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The Vector Space of Subsets of a Set Based
on Symmetric Difference

Jesse Alama
Department of Philosophy
Stanford University
USA

Summary. For each set X, the power set of X forms a vector space over
the field Zo (the two-element field {0,1} with addition and multiplication done
modulo 2): vector addition is disjoint union, and scalar multiplication is defined
by the two equations (1-x :=z, 0z := ) for subsets = of X). See [10], Exercise
2.K, for more information.

MML identifier: BSPACE, version: 7.8.05 4.89.993

The articles [8], [19], [20], [13], [21], [5], [14], [7], [6], [4], [1], [9], [2], [3], [16], [18],
[11], [17], [15], and [12] provide the notation and terminology for this paper.

1. PRELIMINARIES: INDUCTION ON SEQUENCES OF ELEMENTS OF A
1-SORTED STRUCTURE

Let S be a 1-sorted structure. The functor g yielding a finite sequence of
elements of S is defined as follows:
(Def. 1) ES = E(QS).
In the sequel S denotes a 1-sorted structure, i denotes an element of N, p
denotes a finite sequence, and X denotes a set.
We now state two propositions:
(1) For every finite sequence p of elements of S such that i € domp holds
p(i) € S.
(2) If for every natural number ¢ such that ¢ € domp holds p(i) € S, then p
is a finite sequence of elements of S.

(© 2008 University of Bialystok
1 ISSN 1426-2630(p), 1898-9934(c)


http://fm.mizar.org/miz/bspace.miz
http://ftp.mizar.org/

2 JESSE ALAMA

The scheme IndSeqS deals with a 1-sorted structure A and a unary predicate
P, and states that:
For every finite sequence p of elements of A holds P|[p)
provided the parameters have the following properties:
e Ple4|, and
e For every finite sequence p of elements of A and for every element
x of A such that P[p| holds P[p ™~ (z)].

2. THE TWO-ELEMENT FIELD Z»

The field Zs is defined by:
(Def. 2) Zy =7ZX.

One can prove the following propositions:

(3) Qgz, ={0,1}.

(4) For every element a of Z3 holds a =0 or a = 1.

(5) 0z, = 0.

(6) 1z, =1.

(7) 1z, + 1z, = 0z,.

(8) For every element x of Zs holds = = 0z, iff  # 1z,.

3. SET-THEORETICAL PRELIMINARIES

Let X, z be sets. The functor X®z yields an element of Zy and is defined
as follows:

(Def. 3) X% = { lz,, ifz € X

0z,, otherwise.

Next we state several propositions:

) For all sets X, z holds X%z = 1z, iff z € X.

) For all sets X,  holds X%z = 0z, iff z ¢ X.

) For all sets X, 2 holds X%z # 0z, iff X%z = 1z,.

12) For all sets X, z, y holds X®x = X@y iff € X is equivalent to y € X.
) For all sets X, Y, = holds X% =Y iff x € X is equivalent to z € Y.
) For every set « holds 0%z = 0g,.
) For every set X and for all subsets u, v of X and for every element x of

X holds (u=v)®z = u®x +v%.

(16) For all sets X, Y holds X =Y iff for every set x holds X%z = Y%z.
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4. THE BOOLEAN VECTOR SPACE OF SUBSETS OF A SET

Let X be a set, let a be an element of Zs, and let ¢ be a subset of X. The
functor a - ¢ yields a subset of X and is defined as follows:
(Def. 4)(i) a-c=cifa=1g,,
(i) a-c=0x if a =0g,.
Let X be a set. The functor ¥x yields a binary operation on 2% and is
defined by:
(Def. 5) For all subsets ¢, d of X holds ¥x (¢, d) = c¢=d.
We now state four propositions:
(17) For every element a of Zs and for all subsets ¢, d of X holds a - (¢c~d) =
(a-c)=(a-d).
(18) For all elements a, b of Zy and for every subset ¢ of X holds (a+b)-c =
(a-c)=(b-c).
(19) For every subset ¢ of X holds 1z, - ¢ = c.
(20) For all elements a, b of Zs and for every subset ¢ of X holds a- (b-¢) =
a-b-c.
Let X be a set. The functor - x yielding a function from (the carrier of Zsg) x
2X into 2¥ is defined by:
(Def. 6) For every element a of Zy and for every subset ¢ of X holds -x (a, ¢) = a-c.

Let X be a set. The functor Bx yielding a non empty vector space structure
over Zo is defined as follows:

(Def. 7) Bx = (2%, %x,0x, x).

The following propositions are true:

(21) Bx is Abelian.

(22) Bx is add-associative.

(23) Bx is right zeroed.

(24) Bx is right complementable.

(25) For every element a of Zy and for all elements x, y of By holds a-(z+y) =
a-r+a-y.

(26) For all elements a, b of Zy and for every element x of Bx holds (a+b)-z =
a-r+b-x.

(27) For all elements a, b of Zs and for every element x of By holds (a-b)-x =
a-(b-x).

(28) For every element x of Bx holds 1z, -z = z.
(29) Bx is vector space-like.

Let X be a set. One can verify that Bx is vector space-like, Abelian, right
complementable, add-associative, and right zeroed.
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5. THE LINEAR INDEPENDENCE AND LINEAR SPAN OF SINGLETON SUBSETS

Let X be a set. We say that X is singleton if and only if:
(Def. 8) X is non empty and trivial.
One can check that every set which is singleton is also non empty and trivial
and every set which is non empty and trivial is also singleton.
Let X be a set and let f be a subset of X. Let us observe that f is singleton
if and only if:
(Def. 9) There exists a set « such that 2 € X and f = {z}.
Let X be a set. The functor Sx is defined as follows:
(Def. 10) Sx = {f C X: f is singleton}.
Let X be a set. Then Sx is a subset of Bx.
Let X be a non empty set. One can check that Sx is non empty.
The following proposition is true
(30) For every non empty set X and for every subset f of X such that f is
an element of Sx holds f is singleton.
Let F be a field, let V' be a vector space over F', let [ be a linear combination
of V, and let x be an element of V. Then I(z) is an element of F.
Let X be a non empty set, let s be a finite sequence of elements of Bx, and
let « be an element of X. The functor s®z yielding a finite sequence of elements
of Zo is defined as follows:

(Def. 11) len(s®z) = len s and for every natural number j such that 1 < j < lens
holds (s®z)(j) = s(5)%z.
The following propositions are true:

(31) For every non empty set X and for every element = of X holds ¢ X)@x =
&(22)-

(32) For every set X and for all elements u, v of Bx and for every element x
of X holds (u+v)% = u% + v%%.

(33) Let X be a non empty set, s be a finite sequence of elements of By,
f be an element of By, and = be an element of X. Then (s ™ (f))%r =
(s%2) ~ (fz).

(34) Let X be a non empty set, s be a finite sequence of elements of By, and
x be an element of X. Then (3 5)% = 3 5%x.

(35) Let X be a non empty set, [ be a linear combination of By, and x be
an element of Bx. If x € the support of [, then l(z) = 1z,.

(36) Sy = 0.

(37) Sx is linearly independent.

(38) For every element f of Bx such that there exists a set = such that v € X
and f = {z} holds f € Sx.
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(39) For every finite set X and for every subset A of X there exists a linear
combination [ of Sy such that > [ = A.

(40) For every finite set X holds Lin(Sx) = Bx.
(41) For every finite set X holds Sx is a basis of Bx.

Let X be a finite set. Observe that Sx is finite.
Let X be a finite set. One can verify that Bx is finite dimensional.
Next we state three propositions:

(42) Sx=X.
(43) Qp, =2%.
(44) dim(By) = 0.
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Summary. Euler’s polyhedron theorem states for a polyhedron p, that
V-E+F=2,

where V', E/, and F are, respectively, the number of vertices, edges, and faces of p.
The formula was first stated in print by Euler in 1758 [11]. The proof given here is
based on Poincaré’s linear algebraic proof, stated in [17] (with a corrected proof
in [18]), as adapted by Imre Lakatos in the latter’s Proofs and Refutations [15].

As is well known, Euler’s formula is not true for all polyhedra. The condition
on polyhedra considered here is that of being a homology sphere, which says
that the cycles (chains whose boundary is zero) are exactly the bounding chains
(chains that are the boundary of a chain of one higher dimension).

The present proof actually goes beyond the three-dimensional version of the
polyhedral formula given by Lakatos; it is dimension-free, in the sense that it
gives a formula in which the dimension of the polyhedron is a parameter. The
classical Euler relation V — F + F' = 2 is corresponds to the case where the
dimension of the polyhedron is 3.

The main theorem, expressed in the language of the present article, is

Sum alternating — characteristic — sequence(p) = 0,

where p is a polyhedron. The alternating characteristic sequence of a polyhedron
is the sequence

—N(=1),+N(0), =N(1),...,(=1)*™® « N(dim(p)),

where N (k) is the number of polytopes of p of dimension k. The special case of
dim(p) = 3 yields Euler’s classical relation. (N(—1) and N(3) will turn out to be
equal, by definition, to 1.)

Two other special cases are proved: the first says that a one-dimensional “po-
lyhedron” that is a homology sphere consists of just two vertices (and thus con-
sists of just a single edge); the second special case asserts that a two-dimensional
polyhedron that is a homology sphere (a polygon) has as many vertices as edges.

A treatment of the more general version of Euler’s relation can be found
in [12] and [6]. The former contains a proof of Steinitz’s theorem, which shows

(© 2008 University of Bialystok
7 ISSN 1426-2630(p), 1898-9934(c)
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that the abstract polyhedra treated in Poincaré’s proof, which might not appear
to be about polyhedra in the usual sense of the word, are in fact embeddable
in R® under certain conditions. It would be valuable to formalize a proof of
Steinitz’s theorem and relate it to the development contained here.

MML identifier: POLYFORM, version: 7.8.05 4.89.993

The terminology and notation used here are introduced in the following articles:
(91, [27], [28], [7], [8], [21], [10], [4], [22], [3], [5], [14], [19], [26], [23], [13], [25],
24, [16], [20], [29], [1], and [2].

1. SET-THEORETICAL PRELIMINARIES

The following propositions are true:
(1) For all sets X, ¢, d such that there exist sets a, b such that a # b and
X ={a,b} and ¢, d € X and ¢ # d holds X = {¢,d}.

(2) For every function f such that f is one-to-one holds dom f = rng f.

2. ARITHMETICAL PRELIMINARIES

In the sequel n denotes a natural number and k denotes an integer.
Next we state the proposition
(3) If 1 <k, then k is a natural number.

Let a be an integer and let b be a natural number. Then « - b is an element
of Z.
One can prove the following propositions:

) 1is odd.
) 2 is even.
) 3isodd.
7) 4 1is even.
) If nis even, then (—1)" = 1.
) If nis odd, then (—1)" = —1.
) (—1)" is an integer.
Let a be an integer and let n be a natural number. Then a” is an element

of Z.
We now state four propositions:

(11) For all finite sequences p, ¢, r holds len(p ™ ¢) <len(p ~ (¢ " r)).


http://ftp.mizar.org/
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(12) 1<n+2.
(13) (-1’ =1.

(14) For every natural number n holds (—1)" = (—1)""2.

3. PRELIMINARIES ON FINITE SEQUENCES

Let f be a finite sequence of elements of Z and let k be a natural number.
Observe that fy is integer.

The following propositions are true:

(15) Let a, b, s be finite sequences of elements of Z. Suppose that
(i) lens >0,
(i) lena =lens,

(iii) lens =lenb,

)
)
)
)

(iv for every natural number n such that 1 < n <lens holds s, = a, + by,
and
(v)  for every natural number k such that 1 < k < lens holds by, = —agy;1.

Then Y s = a1 + biens-
(16) For all finite sequences p, ¢, r holds len(p "¢~ r) =lenp+leng + lenr.
(17) For every set = and for all finite sequences p, ¢ holds ({(x) " p ™ ¢q)1 = .

~ ~

(18) For every set x and for all finite sequences p, ¢ holds (p ™ ¢
<35>)1enp+lenq+1 =T.
(19) For all finite sequences p, g, r and for every natural number k such that
lenp < k <len(p ~¢q) holds (p ™ ¢~ ")k = Qr—lenp-
Let a be an integer. Then (a) is a finite sequence of elements of Z.
Let a, b be integers. Then (a, b) is a finite sequence of elements of Z.
Let a, b, ¢ be integers. Then (a, b, ¢) is a finite sequence of elements of Z.

Let p, ¢ be finite sequences of elements of Z. Then p ™ ¢ is a finite sequence
of elements of Z.

We now state four propositions:
(20) For all finite sequences p, g of elements of Z holds > p~q= (> p)+>_q.
(21) For every integer k and for every finite sequence p of elements of Z holds
YAk) Tp=k+Xp.
(22) For all finite sequences p, ¢, r of elements of Z holds > p "¢~ r =
Cp)+Xq+ X
(23) For every element a of Zy holds ) (a) = a.
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4. POLYHEDRA AND INCIDENCE MATRICES

Let X, Y be sets. An incidence matrix of X and Y is an element of
{022’ 1z, }XXY'
We now state the proposition
(24) For all sets X, Y holds X X Y —— 1z, is an incidence matrix of X and
Y.

Polyhedron is defined by the condition (Def. 1).

(Def. 1) There exists a finite sequence-yielding finite sequence F' and there exists
a function yielding finite sequence I such that
(i) lenlI=IlenF —1,
(ii)  for every natural number n such that 1 < n < len F' holds I(n) is an
incidence matrix of rng F'(n) and rng F'(n + 1),
(iii)  for every natural number n such that 1 < n <len F' holds F(n) is non
empty and F'(n) is one-to-one, and
(iv) it=(F I).
In the sequel p denotes a polyhedron, k£ denotes an integer, and n denotes a
natural number.
Let us consider p. Then p; is a finite sequence-yielding finite sequence. Then
p2 is a function yielding finite sequence.
Let p be a polyhedron. The functor dim(p) yielding an element of N is defined
by:
(Def. 2) dim(p) = len(p1).
Let p be a polyhedron and let k be an integer. The functor Py ), yielding a
finite set is defined by the conditions (Def. 3).
(Def. 3)(i) If k < —1, then Py, =0,
(i) if k= —1, then Py, = {0},
(iii) if =1 < k < dim(p), then Py, = rngp1(k + 1),
(iv) if kK =dim(p), then P, = {p}, and
(v) if k> dim(p), then Py, = 0.
One can prove the following two propositions:
(25) If =1 < k < dim(p), then k + 1 is a natural number and 1 < k+ 1 <
dim(p).
(26) Py, is non empty iff —1 <k < dim(p).
Let p be a polyhedron and let k be an integer. Let us assume that —1 < k <
dim(p). k-polytope of p is defined by:
(Def. 4) It € Py p.
Next we state the proposition
(27) If k < dim(p), then k£ — 1 < dim(p).
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Let p be a polyhedron and let k be an integer. The functor 7, ; yielding an
incidence matrix of P;_;, and P}, is defined by the conditions (Def. 5).
(Def. 5)(i) If k <0, then 7, =0,
(ii) if k=0, then n,; = {0} x Pyp— 1z,,
(iii) if 0 <k < dim(p), then n, = p2(k),
(iv) if k = dim(p), then n, ) = Pim(p)—1,p X {p} — 1z,, and
(v) if k> dim(p), then 7, = 0.
Let p be a polyhedron and let k be an integer. The functor Sy ), yielding a
finite sequence is defined by the conditions (Def. 6).
(Def. 6)(i) If kK < —1, then Sk, = €y,
(ii) if k= —1, then Sy, = (0),
(i) if =1 < k < dim(p), then Sy, = p1(k + 1),
) if k = dim(p), then Sy, = (p), and
(v) if k> dim(p), then S, = €.
Let p be a polyhedron and let k& be an integer. The functor IV, ; yielding an
element of N is defined as follows:
(Def. 7) Ny = Ppp.
Let p be a polyhedron. The functor V), yields an element of N and is defined
by:
(Def. 8) V, = Nppo.
The functor E, yields an element of N and is defined by:
(Def. 9) E, = Np1.
The functor F), yielding an element of N is defined by:
(Def. 10)  F, = Nppo.

Next we state several propositions:

—

(28)  dom(Skp) = Seg(Np)-
(29) len(Sk,p) = Npk-

(30) 10g(Skp) = Prp-

(31) Np_1=1.

(32)  Npdimp) = 1.

Let p be a polyhedron, let k£ be an integer, and let n be a natural number.
Let us assume that 1 < n < N,; and —1 < k < dim(p). The functor Pl
yielding an element of Py, is defined by:

(Def. 11) Pl = Skp(n).
We now state three propositions:

(33) Suppose —1 < k < dim(p). Let x be a k-polytope of p. Then there exists
a natural number n such that z = P;)fk and 1 <n < Npp.

(34) Sk, is one-to-one.
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(35) Suppose —1 < k < dim(p). Let m, n be natural numbers. If 1 <n < N, ;,
and 1 <m < N, and P];fk = Pﬁk, then m = n.

Let p be a polyhedron, let k be an integer, let « be a (k — 1)-polytope of p,

and let y be a k-polytope of p. Let us assume that 0 < k& < dim(p). The functor

x(y) yields an element of Zy and is defined by:
(Def. 12)  a(y) = npk(x, v)-

5. THE CHAIN SPACES AND THEIR SUBSPACES. BOUNDARY OF A k-CHAIN

Let p be a polyhedron and let k£ be an integer. The functor C}, yielding a
finite dimensional vector space over Zs is defined by:

(Def. 13)  Cip = Bp, -
We now state two propositions:
(36) For every k-polytope = of p holds Ockyp@x = 0Oz,.
(37)  Npj = dim(Cpp).
Let p be a polyhedron and let k be an integer. The functor k -chains p yielding
a non empty finite set is defined by:
(Def. 14)  k-chainsp = 2F%».
Let p be a polyhedron, let k be an integer, let « be a (k — 1)-polytope of p,

and let v be an element of C} . The functor v(x) yielding a finite sequence of
elements of Zs is defined by the conditions (Def. 15).
(Def. 15)(1)  If Py_1,p is empty, then v(z) = gp, and
(ii)  if Py_1, is non empty, then len(v(z)) = N, and for every natural
number n such that 1 <n < N, holds v(z)(n) = (U@P;fk) (P
We now state several propositions:
(38) For all elements ¢, d of Cj, and for every k-polytope x of p holds (¢ +
d)®r = % + d°x.
(39) For all elements ¢, d of C},,, and for every (k — 1)-polytope x of p holds
(c+d)(z) = c(z) + d(x).
(40) For all elements ¢, d of C},, and for every (k — 1)-polytope x of p holds
de(z) +d(x)) = (X e(x)) + 2 d(z).
(41) For all elements ¢, d of C},, and for every (k — 1)-polytope x of p holds
Ye+d)(z) = (X c(z) + X d(=).
(42) For every element c of C} ), and for every element a of Zy and for every
k-polytope x of p holds (a - ¢)% = a - (c®x).
(43) For every element ¢ of Cj, and for every element a of Z and for every
k-polytope x of p holds (a-¢)(z) = a - ¢(z).
(44) For all elements ¢, d of C}, holds ¢ = d iff for every k-polytope x of p
holds %z = d%z.
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(45) For all elements ¢, d of C},p, holds ¢ = d iff for every k-polytope x of p
holds z € ciff x € d.
The scheme ChainFEz deals with a polyhedron A, an integer B, and a unary
predicate P, and states that:
There exists a subset ¢ of Pg 4 such that for every B-polytope x
of A holds z € ¢ iff Plz] and x € Pg 4
for all values of the parameters.
Let p be a polyhedron, let k£ be an integer, and let v be an element of Cf .
The functor Jv yields an element of Cj_; ), and is defined by the conditions
(Def. 16).
(Def. 16)(i)  If P_1, is empty, then dv =0¢,_, ,, and
(ii)  if Py_1, is non empty, then for every (k — 1)-polytope x of p holds
x € 0viff Y u(z) = 1z,.
One can prove the following proposition
(46) For every element c of Cj ), and for every (k — 1)-polytope z of p holds
0c%r =Y c(x).
Let p be a polyhedron and let k be an integer. The functor Oip yields a
function from C},,, into Cj_1, and is defined by:
(Def. 17)  For every element c of C},, holds dyp(c) = Oc.
One can prove the following propositions:
(47) For all elements ¢, d of C},, holds 9(c + d) = dc + 0d.
(48) For every element a of Zy and for every element ¢ of Cj, , holds d(a-¢) =
a - oc.
(49) Okp is a linear transformation from Cy,, to Cy_1 p.
Let p be a polyhedron and let k& be an integer. Then Jp is a linear transfor-
mation from C p to Ci—_1,p.
Let p be a polyhedron and let k be an integer. The functor Zj , yielding a
subspace of C} , is defined as follows:
(Def. 18)  Zy,, = ker Opp.

Let p be a polyhedron and let k£ be an integer. The functor |Z ;| yields a
non empty subset of k-chainsp and is defined by:

(Def. 19) |Zk,p‘ = QZk,p'
Let p be a polyhedron and let k be an integer. The functor By, yields a
subspace of C} , and is defined as follows:
(Def. 20) Bk,p = im(ak+1p).
Let p be a polyhedron and let k£ be an integer. The functor | By, | yielding a
non empty subset of k-chains p is defined by:

(Def. 21) |Bk,p| = QBk,p'



14 JESSE ALAMA

Let p be a polyhedron and let k& be an integer. The functor BZ; , yields a
subspace of C}, and is defined as follows:

(Def. 22) Bth = Bk,P N Zk,p'
Let p be a polyhedron and let k be an integer.
The functor k-bounding-circuitsp yields a non empty subset of k-chainsp
and is defined as follows:

(Def. 23)  k-bounding-circuitsp = Qpg, .
The following proposition is true
(50) dim(C}p) = rank(Ogp) + nullity (Oxp).

6. SIMPLY CONNECTED AND EULERIAN POLYHEDRA

Let p be a polyhedron. We say that p is being a homology sphere if and only
if:
(Def. 24) For every integer k holds |Z | = | By p|-
The following proposition is true
(51) p is being a homology sphere iff for every integer n holds Z,, , = By, .
Let p be a polyhedron. The functor p yielding a finite sequence of elements
of Z is defined as follows:
(Def. 25) lenp = dim(p) + 2 and for every natural number k such that 1 < k <
dim(p) 4 2 holds p(k) = (—1)" - N, 4 _o.
Let p be a polyhedron. The functor p yields a finite sequence of elements of
Z and is defined by:
(Def. 26) lenp = dim(p) and for every natural number & such that 1 < k < dim(p)
holds p(k) = (=1)* - N, 1.
Let p be a polyhedron. The functor p yielding a finite sequence of elements
of Z is defined as follows:
(Def. 27) lenp = dim(p) + 1 and for every natural number k such that 1 < k <
dim(p) + 1 holds p(k) = (—=1)*™ - N, 1.
One can prove the following proposition
(52) If 1 < n < lenp, then p(n) = (—1)"*' . dim(B,_2,) + (-1)"*".
dim(Z,—1,p).
Let p be a polyhedron. We say that p is Eulerian if and only if:
(Def. 28) Y p =1+ (—1)dm®+L
One can prove the following proposition
(53) p=p"{(~1)"").
Let p be a polyhedron. Let us observe that p is Eulerian if and only if:
(Def. 29) > p=1.
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One can prove the following proposition
(54) 5=(-1)"p
Let p be a polyhedron. Let us observe that p is Eulerian if and only if:
(Def. 30) >-p=0.

7. THE EXTREMAL CHAIN SPACES

The following propositions are true:

(65) Py, is non empty.

(56) Qc_,, =2.

(67) Qc_,, =1{0,{0}}.

(58) For every k-polytope = of p and for every (k — 1)-polytope e of p such
that £ = 0 and e = () holds e(z) = 1z,.

(59) Let k be an integer, = be a k-polytope of p, v be an element of C, ,, e be
a (k — 1)-polytope of p, and n be a natural number. If £ = 0 and v = {z}
and e = and x = P’ and 1 <n < Ny, then v(e)(n) = 1z,.

(60) Let k be an integer, x be a k-polytope of p, e be a (k — 1)-polytope of p,
v be an element of C},,, and m, n be natural numbers. Suppose k& = 0 and
v:{x}andx:ngandlSmﬁprkandlgnSNpJgandm;én.
Then v(e)(m) = 0z,.

(61) Let k be an integer, x be a k-polytope of p, v be an element of C} ),

and e be a (k — 1)-polytope of p. If k = 0 and v = {z} and e = (), then

>v(e) =1gz,.
For every O-polytope x of p holds dop({z}) = {0}.
) =1.

diHl(B(_l)7

)
)
) Qg =2
65) {p} is an element of Cyim(p) -
) {p} S chim(p),p'
) Pdim(p)—1,p is non empty.

Let p be a polyhedron. Note that Pyiy(p)—1,, is non empty.

P
The following propositions are true:

(68) chim(p),p = {Ocdim<p),p7 {r}}

(69) For every element @ of Cim(p)p holds z = 0¢y, . or z = {p}.

(70) For all elements x, y of Cyiy(p),, such that z # y holds x = 0, Sim(p).p OT
y= OCdim(P),P'

(71) " Saim(p)p = (P)-

(72) P, gim(p) = P-
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(73) For every element ¢ of Cgip(p), and for every dim(p)-polytope z of p
such that ¢ = {p} holds %z = 1z,.

(74) For every (dim(p) — 1)-polytope z of p and for every dim(p)-polytope ¢
of p such that ¢ = p holds z(c) = 1z,.

(75) For every (dim(p)—1)-polytope z of p and for every element ¢ of Cim(p)
such that ¢ = {p} holds ¢(z) = (1z,).

(76) For every (dim(p)—1)-polytope = of p and for every element c of Cyip(p)
such that ¢ = {p} holds }_ ¢(x) = 1g,.

P

P

(77) 8d1m ({p}) Pdlm(p

(78) Bdlm(p)p is one-to-one.

(79) dim(Bdim(p)—l,p) =L

(80) If p is being a homology sphere, then dim(Zgim(p)—1,5) = 1.
(81) If 1 <n < dim(p)+ 2, then p(n) = p(n — 1).

(82) p=(-1)"p"((-1)""").

8. A GENERALIZED EULER RELATION AND ITS 1—, 2—, AND
3—DIMENSIONAL SPECIAL CASES

One can prove the following propositions:

(83) 1If dim(p) is odd, then > p= (>-p) — 2.

(84) 1If dim(p) is even, then > . p = > p.

(85) If dim(p) = 1, then > p = Npp.

(86) If dim(p) =2, then >>p = Npo— Np 1.

(87) 1If dim(p) = 3, then > p = (Npo — Np1) + Np2

(88) If dim(p) = 0, then p is Eulerian.

(89) If p is being a homology sphere, then p is Eulerian.

(90) If p is being a homology sphere and dim(p) = 1, then V), = 2.

(91) 1If p is being a homology sphere and dim(p) = 2, then V, = E,,.

(92) 1If p is being a homology sphere and dim(p) = 3, then (V, — E,) + F, = 2.
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Summary. In this article at first, we proved the lemma of the inferior limit
and the superior limit. Next, we proved the Baire category theorem (Banach space
version) [20], [9], [3], quoted it and proved the uniform boundedness principle.
Moreover, the proof of the Banach-Steinhaus theorem is added.
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The articles [17], [18], [15], [12], [19], [1], [21], [5], [8], [7], [16], [10], [6], [13], [4],
[2], [14], and [11] provide the terminology and notation for this paper.

1. UNIFORM BOUNDEDNESS PRINCIPLE

The following two propositions are true:
(1) For every sequence s; of real numbers and for every real number r such
that s; is bounded and 0 < r holds liminf(r s;) = 7 - liminf s;.
(2) For every sequence s; of real numbers and for every real number r such
that s1 is bounded and 0 < r holds limsup(r s1) = r - lim sup s;.
Let X be a real Banach space. One can verify that MetricSpaceNorm X is
complete.
Let X be a real Banach space, let g be a point of X, and let r be a real
number. The functor Ball(z,r) yielding a subset of X is defined as follows:
(Def. 1) Ball(zg,r) = {x; 2 ranges over points of X: ||xg — z|| < r}.
The following propositions are true:
(3) Let X be a real Banach space and Y be a sequence of subsets of X.
Suppose UrngY = the carrier of X and for every element n of N holds
Y (n) is closed. Then there exists an element ng of N and there exists
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a real number r and there exists a point xy of X such that 0 < r and
Ball(xg,7) C Y (ng).

(4) Let X, Y be real normed spaces and f be a bounded linear operator

from X into Y. Then
(i)  f is Lipschitzian on the carrier of X and continuous on the carrier of
X, and

(ii)  for every point z of X holds f is continuous in z.

(5) Let X be a real Banach space, Y be a real normed space, and T" be a
subset of the real norm space of bounded linear operators from X into Y.
Suppose that for every point x of X there exists a real number K such
that 0 < K and for every point f of the real norm space of bounded linear
operators from X into Y such that f € T holds || f(z)|| < K. Then there
exists a real number L such that

(i) 0<L,and

(ii)  for every point f of the real norm space of bounded linear operators
from X into Y such that f € T holds || f]] < L.

Let X, Y be real normed spaces, let H be a function from N into the carrier
of the real norm space of bounded linear operators from X into Y, and let x be
a point of X. The functor H#x yields a sequence of Y and is defined by:

(Def. 2) For every element n of N holds (H#zx)(n) = H(n)(x).
The following proposition is true

(6) Let X be areal Banach space, Y be a real normed space, v1 be a sequence
of the real norm space of bounded linear operators from X into Y, and ¢;
be a function from X into Y. Suppose that for every point x of X holds
v1#x is convergent and t1(z) = lim(vy#x). Then

(i)  t1 is a bounded linear operator from X into Y,

(ii)  for every point = of X holds ||t (z)| < liminf||v] - ||z||, and

(ili)  for every point to of the real norm space of bounded linear operators
from X into Y such that t2 = ¢; holds |[|ta] < liminf|vy].

2. BANACH-STEINHAUS THEOREM

We now state two propositions:

(7) Let X be areal Banach space, X be a subset of LinearTopSpaceNorm X,
Y be a real Banach space, and v; be a sequence of the real norm space of
bounded linear operators from X into Y. Suppose that

(i)  Xp is dense,

(ii)  for every point x of X such that x € X holds v1#a is convergent, and

(iii) for every point = of X there exists a real number K such that 0 < K
and for every element n of N holds ||(vi#x)(n)|| < K.

Let = be a point of X. Then vi#x is convergent.
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(8) Let X, Y bereal Banach spaces, X be a subset of LinearTopSpaceNorm X,
and v1 be a sequence of the real norm space of bounded linear operators
from X into Y. Suppose that (i) X is dense,

(ii)  for every point z of X such that x € X holds v;#=x is convergent, and

(iii) for every point = of X there exists a real number K such that 0 < K

and for every element n of N holds ||(vi#z)(n)|| < K.
Then there exists a point ¢; of the real norm space of bounded linear
operators from X into Y such that for every point x of X holds vy #z
is convergent and t1(x) = lim(vi#x) and ||¢t1(x)|| < liminf|jvq|| - ||z|| and
lt1|| < liminf|jvq]|.
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Summary. In this paper, we defined the quadratic residue and proved its
fundamental properties on the base of some useful theorems. Then we defined
the Legendre symbol and proved its useful theorems [14], [12]. Finally, Gauss
Lemma and Law of Quadratic Reciprocity are proven.
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[5], [18], [3], [15], [6], and [23] provide the terminology and notation for this
paper.

For simplicity, we adopt the following convention: %, 41, 9, t3, 7, a, b, x
denote integers, d, e, n denote natural numbers, f, f’ denote finite sequences of
elements of Z, g, g1, g2 denote finite sequences of elements of R, and p denotes
a prime number.

We now state two propositions:

(1) If 41 ‘ 19 and i1 ’ i3, then i, ‘ 19 — 13.
(2) Ifi|laandi|a—b,theni|b.
Let us consider f. The functor Pz(f) yields a function from Z into Z and is
defined by the condition (Def. 1).
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(Def. 1) Let x be an element of Z. Then there exists a finite sequence f’ of
elements of Z such that len f = len f and for every d such that d € dom f’
holds f'(d) = f(d) - =" and (Pz(f))(x) = L f"
Let f be a finite sequence of elements of Z and let x be an integer. Observe
that (Pz(f))(x) is integer.
We now state two propositions:
(3) Iflen f =1, then Pz(f) =Z+— f(1).
(4) Iflen f =1, then for every element z of Z holds (Pz(f))(x) = f(1).

In the sequel f’ denotes a finite sequence of elements of R.
Next we state three propositions:

(5) Let given g, g1, g2. Suppose leng =n+1 and len g; = len g and len go =
len g and for every d such that d € dom g holds g(d) = g1(d) — g2(d). Then
there exists f’ such that len f’ = leng — 1 and for every d such that d €
dom f" holds f'(d) = g1(d)—g2(d+1) and 3- g = ((3 ') +g1(n+1))—ga(1).

(6) Suppose len f = n + 2. Let a be an integer. Then there exists a finite
sequence f’ of elements of Z and there exists an integer r such that len f’ =
n+1 and for every element x of Z holds (Pz(f))(z) = (z—a)-(Pz(f"))(x)+r
and f(n+2) = f'(n+1).

(7) Ifp|i-j,thenp|iorp]|j.

In the sequel f’, g are finite sequences of elements of Z.
The following proposition is true

(8) Let given f. Supposelen f =n+1andp > 2and pt f(n+1). Let given f'.
Suppose for every d such that d € dom f’ holds (Pz(f))(f'(d)) mod p =
0 and for all d, e such that d, e € dom f’ and d # e holds f'(d) #
f'(e) (modp). Then len f < n.

Let a be an integer and let m be a natural number. We say that a is quadratic
residue mod m if and only if:

(Def. 2) There exists an integer x such that (¢2 — a) mod m = 0.

In the sequel b, m denote natural numbers.
We now state four propositions:

(9) If agedm = 1, then a? is quadratic residue mod m.
(10) 1 is quadratic residue mod 2.
(11) Ifigedm = 1 and i is quadratic residue mod m and ¢ = j (modm), then
j is quadratic residue mod m.

(12) Ifi|j, then igedj = |i].

Let k be an integer and let a be a natural number. One can verify that k*

is integer.
One can prove the following propositions:
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(13) For all integers 4, j, m such that ¢ mod m = j mod m holds i" mod m =
7™ mod m.

(14) If agedp =1 and (22 — a) mod p = 0, then x and p are relative prime.

(15) Suppose p > 2 and agedp = 1 and a is quadratic residue mod p. Then
there exist integers x, y such that (z2—a) mod p = 0 and (y%2—a) mod p = 0
and x # y (modp).

Let f be a finite sequence of elements of N and let us consider d. One can
check that f(d) is natural.
The following propositions are true:

(16) Suppose p > 2. Then there exists a finite sequence f of elements of N
such that
() lenf=(p—'1)+2,
(ii)  for every d such that d € dom f holds ged(f(d),p) = 1,
(ili)  for every d such that d € dom f holds f(d) is quadratic residue mod p,
and
(iv) for all d, e such that d, e € dom f and d # e holds f(d) # f(e) (modp).

(17) If p > 2 and agedp = 1 and a is quadratic residue mod p, then
a®"D+2 mod p = 1.
(18) If p > 2 and bgedp = 1 and b is not quadratic residue mod p, then
bP="D+2 mod p=p — 1.
(19) If p > 2 and agedp = 1 and a is not quadratic residue mod p, then
a®P~"D*2 mod p=p— 1.
(20) If p > 2 and agedp = 1 and a is quadratic residue mod p, then
(aP="D+2 _ 1) mod p = 0.
(21) If p > 2 and agedp = 1 and a is not quadratic residue mod p, then
(a®»="D*2 1 1) mod p = 0.
In the sequel b is an integer.
We now state three propositions:

(22) Suppose p > 2 and agedp = 1 and bged p = 1 and a is quadratic residue
mod p and b is quadratic residue mod p. Then a - b is quadratic residue
mod p.

(23) Suppose p > 2 and agedp = 1 and bged p = 1 and a is quadratic residue
mod p and b is not quadratic residue mod p. Then a - b is not quadratic
residue mod p.

(24) Suppose p > 2 and agedp = 1 and bgedp = 1 and a is not quadratic
residue mod p and b is not quadratic residue mod p. Then a-b is quadratic
residue mod p.

Let a be an integer and let p be a prime number. The functor (%) yielding

an integer is defined by:
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1, if a is quadratic residue mod p
a) _ ) J
(Def. 3) <p> - { —1, otherwise.

One can prove the following propositions:

%) (3)=tor(3) =1

If agedp =1, then (%) =1

()1

(25)
(26)
(27)
(28) If p>2and agedp =1, then (%) = a®P"D*2 (mod p).
(29)
(30)
(31)

27

29) If p>2and agedp =1 and a = b (modp), then (9) = (%).

~ () (

(d)

30
31

If p>2and agedp=1and bgedp = 1, then (%b) =
If for every d such that d € dom f” holds f’(d) =1 or f
[mf/=1or[1f =-1.

In the sequel m denotes an integer.

).

—1, then

S
s

~

One can prove the following propositions:
(32) For all g, f/ such that len g = len f’ and for every d such that d € dom g
holds g(d) = f'(d) (modm) holds [Tg =] f (modm).
(33) For all g, f’ such that len g = len f” and for every d such that d € dom g
holds g(d) = —f'(d) (modm) holds [[g = (—1)*"9 - [] /" (modm).
In the sequel f denotes a finite sequence of elements of N.
Next we state several propositions:

(34) Suppose p > 2 and for every d such that d € dom f holds ged(f(d),p) =
1. Then there exists a finite sequence f of elements of Z such that len f =
len f and for every d such that d € dom f" holds f/(d) = (M) and

P
)7
If p> 2 and ged(d,p) = 1 and ged(e,p) = 1, then (d;'e> = ( ) .

(35) :
(36) If p> 2, then (‘71) = (~1)D=2,

(37) If p>2and p mod 4 =1, then —1 is quadratic residue mod p.
(38)
(39)

If p> 2 and p mod 4 = 3, then —1 is not quadratic residue mod p.

Let D be a non empty set, g be a finite sequence of elements of D, and
i, j be natural numbers. Then g is one-to-one if and only if Swap(g, 1, j)
is one-to-one.

(40) Let g be a finite sequence of elements of N. Suppose leng = n and
for every d such that d € domg holds g(d) > 0 and g(d) < n and g is
one-to-one. Then rng g = Segn.

In the sequel a, m are natural numbers.

Next we state several propositions:
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(41) Let g be a finite sequence of elements of N. Suppose p > 2
and ged(a,p) = 1 and ¢ = a - idseq((p = 1) + 2) and m =
{k € N: k € ng(g mod p) A k> §}. Then (%) =(-1)™.
(42) Ifp>2, then (2) = (1)@ D=5,
(43) If p>2andif p mod 8 =1 or p mod 8 =7, then 2 is quadratic residue
mod p.
(44) If p > 2 and if p mod 8 = 3 or p mod 8 = 5, then 2 is not quadratic
residue mod p.
(45) For all natural numbers a, b such that @ mod 2 = b mod 2 holds (—1)* =
(-1)".
In the sequel g, g, h, k denote finite sequences of elements of R.
Next we state two propositions:
(46) Ifleng =lenh and leng =lenk,then g~ g—h " k= (g9—h) " (g — k).

(47) For every finite sequence g of elements of R and for every real number

m holds Y (leng+— m —g) =leng-m—>_g.
In the sequel X denotes a finite set and F denotes a finite sequence of
elements of 2%, o
Let us consider X, F. Then F is a cardinal yielding finite sequence of ele-
ments of N.
The following proposition is true

(48) Let g be a finite sequence of elements of 2X . Suppose len g = n and for
all d, e such that d, e € domg and d # e holds ¢g(d) misses g(e). Then
Umgg =>7.

In the sequel ¢ is a prime number.
The following three propositions are true:

(49) If p>2and ¢ > 2 and p # ¢, then (g) : (%) = (—1)((p_ll)+2)'((q_ll)+2).

(50) If p>2and ¢ >2and p # ¢ and p mod 4 = 3 and ¢ mod 4 = 3, then

(5)=-()

(51) If p>2and ¢ >2andp# qand p mod 4 =1 or ¢ mod 4 = 1, then

(5) =)
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Regular Expression Quantifiers — at least m
Occurrences

Michat Trybulec
Motorola Software Group
Cracow, Poland

Summary. This is the second article on regular expression quantifiers.
[4] introduced the quantifiers m to n occurrences and optional occurrence. In
the sequel, the quantifiers: at least m occurrences and positive closure (at least
1 occurrence) are introduced. Notation and terminology were taken from [§],

several properties of regular expressions from [7].

MML identifier: FLANG_3, version: 7.8.05 4.89.993

The notation and terminology used here are introduced in the following papers:
[5, 1], [6], [2], [3], and [4].

1. PRELIMINARIES

For simplicity, we follow the rules: F, = denote sets, A, B, C denote subsets
of E¥, a, b denote elements of E“, and k, [, m, n denote natural numbers.

The following proposition is true
(1) If BC A* then (A*) " BC A* and B~ A* C A*.

2. AT LEAST m OCCURRENCES

Let us consider E, A, n. The functor A™ yielding a subset of E*“ is defined

as follows:
(Def. 1) A™ =U{B:V,, (n<m AN B=Am)}.

We now state a number of propositions:

(© 2008 University of Bialystok
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x € A™ iff there exists m such that n < m and x € A™.

If n <m, then A™ C A™-,
A" =0 iff n >0 and A= 0.
If m <n, then A™ C A™-.,
If k& < m, then A™" C Ak
If m <n+ 1, then A7 U (A1) = Ao
AU (APHD) = Anoe

A C A,

(pe A iff n=0or ()p € A.

A = A iff (), € Aorn=0.

A* = A0y (A(nﬁ’l),..)‘

If AC B, then A™ C B™-.

If € Aand z # (), then A™ # {()p}

A ={()pt it A={()p} or n=0and A = 0.

Al = (4m) 7 A,

(Am) ™ A =A™,

(A7) 7 (AT = AlmE)

If n > 0, then (A™)" = A™m,
(Am)* = (A™)7.

If AC C™ and B C C™~, then A~ B C C(m+n)...,

Alntk),.. — (An,) ~ Ak

A7 (A7) = (A™) T A

(Ak) —~ (An,“) — (An,..) —~ Ak.
(Alc,l) —~ (An,..) — (An,..) —~ AkJ.

If <>E € B,then ACA™ (B"’) and A C (Bn,) ~ A

(A™) = (A7) = (A7) 7 (A,
If AC B* and n > 0, then A" C B¥
If AC B* and n > 0, then A™ C BF-.
(A) " A=Al

(A*) —~ Ak — Ak,

(A™) 7 A7 = (A7) 7 (A7),

If k <1, then (A™) ~ ARl = A(VHR).-.,

If k <1, then (A%) ~ ARl = AF»

AMM O AT

AM C (A,

If a € C™ and b € C™, then a ™ b € CM+n)

If AR = {z}, then = = ().
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(39) If AC B* then A™ C B*.

(40) A? C Ak~ iff k=0or () € A.

(41) (AF) ™ A? = AF

(42) (AF) ™ A? = A? ~ (AR,

(43) If B C A*, then (AF~) =~ B C AF and B~ (Ak+) C Ak
(44) AN BF C (AB) N (BF).

(45) (AR U (BR) C (AUB)™-.

(46) (z) € AR+ iff (z) € Abut ()p € Aor k < 1.

(47) If AC B% then B = (BU A)*.

3. PosiTIVE CLOSURE

Let us consider E, A. The functor AT yielding a subset of E“ is defined as
follows:

(Def. 2) AT =U{B:V, (n>0 A B=A")}.

Next we state a number of propositions:
(48) x € AT iff there exists n such that n > 0 and = € A™.
(49) Ifn >0, then A" C AT,
(50) AT = Ab-.
(1) AT =0iff A=0.
(52) AT = (A")" A,
(53) A" = {{(}p} U A",
(54) At = Abry (ACHD),
(55) AT C A*.
(56) () A*iff (e Al
(57) AT = A*iff (), € A.
(58) If AC B, then A* C B*.
(59) AC AT,
(60) A*T = A* and A" = A%,
(61) If AC B* then AT C B*.
(62) ATt = At
(63) Ifze Aandx# ()p, then AT # {()z}.
(64) AT ={()g}iff A={()p}.
(65) AtT? = A* and A?7T = A*.
(66) Ifa,be Ct, thena~be CT.
(67) f ACCT and BC C™',then A~ BC CT.
(68) AT ACAT.
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(=)
Ne)

If A" = {2}, then z = ().
AT AT =AY A
(Ak)~ A+ = A+~ AR,

~
= O

72) (A™M) T AT = AT T A™

73) If (), € B,then AC A~ BT and AC Bt~ A.
74) AT T AT = A%

75) AT — Ak = AG+D),.

76) At T A= A%

77) If k <1, then AT — Akl = A(+D)..
78) If AC BT and n > 0, then A" C BT.
79) AT T A? = A? ™ AT,
80) At~ A? = AT
81) A? C AT iff (), € A.
If AC BT, then AT C BT,
83) If AC B*, then Bt = (BUA)™.
84) Ifn >0, then A™ C AT.
85) If m > 0, then A™" C AT,
86) (A*) T AT = At A,
87) A+F C Ak
88) AT™™ C A,

oo
=)

If AC BT and n > 0, then A™ C BT,

AT (Ak,..) — A1),

AT (Ak"') — (Ak"') ~ At.

AT DAY = AT,

If BC A*, then At " BC At and B~ AT C AT,
(ANB)T C At nBt.

AtuBtC(AuB)*.

() € AT iff (z) € A.

© © © © © ©
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Complete Spaces
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Summary. This paper is a continuation of [12]. First some definitions
needed to formulate Cantor’s theorem on complete spaces and show several facts
about them are introduced. Next section contains the proof of Cantor’s theorem
and some properties of complete spaces resulting from this theorem. Moreover,
countable compact spaces and proofs of auxiliary facts about them is defined.
I also show the important condition that every metric space is compact if and
only if it is countably compact. Then I prove that every metric space is compact
if and only if it is a complete and totally bounded space. I also introduce the
definition of the metric space with the well metric. This article is based on [13].

MML identifier: COMPL_SP, version: 7.8.05 4.89.993

The articles [29], [3], [11], [10], [18], [26], [1], [7], [16], [22], [24], [23], [9], [8],
[27], [5], [20], [12], [28], [6], [17], [4], [19], [14], [21], [2], [15], and [25] provide the
terminology and notation for this paper.

1. PRELIMINARIES

We follow the rules: i, n, m denote natural numbers, x, X, Y denote sets,
and r denotes a real number.
Let M be a non empty metric structure and let .S be a sequence of subsets
of M. We say that S is bounded if and only if:
(Def. 1) For every i holds S(i) is bounded.

Let M be a non empty reflexive metric structure. Observe that there exists
a sequence of subsets of M which is bounded and non-empty.

Let M be a reflexive non empty metric structure and let S be a sequence
of subsets of M. The functor @S yielding a sequence of real numbers is defined
by:

(© 2008 University of Bialystok
35 ISSN 1426-2630(p), 1898-9934(c)
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(Def. 2) For every i holds (@5)(i) = @S(4).
We now state several propositions:

(1) Let M be a reflexive non empty metric structure and S be a bounded
sequence of subsets of M. Then @S is lower bounded.

(2) Let M be a reflexive non empty metric structure and S be a bounded
sequence of subsets of M. If S is descending, then @S is upper bounded
and @5 is non-increasing.

(3) Let M be a reflexive non empty metric structure and S be a bounded
sequence of subsets of M. If S is ascending, then @S is non-decreasing.

(4) Let M be a non empty reflexive metric structure and S be a bounded
sequence of subsets of M. Suppose S is descending and lim @S = 0. Let
F be a sequence of M. If for every ¢ holds F'(i) € S(i), then F is Cauchy.

(5) Let M be a reflexive symmetric triangle non empty metric structure and
p be a point of M. If 0 < r, then @ Ball(p,r) < 2-7.

Let M be a metric structure and let U be a subset of M. We say that U is
open if and only if:
(Def. 3) U € the open set family of M.

Let M be a metric structure and let A be a subset of M. We say that A is
closed if and only if:
(Def. 4) A€ is open.
Let M be a metric structure. Note that there exists a subset of M which is
open and empty and there exists a subset of M which is closed and empty.
Let M be a non empty metric structure. One can verify that there exists a
subset of M which is open and non empty and there exists a subset of M which
is closed and non empty.
One can prove the following proposition
(6) Let M be a metric structure, A be a subset of M, and A’ be a subset of
Miop such that A’ = A. Then
(i) Ais open iff A’ is open, and
(ii) A is closed iff A’ is closed.
Let T be a topological structure and let S be a sequence of subsets of T. We
say that S is open if and only if:

(Def. 5) For every ¢ holds S() is open.
We say that S is closed if and only if:
(Def. 6) For every ¢ holds S(¢) is closed.

Let T be a topological space. Observe that there exists a sequence of subsets
of T which is open and there exists a sequence of subsets of T" which is closed.
Let T be a non empty topological space. One can verify that there exists
a sequence of subsets of 7" which is open and non-empty and there exists a
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sequence of subsets of T" which is closed and non-empty.
Let M be a metric structure and let S be a sequence of subsets of M. We
say that S is open if and only if:
(Def. 7) For every ¢ holds S() is open.
We say that S is closed if and only if:
(Def. 8) For every ¢ holds S(i) is closed.

Let M be a non empty metric space. Note that there exists a sequence of
subsets of M which is non-empty, bounded, and open and there exists a sequence
of subsets of M which is non-empty, bounded, and closed.

The following propositions are true:

(7) Let M be a metric structure, S be a sequence of subsets of M, and S’
be a sequence of subsets of Mo, such that S’ = S. Then
(i) S isopen iff " is open, and
(ii) S is closed iff S’ is closed.
(8) Let M be a reflexive symmetric triangle non empty metric structure and
S, Ci be subsets of M. Suppose S is bounded. Let S’ be a subset of Miqp.
If S=5"and C; =9, then C; is bounded and @S = @C;.

2. CANTOR’S THEOREM ON COMPLETE SPACES

The following propositions are true:

(9) Let M be a non empty metric space and C' be a sequence of M. Then
there exists a non-empty closed sequence S of subsets of M such that
(i) S is descending,
(ii) if C is Cauchy, then S is bounded and lim @S = 0, and
(iii)  for every i there exists a subset U of Mo, such that U = {C(j);J
ranges over elements of N: j > i} and S(i) = U.
(10) Let M be a non empty metric space. Then M is complete if and only
if for every non-empty bounded closed sequence S of subsets of M such
that S is descending and lim @S = 0 holds (] S is non empty.

(11) Let T be a non empty topological space and S be a non-empty sequence
of subsets of T'. Suppose S is descending. Let F' be a family of subsets of
T.If FF=rng§, then F is centered.

(12) Let M be a non empty metric structure, S be a sequence of subsets of
M, and F' be a family of subsets of M, such that F' =g S. Then
(i) if S is open, then F is open, and
(ii) if S is closed, then F is closed.
(13) Let T be a non empty topological space, F' be a family of subsets of T,
and S be a sequence of subsets of T'. Suppose rng S C F. Then there exists
a sequence R of subsets of T such that
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R is descending,
if F'is centered, then R is non-empty,

)
)
(iii) if F' is open, then R is open,
) if F'is closed, then R is closed, and
) for every i holds R(i) = N{S(j);j ranges over elements of N: j < i}.

(14) Let M be a non empty metric space. Then M is complete if and only if
for every family F' of subsets of M, such that F' is closed and centered
and for every real number r such that r > 0 there exists a subset A of M
such that A € F and A is bounded and @A < r holds (] F' is non empty.

(15) Let M be a non empty metric space, A be a non empty subset of M,
B be a subset of M, and B’ be a subset of M[A. If B = B’, then B’ is
bounded iff B is bounded.

(16) Let M be a non empty metric space, A be a non empty subset of M,
B be a subset of M, and B’ be a subset of M[A. If B = B’ and B is
bounded, then @B’ < @B.

(17) For every non empty metric space M and for every non empty subset A
of M holds every sequence of M[A is a sequence of M.

(18) Let M be a non empty metric space, A be a non empty subset of M, S
be a sequence of M[A, and S’ be a sequence of M. If S = S’, then S’ is
Cauchy iff S is Cauchy.

(19) Let M be a non empty metric space. Suppose M is complete. Let A be a

non empty subset of M and A’ be a subset of Mop. If A = A’, then M[A

is complete iff A’ is closed.

3. COUNTABLE COMPACT SPACES

Let T be a topological structure. We say that 1" is countably-compact if and
only if the condition (Def. 9) is satisfied.

(Def. 9) Let F be a family of subsets of 7. Suppose F is a cover of T', open, and
countable. Then there exists a family G of subsets of T" such that G C F
and G is a cover of T and finite.

We now state a number of propositions:

(20) For every topological structure T' such that T is compact holds T is
countably-compact.

(21) Let T be a non empty topological space. Then T is countably-compact
if and only if for every family F' of subsets of T such that F' is centered,
closed, and countable holds (| F # 0.

(22) Let T be a non empty topological space. Then T is countably-compact

if and only if for every non-empty closed sequence S of subsets of T such
that S is descending holds S # 0.
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(23) Let T be a non empty topological space, F' be a family of subsets of T,
and S be a sequence of subsets of T'. Suppose rng .S C F' and S is non-
empty. Then there exists a non-empty closed sequence R of subsets of T'
such that

(i) R is descending,
(i) if F is locally finite and S is one-to-one, then (R = ), and
(iii)  for every i there exists a family S; of subsets of T such that R(i) = [J S1
and S; = {S(j);j ranges over elements of N: j > i}.

(24) For every function F' such that dom F' is infinite and rng F' is finite there

exists z such that € rng F and F~!({z}) is infinite.

(25) Let X be a non empty set and F' be a sequence of subsets of X. Suppose
F' is descending. Let S be a function from N into X. If for every n holds
S(n) € F(n), then if rng S is finite, then () F' is non empty.

(26) Let T be a non empty topological space. Then T is countably-compact if
and only if for every family F' of subsets of T" such that F' is locally finite
and has non empty elements holds F is finite.

(27) Let T be a non empty topological space. Then T is countably-compact
if and only if for every family F' of subsets of T" such that F' is locally
finite and for every subset A of T such that A € F holds A = 1 holds F
is finite.

(28) Let T be a T} non empty topological space. Then T is countably-compact
if and only if for every subset A of T' such that A is infinite holds Der A
is non empty.

(29) Let T be a T non empty topological space. Then T is countably-compact
if and only if for every subset A of T" such that A is infinite and countable
holds Der A is non empty.

The scheme Th39 deals with a non empty set A and a binary predicate P,
and states that:
There exists a subset A of A such that
(i) for all elements x, y of A such that z, y € A and z # y
holds P[z,y], and
(ii)  for every element x of A there exists an element y of A
such that y € A and not Pz, y]
provided the following conditions are satisfied:
e For all elements x, y of A holds Pz, y] iff Ply, z|, and
e For every element z of A holds not P[z, z].
We now state several propositions:
(30) Let M be a reflexive symmetric non empty metric structure and r be a
real number. Suppose r > 0. Then there exists a subset A of M such that
(i)  for all points p, ¢ of M such that p # ¢ and p, ¢ € A holds p(p,q) >,
and
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(ii)  for every point p of M there exists a point ¢ of M such that ¢ € A and
p € Ball(q, 7).

(31) Let M be a reflexive symmetric triangle non empty metric structure.
Then M is totally bounded if and only if for every real number r and for
every subset A of M such that » > 0 and for all points p, ¢ of M such
that p # ¢ and p, ¢ € A holds p(p,q) > r holds A is finite.

(32) Let M be a reflexive symmetric triangle non empty metric structure. If
Moy, is countably-compact, then M is totally bounded.

(33) For every non empty metric space M such that M is totally bounded
holds M, is second-countable.

(34) Let T be a non empty topological space. Suppose T is second-countable.
Let F be a family of subsets of T'. Suppose F' is a cover of T' and open.
Then there exists a family G of subsets of T' such that G C F' and G is a
cover of T" and countable.

4. THE MAIN THEOREM

The following three propositions are true:

(35) For every non empty metric space M holds M, is compact iff Mg, is
countably-compact.

(36) Let X be a set and F' be a family of subsets of X. Suppose F is finite.
Let A be a subset of X. Suppose A is infinite and A C |J F. Then there
exists a subset Y of X such that Y € F and Y N A is infinite.

(37) For every non empty metric space M holds M,y is compact iff M is
totally bounded and complete.

5. WELL SPACES

Let T be a set, let .S be a function from N into 7', and let ¢ be a natural
number. Then S(7) is an element of T'.
The following proposition is true

(38) Let M be a metric structure, a be a point of M, and given z. Then
x € X x ((the carrier of M)\ {a}) U{(X, a)} if and only if there exists a
set y and there exists a point b of M such that x = (y, b) but y € X and
b#aory=X and b = a.

Let M be a metric structure, let a be a point of M, and let X be a set. The
functor well-dist(a, X) yields a function from (X X ((the carrier of M)\ {a})U
{{X, a)}) x (X x ((the carrier of M) \ {a}) U{(X, a)}) into R and is defined
by the condition (Def. 10).
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(Def. 10) Let x, y be elements of X x ((the carrier of M) \ {a}) U {(X, a)}, z1,
y1 be sets, and x, y2 be points of M such that x = (z1, x2) and y = (y1,
y2). Then

(i) if 21 = y1, then (well-dist(a, X))(z, y) = p(x2,y2), and
(ii)  if 21 # y1, then (well-dist(a, X))(x, y) = p(x2,a) + p(a,y2).
We now state the proposition
(39) Let M be a metric structure, a be a point of M, and X be a non empty
set. Then

) if well-dist(a, X)

(i1)  if well-dist(a, X) is symmetric, then M is symmetric,

i) if well-dist(a, X) is triangle and reflexive, then M is triangle, and

(iv)  if well-dist(a, X) is discernible and reflexive, then M is discernible.

is reflexive, then M is reflexive,

Let M be a metric structure, let a be a point of M, and let X be a set.
The functor WellSpace(a, X) yields a strict metric structure and is defined as
follows:

(Def. 11) WellSpace(a, X) = (X x ((the carrier of M) \ {a}) U {(X,
a)}, well-dist(a, X)).

Let M be a metric structure, let a be a point of M, and let X be a set. One
can check that WellSpace(a, X) is non empty.

Let M be a reflexive metric structure, let a be a point of M, and let X be
a set. Note that WellSpace(a, X) is reflexive.

Let M be a symmetric metric structure, let @ be a point of M, and let X be
a set. Observe that WellSpace(a, X) is symmetric.

Let M be a symmetric triangle reflexive metric structure, let a be a point of
M, and let X be a set. One can verify that WellSpace(a, X) is triangle.

Let M be a metric space, let a be a point of M, and let X be a set. Observe
that WellSpace(a, X) is discernible.

We now state several propositions:

(40) Let M be a triangle reflexive non empty metric structure, a be a point
of M, and X be a non empty set. If WellSpace(a, X) is complete, then M
is complete.

(41) Let M be a symmetric triangle reflexive non empty metric structure, a
be a point of M, and S be a sequence of WellSpace(a, X). Suppose S is
Cauchy. Then

(i) for every point X; of WellSpace(a, X) such that X; = (X, a) and for
every r such that r > 0 there exists n such that for every m such that
m > n holds p(S(m), X;) <r, or

(ii)  there exist n, Y such that for every m such that m > n there exists a
point p of M such that S(m) = (Y, p).

(42) Let M be a symmetric triangle reflexive non empty metric structure and
a be a point of M. If M is complete, then WellSpace(a, X) is complete.
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(43) Let M be a symmetric triangle reflexive non empty metric structure.

Suppose M is complete. Let a be a point of M. Given a point b of M such
that p(a,b) # 0. Let X be an infinite set. Then

(i)  WellSpace(a, X) is complete, and
(ii) there exists a non-empty bounded sequence S of subsets of

WellSpace(a, X) such that S is closed and descending and (.S is emp-
ty.

(44) There exists a non empty metric space M such that

(i) M is complete, and
(ii)  there exists a non-empty bounded sequence S of subsets of M such

that S is closed and descending and (S is empty.

REFERENCES

Grzegorz Bancerek. The ordinal numbers. Formalized Mathematics, 1(1):91-96, 1990.
Grzegorz Bancerek. Countable sets and Hessenberg’s theorem. Formalized Mathematics,
2(1):65-69, 1991.

Jézef Biatas and Yatsuka Nakamura. Dyadic numbers and T4 topological spaces. Forma-
lized Mathematics, 5(3):361-366, 1996.

Leszek Borys. Paracompact and metrizable spaces. Formalized Mathematics, 2(4):481—
485, 1991.

Czestaw Byliniski. Functions and their basic properties. Formalized Mathematics, 1(1):55—
65, 1990.

Czestaw Bylinski. Functions from a set to a set. Formalized Mathematics, 1(1):153-164,
1990.

Czestaw Bylinski. Some basic properties of sets. Formalized Mathematics, 1(1):47-53,
1990.

Agata Darmochwal. Compact spaces. Formalized Mathematics, 1(2):383-386, 1990.
Agata Darmochwal. Families of subsets, subspaces and mappings in topological spaces.
Formalized Mathematics, 1(2):257-261, 1990.

Agata Darmochwal. Finite sets. Formalized Mathematics, 1(1):165-167, 1990.

Agata Darmochwal and Yatsuka Nakamura. Metric spaces as topological spaces — funda-
mental concepts. Formalized Mathematics, 2(4):605-608, 1991.

Alicia de la Cruz. Totally bounded metric spaces. Formalized Mathematics, 2(4):559-562,
1991.

Ryszard Engelking. General Topology, volume 60 of Monografie Matematyczne. PWN —
Polish Scientific Publishers, Warsaw, 1977.

Adam Grabowski. On the Kuratowski limit operators. Formalized Mathematics,
11(4):399-409, 2003.

Adam Grabowski. On the boundary and derivative of a set. Formalized Mathematics,
13(1):139-146, 2005.

Krzysztof Hryniewiecki. Basic properties of real numbers. Formalized Mathematics,
1(1):35-40, 1990.

Stanistawa Kanas, Adam Lecko, and Mariusz Startek. Metric spaces. Formalized Mathe-
matics, 1(3):607-610, 1990.

Jarostaw Kotowicz. Convergent sequences and the limit of sequences. Formalized Mathe-
matics, 1(2):273-275, 1990.

Jarostaw Kotowicz. Monotone real sequences. Subsequences. Formalized Mathematics,
1(3):471-475, 1990.

Jarostaw Kotowicz. Real sequences and basic operations on them. Formalized Mathema-
tics, 1(2):269-272, 1990.

Robert Milewski. Bases of continuous lattices. Formalized Mathematics, 7(2):285-294,

1998.
Beata Padlewska. Families of sets. Formalized Mathematics, 1(1):147-152, 1990.



COMPLETE SPACES

Beata Padlewska and Agata Darmochwat. Topological spaces and continuous functions.
Formalized Mathematics, 1(1):223-230, 1990.

Andrzej Trybulec. Domains and their Cartesian products. Formalized Mathematics,
1(1):115-122, 1990.

Michat Trybulec. Formal languages — concatenation and closure. Formalized Mathematics,
15(1):11-15, 2007.

Zinaida Trybulec. Properties of subsets. Formalized Mathematics, 1(1):67-71, 1990.
Edmund Woronowicz. Relations and their basic properties. Formalized Mathematics,
1(1):73-83, 1990.

Edmund Woronowicz. Relations defined on sets. Formalized Mathematics, 1(1):181-186,

1990.
Edmund Woronowicz and Anna Zalewska. Properties of binary relations. Formalized

Mathematics, 1(1):85-89, 1990.

Received October 12, 2007

43






FORMALIZED MATHEMATICS

vol. 16,

Difference and Difference Quotient. Part II

The articles [8], [1], [4], [2], [3], [5], [7), [12], [13], [6], [9], and [10] provide the

No. 1, Pages 45-49, 2008

Bo Li Yanping Zhuang
Qingdao University of Science and Technology
and Technology China
China

Xiquan Liang
Qingdao University of Science
and Technology
China

Summary. In this article, we give some important properties of forward
difference, backward difference, central difference and difference quotient and
forward difference, backward difference, central difference and difference quotient

formulas of some special functions [11].

MML identifier: DIFF_2, version: 7.8.09 4.97.1001

notation and terminology for this paper.

We follow the rules: h, r, r1, 79, xg, 1, T2, L3, T4, T5, T, a, b, ¢, k denote

real numbers and f, f1, fo denote functions from R into R.

Next we state a number of propositions:

L A[f)(@, x4+ h) = Sl

If h # 0, then A[f](z,2 +h,2+2-h) = M
Alf](x — h,z) = W‘

If h # 0, then A[f](x —2-h,z — h,z) = w
Alr fl(zo, x1, 22) = 1 - A[f](20, 21, 22).

Alf1 + fol(zo, 21, 72) = Alfi](z0, 21, 22) + A[f2] (w0, 71, T2).

!The notation A(f,z,y) has been changed to A[f](z,y). More in Addenda.
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(7)  Alr1 fi + 72 fo](xo, 21, 22) = 11 - Alfi](20, 21, 22) + 12 - Alfo](20, 21, 22).
(8) Alr fl(zo,x1, 2, 23) =7 - Alf](20, 21, T2, X3).
(9)  Alfr + fal(zo, 71, 22, 3) = A[f1](w0, 71, T2, ¥3) + A[f2](T0, 71, 72, 3).
) Al fi + o fol(zos 1, m2,23) = m - Alfil(wo, z1, 22, 23) + 12 -
Alf2l(wo, 21, T2, 73).
Let f be a real-yielding function and let zq, x1, x2, x3, x4 be real numbers.
The functor A[f](zg, z1,x2, x3,24) yielding a real number is defined as follows:

(Def. 1) A[f](z0, 1, 72, 23, 74) = A[f](xo’xl’332@;’3:@”}(“’”’3”3’“).

Next we state three propositions:
(11)  A[r fl(zo, z1, z2, 3, 24) = 7 - A[f](20, X1, T2, T3, T4).
(12)  Alfi+ fo](zo, 1, 22, 23, 14) = Alf1](20, 21, B2, T3, 24) + A[fo] (w0, 1, 22,
x3,24).
(13) Alr1 fi + 72 fol(zo, 21, 22, 23, 24) = 11 - Alfi](W0, 21, 22, T3, 24) + T2
Alfo](zo, 1, 22, 23, T4).
Let f be areal-yielding function and let xq, 1, x2, 3, 4, x5 be real numbers.
The functor A[f](xo,z1, %2, x3,24,25) yields a real number and is defined as
follows:

(Def. 2)  Alfl(zo, 21, 22, 3, T4, T5) = Am(xo’xl’xQ’xB’xﬁgii[f](“’xz’“’“’“).

We now state a number of propositions:
(14)  Alr fl(zo,x1, 2, T3, x4, 25) = 1 - A[f](20, 21, T2, T3, X4, T5).
(15)  A[fi+ fo](zo, 21, 22, 3, w4, ¥5) = A[f1](20, 1, w2, 3, T4, T5) + Al f2] (w0,
X1,X2, X3, T4, T5).
(16) Alry fi + 12 fol(zo, 21, 22, 23, 24, 75) = 711 - A[f1](0, 21, T2, T3, T4, T5) +
7o - Alfo] (20, %1, T2, T3, T4, T5).

(17) If x9, =1, w2 are mutually different, then A[f](xo,z1,22) =
f(zo) f(z1) f(z2)

(zo—z1)-(zo—z2) ' (z1—20) (T1—22) ' (T2—0) (T2—T1)"
(18) If xo, x1, 2, x3 are mutually different, then A[f](zo,x1,22,23) =
A[f(z1, 22, 23, 0) and A[f](wo, 1, T2, 23) = A[f](73, T2, 71, Z0)-
(19) If zg, x1, w2, x3 are mutually different, then A[f](xo,z1,22,23) =
Alf|(z1, zo, x2, x3) and A[f](zo, 21,22, x3) = A[f](21, 2, 20, X3).
If f is constant, then A[f](xo,x1,z2) = 0.
If xg # 1, then AlaO+b](zo, 1) = a.
If 29, 21, zo are mutually different, then Alad+b](xg, z1,22) = 0.

N NN
o = O

If 2o, 21, x2, x3 are mutually different, then AlaO+b](zo, 1, 2, 23) = 0.
For every x holds (Ap[ad+b])(z) = a - h.
For every x holds (Vj[aO+b])(x) = a - h.
For every z holds (d,[ald+b])(x) = a- h.

(NI )
(AN
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(27) If for every = holds f(z) = a-22+b-x+c and x¢ # x1, then A[f](z0, 1) =
a-(xo+x1) +0b.

(28) If for every z holds f(x) = a-22 +b-z + c and zg, 71, T9 are mutually
different, then A[f](zo,x1,22) = a

(29) If for every x holds f(x) = a-2% +b-z+c and x¢, 71, T2, v3 are mutually
different, then A[f](zo,x1,x2,23) = 0.

(30) If for every x holds f(z) = a-22 +b-z + c and xq, 71, T2, T3, T4 are
mutually different, then A[f](zo,x1, z2,z3,24) = 0.

(31) If for every x holds f(z) = a-22 + bz + ¢, then for every z holds
(Aulf)() =2 a-h-z+a K2 +b-h.

(32) If for every = holds f(z) = a- 2%+ b-x + ¢, then for every x holds
(ValfDx)=2-a-h-x—a-h?)+b-h.

(33) If for every = holds f(z) = a- 2%+ b-x + ¢, then for every x holds
On[f(x)=2-a-h-xz+b-h.

(34) If for every z holds f(x) = % and xo # 1 and g # 0 and 7 # 0, then
Alf)(wo, 1) = £

(35) 1If for every x holds f(x) = g and g # 0 and 27 # 0 and z2 # 0 and xg,

x1, To are mutually different, then A[f](xo,z1,22) = xo_fl_m.

(36) Suppose for every x holds f(x) = § and z9p # 0 and 1 # 0 and
xo # 0 and z3 # 0 and xg, x1, T2, x3 are mutually different. Then

Alfl(wo, o1, 22, 73) = —szwﬁ
(37) Suppose for every x holds f(z) = % and g # 0 and 1 # 0 and 22 # 0

and x3 # 0 and x4 # 0 and xg, x1, T2, T3, T4 are mutually different. Then

Alf)(o, 1, w2, w3, 14) = st

(38) If for every x holds f(x) = % and x # 0 and x + h # 0, then for every x

holds (Au[f))(z) = o53%-

(39) 1If for every z holds f(z) = % and x # 0 and x — h # 0, then for every x
holds (Va[f))(z) = 535
(40) If for every z holds f(z) = £ and z + % #0and x — & 7é 0, then for

__ Zkn
every x holds (0p[f])(z) = Dt D)

: 2-cos( zotey )-sin(Z0-21)
(41)  Al[the function sin|(xg,z1) = on o 3
(42) For every x holds (Ap[the function sin])(z) =2 - (cos( ) (%))
(43) For every z holds (Vp[the function sin])(z) = 2 - (cos(%Z ) (%))
(44) For every x holds (dp[the function sin])(z) =2 - (cosx - sm(%))

o+ . T T

(45) Althe function cos|(zg, 1) = 72~Sln(OTx;z-;lln(%)
(46) For every = holds (Ap[the function cos])(z) = —2 - (sin(2'$2+h) ) sin(%)),
(47) For every x holds (Vj,[the function cos])(z) = —2- (Sjn(Q'fL;h) ) Sin(%)),
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(48) For every x holds (dy[the function cos])(z) = —2 - (sinx - sin(%)).

1 .(Cos(2~zl ) —COS(2’$0))

(49) A[(the function sin) (the function sin)](zg,x1) = 2

To—Z1

=

(50) For every x holds (Ap[(the function sin) (the function sin)])(x) =
(cos(2-x) —cos(2- (z+ h))).

(51) For every z holds (Vj[(the function sin) (the function sin)])(z) = 3
(cos(2- (z — h)) —cos(2-x)).

(52) For every x holds (J;[(the function sin) (the function sin)])(z) = 3 -

(cos(2-x —h) —cos(2-x+ h)).

(53) A|[(the function sin) (the function cos)](zo,z1) = 3 (sin(2-w0)sin(2-21))

xo—T1 .
(54) For every z holds (Ay[(the function sin) (the function cos)])(z) = 3
(sin(2- (z + h)) —sin(2 - z)).
(55) For every z holds (Vj[(the function sin) (the function cos)])(z) = 3
(sin(2-z) —sin(2 - (x — h))).
(56) For every z holds (J;[(the function sin) (the function cos)])(z) = 3 -

(sin(2-z+ h) —sin(2 -z — h)).

1
(57) A[(the function cos) (the function cos)](zg,x1) = z(c0s(270) —cos(271))

To—T1 .
(58) For every x holds (Ap[(the function cos) (the function cos)])(z) = 1 -
(cos(2- (z+ h)) —cos(2-x)).
(59) For every x holds (Vj[(the function cos) (the function cos)])(z) = 1 -
(cos(2-z) —cos(2- (z — h))).
(60) For every z holds (0,[(the function cos) (the function cos)])(z) = 1 -

(cos(2-x + h) —cos(2-x — h)).
(61) A[(the function sin) (the function sin) (the function cos)](zg,z1) =
(sin( 3'(9312+930) )-sin( 3‘(1‘12—300) )+sin( 900‘2F901 )-sin( JCogﬂcl )
r0—I1 :
(62) Let given x. Then (Ap[(the function sin) (the function sin) (the function
cos)))(z) = % - (sin(E=E3h) - sin(3L) — sin(25HE) - sin(2)).
(63) Let given x. Then (V},[(the function sin) (the function sin) (the function
cos)|)(x) = % . (sin(iﬁ'”’gg'h) . sin(%)) — % . (sin(Lx{h) -sin(%)).
(64) For every x holds (dp[(the function sin) (the function sin) (the function
cos)])(z) = —% - (sinz - sin(%)) + 3 (sin(3-z) - sin(%)).
(65) A[(the function sin) (the function cos) (the function cos)|(zo,z1) =
%'(COS(%}QH(@)—&-COS(3'(10;11) )~sin(3'(102711)))
ro—T1 .
(66) Let given z. Then (Ay[(the function sin) (the function cos) (the function
cos)])(z) = 5 - (COS(W) . sin(%) + COS(W) -sin(%)).
(67) Let given . Then (Vj[(the function sin) (the function cos) (the function
cos)])(z) = 3 - (cos(2%5L) - sin(%) + cos(8Z53%) - sin(3)).

1
_2
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(68) For every x holds (d5[(the function sin) (the function cos) (the function
cos)])(z) = 5 - (cosz - sin(%) +cos(3-x) - sin(%)).

(69) If zp € dom (the function tan) and z; € dom (the function tan), then
sin(xo—x1)

cos w0~cosgl~(;o—m1) .

Al[the function tan|(zg,x1) =
(70) If zp € dom (the function cot) and x; € dom (the function cot), then

sin(xg—x1)
sinzo-sinzi-(zo—x1) "
(71) Suppose xo € dom (the function cosec) and z; € dom (the function co-
2-cos( Il;zo )-sin(FL520)
sinzy-sinzo-(ro—z1)

Althe function cot)(xg,x1) = —

sec). Then Alfthe function cosec|(zg, z1) =

(72) Suppose zy € dom (the function sec) and x; € dom (the function sec).

x4z e
_2-sm(”2m)-sm(%)
cosz1-cos xg-(To—x1)

Then Althe function sec|(xg,z1) =
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Summary. In this article, we prove the first mean value theorem for in-
tegrals [16]. The formalization of various theorems about the properties of the
Lebesgue integral is also presented.
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The notation and terminology used in this paper are introduced in the following
articles: [20], [2], [17], [6], [1], [4], [21], [22], [11], [3], [9], [8], [10], [18], [19], [5],
13, [12], [14], [15], and [7).

1. LEMMAS FOR EXTENDED REAL VALUED FUNCTIONS

For simplicity, we use the following convention: X is a non empty set, S is a
o-field of subsets of X, M is a o-measure on S, f, g are partial functions from
X to R, and F is an element of S.

One can prove the following three propositions:

(1) If for every element x of X such that € dom f holds f(z) < g(z), then
g — f is non-negative.

(2) For every set Y and for every partial function f from X to R and for
every real number 7 holds (r )Y =r (f|Y).

(3) Suppose f is integrable on M and g is integrable on M and g — f is non-
negative. Then there exists an element F of S such that £ = dom fNdom g
and [ fI[EAM < [g[EdM.

(© 2008 University of Bialystok
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2. o-FINITE SETS

Let us consider X. One can verify that there exists a partial function from
X to R which is non-negative.
Let us consider X, f. Then |f| is a non-negative partial function from X to
R.
Next we state the proposition
(4) Suppose f is integrable on M. Then there exists a function F' from N
into S such that
(i)  for every element n of N holds F'(n) = dom fN GTE—dom(|f|,@(n%r1)),
(ii) dom f\ EQ-dom(f,0z) = Urng F, and
(iii) for every element n of N holds F((n) € S and M (F(n)) < +o0.

3. THE FIRST MEAN VALUE THEOREM FOR INTEGRALS

Let F' be a binary relation. We introduce F' is extreal-yielding as a synonym
of F' is extended real-valued.
Let k be a natural number and let z be an element of R. Then k — z is a
finite sequence of elements of R.
Let us note that there exists a finite sequence which is extreal-yielding.
The binary operation - on R is defined by:
(Def. 2)! For all elements z, y of R holds g(z, y) =z - y.

One can check that - is commutative and associative.
One can prove the following proposition

(5) 1.=1
One can check that - is unital.

Let F' be an extreal-yielding finite sequence. The functor [[F' yields an
element of R and is defined by:
(Def. 3) There exists a finite sequence f of elements of R such that f = F and
[[F=g®[
Let = be an element of R and let n be a natural number. Note that n — =z
is extreal-yielding.
Let = be an element of R and let k& be a natural number. The functor x
defined by:
(Def. 4) 2% =T[(k — z).
Let 2 be an element of R and let k be a natural number. Then x
extended real number.
Let us note that e is extreal-yielding.

ks

k'is an

!The definition (Def. 1) has been removed.
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Let r be an element of R. Note that (r) is extreal-yielding.
We now state two propositions:

(6) I(eg) = 1.

(7) For every element 7 of R holds [[(r) = r.

Let f, g be extreal-yielding finite sequences. Observe that f ™ g is extreal-
yielding.
We now state three propositions:
(8) For every extreal-yielding finite sequence F' and for every element r of
R holds [T(F ™ (r)) =1 F - r.
(9) For every element z of R holds z! = .

(10) For every element x of R and for every natural number k holds z¢*! =

zF -z
Let k be a natural number and let us consider X, f. The functor f* yields
a partial function from X to R and is defined by:
(Def. 5) dom(f*) = dom f and for every element z of X such that 2 € dom(f*)
holds f*(z) = f(x)".
Next we state several propositions:

(11) For every element z of R and for every real number y and for every
natural number k such that z = y holds z* = y*.

(12) For every element z of R and for every natural number k such that 0 < z
holds 0 < z*.

(13) For every natural number k such that 1 < k holds +oo® = +oo.

(14) Let k be a natural number and given X, S, f, E. If E C dom f and f is
measurable on E, then |f|* is measurable on E.

(15) Suppose dom f Ndomg = FE and f is finite and g is finite and f is
measurable on E and g is measurable on E. Then f ¢ is measurable on E.

(16) If rng f is bounded, then f is finite.

(17) Let M be a o-measure on S, f, g be partial functions from X to R, E
be an element of .S, and F' be a non empty subset of R. Suppose dom f N
domg = F and rng f = F and g is finite and f is measurable on E and
rng f is bounded and g is integrable on M. Then (f g)|E is integrable on

M and there exists an element ¢ of R such that ¢ > inf F and ¢ < sup I
and [(f|g))IEdM =R(c) - [ [g|IEdM.

4. SELECTED PROPERTIES OF INTEGRALS

We use the following convention: E1, Es denote elements of S, z, A denote
sets, and a, b denote real numbers.
The following propositions are true:
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[FITA = [fTA].
dom(|f| + |g]) = dom f Ndom g and dom |f + g| C dom | f|.

(18)

(19)

(20) [f[I'dom |f +g| + [g|l dom[f 4+ g| = (|f] + [g])| dom [f + g].

(21) If 2 € dom|[f +g|, then [f + g|(z) < (|f] + [g])(2)-

(22) Suppose f is integrable on M and g is integrable on M. Then there

exists an element E of S such that £ = dom(f+g) and [|f+g|[FdM <

JIFITEAM + [ |g[TE dM.

(23) maxi(Xa,x) = Xa,x.

(24) If M(FE) < 400, then Xg x is integrable on M and [Xg x dM = M(FE)
and IXE7xfEdM = M(E)

(25) If M(Ey N E3) < 400, then fX(El),X [EydM = M(Ey N E3).

(26) Suppose f is integrable on M and E C dom f and M(F) < 400 and

for every element x of X such that z € E holds a < f(z) < b. Then

R(a)- M(E) < [ fIEAM < R(b) - M(E).
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Summary. The goal of this article is to prove Egoroff’s Theorem [13].
However, there are not enough theorems related to sequence of measurable func-
tions in Mizar Mathematical Library. So we proved many theorems about them.
At the end of this article, we showed Egoroff’s theorem.

MML identifier: MESFUNC8, version: 7.8.10 4.100.1011

The articles [18], [3], [15], [16], [5], [12], [22], [6], [19], [20], [8], [14], [7], [4], [17],
[1], [10], [11], [9], [21], and [2] provide the notation and terminology for this

paper.
1. SELECTED PROPERTIES OF FUNCTIONAL SEQUENCES

In this paper n, k are natural numbers, X is a non empty set, and S is a
o-field of subsets of X.
Next we state several propositions:

(1) Let M be a o-measure on S, F' be a function from N into S, and given
n. Then {x € X: A\, (n <k = z € F(k))} is an element of S.

(2) Let F be a sequence of subsets of X and n be an element of N. Then
(the superior set sequence of F')(n) = [Jrng(F T n) and (the inferior set
sequence of F)(n) = (Nrng(F Tn).

(3) Let M be a o-measure on S and F' be a sequence of subsets of S. Then
there exists a function G from N into S such that G = the inferior set
sequence of F' and M (liminf F') = suprng(M - G).
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(4) Let M be a o-measure on S and F be a sequence of subsets of S. Suppose
M(UF) < 400. Then there exists a function G from N into S such that
G = the superior set sequence of F' and M (limsup F') = inf rng(M - G).

(5) Let M be a o-measure on S and F be a sequence of subsets of S. Suppose
F is convergent. Then there exists a function G from N into S such that
G = the inferior set sequence of F' and M (lim F') = suprng(M - G).

(6) Let M be a o-measure on S and F' be a sequence of subsets of S. Suppose
F' is convergent and M (|J F') < 4+o00. Then there exists a function G from
N into S such that G = the superior set sequence of F' and M (lim F') =
infrng(M - G).

Let X, Y be sets and let F' be a sequence of partial functions from X into
Y. We say that F' has the same dom if and only if:

(Def. 1) rng F has common domain.

Let X, Y be sets and let F' be a sequence of partial functions from X into
Y. Let us observe that F' has the same dom if and only if:
(Def. 2)  For all natural numbers n, m holds dom F'(n) = dom F(m).
Let X, Y Dbe sets. One can verify that there exists a sequence of partial
functions from X into Y which has the same dom.
Let X be a non empty set and let f be a sequence of partial functions from
X into R. The functor inf f yielding a partial function from X to R is defined
as follows:
(Def. 3) dominf f = dom f(0) and for every element = of X such that x €
dominf f holds (inf f)(x) = inf(f#x).
Let X be a non empty set and let f be a sequence of partial functions from
X into R. The functor sup f yields a partial function from X to R and is defined
by:
(Def. 4) domsup f = dom f(0) and for every element z of X such that = €
dom sup f holds (sup f)(x) = sup(f#x).
Let X be a non empty set and let f be a sequence of partial functions from
X into R. The inferior real sequence of f yields a sequence of partial functions
from X into R with the same dom and is defined by the condition (Def. 5).

(Def. 5) Let n be a natural number. Then
(i)  dom (the inferior real sequence of f)(n) = dom f(0), and
(ii) for every element = of X such that x € dom (the inferior real sequence
of f)(n) holds (the inferior real sequence of f)(n)(z) = (the inferior real
sequence of f#zx)(n).
Let X be a non empty set and let f be a sequence of partial functions from
X into R. The superior real sequence of f yields a sequence of partial functions
from X into R with the same dom and is defined by the condition (Def. 6).

(Def. 6) Let n be a natural number. Then
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(i)  dom (the superior real sequence of f)(n) = dom f(0), and

(ii) for every element x of X such that # € dom (the superior real sequence
of f)(n) holds (the superior real sequence of f)(n)(x) = (the superior real
sequence of f#zx)(n).

One can prove the following proposition

(7) Let f be a sequence of partial functions from X into R and z be an
element of X. Suppose = € dom f(0). Then (the inferior real sequence of
f)#x = the inferior real sequence of f#ux.

Let X, Y be sets. We see that the sequence of partial functions from X into
Y is a function from N into X—=>Y.

Let X, Y be sets, let f be a sequence of partial functions from X into Y
with the same dom, and let n be an element of N. Observe that f T n has the
same dom.

Next we state three propositions:

(8) Let f be a sequence of partial functions from X into R with the same
dom and n be an element of N. Then (the inferior real sequence of f)(n) =
inf(f Tn).

(9) Let f be a sequence of partial functions from X into R with the same
dom and n be an element of N. Then (the superior real sequence of f)(n) =
sup(f T n).

(10) Let f be a sequence of partial functions from X into R and z be an
element of X. Suppose = € dom f(0). Then (the superior real sequence of
f)#x = the superior real sequence of f#ux.

Let X be a non empty set and let f be a sequence of partial functions from
X into R. The functor liminf f yielding a partial function from X to R is defined
as follows:

(Def. 8)!  domliminf f = dom f(0) and for every element x of X such that z €
domliminf f holds (liminf f)(z) = liminf(f#z).
Let X be a non empty set and let f be a sequence of partial functions from X
into R. The functor limsup f yielding a partial function from X to R is defined
as follows:

(Def. 9) domlimsup f = dom f(0) and for every element = of X such that x €
dom limsup f holds (limsup f)(z) = limsup(f#x).

We now state three propositions:

(11) Let f be a sequence of partial functions from X into R. Then

(i) for every element x of X such that =z € domliminf f
holds (liminf f)(z) = sup(the inferior real sequence of f#x)
and (liminf f)(x) = sup((the inferior real sequence of f)#x) and

(liminf f)(x) = (sup (the inferior real sequence of f))(x), and

!The definition (Def. 7) has been removed.
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(ii)  liminf f = sup (the inferior real sequence of f).

(12) Let f be a sequence of partial functions from X into R. Then
(i) for every element z of X such that 2 € domlimsup f
holds (limsup f)(z) = inf(the superior real sequence of f#x)
and (limsup f)(x) = inf((the superior real sequence of f)#z) and
(limsup f)(z) = (inf (the superior real sequence of f))(x), and
(ii) limsup f = inf (the superior real sequence of f).

(13) Let f be a sequence of partial functions from X into R and z be an
element of X. If x € dom f(0), then f#x is convergent iff (limsup f)(x) =
(liminf f)(z).
Let X be a non empty set and let f be a sequence of partial functions from
X into R. The functor lim f yielding a partial function from X to R is defined
by:
(Def. 10) domlim f = dom f(0) and for every element x of X such that z €
domlim f holds (lim f)(z) = lim(f#x).
One can prove the following propositions:

(14) Let f be a sequence of partial functions from X into R and x be an
element of X. If z € domlim f and f#x is convergent, then (lim f)(z) =
(limsup f)(z) and (lim f)(x) = (liminf f)(x).

(15) Let f be a sequence of partial functions from X into R with the same
dom, F' be a sequence of subsets of S, and r be a real number. Suppose that
for every natural number n holds F(n) = dom f(0) NGT-dom(f(n),R(r)).
Then Jrng F' = dom f(0) N GT-dom(sup f, R(r)).

(16) Let f be a sequence of partial functions from X into R with the sa-
me dom, F be a sequence of subsets of S, and r be a real number.
Suppose that for every natural number n holds F(n) = dom f(0) N
GTE-dom(f(n),R(r)). Then Nrng F = dom f(0) N GTE-dom(inf f, R(r)).

(17) Let f be a sequence of partial functions from X into R with the same
dom, F' be a sequence of subsets of S, and r be a real number. Suppose that
for every natural number n holds F'(n) = dom f(0) NGT-dom(f(n),R(r)).
Let n be a natural number. Then (the superior set sequence of F')(n) =
dom f(0) N GT-dom((the superior real sequence of f)(n),R(r)).

(18) Let f be a sequence of partial functions from X into R with the sa-
me dom, F be a sequence of subsets of S, and r be a real number.
Suppose that for every natural number n holds F(n) = dom f(0) N
GTE-dom(f(n),R(r)). Let n be a natural number. Then (the inferior set
sequence of F')(n) = dom f(0) N GTE-dom((the inferior real sequence of
f)(n),R(r)).

(19) Let f be a sequence of partial functions from X into R with the same
dom and E be an element of S. Suppose dom f(0) = E and for every



EGOROFF’S THEOREM 61

natural number n holds f(n) is measurable on E. Let given n. Then (the
superior real sequence of f)(n) is measurable on E.

(20) Let f be a sequence of partial functions from X into R with the same
dom and E be an element of S. Suppose dom f(0) = E and for every
natural number n holds f(n) is measurable on E. Let n be a natural
number. Then (the inferior real sequence of f)(n) is measurable on E.

(21) Let f be a sequence of partial functions from X into R, F' be a sequence
of subsets of .S, and r be a real number. Suppose that for every natural
number n holds F'(n) = dom f(0) N GTE-dom((the superior real sequence
of f)(n),R(r)). Then N F = dom f(0) N GTE-dom(lim sup f, R(r)).

(22) Let f be a sequence of partial functions from X into R, F' be a sequence
of subsets of S, and r be a real number. Suppose that for every natural
number n holds F'(n) = dom f(0) N GT-dom((the inferior real sequence of
f)(n),R(r)). Then Jrng F = dom f(0) N GT-dom(lim inf f, R(r)).

(23) Let f be a sequence of partial functions from X into R with the same dom
and E be an element of S. Suppose dom f(0) = E and for every natural
number n holds f(n) is measurable on E. Then lim sup f is measurable on
E.

(24) Let f be a sequence of partial functions from X into R with the same dom
and E be an element of S. Suppose dom f(0) = E and for every natural
number n holds f(n) is measurable on E. Then liminf f is measurable on
E.

(25) Let f be a sequence of partial functions from X into R with the same
dom and E be an element of .S. Suppose that
() domf(0) = F,
(ii)  for every natural number n holds f(n) is measurable on E, and
(iii)  for every element z of X such that x € E holds f#ux is convergent.
Then lim f is measurable on E.

(26) Let f be a sequence of partial functions from X into R with the same
dom, g be a partial function from X to R, and E be an element of S.
Suppose that

(i) dom f(0) = E,
(ii)  for every natural number n holds f(n) is measurable on E,
(ili)) domg = F, and

(iv)  for every element x of X such that x € F holds f#ux is convergent and
g(x) = lim(f#x).

Then g is measurable on E.

(27) Let f be a sequence of partial functions from X into R and g be a partial
function from X to R. Suppose that for every element x of X such that
x € dom g holds f#a is convergent to finite number and g(x) = lim(f#x).
Then g is finite.
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2. EGOROFF’S THEOREM

The following three propositions are true:

(28) Let M be a o-measure on S, f be a sequence of partial functions from
X into R with the same dom, g be a partial function from X to R, and F
be an element of S. Suppose that

(i) M(E) < +o0,

(i) dom f(0) = E,

(ili)  for every natural number n holds f(n) is measurable on E and f(n) is
finite,

(iv) domg = F, and

(v) for every element x of X such that = € E holds f#ux is convergent to
finite number and g(x) = lim(f#x).
Let r, e be real numbers. Suppose 0 < r and 0 < e. Then there exists an
element H of S and there exists a natural number N such that

(vij HCE,

(vil) M(H) <r, and

(viii)  for every natural number k such that N < k and for every element z
of X such that z € E'\ H holds |f(k)(z) — g(x)| < e.

(29) Let X, Y be non empty sets, E be a set, and F';, G be functions from
X into Y. If for every element x of X holds G(z) = E \ F(x), then
UmgG = E\ Nrng F.

(30) Let M be a o-measure on S, f be a sequence of partial functions from
X into R with the same dom, g be a partial function from X to R, and F
be an element of S. Suppose that

() dom f(0) = E,

(ii)  for every natural number n holds f(n) is measurable on E,

(iii) M(E) < +o0,

(iv)  for every natural number n there exists an element L of S such that
L C FEand M(E\ L) =0 and for every element z of X such that x € L
holds |f(n)(x)| < 400, and

(v)  there exists an element G of S such that G C E and M(E\ G) =0
and for every element x of X such that x € E holds f#x is convergent
to finite number and dom g = E and for every element x of X such that
x € G holds g(x) = lim(f#z).

Let e be a real number. Suppose 0 < e. Then there exists an element F' of
S such that

(vij FCE,

(vil) M(E\F)<e, and

(viii)  for every real number p such that 0 < p there exists a natural number
N such that for every natural number n such that N < n and for every
element = of X such that € F' holds |f(n)(x) — g(z)| < p.
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Summary. In this article we will first investigate the elementary pro-
perties of BCI-algebras with condition (S), see [8]. And then we will discuss
the three classes of algebras: commutative, positive-implicative and implicative
BCK-algebras with condition (S).

MML identifier: BCIALG_4, version: 7.8.09 4.97.1001

The papers [5], [12], [3], [1], [6], [2], [10], [9], [4], [11], and [7] provide the notation
and terminology for this paper.

We introduce BCI stuctures with complements which are extensions of BCI
structure with 0 and zero structure and are systems

( a carrier, an external complement, an internal complement, a zero ),
where the carrier is a set, the external complement and the internal complement
are binary operations on the carrier, and the zero is an element of the carrier.

Let us mention that there exists a BCI structure with complements which
is non empty and strict.

Let A be a BCI structure with complements and let x, ¥ be elements of A.
The functor z - y yields an element of A and is defined as follows:

(Def. 1) -y = (the external complement of A)(z, y).
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Let 6 be a non empty BCI structure with complements. We say that 8B
satisfies condition (S) if and only if:

(Def. 2) For all elements z, y, z of B holds x \y\ z=z\y- 2.
The BCI structure the BCI S-example with complements is defined by:
(Def. 3) The BCI S-example = (1, 0p,, 0ps, 0pg)-

Let us observe that the BCI S-example is strict, non empty, and trivial.
Let us observe that the BCI S-example is B, C, I, BCI-4, and BCK-5 and
satisfies condition (S).

Let us note that there exists a non empty BCI structure with complements
which is strict, B, C, I, and BCI-4 and satisfies condition (S).

A BCl-algebra with condition (S) is B C I BCI-4 non empty BCI structure
with complements satisfying condition (S).

In the sequel X is a non empty BCI structure with complements, x, d are
elements of X, and n is an element of N.

Let X be a BCI-algebra with condition (S) and let x, y be elements of X.
The functor ConditionS(z,y) yields a non empty subset of X and is defined as
follows:

(Def. 4)  ConditionS(z,y) = {t € X: t \ = < y}.

We now state four propositions:

(1) Let X be a BCI-algebra with condition (S) and z, y, u, v be elements of
X. If u € ConditionS(z,y) and v < u, then v € ConditionS(z, y).

(2) Let X be a BCI-algebra with condition (S) and z, y be elements of X.
Then there exists an element a of ConditionS(z,y) such that for every
element z of ConditionS(x,y) holds z < a.

(3) X is a BCl-algebra and for all elements z, y of X holds z -y \ z <y and
for every element ¢ of X such that ¢\ z <y holds t < z -y if and only if X
is a BCI-algebra with condition (S).

(4) Let X be a BCl-algebra with condition (S) and z, y be elements of X.
Then there exists an element a of ConditionS(z,y) such that for every
element z of ConditionS(z,y) holds z < a.

Let X be a p-semisimple BCI-algebra. The adjoint p-group of X yields a
strict Abelian group and is defined by the conditions (Def. 5).

(Def. 5)(i)  The carrier of the adjoint p-group of X = the carrier of X,

(ii)  for all elements x, y of X holds (the addition of the adjoint p-group of
X)(z, y) =z \ (0x\ y), and

(111) Othe adjoint p-group of X = Ox.

We now state a number of propositions:

(5) Let X be a BCl-algebra. Then X is p-semisimple if and only if for all
elements z, y of X such that x \ y = Ox holds z = y.
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(6) Let X be a BCI-algebra with condition (S). Suppose X is p-semisimple.
Let x, y be elements of X. Then z -y =\ (0x \ v).
(7) For every BCI-algebra X with condition (S) and for all elements x, y of
Xholdsz-y=y-x.
(8) Let X be a BCI-algebra with condition (S) and z, y, z be elements of X.
Ifr<y,thenz-z<y-zandz-z<z-y.
(9) For every BCl-algebra X with condition (S) and for every element x of
X holds Ox -z =z and = - O = .
(10) For every BCl-algebra X with condition (S) and for all elements z, y, z
of X holds (z-y)-z=z-(y-2).
(11) For every BCl-algebra X with condition (S) and for all elements x, y, z
of Xholdsz-y-z=z-2-y.
(12) For every BCl-algebra X with condition (S) and for all elements x, y, 2
of X holds z\y\z=z\y- 2.
(13) For every BClI-algebra X with condition (S) and for all elements x, y of
X holdsy <z-(y\=x).
(14) For every BCl-algebra X with condition (S) and for all elements x, y, 2
of Xholdsz-z\y-z<z\v.
(15) For every BCl-algebra X with condition (S) and for all elements z, y, z
of Xholds z\y < ziff x <y- 2.
(16) For every BCl-algebra X with condition (S) and for all elements x, y, 2
of X holds z \y < (z\ 2) - (2 \ ).
Let X be a BCI-algebra with condition (S). One can check that the external
complement of X is commutative and associative.
Next we state three propositions:
(17) For every BCl-algebra X with condition (S) holds Ox is a unity w.r.t. the
external complement of X.
(18) For every BCl-algebra X with condition (S) holds

Lthe external complement of X = O}I'

(19) For every BCl-algebra X with condition (S) holds the external comple-
ment of X has a unity.

Let X be a BCI-algebra with condition (S). The functor powery yielding a
function from (the carrier of X) x N into the carrier of X is defined as follows:

(Def. 6) For every element h of X holds powery(h, 0) = Ox and for every n holds
powerg(h, n+ 1) = powery(h, n) - h.
Let X be a BCI-algebra with condition (S), let  be an element of X, and
let us consider n. The functor 2™ yields an element of X and is defined by:
(Def. 7) 2" = poweryg(z, n).

The following propositions are true:
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(20) For every BCl-algebra X with condition (S) and for every element z of
X holds 2% = 0.
(21) For every BCl-algebra X with condition (S) and for every element z of
X holds z"*! = 2" - x.
(22) For every BCl-algebra X with condition (S) and for every element z of
X holds 2! = x.
(23) For every BCl-algebra X with condition (S) and for every element x of
X holds 22 =z - x.
(24) For every BCl-algebra X with condition (S) and for every element x of
X holds 2® =z -z - x.
(25) For every BCI-algebra X with condition (S) holds (0x)? = Oz.
(26) For every BCl-algebra X with condition (S) holds (0x)" = Ox.
(27) For every BCl-algebra X with condition (S) and for all elements x, a of
Xholdsz\a\a\a=uz)\d
(28) For every BCl-algebra X with condition (S) and for all elements x, a of
X holds (z\ a)" =z \ a™
Let X be a non empty BCI structure with complements and let F' be a finite
sequence of elements of the carrier of X. The functor ProductS(F') yielding an
element of X is defined by:
(Def. 8) ProductS(F') = the external complement of X ® F.
One can prove the following propositions:
(29) The external complement of X ® (d) = d.

(30) Let X be a BCI-algebra with condition (S) and F}, F» be finite sequences
of elements of the carrier of X. Then ProductS(F; ™ Fy) = ProductS(F}) -
ProductS(F»).

(31) Let X be a BCl-algebra with condition (S), F' be a finite sequence of
elements of the carrier of X, and a be an element of X. Then ProductS(F ™
(a)) = ProductS(F) - a.

(32) Let X be a BCl-algebra with condition (S), F' be a finite sequence of
elements of the carrier of X, and a be an element of X. Then ProductS({a)™
F) = a - ProductS(F).

(33) For every BCl-algebra X with condition (S) and for all elements a1, ag
of X holds ProductS({a1,a2)) = a1 - as.

(34) For every BCI-algebra X with condition (S) and for all elements a;, as,
a3 of X holds ProductS({a1,az,as)) = a; - as - as.

(35) For every BCl-algebra X with condition (S) and for all elements x, aj,
as of X holds z \ a1 \ a2 = z \ ProductS({ai, az)).

(36) For every BCl-algebra X with condition (S) and for all elements x, aj,
az, az of X holds = \ a1 \ a2 \ ag = = \ ProductS({a, az, as)).
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(37) Let X be a BCl-algebra with condition (S), a, b be elements of
AtomSet X, and m be an element of X. Suppose that for every element
z of BranchV a holds < mq. Then there exists an element msy of X such
that for every element y of BranchV b holds y < meo.
Let us observe that there exists a BCI-algebra with condition (S) which is
strict and BCK-5.
A BCK-algebra with condition (S) is BCK-5 BCI-algebra with condition (S).
We now state four propositions:
(38) For every BCK-algebra X with condition (S) and for all elements x, y of
Xholdsz <z-yandy <zx-y.
(39) For every BCK-algebra X with condition (S) and for all elements z, y,
zof Xholdsz-y\y-z\z -z =0x
(40) For every BCK-algebra X with condition (S) and for all elements z, y of
X holds (z\y) - (y\z) <zx-y.
(41) For every BCK-algebra X with condition (S) and for every element z of
X holds (z\ 0%x) - (0x \ ) = =.
Let B be a BCK-algebra with condition (S). We say that B is commutative
if and only if:
(Def. 9) For all elements z, y of B holds z \ (z \y) =y \ (v \ z).
One can verify that there exists a BCK-algebra with condition (S) which is
commutative.
Next we state two propositions:
(42) Let X be a non empty BCI structure with complements. Then X is a
commutative BCK-algebra with condition (S) if and only if for all elements
x,y, zof X holds z\ (0x\y) =z and (z\2)\(x\y) =y \z\(y\z) and
s\y\z=a\y- =
(43) Let X be a commutative BCK-algebra with condition (S) and a be an
element of X. If a is greatest, then for all elements x, y of X holds x -y =
a\(a\z\y).
Let X be a BCl-algebra and let a be an element of X. The initial section of
a yields a non empty subset of X and is defined by:
(Def. 10) The initial section of a = {t € X: ¢t < a}.
The following proposition is true
(44) Let X be a commutative BCK-algebra with condition (S) and a, b, ¢ be
elements of X. Suppose ConditionS(a,b) C the initial section of ¢. Let x
be an element of ConditionS(a,b). Then z < ¢\ (c¢\ a\ b).
Let B be a BCK-algebra with condition (S). We say that B is positive-
implicative if and only if:
(Def. 11) For all elements z, y of 8 holds z \ y \y =z \ v.
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Let us note that there exists a BCK-algebra with condition (S) which is
positive-implicative.
The following propositions are true:
(45) Let X be a BCK-algebra with condition (S). Then X is positive-
implicative if and only if for every element x of X holds x - x = «.
(46) Let X be a BCK-algebra with condition (S). Then X is positive-
implicative if and only if for all elements x, y of X such that x < y holds
Ty =y.
(47) Let X be a BCK-algebra with condition (S). Then X is positive-
implicative if and only if for all elements z, y, z of X holds z -y \ z =

(z\z)-(y\2)
(48) Let X be a BCK-algebra with condition (S). Then X is positive-
implicative if and only if for all elements z, y of X holds z-y =z - (y \ x).
(49) Let X be a positive-implicative BCK-algebra with condition (S) and z,
y be elements of X. Then x = (z \ y) - (z \ (z \ y)).
Let % be a non empty BCI structure with complements. We say that 95 is
SB-1 if and only if:
(Def. 12) For every element x of B holds z -z = x.
We say that B is SB-2 if and only if:
(Def. 13) For all elements z, y of B holds -y =y - z.
We say that B is SB-4 if and only if:
(Def. 14) For all elements z, y of B holds (z \y) -y =z -y.
Let us note that the BCI S-example is SB-1, SB-2, SB-4, and I and satisfies
condition (S).
Let us note that there exists a non empty BCI structure with complements
which is strict, SB-1, SB-2, SB-4, and I and satisfies condition (S).
A semi-Brouwerian algebra is SB-1 SB-2 SB-4 I non empty BCI structure
with complements satisfying condition (S).
One can prove the following proposition
(50) Let X be a non empty BCI structure with complements. Then X is a
positive-implicative BCK-algebra with condition (S) if and only if X is a
semi-Brouwerian algebra.
Let 8 be a BCK-algebra with condition (S). We say that 9B is implicative
if and only if:
(Def. 15) For all elements z, y of B holds z \ (y \ z) = =.
Let us observe that there exists a BCK-algebra with condition (S) which is
implicative.
Next we state two propositions:
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(51) Let X be a BCK-algebra with condition (S). Then X is implicative if and

only if X is commutative and positive-implicative.

(52) Let X be a BCK-algebra with condition (S). Then X is implicative if and

only if for all elements z, y, z of X holds z\ (y\ z) = (z\y\2)-(z\ (z\x)).
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1. n-BrT GENERALIZED FULL ADDER CIirculT (TYPE-0)

Let n be a natural number and let x, y be finite sequences. The functor
n-BitGFAOStr(z, y) yielding an unsplit non void strict non empty many sorted
signature with arity held in gates and Boolean denotation held in gates is defined
by the condition (Def. 1).

(Def. 1) There exist many sorted sets f, h indexed by N such that

(i) n-BitGFAOStr(z, y) = f(n),

() f(0) =S,

(iii)  h(0) = (e, no), and

) for every element n of N and for every non empty many sorted si-

gnature S and for every set z such that S = f(n) and z = h(n) holds
f(n + 1) = S+ BitGFAOStr(z(n + 1), y(n + 1), 2) and h(n + 1) =
GFAO0CarryOutput(z(n + 1), y(n + 1), 2).

Let n be an element of N and let z, y be finite sequences. The functor
n-BitGFAOCirc(z, y) yields a Boolean strict circuit of n-BitGFAOStr(z, y) with
denotation held in gates and is defined by the condition (Def. 2).

(Def. 2) There exist many sorted sets f, g, h indexed by N such that
(i) n-BitGFAOStr(z, y) = f(n),
(i) n-BitGFAOCirc(z, y) = g(n),
i) £(0) = o,
)
)
)

(iv

=]

(v)  (0) = €,
(v)  h(0) = (e, m0), and
(vi for every element n of N and for every non empty many sor-
ted signature S and for every non-empty algebra A over S and
for every set z such that S = f(n) and A = g¢(n) and z =
h(n) holds f(n + 1) = S+ BitGFAOStr(z(n + 1), y(n + 1), z) and
g(n + 1) = A+ BitGFAOCirc(z(n + 1), y(n + 1), z) and h(n + 1) =
GFAO0CarryOutput(z(n + 1), y(n + 1), 2).

Let n be an element of N and let x, y be finite sequen-
ces. The functor n-BitGFAOCarryOutput(z, y) yields an element of
InnerVertices(n-BitGFAOStr(z, y)) and is defined by the condition (Def. 3).

(Def. 3) There exists a many sorted set h indexed by N such that
n-BitGFAOCarryOutput(z, y) = h(n) and h(0) = (e, no) and for every
element n of N holds h(n + 1) = GFAOCarryOutput(z(n + 1), y(n + 1),
h(n)).

The following propositions are true:

(1) Let z, y be finite sequences and f, g, h be many sorted sets indexed by

N. Suppose that
() (0) =S,
(i) g(0) = o,
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(iii)  h(0) = (g, o), and

(iv)  for every element n of N and for every non empty many sor-
ted signature S and for every non-empty algebra A over S and
for every set z such that S = f(n) and A = g¢(n) and z =
h(n) holds f(n + 1) = S+-BitGFAOStr(x(n + 1), y(n + 1), z) and
g(n + 1) = A+ BitGFAOCirc(z(n + 1), y(n + 1), 2) and h(n + 1) =
GFAOCarryOutput(z(n + 1), y(n + 1), 2).

Let n be an element of N. Then n-BitGFAOStr(z,y) = f(n) and
n-BitGFAOCirc(z, y) = g(n) and n-BitGFAOCarryOutput(zx, y) = h(n).

(2) For all finite sequences a, b holds 0-BitGFAOStr(a, b) = ¥, and
0-BitGFAO0Circ(a, b) = €y and 0-BitGFAO0CarryOutput(a, b) = (g, n9).

(3) Let a, b be finite sequences and c¢ be a set. Suppose ¢ =
(e, mo). Then 1-BitGFAOStr(a,b) = 2o+ BitGFAOStr(a(1), b(1),
¢) and 1-BitGFAOCirc(a, b)) = €+ BitGFA0Circ(a(l), b(1), ¢) and
1-BitGFAOCarryOutput(a, b) = GFA0CarryOutput(a(1), b(1), ¢).

(4) For all sets a, b, ¢ such that ¢ = (e, no) holds 1-BitGFAO0Str({a),
(b)) = Yo+ BitGFAOStr(a, b, ¢) and 1-BitGFAOCirc((a), (b)) =
Co+- BitGFA0Circ(a, b, ¢) and 1-BitGFAOCarryOutput({a), (b)) =
GFAO0CarryOutput(a, b, c).

(5) Let n be an element of N, p, ¢ be finite sequences with length n,
and p1, p2, q1, g2 be finite sequences. Then n-BitGFAOStr(p ~ py,
g~ q1) = n-BitGFAOStr(p ~ p2, ¢ ~ ¢2) and n-BitGFAOCirc(p ™ p1,
q”q1) = n-BitGFAOCirc(p~p2, ¢ ¢2) and n-BitGFAOCarryOutput(p~p1,
q "~ q1) = n-BitGFAOCarryOutput(p ~ p2, ¢~ q2).

(6) Let n be an element of N, z, y be finite sequences with length n, and a,
b be sets. Then (n + 1)-BitGFAO0Str(x ™ (a), y ~ (b)) = (n-BitGFAOStr(z,
y))+- BitGFAOStr(a, b, n-BitGFAOCarryOutput(z, y)) and
(n + 1)-BitGFAOCirc(z = (a),y ~ (b)) = (n-BitGFAOCirc(z, y))+-
BitGFAO0Circ(a, b, n-BitGFAOCarryOutput(z, y)) and
(n+1)-BitGFAOCarryOutput(z " (a), y ~ (b)) = GFA0CarryOutput(a, b,
n-BitGFAOCarryOutput(z, y)).

(7) Let m be an element of N and x, y be finite sequences. Then (n +
1)-BitGFAOStr(z, y) = (n-BitGFAOStr(z, y))+- BitGFAOStr(x(n + 1),
y(n + 1), n-BitGFA0CarryOutput(z, y)) and (n + 1)-BitGFAOCirc(z,
y) = (n-BitGFAOCirc(z, y))+ BitGFAOCirc(z(n + 1), y(n + 1),
n-BitGFAOCarryOutput(z, y)) and (n+1)-BitGFAOCarryOutput(z, y) =
GFAOCarryOutput(z(n + 1), y(n + 1), n-BitGFAO0CarryOutput(z, y)).

(8) For all elements m, m of N such that n < m and for
all finite sequences z, y holds InnerVertices(n-BitGFAOStr(z, y)) C
InnerVertices(m-BitGFAOStr(z, y)).

(9) For every element n of N and for all finite sequences x, y holds
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InnerVertices((n+1)-BitGFAOStr(z, y)) = InnerVertices(n-BitGFA0Str(z,
y))UInnerVertices(BitGFAOStr(z(n+1), y(n+1), n-BitGFA0CarryOutput

(z,9)))-
Let k, n be elements of N. Let us assume that £ > 1 and k¥ < n. Let z, y
be finite sequences. The functor (k, n)-BitGFAOAdderOutput(z, y) yielding an
element of InnerVertices(n-BitGFAO0Str(z, y)) is defined as follows:

(Def. 4) There exists an element ¢ of N such that # = ¢ 4+ 1 and
(k, n)-BitGFAOAdderOutput(z, y) = GFA0AdderOutput(z(k), y(k),
i-BitGFAOCarryOutput(z, y)).

Next we state two propositions:
(10) For all elements n, k of N such that k£ < n and for all finite sequences z, y
holds (k+1, n)-BitGFAOAdderOutput(z, y) = GFAOAdderOutput(z(k +
1), y(k + 1), k-BitGFAOCarryOutput(z, y)).
(11) For every element n of N and for all finite sequences z, y holds
InnerVertices(n-BitGFAOStr(x, y)) is a binary relation.

Let n be an element of N and let x, y be finite sequences. Observe that
n-BitGFAOCarryOutput(z, y) is pair.
One can prove the following three propositions:

(12) Let f, g be nonpair yielding finite sequences and n be an
element of N. Then InputVertices((n + 1)-BitGFAOStr(f, g)) =
InputVertices(n-BitGFAO0Str( f, g))U(InputVertices(BitGFAOStr(f(n+1),
g(n + 1), n-BitGFAO0CarryOutput(f, g))) \ {n-BitGFA0CarryOutput(f,
9)}) and InnerVertices(n-BitGFAOStr(f, g)) is a binary relation and
InputVertices(n-BitGFAO0Str(f, g)) has no pairs.

(13) For every element n of N and for all nonpair yielding finite sequences z,
y with length n holds InputVertices(n-BitGFA0Str(x, y)) = rngx Urng y.

(14) Let n be an element of N, x, y be nonpair yielding finite sequences with

length n, and s be a state of n-BitGFAOCirc(z, y). Then Following(s, 1 +
2 -n) is stable.

2. n-BiT GENERALIZED FULL ADDER CircuIT (TYPE-1)

Let n be a natural number and let z, y be finite sequences. The functor
n-BitGFA1Str(z, y) yielding an unsplit non void strict non empty many sorted
signature with arity held in gates and Boolean denotation held in gates is defined
by the condition (Def. 5).

(Def. 5) There exist many sorted sets f, h indexed by N such that
(i) n-BitGFA1Str(z, y) = f(n),
(ii)  f(0) =%,
(iii)  h(0) = (e, m), and
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(iv)  for every element n of N and for every non empty many sorted si-
gnature S and for every set z such that S = f(n) and z = h(n) holds
f(n +1) = S+ BitGFA1Str(z(n + 1), y(n + 1), 2) and h(n + 1) =
GFA1CarryOutput(z(n + 1), y(n + 1), 2).
Let n be an element of N and let x, y be finite sequences. The functor
n-BitGFA1Circ(z, y) yielding a Boolean strict circuit of n-BitGFA1Str(z, y)
with denotation held in gates is defined by the condition (Def. 6).

(Def. 6) There exist many sorted sets f, g, h indexed by N such that
(i) n-BitGFA1Str(z, y) = f(n),
(i) n-BitGFA1Circ(z, y) = g(n),

(i) f(0) = %1,

(iv)  g(0) =€,

)
)

—

—

—~

v

h(0) = (e, m), and
(vi for every element n of N and for every non empty many sor-
ted signature S and for every non-empty algebra A over S and
for every set z such that S = f(n) and A = g¢g(n) and z =
h(n) holds f(n + 1) = S+-BitGFA1Str(x(n + 1), y(n + 1), z) and
g(n +1) = A+ BitGFA1Circ(z(n + 1), y(n + 1), 2) and h(n + 1) =
GFA1CarryOutput(z(n + 1), y(n + 1), 2).

Let n be an element of N and let x, y be finite sequen-
ces. The functor n-BitGFA1CarryOutput(z, y) yields an element of
InnerVertices(n-BitGFA1Str(z, y)) and is defined by the condition (Def. 7).

(Def. 7) There exists a many sorted set h indexed by N such that
n-BitGFA1CarryOutput(z, y) = h(n) and h(0) = (e, m1) and for every
element n of N holds h(n + 1) = GFA1CarryOutput(z(n + 1), y(n + 1),
h(n)).

One can prove the following propositions:
(15) Let x, y be finite sequences and f, g, h be many sorted sets indexed by

N. Suppose that

f(O) =X,

9(0) = &4,

h(0) = (e, m), and

for every element n of N and for every non empty many sor-

(i)
(i)
(i)
(iv)
ted signature S and for every non-empty algebra A over S and
for every set z such that S = f(n) and A = g¢(n) and z =
h(n) holds f(n + 1) = S+-BitGFA1Str(x(n + 1), y(n + 1), z) and
g(n +1) = A+ BitGFA1Circ(z(n + 1), y(n + 1), 2) and h(n + 1) =
GFA1CarryOutput(z(n + 1), y(n + 1), 2).

Let n be an element of N. Then n-BitGFA1Str(z,y) = f(n) and
n-BitGFA1Circ(z, y) = g(n) and n-BitGFA1CarryOutput(z, y) = h(n).

77
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For all finite sequences a, b holds 0-BitGFA1Str(a, b)) = ¥; and
, 0) = (e, m)-

¢; and 0-BitGFA1CarryOutput(a, b)
Suppose ¢ =

0-BitGFA1Circ(a, b)
(17) Let a, b be finite sequences and ¢ be a set.
Then 1-BitGFA1Str(a, b) = X1+ BitGFA1Str(a(1), b(1),

(16)

(‘Sv 771)
¢) and 1-BitGFA1Circ(a, b)) = €1+ BitGFA1Circ(a(l), b(1), ¢) and
1-BitGFA1CarryOutput(a, b) = GFA1CarryOutput(a(1), b(1), c).

For all sets a, b, ¢ such that ¢ = (g, m1) holds 1-BitGFA1Str({a)

(18)
(b)) = X1+ BitGFA1Str(a, b, ¢) and 1-BitGFA1Circ({a), (b))
¢+ BitGFA1Circ(a, b, ¢) and 1-BitGFAlCarryOutput(({a), (b)) =
GFA1CarryOutput(a, b, c).

(19) Let n be an element of N, p, ¢ be finite sequences with length n
and pi, p2, q1, g2 be finite sequences. Then n-BitGFA1Str(p ~ pi,
g~ q) = n-BitGFA1Str(p ~ p2, ¢ ~ ¢2) and n-BitGFA1Circ(p ~ p1,
q~q1) = n-BitGFA1Circ(p~p2, ¢"g2) and n-BitGFA1CarryOutput(p”p1,
q "~ q1) = n-BitGFA1CarryOutput(p ~ p2, ¢ ~ q2)

Let n be an element of N, z, y be finite sequences with length n, and a

(n-BitGFA1Str(z,

(20)
b be sets. Then (n + 1)-BitGFA1Str(x ™~ (a), y ~ (b)) =
))+- BitGFA1Str(a, b, n-BitGFA1CarryOutput(z, y)) and
(n-BitGFA1Circ(z, y))+-

(n 4+ 1)-BitGFA1Circ(z = (a),y ~ (b))
BitGFA1Circ(a, b, n-BitGFA1CarryOutput(z, y)) and
(b)) = GFA1CarryOutput(a, b,

(n+1)-BitGFA1CarryOutput(z ™ (a), y ~
n-BitGFA1CarryOutput(z, y)).

Let n be an element of N and z, y be finite sequences. Then (n +

)-BitGFA1Str(z, y) = (n-BitGFA1Str(z, y))+- BitGFA1Str(z(n + 1),
y(n + 1), n-BitGFA1CarryOutput(z, y)) and (n + 1)-BitGFA1Circ(x,
y) = (n-BitGFA1Circ(z, y))+- BitGFA1Circ(z(n + 1), y(n + 1)
n-BitGFA1CarryOutput(z, y)) and (n+1)-BitGFA1CarryOutput(z, y) =
(n+ 1), n-BitGFA1CarryOutput(zx, y)).

(21)

< m and for

GFA1CarryOutput(z(n + 1),

(22) For all elements n, m of N such that n <
all finite sequences z, y holds InnerVertices(n-BitGFA1Str(zx, y)) C
InnerVertices(m-BitGFA1Str(z, y)).

For every element n of N and for all finite sequences z, y holds
InnerVertices((n+1)-BitGFA1Str(z, y)) = InnerVertices(n-BitGFA1Str(z,
(n+1), n-BitGFA1CarryOutput

(23)
))UInnerVertices(BitGFA1Str(z(n+1)

(z,9)))-
Let k, n be elements of N. Let us assume that £ > 1 and k¥ < n. Let z, y
be finite sequences. The functor (k, n)-BitGFA1AdderOutput(z, y) yielding an

element of InnerVertices(n-BitGFA1Str(z, y)) is defined by
There exists an element 7 of N such that £ = ¢ 4+ 1 and
= GFA1AdderOutput(z(k), y(k),

(Def. 8)
(k, n)-BitGFA1AdderOutput(z, y)
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i-BitGFA1CarryOutput(z, y)).
Next we state two propositions:

(24) For all elements n, k of N such that k < n and for all finite sequences z, y
holds (k+ 1, n)-BitGFA1AdderOutput(z, y) = GFA1AdderOutput(z(k +
1), y(k + 1), k-BitGFA1CarryOutput(z, y)).

(25) For every element n of N and for all finite sequences z, y holds
InnerVertices(n-BitGFA1Str(x, y)) is a binary relation.

Let n be an element of N and let x, y be finite sequences. One can check
that n-BitGFA1CarryOutput(z, y) is pair.
We now state three propositions:

(26) Let f, g be nonpair yielding finite sequences and n be an
element of N. Then InputVertices((n + 1)-BitGFA1Str(f, g)) =
InputVertices(n-BitGFA1Str(f, g))U(InputVertices(BitGFA1Str(f(n+1),
g(n + 1), n-BitGFA1CarryOutput(f, g))) \ {n-BitGFA1CarryOutput(f,
9)}) and InnerVertices(n-BitGFA1Str(f, g)) is a binary relation and
InputVertices(n-BitGFA1Str(f, g)) has no pairs.

(27) For every element n of N and for all nonpair yielding finite sequences z,
y with length n holds InputVertices(n-BitGFA1Str(x, y)) = rngx Urng y.

(28) Let n be an element of N, x, y be nonpair yielding finite sequences with
length n, and s be a state of n-BitGFA1Circ(z, y). Then Following(s, 1 +
2-n) is stable.
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Summary. In this paper I present the Kronecker-Capelli theorem which
states that a system of linear equations has a solution if and only if the rank of
its coefficient matrix is equal to the rank of its augmented matrix.
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The terminology and notation used in this paper are introduced in the following
papers: [9], [24], [1], [2], [10], [25], [6], 8], [7], [3], [23], [21], [13], [5], [11], [12],
[26], [15], [27], [19], [16], [22], [20], [28], [4], [17], [14], and [18].

1. PRELIMINARIES

For simplicity, we follow the rules: x denotes a set, ¢, j, k, [, m, n denote
natural numbers, K denotes a field, N denotes a without zero finite subset of
N, a, b denote elements of K, A, B, By, Bs, X, X1, Xo denote matrices over K,
A’ denotes a matrix over K of dimension m x n, B’ denotes a matrix over K
of dimension m x k, and M denotes a square matrix over K of dimension n.

We now state a number of propositions:

(1) If widthA =len B, then (a-A)-B=a-(A-B).

(2) 1x-A=Aanda-(b-A)=(a-b)- A

(3) Let K be a non empty additive loop structure and f, g, h, w be finite
sequences of elements of K. If len f = leng and lenh = lenw, then f 7
h+g-w=(f+g) " (h+w).

(4) Let K be a non empty multiplicative magma, f, g be finite sequences of
elements of K, and a be an element of K. Then a-(f"g) = (a-f) " (a-g).

(© 2008 University of Bialystok
81 ISSN 1426-2630(p), 1898-9934(c)
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(5) Let f be a function and p1, p2, f1, f2 be finite sequences. If rngp; C
dom f and rng po C dom f and f1 = f-p1 and fa = f-po, then f-(p1"p2) =
17 fa

(6) Let f be a finite sequence of elements of N and given n. Suppose f is
one-to-one and rng f C Segn and for all ¢, j such that i, j € dom f and
i < j holds f(i) < f(j). Then Sgmrng f = f.

(7) Let K be an Abelian add-associative right zeroed right complementable
non empty additive loop structure, p be a finite sequence of elements of
K, and given 4, j. Suppose i, j € domp and i # j and for every k such
that k € domp and k # i and k # j holds p(k) = Og. Then > p = p; +p;.

(8) 1If i € Segm, then (Sgm(Seg(n 4+ m) \ Segn))(i) = n +i.

(9) Let D be a non empty set, A be a matrix over D, and Bs, By, C1,
(5 be without zero finite subsets of N. Suppose B3 x Bsy C the indices
of A and Cy; x Cy C the indices of A. Let B be a matrix over D of
dimension card Bg x card By and C' be a matrix over D of dimension
card C; x card Cy. Suppose that for all natural numbers i, j, b1, bo, c1,
c2 such that (i, j) € (B3 x By) N (Cy x C3) and by = (Sgm B3)~!(i) and
by = (Sgm By)~1(j) and ¢; = (Sgm C71)~1(7) and ¢ = (Sgm C3)~!(5) holds
By, v, = C¢, c,- Then there exists a matrix M over D of dimension len A x
width A such that Segm(M, B3, By) = B and Segm(M, C;,C2) = C and
for all 4, j such that (i, j) € (the indices of M)\ (Bs x B4UC} x C3) holds
MiJ = AZ'J‘.

(10) Let P, @, Q" be without zero finite subsets of N. Suppose P x @’ C the
indices of A. Let given i, j. Suppose i € dom A\ P and j € Segwidth A\ @
and A; ; # Ox and Q C Q" and Line(A,7) - Sgm Q' = card Q" — Ox. Then
rk(A) > rk(Segm(A4, P, Q)).

(11) For every N such that N C domA and for every i such that
i € domA \ N holds Line(A,i) = widthA — O holds rk(4) =
rk(Segm(A, N, Seg width A)).

(12) For every N such that N C Segwidth A and for every i such that
i € SegwidthA \ N holds Ag; = lenA +— Og holds rk(A) =
rk(Segm(A, Seglen A, N)).

(13) Let V be a vector space over K, U be a finite subset of V', u, v be vectors
of V, and given a. If u, v € U, then Lin((U \ {u})U{u+a-v}) is a subspace
of Lin(U).

(14) Let V be a vector space over K, U be a finite subset of V, u, v be
vectors of V', and given a. Suppose u, v € U and if u = v, then a # —1k
or u = Oy. Then Lin((U \ {u}) U{u+ a-v}) = Lin(U).
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2. SELECTED PROPERTIES OF JOINING OPERATION OF TWO MATRICES

Let D be a non empty set, let n, m, k be natural numbers, let A be a matrix
over D of dimension n x m, and let B be a matrix over D of dimension n x k.
Then A ™ B is a matrix over D of dimension n x (width A + width B).

We now state a number of propositions:

(15) Let D be a non empty set, A be a matrix over D of dimension n x m,
B be a matrix over D of dimension n x k, and given i. If ¢ € Segn, then
Line(A ™ B, i) = Line(A, i) ~ Line(B, 7).

(16) Let D be a non empty set, A be a matrix over D of dimension n x m,
B be a matrix over D of dimension n x k, and given i. If ¢ € Segwidth A,
then (A ™ B)D,i = Ap;.

(17) Let D be a non empty set, A be a matrix over D of dimension n x m,
B be a matrix over D of dimension n X k, and given i. If ¢ € Seg width B,
then (A ™ B)Owidth A+ = B

(18) Let D be a non empty set, A be a matrix over D of dimension n
X m, B be a matrix over D of dimension n x k, and p3, ps be fi-
nite sequences of elements of D. If lenps = widthA and lenpy =
width B, then ReplaceLine(A — B,i,ps ~ p4) = (ReplaceLine(A,i,p3))
ReplaceLine(B, i, p4).

(19) Let D be a non empty set, A be a matrix over D of dimension n x
m, and B be a matrix over D of dimension n x k. Then Segm(A ™
B,Segn,SegwidthA) = A and Segm(A — B,Segn,Seg(width A +
width B) \ Seg width A) = B.

(20) For all matrices A, B over K such that len A = len B holds rk(A) <
rk(A ™ B) and rk(B) <rk(A ™ B).

(21) For all matrices A, B over K such that len A = len B and len A = rk(A)
holds rk(A) = rk(A ™ B).

(22) For all matrices A, B over K such that len A = len B and width A = 0
holds A~ B=Band B~ A=B.

(23) For all matrices A, B over K such that B = Ogl(enA)Xm holds rk(A) =
rk(A ™ B).

(24) Let A, B be matrices over K. Suppose rk(A) =1k(A ™ B) and len A =
len B. Let given N. Suppose N C dom A and for every i such that i € N
holds Line(A, i) = width A — Og. Let given i. If i« € N, then Line(B,i) =
width B — 0.



84 KAROL PAK

3. BASIC PROPERTIES OF TWO TRANSFORMATIONS WHICH TRANSFORM
FINITE SEQUENCES TO MATRICES

For simplicity, we follow the rules: D is a non empty set, bs is a finite sequence
of elements of D, b, f, g are finite sequences of elements of K, and M is a matrix
over D.

Let D be a non empty set and let b be a finite sequence of elements of D.
The functor LineVec2Mx b yielding a matrix over D of dimension 1 x lenb is

defined by:
(Def. 1) LineVec2Mx b = (b).

The functor ColVec2Mx b yielding a matrix over D of dimension lenbd x 1 is
defined by:

(Def. 2) ColVec2Mx b = (b)T.
One can prove the following propositions:

(25) M; = LineVec2Mx bg iff Line(Mi,1) = bs and len M; = 1.

(26) If len My # 0 or lenbs # 0, then My = ColVec2Mx b3 iff (M1)m; = b3
and width M7 = 1.

(27) If len f = len g, then LineVec2Mx f + LineVec2Mx g = LineVec2Mx( f +
9)-

(28) Iflen f = leng, then ColVec2Mx f + ColVec2Mx g = ColVec2Mx(f + g).

(29) a-LineVec2Mx f = LineVec2Mx(a - f).

(30) a- ColVec2Mx f = ColVec2Mx(a - f).

(31) LineVec2Mx(k — Of) = 032,

(32) ColVec2Mx(k — 0x) = 051,

4. BASIS PROPERTIES OF THE SOLUTION OF LINEAR EQUATIONS

Let us consider K and let us consider A, B. The set of solutions of A and
B is a set and is defined as follows:
(Def. 3) The set of solutions of A and B ={X :len X = widthA A width X =
widthB A A-X = B}.
We now state a number of propositions:
(33) If the set of solutions of A and B is non empty, then len A = len B.
(34) If X € the set of solutions of A and B and i € Segwidth X and X, =
len X +— Og, then Bo; =len B — Ok
(35) Suppose X € the set of solutions of A and B. Then a - X € the set of
solutions of A and a - B and X € the set of solutions of a - A and a - B.

(36) If a # Ok, then the set of solutions of A and B = the set of solutions of
a-Aanda-B.
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(37) Suppose X7 € the set of solutions of A and By and Xy € the set of
solutions of A and By and width B; = width By. Then X7 + X5 € the set
of solutions of A and B + Bs.

(38) If X € the set of solutions of A" and B’, then X € the set of solutions of
RLine(A’, i, a - Line(A’,4)) and RLine(B’, 4, a - Line(B’,7)).

(39) Suppose X € the set of solutions of A" and B’ and j € Segm and i # j.
Then X € the set of solutions of RLine(A’, 7, Line(A’,7) + a - Line(4’, j))
and RLine(B’,i, Line(B’,i) + a - Line(B’, j)).

(40) Suppose j € Segm and if i = j, then a # —1f. Then the set of solutions
of A" and B’ = the set of solutions of RLine(A’, 7, Line(A’, i)+a-Line(A’, j))
and RLine(B’, i, Line(B’,i) + a - Line(B’, j)).

(41) 1If X € the set of solutions of A and B and ¢ € dom A and Line(A, i) =
width A — O, then Line(B, i) = width B — O.

(42) Let n; be an element of N". Suppose rmgn; C domA and n >
0. Then the set of solutions of A and B C the set of solutions of
Segm(A,ny,Sgm Seg width A) and Segm(B, n1, Sgm Seg width B).

(43) Let nj be an element of N™. Suppose rngn; € dom A = dom B and
n > 0 and for every ¢ such that i € dom A \ rngn; holds Line(A4,7) =
width A — Ox and Line(B,7) = width B +— 0. Then the set of solutions
of A and B = the set of solutions of Segm(A,ni, Sgm Seg width A) and
Segm(B, n1, Sgm Seg width B).

(44) Let given N. Suppose N C dom A and N is non empty. Then the set
of solutions of A and B C the set of solutions of Segm(A, N, Seg width A)
and Segm(B, N, Seg width B).

(45) Let given N. Suppose N C dom A and N is non empty and dom A =
dom B and for every i such that ¢ € domA \ N holds Line(4,i) =
width A — 0Og and Line(B,i) = width B — 0g. Then the set of solu-
tions of A and B = the set of solutions of Segm(A, N, Segwidth A) and
Segm(B, N, Seg width B).

(46) Suppose i € dom A and len A > 1. Then the set of solutions of A and
B C the set of solutions of the deleting of i-row in A and the deleting of ¢
-row in B.

(47) Let given A, B, i. Suppose i € dom A and len A > 1 and Line(A,i) =
width A — Og and i € dom B and Line(B,?) = width B +— Og. Then the
set of solutions of A and B = the set of solutions of the deleting of i-row
in A and the deleting of ¢ -row in B.

(48) Let A be a matrix over K of dimension n x m, B be a matrix over K
of dimension n x k, and P be a function from Segn into Segn. Then

(i)  the set of solutions of A and B C the set of solutions of A- P and B - P,
and



86 KAROL PAK

(ii) if P is one-to-one, then the set of solutions of A and B = the set of
solutions of A- P and B - P.

(49) Let A be a matrix over K of dimension n x m and given N. Suppose
card N = n and N C Segm and Segm(A,Segn, N) = IZ" and n > 0.
Then there exists a matrix My over K of dimension m —'n x m such that

(i)  Segm(Ms,Seg(m —' n),Segm \ N) = Ié(m_,n)x(m_ln),
(i)  Segm(Msy, Seg(m —'n), N) = —(Segm(A, Segn, Segm \ N))T, and
(iii) for every [ and for every matrix M over K of dimension m x [ such that
for every 7 such that i € Seg! holds there exists j such that j € Seg(m—'n)
and Mpn; = Line(Ma, j) or Mo, = m +— O holds M € the set of solutions
of A and 07,

(50) Let A be a matrix over K of dimension n X m, B be a matrix over K of
dimension n x [, and given N. Suppose card N = n and N C Segm and
n > 0 and Segm(A, Segn, N) = I;¥*". Then there exists a matrix X over
K of dimension m x [ such that Segm(X,Segm \ IV, Segl) = O%n*ln)Xl
and Segm(X, N,Seg!) = B and X € the set of solutions of A and B.

(51) Let A be a matrix over K of dimension 0 x n and B be a matrix over
K of dimension 0 x m. Then the set of solutions of A and B = {0}.

(52) For every matrix B over K such that the set of solutions of 0% and B

is non empty holds B = OnKx (width B)

(53) Let A be a matrix over K of dimension n x k and B be a matrix over
K of dimension n x m. Suppose n > 0. Suppose x € the set of solutions

of A and B. Then z is a matrix over K of dimension & X m.
nxk

(54) Suppose n > 0 and k > 0. Then the set of solutions of 0% and 07" =
{X : X ranges over matrices over K of dimension k xm}.

(55) If n > 0 and the set of solutions of 07°° and 0% is non empty, then
m = 0.
(56) The set of solutions of 072°? and 07%° = {(}.

5. GAUSSIAN ELIMINATIONS

In this article we present several logical schemes. The scheme GAUSS1 deals
with a field A, natural numbers B, C, D, a matrix £ over A of dimension B X
C, a matrix F over A of dimension B x D, a 4-ary functor F yielding a matrix
over A of dimension B x D, and a binary predicate P, and states that:

There exists a matrix A’ over A of dimension B x C and there
exists a matrix B’ over A of dimension B X D and there exists a
without zero finite subset N of N such that

N C SegC and rk(€) = rk(A’) and rk(£) = card N and
P[A’, B'] and Segm(A’, Seg card N, N) is diagonal and for every i
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such that ¢ € Segcard N holds Ag,(ngN)i # 04 and for every 1
such that i € dom A" and ¢ > card N holds Line(A’,i) =C — 04
and for all 7, j such that ¢ € Segcard N and j € Segwidth A" and
j < (Sgm N)(i) holds A; ; =04
provided the parameters meet the following requirements:
o P[E,F], and
e Let A’ be a matrix over A of dimension B x C and B’ be a
matrix over A of dimension B x D. Suppose P[A’, B']. Let given
i, j. Suppose i # j and j € dom A’. Let a be an element of A.
Then P[RLine(A’, 4, Line(A’,4) + a - Line(A’, j)), F(B', i, j, a)].
The scheme GAUSS2 deals with a field A, natural numbers B, C, D, a matrix
& over A of dimension B x C, a matrix F over A of dimension B x D, a 4-ary
functor F yielding a matrix over A of dimension B x D, and a binary predicate
P, and states that:
There exists a matrix A’ over A of dimension B x C and there
exists a matrix B’ over A of dimension B x D and there exists a
without zero finite subset N of N such that
N C SegC and rk(€) = rk(A’) and rk(£) = card N and
P[A’, B] and Segm(A’,Segcard N, N) = [GrdNxcardN anq for
every i such that ¢ € dom A" and ¢ > card N holds Line(4’,4) =
C — 04 and for all 4, j such that ¢ € Segcard N and j €
Seg width A" and j < (Sgm N)(i) holds A} ; = 04
provided the parameters satisfy the following conditions:
e P[E,F], and
e Let A’ be a matrix over A of dimension B x C and B’ be a matrix
over A of dimension B x D. Suppose P[A’, B']. Let a be an ele-
ment of A and given 4, j. If j € dom A" and if i = j, then a # —1 4,
then P[RLine(A’, i, Line(A’, i) + a - Line(A', 5)), F(B',1i, j,a)].

6. THE MAIN THEOREM

We now state the proposition

(57) Let A, B be matrices over K. Suppose len A = len B and if width A = 0,
then width B = 0. Then rk(A) = rk(A © B) if and only if the set of
solutions of A and B is non empty.

7. SPACE OF SOLUTIONS OF LINEAR EQUATIONS

Let us consider K, let A be a matrix over K, and let b be a finite sequence
of elements of K. The set of solutions of A and b is defined by:
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(Def. 4) The set of solutions of A and b = {f : ColVec2Mx f € the set of solutions
of A and ColVec2Mx b}.

We now state two propositions:

(58) For every x such that = € the set of solutions of A and ColVec2Mx b
there exists f such that z = ColVec2Mx f and len f = width A.

(59) For every f such that ColVec2Mx f € the set of solutions of A and
ColVec2Mx b holds len f = width A.

Let us consider K, let A be a matrix over K, and let b be a finite sequence
of elements of K. Then the set of solutions of A and b is a subset of the width A-
dimension vector space over K.

Let us consider K, let A be a matrix over K, and let k£ be an element of N.
Note that the set of solutions of A and k +— O is linearly closed.

We now state two propositions:

(60) If the set of solutions of A and b is non empty and width A = 0, then
len A = 0.

(61) Ifwidth A # 0orlen A = 0, then the set of solutions of A and len A — O
is non empty.

Let us consider K and let A be a matrix over K. Let us assume that if
width A = 0, then len A = 0. The space of solutions of A is a strict subspace of
the width A-dimension vector space over K and is defined by:

(Def. 5) The carrier of the space of solutions of A = the set of solutions of A and
len A +— O.

The following propositions are true:

(62) Let A be a matrix over K and b be a finite sequence of elements of K.
Suppose the set of solutions of A and b is non empty. Then the set of
solutions of A and b is a coset of the space of solutions of A.

(63) Let given A. Suppose if width A = 0, then len A = 0 and rk(A) = 0.
Then the space of solutions of A = the width A-dimension vector space
over K.

(64) For every A such that the space of solutions of A = the width A-
dimension vector space over K holds rk(A) = 0.

(65) Let given 4, j. Suppose j € Segm and n > 0 and if i = j, then
a # —1g. Then the space of solutions of A’ = the space of solutions
of RLine(A’, 4, Line(A’,4) + a - Line(A’, j)).

(66) Let given N. Suppose N C dom A and N is non empty and width A > 0
and for every ¢ such that ¢ € dom A \ N holds Line(A4,7) = width A —
Ox. Then the space of solutions of A = the space of solutions of
Segm(A, N, Seg width A).

(67) Let A be a matrix over K of dimension n x m and given N. Suppose
card N = n and N C Segm and Segm(A,Segn,N) = I" and n > 0
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and m —' n > 0. Then there exists a matrix My over K of dimension

m—'"n x m such that Segm(Ms, Seg(m —'n),Segm\ N) = Ié(m_,n)x(m_,n)
and Segm(My, Seg(m —' n),N) = —(Segm(A,Segn,Segm \ N))*T and
Lin(lines(M3)) = the space of solutions of A.

(68) For every A such that if width A = 0, then len A = 0 holds dim(the space

of solutions of A) = width A — rk(A).

(69) Let M be a matrix over K of dimension n x m and given 4, j, a. Suppose
M is without repeated line and j € dom M and if i = j, then a # —1k.
Then Lin(lines(M)) = Lin(lines(RLine(M, i, Line(M, i) +a - Line(M, 7)))).

(70) Let W be a subspace of the m-dimension vector space over K. Then
there exists a matrix A over K of dimension dim(WW) x m and there
exists a without zero finite subset NV of N such that N C Segm and
dim(W) = card N and Segm(A, Segdim(W),N) = I?(lm(W)Xdlm ") and
rk(A) = dim(W) and lines(A) is a basis of W.

(71) Let W be a strict subspace of the m-dimension vector space over K.
Suppose dim(W) < m. Then there exists a matrix A over K of dimension
m —" dim(W) x m and there exists a without zero finite subset N of N
such that card N = m —' dim(W) and N C Segm and Segm(A, Seg(m —'
dlm(W)), N) _ I}{mf’dim(W))X(mf’dim(W))
of A.

(72) Let A, B be matrices over K. Suppose width A = len B and if width A =
0, then len A = 0 and if width B = 0, then len B = 0. Then the space of
solutions of B is a subspace of the space of solutions of A - B.

(73) For all matrices A, B over K such that width A = len B holds rk(A-B) <
rk(A) and rk(A - B) < rk(B).

(74) Let A be a matrix over K of dimension n x n and B be a matrix over
K. Suppose Det A # 0x and width A = len B and if width B = 0, then
len B = 0. Then the space of solutions of B = the space of solutions of
A- B.

(75) Let A be a matrix over K of dimension n x n and B be a matrix over
K. If width A = len B and Det A # Ok, then rk(A - B) = rk(B).

(76) Let A be a matrix over K of dimension n x n and B be a matrix over

K. If len A = width B and Det A # Ok, then rk(B - A) = rk(B).

and W = the space of solutions
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Changes in notation

Concept name ‘ old notation new notation
Cartesian product of two sets I A, B Ax B
Cartesian product of three sets A, B, C] Ax BxC
Affine map AffineMap(a, b) ald+b
Forward difference fD(f, h) Ap[f]
Backward difference bD(f, h) Vilf]
Central difference cD(f, h) On[f]
Forward difference sequence fdif(f, h) Anlf]
Backward difference sequence bdif(f, h) Vilf]
Central difference sequence cdif(f, h) Snlf]
Difference A(f,z,y) Alfl(z,y)
Difference f,z,y, 2] Alf(z,y, 2)
Difference f,z,y,z,0!] Alf)(z,y, z,v)

1 0\""
Identity matrix of size n over K e

) R

Zero matrix of size n x m over K Do 0™
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Number sets

N - the set of natural numbers

w = N - the set of finite ordinal numbers

7Z - the set of integer numbers

Q - the set of rational numbers

R - the set of real numbers

R =RU{—00,+0} - the set of extended real numbers
C - the set of complex numbers
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