
such that z # x holds f(s, z:=y)(2) = s(2).

(28) For every variable z in f holds f(s, z+=1i)(x) = s(z) + 4 and for every z
such that z # z holds f(s, x+=1)(z) = s(z)

(29) Let x be a variable in f and ¢ be a Z-expression of A w.r.t. f. Then
f(s, z+=t)(x) = s(z) + t(s) and for every z such that z # = holds f(s,
x+=t)(z) = s(2).

(30) For all variables x, y in f holds f(s, z+=y)(x) = s(z) + s(y) and for
every z such that z # z holds f(s, z+=y)(z) = s(z).

(31) For every variable z in f holds f(s, z*=1i)(z) = s(z) - i and for every z
such that z # z holds f(s, x*=1)(z) = s(2).

(32) Let x be a variable in f and t be a Z-expression of A w.r.t. f. Then
f(s, x*x=t)(x) = s(x) - t(s) and for every z such that z # x holds f(s,

y)(z) = s(y) and for every z
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x*x=t)(z) = s(2).

(33) For all variables z, y in f holds f(s, z*=y)(z) = s(z)-s(y) and for every
z such that z # z holds f(s, xx=y)(z) = s(z).

(34) Let b be an element of X, g be an Euclidean execution function of A

over ZX and ZX [géo, x be a variable in g, and ¢ be an integer number.

Then

) if s(x) <1, then g(s, xleqi)(b) =1,

) if s(x) > 4, then g(s, xleqi)(b) =0,

(iii)  if s(x) > 1, then g(s, zgeqi)(b) =1

) if s(x) < i, then g(s, zgeqi)(b) = 0, and
) for every z such that z # b holds g(s, zleqi)(z) = s(z) and g(s,
xgeqi)(z) = s(2).

(35) Let b be an element of X, g be an Euclidean execution function of A
over ZX and ZX [;’éo, and z, y be variables in g. Then if s(x) < s(y), then
g(s, zleqy)(b) = 1 and if s(x) > s(y), then g(s, zleqy)(b) = 0 and for
every z such that z # b holds g(s, zleqy)(z) = s(2).

(v

(36) Let b be an element of X, g be an Euclidean execution function of A
over ZX and ZX [géo, x be a variable in g, and ¢ be an integer number.
Then

(i)  s(x) <iiff g(s, xleqi) € ZX [7&0, and
(i) s(z) > iff g(s, zgeqi) € Z¥ Y.

(37) Let b be an element of X, g be an Euclidean execution function of A

over ZX and ZX [;’éo, and z, y be variables in g. Then
(1)  s(z) < s(y) iff g(s, zleqy) € Z¥ [750, and
(i) s(z) > s(y) iff g(s, vgeqy) € ZX Y.

(38) Let b be an element of X, g be an Euclidean execution function of A
over ZX and ZX [;’m, x be a variable in g, and ¢ be an integer number.
Then

) if s(x) > 4, then g(s, zgti)(b) =1,
) if s(z) <4, then g(s, x gti)(b) =0,
(iii)  if s(x) < 1, then g(s, zlt4)(b) =1,
) if s(x) >4, then g(s, z1t4)(b) = 0, and
) for every z such that z # b holds g(s, xgti)(z) = s(z) and g(s,

zlti)(z) = s(2).

(39) Let b be an element of X, g be an Euclidean execution function of A
over ZX and ZX [750, and z, y be variables in g. Then

) if s(z) > s(y), then g(s, zgty)(b) = 1

) (z) < s(y), then g(s, z gty)(b) =
(iii)  if s(x) < s(y), then g(s, zlty)(b) =

) (z) = s(y), then g(s, x1ty)(b) =
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(v) for every z such that z # b holds g(s, xgty)(z) = s(z) and g(s,
zlty)(z) = s(z).

(40) Let b be an element of X, g be an Euclidean execution function of A
over ZX and ZX [;’éo, x be a variable in g, and ¢ be an integer number.
Then

() s(x) >iiff g(s, vgti) € Z¥X [250, and
(il)  s(x) <iiff g(s, zlti) € ZX 1L,

(41) Let b be an element of X, g be an Euclidean execution function of A

over ZX and ZX [;’éo, and z, y be variables in g. Then
() s(x) > s(y) iff g(s, zgty) € Z~¥ [g’éo, and
(i)  s(z) < s(y) iff g(s, zlty) € Z¥ [;’,50.

(42) For every variable x in f holds f(s, %=1)(z) = s(x) mod i and for every
z such that z # z holds f(s, 2%=1)(z) = s(z).

(43) Let x be a variable in f and ¢ be a Z-expression of A w.r.t. f. Then
f(s, z%=1t)(x) = s(x) mod t(s) and for every z such that z # z holds f(s,
xh=1)(z) = s(z).

(44) For all variables z, y in f holds f(s, z%=y)(x) = s(x) mod s(y) and for
every z such that z # z holds f(s, 2%=y)(z) = s(z).

(45) For every variable x in f holds f(s, z/=1)(z) = s(z) =i and for every z
such that z # z holds f(s, /=1)(z) = s(2).

(46) Let x be a variable in f and t be a Z-expression of A w.r.t. f. Then
f(s, z/=t)(x) = s(z) + t(s) and for every z such that z # = holds f(s,
z/=t)(2) = s(2)-

(47) For all variables x, y in f holds f(s, x/=y)(x) = s(z) + s(y) and for
every z such that z # z holds f(s, x/=y)(z) = s(2).

(48) Let b be an element of X, g be an Euclidean execution function of A
over ZX and ZX [;’éo, and t be a Z-expression of A w.r.t. g. Then

(i)  g(s, tisodd)(b) = t(s) mod 2,
(i1)  g(s, tis even)(b) = (t(s) + 1) mod 2, and

(ili)  for every z such that z # b holds g(s, t is odd)(z) = s(z) and g(s, t is
even)(z) = s(z).

(49) Let b be an element of X, g be an Euclidean execution function of A
over ZX and ZX [I;O, and x be a variable in g. Then

(i)  g(s, z is odd)(b) = s(z) mod 2,
(ii))  g(s, x is even)(b) = (s(x) + 1) mod 2, and

(iii)  for every z such that z # b holds g(s, x is odd)(z) = s(z).

(50) Let b be an element of X, g be an Euclidean execution function of A
over ZX and ZX [géo, and t be a Z-expression of A w.r.t. g. Then

(i)  t(s) is odd iff g(s, t is odd) € ZX %, and
(i)  t(s) is even iff g(s, t is even) € ZX [1;0.
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(51) Let b be an element of X, g be an Euclidean execution function of A
over ZX and ZX [;’éo, and x be a variable in g. Then

(i) s(x) is odd iff g(s, = is odd) € ZX rZEO’ and

(i)  s(x) is even iff g(s, = is even) € Z¥ [;’éo.

In this article we present several logical schemes. The scheme ForTolteration
deals with an Euclidean pre-if-while algebra A, a countable non empty set B,
an element C of B, elements D, £ of A, an Euclidean execution function F of A
over ZB and ZB [io, variables G, H in F, an element Z of Z5, a Z-expression J
of A w.r.t. F, and a unary predicate P, and states that:

P[F(Z, £)] and if J(Z) < Z(H), then F(Z, E)(G) = I(H) + 1
and if J(Z) > Z(H), then F(Z, £)(G) = TJ(Z) and F(Z, E)(H) =
I(H)
provided the following conditions are met:

o £=forG:=7J until GleqH step G+=1 do D done,

o PIF(L G:=))

e For every element s of Z5 such that P[s] holds P[F (s, D; G+=1)]
and P[F (s, GleqH)],

e For every element s of ZZ such that P[s] holds F(s, D)(G) = s(G)
and F(s, D)(H) = s(H), and

e H#G and H# C and G # C.

The scheme ForDowntolteration deals with an Euclidean pre-if-while algebra
A, a countable non empty set B, an element C of B, elements D, £ of A, an
Euclidean execution function F of A over ZB and ZB [#0, variables G, H in F,
an element 7 of ZB, a Z-expression J of A w.r.t. F, and a unary predicate P,
and states that:

P[F(Z, &)] and if J(Z) > Z(H), then F(Z, E)(G) = I(H) —
and if J(Z) < Z(H), then F(Z, £)(G) = J(Z) and F(Z, E)(H) =
I(H)
provided the following conditions are satisfied:

o £=forG:=7 until Hleq§ step G+=(—1) do D done,

o PIF(Z,G:=),

e For every element s of Z such that P[s] holds P[F (s, D; G+=(—1))]
and P[F(s, HleqG)],

e For every element s of Z” such that P[s] holds F (s, D)(G) = s(G)
and F(s, D)(H) = s(H), and

e H#Gand H#C and G #C.

3. TERMINATION IN IF-WHILE ALGEBRAS OVER INTEGERS

In the sequel b denotes an element of X and g denotes an Euclidean execution
function of A over ZX and ZX [;’,50.
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One can prove the following four propositions:

(52) Let I be an element of A and i, n be variables in g. Suppose there exists
a function d such that d(b) = 0 and d(n) = 1 and d(i) = 2 and for every s
holds g(s, I)(n) = s(n) and g(s, I)(i) = s(i). Then iteration of g started
in I;i+=1;ileqn terminates w.r.t. g(s, ileqn).

(53) Let P be a set, I be an element of A, and i, n be variables in g. Suppose
that

(i)  there exists a function d such that d(b) = 0 and d(n) = 1 and d(i) = 2,
and

(ii)  for every s such that s € P holds g(s, I)(n) = s(n) and g(s, I)(i) = s(i)
and g(s, I), g(s, ileqn), g(s, i+=1) € P.
Suppose s € P. Then iteration of g started in I;i+=1;7leqn terminates
w.r.t. g(s, ileqn).

(54) Let I be an element of A. Suppose [ is terminating w.r.t. g. Let ¢, n
be variables in g. Suppose there exists a function d such that d(b) = 0
and d(n) = 1 and d(i) = 2 and for every s holds g(s, I)(n) = s(n) and
g(s, I)(i) = s(i). Then fori:=t until ileqn step i+=1 do I done is
terminating w.r.t. g.

(55) Let P be a set and I be an element of A. Suppose I is terminating w.r.t.
g and P. Let i, n be variables in g. Suppose that

(i)  there exists a function d such that d(b) = 0 and d(n) = 1 and d(i) = 2,
(ii) for every s such that s € P holds g(s, I)(n) = s(n) and g(s, 1)(i) = s(i),
and
(ili) P is invariant w.r.t. i:=¢ and g, invariant w.r.t. I and g, invariant w.r.t.
ileqn and g, and invariant w.r.t. i+=1 and g.

Then fori:=t until ¢leqn step i+=1 do I done is terminating w.r.t. g
and P.

4. EXAMPLES

Let us consider X, A, T, f, s and let I be an element of A. Then f(s, I) is
an element of ZX.

One can prove the following propositions. Let F' denotes the program:
s:=1;

fori:=2untilileqn stepi+=1 do
s§¥=7

done

(56) Let n, s, ¢ be variables in g. Given a function d such that d(n) = 1 and
d(s) =2 and d(i) = 3 and d(b) = 4. Then F is terminating w.r.t. g.
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(57) Let n, s, i be variables in g. Given a function d such that d(n) = 1 and
d(s) = 2 and d(i) = 3 and d(b) = 4. Let ¢ be an element of ZX and N be
a natural number. If N = ¢(n), then g(q, F')(s) = N\

Let Py denotes the program:

s:=1;
fori:=1until¢leqn stepi+=1 do
S¥=1x

done

(58) Let x, n, s, i be variables in g. Given a function d such that d(x) = 0 and
d(n) =1 and d(s) = 2 and d(i) = 3 and d(b) = 4. Then P, is terminating
w.r.t. g.

(59) Let x, n, s, i be variables in g. Given a function d such that d(z) = 0
and d(n) = 1 and d(s) = 2 and d(i) = 3 and d(b) = 4. Let ¢ be an element
of ZX and N be a natural number. If N = ¢(n), then g(g, Po)(s) = q(x)".

Let F'ib denotes the program:

z:=0;

y:=1

fori:=1until¢leqn stepi+=1 do
Zi=x;xi=y yt=2

done
(60) Let n, x, y, z, i be variables in g. Given a function d such that d(b) =0
and d(n) =1 and d(z) = 2 and d(y) = 3 and d(z) = 4 and d(i) = 5. Then
Fib is terminating w.r.t. g.

(61) Let n, x, y, 2, i be variables in g. Given a function d such that d(b) =0
and d(n) = 1 and d(z) = 2 and d(y) = 3 and d(z) = 4 and d(i) = 5.

g(s, Fib)(x) = Fib(N).
Let GCD; denotes the program:
whileygtO do
z:=x; Zh=Y;
Ti=y; yi=z
done

(62) Let x, y, z be variables in g. Given a function d such that d(b) = 0 and
d(x) =1 and d(y) = 2 and d(z) = 3. Then GCD; is terminating w.r.t. g
and {s:s(z) > s(y) A s(y) > 0}.

(63) Let x, y, z be variables in g. Given a function d such that d(b) = 0
and d(z) = 1 and d(y) = 2 and d(z) = 3. Let s be an element of Z*
and n, m be elements of N. If n = s(z) and m = s(y) and n > m, then
9(s,GCDy)(z) = ged(n, m).

Let GCDy denotes the program:
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whileygt0 do
z:= (& —9);
if 21t 0 then z*=—1 fi;
Ti=Y;
Y=z

done

(64) Let x, y, z be variables in g. Given a function d such that d(b) = 0 and
d(z) =1 and d(y) = 2 and d(z) = 3. Then GCDs is terminating w.r.t. g
and {s:s(x) >0 A s(y) >0}.

(65) Let x, y, z be variables in g. Given a function d such that d(b) = 0 and
d(z) = 1 and d(y) = 2 and d(z) = 3. Let s be an element of ZX and n,
m be elements of N. Suppose n = s(z) and m = s(y) and n > 0. Then
9(s,GCDy)(z) = ged(n, m).

Let Py denotes the program:
y:=1
whilemgt 0 do

if m is odd then y*=x fi;

m/=2;
T*=
done

(66) Let z, y, m be variables in g. Given a function d such that d(b) = 0 and
d(x) =1 and d(y) = 2 and d(m) = 3. Then P, is terminating w.r.t. g and
{s:s(m) > 0}.

(67) Let x, y, m be variables in g. Given a function d such that d(b) = 0 and
d(x) =1 and d(y) = 2 and d(m) = 3. Let s be an element of ZX and n be
a natural number. If n = s(m), then g(s, P1)(y) = s(z)".
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Summary. In this paper the theory of invertibility of matrices of field
elements (see e.g. [5], [6]) is developed. The main purpose of this article is to
prove that the left invertibility and the right invertibility are equivalent for a
matrix of field elements. To prove this, we introduced a special transformation of
matrix to some canonical forms. Other concepts as zero vector and base vectors
of field elements are also introduced as a preparation.

MML identifier: MATRIX14, version: 7.9.01 4.101.1015

The papers [14], [3], [7], [17], [4], [13], [15], [10], [1], [12], [18], [16], [9], [8], [2],
and [11] provide the terminology and notation for this paper.

1. PRELIMINARIES

We use the following convention: x, y denote sets, n, m, i, j denote elements
of N, and K denotes a field.

Let K be a non empty zero structure and let us consider n. The functor 0%
yields a finite sequence of elements of K and is defined by:

(Def. 1) 0% =n+— 0k.

Let K be a non empty zero structure and let us consider n. Then 0% is an
element of (the carrier of K)".

In the sequel L denotes a non empty additive loop structure.

The following three propositions are true:
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(1) Every finite sequence z of elements of L is an element of (the carrier of
L)lenx.
(2) For all finite sequences x1, x2 of elements of L such that lenz; = lenzy
holds len(z; + x2) = lenx;.
(3) For all finite sequences x1, x2 of elements of L such that lenz; = lenzs
holds len(z — z2) = len ;.
In the sequel G is a non empty multiplicative loop structure.
Next we state four propositions:
(4) Let x1, x2 be finite sequences of elements of G and given i. If i € dom(x;e
x2), then (1 ® x2)(i) = (z1); - (x2); and (1 ® x2); = (z1); - (x2);.
(5) Let x1, x2 be finite sequences of elements of L and 7 be a natural number.
If lenzy = lenxg and 1 < i <lenzy, then (z1 + x2)(i) = (21); + (x2); and
(w1 — 22)(1) = (z1)i — (w2)i-
(6) For every element a of K and for every finite sequence x of elements of
K holds —a-z=(—a) -z and —a-z =a- —x.
(7) For all finite sequences 1, x2, y1, y2 of elements of G such that lenx; =
lenxo and leny; = lenys holds 1 ~yy e z2 " ya = (z1 @ 22) ™ (y1 @ y2).
Let us consider K and let ej, eo be finite sequences of elements of K. We
introduce |(e1, e2)| as a synonym of e; - es.
Next we state several propositions:
(8) Let z, y be finite sequences of elements of K and a be an element of K.
Iflenz =leny, thena-zey=a-(zey)and xea-y=a-(zey).
(9) For all finite sequences z, y of elements of K and for every element a of
K such that lenz = leny holds |(a - z,y)| = a - |(z,y)]|-
(10) For all finite sequences z, y of elements of K and for every element a of
K such that lenx = leny holds |(z,a-y)| = a- |(z,y)|.
(11) Let x, yi1, y2 be finite sequences of elements of K and a be an element
of K. If lenx = leny; and lenz = lenys, then |(x,y1 + y2)| = [(z,y1)| +
(2, y2)]-
(12) For all finite sequences 1, x2, y1, y2 of elements of K such that lenx; =
lenzo and leny; = lenys holds |(z1 ~ y1, 22 ~ y2)| = [(x1,z2)| + |(y1, y2)|-
(13) For every element p; of (the carrier of K)™ holds p;en +— O = n +— Og.
Let us consider n, let us consider K, and let A be a square matrix over K
of dimension n. We introduce Inv A as a synonym of A™.

2. ZERO VECTOR AND BASE VECTORS OF FIELD ELEMENTS

Next we state several propositions:
0x0 _ A0x0 0x0 __
(14) IZ" =0x" and I" = 0.
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(15) For every square matrix A over K of dimension 0 holds A = ) and
A=T17%and A =09,

(16) Every square matrix over K of dimension 0 is invertible.

(17) For all square matrices A, B, C over K of dimension n holds (A-B)-C =
A-(B-QC).

(18) Let A, B be square matrices over K of dimension n. Then A is invertible
and B=A"ifandonly if B- A =1" and A- B = IY".

(19) Let A be a square matrix over K of dimension n. Then A is invertible
if and only if there exists a square matrix B over K of dimension n such
that B- A= 13" and A- B = I".

(20) For every finite sequence x of elements of K holds |(z,0%" )| = 0.

(21) For every finite sequence x of elements of K holds |(0%"® z)| = 0.

(22) For every element a of K holds |((0k), (a))| = Ok.

Let K be anon empty set, let n be a natural number, and let a be an element
of K. Then n +— a is a finite sequence of elements of K.
Let us consider K and let n, ¢ be natural numbers. The ¢-versor in K™ yields
a finite sequence of elements of K and is defined by:
(Def. 2) The i-versor in K" = Replace(n — Og, 1, 1x).
Next we state several propositions:
(23) For all natural numbers n, ¢ holds len (the i-versor in K™) = n.
(24) For all natural numbers i, n such that 1 < i < n holds (the i-versor in
K™ (i) = 1k.
(25) Let ¢, j, n be natural numbers. Suppose 1 < i <n and 1 < j <n and
i # j. Then (the i-versor in K")(j) = Ok
(26) For all natural numbers ¢, n such that 1 < ¢ < n holds I}*"(i) = the
i-versor in K™.
(27) For all 4, j such that 1 < i < mn and 1 < j < n holds I?(X”m = (the
i-versor in K")(j).
(28) Let A be a square matrix over K of dimension n. Then A = 07" if and
only if for all elements 4, j of N such that 1 <4 <n and 1 < j <n holds
Ai,j =0g.
(29) Let A be a square matrix over K of dimension n. Then A = IZ*" if and
only if for all elements ¢, 7 of N such that 1 <i <n and 1 < j <n holds
Aij=(i=j— 1k,0k).
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3. CONDITIONS OF INVERTIBILITY

One can prove the following propositions:

(30) For all square matrices A, B over K of dimension n holds (A - B)T =
BT . AT

(31) For every square matrix A over K of dimension n such that A is invertible
holds AT is invertible and (AT)~ = (A~)T.

(32) Let x be a finite sequence of elements of K and a be an element of K.
Given ¢ such that 1 < ¢ < lenz and x(i) = a and for every j such that
j#iand 1 <j<lenz holds z(j) = 0. Then >z = a.

(33) Let fi1, fo be finite sequences of elements of K. Then dom(f; e f3) =
dom fiNdom fo and for every i such that ¢ € dom(fief2) holds (fi1ef2)(i) =
(f1)i - (f2)i-

(34) Let x, y be finite sequences of elements of K and given i. Suppose lenz =
m and y = z e the i-versor in K™ and 1 < i < m. Then y(i) = z(i) and
for every j such that j # ¢ and 1 < 5 < m holds y(j) = Ok

(35) Let x be a finite sequence of elements of K. Suppose lenz = m and
1 < ¢ < m. Then |(z,the i-versor in K™)| = z(i) and |(z, the i-versor in

(36) For all m, i such that 1 < i < m holds |(the i-versor in K™, the i-versor
in Km)| = 1K'

(37) Let a be an element of K and P, @ be square matrices over K of di-
mension n. Suppose that n > 0 and a # O and Py = a~! and for every
i such that 1 < i < n holds P(i) = the i-versor in K" and Q1,1 = a and
for every j such that 1 < j < n holds Q1 ; = —a - Py j and for every 7 such
that 1 <7 < n holds Q(i) = the i-versor in K". Then P is invertible and
Q=P

(38) Let a be an element of K and P be a square matrix over K of dimension
n. Suppose n > 0 and a # Ox and Py; = a~! and for every i such that
1 <i <n holds P(i) = the i-versor in K™. Then P is invertible.

(39) Let A be a square matrix over K of dimension n. Suppose n > 0 and
A1 # Or. Then there exists a square matrix P over K of dimension n
such that

(i) P is invertible,
(i) (A-P)iy1 =1k,

(iii)  for every j such that 1 < j < n holds (A - P);; = Ok, and

(iv)  for every i such that 1 <i <n and A;; = Og holds (A- P);1 = Ok.

(40) Let A be a square matrix over K of dimension n. Suppose n > 0 and
A1,1 # Or. Then there exists a square matrix P over K of dimension n
such that
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) P is invertible,
(i) (P-A)r =1k,
i) for every i such that 1 <4 <n holds (P- A);1 = 0k, and
) for every j such that 1 < j <n and A; ; = 0 holds (P - A);; = 0k.
(41) Let A be a square matrix over K of dimension n. Suppose n > 0 and
A1,1 # Or. Then there exist square matrices P, @ over K of dimension n
such that
) P is invertible,
) Q is invertible,
(i) (P-A-Q)11 =1k,
) for every i such that 1 < i <n holds (P-A-Q);1 =0k, and
) for every j such that 1 < j <n holds (P-A-Q);,; =O0k.

4. A TRANSFORMATION OF MATRIX TO SOME CANONICAL FORM

We now state the proposition
(42) Let D be a non empty set, m, n, i, j be elements of N, and A be a
matrix over D of dimension m x n. Then Swap(A,i,7) is a matrix over
D of dimension m X n.

Let us consider K, let n be an element of N, and let 7g be a natural number.
The functor SwapDiagonal(K, n, i) yields a square matrix over K of dimension
n and is defined as follows:

(Def. 3) SwapDiagonal(K, n,iy) = Swap(I*", 1,4p).

Next we state a number of propositions:

(43) Let n be an element of N, iy be a natural number, and A be a squ-
are matrix over K of dimension n. Suppose 1 < g < n and A =
SwapDiagonal(K, n,ip). Let ¢, j be natural numbers. Suppose 1 < i < n
and 1 < j < n. Suppose ig # 1. Then
) if i =1 and j = g, then Ai,j =1k,

) if i =ip and j = 1, then A@j:l[{,
(iii) ifi=1and j =1, then A;; = O,

) if i =149 and j = ip, then A; ; = Ok, and

) ifi#1andi#idgorj#1andj#ip, thenif i = j, then A;; = 1g
and if ¢ 7'5 j, then Ai,j =0g.

(44) Let n be an element of N, A be a square matrix over K of dimension n,
and ¢ be a natural number. If 1 < ¢ < n, then (SwapDiagonal(K,n,1));; =
1g.

(45) Let n be an element of N, A be a square matrix over K of dimension n,
and 4, j be natural numbers. If 1 < i <n and 1 < j < n, then if i # j,
then (SwapDiagonal(K,n,1));; = Ok.
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(46) Let given K, n, ig be elements of N, and A be a square matrix over K
of dimension n. Suppose that
) 1<,
(il)  ip <mn,
) igp=1,and
) for all natural numbers 4, j such that 1 <i <n and 1 < j <n holds if
1= j, then Ai,j =1k and if ¢ 75 j, then Ai,j = 0g.

Then A = SwapDiagonal(K,n, ).

(47) Let given K, n, iy be elements of N, and A be a square matrix over K

of dimension n. Suppose that

) 1<,

) io <m,
(ili) i9 # 1, and

) for all natural numbers i, j such that 1 <i <n and 1 < j <n holds if
it =1and j = ip, then A; ; = 1 and if i = ip and j = 1, then 4;; = 1g
and if 7 = 1 and j = 1, then A;; = O and if ¢ = 99 and j = ip, then

A;j =0x and if i # 1 and 7 # ig or j # 1 and j # 4o, then if i = j, then

Ai,j = 1g and if ¢ # j, then A@j = 0g.

Then A = SwapDiagonal(K, n,ig).

(48) Let A be a square matrix over K of dimension n and ip be an element
of N. Suppose 1 < iy < n. Then

(i) for every j such that 1 < j < n holds (SwapDiagonal(K,n,ig) - A), j =
A ; and (SwapDiagonal(K, n,ig) - A)1,; = Aip,j, and

(i) for all 4, j such that ¢ # 1l and i #ipand 1 <i<nand 1 <j<n
holds (SwapDiagonal(K,n, i) - A);; = A j.

(49) For every element iy of N such that 1 < 4y < n holds
SwapDiagonal(K,n,ig) is invertible and (SwapDiagonal(K,n,ip))” =
SwapDiagonal (K, n, ig).

(50) For every element iy of N such that 1 < 4y < n holds
(SwapDiagonal(K,n,ip))T = SwapDiagonal(K,n, ip).

(51) Let A be a square matrix over K of dimension n and jy be an element
of N. Suppose 1 < jy < n. Then

(i)  for every i such that 1 < i < n holds (A-SwapDiagonal(K,n, jo))i j, =
A; 1 and (A - SwapDiagonal(K, n, jo))i1 = Aij,, and

(ii) for all ¢, jsuch that j #1land j # joand 1 <i<nand1<j<n
holds (A - SwapDiagonal(K,n, jo))ij = Aij-

(52) Let A be a square matrix over K of dimension n. Then A = 07" if and
only if for all ¢, j such that 1 <¢<nand 1 <j <n holds 4;; = Og.
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5. LEFT/RIGHT INVERTIBILITY AND INVERTIBILITY

The following four propositions are true:
(53) Let A be a square matrix over K of dimension n. Suppose A # 037",
Then there exist square matrices B, C over K of dimension n such that
) B is invertible,
) Cis invertible,
(ii) (B-A-C)11 =1k,
) for every i such that 1 <i <n holds (B-A-C);; =0, and
) for every j such that 1 < j <n holds (B-A-C);; =0k.

(54) Let A, B be square matrices over K of dimension n. Suppose B - A =
I*™. Then there exists a square matrix By over K of dimension n such
that A- By = IV".

(55) Let A be a square matrix over K of dimension n. Then the following
statements are equivalent

(i)  there exists a square matrix B over K of dimension n such that By-A =
I;L(XTL’

(ii)  there exists a square matrix Bs over K of dimension n such that A-By =
I,

(56) For all square matrices A, B over K of dimension n such that A- B =
I¥*™ holds A is invertible and B is invertible.
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Summary. The goal of this article is to formalize two versions of Ramsey’s
theorem. The theorems are not phrased in the usually pictorial representation of
a coloured graph but use a set-theoretic terminology. After some useful lemma,
the second section presents a generalization of Ramsey’s theorem on infinite set
closely following the book [9]. The last section includes the formalization of the
theorem in a more known version (see [1]).

MML identifier: RAMSEY_1, version: 7.9.01 4.101.1015

The notation and terminology used here are introduced in the following papers:
[15], [16], [17], [4], (3], [6], [12], [7], [2], [5], (8], [14], [13], [10], and [11].

1. PRELIMINARIES

For simplicity, we adopt the following convention: n, m, k are natural num-
bers, X, Y, Z are sets, f is a function from X into Y, and H is a subset of
X.

Let us consider X, Y, H and let P be a partition of [X]¥. We say that H is
homogeneous for P if and only if:

(Def. 1) There exists an element p of P such that [H]Y C p.

Let us consider n and let X be an infinite set. One can check that [X]" is
non empty. L

Let us consider n, X, Y, f. Let us assume that f is one-to-one and @ C X
and X is non empty and Y is non empty. The functor f||" yields a function
from [X]" into [Y]" and is defined by:

(Def. 2) For every element z of [X]" holds (f]|™)(z) = f°x.

Next we state four propositions:

(© 2008 University of Bialystok
203 ISSN 1426-2630(p), 1898-9934(c)


http://ftp.mizar.org/
http://fm.mizar.org/miz/ramsey_1.miz

204 MARCO RICCARDI

(1) If f is one-to-one and 7w C X and X is non empty and Y is non empty,
then [f°H]™ = (f[|")°([H]").
(2) If X is infinite and X C w, then X = w.
(3) If X is infinite, then X UY is infinite.
(4) If X is infinite and Y is finite, then X \ Y is infinite.
Let X be an infinite set and let Y be a set. Note that X UY is infinite.
Let X be an infinite set and let Y be a finite set. One can verify that X \ Y
is infinite.
The following propositions are true:
5) [X]° = {0}.
6) For every finite set X such that card X < n holds [X]" is empty.
7) If X CY, then [X]? C [Y]?.
8) If X is finite and Y is finite and Y = X, then Y]¥ ={v}.
9) If X is non empty and Y is non empty, then f is constant iff there exists
an element y of Y such that rmg f = {y}.

(10) For every finite set X such that & < card X there exists a subset Y of
X such that cardY = k.

(11) Ifm>1, thenn+1< ("I™).
(12) fm>1landn>1,then m+1< (njnm)
(13) Let X be a non empty set, p1, p2 be elements of X, P be a partition of

X, and A be an element of P. Suppose p; € A and (the projection onto
P)(p1) = (the projection onto P)(p2). Then py € A.

~ I~ /N~
~— — ~— — —

2. INFINITE RAMSEY THEOREM

We now state two propositions:
(14) Let F be a function from [X]" into k. Suppose k # 0 and X is infinite.
Then there exists H such that H is infinite and F'[[H]" is constant.
(15) Let X be an infinite set and P be a partition of [X]|". If P = k, then
there exists a subset of X which is infinite and homogeneous for P.

3. RAMSEY’S THEOREM

The scheme BinInd2 concerns a binary predicate P, and states that:
P[m,n]
provided the following conditions are satisfied:
e P[0,n] and P[n,0], and
o If P[m+ 1,n] and P[m,n + 1], then P[m + 1,n + 1].
We now state two propositions:
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(16) Suppose m > 2 and n > 2. Then there exists a natural number r such
that
. (m+n)—'2
(1) r S ( mmﬁ’l )7

(i) r>2,and

(iii)  for every finite set X and for every function F' from [X]? into Seg?2
such that card X > r there exists a subset S of X such that card S > m
and mng(F[[S]?) = {1} or card S > n and rng(F[[S]?) = {2}.

(17) Let m be a natural number. Then there exists a natural number r such
that for every finite set X and for every partition P of [X]? if card X > r
and P = 2, then there exists a subset S of X such that card S > m and
S is homogeneous for P.
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Summary. The aim of this paper is to develop a formal theory of Mizar lin-
guistic concepts following the ideas from [14] and [13]. The theory here presented
is an abstract of the existing implementation of the Mizar system and is devoted
to the formalization of Mizar expressions. The base idea behind the formali-
zation is dependence on variables which is determined by variable-dependence
(variables may depend on other variables). The dependence constitutes a Galois
connection between opposite poset of dependence-closed set of variables and the
sup-semilattice of widening of Mizar types (smooth type widening).

In the paper the concepts strictly connected with Mizar expressions are for-
malized. Among them are quasi-loci, quasi-terms, quasi-adjectives, and quasi-
types. The structural induction and operation of substitution are also introdu-
ced. The prefix quasi is used to indicate that some rules of construction of Mizar
expressions may not be fulfilled. For example, variables, quasi-loci, and quasi-
terms have no assigned types and, in result, there is no possibility to conduct
type-checking of arguments. The other gaps concern inconsistent and out-of-
context clusters of adjectives in types. Those rules are required in the Mizar
identification process. However, the expression appearing in later processes of
Mizar checker may not satisfy the rules. So, introduced apparatus is enough and
adequate to describe data structures and algorithms from the Mizar checker (like
equational classes).

MML identifier: ABCMIZ_1, version: 7.9.01 4.101.1015

The notation and terminology used in this paper are introduced in the following
papers: [24], [41], [33], [30], [42], [20], [43], [39], [23], [17], [34], [21], [22], [32], [2],
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[38], [35], [26], [1], [4], [15], [19], [28], [3], [7], [8], [9], [36], [25], [5], [40], [6], [11],
[12], [27], [18], [37], [29], [31], [10], and [16].

1. VARIABLES

We adopt the following convention: 4 is a natural number, j is an element of
N, and X, Y, z, y, z are sets.
One can prove the following propositions:

(1) For every function f holds f(x) C U f.

(2) For every function f such that |J f = 0 holds f(z) = 0.

(3) For every function f and for all sets x, y such that f = (x, y) holds
T =1y.

(4) (idx)°Y CY.

(5) Let X be a non void signature and X be a non-empty many sorted set
indexed by the carrier of X. Then every term of 3 over X is non pair.

Let ¥ be a non void signature and let X be a non empty yielding many
sorted set indexed by the carrier of ¥. Observe that every element of Freey (X)
is non pair.

We now state the proposition

(6) For all sets x, y, z such that z, y € {2z} and T =7 holds z = y.

Let us note that () is decorated tree yielding.

Let ¥ be a non void signature and let 2 be an algebra over . A subset of
2 is a subset of |J (the sorts of 2). A finite sequence of elements of  is a finite
sequence of elements of | J (the sorts of ).

Let ¥ be a non void signature and let X be a non empty yielding many
sorted set indexed by X. Note that every finite sequence of elements of Freey (X)
is decorated tree yielding.

Next we state the proposition

(7) Let X be a non void signature, X be a non empty yielding many sorted
set indexed by the carrier of 3, and 7 be an element of Freex(X). Then
(i)  there exists a sort symbol s of ¥ and there exists a set v such that
T = the root tree of (v, s) and v € X (s), or

(ii)  there exists an operation symbol o of ¥ and there exists a finite sequence
p of elements of Freey(X) such that 7 = (o, the carrier of X)-tree(p) and
lenp = len Arity(o) and p is decorated tree yielding and an argument
sequence of Sym(o, X U ((the carrier of X) —— {0})).

Let A be a set. The functor varcl A is defined by the conditions (Def. 1).

(Def. 1)(i) A C varcl A,
(ii) for all z, y such that (x, y) € varcl A holds « C varcl A, and
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(iii)  for every set B such that A C B and for all z, y such that (x, y) € B
holds x € B holds varcl A C B.
Let us observe that the functor varcl A is projective.
We now state three propositions:
(8) wvarcl) = 0.
(9) For all sets Y, Z such that Y C Z holds varclY C varcl Z.
(10) For every set Z holds varcl|J Z = [J{varcl z : z ranges over elements of
Z}.
The scheme Sch1j deals with a set A, a unary functor F yielding a set, and
a unary predicate P, and states that:
varcl | J{F(z); z ranges over elements of A : P[z]} = [J{varcl F(z); z
ranges over elements of A : P[z]}
for all values of the parameters.
Next we state three propositions:
(11) wvarcl(X UY) = varcl X U varclY.

(12) For every non empty set Z such that for every element z of Z holds
varcl z = z holds varcl Z = N Z.

(13) wvarcl(varcl X NvarclY') = varcl X Nvarcl Y.

Let Z be an empty set. Observe that varcl Z is empty.
The functor Vars is defined by the condition (Def. 2).

(Def. 2) There exists a many sorted set V' indexed by N such that
(i) Vars=UV,
(ii)  V(0) = {(0, i) : i ranges over elements of N}, and
(ili)  for every natural number n holds V(n + 1) = {(varcl Z, j); Z ranges
over subsets of V(n), j ranges over elements of N: Z is finite}.

Next we state a number of propositions:

(14) Let V be a many sorted set indexed by N. Suppose that
(i)  V(0) = {(0, ¢) : ¢ ranges over elements of N}, and
(ii)  for every natural number n holds V(n + 1) = {(varcl Z, j); Z ranges
over subsets of V(n), j ranges over elements of N: Z is finite}.
Let i, j be elements of N. If ¢ < j, then V(i) C V(j).
(15) Let V be a many sorted set indexed by N. Suppose that
(i)  V(0) = {(0, i) : i ranges over elements of N}, and
(ii)  for every natural number n holds V(n + 1) = {(varcl Z, j); Z ranges
over subsets of V(n), j ranges over elements of N: Z is finite}.
Let Z be a finite subset of Vars. Then there exists an element ¢ of N such
that Z C V(i).
(16) {(0, %) : i ranges over elements of N} C Vars.
(17) For every finite subset Z of Vars and for every natural number i holds
(varcl Z, i) € Vars.
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(18) Vars = {(varcl Z, j); Z ranges over subsets of Vars, j ranges over ele-
ments of N: Z is finite}.
(19) wvarcl Vars = Vars.
(20) For every X such that rk(X) is finite holds X is finite.
(21) rk(varcl X) = rk(X).
(22) For every finite subset X of R, holds X € R,,.
(23) Vars C R,,.
(24) For every finite subset Z of Vars holds varcl Z is a finite subset of Vars.
One can verify that Vars is non empty.
A variable is an element of Vars.
Let x be a variable. Observe that x7 is finite.
Let x be a variable. We introduce vars(x) as a synonym of x1.
Let x be a variable. Then vars(x) is a subset of Vars.
The following propositions are true:
(25) (0, i) € Vars.
(26) For every subset Z of Vars holds varcl{(varclZ, j)} = varclZ U

{{varcl Z, j)}.
(27) For every variable = holds varcl{z} = vars(z) U {z}.

(28) For every variable z holds (vars(z) U {x}, i) € Vars.

2. QUASI-LOCI

Let R be a binary relation and let X be a set. We introduce Rdom X as a
synonym of R[X.
The set QuasiLoci of finite sequences of Vars is defined by the condition
(Def. 3).
(Def. 3) Let p be a finite sequence of elements of Vars. Then p € QuasiLoci if
and only if the following conditions are satisfied:
(i)  pis one-to-one, and
(ii) for every ¢ such that i € domp holds p(i); C rng(pdomi).
One can prove the following proposition
(29)  evars € QuasiLoci.
Let us observe that Quasiloci is non empty.
A quasi-locus sequence is an element of QuasiLoci.
One can verify that every quasi-locus sequence is one-to-one.
Next we state several propositions:
(30) Let I be an one-to-one finite sequence of elements of Vars. Then [ is a
quasi-locus sequence if and only if for every natural number ¢ and for every
variable x such that ¢ € dom! and = = [(7) and for every variable y such
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that y € vars(z) there exists a natural number j such that j € dom! and
j<iandy=1I(j).

(31) Let [ be a quasi-locus sequence and x be a variable. Then [ ™ (x) is a
quasi-locus sequence if and only if x ¢ rngl and vars(z) C rngl.

(32) Let p1, p2 be finite sequences. Suppose p1 ™ pe is a quasi-locus sequence.
Then p; is a quasi-locus sequence and ps is a finite sequence of elements
of Vars.

(33) For every quasi-locus sequence [ holds varclrngl! = rng .
(34) For every variable z holds (z) is a quasi-locus sequence iff vars(z) = 0.

(35) For all variables z, y holds (x,y) is a quasi-locus sequence iff vars(z) = ()
and x # y and vars(y) C {z}.

(36) Let z, y, z be variables. Then (z,y, z) is a quasi-locus sequence if and
only if vars(z) = ) and = # y and vars(y) C {z} and x # 2z and y # z and
vars(z) C {z,y}.

Let [ be a quasi-locus sequence. Then [~! is a partial function from Vars to
N.

3. Mi1zAR CONSTRUCTOR SIGNATURE

The functor type is defined by:

(Def. 4) type =0.

The functor adj is defined by:
(Def. 5) adj = 1.

The functor term is defined as follows:
(Def. 6) term = 2.

The functor * is defined by:
(Def. 7) *=0.

The functor non is defined as follows:
(Def. 8) non = 1.

Let € be a signature. We say that € is constructor if and only if the conditions
(Def. 9) are satisfied.

(Def. 9) The carrier of € = {type,adj,term} and {*,non} C the operation
symbols of € and (the arity of €)(x) = (adj,type) and (the arity of
¢)(non) = (adj) and (the result sort of €)(x) = type and (the result sort
of €)(non) = adj and for every element o of the operation symbols of €
such that o # * and o # non holds (the arity of €)(0) € {term}".

Let us note that every signature which is constructor is also non empty and
non void.
The strict signature MinConstrSign is defined by:
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(Def. 10) MinConstrSign is constructor and the operation symbols of MinConstrSign =
{*,non}.
Let us observe that MinConstrSign is constructor.
Let us observe that there exists a signature which is constructor and strict.
Let € be a constructor signature and let o be an operation symbol of €. We
say that o is constructor if and only if:

(Def. 11) 0 # % and 0 # non.
We now state the proposition

(37) Let X be a constructor signature and o be an operation symbol of . If
o is constructor, then Arity(o) = len Arity(o) — term.

Let € be a non empty non void signature. We say that € is initialized if and
only if the condition (Def. 12) is satisfied.

(Def. 12) There exist operation symbols m, « of € such that the result sort of m =
type and Arity(m) = () and the result sort of @ = adj and Arity(a) = 0.

Let € be a constructor signature. The functor types is a sort symbol of €
and is defined by:

(Def. 13) typegs = type.
The functor adjy is a sort symbol of € and is defined as follows:
(Def. 14) adje = adj.
The functor termg is a sort symbol of € and is defined by:
(Def. 15) termg = term.
The functor nong yielding an operation symbol of € is defined as follows:
(Def. 16) nong = non.
The functor *¢ yielding an operation symbol of € is defined as follows:
(Def. 17)  *x¢ = *.
We now state the proposition
(38) Let € be a constructor signature. Then Arity(non¢) = (adjes) and the
result sort of nong = adjs and Arity(x¢) = (adjg, typegs) and the result
sort of x¢ = typeg .
The functor Modes is defined as follows:
(Def. 18) Modes = {type} x (QuasiLoci xN).
The functor Attrs is defined as follows:
(Def. 19) Attrs = {adj} x (QuasiLoci xN).
The functor Funcs is defined by:
(Def. 20) Funcs = {term} x (QuasiLoci xN).
One can verify the following observations:
% Modes is non empty,

x  Attrs is non empty, and
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% Funcs is non empty.
The non empty set Constructors is defined by:
(Def. 21) Constructors = Modes U Attrs U Funcs .
Next we state the proposition
(39) {*,non} misses Constructors.
Let x be an element of QuasiLoci xN. Then x7 is a quasi-locus sequence.
Then x5 is an element of N.
Let ¢ be an element of Constructors. We introduce the kind of ¢ as a synonym
of C1.
Let ¢ be an element of Constructors. Then the kind of ¢ is an element of
{type, adj, term}. Then c3 is an element of QuasiLoci xN.
Let ¢ be an element of Constructors. The loci of ¢ yields a quasi-locus sequ-
ence and is defined as follows:
(Def. 22) The loci of ¢ = (¢c2)1.
The index of ¢ yielding a natural number is defined as follows:
(Def. 23) The index of ¢ = (c2)2.
We now state the proposition
(40) Let ¢ be an element of Constructors. Then
(i)  the kind of ¢ = type iff ¢ € Modes,
(ii)  the kind of ¢ = adj iff ¢ € Attrs, and
(iii)  the kind of ¢ = term iff ¢ € Funcs.
The strict constructor signature MaxConstrSign is defined by the conditions
(Def. 24).
(Def. 24)(i) The operation symbols of MaxConstrSign = {*, non} U Constructors,
and
(ii)  for every operation symbol o of MaxConstrSign such that o is
constructor holds (the result sort of MaxConstrSign)(o) = o1 and
(the arity of MaxConstrSign)(o) = (02)1-

Let us note that MinConstrSign is non initialized and MaxConstrSign is

initialized.

Let us observe that there exists a constructor signature which is initialized
and strict.

Let € be an initialized constructor signature. One can check that there exists
an operation symbol of € which is constructor.

4. Mi1zAR EXPRESSIONS

Let € be a constructor signature. The functor Vars € yielding a many sorted
set indexed by the carrier of € is defined as follows:
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(Def. 25) (Vars€)(type) = 0 and (Vars€)(adj) = () and (Vars €)(term) = Vars.

Let € be a constructor signature. Note that Vars € is non empty yielding.

Let € be an initialized constructor signature. Observe that Freeg(Vars €) is
non-empty.

Let ¥ be a non void signature, let X be a non empty yielding many sorted
set indexed by the carrier of ¥, and let 7 be an element of Freex(X). We say
that 7 is ground if and only if:

(Def. 26) |JVarg T = 0.
We say that 7 is compound if and only if:
(Def. 27) 7(0) € (the operation symbols of 3) x {the carrier of 3}.

In the sequel € denotes an initialized constructor signature, s denotes a sort
symbol of €, o denotes an operation symbol of €, and ¢ denotes a constructor
operation symbol of €.

Let us consider €. An expression of € is an element of Freeg(Vars €).

Let us consider €, s. An expression of € is called an expression of € from s
if:

(Def. 28) It € (the sorts of Freeg(Vars €))(s).
Next we state the proposition
(41) =z is an expression of € from s iff z € (the sorts of Freeg(Vars €))(s).

Let us consider € and let us consider c. Let us assume that len Arity(c) = 0.
The functor ¢; yielding an expression of € is defined by:

(Def. 29) ¢, = {c, the carrier of €)-tree(().
The following proposition is true
(42) Let given o. Suppose len Arity(o) = 1. Let o be an expression of €. Given

s such that s = Arity(0)(1) and « is an expression of € from s. Then (o,
the carrier of €)-tree({a)) is an expression of € from the result sort of o.

Let us consider €, o. Let us assume that len Arity(o) = 1. Let 7 be an
expression of €. Let us assume that there exists a sort symbol s of € such that
s = Arity(0)(1) and 7 is an expression of € from s. The functor o(n) yielding an
expression of € is defined by:

(Def. 30) o(n) = (o, the carrier of €)-tree((n)).

In the sequel «, B are expressions of € from adjg.

One can prove the following two propositions:

(43) nong(a) is an expression of € from adjy and nong(a) = (non, the
carrier of €)-tree({c)).
(44) If nong(a) = nong(f), then a = .

Let us consider €, . Observe that nong(a) is compound.

Let us consider €. Note that there exists an expression of € which is com-
pound.
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Next we state the proposition

(45) Let given o. Suppose len Arity(o) = 2. Let a, 3 be expressions of €. Given
sort symbols s1, s2 of € such that s; = Arity(o)(1) and sp = Arity(o)(2)
and « is an expression of € from s; and 3 is an expression of € from ss.
Then (o, the carrier of €)-tree({c, 3)) is an expression of € from the result
sort of o.

Let us consider €, o. Let us assume that len Arity(o) = 2. Let 0y, 172 be
expressions of €. Let us assume that there exist sort symbols s1, so of € such
that s; = Arity(o)(1) and s2 = Arity(0)(2) and n; is an expression of € from s;
and 77 is an expression of € from so. The functor o(n1,72) yielding an expression
of € is defined as follows:

(Def. 31) o(m1,m2) = (o, the carrier of €)-tree((n1,n2)).

In the sequel 7, 71, T2 are expressions of € from typeg.

We now state two propositions:

(46) *g(a, ) is an expression of € from typey and *¢(a, 7) = (*, the carrier
of €)-tree({(c, 7)).
(47) If x¢(cr, 71) = *¢(5, 72), then o = § and 71 = .

Let us consider €, «, 7. One can check that x¢(c, 7) is compound.

Let ¥ be a non void signature and let s be a sort symbol of . Let us assume
that there exists an operation symbol o of ¥ such that the result sort of o = s.
An operation symbol of ¥ is said to be an operation symbol of s if:

(Def. 32) The result sort of it = s.

Let € be a constructor signature. Then nong is an operation symbol of adjg.
Then *¢ is an operation symbol of types.

The following proposition is true

(48) Let s1, s2 be sort symbols of €. Suppose s1 # s2. Let 71 be an expression
of € from s; and 7 be an expression of € from s3. Then 71 # To.

5. QUASI-TERMS

Let us consider €. The functor QuasiTerms € yields a subset of Freeg(Vars €)
and is defined as follows:

(Def. 33) QuasiTerms € = (the sorts of Freeg(Vars €))(terme).
Let us consider €. One can check that QuasiTerms € is non empty and con-
stituted of decorated trees.
Let us consider €. A quasi-term of € is an expression of € from termg.
We now state the proposition
(49) =z is a quasi-term of € iff z € QuasiTerms €.

Let = be a variable and let us consider €. The functor z¢ yields a quasi-term
of € and is defined by:
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(Def. 34) z¢ = the root tree of (x, term).
One can prove the following proposition

(50) For all variables z1, x2 and for all initialized constructor signatures €,
&5 such that ($1)Q‘1 = ($2)¢2 holds 1 = x3.
Let = be a variable and let us consider €. One can check that x¢ is non
compound.
We now state the proposition
(51) Let p be a decorated tree yielding finite sequence. Then (c, the carrier
of €)-tree(p) is an expression of € if and only if lenp = len Arity(c) and
p € (QuasiTerms €)*.
In the sequel p is a finite sequence of elements of QuasiTerms €.

Let us consider €, ¢ and let us consider p. Let us assume that lenp =
len Arity(c). The functor ¢7(p) yields a compound expression of € and is de-
fined as follows:

(Def. 35) ¢7(p) = (c, the carrier of €)-tree(p).
Next we state several propositions:

(52) If lenp = len Arity(c), then ¢7(p) is an expression of € from the result
sort of c.
(53) Let n be an expression of €. Then
(i)  there exists a variable = such that n = x¢, or
(ii)  there exists a constructor operation symbol ¢ of € and there exists a
finite sequence p of elements of QuasiTerms € such that len p = len Arity(c)
and n = ¢(p), or
(iii)  there exists an expression « of € from adje such that n = nong(a), or
(iv)  there exists an expression « of € from adj, and there exists an expres-
sion 7 of € from typeg such that n = *¢(a, 7).
(54) If lenp = len Arity(c), then ¢ (p) # none(a).
(55) If lenp = len Arity(c), then ¢ (p) # *¢(a, 7).
(56) mnong(a) # *¢(8, 7).
In the sequel 7 is an expression of €.
Next we state two propositions:
(657) 1If (@) = (non, the carrier of €), then there exists « such that n =
nong(a).
(58) If n(0) = (x, the carrier of €), then there exist a, 7 such that n =
*G(av 7-) :
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6. QUASI-ADJECTIVES

In the sequel «, o/ denote expressions of € from adj.
Let us consider €, a. The functor non « yields an expression of ¢ from adje
and is defined by:

al(0), if there exists o’ such that & = nong('),

Def. =
(Def. 36) nona {nong(a), otherwise.

Let us consider €, a. We say that « is positive if and only if:
(Def. 37) It is not true that there exists o’ such that o = nong(e).
Let us consider €. Note that there exists an expression of € from adj, which
is positive.
Next we state the proposition
(59) For every positive expression « of € from adjs holds non @ = nong(a).
Let us consider €, a. We say that « is negative if and only if:
(Def. 38) There exists o’ such that o' is positive and o = nong(a').
Let us consider € and let a be a positive expression of € from adjs. Note
that non « is negative and non positive.
Let us consider €. One can check that there exists an expression of € from
adj, which is negative and non positive.
Next we state three propositions:
(60) For every non positive expression « of € from adj, there exists an expres-
sion o of € from adje such that & = nong(o’) and nona = /.
(61) Let a be a negative expression of € from adje. Then there exists a
positive expression o of € from adje such that &« = nong(e’) and nona =

o

(62) For every non positive expression « of € from adje holds nong(non o) =
a.

Let us consider € and let a be a negative expression of € from adjs. Note
that non « is positive.

Let us consider €, a. We say that « is regular if and only if:

(Def. 39) « is positive or negative.

Let us consider €. Observe that every expression of € from adjes which is
positive is also regular and non negative and every expression of € from adje
which is negative is also regular and non positive.

Let us consider €. Note that there exists an expression of € from adj, which
is regular.

Let us consider €. The functor QuasiAdjs € yields a subset of Freeg(Vars €)
and is defined as follows:

(Def. 40) QuasiAdjs€ = {a : « is regular}.
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Let us consider €. Note that QuasiAdjs € is non empty and constituted of
decorated trees.

Let us consider €. A quasi-adjective of € is a regular expression of € from
adje.

Next we state two propositions:

(63) z is a quasi-adjective of € iff z € QuasiAdjs €.

(64) =z is a quasi-adjective of € if and only if z is a positive expression of €
from adjes or a negative expression of € from adj.

Let us consider €. Note that every quasi-adjective of € which is non positive
is also negative and every quasi-adjective of € which is non negative is also
positive.

Let us consider €. Note that there exists a quasi-adjective of € which is
positive and there exists a quasi-adjective of € which is negative.

The following propositions are true:

(65) Let a be a positive quasi-adjective of €. Then there exists a constructor
operation symbol v of € such that the result sort of v = adjs and there
exists p such that lenp = len Arity(v) and a = v™(p).

(66) Let v be a constructor operation symbol of €. Suppose the result sort of
v = adjs and len p = len Arity(v). Then v7(p) is a positive quasi-adjective
of €.

Let us consider € and let « be a quasi-adjective of €. One can check that
non « is regular.

We now state three propositions:

(67) For every quasi-adjective a of € holds nonnon a = a.

(68) For all quasi-adjectives ay, ag of € such that nona; = nonas holds
a1 = Q9.

(69) For every quasi-adjective a of € holds non« # a.

7. QUASI-TYPES

Let us consider € and let ¥ be an expression of € from typey. We say that
¥ is pure if and only if:
(Def. 41) It is not true that there exist «, 7 such that ¥ = *¢(a, 7).
The following propositions are true:
(70) Let m be an operation symbol of €. Suppose the result sort of m = type
and Arity(m) = (0. Then there exists 7 such that 7 = the root tree of (m,
the carrier of €) and 7 is pure.
(71) Let v be an operation symbol of €. Suppose the result sort of v = adj
and Arity(v) = 0. Then there exists a such that o = the root tree of (v,
the carrier of €) and « is positive.
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Let us consider €. Note that there exists an expression of € from typeg
which is pure.

In the sequel ¥ denotes a pure expression of € from typegs and A denotes a
finite subset of QuasiAdjs €.

Let us consider €. The functor QuasiTypes € is defined as follows:

(Def. 42) QuasiTypes € = {(A, 7) : 7 is pure}.
Let us consider €. Note that QuasiTypes € is non empty.
Let us consider €. Quasi-type of € is defined by:

(Def. 43) It € QuasiTypes €.
The following two propositions are true:
(72) z is a quasi-type of € iff there exist A, ¥ such that z = (4, 9).

(73) (xz, y) is a quasi-type of € if and only if z is a finite subset of QuasiAdjs €
and y is a pure expression of € from typeg.

In the sequel 0 is a quasi-type of €.
Let us consider €. Observe that every quasi-type of € is pair.
Next we state four propositions:

(74) There exists a constructor operation symbol m of € such that the result
sort of m = typeg and there exists p such that lenp = len Arity(m) and
U =m7(p).

(75) Let m be a constructor operation symbol of €. Suppose the result sort
of m = types and len p = len Arity(m). Then m™(p) is a pure expression
of € from typeg.

(76) QuasiTerms € misses QuasiAdjs € and QuasiTerms € misses QuasiTypes €
and QuasiTypes € misses QuasiAdjs €.

(77) Let n be a set. Then

(i) if n is a quasi-term of €, then 7 is not a quasi-adjective of €,
(ii)  if n is a quasi-term of €, then 7 is not a quasi-type of €, and
(iii)  if n is a quasi-type of €, then 7 is not a quasi-adjective of €.
Let us consider €, A, ¥. We introduce A * ¢ as a synonym of (A, ).
Let us consider €, A, ¢. Then A % ¢ is a quasi-type of €.
Let us consider €, 6. Note that 64 is finite.
Let us consider €, §. We introduce adjs € as a synonym of #1. We introduce
the base of 8 as a synonym of 6s.
Let us consider €, #. Then adjs @ is a subset of QuasiAdjs €. Then the base
of 0 is a pure expression of € from typeg.
One can prove the following propositions:
(78) adjs(A ) = A and the base of A %9 = 4.

(79) Let Ay, As be finite subsets of QuasiAdjs € and 11, Y2 be pure expressions
of € from typeg. If Ay x ¥ = Ay *¥s, then A} = Ay and 1 = ¥s.
(80) 6 = adjs 6 x the base of 6.
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(81) For all quasi-types 61, 05 of € such that adjs#; = adjs 2 and the base of
61 = the base of 65 holds 01 = 05.
Let us consider €, 6§ and let a be a quasi-adjective of €. The functor a * 6
yields a quasi-type of € and is defined by:

(Def. 44) a0 = ({a} Uadjsé, the base of ).
We now state three propositions:
(82) For every quasi-adjective o of € holds adjs(a*6) = {a} Uadjs @ and the
base of a * § = the base of 6.
(83) For every quasi-adjective a of € holds o * (o % 0) = v % 6.
(84) For all quasi-adjectives «, B of € holds avx (8% 6) = 3 (a % 0).

8. VARIABLES IN QUASI-TYPES

Let ¥ be a non void signature, let s be a sort symbol of ¥, let X be a non-
empty many sorted set indexed by the carrier of ¥, and let 7 be a term of X
over X. Note that (Var7)(s) is finite.

Let ¥ be a non void signature, let s be a sort symbol of 3, let X be a non
empty yielding many sorted set indexed by the carrier of X, and let 7 be an
element of Freey,(X). Observe that (Vary, 7)(s) is finite.

Let ¥ be a non void signature, let X be a non empty yielding many sorted
set indexed by the carrier of X, and let s be a sort symbol of 3. The functor
varsy yielding a function from {J (the sorts of Frees (X)) into 2X(*) is defined
by:

(Def. 45) For every element 7 of Frees;(X) holds (varsX)(r) = (Vars 7)(s).

Let € be an initialized constructor signature and let n be an expression of

€. The functor Varn yielding a subset of Vars is defined by:

(Def. 46) Varn = (Varen)(terme).
Let us consider €, 1. Note that Varn is finite.

Let us consider €, . The functor vars(n) yielding a finite subset of Vars is
defined as follows:

(Def. 47) vars(n) = varcl Varn.
The following propositions are true:
8

(@)
~

( varcl vars(n) = vars(n).

(86) For every variable = holds Var(z¢) = {z}.

(87) For every variable = holds vars(z¢) = {x} U vars(z).
(

88) Let p be a decorated tree yielding finite sequence. Suppose 1 = (e, the
carrier of €)-tree(p). Then Varn = |J{Var 7;7 ranges over quasi-terms of
¢: 7 € rngp}.
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(89) Let p be a decorated tree yielding finite sequence. Suppose 1 = {c, the
carrier of €)-tree(p). Then vars(n) = [J{vars(7); T ranges over quasi-terms
of €: 7 € rng p}.

(90) If lenp = len Arity(c), then Var(c(p)) = U{Var7;7 ranges over quasi-
terms of €: 7 € rng p}.

(91) Iflenp = len Arity(c), then vars(c(p)) = U{vars(7); T ranges over quasi-
terms of €: 7 € rng p}.

(92) For every many sorted signature ¥ and for every set o holds Vars({o,
the carrier of X)-tree(())) = Othe carrier of -

(93) Let X be a many sorted signature, o be a set, and 7 be a decorated tree.
Then Vary({o, the carrier of ¥)-tree((r))) = Varyg 7.

(94) Var(nong(a)) = Vara.
(95) vars(nong(w)) = vars(a).
(96) Let ¥ be a many sorted signature, o be a set, and 71, 72 be decorated
trees. Then Vary({o, the carrier of ¥)-tree({r,72))) = Vary 71 U Vars, 7o.
(97) Var(x¢(a,7)) = Vara U Var 7.
(98) vars(x¢(a, 7)) = vars(ar) U vars().
(99)
(100)
Let us consider € and let # be a quasi-type of €. The functor Var # yields a

Varnona = Var a.

vars(non «) = vars(a).

subset of Vars and is defined as follows:
(Def. 48) Varf = U((Varségrsni)o adjs §) U Var (the base of 0).
Let us consider € and let 6 be a quasi-type of €. Note that Var 8 is finite.

Let us consider € and let 6 be a quasi-type of €. The functor vars(f) yields
a finite subset of Vars and is defined by:

(Def. 49) vars(f) = varcl Var 6.
We now state several propositions:
(101) For every quasi-type 6 of € holds varcl vars(6) = vars(6).

(102) For every quasi-type 6 of € and for every quasi-adjective « of € holds
Var(a * §) = Var a U Var 6.

(103) For every quasi-type 6 of € and for every quasi-adjective o of € holds
vars(a x ) = vars(a) U vars(6).

(104) Var(Ax9) = [J{Var a; a ranges over quasi-adjectives of €: o € A}UVar 9.

(105) vars(A x9) = U{vars(a); a ranges over quasi-adjectives of €: o € A} U
vars(®).

(106)  Var(Dquasiadjse * ¥) = Var o).

(107) 7 is ground iff Varn = 0.
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Let us consider € and let 6 be a quasi-type of € We say that 6 is ground if
and only if:
(Def. 50) Var = (.
Let us consider €. Observe that there exists an expression of ¢ from typeg
which is ground and pure and there exists a quasi-adjective of € which is ground.
Next we state the proposition
(108)  For every ground pure expression 7 of € from typeg holds Dquasiadjs e * 7
is ground.
Let us consider € and let 7 be a ground pure expression of € from type.
Note that Oquasiadijs ¢ * 7 is ground.
Let us consider €. Note that there exists a quasi-type of € which is ground.
Let us consider €, let 6 be a ground quasi-type of €, and let a be a ground
quasi-adjective of €. Observe that « * 6 is ground.

9. SMOOTH TYPE WIDENING

The strict non empty poset VarPoset is defined by:
(Def. 51) VarPoset = (({varcl A : A ranges over finite subsets of Vars}, C))°P.
One can prove the following propositions:
(109) For all elements z, y of VarPoset holds x < y iff y C x.
(110) For every z holds z is an element of VarPoset iff = is a finite subset of
Vars and varclx = x.
One can check that VarPoset has g.1.b.’s and L.u.b.’s.
The following proposition is true
(111) For all elements Vi, Vs of VarPoset holds V1 UV, = ViNV, and ViMV, =
ViU Vs,
Let V1, V5 be elements of VarPoset. One can verify that functors V3 UV, and
Vi N V5 and functors V3 MV, and Vi U V5 can be identified.
One can prove the following proposition
(112) For every non empty subset X of VarPoset holds sup X exists in VarPoset
and sup X = X.
One can verify that VarPoset is up-complete.
The following proposition is true
(113) TVarPoset = @
Let us consider C'. The functor vars-function C' yielding a function from
QuasiTypes C into the carrier of VarPoset is defined by:
(Def. 52) For every quasi-type T" of C holds (vars-function C')(T") = vars(T).
Let L be a non empty poset. We say that L is smooth if and only if the
condition (Def. 53) is satisfied.
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(Def. 53) There exists an initialized constructor signature C' and there exists a
function f from L into VarPoset such that
(i)  the carrier of L C QuasiTypesC,
(ii)  f = vars-function C'[the carrier of L, and
(iii)  for all elements x, y of L holds f preserves sup of {z,y}.
Let C be an initialized constructor signature and let T" be a ground quasi-
type of C. One can check that ({T'},id(z}) is smooth.

10. STRUCTURAL INDUCTION

The scheme StructInd deals with an initialized constructor signature 4, an
expression B of A, and a unary predicate P, and states that:
P[B]
provided the following conditions are satisfied:
e For every variable x holds Pz 4],
e Let ¢ be a constructor operation symbol of A and p be a finite se-
quence of elements of QuasiTerms.A. Suppose len p = len Arity(c)
and for every quasi-term 7 of A such that 7 € rngp holds P[7].
Then Plc(p)),
e For every expression a of A from adj, such that P[a] holds
Plnon4(«)], and
e Let a be an expression of A from adj 4. Suppose Pla]. Let 7 be
an expression of A from type 4. If P[7], then P[x4(c, 7)].
Let 3 be a many sorted signature. We say that > has an operation for each
sort if and only if:

(Def. 54) The carrier of ¥ C rng (the result sort of 3).

Let X be a many sorted set indexed by the carrier of ¥. We say that X has
missing variables if and only if:

(Def. 55) X ~1({0}) C rng (the result sort of 2).
The following proposition is true

(114) Let X be a non void signature and X be a many sorted set indexed by
the carrier of . Then X has missing variables if and only if for every sort
symbol s of ¥ such that X(s) = () there exists an operation symbol o of
3 such that the result sort of o = s.

Observe that MaxConstrSign has an operation for each sort. Let € be a
constructor signature. Observe that Vars € has missing variables.

Let ¥ be a many sorted signature. Observe that every many sorted set
indexed by the carrier of ¥ which is non-empty has also missing variables.

Let ¥ be a many sorted signature. Observe that there exists a many sorted
set indexed by the carrier of ¥ which has missing variables.
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One can verify that there exists a constructor signature which is initialized
and strict and has an operation for each sort.

Let € be a many sorted signature with an operation for each sort. Observe
that every many sorted set indexed by the carrier of € has missing variables.

Let G be a non empty tree construction structure. Then the terminals of G
is a subset of G. Then the nonterminals of G is a subset of G.

Next we state a number of propositions:

(115) Let Dj, D2 be non empty tree construction structures. Suppose the rules

of Dy C the rules of Dy. Then
(i)  the nonterminals of D; C the nonterminals of Do,
(ii)  (the carrier of D1) N (the terminals of Ds) C the terminals of Dy, and
(iii)  if the terminals of D; C the terminals of Dg, then the carrier of Dy C
the carrier of Ds.

(116) Let Dy, D2 be non empty tree construction structures. Suppose the
terminals of D7 C the terminals of Dy and the rules of Dy C the rules of
DQ. Then TS(Dl) g TS(DQ).

(117) Let ¥ be a many sorted signature and X, Y be many sorted sets indexed
by the carrier of . If X C Y, then if X has missing variables, then Y has
missing variables.

(118) For every set ¥ and for all many sorted sets X, Y indexed by ¥ such
that X C Y holds |Jcoprod(X) C |Jcoprod(Y).

(119) Let ¥ be a non void signature and X, Y be many sorted sets indexed
by the carrier of . If X C Y, then the carrier of DTConMSA(X) C the
carrier of DTConMSA(Y).

(120) Let X be a non void signature and X be a many sorted set indexed by
the carrier of . Suppose X has missing variables. Then the nonterminals
of DTConMSA (X) = (the operation symbols of ) x {the carrier of X}
and the terminals of DTConMSA(X) = |J coprod(X).

(121) Let ¥ be a non void signature and X, Y be many sorted sets inde-
xed by the carrier of 3. Suppose X C Y and X has missing variables.
Then the terminals of DTConMSA (X)) C the terminals of DTConMSA(Y)
and the rules of DTConMSA(X) C the rules of DTConMSA(Y) and
TS(DTConMSA (X)) C TS(DTConMSA(Y)).

(122) For every set 7 holds 7 € the terminals of DTConMSA (Vars €) iff there
exists a variable z such that 7 = (z, termg ).

(123) Let 7 be a set. Then 7 € the nonterminals of DTConMSA (Vars €) if and
only if one of the following conditions is satisfied:

(i) 7 = (xg, the carrier of €}, or
(i) 7 = (nong, the carrier of €}, or
(iii)  there exists a constructor operation symbol ¢ of € such that 7 = (c,
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the carrier of €).

(124) Let X be a non void signature, X be a many sorted set indexed by the
carrier of ¥ with missing variables, and 7 be a set. Suppose 7 € |J (the sorts
of Frees;(X)). Then 7 is a term of 3 over X U ((the carrier of ¥) — {0}).

(125) Let X be a non void signature, X be a many sorted set indexed by the
carrier of ¥ with missing variables, and 7 be a term of ¥ over X U ((the
carrier of ¥) —— {0}). If 7 € |J (the sorts of Freex (X)), then 7 € (the
sorts of Freex(X))(the sort of 7).

(126) Let G be a non empty tree construction structure, s be an element of G,
and p be a finite sequence. Suppose s = p. Then p is a finite sequence of
elements of the carrier of G.

(127) Let ¥ be a non void signature, X, Y be many sorted sets indexed by
the carrier of ¥, g; be a symbol of DTConMSA(X), g2 be a symbol of
DTConMSA(Y'), p1 be a finite sequence of elements of the carrier of
DTConMSA(X), and p2 be a finite sequence of elements of the carrier
of DTConMSA(Y). If g1 = g2 and p; = p2 and g1 = p1, then gy = po.

(128) Let X be a non void signature and X be a many sorted set indexed by
the carrier of ¥ with missing variables. Then J (the sorts of Freex (X)) =
TS(DTConMSA(X)).

Let 3 be a non void signature and let X be a many sorted set indexed by
the carrier of ¥. A unary operation on |J (the sorts of Freey (X)) is said to be a
transformation of X-terms over X if:

(Def. 56) For every sort symbol s of ¥ holds it°(the sorts of Freex,(X))(s) C (the
sorts of Freex(X))(s).

The following two propositions are true:

(129) Let ¥ be a non void signature, X be a non empty many sorted set
indexed by the carrier of ¥, and f be a unary operation on |J (the sorts of
Freey(X)). Then f is a transformation of 3-terms over X if and only if
for every sort symbol s of ¥ and for every set « such that « € (the sorts
of Freex(X))(s) holds f(«) € (the sorts of Freex(X))(s).

(130) Let ¥ be a non void signature, X be a non empty many sorted set
indexed by the carrier of X, f be a transformation of Y-terms over X, s
be a sort symbol of ¥, and p be a finite sequence of elements of (the sorts
of Freex;(X))(s). Then f-p is a finite sequence of elements of (the sorts of
Freex(X))(s) and (f - p qua set) = lenp.

Let ¥ be a non void signature, let X be a many sorted set indexed by the
carrier of 3, and let 7 be a transformation of X-terms over X. We say that 7 is
substitution if and only if the condition (Def. 57) is satisfied.

(Def. 57) Let o be an operation symbol of ¥ and p, p’ be finite sequences of ele-
ments of Freex(X). Suppose (o, the carrier of ¥)-tree(p) € | (the sorts of
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Freex(X)) and p’ = 7 - p. Then 7({o, the carrier of ¥)-tree(p)) = (o, the
carrier of X)-tree(p’).

The scheme StructDef deals with an initialized constructor signature A, two
unary functors F and G yielding expressions of A, and two binary functors H
and 7 yielding expressions of A4, and states that:

There exists a transformation f of A-terms over Vars.A such that

(i)  for every variable z holds f(x4) = F(x),

(ii)  for every constructor operation symbol ¢ of A and for
all finite sequences p, p’ of elements of QuasiTerms . A such that
len p = len Arity(c) and p’ = f - p holds f(c(p)) = H(c,p),

(iii) for every expression a of A from adj 4 holds f(non(a)) =
G(f(a)), and

(iv)  for every expression « of A from adj 4 and for every expres-
sion 7 of A from type 4 holds f(xa(c, 7)) =Z(f(c), f(7))

provided the parameters meet the following requirements:

e For every variable x holds F(z) is a quasi-term of A,

e Let ¢ be a constructor operation symbol of A and p be a finite se-
quence of elements of QuasiTerms .A. Suppose len p = len Arity(c).
Then H(c, p) is an expression of A from the result sort of ¢,

e For every expression « of A from adj 4 holds G(«) is an expression
of A from adj 4, and

e Let a be an expression of A from adj4 and 7 be an expression of
A from type 4. Then Z(«, 7) is an expression of A from type 4.

11. SUBSTITUTION

Let A be a set, let x, y be sets, and let «, [ be elements of A. Then
IFIN(z,y, a, ) is an element of A.

Let € be an initialized constructor signature. A valuation of € is a partial
function from Vars to QuasiTerms €.

Let € be an initialized constructor signature and let f be a valuation of €.
We say that f is irrelevant if and only if:

(Def. 58) For every variable x such that = € dom f there exists a variable y such
that f(z) = ye.

Let € be an initialized constructor signature and let f be a valuation of €.
We introduce f is relevant as an antonym of f is irrelevant.

Let X, Y be sets. Observe that there exists a partial function from X to Y
which is empty.

Let € be an initialized constructor signature. Observe that every valuation
of € which is empty is also irrelevant.
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Let € be an initialized constructor signature. Note that there exists a valu-
ation of € which is empty, irrelevant, and one-to-one.

Let € be an initialized constructor signature and let X be a subset of Vars.
The functor idvalg X yielding a valuation of € is defined by:

(Def. 59) idvale X = {(z, z¢); x ranges over variables: x € X }.
Next we state the proposition

(131) For every subset X of Vars holds domidvalg X = X and for every varia-
ble = such that x € X holds (idvale X)(x) = z¢.

Let € be an initialized constructor signature and let X be a subset of Vars.
One can check that idvalg X is irrelevant and one-to-one.

Let € be an initialized constructor signature and let X be an empty subset
of Vars. One can check that idvalg X is empty.

Let us consider ¢ and let f be a valuation of €. The functor f7 yielding a
transformation of €-terms over Vars € is defined by the conditions (Def. 60).

(Def. 60)(i)  For every variable z holds if x € dom f, then f#(z¢) = f(x) and if
r ¢ dom f, then f#(z¢) = z¢,
(ii) for every constructor operation symbol c of € and for all finite sequences
p, P’ of elements of QuasiTerms € such that lenp = len Arity(c) and p’ =
f# - p holds f#(c(p)) = <p),
(iii)  for every expression a of € from adjs holds f#(nong(a)) =
nong(f#(a)), and
(iv)  for every expression « of € from adjs and for every expression 7 of €
from typee holds [#(xe(a, 7)) = +e(f#(a), F#(r)).
Let us consider ¢ and let f be a valuation of €. Observe that f7 is substi-
tution.
In the sequel f denotes a valuation of €.
Let us consider €, f, . The functor n[f] yielding an expression of € is defined
as follows:

(Def. 61) nlf] = f#(n).
Let us consider €, f and let p be a finite sequence. Let us assume that
rng p C |J (the sorts of Freeg(Vars €)). The functor p[f] yields a finite sequence
and is defined as follows:

(Def. 62) plf] = f# - p.

Let us consider €, f and let p be a finite sequence of elements of QuasiTerms €.
Then p[f] is a finite sequence of elements of QuasiTerms € and it can be cha-
racterized by the condition:

(Def. 63) p[f] = f#-p.

In the sequel x is a variable.
The following propositions are true:

(132) If x ¢ dom f, then z¢[f] = z¢.
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—
w
w

If x € dom f, then z¢[f] = f(z).

If len p = len Arity(c), then ¢ (p)[f] = ¢ (p[f]).
nong(a)[f] = none(af]).

xe(a, T)[f] = *elalf], Tf])-

For every subset X of Vars holds n[idvalg X] = 7.

—_ = =
wW W W W
N O U

— — Y~ VY ~— —

—_
()
oo

For every subset X of Vars holds (idvalg X )# = idU (the sorts of Freeg (Vars €))*

—_
w
N

For every empty valuation f of € holds n[f] = n.

e e e N N N N

—_
S
(]

For every empty valuation f of ¢ holds f# = idU (the sorts of Freeg (Vars €))°

Let us consider €, f and let 7 be a quasi-term of €. Then 7[f] is a quasi-term
of €.

Let us consider €, f and let a be an expression of € from adje. Then o[f]
is an expression of € from adj.

Let us consider €, f and let o be a positive expression of € from adjes. Note
that a[f] is positive.

Let us consider €, f and let o be a negative expression of € from adj.
Observe that a[f] is negative.

Let us consider €, f and let o be a quasi-adjective of €. Then «[f] is a
quasi-adjective of €.

We now state the proposition

(141) (non«)[f] = non(«[f]).
Let us consider €, f and let 7 be an expression of € from typee. Then 7[f]
is an expression of ¢ from types.
Let us consider €, f and let 7 be a pure expression of € from typey. Observe
that 7[f] is pure.
One can prove the following two propositions:
(142) Let f be an irrelevant one-to-one valuation of €. Then there exists an
irrelevant one-to-one valuation g of € such that for all variables x, y holds
x € dom f and f(z) = ye if and only if y € dom g and g(y) = z¢.
(143) Let f, g be irrelevant one-to-one valuations of €. Suppose that for all
variables z, y such that z € dom f and f(x) = ye¢ holds y € domg and
g(y) = x¢. Let given n. If Varn C dom f, then n[f][g] = 7.
Let us consider €, f and let A be a subset of QuasiAdjs €. The functor A[f]
yielding a subset of QuasiAdjs € is defined as follows:
(Def. 64) A[f] = {a[f]; o ranges over quasi-adjectives of €: o € A}.
The following three propositions are true:
(144) For every subset A of QuasiAdjs € and for every quasi-adjective v of €
such that A = {a} holds A[f] = {«a[f]}
(145) For all subsets A, B of QuasiAdjs € holds (AU B)[f] = A[f] U B[f].
(146) For all subsets A, B of QuasiAdjs € such that A C B holds A[f] C B]f].
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Let € be an initialized constructor signature, let f be a valuation of €, and
let A be a finite subset of QuasiAdjs €. One can check that A[f] is finite.

Let € be an initialized constructor signature, let f be a valuation of €, and
let @ be a quasi-type of €. The functor 6[f] yields a quasi-type of € and is defined
by:

(Def. 65) 0[f] = (adjs0)[f] * (the base of 0)[f].

Next we state two propositions:

(147) For every quasi-type 6 of € holds adjs(0[f]) = (adjs0)[f] and the base
of 0[f] = (the base of 0)[f].

(148) For every quasi-type 6 of € and for every quasi-adjective o of € holds
(ax0)[f] = alf] = 0[f].

Let € be an initialized constructor signature and let f, g be valuations of €.
The functor f[g] yields a valuation of € and is defined by:

(Def. 66) dom(f[g]) = dom f Udomg and for every variable x such that = €
dom(flg)) holds f[g)(z) = zelfllg].

Let € be an initialized constructor signature and let f, g be irrelevant valu-
ations of €. One can check that f[g] is irrelevant.
The following three propositions are true:

(149) For all valuations fi, fo of € holds n[f1][f2] = n[fi[f2]]-
(150) For every subset A of QuasiAdjs € and for all valuations f1, f2 of € holds

AlA]lf] = Alflf])-
(151) For every quasi-type 6 of € and for all valuations fi, fo of € holds

0f1l[f2] = O[f1lf2]]-
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