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BENDING AND VIBRATION ANALYSIS 

 OF MAGNETO-ELECTRO BILATERALLY COATED QUASI-3D MICROBEAM VIA DQ-FEM 
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Abstract: In this study, the static bending and free vibration of a bilaterally coated magneto electro elastic (MEE) functionally graded (FG) 
microbeam is analysed by using a high order quasi-3D beam theory, along with a Differential Quadrature Finite Element Method (DQ-FEM). 
The power formulation for FG gradation through the thickness direction is considered. The microbeam consists of two materials, one pos-
sessing piezo-magneto-electric characteristics and the other without them. The material characteristics are progressively graded from the 
outermost surfaces to the innermost core. In order to localize the microstructural effect of the beam, the modified couple stress theory (MCST) 
is incorporated. By the application of Lagrange's theorem and Gauss-Lobato node scheme, the general governing equation are established. 
Through the implementation of the established model, “the static bending and free vibration” analysis are determined. To illustrate the 
effectiveness and accuracy of this particular numerical resolution method, the obtained results are validated with similar outcomes in existing 
literature. The effects of the material gradation volume fraction index, and the length-thickness ratio on the natural frequencies and static 
bending are investigated. The results reveal that the material distribution plays a significant role in influencing both static bending and free 
vibration behavior. Material composition plays a critical role, with higher proportions of MEE material enhancing the piezoelectric effect and 
magnetostrictive response, respecting the material gradation with optimized combinations of MEE material for higher deflection and optimal 
electric and magnetic potentials. This study provides a comprehensive framework for optimizing MEE microbeams in applications requiring 
precise control of mechanical, electrical, and magnetic responses. 

Key words: higher-order Q3D beam theory, magneto-electro-elastic microbeam, MCST, DQ-FEM, FGM

1. INTRODUCTION 

Magneto-electro-elastic materials have sparked widespread at-
tention due to their multifunctional features, which integrate me-
chanical, electrical, and magnetic forces. These materials are com-
monly employed in sophisticated engineering applications such as 
sensors, actuators, and energy harvesters. Understanding these 
materials' mechanical behavior, particularly in microbeam struc-
tures, is critical for maximizing their performance and dependability 
in practical applications [1-4]. “In addition, functionally graded ma-
terials (FGM) exhibit continuous changes in properties through var-
ious direction. FGM offer several benefits, including temperature 
protection, sound insulation, and energy and electromagnetic wave 
absorption [5-7]. Currently, scientists have been interested in eval-
uating the mechanical behavior of laminated-surface- piezoelectric 
in host structures [8]. Research into multilayer magneto-electro-
elastic functionally graded materials (MEE-FGMs) on thin beams 
and plates has gained popularity in recent years. [9] investigated 
the free vibration behavior of both anisotropic and linear MEE-FGM 
plates. [10] suggested a meshless approach for analyzing the 
bending of circular MEE-FGM plates. [11] conducted an inquiry into 
the implications of porosity on the nonlinear deformation character-
istics exhibited by functionally graded magneto-electro-elastic 
smart shells in the context of simultaneous application of loads. [12] 
analyzed the static bending and the free vibration of a transversely 
isotropic magneto-electro-elastic beam including microstructure 
and foundation effects. [13] studied the bending and vibration of FG 

MEE Timoshenko Microbeams and added wave propagation anal-
ysis [14]. [15] developed a microstructure-dependent anisotropic 
magneto-electro-elastic Mindlin plate model via a modified couple 
stress theory. Notably, [16] introduced an isogeometric model to 
study size-dependent effects in magneto-electro-elastic mi-
crobeams. Their work highlights the role of gradient index variations 
in tailoring MEE responses. Similarly, [17] conducted nonlinear 
bending analysis on nonlocal MEE laminated nanobeams and em-
phasized the influence of boundary conditions and external elec-
tric/magnetic potentials. The thermal buckling behavior of MEE 
nanobeams has also been explored by [18] who employed von Ká-
rmán’s nonlinear equations to examine the impact of temperature 
gradients and electrical/magnetic fields. Further, [19] investigated 
the nonlinear vibrations of flexoelectric functionally graded nano-
plates under the influence of a magnetic field, demonstrating the 
importance of electromechanical interactions at the nanoscale. [20] 
extended this research by analyzing nonlinear deformations of 
MEE nanobeams resting on an elastic foundation, using a modified 
couple stress theory to accurately capture nonlocal effects. Addi-
tionally, [21] investigated the free vibration characteristics of MEE 
nanobeams in a thermal environment, revealing the dependency of 
natural frequencies on length and thickness variations. In the con-
text of buckling analysis, [22] focused on size-dependent magneto-
electromechanical buckling using strain gradient theory, showing 
how mechanical and electrical fields affect stability conditions. Non-
linear postbuckling behavior has been studied by [23], who ana-
lyzed magneto-electro-thermo-elastic laminated microbeams 
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incorporating the modified couple stress theory and Reddy’s shear 
deformation theory. Their results provide key insights into the com-
bined effects of temperature, magneto-electric potential, and slen-
derness ratio on postbuckling performance. [24] introduced a con-
tinuum-based model for functionally graded conical nano/mi-
croshells, demonstrating how flexoelectric effects influence static 
and vibrational behaviors. [25] presented a nonlinear dynamic 
model for geometrically imperfect functionally graded MEE nano-
beams, which is essential for understanding real-world imperfec-
tions in nanostructures. Recent models, such as the axially func-
tionally graded (AFG) micro-beam based on strain gradient elastic-
ity theory (RSGET), incorporate size effects and material inhomo-
geneity to analyze the static and dynamic responses at the micro-
scale [26]. Similarly, isogeometric analysis (IGA) has been applied 
to magneto-electro-elastic functionally graded microplates, high-
lighting the impact of microstructure effects on mechanical and 
electromagnetic behaviors [27]. Additionally, a new IGA model for 
magneto-electro-elastic curved microbeams, considering size ef-
fects and the modified couple stress theory (MCST), offers insights 
into the bending and vibration behaviors of functionally graded 
structures [16]. These models are essential for optimizing the per-
formance of micro-sensors, actuators, and other micro-scale de-
vices. “Numerous investigations [28, 29] have demonstrated that 
thin beams and plates typically display size effects. Classical theo-
ries at the micro/nano scale cannot account for non-local interac-
tions of material particles at such small scales due to a lack of ma-
terial length scale parameters. To anticipate size effects, a variety 
of theories with extra material properties have been developed, in-
cluding couple stress theories [30-32], strain gradient theories [33-
35]. These concepts were effectively used to generate size-de-
pendent structural models at extremely tiny scales. For example, 
based on nonlocal theories, a variety of MEE beam and plate mod-
els have been created to capture non-local size effects [36-39], in 
which a non-local medium with long-range material interactions is 
used. [40] suggested a non-local strain gradient theory that incor-
porates both non-local and strain gradient effects, and the bending, 
buckling, and free variation issues of FGM beams have been re-
solved [41, 42].” “Researchers frequently employ 1st “order shear 
deformable beam theory”, (HSBT) “higher-order shear deformable 
beam theory”, and shear and “normal deformable beam theory”, 
commonly known as Q3D theory. The FSBT is the simplest model, 
but it necessitates a shear correction factor as it does not fulfil the 
zero traction boundary criterion at the top and bottom surfaces of 
the beam [43],[44]. The “HSBT” theories were suggested, that en-
hanced the “transverse shear stress distribution” and, as a result, 
removed the need for a “shear correction factor” (SCF) [45]. How-
ever, HSBT theories do not take into consideration the usual strain 
as well as stretch effect, which then becomes highly relevant and 
should be considered for thick typical FGBs. As a consequence, 
Q3D theories [46], [47] that take shear and stretching effects into 
account are created by employing the idea of higher order variation 
in both transverse and axial displacements”. In recent decades, nu-
merical and semi-numerical methods, such as the finite element 
method (FEM) and the generalized differential quadrature method 
(GDQM), have gained popularity for their efficiency, flexibility, and 
adaptability in solving differential equations related to structural el-
ements with complex effects, including geometries, shapes, inter-
actions, boundary conditions, and more, with precise results. Since 
then, other investigations have been conducted using these numer-
ical approaches. [48] investigated the dynamic behavior of function-
ally graded porous beams sitting on a viscoelastic foundation using 
GDQM. Dahmane et.al studied the influence of crack on the 

dynamic behavior of bidirectional imperfect FG beams on an elastic 
basis via FEM. [49] used the DQFEM to investigate the dynamic 
behavior of on-board shafts. [50] investigated the vibration and 
buckling characteristics of nano-composite beams reinforced with 
agglomerated carbon nanotubes using the DQFEM. A combined 
study between DQFEM and MCST to analyze the dynamic behav-
iors of microbeams was used in several works [51, 52]. 

The present paper uses the extended modified couple stress 
theory to develop a bilaterally coated MEE microbeam model via 
the refined high order beam theory combined with the DQFEM for 
the first time to solve the static bending and free vibration. 

The proposed bilaterally coated magneto-electro-elastic (MEE) 
microbeam, analyzed using a quasi-3D beam theory and DQ-FEM, 
has potential applications in various engineering fields. The unique 
electromechanical coupling behavior enables its use in microelec-
tromechanical systems (MEMS) such as high-sensitivity sensors, 
actuators, and vibration-based energy harvesters. In biomedical 
engineering, it can be employed in micro-pumps, biosensors, and 
drug delivery systems. Additionally, the tailored functionally graded 
composition makes it suitable for aerospace applications, including 
adaptive structures and damping mechanisms. These diverse ap-
plications highlight the significance of the proposed model in ad-
vancing smart material-based technologies. 

2. FORMULATION 

2.1. MEE FG microbeam model 

This study considers a microbeam of length L, width b, and 
thickness h, as shown in figure 1, from which the material charac-
teristics are progressively graded from the outer surfaces to the in-
ner core. 

 
Fig. 1. Piezo- bilaterally FG microbeam model 

 
The material characteristics are considered to change continu-

ously in two opposite direction throughout the thickness (z-axis) 
based on the power-law distribution [52]. The following equations 
describe the distribution of material characteristics in FG materials: 𝑃(ݖ) = (𝑃1 − 𝑃2) (||2௭ℎ | − 1|)௞೥ + 𝑃2                                      (1) 

Where 𝑃(ݖ) represent “elastic stiffness, couple stress stiff-
ness, piezoelectric constant, piezomagnetic constant, dielectric 
constant, magnetic permeability constant, magneto-dielectric con-
stant and density”. 

The total strain energy in this particular situation is as follow.  ܷ = 12∫ ∫ ௜௝ߝ௜௝ߪ) +݉௜௝߯௜௝ − ௜ܧ௜ܦ ஺ܣ݀(௜ܪ௜ܤ− ௅0ݔ݀               (2) 
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The equations representing “transversely isotropic magneto-
electro-elastic materials” are provided in accordance with the ex-
tended MCST[12]. Where ߪ௜௝, ݉௜௝  ௜ represent the “Cauchyܤ ,௜ܦ ,
stress tensor, deviatoric couple stress tensor, electric displace-
ments, and magnetic fluxes:  

{௭௫ߪ௭௭ߪ௫௫ߪ} = 11ܥ] 13ܥ 13ܥ0 33ܥ 00 0 [55ܥ { {௫௭ߝ௭௭2ߝ௫௫ߝ − [ 0 310ݍ 15ݍ33ݍ 0 {௭ܪ௫ܪ}[ −[ 0 ݁310 ݁33݁15 0 ]  (3)                                                                            {௭ܧ௫ܧ}

{݉௬௭݉௫௬} = 44ܣ] 00 [66ܣ {2߯௬௭2߯௫௬}                                                    (4) 

{௭ܦ௫ܦ} = [ 0 0 ݁15݁31 ݁33 0 ]{ {௭௫ߝ௭௭2ߝ௫௫ߝ + 11ݏ] 00 [33ݏ {௭ܧ௫ܧ} +[݀11 00 ݀33]  (5)                                                                          {௭ܪ௫ܪ}

{௭ܤ௫ܤ} = [ 0 0 31ݍ15ݍ 33ݍ 0 ] { {௭௫ߝ௭௭2ߝ௫௫ߝ + 11ߤ] 00 [33ߤ {௭ܪ௫ܪ} +[݀11 00 ݀33]  (6)                                                                           {௭ܧ௫ܧ}

 
The parameters (11ܥ, ,13ܥ ,44ܣ) , (55ܥ  describe the (66ܣ

elastic stiffness tensor and the couple stress tensor, with:  ܣఈఉ =  ఈఉ݈2                                                                                (7)ܥ

where ݈ is the material length scale parameter (MLSP). ݍ௜ఈ, ݁௜ఈ, ݏ௜௝ ௜௝, ݀௜௝ߤ ,  are the piezomagnetic tensor, the piezoelec-

tric tensor, the dielectric tensor, the magnetic permeability tensor, 
and the magneto-dielectric tensor respectively. And ߝ௜௝ , ߯௫௫ are 

“the strain tensor and the rotationally symmetric gradient tensor”, 
which are described by the following equations: [53] ߝ௜௝ = 12 ௜,௝ݑ) + ௝,௜)                                                                       (8) ߯௜௝௦ݑ = 12 ௜,௝ߠ) + ௜ߠ ௝,௜)                                                                     (9)ߠ = 12 ݁௜௝௞ݑ௞,௝                                                                             (10) 

The variables ݑ௜ and ߠ௜ represent the components of the dis-
placement vector and rotation vectors, respectively. ݁௜௝௞ is the per-

mutation symbol. Also, ܧ௜ and ܪ௜ represent the electric field and 
magnetic field intensities, respectively. [15] ܧ௜ = ௜,ߔ− ௜ܪ    ,    =  ,represent the “electric and magnetic potentials ܯ and ߔ ௜                                                          (11),ܯ−
respectively. 

In accordance with the higher order quasi-3D beam theory [50], 
The current study posits that the field of displacement at any ran-
dom spot on the microbeam can be expressed as follows: { ,ݔ)ݑ ,ݖ (ݐ = ,ݔ)0ݑ (ݐ − ݖ ௗ௪್ௗ௫ + (ݖ)݂ ௗ௪ೞௗ௫ݔ)ݓ, ,ݖ (ݐ = ,ݔ)௕ݓ (ݐ + ,ݔ)௦ݓ (ݐ + ,ݔ)௭ݓ(ݖ)݃  (12)               (ݐ

The transversal displacement is divided into two components, 
notably ݓ௕, ݓ௦  and ݓ௭, following this method. Where ݓ ,ݑ௕, ݓ௦  
and ݓ௭ represents the displacement in the x-direction, the bending 
component, the shear components and the stretching components 

of the transverse displacement of the points on the neutral axis of 
the beam, respectively. The selection of our function ݂(ݖ) is gov-
erned by the shear function provided by Reddy in equation (15). ݂(ݖ) = ݖ − (1 − (4௭23ℎ2)) , (ݖ)݃ = (1 − ௗ௙ௗ௭)                         (13) 

The distribution of electric and magnetic potentials in the thick-
ness direction of the piezoelectric inner layer (core) is provided by 
[13]: 

,ݔ)ߔ} ,ݖ (ݐ = −cos (గℎ (ݖ ,ݔ)ߛ (ݐ + 2௭ℎ ,ݔ)ܯ0ߛ ,ݖ (ݐ = −cos(గℎ (ݖ ,ݔ)ߞ (ݐ + 2௭ℎ  (14)                               0ߞ

The spatial variations of electric potential in the x-direction are 
represented by ߛ, while the external electric potential is denoted as ߞ .0ߛ and 0ߞ represent the spatial variations of the magnetic poten-
tial in the x-direction and the external magnetic potential, respec-
tively. Several studies used uniform distribution in the longitudinal 
direction and linear distribution [54, 55]. Works donne by  Gopina-
than [56] and Wang and Quek [57] demonstrated that a quadratic 
or half-cosine distribution provides a more accurate representation, 
as it better satisfies Maxwell’s static electricity equation. The elec-
tric and megnitic potential distribution we adopted follows this ap-
proach. The choice of electric and magnetic potential distributions 
directly affects the coupling terms in the strain energy expression. 
A different assumption, such as a purely linear distribution, would 
result in different governing equations, potentially missing key cou-
pling effects. By considering a half-cosine and linear variation, the 
proposed model ensures that the strain energy formulation incor-
porates essential electro-magnetic coupling effects without neglect-
ing significant terms. 

By substituting equation (12) into equation (8), the non-zero 
components of the deformation tensor are extracted as: 

{  
௫௫ߝ   = ௗ௨ௗ௫ − ݖ ௗ2௪್ௗ௫2 − ݂ ௗ2௪ೞௗ௫2ߝ௭௭ = ௗ௚ௗ௭ ௫௭ߝ௭ݓ = 12݃ (ௗ௪ೞௗ௫ + ௗ௪೥ௗ௫ )                                                      (15) 

Replacing equation (12) into (10) and (9) gives: 

{ ߯௬௭ = ߯௭௬ = − 14 (ௗ2௙ௗ௭2 ௗ௪ೞௗ௫ + ௗ௚ௗ௭ ௗ௪೥ௗ௫ )߯௫௬ = ߯௬௫ = − 14 (2 ௗ2௪್ௗ௫2 + (ௗ௙ௗ௭ + 1) ௗ2௪ೞௗ௫2 + ݃ ௗ2௪೥ௗ௫2 )     (16) 

Introducing equation (14) into (11) yields: 

{   
௫ܪ    = (cos(గℎ (ݖ ௗ఍ௗ௫)ܪ௭ = (−గℎ sin (గ௭ℎ ) ߞ − 2ℎ ௫ܧ(0ߞ = (cos(గℎ (ݖ ௗఊௗ௫ )ܧ௭ = (− గℎ sin(గ௭ℎ ) ߛ − 2ℎ (0ߛ

                                             (17) 

Given Equations (8)-(11), the constitutive equation (2) is de-
rived as follows: 
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{  
   
  
   
   
{1:6ܫ}  = ∫C11(1, ,ݖ ݂, ,݂ݖ ,2ݖ ݕ݀ݖ݀(2݂ {10: 8ܫ}, = ∫ C13 ௗ௚ௗ௭ (1, ,ݖ ݖ݀(݂ {14: 12ܫ}, ݕ݀ = ∫݁31 గℎ sin(గ௭ℎ ) (1, ,ݖ ݖ݀(݂ {18:19ܫ}ݕ݀ = ∫݃ గℎ cos (గ௭ℎ ) (݁15, {24: 22ܫ}ݕ݀ݖ݀(15ݍ = ∫(గℎ cos (గ௭ℎ ))2 ,11ݏ) ,11ߤ ݖ݀(11݀ {7ܫ}ݕ݀ = ∫C33 (ௗ௚ௗ௭)2݀ݕ݀ݖ , {11ܫ} = {17: 15ܫ}  ݕ݀ݖ55݃2݀ܥ∫ = ∫ 31ݍ గℎ sin(గ௭ℎ ) (1, ,ݖ ݖ݀(݂ {20:21ܫ}ݕ݀ = ∫ ௗ௚ௗ௭ గℎ sin (గ௭ℎ ) (݁33, {25:27ܫ}ݕ݀ݖ݀(33ݍ = ∫ (గℎ sin (గ௭ℎ ))2 ,33ݏ) ,33ߤ ݖ݀(33݀ ݕ݀

            (18)        

{ {1:3ܦ} = ∫ 44ܣ14 ((ௗ2௙ௗ௭2)2 , (ௗ௚ௗ௭)2 , ௗ2௙ௗ௭2 ௗ௚ௗ௭)݀{4:9ܦ}ݕ݀ݖ = ∫ 66ܣ14 (1, (ௗ௙ௗ௭ + 1) , ݃, ݃ (ௗ௙ௗ௭ + 1) , (ௗ௙ௗ௭ + 1)2 ,      ݕ݀ݖ݀(2݃

                                                                                                                                             (19) ܷ = 12∫ 1ܫ ) (ௗ௨ௗ௫)2 − 2ܫ2 ௗ௨ௗ௫ ௗ2௪್ௗ௫2 − 3ܫ2 ௗ௨ௗ௫ ௗ2௪ೞௗ௫2 +௟024ܫ ௗ2௪್ௗ௫2 ௗ2௪ೞௗ௫2 + 5ܫ (ௗ2௪್ௗ௫2 )2 + 6ܫ (ௗ2௪ೞௗ௫2 )2 + ௭2ݓ7ܫ 8ܫ2+ ௗ௨ௗ௫ݓ௭ − 9ܫ2 ௗ2௪್ௗ௫2 ௭ݓ − 10ܫ2 ௗ2௪ೞௗ௫2 ௭ݓ + 11ܫ ((ௗ௪ೞௗ௫ )2+(ௗ௪೥ௗ௫ )2 + 2 ௗ௪ೞௗ௫ ௗ௪೥ௗ௫ ) + 12ܫ2 ௗ௨ௗ௫ ߛ − 13ܫ2 ௗ2௪್ௗ௫2 ߛ 14ܫ2− ௗ2௪ೞௗ௫2 ߛ + 15ܫ2 ௗ௨ௗ௫ ߞ − 16ܫ2 ௗ2௪್ௗ௫2 ߞ − 17ܫ2 ௗ2௪ೞௗ௫2 ߞ 18ܫ2− (ௗ௪ೞௗ௫ ௗఊௗ௫ − ௗ௪೥ௗ௫ ௗఊௗ௫) − 19ܫ2 (ௗ௪ೞௗ௫ ௗ఍ௗ௫ − ௗ௪೥ௗ௫ ௗ఍ௗ௫) ߛ௭ݓ20ܫ2+ + ߞ௭ݓ21ܫ2 − 22ܫ (ௗఊௗ௫)2 − 23ܫ (ௗ఍ௗ௫)2 − 24ܫ2 ௗ఍ௗ௫ ௗఊௗ௫ 2ߛ25ܫ− − 2ߞ26ܫ − ߞߛ27ܫ2 + 1ܦ (ௗ௪ೞௗ௫ )2 2ܦ+ (ௗ௪೥ௗ௫ )2 3ܦ2+ ௗ௪ೞௗ௫ ௗ௪೥ௗ௫ + 4ܦ4 (ௗ2௪್ௗ௫2 )2 + 5ܦ4 ௗ2௪್ௗ௫2 ௗ2௪ೞௗ௫2 6ܦ4+ ௗ2௪್ௗ௫2 ௗ2௪೥ௗ௫2 + 7ܦ2 ௗ2௪ೞௗ௫2 ௗ2௪೥ௗ௫2 + 8ܦ (ௗ2௪ೞௗ௫2 )2 9ܦ+ (ௗ2௪೥ௗ௫2  (20)                                                                            ݔ݀(2(

The Kinetic Energy can be written as:  ܶ = 12∫ 2ݑ̇)1ܬ] + ௕2ݓ̇ + ௦2ݓ̇ + (௦ݓ௕̇ݓ2̇ − ݑ2̇ܬ2 ௗ௪್̇ௗ௫ −௟02ݑ3̇ܬ ௗ௪̇ೞௗ௫ + 4ܬ2 ௗ௪್̇ௗ௫ ௗ௪̇ೞௗ௫ + 5ܬ (ௗ௪್̇ௗ௫ )2 + 6ܬ (ௗ௪̇ೞௗ௫ )2 + ௭2ݓ7̇ܬ ௭ݓ௕̇ݓ̇)8ܬ2+ + [(௭ݓ௦̇ݓ̇  (21)                                                         ݔ݀

with: {1ܬ, ,2ܬ ,3ܬ ,4ܬ ,5ܬ ,6ܬ ,7ܬ {8ܬ ,1)ߩ∫= ,ݖ ݂, ,݂ݖ ,2ݖ ݂2, ݃2, ݖ݀(݃  (22)                                       ݕ݀

Furthermore, the virtual work performed by the applied loades 
acting on the current quasi-3D microbeam can be written as: ∫ ,ݔ)௕ݓ)0ݍ] (ݐ + ,ݔ)௦ݓ (ݐ + ,ݔ)௭ݓ(ݖ)݃ ௅0ݔ݀[((ݐ                     (23) 

 

 

 

3. DQ-FEM 

This approach combines the “generalized differential quadra-
ture method” (GDQM) with the traditional finite element method 
(FEM). 

In order to simulate our beam, we assume that the shape func-
tions take the following form: [49] [ݔ]ݍ = ∑ ௜ே௜=1ݍ(ݔ)௜ܮ                                                                  (24) 

With Li is the Lagrange polynomial,  qi = q(xi), ݍ ,wb,ݑ= ws, wz, ,ߛ  are the displacements the spatial variations of  ߞ
the electric potential and ߞ௜ =  the spatial variations of the (xi)ߞ
magnetic potential of the Gauss Lobato quadrature points where 
the nodal displacements DQ of the finite element of the beam. 

The derivative of order n at a discrete point xi of a field variable 
f (x) is expressed by”: [49] డ೙ி(௫,௧)డ௫೙ |௫೔ = ∑ ௝ݔ)ܨ௜௝(௡)ܣ , ே௝=1(ݐ (݅ = 1,2,3,… . . , ܰ)          (25) 

Where Aij(n) is the weighting coefficient, which is related to the 

derivative of order n. “The Gaussian - Lobato quadrature rule with 
a degree of precision (2n-3) for the function F(x) defined in the in-
terval [-1, 1] is:” [49] ∫ 1−1ݔ݀(ݔ)ܨ = ∑ ே௝=1(௝ݔ)ܨ௝ܥ                                                  (26) Cj is the weighting coefficient of Gauss-Lobatto integration: [58] 1ܥ = ேܥ = 2ே(ே−1),   ܥ௝ = 2ே(ே−1)[௉ಿ−1(௫ೕ)]2      (݆ ≠ 1, ܰ)                                    (27) xj represents the (j-1) zero of the first derivative of Legendre poly-

nomials  PN−1(x). To achieve rapid convergence and high accu-
racy, a denser population near the boundaries is essential. Sam-
pling points are selected based on the distribution of the grid of 
Gauss-Lobato nodes. ݔ௝ = ݏ݋ܿ− ( ௝−1ே−1(28)                                                                     (ߨ 

Gauss-Lobatto nodes are determined using the Newton-
Raphson iteration method. The relationship between ݑ and ̅ݑ, as 
well as , ݑ .is established according to rule DQ ,ݓ̅ and ݓ = ௕ݓ    ,ݑ̅ܳ = ௕ݓ̅ܳ , ௦ݓ = ௦ݓ̅ܳ , ߛ = ,ߛ̅ܳ ߞ =  (29)        ̅ ߞܳ
where 

ܳ =
[  
   
 1 0 0 ⋯ 0 (1)1,1ܣ0 (1)1,2ܣ (1)1,3ܣ ⋯ ே−1(1),1ܣ ே(1)0,1ܣ 0 1 ⋯ 0 0⋮ ⋮ ⋮ ⋱ ⋮ ⋮0 0 0 ⋯ 0 ே,1(1)ܣ1 ே,2(1)ܣ ே,3(1)ܣ ⋯ ே,ே−1(1)ܣ ே,ே(1)ܣ ]  

   
 
                 (30) 

Utilizing the DQ-FEM, the principles of motion are derived by 
substituting equations (24-30) into the energy equations (18, 21). 
Subsequently, by substituting the resulting expressions and apply-
ing Lagrange’s principle, the following system of equations is ob-
tained. The elementary mass and stiffness matrixs and external 
loads vector derived using DQ-FEM. 
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[௘ܯ] =
[  
   
11[௘ܯ]  12[௘ܯ] 13[௘ܯ] [0] [0] 22[௘ܯ][0] 23[௘ܯ] 24[௘ܯ] [0] 33[௘ܯ][0] 34[௘ܯ] [0] 44[௘ܯ][0] [0] [0][0] ݉ݕݏ[0] [0]]  

   
 
            (31) 

[௘ܭ] =
[  
   
11[௘ܭ]  12[௘ܭ] 13[௘ܭ] 14[௘ܭ] 15[௘ܭ] 22[௘ܭ]16[௘ܭ] 23[௘ܭ] 24[௘ܭ] 25[௘ܭ] 33[௘ܭ]26[௘ܭ] 34[௘ܭ] 35[௘ܭ] 44[௘ܭ]36[௘ܭ] 45[௘ܭ] ݉ݕݏ46[௘ܭ] 55[௘ܭ]   [66[௘ܭ]56[௘ܭ]

   
 
             (32) 

[ܨ] =
{   
44[0][0][௘ܨ]33[௘ܨ]22[௘ܨ][0]    }   

   
                                                                                               (33) 

Hence the components of the elementary stiffness matrice and 
mass matrix are detailed in the appendix. The “matrices for the 
whole system are derived applying the MEF principles for con-
structing elementary matrices, ([ܭ] − ݑ̅)([ܯ]2߱ ௕ݓ̅ ௦ݓ̅ ௭ݓ̅ ߛ̅ T(̅ߞ = {F}            (34) 

Since the Differential Quadrature Finite Element Method 
(DQFEM) follows a similar approach to the Finite Element Method 
(FEM), the electrical and magnetic boundary conditions are applied 
in the same manner as the displacement boundary conditions. Spe-
cifically, for clamped (C), simply supported (S), and free (F) beams, 
the electric and magnetic boundary conditions. At clamped and 
simply supported ends the electrical potential   ߛ = 0 and also the 
magnitic potential ߞ = 0. 

In the Differential Quadrature Finite Element Method (DQFEM), 
boundary conditions are imposed by modifying the elementary ma-
trices through the elimination of specific rows and columns associ-
ated with the constrained generalized coordinates. For the Simply 
Supported Case: The first and penultimate rows and columns are 
eliminated from the elementary matrices to enforce the boundary 
conditions. This ensures that the displacement at the supports is 
constrained while allowing rotation. For Clamped (Fixed) Case: The 
first, second, penultimate, and last rows and columns are elimi-
nated. This fully constrains both displacement and rotational de-
grees of freedom, ensuring a rigid connection at the clamped 
boundary. This approach effectively reduces the system's degrees 
of freedom, ensuring that the boundary conditions are properly en-
forced in the numerical model while maintaining accuracy and sta-
bility in the solution process. 

Numerical results and validation 
In this work, the BaTiO3 − CoFe2O4 [12, 15, 59] is chosen as 

inner core material (Table 1). For the upper and bottom outer sur-
faces, epoxy [60] is used, from which this mixture is controlled by 
the power law of FG materials in equation (1). The physical char-
acteristics of these materials are listed in Table 1. A uniform con-
tinuous load 0ݍ = 1/2000ℎ ܰ/݉ is applied along the mi-
crobeam along the Oz axis. In the first step, a comparison with lit-
erature works is made, where the model used is a simply supported 
(S-S) microbeam assumed to be composed of 50%-50% BaTiO3 − CoFe2O4 [12]. The shape cross section is taken as ܾ = 2ℎ and ܮ = 20ℎ, and ℎ =  ,In the second step .݉ߤ 14.42
a parametrical study is elaborated to observe the behavior of the 
static bending and the free vibration with different geometrical pa-
rameters, and various upper and bottom outer surfaces materials. 

The units in table 1 are as follow: the piezoelectric constants 
are given in ݁௜௝ .ܸ)/ݏthe magnetoelectric constants are given in ݀௜௝(10−12ܰ ,((݉.ܣ)/ܰ)௜௝ݍ the piezomagnetic constants are given in ,((2݉.ܰ)/2ܥ10−9)௜௝ݏ the dielectric constants are given in , ( 2݉/ܥ)   The .(3݉/݃݇)ߩ and the density is given in ,(2ܥ/2ݏ10−6ܰ)௜௝ߤ the magnetic constants are given in ,((ܥ

material length scale parameter is given in ݈ (݉ߤ). 
To validate our model, we computed the semi-analytical model 

presented in reference [12] and compared it with our method. As 
shown in Figures 2-4, the results of our current model closely align 
in midspan with the semi-analytical results from [12]. Our model 
give the exact shape of the bending , electrical potential and mag-
netic potential, on the other hand the literature semi analytical 
model give only the sinusoidal midspan value shape. This compar-
ison supports the validity of the existing model and demonstrates 
that the DQFEM, in conjunction with the refined high-order beam 
theory, provides more accurate results at all locations, in contrast 
to analytical methods, which only provide data at the midline. Table 
2 presents a comparison of the first and second frequencies, as 
well as the midspan deflection, electric potential, and magnetic po-
tential. The results in Table 2 further confirm the effectiveness and 
validity of our model. 

 
Fig. 2.   Comparative analysis of the bending of a doubly S-S microbeam 

exposed to an even distribution of load 

 

 
Fig. 3. Comparative analysis of electrical potential of a doubly S-S 

microbeam exposed to an even distribution of load 
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Tab. 1. Materials Properties of the mixture (BaTiO3 − CoFe2O4) 

 
૜۽ܑ܂܉۰ −  ૝۽૛܍۴ܗ۱

epoxy 
 𝑃  ݈  7.33 7.29 7.24 7.21 7.18 7.10 7 16.93ܵܮܯ 1180 5800 5700 5600 5550 5500 5400 5300 ߩ 0 10 39.4 68.8 83.5 98 127.6 157 33ߤ  0 5 122 239 297.5 356 473 590 11ߤ 0 0 1550 2520 2740 2760 2020 0 33݀ 0 0 7.04 6.02 5.38 4.58 2.6 0 11݀ 0 12.6 10.10 7.6 6.35 5.10 2.59 0.093 33ݏ 0 11.2 8.98 6.75 5.64 4.53 2.3 0.08 11ݏ 0 11.6 9.28 6.96 5.8 4.64 2.32 0 15݁ 0 18.6 14.88 11.16 9.3 7.44 3.72 0 33݁ 0 4.4- 3.52- 2.64- 2.2- 1.76- 0.88- 0 31݁ 0 0 110 220 275 330 440 550 15ݍ 0 0 139.94 279.88 349.85 419.82 559.76 699.7 33ݍ 0 0 116.06 232.12 290.15 348.18 464.24 580.3 31ݍ 1.241 43 43.46 43.92 44.15 44.38 44.84 45.3 55ܥ 4.889 162 183.5 205 215.75 226.5 248 269.5 33ܥ 2.407 78 96.4 114.8 124 133.2 151.6 170 13ܥ 4.889 166 190 214 226 238 262 286 11ܥ 0%-100% 20%-80% 40%-60% 50%-50% 60%-40% 80%-20% 100%-0%

 

 
Fig. 4.   Comparative analysis of magnetic potential of a doubly S-S 

microbeam exposed to an even distribution of load 
 
Tab. 2.  Comparison of numerical results (ܾ = 2ℎ, ܮ = 20ℎ),  

50%-50% BaTiO3 − CoFe2O4 

ℎ(݉ߤ) Frequency (MHz) 

1st mode 2nd mode 3rd mode 

[12] present [12] 
presen

t 
[12] 

presen
t 

14.42 4.097 4.069 16.811 16.228 
39.64

7 
34.853 

28.84 1.710 1.701 7.007 6.784 
16.46

6 
14.796 

 

ℎ(݉ߤ) Midspan 
Deflection  ݓ/ℎ 

Midspan 
Electric 

potential  ߛ(ܸ) 
Midspan Magnetic 

potential  (ܣ)ߞ 
[12] 

presen
t 

[12] 
presen

t 
[12] present 

14.42 
0.079

2 
0.0793 

-
1.25

1 
-1.229 0.0125 0.0122 

28.84 
0.028

4 
0.0283 

-
0.89

6 

-0.877 0.0090 0.0087 

 
 

Fig. 5. Deflection of MEE bilaterally microbeam with various boundary 

conditions  (݇௭ = 1, ℎ = ,݉ߤ20 ܾ = 2ℎ, ܮ = 20ℎ,BaTiO3(50%)− CoFe2O4(50%)) 
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Fig. 6. Electric potential of MEE bilaterally microbeam with various 

boundary conditions (݇௭ = 1, ℎ = ,݉ߤ20 ܾ = 2ℎ, ܮ = 20ℎ,BaTiO3(50%)− CoFe2O4(50%)) 
 

 
Fig. 7.  Magnetic potential of MEE bilaterally microbeam with various 

boundary conditions (݇௭ = 1, ℎ = ,݉ߤ20 ܾ = 2ℎ, ܮ =20ℎ, BaTiO3(50%)− CoFe2O4(50%)) 
 

In Figure 5, we demonstrated the bending response of the mag-
neto-electro-elastic (MEE) bilaterally supported microbeam under 
different boundary conditions (simply supported, clamped, and 
clamped-free). The observed variations in deflection arise due to 
differences in constraint stiffness. The simply supported beam ex-
periences the highest deflection as it lacks rotational constraints at 
the ends, whereas the clamped beam exhibits reduced deflection 
due to restricted end rotations.  

The clamped-free (cantilever) configuration shows the highest 
deflection at the free end due to the absence of support at one end. 
This deflection pattern influences the distribution of electric and 
magnetic potentials along the beam length, as illustrated in Figures 
6 and 7. 

The electromechanical coupling in the system arises due to the 
piezoelectric and piezomagnetic effects. When the beam under-
goes bending, the induced strain leads to charge polarization. The 
regions experiencing compression generate a positive electric 
charge (due to the direct piezoelectric effect) and a negative mag-
netic charge (due to the piezomagnetic effect), whereas the ten-
sioned regions exhibit the opposite effect.  

This explains why, in the simply supported case, the electric 
potential (V) is uniformly positive (Figures 6), while in the clamped-
free case, it is uniformly negative. The clamped configuration re-
sults in a more complex charge distribution due to localized con-
straint effects at the boundaries. 
 

 
Fig. 8. Simply supported microbeam midspan deflection with various 

thickness and MEE inner material mixture 
percentage BaTiO3− CoFe2O4 (݇௭ = 1, ܾ = 2ℎ, ܮ =20ℎ, ) 

 

 
(a) 

 
(b) 
Fig. 9.    Electric (a) and magnetic (b) potentials at simply supported 

microbeam midspan with various thickness and MEE inner 
material mixture percentage BaTiO3− CoFe2O4 (݇௭ = 1, ܾ = 2ℎ, ܮ = 20ℎ, ) 

Figures 8 and 9 illustrate the midspan deflection, electric poten-
tial, and magnetic potential as functions of beam thickness and in-
ner material composition. The inverse relationship between thick-
ness and deflection is expected, as thicker beams possess higher 
flexural rigidity, making them more resistant to deformation under 
the same applied load. Regarding electromechanical behavior, in-
creasing the proportion of BaTiO3 enhances the piezoelectric re-
sponse, leading to higher electric potential generation. This occurs 
because BaTiO3 is a piezoelectric ceramic with a high electrome-
chanical coupling coefficient, meaning it efficiently converts 
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mechanical deformation into electrical energy. Conversely, CoFe2O4 exhibits strong piezomagnetic properties, leading to 
higher magnetic potential generation. However, as the beam thick-
ness increases, both electric and magnetic potentials decrease be-
cause strain distribution becomes more uniform, reducing localized 
stress concentrations that drive charge generation. This behavior 
aligns with the fundamental principles of piezoelectric and piezo-
magnetic materials, where mechanical strain directly affects charge 
separation and potential generation. 

 
Fig. 10.  Simply supported microbeam midspan deflection with various 

FG fraction index and MEE inner material mixture 
percentage BaTiO3 − CoFe2O4 (ℎ = ,݉ߤ20 ܾ = 2ℎ,ܮ = 20ℎ, ) 

 

 
(a) 

 
(b) 
Fig. 11.  Electric (a) and magnetic (b) potentials at simply supported 

microbeam midspan with various FG fraction index and MEE 
inner material mixture percentage BaTiO3− CoFe2O4 (ℎ = ,݉ߤ20 ܾ = 2ℎ, ܮ = 20ℎ, ) 

Figures 10 and 11 depict the influence of the functionally 
graded (FG) material gradation index on the midspan deflection 
and electromechanical potentials. As the gradation index ݇௭ in-
creases, the beam composition transitions from a fully magneto-
electro-elastic core (BaTiO3 − CoFe2O4) to an outer epoxy-rich 
composition. Given that epoxy is significantly more flexible and less 
dense than the ceramic phases, the beam exhibits increased de-
flection due to reduced overall stiffness. 

The electrical and magnetic potentials initially increase with the 
FG index, peaking at a critical range (݇௭ = [6: 20]), before stabi-
lizing. This behavior suggests that an optimal material gradation 
exists where electromechanical efficiency is maximized. The in-
creasing deflection enhances charge generation up to a certain 
threshold, beyond which further material gradation reduces effec-
tive coupling due to the dominance of the epoxy phase. This insight 
is crucial for optimizing FG microbeam designs to balance mechan-
ical flexibility and electromechanical efficiency. 

 
Fig. 12.  Electric and magnetic potentials distribution of simply 

supported microbeam with ݇௭ = 5, ℎ = ,݉ߤ20 ܾ = 2ℎ,ܮ = 20ℎ, BaTiO3(50%)− CoFe2O4(50%) 

 
Fig. 13.  Electric and magnetic potentials distribution of clamped 

microbeam with ݇௭ = 5, ℎ = ,݉ߤ20 ܾ = 2ℎ, ܮ = 20ℎ,BaTiO3(50%)− CoFe2O4(50%) 
 

 
Fig. 14.  Electric and magnetic potentials distribution of clamped free 

microbeam with ݇௭ = 5, ℎ = ,݉ߤ20 ܾ = 2ℎ, ܮ = 20ℎ,BaTiO3(50%)− CoFe2O4(50%) 
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Figures 12-14 illustrate the distribution of electric and magnetic 
potentials across the xOz surface of a magneto-electro-elastic mi-
crobeam under different boundary conditions: simply supported 
(Figure 12), clamped (Figure 13), and clamped-free (Figure 14). 

It is evident that the electric and magnetic potential distributions 
for the simply supported (Figure 12) and clamped (Figure 13) 
beams exhibit central symmetry.  

For the simply supported beam, the maximum values of both 
electric and magnetic potentials occur at the center. In contrast, for 
the clamped beam, the highest potentials are found at three loca-
tions: near the embedding points and in the center.  

In the case of the clamped-free beam, the electric and magnetic 
potentials are primarily concentrated near the embedding location. 
In conclusion, the high values of electric and magnetic potentials 
correspond to areas where bending-induced deformations are most 
significant. 

Figures 15-18 presents the variations in deflection, electrical 
potential, magnetic potential, and natural frequency respectively for 
different microbeam thicknesses, considering the length-to-thick-
ness ratio in both the current (MCST) and classical models.  

With BaTiO3(50%) − CoFe2O4(50%). In the numerical 
analysis, the current model accounts for the couple stress effect, 
which is incorporated using the Modified Length Scale Parameter 
(MLSP) ݈ ≠ 0 (as defined in Equation (7)).  

Conversely, the classical model is derived using the same gov-
erning equation but with ݈ = 0, meaning that it does not consider 
the microstructural effects introduced by MCST.  

The results indicate that the deflection, electrical potential, and 
magnetic potential predicted by the current model are consistently 
lower than those obtained using the classical model across all 
tested cases.  

This discrepancy arises due to the inclusion of the couple stress 
effect in the MCST model, which introduces additional material stiff-
ness at the microscale. As expected, the difference between the 
two models becomes more pronounced as the microbeam thick-
ness decreases.  

This behavior is due to the fact that size-dependent effects be-
come more significant at smaller scales, where the influence of mi-
crostructural mechanics cannot be neglected.  

In other words, the classical model, which disregards these ef-
fects, tends to overestimate the response of the microbeam in com-
parison to the MCST-based model.  

The increasing stiffness introduced by the couple stress theory 
results in reduced deflection and altered electrical/magnetic re-
sponses, as well as higher natural frequencies.  

Additionally, it is observed that as the length-to-thickness ratio 
increases, the microbeam becomes more flexible, leading to a 
greater deflection. This increase in deflection consequently en-
hances both the electrical and magnetic potentials.  

On the other hand, the natural frequencies exhibit an inverse 
relationship with the length-to-thickness ratio, decreasing as the mi-
crobeam becomes thinner.  

This trend is attributed to the reduced stiffness associated with 
higher length-to-thickness ratios, which lowers the beam’s re-
sistance to dynamic vibrations. 

 

 
Fig. 15.  Deflection with respect to length-thickness ratio of simply 

supported microbeam with ݇௭ = 5, ܾ = 2ℎ 

 

 
Fig. 16.  Electric potential with respect to length-thickness ratio of 

simply supported microbeam with ݇௭ = 5,ܾ = 2ℎ 

 

 
Fig. 17. Magnetic potential with respect to length-thickness ratio of 

simply supported microbeam with ݇௭ = 5,ܾ = 2ℎ 
 

 
Fig. 18.  Natural frequencies with respect to length-thickness ratio of 

simply supported microbeam with ݇௭ = 5, ܾ = 2ℎ  
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Tab. 3. Natural frequency (MHz) of simply supported MEE FG microbeam  (ܾ = 2ℎ, ܮ = 20ℎ, ) 
૜۽ܑ܂܉۰  −  %0-%100 %20-%80 %40-%60 %50-%50 %60-%40 %80-%20 %100-%0 ࢠ࢑ (࢓ࣆ)ࢎ ૝۽૛܍۴ܗ۱

20 

0 3.0009 2.8571 2.7108 2.6363 2.5613 2.4071 2.2472 

0.5 2.5250 2.4124 2.2975 2.2391 2.1802 2.0589 1.9332 

1 2.2200 2.1283 2.0348 1.9872 1.9393 1.8404 1.7380 

5 1.5182 1.4840 1.4491 1.4313 1.4135 1.3766 1.3386 

10 1.3919 1.3731 1.3539 1.3441 1.3344 1.3141 1.2932 

15 1.3538 1.3411 1.3282 1.3216 1.3150 1.3013 1.2872 

20 1.3352 1.3260 1.3166 1.3118 1.3070 1.2970 1.2867 

40 

0 1.3578 1.2891 1.2191 1.1836 1.1476 1.0739 0.9974 

0.5 1.0979 1.0449 0.9909 0.9634 0.9356 0.8786 0.8194 

1 0.9270 0.8847 0.8415 0.8196 0.7973 0.7518 0.7045 

5 0.5204 0.5078 0.4950 0.4885 0.4820 0.4687 0.4550 

10 0.4603 0.4548 0.4492 0.4464 0.4436 0.4378 0.4318 

15 0.4502 0.4469 0.4435 0.4418 0.4401 0.4366 0.4330 

20 0.4481 0.4458 0.4435 0.4423 0.4411 0.4387 0.4362 

100 

0 0.5260 0.4989 0.4713 0.4572 0.4430 0.4139 0.3836 

0.5 0.4189 0.3980 0.3768 0.3660 0.3550 0.3326 0.3092 

1 0.3475 0.3310 0.3141 0.3055 0.2968 0.2789 0.2604 

5 0.1722 0.1677 0.1633 0.1610 0.1587 0.1541 0.1494 

10 0.1473 0.1458 0.1442 0.1434 0.1427 0.1411 0.1395 

15 0.1449 0.1441 0.1433 0.1429 0.1425 0.1417 0.1408 

20 0.1455 0.1450 0.1445 0.1442 0.1440 0.1434 0.1429 

Table 3 shows the natural frequencies of a simply supported 
magneto-electro functionally graded microbeam made of BaTiO3 − CoFe2O4 and epoxy composite material. Here, natural 
frequencies are influenced by the thickness ℎ(݉ߤ) and the power-
law compositional gradient index ݇௭, with different percentages of BaTiO3 and CoFe2O4. As the thickness ℎ(݉ߤ) increases from 
20 μm to 100 μm, the natural frequencies decrease across all ma-
terial distributions and power-law indices. This is expected as 
thicker beams generally have lower resonant frequencies due to 
increased mass and flexibility. The material BaTiO3 − CoFe2O4 
distribution percentages (ranging from 0%-100% to 100%-0%) also 
impact the natural frequencies. Generally, as the proportion of BaTiO3 increases, the natural frequency decreases. For instance, 
at ℎ = and ݇௭ ݉ߤ20 = 0, the natural frequency changes from 
3.0009 MHz (0%-100%) to 2.2472 MHz (100%-0%). This suggests 
that a higher content of BaTiO3 (0%-100%) corresponds to higher 
stiffness and thus higher natural frequency, while increasing CoFe2O4 content (100%-0%) reduces the stiffness, lowering the 
natural frequency. For each thickness ℎ(݉ߤ), as ݇௭ increases 
from 0 to 20, there is a notable decline in natural frequency, regard-
less of the BaTiO3 − CoFe2O4 distribution. For instance, at ℎ  with a 0%-100% distribution, natural frequency decreases ,݉ߤ20=
from 3.0009 MHz at ݇௭ = 0 to 1.3352 MHz at ݇௭ = 20. Higher ݇௭ 
values indicate a more percentage of epoxy in material gradation 
composition, which lowers stiffness and thus reduces the natural 
frequency. In summary, increasing thickness ℎ, higher content of CoFe2O4, and larger power-law index ݇௭ all contribute to lower 
natural frequencies. These parameters offer tunability in the design 
of microbeam resonators by adjusting stiffness through material 
composition and geometric factors. 

4. CONCLUSION 

In this study, we investigated the static bending and free vibra-
tion behavior of a bilaterally coated magneto-electro-elastic (MEE) 
microbeam using a quasi-3D high-order beam theory in conjunction 

with the Differential Quadrature Finite Element Method (DQ-FEM). 
The incorporation of the modified couple stress theory (MCST) ef-
fectively accounted for the microstructural effects within the beam. 
Our model, validated against existing literature, demonstrated a 
high degree of accuracy in predicting both the deflection and vibra-
tional behavior of the microbeam under various loading and bound-
ary conditions. 

Beam thickness plays a significant role in reducing both mid-
span deflection and the magnitudes of electric and magnetic poten-
tials, as thicker beams are stiffer and resist deformation. 

Material composition influences the beam’s response signifi-
cantly. Higher proportions of BaTiO3 increase the piezoelectric ef-
fect, enhancing both deflection and electric potential, while in-
creased CoFe2O4 improves the magnetostrictive response, raising 
the magnetic potential. 

Material gradation affects the mechanical and electromechani-
cal responses, with optimized combinations of BaTiO3 −CoFe2O4  and epoxy producing the highest electric and magnetic 
potentials. 

Natural frequency decreases with both increasing beam thick-
ness and the gradation index, indicating that the mechanical and 
vibrational properties are highly sensitive to material distribution. 

These results highlight the importance of beam geometry and 
material composition in the design and optimization of MEE mi-
crobeams for applications that require precise control of mechani-
cal, electrical, and magnetic responses. The developed model and 
numerical approach provide a robust framework for further explo-
ration of functionally graded materials in micro-scale systems. 

A comparative analysis between the MCST-based model and 
the classical model revealed that the couple stress effect introduces 
additional material stiffness at the microscale, leading to consist-
ently lower deflections and energy potentials in the current model. 
The discrepancy between the two models becomes more pro-
nounced as beam thickness decreases, emphasizing the signifi-
cance of size-dependent effects in micro-scale systems. The re-
sults also show that increasing the length-to-thickness ratio en-
hances deflection, thereby increasing both electrical and magnetic 
potentials. However, this increase in flexibility also leads to a 
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reduction in natural frequencies due to the lower stiffness of thinner 
microbeams. 

These results highlight the importance of beam geometry and 
material composition in the design and optimization of MEE mi-
crobeams for applications requiring precise control of mechanical, 
electrical, and magnetic responses. The developed model and nu-
merical approach provide a robust framework for further exploration 
of functionally graded materials in micro-scale systems. 

5. ANNEX 

{  
   
   
   
   
  
   
   
   
   
11[௘ܭ]   = 1ܫ [1ܳܣܥ1்ܣ்ܳ] 12[௘ܭ] = 2ܫ− 13[௘ܭ][2ܳܣܥ1்ܣ்ܳ] = 3ܫ− [2ܳܣܥ1்ܣ்ܳ] 14[௘ܭ] = 8ܫ 15[௘ܭ][ܳܥ1்ܣ்ܳ] = 14ܫ [ܳܥ1்ܣ்ܳ] 16[௘ܭ] = 17ܫ 22[௘ܭ][ܳܥ1்ܣ்ܳ] = 5ܫ) + (4ܦ4 23[௘ܭ][2ܳܣܥ2்ܣ்ܳ] = 4ܫ) + (5ܦ2 24[௘ܭ][2ܳܣܥ2்ܣ்ܳ] = 9ܫ− [ܳܥ2்ܣ்ܳ] + 6ܦ2 25[௘ܭ][2ܳܣܥ2்ܣ்ܳ] = 15ܫ− 26[௘ܭ][ܳܥ2்ܣ்ܳ] = 18ܫ− 33[௘ܭ][ܳܥ2்ܣ்ܳ] = 6ܫ) + (8ܦ [2ܳܣܥ2்ܣ்ܳ] + 11ܫ) + (1ܦ 34[௘ܭ][1ܳܣܥ1்ܣ்ܳ] = 10ܫ− [ܳܥ2்ܣ்ܳ] + 13ܫ) + (3ܦ [1ܳܣܥ1்ܣ்ܳ] + 7ܦ 35[௘ܭ][2ܳܣܥ2்ܣ்ܳ] = 16ܫ− [ܳܥ2்ܣ்ܳ] − 20ܫ 36[௘ܭ][1ܳܣܥ1்ܣ்ܳ] = 19ܫ− [ܳܥ2்ܣ்ܳ] − 21ܫ 44[௘ܭ][1ܳܣܥ1்ܣ்ܳ] = +[ܳܥ்ܳ]7ܫ 12ܫ) + (2ܦ [1ܳܣܥ1்ܣ்ܳ] + 9ܦ 45[௘ܭ][2ܳܣܥ2்ܣ்ܳ] = 22ܫ− [1ܳܣܥ1்ܣ்ܳ] + 37[௘ܭ][ܳܥ்ܳ]24ܫ = 23ܫ− [1ܳܣܥ1்ܣ்ܳ] + 55[௘ܭ][ܳܥ்ܳ]25ܫ = 26ܫ− [1ܳܣܥ1்ܣ்ܳ] − 56[௘ܭ][ܳܥ்ܳ]29ܫ = 28ܫ− [1ܳܣܥ1்ܣ்ܳ] − 66[௘ܭ][ܳܥ்ܳ]31ܫ = 27ܫ− [1ܳܣܥ1்ܣ்ܳ] − [ܳܥ்ܳ]30ܫ

 (35) 

{  
  
   
11[௘ܯ]  = [ܳܥ்̅ܳ]1ܬ 12[௘ܯ] = 13[௘ܯ][1ܳܣ̅ܥ்̅ܳ]2ܬ− = 22[௘ܯ][1ܳܣ̅ܥ்̅ܳ]3ܬ− = [ܳ̅ܥ்ܳ]1ܬ + 23[௘ܯ][1ܳܣ̅ܥ1்̅ܣ்̅ܳ]5ܬ = [ܳ̅ܥ்ܳ]1ܬ + 24[௘ܯ][1ܳܣ̅ܥ1்̅ܣ்̅ܳ]4ܬ = 33[௘ܯ][ܳܥ்ܳ]8ܬ = [ܳ̅ܥ்ܳ]1ܬ + 34[௘ܯ][1ܳܣ̅ܥ1்̅ܣ்̅ܳ]6ܬ = 44[௘ܯ][ܳܥ்ܳ]8ܬ = [ܳܥ்ܳ]7ܬ

            (36) 

22[௘ܨ]} = 33[௘ܨ][ܥ்̅ܳ]0ݍ = 44[௘ܨ][ܥ்̅ܳ]0ݍ =  (37)                                                               [ܥ்̅ܳ]0ݍ

All types of nodal arrangement for differentiation and quadra-
ture reside inside the interval [-1, 1]. Consequently, to implement 
them in practice, the subsequent adjustments must be applied to 
the differential and quadrature matrices, ̅ܥ = ௟೐2 1ܣ̅       ,ܥ = 2௟೐ 2ܣ̅     ,1ܣ = 4௟೐2  (38)                                  2ܣ

Were  ݈௘  is the length of the microbeam element. 
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Abstract: In response to environmental regulations, particularly within the European Union, there is an urgent need to implement new, 
sustainable materials derived from recycling processes. This study investigates the potential for modifying and predicting the mechanical 
properties of composites made from recycled high-density polyethylene (rHDPE) and recycled glass fiber-reinforced polymer (rGFRP).  
Specifically, it examines tensile strength parameters and structure changes in rHDPE/rGFRP treated with three different chemical additives, 
including a silica-based agent (S) and maleic-anhydride polyethylene (MAH) compatibilizers; and a thermal stabilizer dedicated for the  
recycled polyolefins. The findings reveal that these additives do not significantly change the mechanical properties of the composite.  
All additives increase elastic modulus (compared to rHDPE/rGFRP for max. 3% - S), tensile strength (max. for 14%, MAH), and offset yield 

strength (max. 16%, MAH). Moreover, the strength of the composite can be enhanced through -irradiation, which was found to affect the 
stress-strain characteristics of the rHDPE/rGFRP blend. Notable differences were observed in the strength and elongation behavior of the 
composite (for rHDPE increased to 0.58 for 40 kGy and decreased for 100 kGy dose to 0.35, which is very close to the non-irradiated 
sample), suggesting that irradiation could be a viable method for modifying the properties of recycled composites for specific applications. 

Key words: circular economy, recycled polyethylene, post-consumer GFRP, -irradiated polymers, tensile properties, microstructure 

1. INTRODUCTION 

The main types of fiber-reinforced polymers are those based on 
carbon or glass fibers impregnated with epoxy or polyester resin. 
Those based on glass fibers and polyester resin (GFRP) are widely 
used in low-demanding applications mainly due to the lower cost 
compared to carbon fibers and epoxy resin. Nevertheless, GFRP 
characterizes relatively high strength and stiffness, ease of shap-
ing, and good resistance to environmental conditions. Their popu-
larity on the market is also driven by their low-cost manufacturing 
[1]. 

In our previous paper we demonstrated that milled GFRP can 
be used directly as a filler for recycled high-density polyethylene 
(rHDPE) [2]. We observed that the adhesion between recycled 
GFRP (rGFRP) and rHDPE is too low, leading to insufficient im-
provement in mechanical properties. Therefore, our intention was 
to examine if the addition of chemical compatibilizers and stabi-
lizers will positively affect the mechanical performance of rHDPE 
mixed with rGFRP. Potential applications for such a composite in-
clude products like patio boards, pipes, and casings [3]. 

Mineral and organic fillers are crucial in modifying polymers to 
obtain required properties such as mechanical strength, thermal 
stability, and price. The most popular are: talc, calcium carbonate, 

carbon black, and organics like wood powder [4] or grape leaves 
fiber [5]. The final material’s properties can be changed utilizing dif-
ferent particle sizes of filler, shape, and mass share [6,7]. Many  
efforts have been made to increase the strength of PE while not 
affecting the non-bioactivity [8,9]. 

Poor adhesion between fibers and thermosetting matrix results 
from low matrix wettability and high surface energy of the fibers. 
This leads to defective composites with poor mechanical properties 
due to insufficient stress transferring from the matrix to the reinforc-
ing. To improve the interphase between fractions, various modifi-
cation methods are used [10]. Commercially used glass fibers are 
mostly modified by sizing. Sizing is a coating modification method 
consisting of dipped-in slurry using coupling agents (silane coupling 
agent), film formers, and other additives. Sized fibers present  
a good adhesion to the polymer matrix and have higher resistance 
to damage, moisture, and environmental damage [11]. Unfortu-
nately, after recycling, sizing can be damaged by milling and other 
recycling operations. Mechanical damage and fibers shortening 
caused by milling, resin residues, and sizing damage cause  
reduced mechanical properties compared to composites with virgin 
fibers. One of the methods to prevent this is the use of compatibil-
izers. These substances act as a binder between materials with dif-
ferent polarities, through polar interaction or covalent bonding [12].  

Chemical compatibilizers can be divided into two main groups 
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proposed by A. Ghosh [13]: low-molecular-weight coupling agents 
and polymeric compatibilizers. The first group includes chemical 
compounds with reactive groups such as anhydride, isocyanate, 
epoxide, peroxide, etc., and they are able to produce covalent 
bonding. One of the most popular is the silane coupling agent.  
Similar to sizing, they increase adhesion between reinforcement 
and matrix. Ch. Tselios et al. [14] used y-methacryloxy propyltri-
methoxy silane for glass fibers compatibilization in low-density pol-
yethylene/polypropylene (LDPE/PP) blend. They found out that 
coupled fibers have better adhesion to LDPE [14]. Polymeric com-
patibilizers are high-molecular-weight coupling agents that can  
improve interfacial adhesion but also act as an impact modifier.  
One is commercially available functionalized polyolefins obtained 
via the free-radical grafting process during melt extrusion. The mul-
titude of their types is significant, depending on the matrix and filler 
used, like polymer-graft-glycidyl methacrylate, polymer-graft-ethyl 
acrylate, or polymer-graft-butyl acrylate [14]. One of the most pop-
ular for polyolefins compatibilization is grafted maleic anhydride on 
polypropylene (PP-g-MA) or polyethylene (PE-g-MA). PP-g-MA 
and PE-g-MA are commonly used for increasing adhesion between 
natural fibers and the hydrophobic polymeric matrix. I. Noranizan 
and I. Ahmad [15] used PE-g-MA in kenaf fiber/HDPE composites. 
They deduced that MA could react with the hydroxyl group of natu-
ral fiber, and PE chains diffuse into the HDPE matrix through inter-
chain entanglements, which increase the dispersion of the fibers 
[15]. Compatibilization of GFRP with maleic anhydride is also  
a common way of obtaining better phase interaction. The anhydrite 
groups of the grafted polyolefins can react with sized (amino groups 
of silane) glass fibers [16], but also with silanol groups of the fibers 
[17]. Many scientists have reported using maleic anhydride for com-
posites with glass fibers and polyolefins [17,10]. R. Watanabe et al. 
obtained an increase in tensile strength from 38.5 MPa to 87.0 MPa 
after introducing PP-g-MA to GF/PP composites, thanks to  
enhancement in the interfacial adhesion between components [17]. 

Filler affects polymer resistance to  radiation. Mineral fillers in-
crease while organic fillers decrease [18]. To improve coupling, and 
strength properties several studies have also investigated other 
coupling agents, including isocyanates [19,20] and silanes [21]. 
Overall, coupling agents have been used to increase the mechani-
cal properties of composites. 

Improving the polymer matrix through crosslinking can  
effectively reduce creep under long-term loading [22]. Various  
techniques for obtaining crosslinked polyethylene have been  
developed, such as peroxide crosslinking, irradiation techniques, 
and silane crosslinking. However, both peroxide and irradiation 
methods involve high investment costs [23]. 

γ-irradiation stimulates the crosslinking process; however, 
when it is done under inert atmosphere, irradiated in air, oxidative 
degradation becomes dominant. Singh [24] summarized the obser-
vation that the effects of irradiation on PE highlight several potential 
processes that seem to have received limited attention in previous 
research, specifically: a) during irradiation in air, superoxide anions, 
hydroperoxyl radicals, and hydrogen peroxide are likely to form in 
the amorphous regions; b) cationic condensation reactions involv-
ing sites of unsaturation may result in crosslinking in both the crys-
talline and amorphous regions; c) the transfer of excitation energy 
to peroxides and hydroperoxides, along with their reactions  
with radiolytically produced electrons, could lead to the formation  
of alkoxy radicals, which, in turn, may form ether linkages (PEOPE) 
and encourage crosslinking; and d) cationic and excited molecule 
reactions are likely the primary pathways for the formation of trans-
vinylene. 

In this study, two approaches to modifying rHDPE/rGFRP  
composites were explored: one involves using additives such as 
compatibilizers and stabilizers to enhance the adhesion between 
the fibers and matrix, while the other utilizes γ-irradiation.  
The influence of both on the mechanical properties (uniaxial tension 
test), structure (SEM and optical microscopy) and thermal proper-
ties (DSC) was investigated. 

2. MATERIALS 

As the starting material the composite of rHDPE containing 40 
wt% of rGFRP was used. rHDPE was bought from POLCHEM Sp. 
z o.o. company. Both components were delivered from the industry 
with rGFRP from post-consumer bus bumpers. The composite pel-
lets were produced by the extrusion method by TMBK Partners Sp. 
z o.o. from Warsaw, Poland and the whole procedure was  
described deeply in [5]. To improve the mechanical properties of 
the composite rHDPE/rGFRP the following commercial additives  
in the form of granulate were used: 

− IrgaCycle PS032G (BASF, Germany) - is a stabilizer solution 
designed to improve the processing and long-term thermal 
stability of recycled polyolefins that have been degraded or 
contaminated due to exposure to aggressive substances such 
as acids or metal ions [25].  

− Licocene® PE MS 431 (Clariant Plastics and Coatings Ltd) - 
stabilized maleic anhydride grafted polyethylene wax [26]. 

− SilmaLink AX2292 (Silma S.L) - acts as a compatibilizer 
or/and crosslinker in many reactive applications to build a net-
work copolymerization between organic CH groups and or-
ganic/inorganic OH groups. It is a vinyl functional silane with 
methoxy groups [27]. 

Tab. 1.  Sample description with commercial additives names and mass 
shares 

Additive 
Sample name 

rHDPE/rGFRP/x%abbrv. 
Additive concentra-

tion (wt%) 

none rHDPE/rGFRP 0 

IrgaCycle PS 
032 G 

0.2P 0.2 

0.5P 0.5 

Licocene® 
PE MS 431 

1MAH 1.0 

2MAH 2.0 

3MAH 3.0 

SilmaLink 
AX2292 

0.3S 0.3 

1S 1.0 

2S 2.0 

Before compatibilization of the material rHDPE/rGFRP with  
additives, rHDPE/rGFRP pellets were dried in a vacuum, at 80 °C 
for 12 h. Then, the pellets were mixed with each additive at various 
concentrations recommended by the producers (Table 1), and then 
extruded with a co-rotational two-screw extruder Haake MiniLab 
(Thermo Fisher Scientific, Massachusetts, USA). Extruding param-
eters were as follows: temperature 190 °C and screws velocity 25 
rpm. The extruded profile was cut and once again extruded to  
improve homogenization between components 

The produced composite pellets were then injection molded 
into the form of dog bones (version 5A [28]) and rounds with a di-
ameter of 25 mm and thickness of 1 mm using a HAAKE Mini Jet 
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Piston Injection Molding System (ThermoFischer Scientific, Massa-
chusetts, USA), Figure 1. The parameters of the injection molding 
were as follows: 220 °C - the temperature of the barrel, 40 °C - the 
mold temperature, 700 bars and 7 seconds injection pressure and 
time, and 600 bars and 5 seconds the post-processing injection 
pressure and time. 

 
Fig. 1. Geometry of injected specimens to mechanical and radiation tests 

3. METHODS 

3.1. Mechanical properties 

The mentioned bone-shaped specimens were used for the uni-
axial tensile test. Tensile strength was determined as the engineers' 
stress. The test was conducted on a Zwick/Roell Kappa 50 DS ma-
chine (ZwickRoell, Ulm, Germany) with a speed of 5 mm/min in 
speed and 20 Hz of sampling under 20 °C and 1010 hPa. The test 
was conducted in accordance with ASTM D638-14 [29]. 

Tensile modulus was determined based on the inclination of 24 
consecutive measurements of the stress-strain test with the begin-
ning at ε = 0.002. Re0.2 was considered as offset yield strength, 
when elongation at maximum strength. The results were averaged 
according to normal distribution. In every series 8 samples were 
tested with additives and 4 specimens of irradiated ones. 
In every series, 8 samples with additives were tested and 4 irradi-
ated specimens. 

3.2. Microstructure 

Microstructure images were captured using the Keyence VHX-
1000 microscope (Keyence, Osaka, Japan). Images were taken on 
cross-sections of bone-shaped specimens [30]. The cut was done 
10 mm from the outer edge of the holder location SEM analysis was 
done with Hitachi Su-70 (Hitachi, Tokyo, Japan), 15 kV. 

3.3. Irradiation test 

Irradiation was carried out at the Institute of Nuclear Chemistry 
and Technology in Warsaw. Bone-shaped specimens of rHDPE 
and rHDPE/rGFRP were irradiated using 60Co Gamma Chanber 
5000 (BRIT, India) source, Figure 2 a. The average dose rate was 
~1.4 kGy/h. Dose was determined by standard Fricke dosimeter 

[31,32] using radiation yield of Fe3+ equal to 1.61 mol J-1, molar 
absorption coefficient of Fe3+ at 303 nm 2174 M-1 cm-1 and mass 
density of dosimetric solution 1.023 g cm-3, The test was conducted 
at 30 °C. During the process, specimens were fixed in a holder that 

was rotating to ensure homogeneous distribution of radiation dose 
in specimen volume. Dose absorbed by the samples were in range: 
0 – 100 kGy. This range was taken into consideration of previous 
results published by Cota [33]. Tensile modulus, strain at tensile 
strength, and tensile strength were determined. 

  
a) b) 

Fig. 2.   a) Gamma Chamber 5000 equipment; b) schematic of radioac-
tive decay of 60Co 

Irradiated specimen names correspond to doses, as listed in 
Table 2. 

Tab. 2. Radiation test samples names. 

3.4. Thermal properties  

Differential scanning calorimetry (DSC) was carried out using 
DSC Q1000 (TA Instruments, New Castle, PA, USA). Samples of 8 
g were placed in the aluminum hermetic pan. Then it was heated 
from -80 °C to 200 °C (1st heating cycle), next cooled from 200 °C 
to -80 °C (cooling cycle), and then heated again to 200 °C  was 
repeated (2nd heating cycle). Processes were conducted at a rate 
of 10 °C/min in a nitrogen atmosphere. Based on the experiment 
following parameters were determined: melting temperature (𝑇𝑚), 

melting enthalpy (Δ𝐻𝑚, 2nd  heating curve), crystallization temper-
ature (𝑇𝑐) and crystallinity degree (𝑋𝑐) using formula (1): 

𝑋𝑐[%] =
Δ𝐻𝑚

Δ𝐻𝑚
0 ∗𝜔𝐻𝐷𝑃𝐸

∗ 100 (1) 

where: 𝛥𝐻𝑚 - melting enthalpy (from 2nd  heating cycle), Δ𝐻𝑚
0 =

288 J/g [34] –, 𝜔𝐻𝐷𝑃𝐸 - weight fraction of HDPE in composites. 

4. RESULTS AND DISSCUSION 

4.1. Mechanical properties 

The sample containing 1 wt% S (AX2292) shows the highest 
tensile modulus, 1.91 GPa, which is 3% higher than the reference 
material (rHDPE/rGFRP) 1.82 GPa. The relative standard deviation 
does not exceed 8.5%, Figure 3 a. There are no significant differ-
ences in parameters when studying additives content, Figure 3 b,c. 

Material/Absorbed 
dose 

0 

kGy 

40 
kGy 

60 
kGy 

80 
kGy 

100 
kGy 

rHDPE/rGFRP 40% A0 A40 A60 A80 A100 

rHDPE B0 B40 B60 B80 B100 
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 b) 

 

c) 
Fig. 3.  Mechanical parameters of rHDPE/rGFRP material with additives described below the chart: a) tensile modulus; b) tensile strength; c) offset yield 

strength

The highest strength is exhibited by material with maleic anhy-
drate additive which equals 40.08±0.14 MPa. 1 wt% of of this addi-
tive translates to a 10% strength increase, respectively 2 wt%  
to 12% and 3 wt% to 14%. Such a relation is not observed consid-
ering silane-based additives. The maximum relative standard devi-
ation was 9.5%. 

Offset yield strength is also highest for samples with maleic an-
hydrate additive, which is 16% higher than the reference sample. 
The maximum relative standard deviation reaches 7.6%. 

S. da Silva and JRM d/Almeida [35] investigated the influence 
of 0, 2, and 3 wt% HDPE-alt-MAH on HDPE/PA12 blends.  
They reported that the addition of 2 wt% of the additive significantly 
improved tensile modulus by over 40%, while the 3 wt% addition 
led to a smaller increase. Similarly, tensile strength increased  
for 2 wt% content of compatibilizer and decreased for 3 wt%. 

4.2.   Microstructure of the material rHDPE/rGFRP with 
additives 

Figure 4 presents the microstructure of the composites.  
The non-modified composite does not exhibit higher porosity than 
the modified.  

The brighter and more colorful particles are fragments of the 
filler.  

In some areas, there are significantly more chaotic,  
non-linear regions, as shown in Figure 4b. 

 
a) 

 
b) 

 
c) 

Fig. 4.  Surface of the materials rHDPE/rGFRP 40%: a) without additives; 
b) 3S; c) 3MAH 



Maciej Jan Spychała, Danuta Miedzińska, Grzegorz Sławiński, Dorota Gajda, Paulina Latko-Durałek, Anna Czajka-Warowna, Tomasz Szreder         DOI 10.2478/ama-2025-0042                                                                                                                                              
Influence of Commercial Additives and y-Irradiation on Structural and Mechanical Properties of RHDPE/RGFRP 

 

354 
  

Figures 5 a-i shows the SEM images of a cross-sections of the 
composites. Pores are formed in the matrix around the resin and 
fiber elements, which can be observed as brighter areas.  
The cross-section surfaces do not exhibit any significant differ-
ences compared to the reference material (rHDPE/rGFRP), Figure 
5 b. However, when studying a close-up view of fibers, Figure 6, 
shows that pores form around the fibers, suggesting that the matrix 
and filler create a homogeneous microstructure. The fibers  
in Figure 6 h-I, the sample with MAH additive, are covered with  
a thin polymer layer that was not picked up during grinding. 

Analyzing failure zones, it can be concluded that  composite 
failure was brittle. Fibers protrude from the matrix in every sample 
and in the vast majority are oriented in line with the stretching axis. 
It can be seen that MAH samples present a much more 

perpendicular character of structure, which is convergent with the 
direction of tensile test force direction. This pattern is also seen in 
the 2S sample, which exhibits almost comparable durability to MAH 
samples.  

Yu S. et al. [36] examined a BF/PLA/PLA-g-MAH composition 
and it’s tensile strength and observed that system does not show 
interfacial void channels among inter-filament threads; thus,  
the microstructure formed a single matrix composite system when 
some other tested polymeric compositions do. Poor wettability can 
be observed, as it was reported in several previous studies  
on thermoplastics filled with rigid bodies [37]. 

 

   

a) b) c) 

   
d) e) f) 

   
g) h) i) 

Fig. 5. SEM images of the composite material with additives: a) rHDPE; b) rHDPE/rGFRP; c) 0.2P; d) 0.5P; e) 1S; f) 2S; g) 1MAH; h) 2MAH; i) 3MAH 
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a) b) c) 

   

d) e) f) 

   
g) h) i) 

Fig. 6.  SEM images of the composite material with additives close-up view on fibre: a) rHDPE; b) rHDPE/rGFRP; c) 0.2P; d) 0.5P; e) 1S; f) 2S; g) 1MAH;  
h) 2MAH; i) 3MAH 

   
a) b) c) 

   
d) e) f) 
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g) h) i) 

Fig. 7. Optical microscope images of the composite material: a) rHDPE/rGFRP; b) 0.2P; c)0.5P; d) 0.3S; e) 1S; f) 2S; g) 1MAH; h) 2MAH; i) 3MAH  

4.3. Mechanical properties of irradiated materials 

Tensile modulus increases with increasing absorbed dose, no 
matter which material (with filler or without) it was, Figure 8a.  
A similar relation can be observed for both materials – the modulus 

is higher for the material with filler, which could be predicted and 
was tested before. Offset yield strength values do not change  
in such a clear way, as shown in Figure 8 b. The highest strain at 
maximum stress (εRm) presents specimens with the lowest  
absorbed dose. Further, the proportional relation can be observed 
between εRm and absorbed dose, Figure 8 c.

  
a) b) 

 

c) 

Fig. 8. Mechanical parameters of irradiated specimens: a) tensile modulus of irradiated materials; b) offset yield strength; c) strain at tensile strength 

When analyzing stress-strain curves, Figure 9, significant  
differences can be observed. γ-irradiation does not influence the 
tensile modulus (similar results in this dose range are presented  
by Cota [33]). However, it changes the character of σ(ϵ) relation 

and tensile strength. For A material (rHDPE/rGFRP – black curve 
on Figure 9, it can be seen that the offset yield strength is lower.  
A Linear decreasing character of strain at tensile strength can be 
observed, in Figure 9, when the strain at break parameter rises with 
higher irradiation dose. Further, there is a plateau fragment for 
ε=0.02-0,08 (A40). For a raw material, rHDPE, the relation changes 

even more. The slope of the function descends softly. Considering 
all B series, single curves behave differently. Rm_rHDPE=36.5±0.3 
MPa, when the average maximum strength for irradiated samples 
equals Rm_B40-B100=33.5±2 MPa. The decrease is not significant. 
Absorbed doses 40-100 kGy do not impact tensile strength.  
However, εRm transfers to lower values, when elongation at break 
is increasing for B40 and under the influence of increasing γ-irradi-
ation dose, decreasing from 0.6 to 0.35.  Partially the same results 
were reported by M. Zayat et al. [38] who studied HDPE/modified 
sugarcane bagasse. The tensile modulus increased by over 25% 
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for neat HDPE, and tensile strength improved at 100 kGy by circa 
15%. However, there is a discrepancy when analyzing elongation 
at break (for doses 0-100 kGy), as it increased in this study,  
but decreased in the mentioned paper (by 15%).  

Shershneva et. all. [39] were investigating the influence  
of γ-irradiation on LDPE/GF and concluded that at irradiation doses 
up to 60 kGy, the process of gel formation proceeded with a greater 
speed than destruction. They also tested the simultaneous effects 
of nitrile butadiene filler rubber and radiation on strength, conse-
quently reaching similar conclusions that the material with filler has 
higher stiffness [39]. The presence of filler changes the rHDPE  

degradation mechanism, which was observed by Valandez Gonza-
lez [40] when studying UV irradiation influence on HDPE and 
HDPE/CaCO3. In our study, irradiation of the material decreases 
tensile strength but increases yield strength. In the mentioned stud-
ies, UV irradiation increased gel content and crystallization.  
Normally, the oxidation starts from the outer layers since the pro-
cess takes place in the air atmosphere. There is a directed structure 
of the matrix that is coaxial with the direction of tensile test axial 
force. The cross-linking process occurred in the whole sample, 
hence the entire sample stretched much more evenly. 
 

 

Fig. 9. Engineering stress-strain relationship for non-irradiated (rHDPE/rGFRP and rHDPE) and irradiated samples (A40-A100 and B40-B100). 

The microstructure images of the failure location show that  
external layers of specimens are stiffened when the core is more 
flexible, Figure 10, which is a consequence of receiving higher dose 
of radiation. Material failure starts near the resin and fibre fragments 
where pores are created, Figure 10 b-c. However, the comparing 
results to samples modified with additives, the fracture zone is more 
homogenous.  

Failure sections of the rHDPE/rGFRP irrigated composite.  
The inner layers are more ductile as shown in Figure 11 b-d. Frac-
ture of the A series samples is much more brittle than B series.  
A significant difference can be observed when comparing B80 and 
B100 samples. The surface of the B80 sample does not detach as 
it does for the B100 sample.

  
a) b) 
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c) 

Fig. 10. The surface of irradiated specimens after the tensile test: a) macro view on the degraded surface; b) close-up view on fibres; c) close-up view on 
resin fragment on the surface of the rHDPE/rGFRP sample after the tensile test 

     

a) b) c) d) e) 

    
(f) g) h) i) 

Fig. 11. Failure locations of specimens after the tensile test: a) rHDPE; b) B40; c) B60; d) B80; e) B100; f) A40; g) A60; h) A80; i) A100

4.4. Thermal properties 

The results of the DSC analysis of the composites modified with 
commercial additives before the irradiation test are shown in Figure 
12 and collected in Table 3. The 2nd heating curves (Figure 12a) for 
all materials have single melting peak corresponds to melting of the 
crystal phase. It occured at 136 °C for the reference composite 
rHDPE/rGFRP, and it does not change after modification with addi-
tives. Similarly, the crystallization curves presented in Figure 12b 
have the same shape with narrow peak occur between 113-115°C 
for all composites. In the case of crystallinity content, a slight  
increase is observed for composites containing silica-based com-
patibilizer; however the highest increase is reached for composites 
modified by 3 wt% of MAH, from 61.1%  up to 68.3%. It suggests 

that  MAH increase the nucleation capacity of rHDPE or enhance 
the crystallization rate.   

Similar conclusions were reached by A. Hassan et al. [41], who 
used PP-g-MA for compatibilization of the glass fibres with polypro-
pylene. These results are consistent with the mechanical proper-
ties, which are the highest for the composite modified with 3 wt% 
MAH. More crystal phase in the material results in better mechani-
cal performance. The shift of 𝑇𝑐 towards higher temperatures usu-
ally indicates faster crystallization associated with increased mobil-
ity of the polymer matrix chains [42]. Such an increase would be 
expected for the 3MAH sample. However, the observed rise is in-
significant (only 1 °C higher compared to the reference sample). 
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a) 

 
b) 

Fig.12.  a) 2nd heating curves and b) cooling curve for analyzing compo-
sites before irradiation test 

The result of the DSC analysis of irradiated composite samples 
is is presented in Figure 13 and in Table  4. There are no effect  
or changes about maximum up to 4 °C on the melting and crystal-
lization temperature of the irradiation doses used. However, some 
changes are observed in  the crystallinity content due to the applied 
irradiation. After exposure to 60 kGy dose the crystallinity content 
decreases from 61.1% to 56.7%.  Similarly, H. Ahmad et al., inves-
tigated HDPE cross-linking with dicumyl peroxide (2.5 wt%),  
thus reducing the crystallinity content by almost half. They  
explained this phenomenon by creating a three-dimensional  
crystalline lattice and lower mobility of chains, which was previously 
mentioned, making it more difficult for crystallization and increasing 
the time required to form crystallites and the crystal network [43]. 

Tab. 3.  DSC parameters determined for the rHDPE/rGFRP modified with 
various additives 

Sample name 𝑻𝒎, °𝑪 𝑻𝒄, °𝑪 𝑿𝒄, % 

rHDPE/rGFRP 136 114 61.1 

0.2P 135 114 61.0 

0.5P 137 113 62.2 

1MAH 136 114 63.3 

2MAH 137 113 62.4 

3MAH 135 115 68.3 

0.3S 136 114 63.9 

1S 136 114 64.0 

2S 136 114 61.4 

 
a) 

 
b) 

Fig. 13. a) 2nd heating curves and b) cooling curve for analyzing  
composites after irradiation test 

Tab. 4. DSC parameters of irradiated samples 

Sample name 𝑻𝒎, °𝑪 𝑻𝒄, °𝑪 𝑿𝒄, % 

rHDPE/rGFRP 136 114 61.1 

A40 134 114 61.2 

A60 133 114 56.7 

A80 132 114 57.7 

A100 135 112 58.2 

B0 132 118 64.1 

B40 138 111 55.8 

B60 133 114 55.5 

B80 135 112 53.7 

B100 131 114 53.9 

5. CONCLUSIONS 

Investigation of modifying tensile strength of rHDPE containing 
40 wt%rGFRP indicated that it can be improved by mixing material 
with commercially available compatibilizers (Licocene® PE MS 431 
and SilmaLink AX2292), and by γ-irradiation by selecting appropri-
ate dose. The paper also includes results of DSC, SEM, and optical 
microscopy studies.  

Summarizing: 

− Maleic anhydride additive (3MAH) increases the tensile 
strength of rHDPR/rGFRP by 14% and offset yield strength by 
16%. Silan-based additive (2S) also increases the material’s 
tensile strength (by 12%). 
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− Tested additives do not significantly impact on elastic modulus 
of the composite, max. enhancement for sample 2S equals 
3%. 

− Mechanical characteristics of rHDPE and filled rHDPE with 
rGFRP can be modified with γ-irradiation and stimulate inter-
nal polymerization of the material. The elastic modulus is in-
creasing slightly. Irradiated rHDPE characterizes a higher off-
set yield than irradiated GFPR (as predicted by Wondrich 
[24]). On the other hand, the tensile strength is lower for irradi-
ated rHDPE. This parameter increases only for the 100 kGy 
dose sample. Moreover, there is a constitutive relationship be-
tween irradiation dose and elongation at maximum strength, 
which decreases with higher doses. 
During the tensile test, when the sample is subjected to tension, 

pores are formed at the matrix-filling boundary. Similar results were 
reported by Wang et al. that γ-irradiation can improve PE and PP 
blend strength and compounding properties [44]. 

− γ-irradiation can modify the mechanical characteristics and 
structure of rHDPE/rGFRP material. The modification level  
depends on the polymer composition and absorbed dose. A 
similar modification of structure was observed for the 3MAH 
sample and irradiated-smooth, shining with parallel patterns. 
Both also exhibit higher elastic modulus and offset yield 
strength than the reference samples. This can be a conse-
quence of longer polymeric chains. Both approaches of modi-
fying polymeric composition stimulate cross-linking when not 
significantly affecting melting temperature, crystallite tempera-
ture nor crystallite degree. 

− DSC analysis exhibits that the chosen additives and their 
shares do not significantly influence the crystallization temper-
ature, melting temperature, and crystallite degree. Only MAH 
3 wt% additive increases for the crystallinity content of about  
11.7% what means that it improves nucleation capacity or in-
creases the crystallization rate.  
As demonstrated El-Zyat et. al. [41], further investigation into 

the impact of gamma irradiation on the additive-enhanced material 
would be of value. Authors studied bio-composite rHDPE with sug-
arcan bagasse chemicaly modified with acetic anhydrate. In results 
gamma irradiation (50-250 kGy absorbed dose range) improves 
water resistance and shows higher thermal stability of composite 
modified by mentioned additive.  

This paper is a further step towards a better understandingthe 
behavior of recycled polyethylene blends with compatibilizers.  
It presents the possibility of modifying rHDPE/rGFRP composite 
blend with γ-irradiation.  
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Abstract: Nonlinear and periodically switched receivers can cause distortions in current and voltage waveforms within power systems. The 
growing use of renewable energy sources introduces electrical energy into the system through power converters, which often produce volt-
ages that approximate a sinusoidal waveform rather than being perfectly sinusoidal. This trend poses increasing challenges in designing 
new systems and managing existing ones. A proper description and interpretation of the physical phenomena associated with non-sinusoidal 
waveforms have become increasingly important. This paper presents simulation models of power circuits using non-sinusoidal signals and 
discusses the energy transfer that occurs within them. It also outlines current computational methods based on circuit theories as they apply 
to these systems. The results from the calculations and simulations in various configurations are compared with data obtained from real 
objects. The findings highlight fundamental inaccuracies in the methods used and potential errors arising from computer simulations. 

Key words: energy transfer, non-sinusoidal waveforms, distortion, simulation, reactive power, power factor 

1. INTRODUCTION 

To describe the transmission of electrical energy in circuits, var-
ious physical quantities known as powers are utilized, particularly 
in systems designed for specific purposes. In the context of single-
phase circuits with sinusoidal current and voltage waveforms, three 
key types of power are defined: active power P, reactive power Q, 
and apparent power S. Understanding these individual powers is 
crucial for both design and operational purposes. Active power, 
consumed by businesses, public institutions, or individual house-
holds, forms the basis for financial settlements between energy 
suppliers and consumers. Apparent power is equally important, as 
it is needed for the proper design of electricity-generating devices 
and transmission equipment, including transformers, transmission 
lines, and circuit breakers.  Reactive power emerges in the system 
alongside active power when the load is not purely resistive, lead-
ing to a phase shift between the current flowing through the circuit 
and the supply voltage. The concepts of active, reactive, and ap-
parent power in single-phase circuits with sinusoidal voltage u(t) 
and current i(t) waveforms were thoroughly described in the 19th 
century. 

Active power [1]: 𝑃 = 1் ∫ 0்(ݐ)݅(ݐ)ݑ ݐ݀ =  (1)  ߮ݏ݋ܿܫܷ

Reactive power [1]: 

Q= 1் ∫ ݅(ݐ)ݑ ݐ) − 4்)0் ݐ݀ =  (2)  ߮݊݅ݏܫܷ

Apparent power [1]: 

ܵ = √1் ∫ 0்(ݐ)2ݑ 1்√ݐ݀ ∫ 0்(ݐ)2݅ ݐ݀ =  (3)  ܫܷ

where: ܷ – voltage effective value, ܫ – current effective value, ߮ – phase shift angle of current relative to voltage. 
The relation that connects all types of power is called the power 

equation and for sinusoidal waveforms takes the form [1]:  ܵ2 = 𝑃2 + ܳ2   (4) 

Power devices designed for the transmission of electrical en-
ergy are developed with the maximum apparent power in consider-
ation. The energy supplied to and consumed by the end user is 
characterized by active power. In situations where there is a phase 
shift, the active power is less than the apparent power. Conse-
quently, the transmission capacity of devices optimized for appar-
ent power is not fully utilized. This results in higher effective supply 
current values, which consequently lead to increased transmission 
losses. The parameter that indicates the efficiency with which the 
energy source's transmission capacity is utilized by the receiver is 
referred to as the Power Factor [1]: 𝑃ܨ = ௉ௌ = ௉√௉2+ொ2   (5) 

This factor equals 1 when there is no reactive power present, 
meaning the receiver does not induce a phase shift between cur-
rent and voltage. For purely sinusoidal waveforms, the Power Fac-
tor (PF) is represented by ܿ߮ݏ݋. 

In 1892, Charles Proteus Steinmetz conducted an experiment 
with an electric arc [2]. In the arrangement shown in Figure 1. 

Steinmetz noticed that in a circuit with an arc lamp, despite the 
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lack of phase shift, i.e. in the absence of reactive power defined 
classically according to equation (2), the apparent power is greater 
than the active power [2]: ܵ > 𝑃   (6) 

 
Fig. 1. Arc lamp circuit [16] 

This means that according to equation (5), the power factor of 
the arc lamp is less than 1. The difference between equations (5) 
and (6) is due to the presence of a non-sinusoidal current in the 
circuit with the arc.  

Currently, nonlinear and periodically switched receivers cause 
current and voltage waveform distortions in power systems. The 
increasingly widespread use of renewable energy sources intro-
duces electricity into the system generated using power converters 
that provide voltages that have only an approximate sinusoidal 
waveform. Designing new systems and operating current ones is 
an increasing challenge. Proper description and interpretation of 
physical phenomena in non-sinusoidal waveforms is becoming in-
creasingly important. 

Steinmetz's observation initiated a discussion on the energy 
properties of circuits with non-sinusoidal waveforms. The debate, 
doubts and research continue to this day. The problem is to provide 
an unambiguous and universal description of the energy transfer 
phenomenon and to define individual powers. The description of 
these properties and the set of interpretations of energy phenom-
ena is called power theory. 

2. REACTIVE POWER THEORIES 

As a result of work over a hundred years, many power theories 
have been developed. Many of them are considered imperfect. In 
the literature, we can find many works questioning the validity of 
individual theories. 

The most widespread theory describing energy phenomena oc-
curring in circuits with non-sinusoidal waveforms is the theory pre-
sented by a professor at the Polytechnic University of Bucharest, 
C.I. Budeanu [3]. Since the reactive power Q in circuits with sinus-
oidal current and voltage waveforms is calculated from formula (2) 
and this power is the amplitude of the oscillating component of the 
instantaneous power p(t), i.e. the speed of energy flow between the 
power source and the receiver: (ݐ)݌ ≝ ௗௐ(௧)ௗ௧ =  (7)   (ݐ)݅(ݐ)ݑ

According to the assumptions of Budeanu's theory, active and 
reactive powers for non-sinusoidal waveforms are the sum of the 
powers of individual harmonics. So, for active power the definition 
is as follows: 𝑃 = ∑ ௡ܷܫ௡ܿ߮ݏ݋௡௡ = ∑ 𝑃௡௡    (8) 

For reactive power: ܳ஻ = ∑ ௡ܷܫ௡߮݊݅ݏ௡ = ∑ ܳ஻௡௡௡    (9) 

The B index at reactive power QB means reactive power ac-
cording to Budeanu's theory. The sum of the squares of the active 
power and reactive power is less than the square of the apparent 
power, therefore the power equation has been supplemented with 
the distortion power: ܦ ≝ √ܵ2 − (𝑃2 + ܳ஻2 )    (10) 

The concept of distortion power is relevant only when dealing 
with non-sinusoidal currents and is often used to interpret physical 
phenomena in these types of circuits. Despite the widespread ac-
ceptance of Budeanu's theory, there are several doubts regarding 
its overall accuracy and applicability. Many authors have analyti-
cally demonstrated that Budeanu’s interpretation of distortion  
power lacks a solid physical basis. In some instances, there is no 
correlation between the distortion power (D) and the actual distor-
tion of the waveform. Furthermore, the issue of power compensa-
tion remains unresolved within the framework of this theory. 

The second most widespread power theory is presented by 
Professor Fryze. He was sceptical of Budeanu's theory and the 
analysis that involves decomposing signals through Fourier series. 
Professor Fryze argued that it is possible to describe phenomena 
in non-sinusoidal circuits without breaking down the signal into in-
dividual harmonics. The foundation of his theory is the assertion 
that the receiver with the best energy properties, when viewed from 
the power supply side, is one that has no susceptance. This type of 
receiver can be represented using conductance ܩ௘ [4]. ܩ௘ = ௉‖௨‖2    (11) 

where ‖ݑ‖ is the effective value of the voltage, which in the 
case of harmonic excitation is equal to the square root of the sum 
of the squares of the effective values of the individual harmonics, 
that is: ‖ݑ‖ = √∑ ௡‖2௡ݑ‖     (12) 

The current flowing between the source and the receiver with 
the conductance ܩ௘ has the same course as the supply voltage. It 
is called the active current and has the value: ݅௔(ݐ) = ௘ܩ ∙  (13)    (ݐ)ݑ

This current flows in the circuit if the receiver consumes active 
power P. Since the effective value of this current depends on the 
active power drawn by the receiver, therefore: ‖݅௔‖ = ௘ܩ‖ݑ‖ = ௉‖௨‖   (14) 

The remaining part of the current flowing through the receiver 
is harmful because it increases the effective value of the supply 
current and does not give any useful effects in return. This current 
is called reactive current: ݅௥ி(ݐ) = (ݐ)݅ − ݅௔(ݐ)   (15) 

The index F in the equations means quantities according to the 
Fryze theory. The receiver current has only two components: active 
and reactive: ݅(ݐ) = ݅௔(ݐ) + ݅௥ி(ݐ)     (16) 

The author of the theory showed that the reactive current is or-
thogonal to the active current. Therefore, the effective values of the 
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current components satisfy the relation: ‖݅‖2 = ‖݅௔‖2 + ‖݅௥ி‖2     (17) 

By multiplying both sides of the equation by the square of the 
effective voltage value we obtain the Fryze power equation: ܵ2 = 𝑃2 + ܳ௙2     (18) 

And the reactive power itself is defined as: ܳி = ‖ݑ‖ ∗ ‖݅௥ி‖     (19) 

The author of the method successfully determined the system's 
energy parameters without relying on Fourier series. 

In 1972, W. Shepard and P. Zakikhani [5] published another 
theory, which proposed that current as a function of time can be 
divided into two components: the resistive current ݅ோ(ݐ) and the 
reactive current ݅௥(ݐ). These components are treated as harmonic 
spectra and are orthogonal to each other. ݅ோ(ݐ) = √2 ∑ ௡cos (݊߱1߮ݏ݋௡ܿܫ − ௡)∞௡=1ߙ      (20) ݅௥(ݐ) = √2 ∑ ௡sin (݊߱1߮݊݅ݏ௡ܫ − ௡)∞௡=1ߚ      (21) 

where: ߮௡  – phase shift between current and voltage harmonics, ߙ௡ – initial phase of n-harmonic current, ߚ௡  – initial phase of n-harmonic voltage, 
As a consequence, the dependence of the expressed power 

was obtained by the formula: ܵ2 = ܵோ2 + ܳ2     (22) 

The equation mentioned above does not account for active 
power, which is a primary reason for the criticism of this theory. 
Nevertheless, it offers a practical advantage by enabling the deter-
mination of the optimal compensation capacity for inductive load 
currents. In subsequent years, the equation was enhanced with the 
concept of complementary reactive power, as described by the re-
lationship in reference [6]: 

௖ܵ = √ܵோ2 − 𝑃2     (23) 

Therefore ܵ2 = 𝑃2 + ܳ2 + ௖ܵ2     (24) 

Many theories of electric power have been published to date, 
including Buchholz [7], Curtis [8], Depenbrock [9], Kusters and 
Moore [10], A. Nabae, H. Akagi, Y. Kanazaway [11] and Czarnecki 
[12]. Despite so many theories and such a long time that has 
passed in research, we still do not have an answer to the question 
of what reactive power is and what it is responsible for. Therefore, 
after almost 100 years, Budeanu’s and Fryze's definitions of power 
and Illovici's concept of currents and voltages [13] have reappeared 
in the circle of interest. The works of many researchers show the 
imperfections of individual theories and go towards finding a uni-
versal description of phenomena occurring in systems with non-si-
nusoidal waveforms [14,15,16]. 

This article explores the potential of using simulation tech-
niques to analyse circuits with non-sinusoidal voltage and current 
waveforms. To validate the proposed solutions, both arithmetic cal-
culations and simulation results will be compared against tests con-
ducted on real components. Additionally, the article will examine 
the application of Budeanu's theory to a circuit where the current 
waveform does not exist throughout the entire period T. 

 

2.1. Analytical interpretation 

As mentioned in the introduction, many theories are supposed 
to clearly describe the transfer of energy in both sinusoidal and non-
sinusoidal waveforms. Scientists worldwide are trying to confirm or 
disprove the validity of individual theories. In this article, the authors 
will try to check the usefulness of simulation methods for verifying 
specific examples that are supposed to confirm or disprove individ-
ual theories. 

The first example under study is the circuit cited by Professor 
Czarnecki in his article [17]. In this article, the author analytically 
solves a circuit consisting of a sinusoidal power source with zero 
impedance, a triac, and a purely resistive load. The circuit is shown 
in Figure 1. 

 

 
Fig. 1. Purely resistive circuit with TRIAC [17] 

Based on the mathematical proof presented, which relies on 
Budeanu's power theory, it can be concluded that in a purely resis-
tive system, reactive power is observed. However, this situation 
does not reflect reality, as a purely resistive load cannot store en-
ergy. Consequently, there can be no oscillation of energy between 
the source and the load, meaning that reactive power cannot occur. 
The current waveform in the circuit, assuming a sinusoidal supply 
voltage waveform, is illustrated in Figure 2. 

 

 
Fig. 2. Current waveform in the circuit with TRIAC [17] 

From the current waveform graph it is clear that the instantane-
ous power of the receiver calculated from formula (25): (ݐ)݌ =  (25)  (ݐ)݅(ݐ)ݑ

where: (ݐ)ݑ – instantaneous voltage value, ݅(ݐ) – instantaneous current value, 
always takes a positive value, so there is no energy oscillation in 
the system. 

Continuing the calculations according to Budeanu's theory, the 
author calculated the first harmonic of the current signal in the case 
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of a typical mains voltage supply ݑ = -Assum .[ܸ] ݐ߱݊݅ݏ2√220
ing the triac firing angle at ߙ = 135°, the fundamental harmonic 
of the current has the value: ݅1(ݐ) = ݐ߱)݊݅ݏ1ܫ2√ − (ݐ)1݅ (26)   (1߮ = ݐ߱)݊݅ݏ2√40.32 −  (27)    [ܣ] (60.28°

there ܳ = 1߮݊݅ݏ1ܫܷ =  (28)    [ݎܸܽ݇] 7.7

The result obtained from arithmetic calculations should be in-
terpreted in such a way that energy oscillations between the source 
and the receiver are not necessary for the occurrence of reactive 
power. Such a result does not agree with the physical interpretation 
of reactive power. 

The first problem we encounter in this situation is the incon-
sistency of the physical interpretation of reactive power with the an-
alytical results obtained. 

The second problem is the correct application of Budeanu's 
power theory. Indeed, the first harmonic of the current in this circuit 
will be shifted relative to the supply voltage, but it should be men-
tioned here that the total reactive power and active power should 
be calculated as the sum of the powers of the individual harmonics: 𝑃 = ܳ (29)    1߮ݏ݋1ܿܫ1ܷ = 1߮݊݅ݏ1ܫ1ܷ     (30) 

If we assume for power calculations in the circuit that the cur-
rent waveform is distributed into individual harmonics, and leave 
the supply voltage in the shape of a pure sinusoid, the results ob-
tained in the article [16] will be confirmed and we will be able to 
show the imperfection of the theory. However, if we recall that en-
ergy transfer occurs only when energy is drawn by the receiver, i.e. 
only in those time periods in which the current flows, then only these 
time periods should be taken into account for the calculations of the 
supply voltage. In the case under consideration, it would also be 
necessary to analyse the load voltage into individual harmonics us-
ing the Fourier series. With such an application of the power theory, 
it turns out that there is no phase shift angle between the first har-
monic of the current and the first harmonic of the voltage - ܿ1߮ݏ݋ = 1. In such an interpretation of the power theory, we will 
not deal with the occurrence of reactive power. 

As you can see, algebraic calculations carry many problems 
and ambiguities regarding the interpretation of individual issues. 
Hence the authors' proposal to try to use simulation tools to verify 
the calculations and confirm the results in relation to real physical 
phenomena occurring in circuits. 

2.2. Simulation studies 

Simulation studies were conducted in the MATLAB–Simulink 
environment. The circuit depicted in Figure 1 was assembled, with 
all component parameters selected according to the analytical cal-
culations. Measurements were taken using a voltmeter and an am-
meter, while power measurements were based on the principles of 
Budeanu's theory. The circuit diagram is presented in Figure 3. 

The system was built using blocks from the specialized power 
systems library. The library allows you to build basic electrical cir-
cuits and perform calculations using three selectable methods: 

− Continuous, which uses a variable-step solver from Simulink®; 

− Discretization of the electrical system for a solution at fixed time 

steps; 

− Continuous or discrete phasor solution. 
The powergui block also opens tools for steady-state and sim-

ulation results analysis and for advanced parameter design. 
 

 
 

Fig. 3. Circuit diagram in MATLAB-Simulink application 

As can be seen in the diagram, in addition to the standard 
blocks from the "specialized power systems" library, it contains the 
"Active power meter" and "Reactive power meter" blocks. These 
are elements created for the needs of the simulations carried out. 
Their task is to calculate active and reactive power by the assump-
tions of the Budean theory. The functional diagram of these blocks 
is shown in Figure 4. Block -C- is a constant with the value of √2 

Fig. 4. MATLAB-Simulink active power meter diagram 

The tests were carried out in two variants. In the first, the watt-
meter, consisting of a voltmeter and an ammeter, was connected in 
such a way as to measure the source voltage and the current flow-
ing in the circuit (Figure 5a). In the second variant, the voltmeter 
was connected to the system in such a way as to measure the volt-
age directly at the receiver (Figure 5b). The use of both variants is 
intended to verify whether the theoretical description is universal 
enough so that regardless of the connection, the power consumed 
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by the only receiver in the system is the same. 
 

  
 Fig. 5. Connection diagrams a) supply voltage measurement b) voltage 

measurement at the receiver 

The tests were carried out for 3 different triac ignition angles:  

ߙ − = 0° - fully sinusoidal waveform, 

ߙ − = 90° - a waveform in which half of the time passed without 
energy transfer 

ߙ − = 135° - waveform with parameters from the article [16] 
The simulations at different ignition angles were conducted to 

verify the correctness of the simulation operation under different 
conditions. At the same time, it was possible to confirm the results 
obtained for well-known conditions such as a pure sinusoidal wave-
form. The results of the simulations are presented in Table 1. 

Tab. 1. Simulation results table 
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 ⸰ kW kVar kVA  V A 

a 0 48.4  0  48.4 1 220 220 

b 0 48.4 0  48.4 1 220 220 

a 90 24.2 15.4 34.2 0.71 220 155.6 

b 90 23.8 0 24.2 1 155.6 155.6 

a 135 4.4 7.7 14.6 0.3 220 66.3 

b 135 4.23 0 4.4 1 66.3 66.3 

 
The results presented in the table highlight several key obser-

vations: The method of connecting the voltmeter impacts the calcu-
lation of power consumed by the receiver, even when only a single 
purely resistive receiver is present in the system. Since a purely 
resistive receiver cannot generate reactive power in the circuit, the 
simulation results may be inaccurate in certain cases. This issue 
arises from a misunderstanding of how to calculate apparent power 
and reactive power, particularly when relying on the first harmonic 
of the current, as outlined in equation (28). When the wattmeter is 
connected as shown in Figure 5(a)—the conventional method used 
for energy meters in both residential and industrial settings—the 
first harmonic of the current will indeed be phase-shifted relative to 
the first harmonic of the total supply voltage. The variations in volt-
ages and currents for this setup are illustrated in Figure 6. 

This text presents a simplified application of Budeanu's circuit 
theory, focusing on the total supply voltage waveform for calcula-
tions. It is important to remember that energy transfer takes place 
only during the moments when both voltage and electric current are 
present. Therefore, if current flow does not occur throughout the 
entire duration of the supply voltage signal, we should not use the 
full supply voltage signal for calculations. Instead, we should only 
consider the time intervals in which actual energy transfer occurs. 

For example, this situation occurs when we connect a voltmeter di-
rectly to the load. In this case, we will observe both the voltage and 
current waveforms during energy transfer (see Figure 7).  

 

 

Fig. 6. Voltage and current waveform for the TRIAC firing angle of 90°  
 incircuit a) 

 
 

Fig. 7.  Voltage and current waveform for the TRIAC firing angle of 90° in 
circuit b) 

As can be seen in the graph, the voltage waveform on the re-
ceiver is different from the supply voltage. In this case, if we apply 
formulas (29) and (30) to the calculations, we will obtain a result 
that is confirmed by physical phenomena. In a circuit with a purely 
resistive receiver, there is no reactive power, regardless of the triac 
ignition angle. In such a circuit, there is also no phase shift between 
individual voltage and current harmonics. 

Repeating the calculations from the article in a simulation man-
ner confirmed the results obtained algebraically, provided that the 
full supply voltage signal is accepted for calculations. In the case of 
using the voltage waveform resulting from the load current wave-
form, the simulation results agree with the physical interpretation of 
energy transfer with a resistive load. 

In Table 1, slight differences can be observed between active 
and apparent power in system b when measuring signals that are 
not full sinusoids. At a Triac firing angle of 90°, the apparent power 
is 24.2 kVA, while the active power is 23.8 kW, with no reactive 
power measured. Similarly, at a firing angle of 135°, the apparent 
power is 4.4 kVA and the active power is 4.23 kW, again with no 
reactive power.  These differences do not stem from any physical 
phenomena; rather, they are not errors resulting from the calcula-
tion method used. Instead, these discrepancies arise from the lim-
ited number of harmonics included in the simulation calculations. In 
this case, the authors restricted the number of harmonics to 30 to 
reduce computation time. These errors can be minimized by 

a

. 

b

. 
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increasing the number of harmonics, and they do not indicate that 
the method is incorrect but rather highlight its limitations. 

As can be seen from the simulation results presented above, it 
is possible to perform calculations using the specialized power sys-
tems library and obtain results consistent with theoretical assump-
tions. Another problem is the selection of the appropriate mathe-
matical apparatus and the proper interpretation of its assumptions.  

2.3. Research on a real object 

In order to confirm the correctness of the results obtained by 
simulation, the real circuit was tested based on the circuit from Fig-
ure 1. Due to the high current values used for algebraic calculations 
and simulation studies, of the order of over 200A, the system for 
testing the real object was built with a load of higher resistance in 
order to limit the current in the circuit. The scale used does not af-
fect the possibility of confirming the results obtained analytically in 
practice. The experiment parameters were selected as follows: 

− Supply Voltage 103V RMS, 

− Triac firing angles 0°, 90°, 135°, 
− Load Resistance 235Ω, 

As part of the tested circuit, Gwinstek GPM-8213 wattmeter 
were connected, enabling the simultaneous measurement of volt-
age, current, active power, reactive power, apparent power, total 
harmonic distortion (THD), and power factor (PF). The results from 
the tests conducted on the real object are presented in Table 2. 

Tab. 2. Real object results table 
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 ⸰ W Var VA  V mA 

a 0 43.1 0  43.1 1 103 420 

b 0 43.1 0  43.1 1 103 420 

a 90 20.9 21.1 29.7 0.71 102.8 288.9 

b 90 19.4 0 19.4 1 67.6 286.3 

a 135 4.2 12.9 13.5 0.31 102.8 131.6 

b 135 4 0 4 1 30.7 129.9 

 

Fig. 8.   Real object test results: a) power and power factor measure-
ment, b) signal waveform on a resistive load 

By comparing the results obtained from the simulation in  
Table 1 with those from the real object in Table 2, we can conclude 
that the simulation studies accurately reflect the nature of physical 
phenomena. The measurements taken demonstrate that current 
measuring devices, which operate based on established theories, 
can sometimes indicate values that do not correspond to real-world 
situations. For instance, in the case of a discontinuous signal 
throughout the period of changes, a wattmeter may suggest the 
presence of reactive power in a circuit that is purely resistive (see 
Figure 8).  

3. CONCLUSION 

The research presented in this article makes several funda-
mental observations.  

Theories of power, which have been studied and developed for 
over a century, are not completely unambiguous. Researchers 
worldwide are attempting to mathematically describe the phenom-
ena occurring in electrical circuits. While this has been successfully 
achieved for direct current (DC) and alternating current (AC) with 
purely sinusoidal waveforms, there are several challenges when 
dealing with non-sinusoidal waveforms. Applying theoretical princi-
ples without considering the specific characteristics of a given cir-
cuit and separating calculations from physical interpretations can 
lead to erroneous conclusions, such as the appearance of reactive 
power in a circuit with a resistive load.  

Simulation studies facilitate a significant simplification and ac-
celeration of circuit analysis compared to analytical methods. How-
ever, it is crucial to ensure that, similar to theoretical considerations, 
the research reflects the real physical phenomena occurring in the 
circuit being studied.  

In both methods of solving circuits, a key condition is that en-
ergy transfer occurs only during the flow of electric current. There-
fore, with discontinuous signals, the effective value of the supply 
voltage cannot simply be used; instead, the actual effective value 
of the voltage must be calculated based on instantaneous values. 
In this context, the RMS value of the supply voltage does not equal 
the effective value of the voltage at the load. 

Currently manufactured digital measuring instruments calculate 
the apparent power as the product of the RMS supply voltage and 
the RMS current flowing through the circuit. This can lead to incor-
rect calculations of reactive power and power factor (PF) values, 
especially when the signals are not purely sinusoidal.  

In the next phase of research, the authors aim to develop an 
analytical approach to describe the phenomena occurring in elec-
trical circuits while addressing the identified imperfections.  
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Abstract: Intentions for replacing small SI-engines in motor-equipment for professional gardening and forestry by battery-electric solutions 
are limited by requested disposability and tolerable power-to-weight ratio. Due to this fact experimental investigations for using methanol/ 
gasoline fuel-blends and pure methanol in a small air-cooled industrial SI-engine (4 kW @ 3600 rpm) were carried out. At a first step (only) 
for these experiments, the serial mechanical carburetor was additionally equipped with a self-developed electronic lambda-control, to enable 
tests for different fuel-blends (Super E5, M30, M60, M100) with constant boundary conditions during engine operation without exchange  
of carburetor jets. This concept of control will be presented. Special needs for these SI-engines (exhaust-gas temperature, non-electric start) 
require a permanent sub-stoichiometric operation. For serial applications free of electronic components, the size of jets would have to be 
adapted as well as the use of standardized fuel-mixtures will be necessary. In addition to reference tests on different days in operation with 
gasoline ´Super E5´ to check repeatability, operating values and emissions will be presented for operation with the fuel-blends described. 
Pressure indications allow statements for changes in heat release and - additionally to acoustical perception - evaluations of combustion 
stability. Following inspection of engine components showed consequences of sub-stoichiometric combustion of methanol-fuel-blends  
and resulting recommendation. Lube-oil analysis, afterwards carried out by ATR spectroscopy shows possible contamination inside  
crankcase. Optical inspections and material measurements at normally used serial components of fuel system (float, housing, sealings, 
hoses) showed possible incompatibilities with this alcoholic fuel-blends as well as necessary alternative materials. 

Key words: SI-engine, gasoline Super E5, e-fuel, fuel blend, methanol, electronic carburetor, chemical resistance 

1. PROJECT MOTIVATION 

The currently favorized electrification of all kinds of power 
drives, mainly caused by CO2/climate-discussions reaches its tech-
nical limit in all economic sectors with restricted time frames, such 
as construction, agriculture, commercial gardening or forestry. The 
reasonably energy reservoir, stored in available accumulator tech-
nologies (e.g. 35 min for Husqvarna 120i) as well as their necessary 
time for re-charging (e.g.130 min for Husqvarna 120i) are no mean-
ingful alternatives compared to the small, air-cooled SI-engines, 
used up to now.  

The difficulties regarding manageable power-to-weight ratios, 
especially for hand-operated working equipment (chain saws, 
brush cutters, concrete cutters) and their influences on labor phys-
iology are rarely discussed. Even well working and fuel-economy 
attractive 4-stroke engines with mix-lubrication [1] [2] failed inside 
professional market due to enlarged weight ratio of approx. 20 % 
compared to power-equivalent 2-stroke engines. This example sig-
nificantly shows the extreme sensibility of professional customers 
regarding mass of their power equipment, which often must be han-
dled in piece-rate contracts over a time of 8 hours per day. 

Fig. 1a shows the nominal power rating versus the mass of 
commercially available chain saws in model year 2023. Data were 
collected from different websites (www.vergleich.org, www.ama-
zon.de, www.baywa.de). Power rating for accumulator operated 
devices is often given with ‘depending on accu-level’, so that a 

reasonable evaluation becomes difficult. But even with the compar-
ison of masses of cable-electric and 2-stroke saws it is obviously, 
that the available margin for the additional masses of accumulators 
is quite small. 

Diagrammed in Fig. 1b are the outputs and times for use and 
recharging commercially available accumulator-powered lawn 
mowers of a Swedish supplier (www.husqvarna.com). For these 
times given in Fig. 1b the accumulators with the highest available 
capacity and the strongest re-charger were used. Power rating and 
usable time are not sufficient for objects with more than 1000 m2. 
Comparable models of competitor Stihl are suggested for lawn ar-
eas of approx. 300 m2… 800 m2, so that even for ambitious hobby 
gardeners these devices are no meaningful options.  

Alternative fuels for the existing SI-engine technology can be a 
wise solution for the conflict of politically driven CO2-demands and 
applicability in real life. Beside biological-based alcohols with all 
their problems regarding monocultures electrical power-based syn-
thetic fuels are discussed. The often favorized use of hydrogen or 
ammonium for energy storage fails in that case even by practical 
considerations regarding pressurized storage tanks and its neces-
sary thickness of housing, so that the use of fuels, which are liquid 
at normal pressure and ambient temperatures, is inescapable. 
Even in case of a restricted volumetric energy content refilling can 
be executed fast, nearly everywhere without special equipment and 
with respect to normal safety instructions without any special 
knowledge. 

Meaningful options can be short-chain alcohol or their blends 
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with conventional crude oil-based gasolines or synthetic ones. For 
health effects as well as its specific energy content the use of 
longer-chain alcohol would be wise. But its production requires 
much electrical power, so that the focus is currently on methanol, 
which lower heating values is as half as for gasoline and its high 
toxicity occurred by resorption via respiration, eupepsia and skin-
surface. 

As a result of these preliminary consideration, the focus of a 
research project was set to experimental investigations on a typical 
small industrial SI-engine regarding the use of methanol/gasoline-
blends. With special respect to financial limits and staff-potentials 
of a small university it was decided, to carry out these experiments 
for fuels with only 3 special volumetric methanol-fractions of 30 %, 
60 % and 100 % (M30, M60, M100). For reference measurements 
and for blending component a commercial gasoline with 5 vol.% 
ethanol (Jet- Super E5 acc. DIN EN 228) was used. 

Beside the operation and relevant operational values, the ex-
haust gas emissions were considered as well as the influence on 
the dilution of lubrication oil and material compatibility with plastics, 
used for standard tanks, carburetor-components and fuel lines. Cyl-
inder-liner and sparkplug were inspected after the experiments. 
Practical relevance for the commercial use of these e-fuel blends 
relates to questions of evaporation rates of fuel inside the tanks, its 
possible component separation and changes in blend-ratio, oc-
curred by the partly vaporization. 

 
 

 

Fig. 1a. Power and mass of chain saws 

 
Fig. 1b. Time for use/recharging of lawn mowers 

 

2. THEORETICAL CONSIDERATIONS 

2.1. Calculation of Fuel Specifications  

To consider the effects of blending gasoline by methanol the 
relevant specifications were calculated. Due to the quite similar 
density of gasoline and methanol varied the values for the blends 
by max. 5 %, so that for dimensioning the fuel tanks the mass-re-
lated lower heating value hu gives a good approximation for the 
volume-related energy content, too (Tab. 1). For combustion calcu-
lation the elementary analyses of all fuel-blends used, had to be 
calculated by mass-related superposition of both single fuels. For 
these calculations the fuel data for gasoline Super E5 were taken 
from [3]. The elementary analysis of pure methanol M100 was cal-
culated by its molecular formula and the relevant molar masses of 
carbon, hydrogen and oxygen.  

 

Tab. 1.  Analysis of Gasoline (E5) and Blends with 30, 60 and 100 vol.% 

CH3OH (M30, M60, M100) 

Fuel 

Elementary Analysis 

cK             hK                 oK 

[m%]       [m%]       [m%] 

Atomic  

Fraction 

C : H : O 

RON 

(approx.) 

Super E5 88.307    11.329      0.364 1 : 1.53 : 0.00 95 

M30 72.497    11.714    15.750 1 : 1.93 : 0.16 99 

M60 57.167    12.087    30.668 1 : 2.52 : 0.40 103 

M100 37.437    12.567    49.869 1 : 4.00 : 1.00 109 
 

Actually, for measurement of air/fuel-ratio  the atomic fractions 
C : H : O for the blends used had to be known. As well as it is very 
time-consuming to change these values during the measurements 
in lambda-meter and in exhaust-gas analysis, it was decided to 
leave the mass-fraction of gasoline in both measuring device and 
calculate the exact air/fuel-ratio for lean and sub-stoichiometric 
combustions by methods, usable for fuels containing important 
rates of oxygen, while evaluating the experiments afterwards. Sim-
ultaneously, the knowledge of the composition of fuels is basic pre-
condition for interpretation of exhaust-gas consistency. 

Due to the half energy content of methanol related to gasoline 
the lower heating value hu decreases linearly by increasing its 
fraction in fuel blends (Fig. 2a, top). Furthermore, the low heating 
value limits its energetic shares in the blended fuels. Even with a 
volumetric rate of 60 % methanol its energetic portion in lower heat-
ing value is below 45 % (Fig. 2b, top). With perfect combustion the 
energy-specific CO2-emission decreases by only 13 %. If the meth-
anol is partly produced by regenerative energy and/or the neces-
sary CO2 for production is captured from industrial exhaust-gases 
or ambient air the effective CO2-emissions are more reduced. De-
pendent of the literature used the values for research octane-num-
ber of methanol vary between RON = 106 [4] … 108.6 [5] … 114 
[6, p. 475].  

From literature there is no save numeric relation for RON of 
fuel-blends known. An approximation with volume-share related su-
perposition of the properties of all single components is given by 
[7]. To check this approximation, the resulting RON a gasoline 
‘DEA-Super’ was calculated this way. In [8] its composition (butane 
3.8 vol.%, reformate 48,4 vol.%, light crack gasoline 27.6 vol.%, 
heavy crack gasoline 6.9 vol.%, tertiary butyl alcohol 1.4 vol.%, 
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methyl-tertiary butylether 11.9 vol.%), the RON of all single compo-
nents with RON = 76 … 116 and the resulting RON = 97.7 of the 
mixture were published. The result of the volume related superpo-
sition is calculated to RON = 98.0, so that the use of this approxi-
mation for the fuel blends used seemed to be useful. Based on [7] 
the RON of the blends M30 and M60 were estimated and shown in 
Table 1. 

 

Fig. 2a.  Relevant fuel specifications for blends with 0 … 100 vol.%  
CH3OH 

 

 

Fig. 2b. Relevant fuel specifications for blends with 0 … 100 vol.% 
CH3OH 

With respect to the RON = 95 of gasoline Super E5 it can be 
proposed that the knocking resistance of all blends will be raised. 
Beside this assumption the knocking resistance is irrelevant for 
small industrial engines, as well as the indicated mean effective 
pressure is quite low and this way the thermal load, too. Occurred 
by the special demands for starting by hand (e.g. guarantees by 
Briggs&Stratton) and the worldwide operation with dubious fuel 
qualities, hot ambient temperatures / high altitudes and inadequate 
maintenance at site all important suppliers (Briggs&Stratton, 

Honda) work with low compression ratios of c = 7.5 … 8.5. 
Briggs&Stratton requires at least RON = 91 for their engines [9], so 
that every blend of gasoline Super E5 and methanol fullfills this de-
mand. 

2.2. Calculation of Water-Content in Exhaust-gas 

For calculative conversion of concentrations in exhaust-gas for 
components measured by physical techniques according to 
ISO8178 in dry gas, generally for CO, CO2, SO2, O2 and depending 
for NOx, into output-specific mass-flows the coefficient KExh as rela-

tion between concentrations Exh_dry  in dry and Exh_wet in wet ex-
haust-gas is necessary. As well as the water-steam concentration 
in exhaust-gas is not measured, KExh must be determined by com-
bustion calculations, separately for lean (perfect combustion) and 
sub-stoichiometric conditions. 

While combustion calculations for oxygen-rich mixtures are 
quite easy, the calculation of sub-stoichiometric exhaust-gas com-
ponents becomes more complex (Fig. 3a). In these investigations 
the possible components in exhaust-gas were defined by only 5 
components (reaction products CO2, CO, H2O, H2 and inert N2). 
The available content of oxygen was defined by fuel composition 

CxHyOz and air/fuel-ration . With 3 atomic balances for carbon, 
hydrogen and oxygen and a nominal oxygen-share of 21 vol.% in 
dry air the relevant reaction equations were formed.  

 
Fig. 3a. Calculation of sub-stoichiometric combustion 

Watergas-shift reaction with balance factor KC = 3.4 for frozen 
conditions [10] delivered the proportion of reaction products in wet 
exhaust-gas. A system of 6 linear equations for 6 unknown varia-
bles is the result (Fig. 3a, down), which was solved analytically. Re-

lated operations were carried out with different air/fuel-ratios  for 
all fuels and blends used and diagramed in Fig. 3b.  

To avoid these complex calculations for each operational point 
measured, a regression for operation with normal gasoline Super 
E5 was developed. As carried out equivalently in former 
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investigations with gasoline/ethanol-mixtures [11] the influence of 
rising methanol fractions in fuels were considered by an additive 

regression-correction KExh = f (volume-fraction CH3OH, ) to KExh 
for combustion of gasoline Super E5 according to Eq. 1 … 
Eq. 3.  

For post-processing of the experimental data the  -formular by 
Brettschneider [12] was used, which is also already available in the 
exhaust-gas analysis equipment.  

 
Fig. 3b. Conversion of exhaust-gas concentration 

 
For engine operation with gasoline Super E5:  𝐾ா௫ℎ_ா5 = { 3ߣ 0.3837+ − 2ߣ 1.2195  + 1ߣ 1.2797  + 0.6   ݎ݋݂   0.6796  ≤ ߣ < 3ߣ 0.1364−   1.0  + 2ߣ 0.5788  − 1ߣ 0.8866  + 1.0   ݎ݋݂   1.5675  ≤ ߣ ≤ 1.4                                                                                             

                                                                                                     (1) 
Additive regression-correction for operation with methanol-

shares:      𝐾ா௫ℎಾೣೣ =  𝐾ா௫ℎಶ5 + 0.12192 ∙  (߶஼ு3ைு [݈݋ݒ. %] 100⁄ )2
                                        + 0.0547 ∙  (߶஼ு3ைு [݈݋ݒ. %] 100⁄ )1                                         + 0.008 + ΔKா௫ℎ(ߣ)                  (2)          

with  -correction:      ΔKா௫ℎ(ߣ) {        0.6   ݎ݋݂                                                                           0 ≤ ߣ < ߣ)       1.0  − 1)0.7  ∙  (߶஼ு3ைு [݈݋ݒ. %] 100⁄ )2 1.0   ݎ݋݂         ≤ ≥  ߣ 1.5  (3)                                                                        

3. EQUIPMENT FOR EXPERIMENTAL INVESTIGATIONS 

3.1. Basic Test-Engine 

Testbed was originally concepted for output tests of two-stroke 
engines [13]. Continuous problems with stability of combustion pro-
cesses occurred by membrane-type carburetor while temporary op-
eration, vibration damages at the ridged mounted engine housing 
and hazard for emission measurement devices avoided reasonable 
operation. Further the clutch supplier did not ensure the operational 
safety of its chosen model at engine speeds of 9300 rpm. A cage 
for containment safety in case of clutch failure had to be installed.  

That’s why the testbed was converted to performance-tests of 
small 4-stroke SI-engines as used for snow-throwers, portable gen-
erators, cleaning equipment or water-pumps. With the engine the 
exchange of clutch was necessary, too. With respect of output, 
spare part supply and price a Briggs&Stratton engine Intek Pro 206 
was chosen (Fig. 4a). Main engine data were collected from the 
website of a supplier. Length of con-rod was measured at an engine 
grabbed out. Compression ratio was investigated while installing 
the sensor for cylinder-pressure indication [14].  

Valve timing was measured with inductive lift-sensors several 
times while turning the engine by hand and averaged (Fig. 4b, 
down). Remarkably is the second opening of exhaust-valve during 
compression-stroke for de-compression in hand-start operation. Af-
ter engine-start this device is disabled automatically by a mechani-
cal ball-head-switch.  

As well as the engines performance was given by manufacturer 
as gross-output (= brutto) according to SAE standard J1940 without 
attached auxiliary devices (silencer, cooling fan, ignition magnet 
and generator) no reliable rating value for practical use was known. 
Due to that fact own performance tests were carried out at testbed 
(Fig. 4b, top).  

 

Fig. 4a. Test-engine Briggs & Stratton Intek Pro 206 

 

Fig. 4b. Performance at site and valve lift of test-engine  
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Engine performance was considered at site (approx. 22 deg 
C/1000 mbar) with all auxiliary devices necessary [15]. Output 
measured at testbed is not necessarily performance-maximum of 
this engine type as well as the supply voltage for the electric re-
tarder was limited to BES = 29 V. Torque setting of the retarder was 
interrupted at 80 % of maximum because with settings of the speed-
governor lower than 70 % no stable engine operation was possible 
anymore. 

Remarkable is the strong speed droop, the mechanical speed-

governor provides. While a speed drop of n/nM = +3 % between 
full and zero load is standard for large diesel-gensets this SI-engine 
does not reach its nominal speed nN = 3600 rpm already at torque 
settings of 40 %. 

3.2.  Conceptions for Adjustable Air/Fuel-Mixtures 

Even without any experimental investigations in methanol op-
eration and with the experiences in ethanol-operation [11] it be-
came clear, that mechanical carburetors must be adapted for the 

use of oxygen-rich fuels, as well as the air/fuel-ratio  would reach 
the lean limit for misfiring. Already in earlier projects concepts for 
adjusting the air/fuel-ratio for SI-engines with mechanical carbure-
tor were investigated.  

Based on the basic layout four different strategies were identi-
fied. Without changing the sub-stoichiometric sizing of the fuel’s 
main-jet (= calibrated main fuel metering orifice [16]) the easiest 
way seem to be systematic addition of secondary air (“fault-air”) af-
ter throttle of the carburetor (Fig. 5a, top).  

Pressure in intake manifold of natural aspirated SI-engines is 
below ambient pressure, so that no flow-supporting device would 
be necessary. With an easy metering-valve the amount of second-

ary air can be adjusted from basic air/fuel-ratio  = 0.7 to the lean 
limit of ignition. Experimental considerations showed that the pres-
sure pIntake in intake manifold is not sufficiently negative for accepta-

ble range of  -variation [14]. 
A second way for in-operation variation of air/fuel-ratio with sub-

stoichiometric basic layout would be the use of a pulsed solenoid 
valve in fuel line before carburetor (Fig. 5a, down). Due to the non-
available solenoid valve and its electronic amplifier for pulsing this 
option was refused. An alternative way was found while continued 
literature studies [17] with injecting air bubbles into the fuel line be-
fore carburetor [18]. This idea was rejected due to apprehension 
regarding save fuel supply for engines with fuel delivery by gravity 
as normally used for small SI-engines. 

With lean basic layout the idea of a booster fuel-pump was 
tested. Even with a booster-pressure of 730 mbar no relevant 
change in air/fuel-ratio was measured (Fig. 5b, top). The addition 
of this fuel pump did not influence the operation of the float cham-
ber. 

With these preliminary studies [14] [17] [19] [20] the old idea of 
combining lean basic layout by diameter-reduced fuel-jets and ad-
justable choking device for combustion air [21] [22] was reanimated 
(Fig. 5b, down). Based on the diameter in standard main jet, several 
jets were manufactured with smaller diameters and tested. 

Oxygen content in exhaust-gas is measured by a separate 
lambda-sensor Bosch LSU4.9. Its signal is converted into an ana-
logue voltage of 0 … 5 V and transmitted to a microcontroller, which 
compares the measured l with the given target value. According to 
this control deviation the necessary position of choke (Pos_Choke) 
is calculated by the self-developed PID-controller software of mi-
crocontroller and adjusted by a small servomotor, driving the shaft 

of the choke plate.  
With the finally chosen setup of main jet and flow area of choke 

lambda-variation in the range of  = 0.7 … 1.2 became possible in 
gasoline-operation.  

With a test of fuel-switch from normal gasoline Super E5 to fuel-
blend M60 with a content of 60 vol.% methanol the assumption of 
necessary in-operation adaptation of carburetor setting was con-

firmed experimentally (Fig. 6a). Air/fuel-ratio raised from  = 0.75 

to  = 1.1. In combination of a carburetor layout of  ≈ 0.85 for 
gasoline-use and higher methanol additions a faultless operation 
was not ensured anymore. 

Fig. 6b shows a fuel-switch from gasoline Super E5 to metha-
nol-blend M30 with enabled lambda-control. Air/fuel ratio is set to a 

value of  = 0.86, which is normal for these industrial SI-engines at 
part load. As shown in Fig. 6a there is a time delay of approx. 60 s 
of entering the blend into the float chamber in relevant quantity. 
Choke position increases immediately because of the lower stoichi-
ometric air requirements of the methanol content. Air/fuel ratio is 
quite constant with tolerances lower than  = 0.05, occurred by 
instabilities in combustion. Because of higher evaporation enthalpy 
the exhaust gas temperature becomes with tExh = -10 K slightly 
lower than in gasoline combustion. With constant sub-stoichio-
metric air/fuel ratio the lambda-effect of hotter combustion while 

converging to   = 1 is excluded.  

 

Fig. 5a. Strategies for -adjustment with sub-stoichiometric basic layout 
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Fig. 5b. Strategies for -adjustment with lean basic layout 

 
Fig. 6a. Fuel-switch without adaptations of carburetor 

 
Fig. 6b. Fuel-switch with enabled -control 

3.3.   Relevant Test Equipment 

Testbed is equipped with standard pressure sensors and tem-
perature probes (NiCr-Ni, Pt100) for integral operation values of the 
engine and all necessary monitoring sensors for safe operation. Se-
lection of relevant test equipment is displayed in Fig. 7. 
 

 
Fig. 7.  Relevant test equipment 

Engine itself is equipped with a mechanical speed-governor for 
engine speed nM acting the throttle of carburetor. Engine speed nM 
is detected by an optical sensor, observing a reflecting mark at the 
surface of the clutch. Position of throttle Pos_Throttle is detected 
by rotary potentiometer as well as the setting of choke Pos_Choke. 

 

Tab. 2. Relevant test equipment and measuring devices 

Value Measuring principle Type 

Output 

Pe 

Electric retarder 

(eddy-current) 

Hummert HAT 

WWB C1 

Engine speed 

nM 
Optical reflection sensor 

Alborn 

FUA 9192 

Fuel mass 

mFuel 
Laboratory balance 

Kern 

ITB35K1IP 

Fuel/air-ratio 

ETAS 
ZrO2-sensor 

Lambda-Meter 

ETAS ES630.1 / 

BOSCH LSU4.2 

Exhaust gas 

CO 

CO2 

O2 

NOx 

THC 

 

NDIR 

NDIR 

MPA 

CLA (dry / cold) 

FIA 

Horiba 

EXSA-1500 

Cyl. indication 

pCyl = f(f) 

Piezo-electric transducer 

Charge amplifier 

Optical encoder 

ScopeCorder 

KIAG 6051B 

KIAG 5007 

Hohner Serie 27 

Yokogawa DL850 
 

Additionally, the pressure inside intake manifold pIntake was 
taken to exclude influences of fluctuating ambient pressures. 
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Ambient conditions (tAmb, pAmb, fAmb) were measured inside an air-
container, which can be supplied by an aircondition. 

4. EXPERIMENTAL INVESTIGATIONS 

4.1. Engine Tests 

Engine tests were carried out on 3 different days within  
4 weeks. Fuel-mixtures were prepared with pure methanol (99.9 
vol. %) and commercial gasoline Super E5 (JET) with an ethanol 
content of max. 5 vol.%. Mixtures were blended according to calcu-
lated mass fractions and filled for the tests into tank 2 while pure 
gasoline was stored in tank 1. For all measurements a standard 
output Pe = 1.4 kW @ 3200 rpm (break torque Md = 4.12 Nm) was 
used. The engine was started in gasoline operation and driven up 
to normal lube-oil temperatures tLube = 91 °C. After the heating-up 
procedure tests with variations of fuel started. Not consumed fuel-
blends were removed from tank 2, while the engine was re-switched 
to gasoline operation from tank 1 and replaced by the next blend 
for testing. On each testing day reference measurements in gaso-
line operation (Super E5, Ref. 1 and Ref. 2 in Fig. 8, Fig. 9a-c) were 
carried out.  

Each testing-day was ended by long-term gasoline operation 
from tank 2 for purging whole fuel system, as compatibility with ma-
terials of tank 2, fuel-line, sealings, jets, needle-valve, float and its 
chamber was not clear and became subject of additional consider-
ations. 

4.2.  Experimental Results of Engine Tests 

Relevant results of experimental investigations with the gaso-
line Super E5, the blends M30 and M60 as well as pure Methanol 
M100 are shown in Fig. 9a … c. Diagrammed in Fig. 9a are the 
operational values fuel consumption m’Fuel, the specific fuel con-
sumption be42.7 related to standard lower heat value of hu = 42.7 

MJ/kg  and that way reciprocal to the efficiency and the exhaust-

gas temperature tExh versus the air/fuel-ratio . 

 

 

Fig. 8.  Fault of Lambda-Meter without adjusting fuel-parameters 

 

Air/fuel-ratio was measured with the lambda-meter by ETAS. 
Values of fuel composition H/C and O/C were set constant to the 
values for Super E5 and not changed during engine operation. Af-
terwards the results of lambda-meter were counterchecked by val-
ues calculated from complete exhaust-gas emissions by 
Brettschneider-regression, usable also for oxygen-rich fuels [12], 

with real fuel-composition. For single measured points additionally 
analytical calculation with all components in sub-stoichiometric 
combustion were carried out according to watergas-shift reaction 
with the balance constant KC = 3.4. The failure of ETAS-device was 
approx. 1 %, related to Brettschneider-regression (Fig. 8) and 2 % 

related to combustion calculation within the interval of  = 0.7 … 
1.0. Diagramming versus ETAS display without changing fuel-pa-
rameters seemed to be acceptable. 

Fuel consumption m’Fuel rises by using e-fuels due to poor en-
ergy content compared to standard hydrocarbon-fuels. Tank vol-
ume capacity must be enlarged by approx. 75 % to ensure same 
operating range (Fig. 9a). Surprising is the energy content-related 
specific fuel consumption be42.7 . As long as the methanol volume-
share is below 30 % (M30) the efficiency is the same as for gasoline 
operation. This result can be explained by cylinder-indication (Fig. 
10). Up to methanol volume-share to 30 % (M30) the heat release 
is nearly unchanged compared to standard operation with gasoline 
Super E5. 

With higher methanol contents efficiency increases by three ef-
fects. First, even at same global air/fuel-ratio the oxygen content in 
fuel blends leads to more complete combustion due to local O2-
concentration, provided by the methanol. Concentration of unburnt 
components CO and THC in exhaust-gas decreases significantly 
(Fig. 9b). Second, due to higher local O2-content in cylinder gas the 
combustion gets faster, what will be demonstrated by the cylinder-
indications in Fig. 10, too. Oxygen contents in fuels enlarge the ve-
locity of the flames during combustion [23]. The combustion pro-
cess is significantly advanced by approx. 4 °CA in operation with 
M60 and M100. The same effect was already observed by the tests 
with ethanol-shares in gasoline [11].  

Third, the higher evaporation enthalpie of methanol leads to 
lower gas temperatures inside the cylinder, what lowers the specific 
isochoric heat capacity of the cylinder-gases. The influence of this 
third effect is quite small. Cycle calculations with completly constant 
heat capacities at a large dual-fuel engine S.E.M.T. Pielstick 
18PC2-5 DFC showed efficiency improvements lower than 5 % 
[24]. With pure methanol M100 the advantage in energy consump-
tion is approx. 20 %, what does not compensate the lower content 
of chemical energy.  

Exhaust-gas temperature becomes lower with raising methanol 

shares according to the standard evaporation enthalpy of hV_CH3OH 
= 1100 kJ/kg @ 1013 mbar [25]. The cylinder gas mass is cooled in 
inlet manifold and inside the cylinder during intake stroke. Addition-
ally, the fuel-mass burnt per cycle is approx. 75 % higher in metha-
nol-operation, so that the temperature at the start of compression 
is lower than with gasoline (hV_Gasoline = 380… 500 kJ/kg @ 1013 
mbar [25]). The whole temperature level of the engine’s process is 
dominated by the gas temperature at the start of compression 
stroke. This way exhaust-gas temperature decreases in e-fuel op-
eration. 

With lower gas temperatures inside the cylinder instable com-
bustions were suspected. Fig. 9b shows the standard deviation of 
indicated peak pressures inside the cylinder. Up to volumic shares 
in fuel of 100 % methanol the standard deviations in peak pressures 
are within the tolerance of operation with pure gasoline, measured 
at the 3 different test-days (Super E5, Ref. 1 and Ref. 2).  

Diagrammed in Fig. 9c are the mass-related specific emissions 
for carbon-monoxide CO, residual hydrocarbons THC from unburnt 
fuel and Nitrous oxides NOx. As well as the concentrations for NOx 
and CO were measured in dry exhaust gas, the measured values 
had to be corrected to wet conditions in un-cooled exhaust-gas by 
factor KExh according to Fig. 3b. Additionally, the specific NOx 
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emissions must be corrected depending on the water-content in-
side the combustion air at site according to ISO 8178.  

 

 

 

 

Fig. 9a. Test results – Operational values 

 
Fig. 9b. Test results – Standard deviation of peak pressure 

 

As mentioned above, the local availability of O2 close to the 
flame during combustion decreases the content of unburned com-
ponents CO and THC in exhaust-gas. Significantly is the influence 
on specific NOx emissions. For the formation of NOx are high local 

gas-temperatures, sufficient local concentration of O2  and time are 
necessary.  

 

 

 
Fig. 9c. Test results – Specific exhaust gas emissions 

 

 

Fig. 10. Test results – Pressure indications at  ≈ 0.85 
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At the same operating point of the engine the influence of time 
is excluded. With constant rating and engine speed in that operat-
ing point a shift in ignition timing can be excluded, too. While higher 
O2-concentration leads to higher NOx-level the formation of thermal 
NOx would be decreased by lower gas-temperatures. It becomes 
clear that the low gas-temperatures in blend-operation and with 
pure methanol dominate this effect as well as the level for NOx-
emissions is decreased significantly. 

Cylinder indication was carried out with 100 cycles per meas-
uring point. While post-processing it became clear, that especially 
at higher air/fuel-ratios with unstable combustions the recording of 
more cycle would have improved the results.  

Based on the pressure indications carried out a slight influence 
on the cylinder peak pressure pmax can be detected (Fig. 10). Due 
to advanced combustion detected by the crank-angle MBF50 of half 
chemical energy released the cylinder peak pressure pmax was en-
larged by less than 1 bar. Compared to the cycle-to-cycle deviation 
of more than 6 bar this small increase is irrelevant for the stability 
of crank-drive and cylinder unit.  
 

5. ASPECTS OF OPERATION AND MAINTANANCE 

5.1. Inspections of Engine Components 

Heat rating of the sparkplug was not changed for operation with 
methanol/gasoline-blends. Despite concerns regarding the lower 
gas-temperature inside the combustion chamber and that way 
forming of deposits at the electrodes the original sparkplug was not 
replaced. Even in operation with pure methanol no anomalies in 
combustion cycles were detected.  

Despite the lower gas temperatures inside the cylinder at com-
pression start due to the high enthalpy for evaporation of methanol 
no abnormal deposits were found during the optical inspection at 
the electrodes of the sparkplug (Fig. 11a, photo). No changes of 
sparkplug configuration seemed to be necessary. 

 

Fig. 11a. Sparkplug after methanol operation 

 

Combustion chamber was inspected after the tests by endo-
scope (Fig. 11b). Deposits of lube-oil coke were detected at piston 
head. No cleaning effect of methanol could be observed. The upper 
flank of first piston ring seemed to be corroded, what is a possible 
effect of sub-stoichiometric combustion of alcohols, forming formic 
acid. In consequence to avoid further damage, sparkplug was re-
moved after every day’s test-run, cylinder was filled by fresh lube-
oil and engine was turned by hand to distribute the lube-oil at the 
liners surface. 

 
Fig. 11b. Endoscopy of combustion chamber [26] 

5.2. Lube-oil Contamination 

Fresh and used lube-oil after operation with blends and pure 
methanol were analyzed by ATR-spectroscopy (Fig. 12). Both 
spectra seemed to be quite equal. Methanol could not be detected 
in the ATR-spectrum. The characteristic band of the C-O stretching 
vibration and the OH deformation vibration at 1021 cm-1 is not pre-
sent in the spectrum of the used lube oil. But the engine was oper-
ated after all tests with gasoline over a time-period of approx. 1 hr. 
for purging all fuel equipment. Possibly in this way the contamina-
tion of lube-oil with methanol could be eliminated by evaporation. 

As a hint for carbonyl groups differences in spectrum were de-
tected at the band of 1739 cm-1. The carbonyl groups can be oc-
curred by formaldehyde or formic acid. Formaldehyde seems to be 
implausible due to its evaporation behavior, so that probably formic 
acid, produced in sub-stoichiometric combustion of methanol, con-
taminated the lube-oil. 

Additionally X-ray fluorescence examinations showed contam-
ination with the element iron, what could be occurred by the influ-
ence of acid at cylinder liner and piston rings as described above. 
This observation supports the theory of acid input into crankcase. 
No TBN were investigated.  
 

 
Fig. 12. Results of analysis of lubrication-oil 
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5.3. Chemical Resistance of Materials 

Chemical resistance of different materials used in engine com-
ponents were tested with pure methanol and its blends with gaso-
line. Besides optical evaluations mechanical tests were carried out, 
too. In fact, all materials tested and used in components of the en-
gine were chemically attacked by these fuels (Fig. 13).  

 
Fig. 13. Results of material tests [26] 

6. CONCLUSIONS 

The influence of fuel-blends of gasoline and methanol on the 
operational values and emissions of small industrial gasoline SI-
engines was considered for one part-load operation point with con-
stant output Pe = 1.4 kW @ 3200 rpm. Conclusions were found as 
follows. 

Sub-stoichiometric operation of small industrial SI-engines was 
stable up to 100 % methanol content in fuel. No significant differ-
ences in standard deviation of indicated peak pressure were ob-
served. 

The simple exchange of conventional hydrocarbon fuel without 
adaption of carburetors is not possible. With respect to the oxygen-
content of alcoholic share larger main-jet areas are necessary to 
achieve same air/fuel-ratio.  

Based on the lower calorific value of methanol fuel consumption 
is rising nearly the same relation. Larger tanks will be necessary. 
Oxygen content accelerates the heat release. Efficiency at typical 

air/fuel-ratio  = 0.9 is rising by approx. 7 % in operation with M60 
and 17 % with pure methanol M100. 

At same air/fuel-ratio  = 0.9 emissions of carbon monoxide CO 
are lowered by 27 % in M60-operation and by 45 % with pure meth-
anol M100. Due to enlarged evaporation enthalpy of methanol the 
NOx-emissions are improved by 38 % and 74 %.  

Sub-stoichiometric combustion of alcoholic fuels leads to for-
mation of acids. Carbonyl groups as hint for formic acid were de-
tected in lube-oil by ATR-spectroscopy. Optical inspection of liner 
and piston rings showed corrosion.  

All tested elastomers and metals used normally in fuel lines of 
conventional carburetors were attacked chemically by methanol 
and its fuel blends.  
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Abstract: This study discusses the development of training strategies for RRR (3 revolute joints) triaxial manipulators. Two robot structures 
and a control phantom were constructed using incremental technology. An universal algorithm was developed to process and autonomously 
repeat the trajectories of robot movements by imitation and learning. The coordinates of the model articulated positions were then saved  
as coordinates of the manipulator position. For validation purposes, the newly developed training strategies and the repeatability of robot 
movements were tested in stages. After the first stage of testing in terms of positioning accuracy, structural changes were introduced in the 
robot by mechanical engineering to improve its manipulation quality. Next, another training strategy for the improved robot version was 
developed for the same movement algorithm. This demonstrates the applicability of the developed control system in applications with different 
structures and requirement for high control-command quality (possibility of using the developed algorithm in various robot designs).  
Experimental results showed that the function of the developed RRR manipulator algorithm enabling the imitation of phantom trajectories 
and their learning and memorization, along with the consideration of individual training strategies, can be applied to differing structures, 
achieving positioning accuracy comparable to that of high-class motion equipment, and facilitating navigation of individual robot members. 
The system composed of the simplified physical model and the manipulator can directly simplify and globalize the control of the robot over 
significant distances.  Additionally, the positioning accuracy was tested using the photogrammetric method, which is a complete novelty  
in robot positioning research.  Furthermore, it was demonstrated that for the first construction of the robot, it is possible to achieve an accuracy 
of ±1 mm in the automatic replay mode. Moreover, a construction accuracy of ±0.52 mm at a maximum speed of 0.025 s/1° can also  
be accomplished after manual repeat of the different model movements, i.e., after a learning procedure. 

Key words: three-axis manipulator, RRR robot, training strategies, 3D scanners, robot programming, positioning accuracy 

1. INTRODUCTION 

In recent years, there has been a continuous and dynamic de-
velopment of industry, resulting in the Fourth Industrial Revolution 
or Industry 4.0. The revolution aims to automate production and in-
crease the mobility of individual elements of the product chain [1, 
2]. Gradually, companies are introducing autonomous solutions to 
their factories that enable virtually maintenance-free work on pro-
duction stands [3, 4]. The human factor is definitely being replaced 
by manipulators and both automatic production [5] and transport 
devices [6], leaving only supervisory and control roles [7] for hu-
mans. However, such autonomous solutions are required to be uni-
versal and have high implementation precision, as described by 
Jermak Cz. J. et al [8], and Jakubowicz M. et al. [9]. Such solutions 
require substantial financial outlays, the profitability of which is 
achieved only after a prescribed, usually long, period of time. 

Existing methods for manipulating components and subassem-
blies involved in the overall production process are of key im-
portance for assembly and internal aspects of interstate handling 
[10, 11]. Some of the first studies that raised issues regarding the 
need to automate manipulation operations in order to improve in-
dustrial operations related to the control and quality of unattended 

manufacturing of elements; they were published in 1973 by Häu-
schen H. [12] and Warnecke H. J. et al. [13]. Moreover, many con-
temporary authors have emphasized the importance of automating 
manipulation processes and problems related to their implementa-
tion [14, 15]. Furthermore, additional considerations related to the 
results of control accuracy that enable the determination of the po-
tential quality of positioning. 

Quality requirements are constantly growing and production 
technologies keep developing; hence, more accurate and universal 
measurement systems and methods [16, 17, 18] as well as diag-
nostics have to be applied [19]. Articulated robots that enable nu-
merical control along several axes are currently the most frequently 
used manipulating machines, enabling dimensional and geometric 
control. The universality of 3D scanner solutions was evidenced by 
Andrzejewski J. [20]. In most cases, their programming is based on 
the online programming procedure described by Chen X. et al. [21] 
and Maini P. et al. [22]. Offline programming is also possible, as 
reported by Mitsi S. et al. [23] and Larkin N. et al. [24]. In all the 
above cases, the developer stays far from the operation site. This 
creates the problem of lack of intuitive programming. 

There are also reports of hybrid methods using offline and 
online programming [25, 26]. However, such solutions have limited 
applicability and are dedicated to specific purposes. In this respect, 
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it may be helpful to develop a robot operation mode by tracking the 
trajectory of motion of a simplified physical model used for innova-
tive programming of manipulators in accordance with the guiding 
principle of Industry 4.0 [27]. 

In industrial applications related to working machines, manipu-
lators, and their drives, the main criterion to determine their suita-
bility for a particular use is to obtain the best possible positioning 
accuracy [28]. The operation algorithm is based on obtaining the 
closest position to the original set position in each pass and cycle 
of device operation. The main objective for the control system, me-
chanical structure, and developed program, which are collabora-
tively responsible for realizing the manipulator movement, is to ob-
tain maximum precision while maintaining the basic motion condi-
tions of the manipulator displacement trajectory. Hybrid methods 
allowing offline and master-slave robot programming are commonly 
used [29-31]. Research on such solutions has also been carried out 
[32-34]. However, a constant limitation is the inability to apply one 
universal algorithm to various mechanical manipulator designs. It is 
necessary to create separate control programs for separate me-
chanical solutions of robots. None of the authors have previously 
attempted to apply the same control algorithm to two completely 
different robots.  

It is important to note that autonomous solutions are gradually 
being introduced, enabling nearly maintenance-free operation of 
production workstations. The human factor is being replaced by 
manipulators and automatic production and transport devices, leav-
ing only supervisory and control functions to humans. These solu-
tions must be universal and characterized by high implementation 
precision, which involves significant financial investments that typi-
cally pay off only after a longer period of time. 

In the context of Industry 4.0, the application of artificial intelli-
gence (AI) techniques plays a key role in optimizing production pro-
cesses. Azizi et al. [35] presented a hybrid AI algorithm for optimiz-
ing RFID network planning, which is significant for efficient resource 
management in modern production systems. In another study, Azizi 
[36] proposed the use of artificial neural networks to optimize the 
dynamic behavior of robotic arms, contributing to increased sus-
tainability in Industry 4.0. Moreover, Latifi-Navid et al. [37] devel-
oped an autonomous robot for collecting tennis balls, using LiDAR 
for environmental mapping and a camera for ball detection, demon-
strating the practical application of AI in mobile robotics. In the field 
of mechanical systems control, the use of a Ring Probabilistic Logic 
Neural Network (RPLNN) to design an active vehicle suspension 
controller was presented by Azizi et al. [38], showcasing AI’s po-
tential in improving the mechanical stability of structures. 

All these studies emphasize the importance of integrating AI 
techniques into various aspects of industrial automation, from net-
work planning to the control of robots and mechanical systems. 
However, despite the advances in this field, there remains a need 
for further research into universal control algorithms that could be 
applied to different manipulator designs. In response to this need, 
the present study focuses on the development and implementation 
of a universal control program that is not dedicated to a single type 
of manipulator but can be directly applied to various structures. 

Therefore, the authors decided to create a universal control 
program that would not be dedicated only to one type of manipula-
tor but could be directly applied to separate structures. For this pur-
pose, it was decided to design and build two different manipulators 
from scratch. Then it was decided to apply the same control algo-
rithm to them, based on master-slave programming using a control 
phantom (the ability of the manipulator to repeat the phantom's 
movements and then recreate them as faithfully as possible). Next, 

it was decided to perform an appropriate learning procedure usinga 
control phantom for each structure and then recreate the same tra-
jectories for each robot. Then, in order to verify the quality of posi-
tioning, it was decided to perform positioning quality tests using the 
photogrammetric method. None of the authors attempted to inves-
tigate positioning accuracy using structured light scanners. Accord-
ing to the authors of the article, considering the measurement ac-
curacy of such a measurement system, it is a reliable source of 
obtaining measurement information for the required positioning 
quality measurements. This metrological approach is another nov-
elty when testing the accuracy of manipulator positions. Previous 
studies focused on the optimization of manipulators to obtain better 
metrological properties [39, 40]. However, the complex design and 
implementation of a universal, intuitive control algorithm using a ro-
botic phantom that enables its application in various types of auto-
matic manipulation structures, allowing for the development of spe-
cific training strategies for specific tasks, have not been described 
in the literature yet. Therefore, in this study, a research stand was 
prepared in a configuration that enables the analysis of training 
strategies using the developed phantom-manipulator control algo-
rithm on various types of structures. In addition, the accuracy of the 
manipulability for specific robots was evaluated. Thus, a novel anal-
ysis is proposed that provides data for a clear comparison of the 
positioning quality performance of two articulated manipulators with 
significant design differences. 

Previous scientific publications have not undertaken a compre-
hensive analysis of the issues related to the evaluation of position-
ing accuracy in three-axis manipulators in the context of the devel-
oped control algorithms. There has also been a lack of comparative 
approaches that would include real-world verification of trajectory 
reproduction quality in reference to programmed motion paths.  

In response to this research gap, the authors of this study are 
the first to propose a method for verifying and assessing the posi-
tioning accuracy of manipulators using advanced, previously un-
used measurement technologies in this area—namely, a structured 
light scanner and a multisensor coordinate measuring machine 
(CMM). 

The application of these advanced metrological tools enables 
precise reproduction and evaluation of deviations from the prede-
fined trajectory, allowing for an objective assessment of the effec-
tiveness of the designed control algorithms. Similar approaches to 
the assessment of manipulator positioning accuracy have previ-
ously been explored by Wang et al. [41], who utilized 3D scanning 
techniques to evaluate the precision of industrial robots, and by 
Chen et al. [42], who employed multisensor measurement systems 
for analyzing positioning accuracy in robotics.  

Furthermore, research conducted by Li et al. [43] demonstrated 
that integrating structured light scanning with robot control signifi-
cantly enhances the quality of trajectory reproduction. However, 
these authors did not validate or compare their methods using dif-
ferent metrological systems, nor did they attempt to adapt their so-
lutions to various types of manipulators. 

Therefore, the present study aimed to address this gap by com-
paring two distinct measurement systems in the context of position-
ing accuracy testing and evaluating the adaptability of the devel-
oped control algorithm to different robotic structures. 

The proposed approach represents an innovative contribution 
to the development of methods for evaluating the performance of 
industrial manipulators, particularly in terms of their adaptability to 
diverse applications within the Industry 4.0 environment, where pre-
cision and flexibility of control are of paramount importance. 
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2. CONSTRUCTION AND CONTROL ALGORITHM 

2.1. Concept of manipulator constructions  

Two different manipulators were used to compare the useful-
ness and universality of the devel-oped control system based on 
serial motion kinematics. In this concept, the link with the attached 
force performing the kinematic transfer is a unit of motion of the 
kinematic set. A kinematic diagram must be defined to specify the 
basic position of the members, their interconnections and positions, 
and dimen-sional and geometric descriptions. Therefore, the ma-
nipulator structure is designed to integrate robot elements and re-
alize the relationship between sub-assemblies for the selected sys-
tem. A kinematic diagram of the compiled RRR robot is shown in 
Fig. 1. Each member moves along a particular axis and  is con-
nected to the rest of the system in an articulated manner. The inte-
grated movement of each axle enables the manipulator to be con-
trolled in the working space and realization of the assigned tasks. 

To implement the actual design of the manipulator, a non-addi-
tive manufacturing method was employed. This gave rise to the ex-
pected behavior of the components required for their realization 
while maintaining a relatively short manufacturing time (printing 
speed of approximately 50 mm/s). A biodegradable polylactide 
called PLA was used as the manufacturing material. This material 
is charac-terized by a small processing cramp resulting from the 
ease of FDM printing. 

 
Fig. 1.  Kinematic diagram of the RRR serial robot 

In addition, pilot kinematic simulations of planned structures 
were performed for pilot purposes, assuming conditions associated 
with the type of manipulation of RRR robots. These simulations en-
abled the analysis of the Denavita–Hartenberg methodology used 
by Qingbing Ch. et al. [44] and Li H. el. al. [32]. In the case of the 
manipulator, RRR holds all the rotating connectors. For such a 

combination, the angle of rotation 𝜃௜ is always variable, the linear 
displacement ݀௜ is always constant, and each connector has only 
one degree of freedom. Therefore, to determine the location of the 
individual components of the manipulator in space, the local coor-
dinate systems at each joint must be defined: 

ܴܱܶ (ܺ, 𝜃௜) [  
𝜃௜ݏ݋ܿ  ௜ߙݏ݋𝜃௜ܿ݊݅ݏ− ௜ߙ݊݅ݏ𝜃௜݊݅ݏ ܽ௜ܿݏ݋𝜃௜݊݅ݏ𝜃௜ ௜ߙݏ݋𝜃௜ܿݏ݋ܿ ௜ߙ݊݅ݏ𝜃௜ݏ݋ܿ− ܽ௜݊݅ݏ𝜃௜0 ௜ߙ݊݅ݏ ௜ߙݏ݋ܿ ݀௜0 0 0 1 ]  

 
(1) 

The simulations aimed to obtain information on the marginal 
positions and trajectories of robot movements to develop an initial 
strategy for the control algorithm. The resulting information enabled 
us to focus on specific problematic aspects of robot control. There-
fore, by recasting the parameters related to the movement of the 
joints themselves and the homogeneous transformation matrix 
(Equation 1), a matrix defining the individual marginal positions of 
the joints and end-end elements of the manipulator (Fig. 2) was ob-
tained. Analyses, calculations, and simulations were performed us-
ing the RoboAnalyzer v. 7.5 software (Mechatronics Lab, India). 

 
 

Fig. 2.   Form of the homogeneous transformation matrix; from the left to 
the right: form of the third joint relative to the robot arm end; form 
of the arm end relative to the base coordinate system (source: 
RoboAnalyzer) 

Based on these matrices, the trajectory of robot movements 
could be simulated. These included the coordinates of the initial 
points from which the movement of the robot arm was started, and 
the marginal coordinates of the reference point for the extreme po-
sition. Thus, it was possible to delineate and visualize both the 
working space and nature of the kinema-magnetic manipulation 
system (Fig. 3). 

 
Fig. 3.   View of the drawn manipulator trajectory for the maximum  

extreme position of the robot arm (source: RoboAnalyzer) 

https://www.sciencedirect.com/science/article/pii/S0888327022002436#!
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2.2. Construction of the first manipulator 

The design concept is based on a structure consisting of four 
modules (Fig. 4). The first segment is the base and fixation of the 
entire robot on the ground. This is an element of a structure that 
cannot be moved when the manipulator is in operation. Moreover, 
it acts as a support for the first motor that rotates in the first direc-
tion. The next module considers movement along the x-axis. It was 
attached directly to the shaft of the first drive and located directly 
above the base module, allowing eccentric movement with respect 
to the shape of the bases. Another module was attached in a direc-
tion perpendicular to the segment, allowing movement along the x-
axis. This enables the next movement along the y-axis. This is re-
alized by means of a motor fixed to the previous component at an 
angle of 90° in the relation shaft –  i.e., the base. The last arm, 
which is an extension of the previous subassembly moving along 
the z-axis, was subsequently installed. The beginning of this mod-
ule was mounted on the shaft of the third motor, which was attached 
to the end of the previous segment. These arms were connected 
parallel to the base and previous module. At the end of the last 
segment, it was possible to rigidly fix the robot tool with possibility 
of articulation. In the described structure, individual shafts of servos 
responsible for specific movements are connected directly to mov-
able modules without additional connecting elements. Thus, it was 
possible to eliminate the additional play on the movable joints. Lo-
cating the motors in series with each member successively in-
creased the forces and moments as the number of segments in-
creased with respect to the distance from the attachment point. As 
a result, the engine that was farthest from the point where the tool 
was connected to the manipulator was loaded the most. Such a 
structure reduced the stiffness of the machine, thereby reducing the 
positioning accuracy. However, it enabled a quick and dynamic re-
sponse to changes during control. 

 
Fig.  4.  Model view of the first manipulator (left side) and view of the 

finished construction of the first manipulator (right side) 

2.3. Construction of the second manipulator 

After the first construction was completed, some changes were 
introduced. These changes ad-dressed two aspects. First, the in-
fluence of mechanical modifications of individual robot members on 
the quality of positioning was considered. Second, the feasibility of 
applying  the same algorithm to two different RRR robot construc-
tions was verified. Thus, the usefulness of the executed program 
and the possibility of introducing and correcting the operation for 
different manipulators could be evaluated. 

The design of the second robot was based on a modular struc-
ture with serial kinematics (Fig. 5). A fixed base was made to 

support the entire robot. Then, through the use of a bolt and nut, 
bearings, and small spherical balls, the first movable module real-
izing the movement along the x-axis was mounted. An important 
aspect was the additional use of a reduction gear on the servo and 
the component carry-ing out the movement along the x-axis. This 
allowed for the reduction of the forces and moments on the shaft-
first engine. On the first movable module, there were two servos 
that moved along the y- and z-axes. In this way, additional moments 
arising on individual parts of the arm due to the mass of the motors 
themselves were reduced. Because all servos were mounted at a 
considerable distance from the end of the arm, transmitting the 
drive to the individual joints became a problem. Therefore, the arm 
was moved along the y- and z-axes by connecting the individual 
elements of the movement mecha-nisms by attaching rigid tendons 
to them. Thus, it was possible to coordinate the movement of the 
arm along both the y- and z-axes. Owing to the use of this type of 
drive ratio, it was possible to reduce the weight of the arm and con-
trol the stiffness of the manipulator's movement at the expense of 
the dy-namics of its reaction. Unfortunately, such a solution intro-
duced the possibility of creating additional play in the entire system 
and the necessity to control the condition of the connection  

in the movement areas of the main joints and connection points 
of the tendons with individual movable elements of the arm. 

 
Fig.  5.  Model view of the second manipulator (left side) and view of the 

finished construction of the second manipulator (right side) 

2.4.  Control algorithm 

We decided to combine several types of control, creating an 
original method for designing the tra-jectory of the manipulator's 
movements. Through the activation of potentiometers in the form of 
a simplified physical model and the separation of the electronic sys-
tem of the robot and phantom, the manipulator became a com-
pletely independent device. This enabled online robot programming 
exactly where it was supposed to work – a phantom connected di-
rectly to the manipulator  – and offline pro-gramming such that on 
the basis of the model's movements, positions could be saved in 
the electronic system. Then, by connecting the system to the robot, 
the saved program was recreated. These two methods for planning 
movements are related to teach-in programming, except that the 
trainer need not be in front of the machine. In addition, with the ap-
propriate use of specific data transfer, it is possi-ble to train the ro-
bot in teleconference mode. Therefore, the developed solutions en-
abled the combi-nation of all types of control: direct, indirect, and 
the use of direct programming languages. Additional-ly, PTP (point-
to-point) control was used. This allowed the manipulator to move 
smoothly from point to point (stored in memory) according to the 
set motion trajectories by moving the phantom. In addition, by 
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writing program code, the trajectories of the robot’s movement 
could be manually entered and set. In addition, it is possible to de-
termine the "home" position of the manipulator, from which it always 
starts the execution of the stored program, and the speed of the 
motor movement, thereby adjusting the positioning accuracy.The 
logic diagram of the algorithm is shown in Figure 6. 

 
Fig.  6. Control algorithm diagram 

The value given at the input in the transmitter is read by the 
receiver and compared with the output signal changed by the con-
verter. This is how errors arise. They are fed to the corrective ele-
ment and amplifier. The amplified signal goes to the actuator, that 
is, the DC electric motor. Its rotation value is the output value of the 
entire system. The servomechanism is a follow-up system that 
eliminates the displacement error. It does not control the entire ob-
ject but only its drive, i.e., the engine. Consequently, the execution 
track is improved. The integral nature of the servo practically en-
sures zero static error while maintaining a high gain in the main 
path, improving the system's ability to follow changes in the input 
signal. Depending on the difference between the current and de-
fined positions, the motor is driven by a signal with a greater or 
lesser duty cycle. The running motor, which drives the mechanical 
transmission, also rotates the potentiometer, which is permanently 
connected to the transmission. The movement of the potentiometer 
causes a change in resistance, which is read by the internal system; 
if it reaches an appropriate defined value for a given input signal, 
the motor stops working because the servo has reached the pre-
scribed position. 

3. RESEARCH METHODOLOGY 

3.1. Research methodology of first construction 

Stage I 
The key movements of the manipulator implementing the tra-

jectories are the reconstruction of straight lines and one angle. 
Therefore, we decided to execute a pattern printed on paper (Fig. 
7). The geometry of five pairs of parallel lines was prepared with 
distances of 10, 15, 20, 25, and 30 mm and a right angle. 

 
Fig.  7. Reference geometric view 

In the first phase, the robot imitated the movements of the phan-
tom at a distance of 500 mm from the manipulator. Additionally, 
when imitating the movements, the robot marked the developed ge-
ometry (one of the six drawn) on a reference sheet attached to its 
arm with a marker. During the movements, the learning process 
took place, and the reference points were recorded in the memory 
of the manipulator. After the learning process, the drawn geometry 
was repeated 30 times with independent (automatic mode) execu-
tion of the developed training strategies to recreate the memorized 
trajectories. The speed of the movement of the manipulator 
reached 0,025 s/1°. A blank white sheet of paper was placed at the 
base of the robot before each cycle was performed in playback 
mode. During the implementation of the learned trajectories, the 
manipulator marked the remembered key movement for a given 
strategy in accordance with the pattern for a given geometric case. 
After each cycle, the page was changed. 

 
Fig. 8.   View of the robot's workstation when executing predetermined 

geometries 

Stage I 
After the completion of Stage I, the quality of the developed 

training strategies had to be verified. Therefore, positioning accu-
racy was checked by examining the quality of the marked geome-
tries. The dimensions of the printed standard were measured. Ad-
ditionally, all the geometries marked on the sheet by the manipula-
tor were realized in accordance with the printed standard. Hence, it 
was necessary to verify the created shapes using the actual dimen-
sions obtained after printing. 

For the above analysis, a test was carried out on the Baty Ven-
ture XT multisensory measuring device (Fig. 9) equipped with a 
self-calibrating zoom lens with a magnification of up to 12× and an 
auto-focus system. This device enables measurements with a res-
olution of 0.5 µm. The measurement structure was based on opti-
mization using the finite element method. 
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The test consisted in measuring the distance between two par-
allel lines or an angle. The center of each line was determined. The 
points of geometry were then detected and displayed in the meas-
uring system of the machine. Thus, it was possible to create lines 
from the selected points and measure the distance between them. 
To ensure the test reliability, each geometry was measured 30 
times. 

After conducting research on the dimensions, it was necessary 
to verify the positioning accuracy of the manipulator itself. To this 
end, we analyzed the dimensions of the geometry created in auto-
matic mode by the robot after performing the learning procedure. 
Each sample was tested. Thus, a set of 30 measurements was ob-
tained for each geometry. The samples were measured in the same 
manner as the standard dimensions were checked. The results of 
the analysis were saved after each measurement. 

 
Fig.  9. Test stand including the Baty Venture XT measuring machine 

3.2. Research methodology of second construction 

Analysis of the first structure led to consideration of the second 
structure. In this case, we intro-duced an application aspect to the 
study. The manipulator was supposed to transfer the designed ele-
ment from one place to another. Three separate sequences were 
analyzed. In each of them, the ma-nipulator took the object from the 
same place and then transferred it to a given distance.  

Each se-quence was preceded by a trajectory-learning proce-
dure in which the transfer distance was directly defined. The ma-
nipulator performed three sequences. In each of them, the element 
was moved to a different distance successively: 84.0 mm, 121.2 
mm, and 204.2 mm.  

An important issue, as in the first construction case, was to start 
the sequence operation always from the same place – i.e., the 
home position. This guaranteed the closest similarity of movement 
and hence, the most reliable mapping of the trajectory and displace-
ment of the transferred element. In each sequence, the manipulator 
per-formed 30 repetitions (cycles) in accordance with previously 
learned trajectories (in total, 90 element movements were per-
formed). 

A 3D scanner, Atos Core 300, was used to test the accuracy, 
together with the dedicated Atos software that enables measure-
ment with a resolution of up to 0.182 mm. 3D scanning uses digiti-
zation, which is the process of applying data from real objects to 
digital ones. The measurements provide a spatial cloud of points 
that can be polygonized into a mesh of triangles.  

Based on the scanned data, a CAD model of the real station 
was developed, and the starting point of movement was fixed. 
Then, the real object displacement was analyzed in relation to the 
fixed start and end points of the movement, and it was possible to 
measure a real object in relation to its nominal values.  

A view of the test stand during the examination of the second 
structure from GOM INSPECT 2018  Professional software (GOM 
GmbH, Germany)  is presented in Fig. 10. 

 
Fig.  10. View of the test stand during the examination of the second   

structure using GOM software 

After each implementation of the trajectory cycle in each se-
quence, the actual distance of object displacement was measured 
using a 3D scanner. The original position of the item and position 
of the item after transfer were measured. Both measurements in 
the cycle were taken against the previously determined reference 
points. The relative difference between both positions resulted in a 
distance displacement in the three axes, and thus, the correspond-
ing total displacement. Consequently, it was possible to determine 
how the position of the transferred object in relation to its initial po-
sition changed in individual cycles for each sequence. The differ-
ence between the value of the set distance during the learning pro-
cedure and the value obtained in a particular cycle resulted in de-
viation from the original value. Accuracy analysis was conducted 
based on the obtained data. 

4. RESULTS AND DISCUSSION 

4.1. Results of first construction 

The results of the measurements of the proposed standard are 
presented in Table 1. The results are listed for all the considered 
geometries and calculations on the basis of the obtained values. 
Table 1 includes drawing distances of 10, 15, 20, 25, and 30 mm, 
and an angle of 90°. Similar to a previous study [45], for the analy-
sis of results, statistical parameters were used, such as standard 
deviation σ, skewness A, and kurtosis K.  

The standard deviation can be determined from the following 
expression: ߪ = √ 1(௡−1) ∑ ௜ݔ) − 2௡௜=1(ݔ̅                                          (2) 
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where ̅ݔ is mean value calculated from the following formula: ̅ݔ = 1௡ ∑ ௜௡௜=1ݔ                                                                         (3) 

where xi is a measurement result 
n denotes the number of repetitions. 

Properties were determined using a series of 30 repetitions 
(n = 30). 

Skewness A was determined as follows: ܣ = ௡(௡−1)(௡−2) ∑ (௫೔−௫̅ఙ )3௡௜=1                                         (4) 

Kurtosis K was determined from the following expression: ܭ = { ௡(௡+1)(௡−1)(௡−2)(௡−3) ∑ (௫೔−௫̅ఙ )4௡௜=1 } − 3(௡−1)2(௡−2)(௡−3)         (5) 

To evaluate the measurement uncertainty of the determined 
parameters, the type-A method for estimating the uncertainty was 
used. 

Extended uncertainty U0,95 is obtained by multiplying the 
standard deviation by the appropriate factor: 

0ܷ,95 = ݇ ∙ ఙ√௡                                                                        (6) 

For the calculations, k = 1.960 was applied, which corresponds 
to the quantile of the Gaussian distribution. If there are less than 30 
repetitions, the coverage factor assumes the value of the Student's 
quantile distribution. For example, for a confidence level P = 95%, 
the quantile of the Student’s distribution is tα = 2,262. To check the 
normality of the random variable, the χ2 compliance test was used; 
N indicates the number of repetitions [45, 46]. 

Results for R were calculated as the difference between maxi-
mum and minimum values. 

Based on the obtained results and calculations, an analysis 
was conducted; exemplary results are presented in Fig. 11. 

Tab. 1.  Results of the reference measurements and their calculations 

 

 
Fig.  11. Value distribution histogram (left side) and distribution of the  

result values ±3σ (right side) for parallel lines 20 mm apart 

The above histogram (Fig. 11) for parallel lines 20 mm apart 
takes an asymmetric form close to the normal distribution, with a 
clear peak reached for the values in the range of 19.350 mm. On 
this basis, it can be concluded that the mean value (19.284 mm) 
was recorded on one side of the distribution. This proves that the 
lower limit of the results and density of the measurements are close 
to the mean values. Additionally, Fig. 11 shows that most of the 
measurement points oscillate around the mean value. This was 
confirmed by the distribution of results. Note that most measure-
ments were at or above the mean value. Additionally, all values 
were within the range (+ 3σ; -3σ). The difference between the max-
imum and minimum values was 0.832 mm. The skewness coeffi-
cient is negative, but remains at a very low level (-0.093), with little 
scattering. The kurtosis was negative for all measurements, which 
means scattering around the calculated mean of measurements. 
However, kurtosis values relatively close to zero indicate that the 
concentration of results is close to the average distribution. The 
quality of manipulator positioning was analyzed on the basis of the 
measurement results of the actual pattern. 

For all geometries, calculations were made on the basis of the 
obtained values presented in Table 2 for the original structure ge-
ometries. The same parameters were used for analysis. Moreover, 
the same graphs were created as in the case of reference. 

Tab. 2.  Results of geometric measurements made by the robot and their 
calculations 

 

Concerning the analysis of the geometry performed by the ma-
nipulator, it can be concluded that the average values of the results 
for each case are very close to the reference ones. Kurtosis values 
for all cases, similar to the pattern analysis, were below zero. Its 
mean value is greater than the values of all reference values; there-
fore, it can be concluded that the dispersion is also greater. This is 
justified because it is difficult to obtain a high level of a small range 
of results using the teaching machine. 

Then, the results had to be interpreted and compared in the 
form of a relative error: ߜ = |௫ഢ̅̅̅−ௐௐ | ∙ 100%                                                        (7) 

where ̅ݔ is the mean value 
W denotes the reference value. 

For the calculations using Equation 7, a graph was plotted (Fig. 
12) showing the distribution of the relative error for the selected ge-
ometry made by the robot in relation to the standard. 

Note that the geometries created by the manipulator against the 
real measurement pattern show that the highest standard error was 
obtained for parallel lines spaced 10 mm (6.4%). Thereafter, there 
was a significant decrease in the error for the 15-mm distance 
(1.8%). Increasing the distance led to similar errors, reaching 1.8%, 
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1.5%, 1.6%, and 0.9%, respectively. The error for the largest gap 
was twice that of the previous three. Regarding the mapping of the 
right angle, an error of 0.2% can be observed. As in the case of 
measurements of the standard itself, it can be stated that the im-
plementation of the geometric real dimensions became more accu-
rate with the increase in the distance between the created geome-
tries. The relative error did not exceed 7.0% in any case, reaching 
a maximum of 6.4% for the smallest geometry, and decreasing by 
a factor of 5 for the largest distances. 

A plot was constructed to illustrate the distribution of the stand-
ard deviation (Fig. 13). 

 
Fig.  12. Relative error robot – reference 

 
Fig.  13. Standard deviation distribution 

Standard deviation is the usual criterion to determine the varia-
bility of results. It provides information about spreading and its dis-
tribution for the results obtained around the mean of measure-
ments. In accordance with the distributions shown in Fig. 13, it can 
be concluded that the standard deviations for real standard meas-
urements as well as for geometry measurements made by the robot 
related to the parallel lines are similar. The standard deviation did 
not exceed 0.2 except for lines 25 mm apart. However, this increase 
was small (0.274) and did not affect the overall analysis. A larger 
standard deviation can be observed for the measurements at 90° 
(0.819°). Despite the smallest relative error, the volatility of the re-
sults around the average is notably high (it remains low compared 
to the global results). 

Additionally, Fig. 14 shows the mean values of each geometry 
with the corresponding error range and resolution – the maximum 
and minimum values for both the measurement pattern and geom-
etry made by the manipulator. 

Thus, it is possible to determine the range in which the obtained 
values fell. As emphasized in the previous analysis, the values of 
the pattern and geometry intervals made by the manipulator are 

similar, which proves that the measurements were properly made, 
and the positioning accuracy was high. With respect to the disper-
sion of the reference values, a greater dispersion was registered 
for the value at 90° – a difference of 3,2° that, given the size of the 
angle, it is insignificant and acceptable. 

 
Fig.  14. Variability of measurement results for the analyzed geometries 

4.2.  Results of second construction 

The displacement results obtained from the robot are listed in 
Table 3. These results include all the displacements performed in 
individual distance cycles and calculations made on the basis of 
obtained values. In addition, statistical parameters were again con-
sidered, such as standard deviation, skewness, and kurtosis. The 
experimental results are presented in Fig. 15. Before starting the 
execution of the individual cycle in automatic mode, the distance of 
the element transferred during the learning procedure was meas-
ured. Table 3 considers the above carrying lengths: 84.0, 121.2, 
and 204.2 mm.  

Tab. 3. Calculations of measurement results of element displacement by 
the robot 
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Fig.  15. Value distribution histogram (left side) and distribution of the  

result values ±3σ (right side) for a displacement of 121.2 mm 

According to Table 3, the average values for the second and 
third items were above the set value, whereas for the first item, they 
were below the set value. The deviations from the set value were 84.0−0.510+0.518 ; 121.2 +0.152+0.246; 204.2+0.200+0.563. The lowest values for 
both the maximum and minimum deviations were recorded at 121.2 
mm. The positioning tolerance for the obtained results was also 
smallest for the middle distance (0.094 mm). The worst result was 
recorded for the smallest distance, 84.0 mm; it was 1.027 mm. For 
extreme maximum distance, that is, 204.2 mm, a tolerance of 0.117 
mm was obtained. The difference between the mean and set values 
was the smallest for the minimum considered distance; this differ-
ence was 0.117 mm. These are similar results to the first case, but 
with a positive value for 121.2 mm: 0.193 mm. The worst distance 
in this comparison was the maximum one, for which the result was 
0.387 mm. 

The smallest skewness, as a parameter defining the nature of 
the dispersion of data distribution from the resulting samples, was 
recorded successively for 204.2 mm, 84.0 mm, and 121.2 mm. For 
the third distance, the skewness is left-handed, indicating a slight 
dispersion of the results above the average. For the first and sec-
ond items, right-handed dispersion of results below the average 
was obtained. The histogram (Fig. 15) for the second item takes an 
asymmetric form, close to the normal distribution, with a clear peak 
reached for the values in the range 121,389 mm. Accordingly, it can 
be concluded that the mean value (121.393 mm) was recorded on 
one side of the distribution. This proves that the lower limit of the 
results and the density of the measurements close to the average 
values were maintained. Additionally, it can be observed in Fig. 15 
that most of the measurement points revolve around the mean 
value. Importantly, for all items and trials, no single result exceeding 
±3σ was observed. This was confirmed by the distribution of the 
values. It can be clearly observed that most of the measurements 
were at or below the mean value. 

 
Fig.  16. Distribution of the relative error (left side) and standard deviation 

(right side) 

As shown in Fig. 16, the lowest variability of the observed re-
sults was recorded successively for displacements of 121.2 mm, 
204.2 mm, and 84.0 mm. The standard deviations were 0.027 mm, 
0.117 mm, and 0.378 mm, respectively. An important fact is the in-
creasing nature of the relative error (Fig. 16). For distance 1 (84.0 
mm), distance 2 (121.2 mm), and distance 3 (204,2 mm), the errors 
were 0.14%, 0.16%, and 0.19%, respectively. 

5. CONCLUSIONS 

This paper presents possibilities of applying a proprietary con-
trol algorithm to two different de-signs of RRR manipulators. Corre-
lations were found between the implementation of the distance be-
tween the start and end points of individual trajectories and the ac-
tual implementation of the manipu-lator's movements. 

Analysis of the first proposed structure shows that the worst 
standard deviation results were ob-tained for a distance in the mid-
dle of the interval. However, a relative error was observed for the 
shortest distance. Owing to the design changes introduced, it was 
possible to reduce the standard devi-ation in the middle range of 
the working area at the expense of that in the upper range. Com-
paring the second structure with the first one, the relative error in 
the lower range of the working area was signif-icantly reduced, 
reaching its lowest value for all the displacements. 

For both structures, a negative kurtosis was maintained for all 
the displacements. Thus, it was pos-sible to determine both the dis-
tribution and concentration of the results. Negative kurtosis values 
indi-cate a platykurtic distribution and a lack of outliers, which 
strongly proves the clustering of results around the mean value. 

An important parameter in a distribution is skewness. A skew-
ness coefficient below 0 indicates left-handed asymmetry of the dis-
tribution. This means that most of the results are above the aver-
age. In case of coefficient values above 0 (right-handed distribu-
tion), most results are below the mean. For both structures, nega-
tive values of skewness were obtained for all trajectories (except 
for the positions of the first and second structures, which remained 
close to 0). The difference in the results for the 84.0-mm and 121.2-
mm trajectories was due to a structural change and deliberate 
change in the standard deviation and relative error by a design 
change at the expense of other parameters. For both designs, the 
individual positioning tests were inside the mean ±3σ interval. Ac-
cording to this analysis, a high level of repeatability and concentra-
tion of results was confirmed. 

The algorithm for the first construction enabled the learning pro-
cess to be maintained and repro-duced in automatic mode below 
±1.0 mm, taking into account the measurement of the pattern itself 
as well as the measurement of the implementation of the marker 
trajectory. However, for the second structure, the results were be-
low ±0.6 mm. 

The research conducted using all the applications, advanced 
multisensory equipment, measure-ment methods, and statistical 
analysis, has proven that the application of the same algorithm to 
two different designs does not have to negatively affect the result-
ing positioning quality. By respecting the calculation rules of both 
the trajectory of movements and geometric dimensions of the ma-
nipulator as well as the working area, with the same program exe-
cuting the manipulator's movement, it is possible to improve posi-
tioning parameters by interfering only with the mechanical struc-
ture. The statistical calculations used during the analysis of the re-
sults confirmed the assumptions related to the analysis of 
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positioning quality and repeatability of the manipulator movement 
trajectory in automatic mode. 

In the subsequent stages of research, particular emphasis will 
be placed on two key issues that may significantly influence the 
further optimization of accuracy and reliability in the operation of 
robotic manipulators in advanced industrial environments. 

First, the application of a photogrammetric system is planned 
for the precise determination of the spatial positions of individual 
nodes within the manipulator’s kinematic structure. This approach 
will enable high-resolution reconstruction of the robot’s geometry 
and accurate mapping of its actual motion trajectory, thereby allow-
ing for a detailed analysis of deviations from the pre-programmed 
paths. Photogrammetry, as a non-contact and high-precision meas-
urement method, will be essential for evaluating spatial relation-
ships and identifying potential kinematic discontinuities under real 
operating conditions. 

Second, the impact of the payload mass on positioning accu-
racy will be examined. This factor is of crucial importance in real-
world industrial applications, where variations in the carried load 
can cause structural deflections and inertial effects, which in turn 
negatively affect trajectory tracking accuracy. The planned studies 
will include manipulation tests under various payload conditions to 
assess the extent to which load mass affects the stability and pre-
cision of positioning. These analyses will be conducted using two 
independent measurement systems: a multisensor coordinate 
measuring machine (CMM) and a photogrammetric system. This 
dual-approach will allow for cross-verification of results and provide 
a comprehensive evaluation of the applicability and accuracy of 
both methods in the context of dynamic and spatial measurements. 

The findings obtained from this research will make a significant 
contribution to the development of universal and adaptive control 
algorithms capable of compensating for structural deformations and 
trajectory disturbances caused by variable load conditions. The ul-
timate goal of these activities is to enhance the precision, flexibility, 
and reliability of robotic systems used within the framework of In-
dustry 4.0. 
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Abstract: Ship’s low voltage power supply grids with isolated neutral point of the power source are widely used in marine engineering. They 
can form a potential shock hazard in some specific operational state, when grid capacitance measured against ship’s hull exceed critical 
value. This paper presents analysis of selected models of body impedance in the assessment of electric shock possibility in the ship's power 
supply grids. Main goal of the analysis is to find a relation between ground capacitance and potential shock current in onboard electrical 
grids with isolated neutral point of power source, using different body impedance models. The results from the simulations in various config-
urations are presented and analysed. The findings highlight possibility of electrical shock in isolated neutral point networks with high ground 
capacitance. 

Key words: human body impedance, electric shock protection, ship’s power supply network 

1. INTRODUCTION 

An analysis of documented events [1,2,3,4,5,6] causing injuries 
to persons following contact with electricity shows that a still signif-
icant share (nearly 60%) in all such cases has a human factor, and 
the most common sources of shocks, indicated by Polish statistics 
from previous years (in the period 2016-2022 analysed on the basis 
of available sources), are: 

− Incorrect behaviour of the employee, 

− The involuntary behaviour of the employee, 

− Incorrect use of protective equipment by the employee, 

− The improper use of the material factor by the employee. 
A smaller share in electric shocks has a directly incorrect con-

dition of the material factor or improper use of it and improper or-
ganization of work and workstation. The material factor referred to 
in the statistics [1,2,3,4,5,6] is to be understood here as the whole 
of the machines, devices, equipment, apparatus and technical so-
lutions for protection and protection against electric shock. 

The available statistical data do not distinguish between the 
type of electrical grid and the values of the voltages present. How-
ever, they illustrate an important thing: it is necessary to use effec-
tive shock protection measures to limit the human factor. Due to the 
fact that the use of electrical appliances is so common at the mo-
ment, it seems that cases of shock are becoming, after all, inevita-
ble. Although it seems impossible to completely eliminate the hu-
man factor, actions in the field of shock protection should aim at 
such selection, implementation and protection of the network to 
limit or prevent the effects of shocks. 

In the light of the data cited, it should be considered that – re-
gardless of the area of use of electricity – there may be a risk of 
electric shock wherever it is used. A special case of an industrial 
facility in which all elements of the power system (production, trans-
mission, distribution, loads) are simultaneously present is, among 

others, a ship. In addition to its own electrical power plant, trans-
mission lines, switchboards, in each of the compartments and 
rooms of the vessel there is a significant accumulation of machin-
ery, apparatus and electrical equipment that potentially pose a risk 
of electric shock. Limited space, tightened work and service areas, 
increased humidity, as well as a special mode of work performed 
by service personnel are an additional risk factor in the operation of 
ship power grids. 

2. SHIP’S ELECTRICAL GRID  

In order to describe the area of the study, the following part of 
the article presents the architecture of a power ship network with 
an isolated neutral point, in which human body conditions will be 
simulated using selected body impedance models. The following 
description of the construction of the network is an introduction to 
the definition of the research environment to be taken under con-
sideration. 

Ship power grids used nowadays are most often networks with 
an isolated neutral point (in the Polish national nomenclature 
marked as IT network systems [7], where I: the neutral point is ei-
ther not connected to the ground/ship’s hull or is connected to an 
intermediate ground, T: each load (device) is separately connected 
directly to the ground/ship’s hull). The diagram of the network of this 
type with the marking of the insulation condition control device 
(UKSI) and three-phase loads with individual grounding of the con-
ductive parts available shows the Figure 1. 

IT networks have many advantages: 

− Long-term work possibility with one phase directly grounded (it 
should be noted that the time of removal of a single earth fault 
is not defined) [8]. Operation in the conditions of a single-phase 
ground fault allows to increase the power supply certainty of 
loads powered in the grid by ensuring the continuity of 

https://orcid.org/0009-0004-5499-2559
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electricity supply to the load even in conditions that should be 
considered as fault conditions. 

− Low ground current values, resulting in increased fire safety. 

− Limiting the value of the shock current in the case of contact of 
the body with the cable of one phase while maintaining high 
insulation impedance values of the remaining phases (e.g. the 
provisions of the Polish Register of Shipping provide for circuits 
with a supply voltage in the range of 125-500 V the minimum 
value of insulation resistance of electrical network cable circuits 
1,0 MΩ [9]). 

− The ability to control the state of insulation resistance and the 
use of control and measurement devices with the function of 
alarming and switching off the power supply in the case of de-
tection of ground faults of single-phase or exceeding the mini-
mum permissible values of insulation resistance of monitored 
circuits. 

 
Fig. 1. Typical ship’s electric network [12] 

At the same time, these grids are characterized by certain dis-
advantages, the most important of which are: 

− Lack of possibility of precise location of the place of occurrence 
of earth faults. In practice, the place of occurrence of a single-
phase ground fault is detected by selective disconnection of 
loads, what – with an extensive grid and a large number of 
loads – relatively extends the duration of the earth fault and 
causes the need to temporarily turn off the power for some 
loads. 

− The possibility of damage to grid elements and loads with the 
increase in voltage caused by ground short circuit. 

− The necessity to ensure high service standards, especially in 
the field of constant control of the insulation condition and good 
level of training and operational awareness of personnel. 
Although the regulations on vessels allow the use of other net-

work systems in the area of low-voltage [9,10] grids, as well as non-
standard and atypical solutions, their occurrence is sporadic and, 
in practice, a typical ship's power grid is considered to be a system 
with an isolated neutral point of the power source. 

The use of IT network systems is limited to areas and objects 
where high system availability and the ability to ensure continuity of 
power supply in the event of network damage is required, as well 
as in systems, where a high level of protection against electrical 
shock is indispensable. For this reason, networks with an isolated 
neutral source point are used onboard ships, in addition to health 
care facilities (hospitals), in the mining and chemical industries, in 
aviation as well as in the construction of temporary field power sys-
tems, for example for fire-fighting purposes. 

Due to the characteristic structure of the grid with an isolated 
neutral point, it is necessary to use the aforementioned devices for 
controlling the insulation condition, whose task is to measure, mon-
itoring and informing the user about the possibility of single-phase 
ground faults and about the reduction of insulation resistance. 

3. GROUND FAULTS IN SHIP’S ELECTRICAL POWER GRIDS 

The occurrence of a single insulation damage and the formation 
of a single-phase ground short circuit (short circuit to the ship’s hull 
– in the case of vessels with conductive hulls) is associated with the 
emission of energy by short-circuit current. With single-phase short-
circuits, the short-circuit current does not stimulate the protection 
devices, guaranteeing continuity of power supply. The insulation 
condition control system shall signal such a situation so as to pre-
vent the formation of a second short circuit, leading consequently 
to the black-out condition (power off). Unlike land networks, where 
there is not always the possibility of a quick response to network 
damage states, in ship networks, the service should be able to de-
tect, locate and remove a single-phase ground short circuit rela-
tively faster [11,12]. 

The diagram of a typical insulation status control system is 
shown in the Figure 2. 

 
Fig. 2.  Typical ship’s electrical grid insulation status control system [12].  

1 – DC voltage source, 2 – Insulation resistance meter (Meg-
ohmmeter), 3 – singal relay, 4 – limiting resistor, 5 – inductor 
(suppressor), 6 – DC component blocking capacitor 

It is worth noting that the commonly used solutions of insulation 
condition control systems do not allow to determine the value of the 
grid capacitance relative to the ship’s hull. Therefore, it is not pos-
sible to directly determine the value of earth fault currents of the 
capacitive type. The capacitance of the network depends, among 
others, on the capacitance of cable networks (treated as a distrib-
uted parameter) and on the capacitance between the loads and the 
hull and other local capacitances (treated as lumped parameters) – 
e.g. derived from the anti-interference filters used. 

The Figure 3 shows the flow paths of short-circuit currents in 
the case of a single-phase ground short circuit to the hull of the 
ship, indicating the closing path of the short-circuit both through the 
insulation resistance and through the grid capacitance. Insulation 
impedance is represented by RC parallel branches marked in the 
drawing. 

The issue of continuous operational on-line measurement of 
ground capacitance during ship’s electrical grid operation (analo-
gous to measurements of cable network insulation resistance by 
UKSI systems) has been undertaken many times, for example, for 
the construction and implementation of Capacitance Current Com-
pensation Systems on Polish ships, or in mines [17,18,19,20,22]. 
Research and analysis of the possibility of wider use of compensa-
tion systems using earth-fault compensation with adjustable induc-
tors [17,21], or using signal processor-controlled current sources 
[18] are still being conducted. 
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Fig. 3.   Single phase earth-fault in ship’s electrical network with neutral 

point isolated. A – earth-fault point [13] 

Existing legal regulations for the design and construction of ma-
rine power grids and guidelines for the introduction of mandatory 
shock protection measures on ships [9,10,23] do not include the 
use of systems for lowering ground currents derived from the ca-
pacitance of the electrical grid, arguing that there are no effective 
and proven measures in this area. Therefore, there is still a need to 
look for technical and organizational possibilities in the area of elec-
trical shock protection of people. 

In the further part of the article, selected models of impedance 
of the human body were analysed in the assessment of the possi-
bility of electric shock in a ship's network with an isolated neutral 
point when a ground short circuit of one phase occurred. The pur-
pose of this analysis is to verify and evaluate the parameters of 
electric shock and critical network parameters given in the available 
literature (voltage and frequency value, insulation impedance – with 
particular attention to the network capacitance). 

4. EXPERIMENTAL SECTION  

In order to build a model of human electrical shock circuit,  
a simplified ship power grid with an isolated neutral point of the 
power source network structure was considered (Figure 4). It was 
assumed that the shock is of tactile type, which is the most common 
case of shocks during the operation of ship equipment and electri-
cal networks, and the flow of electricity occurs on the hand-hand 
path, in the absence of additional resistance, e.g. derived from com-
plementary means of shock protection, and the impedance in the 
path of the shock current consists only of the impedance of the hu-
man body Zcz.  
 

 
Fig. 4. Human body electrical shock circuit in the ship’s electrical grid 

4.1. Human body impedance models 

Modelling of the human body impedance Zcz is associated with 
the need to apply a number of simplifications, resulting from the 

available data from research in the field of electropathology of elec-
trical shocks. Previous studies on the effects of electricity on the 
human body included both comparative methods and direct meth-
ods involving living organisms (people, animals) [16]. The created 
models of the human body impedance take into account, among 
others, such parameters as: 

− Resistance and capacitance of the epidermis, 

− Resistance and capacitance of the keratinized layer of the epi-
dermis, 

− Resistance of tissues and internal organs on the electrical 
shock path, 

− Psychophysical status and age of the electrocuted person, 

− The hydration state of the body. 
For the purposes of the analysis carried out in the article, four 

model methods of estimating the impedance of the human body 
were adopted: 

− Resistive model (A), often used in the literature for simplified 
determination of the values of shock currents. A contractual re-
sistance value of 1000 Ω [24,25] has been adopted (Figure 5). 

− Model (B) in accordance with IEC 60990 [14] (Figure 6). 

− Model (C) proposed by V. De Santis [15] (Figure 7). 

− Freiberger model (D), in which a touch surface of 0.01 m2, body 
resistance and epidermal resistivity according to Biegelmeier 
[16] were assumed (Figure 8). 

Fig. 5. Simplified resistive Model (A) of human body impedance [24,25] 

 

Fig. 6. IEC 60990 Model (B) of human body impedance [14] 

 
Fig. 7. V. De Santis Model (C) of human body impedance [15] 

 
Fig. 8. Freiberger Model (D) of human body impedance [16] 
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The consideration of several impedance models aims to deter-
mine whether the models available in literature sources can be 
used in research on shock circuits in the network – as an alternative 
method to research on real objects that is impossible to implement 
from the ethical point of view. 

4.2. Simulation studies 

In the assessment of the possibility of electric shock in the elec-
trical grid adopted for consideration, a model study was carried out 
in the MATLAB-Simulink environment. A simplified network model 
with an isolated neutral point (Figure 9) was built, in which the initial 
parameters were assumed: 

− 400 VAC voltage and 50 Hz frequency of power source. 

− Active symmertrical power load (the Three-Phase Parallel RLC 
Load module of the Specialized Power Systems library was 
used). The analysis covered the unloaded network in the quasi-
idle mode, in which situation the expected shock current takes 
maximum values. 

− Isolation impedance (coloured blue) composed of 1 MΩ re-
sistance (minimum allowable value of insulation resistance ac-
cording to [9]) and 0.14  μF capacitance (critical value of net-
work capacitance according to [20]). 

− Human body impedance Zcz models (coloured yellow) marked 
with indices A, B, C, D [24,25,14,15,16]. 

 
Fig. 9. MATLAB-Simulink model utilized for analysis 

In the first phase of the experiment, the operation of the network 
model was checked assuming that for the limit parameters given in 
the literature [9] [20] (insulation resistance 1 MΩ,  ground capaci-
tance 0,14  μF) a ground fault current of a value exceeding the as-
sumed dangerous current of 30 mA [16] would not occur. This as-
sumption is also directly related to the approximate method of cal-
culating the ground fault current IR in a grid with an isolated neutral 
point [26]: 𝐼ோ ≈ √3 ∙ ௓ܷ ∙ ߱ ∙  ா (1)ܥ

where: 
 
 

𝐼ோ – ground fault current, ௓ܷ  – supply voltage, ߱ =  .ா – ground capacitanceܥ ,angular frequency – ݂ߨ2
Assuming UZ = 400 V, f = 50 Hz, CE = 0,14 μF, expected ground 

fault current IR ≈ 0,03 A. This value is obviously greater than the 
self-releasing current, but it was taken as a reference value due to 
the fact that with an electric shock of this value fibrillation for human 
heart already occurs. 

Therefore, it should be assumed that the current flowing 
through the additional impedance included in the short circuit, for 
example the impedance of the body, will not take a greater value. 
For the tested models, the results of the check presented in the 
Figure 10 were obtained. 

 
Fig. 10. Earth fault current obtained for tested models 

The highest value of the earth fault current was obtained for the 
simplified model A, but it does not exceed the assumed value of 30 
mA. It should be considered that current models A, B, C, D meet 
the condition of the above check. 

In the next part, the model response to the change of power 
supply parameters was examined. A constant value of the insula-
tion resistance of the network to the hull 1 MΩ and the value of the 
ground capacitance of the network equal to the critical value of 14  
μF were assumed. The range of changes in the supply voltage was 
selected to include at least the permissible deviations of the voltage 
value for ship’s power supply source in accordance with [9]. Figure 
11 shows the dependence of the IR shock current on changes in the 
supply voltage value while maintaining its constant frequency of 50 
Hz.  

Tab. 1. Analysis of the impact of changes in the supply voltage Uz on the   
value of the shock current IR – selected points 

 
Supply voltage UZ [V] 

360 370 380 390 400 410 420 

S
h

o
ck

 c
u

rr
en

t 
I R

 [
A

] 

A 0,0271 0,0279 0,0286 0,0293 0,0301 0,0308 0,0316 

B 0,0259 0,0266 0,0273 0,0280 0,0288 0,0295 0,0302 

C 0,0215 0,0231 0,0239 0,0243 0,0252 0,0259 0,0264 

D 0,0224 0,0230 0,0236 0,0243 0,025 0,0255 0,0261 
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Fig. 11. Impact of changes in the supply voltage Uz on the value of the 
shock current IR 

There is a visible increase in the value of the shock current with 
an increase in the supply voltage. This relationship is important be-
cause it affects the option of designing areas of the grid with re-
duced voltage. 

Simulation analysis was also subjected to the impact of chang-
ing the frequency of supply voltage on the value of the shock cur-
rent. Frequency changes in the range covering at least the permis-
sible frequency deviations in accordance with [9] allowed to formu-
late a conclusion analogous to the change in the value of the supply 
voltage: change in the frequency of the supply voltage, which is 
equal to changing the operating characteristics of the frequency 
controller, affect the value of the shock current. 

The different character of the waveform for Model C (noticeable 
already in the analysis of changes in the supply voltage) results 
probably from the impedance parameters of RC branches assumed 
by the model authors [15] and is related to the way of solving this 
model by the MATLAB-Simulink package using blocks offered in 
the Specialized Power Systems library. 

In order to analyze the impact of changes in insulation imped-
ance parameters, separate simulations were carried out for 
changes in the insulation resistance Riso of the grid measured in 
relation to the hull of the ship and for changes in the ground capac-
itance CE of the grid for all models of body impedance considered. 

The change of insulation resistance Riso in the simulation was 
performed for values from 1 kΩ 1 MΩ. The results are shown in 
Table 3 and in Figure 13. 

Tab. 2.  Analysis of the impact of changes in the supply voltage 
frequency f on the value of the shock current IR – selected points 

 
Supply voltage frequency f [Hz] 

48,5 48,5 48,5 48,5 48,5 48,5 48,5 

S
h

o
ck

 c
u

rr
en

t 
I R

 [
A

] 

A 0,0296 0,0298 0,0299 0,0301 0,0303 0,0306 0,0296 

B 0,0283 0,0285 0,0286 0,0288 0,0289 0,0292 0,0283 

C 0,0245 0,0245 0,0245 0,0252 0,0244 0,0254 0,0245 

D 0,0246 0,0248 0,0248 0,0249 0,0250 0,0252 0,0246 

 

Fig. 12. Impact of changes in the supply voltage frequency f on the value 
of the shock current IR 

The different character of the waveform for Model C (noticeable 
already in the analysis of changes in the supply voltage) results 
probably from the impedance parameters of RC branches assumed 
by the model authors [15] and is related to the way of solving this 
model by the MATLAB-Simulink package using blocks offered in 
the Specialized Power Systems library. 

In order to analyze the impact of changes in insulation imped-
ance parameters, separate simulations were carried out for 
changes in the insulation resistance Riso of the grid measured in 
relation to the hull of the ship and for changes in the ground capac-
itance CE of the grid for all models of body impedance considered. 

The change of insulation resistance Riso in the simulation was 
performed for values from 1 kΩ 1 MΩ. The results are shown in 
Table 3 and in Figure 13. 

Tab. 3.  Analysis of the impact of changes in insulation resistance Riso 
on the value of shock current IR – selected points 

 
Insulation resistance Riso [kΩ] 

1000 800 600 500 400 300 200 

S
h

o
ck

 c
u

rr
en

t 
I R

 [
A

] 

A 0,0300 0,0301 0,0301 0,0301 0,0300 0,0299 0,0299 

B 0,0288 0,0287 0,0287 0,0286 0,0286 0,0285 0,0284 

C 0,0244 0,02522 0,0233 0,0253 0,0237 0,0240 0,0249 

D 0,0249 0,0249 0,0248 0,0248 0,0247 0,0247 0,0245 

 
Insulation resistance Riso [kΩ] 

100 50 40 30 20 10 1 

S
h

o
ck

 c
u

rr
en

t 
I R

 [
A

] 

A 0,0301 0,0314 0,0324 0,0346 0,0399 0,0580 0,173 

B 0,0282 0,0286 0,0294 0,03083 0,0345 0,0465 0,0995 

C 0,0245 0,0253 0,0265 0,0269 0,0304 0,0386 0,0780 

D 0,0243 0,0247 0,0252 0,0263 0,0292 0,0382 0,0695 
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Fig. 13. Impact of changes in the insulation resistance Riso on the value 
of the shock current IR 

The simulation shows that the change in the insulation re-
sistance of the grid, even below the minimum safe value, does not 
cause a significant increase in the firing current, and such an in-
crease is observed only at values indicating significant damage to 
the insulation. Therefore, the minimum value 1 MΩ adopted by the 
regulations should be considered highly safe, and the control of the 
insulation resistance status should create conditions sufficient to 
ensure shock safety. 

The change of the ground capacitance CE in the simulation was 
performed for values from 0.05  μF to 30  μF. The results are shown 
in Table 4 and in Figure14. 

The simulation revealed that the increase in the expected shock 
current above the critical capacitance value of 0.14  μF is signifi-
cant, which may create hazardous conditions for humans. It can 
also be noted that individual models of body impedance give a dif-
ferent response to changes in the value of ground capacitance, 
which results from the nature of the construction of each model. 
The answer of the simplified resistance model allows to obtain the 
highest values of the shock current, which - for the accepted re-
sistance value - allows to conclude, that its use in further research 
will allow for quick detection of dangerous values of the shock cur-
rent in analysed circuits. Assuming that the actual values of the ca-
pacitance onboard ships are greater than the critical one [17,23] it 
can be concluded that the shock protection measures adopted and 
applied in shipbuilding are becoming insufficient. 

Tab. 4.  Analysis of the impact of changes in ground capacitance CE on 
the value of shock current IR – selected points 

 
Ground capacitance CE [μF] 

0,05 0,1 0,14 0,5 1 2 3 

S
h

o
ck

 c
u

rr
en

t 
I R

 [
A

] 

A 0,0109 0,0216 0,0301 0,0982 0,1583 0,2037 0,2177 

B 0,0107 0,0210 0,0288 0,0764 0,0994 0,1101 0,1130 

C 0,00973 0,0189 0,0244 0,0519 0,0726 0,0812 0,0782 

D 0,0102 0,0189 0,0249 0,0534 0,0647 0,0709 0,0728 

 
Ground capacitance CE [μF] 

4 5 6 8 10 20 30 

S h A 0,2234 0,2260 0,2278 0,2296 0,2304 0,2311 0,2316 

B 0,1140 0,1148 0,1151 0,1155 0,1157 0,1160 0,1162 

C 0,0864 0,0874 0,0876 0,0884 0,0890 0,0901 0,0899 

D 0,0739 0,0746 0,0750 0,0754 0,0756 0,0761 0,0763 

 

Fig. 14. Impact of changes in Ground capacitance CE on the value of the 
shock current IR 

5. CONCLUSION 

In the course of the analyses and simulations, the behaviour of 
body impedance models in cases of shock in a ship IT grid was 
checked. The work of the constructed model of the shock circuit 
was checked for cases of changes in power supply voltage param-
eters and a simulation study of changes in the insulation resistance 
of the grid to the ship hull and ground capacitance was carried out 
to determine their impact on the value of the shock current. 

The simulation studies showed that: 
For the proposed in the literature methods of modelling the im-

pedance of the body, different values of the shock currents are ob-
tained. At the same time, all models show a similar nature of the 
response to changes in network power supply parameters and net-
work insulation resistance parameters as well as the ground capac-
itance.  

The simplified simulation model A allows for a safe estimation 
of the expected shock current due to the results obtained. At the 
same time, it should be noted that the value of body resistance 
1000 Ω assumed in the model is an undervalued value in relation 
to real values. 

All models presented in the article provide an answer consistent 
with the obvious results provided in the cited sources. Due to the 
simplification of the calculation method and maintaining a signifi-
cant safety margin, the obvious choice for modeling is the simplified 
model A, however, the model suggested for use by IEC (Model B) 
provides a system response adequate to the currently applicable 
legal provisions and should be primarily used in simulation studies. 

There is a relationship between the reduction in the value of the 
insulation resistance of the grid and the increase in ground capaci-
tance and the possibility of dangerous shock currents when 
touched by one phase. It is absolutely necessary to use additional 
shock protection measures in the ship's electrical grid when 
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working near voltage and working under voltage condition. 
It is necessary to apply measures limiting ground capacitance. 

The use of compensation systems for this capacitance is still prob-
lematic due to the fact that some of the proposed methods 
[17,21,23] make it necessary to include additional devices in the 
circuit, which could affect the effective isolation of the neutral point 
of the power source. Solutions should be sought to reduce the 
length of cable lines, for example by separating network sections or 
lowering the supply voltage in selected circuits. 

Further work is planned by the author to find alternative meth-
ods of determining the value of ground capacitance in on-line mode 
and to look for structural and organizational solutions that can ex-
clude the occurrence of expected dangerous values of shock cur-
rents resulting from the occurrence of capacitance grounding in ma-
rine networks with an isolated neutral point of the power source. 
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Abstract: The article addresses the challenge of reducing machining errors under tight tolerances, which can negatively affect workpiece 
quality. It highlights the need for modelling and compensating individual error types, particularly those caused by tool wear. Traditionally, tool 
wear compensation relies on experimentally determined absolute wear values, but nonlinearity in wear introduces discrepancies between 
modelled and actual machining processes. To address this, the article introduces a novel tool wear model integrated into an Intelligent Tool 
Change System. The model represents changes in tool edge reduction over time, allowing for tool position correction relative to the workpiece 
and signalling alarm states. It incorporates a first-order inertial adaptive model, enabling accurate forecasting of tool wear. These predictions 
are based on real-time geometric measurements collected during cutting by an Automatic Measurement Unit. The measurements are  
analyzed in the time domain to provide current process corrections and determine the tool lifecycle. A key feature of the model is its  
self-tuning capability, which adjusts parameters dynamically to handle limited data availability, improving prediction accuracy and reducing 
the complexity of parameter settings. The model's predictions were validated by comparing predicted wear values against actual  
measurements. Additionally, the integrated model was compared with a linear prediction model, demonstrating superior accuracy.  
To evaluate the model's performance, the article uses the normalized root mean square error (NRMSE) as the assessment metric. Results 
confirm that the first-order inertial adaptive model not only enhances accuracy over adaptive linear model but also provides reliable wear 
predictions, supporting effective tool change strategies in machining processes. This innovative approach offers significant improvements  
in managing machining errors and optimizing tool usage. 

Key words: tool wear; prediction model; Intelligent Tool Change System 

1. INTRODUCTION 

1.1. Tool wear and its symptoms  

With the development of smart manufacturing technologies, 
managing materials, workforce, and equipment in machining pro-
cesses has become crucial to ensure the reliability of key compo-
nents. Tool wear, as the weakest and most damage-prone element 
in the OUPN system, affects both product quality and machining 
efficiency, and is unavoidable due to thermodynamic interactions 
during cutting [1]. Standards such as ISO 3685 [2] provide guide-
lines for tool performance at constant cutting speeds, while Taylor’s 
equation is essential for predicting tool life and production costs, 
particularly for hard-to-machine materials [3]. Since variable cutting 
speeds are common in industrial settings, the study presented in 
[4] aimed to develop a method for predicting tool life under such 
conditions. 

Predicting tool wear or damage, along with estimating its re-
maining useful life (RUL), is essential for effective monitoring of the 
machining process. This can be done by using reliability function 
models based on tool wear behavior, data-driven models utilizing 
signals from the process, workpiece, and tool, or hybrid models that 
combine both approaches [5]. 

In reliability function models, wear is described statistically by 
establishing a reliability function from empirical data. These models 

assume that tool degradation follows a specific probability distribu-
tion, with parameters estimated from the full wear dataset. Methods 
such as Gaussian process regression, hidden Markov models, 
Bayesian models, and adaptive hidden Markov models are com-
monly applied. A key step in these approaches is collecting accu-
rate wear data and choosing a suitable distribution. 

In evaluating tool surface degradation and reliability related to 
catastrophic failure, it is crucial to identify when a component of the 
machining system vector first exceeds a critical level. This is com-
plex due to the system’s multidimensional nature. The time to such 
failure is typically treated as a random variable, with its probabilistic 
characteristics derived from the system’s statistical properties. 

Many methods for tool wear assessment have been developed 
[6], with most focusing on identifying critical wear indicators, as 
summarized in Tab. 1. The data in Tab. 1 were obtained from re-
search by D&H Innovations Ltd. and D&H Engineering Ltd. be-
tween 2021 and 2023. Certain wear types involve accelerated deg-
radation of the cutting blade beyond technologically justified limits. 
However, such occurrences are rare, happening in less than 1% of 
all tool changes, a rate even lower than other operational events 
like retooling. This low incidence highlights the reliability of existing 
wear patterns and supports the feasibility of developing accurate 
tool wear models. These models can be confidently implemented 
in production to improve monitoring, optimize tool usage, and re-
duce unexpected downtime. 
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Tab. 1. Critical value of tool wear symptoms 

Tool wear symptom Critical value 

maximum width of flank 
wear 𝑉ܤܤ (ISO 3685 [4]); 
crater wear on the rake 
face 

𝑉0.6 = ܤܤ mm in case the wear area 
is not regular; average wear width 𝑉0.3 = ܤܤ mm for a regular wear 
surface in zone B of the cutting tool 
flank 

intensive wear on the 
major or minor flank 𝑉ܰܤ 

notch wear 𝑉ܰܤ exceeding 1 mm 
when it dominates other tool wear 
phenomena 

chipping, flaking or 
cracking 

excessive chipping, flaking or cracking 
of the cutting edge 

sudden deterioration of the 
machined surface quality 
caused by destruction of 
the minor flank 

ܴܽ of the machined surface exceeds  
0.4 µm, 0.8 µm, 1.6 µm, 3.2 µm,  
6.3 µm, 12.5 µm (ISO 3685 [2]), other 
roughness or waviness parameters 

cutting edge damage 

catastrophic failure defined as sudden 
failure of the cutting edge under the 
influence of both load and increasing 
cutting temperature (ISO 3685 [2]). 

 
Fig. 1. a) Reasons for premature tool replacement, b) forms of tool wear 

1.2. Tool wear prediction in Intelligent Tool Change System 

Monitoring and prediction of tool wear has been the subject of 
many studies, where possible research methods have been indi-
cated. In [7], a literature review is presented on tool wear, its de-
scription, monitoring, and RUL prediction in the context of big data. 
The authors proposed research directions in the area of tool wear. 
Most often, taking into account the critical value of tool wear, the 
reference value model was used, which is shown in Fig. 2.  

Sensor data can refer to any measured quantity that shows a 
correlation with the amount of wear [8]. For example, in [9] the de-
velopment of a wear measurement system based on the AE sensor 
was developed with an appropriate data processing system 
adapted to their properties. In works such as [10] and [11], the focus 
was mainly on developing signal processing for the tool wear infer-
ence system. In [12], methods for processing data to obtain the best 
RUL prediction are discussed in detail. In [13], the authors analyze 
changes in tool geometry, focusing on wear, design modifications, 
and operational factors, while presenting methods to describe 
these changes through measurements and descriptive metrics.  

Abrasive wear depends on the physical properties of the inter-
acting material pair – the tool material and the workpiece material, 
the stereometric features of the cutting edge, and the dynamic prop-
erties of the machining system. Changes in these factors over time 
lead to variations in the wear rate.  

By understanding how the wear rate changes over time – that 
is, the tool wear intensity ܫ = ݀𝑉ܤ ⁄ݐ݀   – it is possible to determine 
the tool life at a given time as the inverse of the tool wear intensity 

ܶ = ∫ 1ூ(௏஻) ݀𝑉ܤ௏஻೎ೝ೔೟0  (1) 𝑉ܤ – tool wear indicator, 𝑉ܤ௖௥௜௧ – critical value of the tool wear indicator. 
The relationship between tool wear intensity and the actual tool 

life can be modelled using various functions. For constant tool wear 
intensity, the simplest and most commonly used approach is a lin-
ear model. It works well under stable cutting conditions with wider 
workpiece tolerance limits and effectively captures the linear por-
tion of the wear curve, based on time or the number of workpieces 
processed. Tool replacement is then triggered after reaching the 
defined threshold. 

Until the critical value of the tool wear indicator is reached, the 
tool position is continuously adjusted according to the progressive 
wear model. However, in cases of accelerated wear – after exceed-
ing the critical value – even corrective measures may fail to keep 
up with rapid tool degradation. Therefore, to prevent sudden tool 
failure caused by cumulative cutting effects, the prediction range is 
intentionally limited to avoid accelerated wear. 

The initiation of the tool change process can also occur in the 
case of a loss of stability in the manufacturing system. Process sta-
bility is determined based on measurement results and process sta-
bility data. The initiation of the tool change process carried out by 
the Intelligent Tool Change System, is based on information pro-
vided by the management computer, which monitor for any process 
trends in Statistical Process Control charts. The emergence of such 
trends signals a potential loss of process stability, leading to the 
application of artificial intelligence techniques to evaluate the state 
of the process and tools.  

A review of AI integration into CNC systems is provided in [14], 
while [15] separates the tool wear process into monitoring and pre-
diction phases. An advanced method using deep learning is de-
scribed in [16]. 

 
 

 
 

Fig. 2.   a) Measuring reference data, b) off-line identification of reference   
value model 

From the analysis conducted, the modelling of wear progres-
sion over time in modern systems takes the form of a recursive 
model, determined according to the scheme presented in Fig. 3. 
Wear values are predicted recursively based on previous values, 
considering the measurement data collected from the process.  

In the application for tool wear prediction in the Intelligent Tool 
Change System, the model must be supplied with real-time data 
from the process. Under these conditions, the recursive model can 
predict the wear of a cutting tool over time, as tool wear is a gradual 
process that depends on the number of workpieces processed. 
Consequently, the model recalculates wear parameters with each 
new measurement. 

The recursive model prediction relies on the quality of the ac-
quired data, as the model update and tool wear prediction primarily 
depend on new data collected during the machining process. The 
model evolves with each additional measurement, adapting to real-
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time changes in the tool's wear state. 
 
 

 
 

Fig. 3.  Recursive model of tool wear 

2. STRATEGY FOR DEVELOPING A TOOL WEAR MODEL 

The technological problem in machining pertains to the change 
in the position of the tool tip. Considering the guidelines on the in-
fluence of cutting edge reduction on workpiece accuracy, it was 
found that when the actual reduction of the cutting edge reaches a 
critical value, the position of the cutting edge should be adjusted by 
introducing a correction into the CNC program. To implement the 
strategy and develop the appropriate model, it is essential to create 
an analytical structure for prediction, continuous data supplemen-
tation, and decision support systems. Fig. 4 presents a diagram il-
lustrating the development of the integration prediction model. 

The model developed within the intelligent tool change system 
is subject to integration within the production system. As shown in 
Fig. 4, for its operation, the system will require a production cell 
management system along with a database system, a communica-
tion and data exchange system, and a measurement system. In the 
integrated module with the CNC system, the system will collect 
measurement data and save it in the MES system. 

 

 
Fig. 4. The strategy for developing wear model useful in Intelligent Tool 

Change System 

The MES data will then be used in the automatic process cor-
rection module to adjust the tool position and in the intelligent tool 
change system for tool change prediction. These actions will enable 

both the optimization of tool management and the maintenance of 
product quality at the level of specification compliance. 

The model undergoes verification in production conditions. All 
points were validated by comparing predicted vs. actual tool wear. 
The strategy has been developed to accurately predict tool wear, 
optimize tool life, and enhance machining sustainability. 

3. MATERIALS AND METHODS 

The tests were carried out in industrial conditions, where the 
blade shortening during cutting was assessed. The maximum cut-
ting time referred to the number of workpieces processed and 
amounted to 250 pieces. The experimental set-up with the meas-
urement system is shown in Fig. 5 

 

 
Fig. 5. Schematic diagrams of the cutting experiment and tool wear 

measurement setup 

During cutting, reference measurements were taken and the 
tool position was corrected relative to the workpiece nominal and 
measured values. The measurement of the blade geometry in the 
worn state was verified by the Alicona G6 measuring system using 
the Advance Focus Variation method [17]. In the Alicona Edge Mas-
ter Module 10.5 program, the ݔܽ݉݀ܦ parameter values (maxi-
mum wear depth along the profile determined on the cutting edge) 
were determined, which enabled the assessment of the blade 
shortening (Fig. 6). These values will be used to verify whether the 
measurements of the workpiece and the total corrections in the pro-
cess define the tool wear, as determined by the parameter ݔܽ݉݀ܦ. 

 

 
Fig.6. Determination of the blade shortening ݔܽ݉ܧܭ using the ݔܽ݉݀ܦ 

parameter 
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4. RESULTS AND DISCUSSION 

4.1. Assumptions for developing the model  

The cutting tool wear model occurs at various levels of the 
cyber-physical model. The basis for choosing the modelling method 
is the purpose for which the model is to be developed. The cutting 
tool wear model is a model of tool deterioration, which consists in 
the fact that the condition of a cutting tool becomes increasingly 
worse and gradually causes the tool to lose its ability to perform in 
line with expectations. However, the wear model is associated with 
the possibility of developing an inverse model and indicating the 
usefulness of a given tool, how useful it is in removing machining 
allowance. The definition of RUL is closely related to the wear 
model. On the other hand, the tool usefulness model is the possi-
bility of introducing corrections to the process. It follows from the 
considerations that many basic assumptions should be taken into 
account when building the model. They are systematically listed in 
Tab. 2. 

The development of models of blade wear over time and deter-
mination of RUL were carried out using monotonically changing val-
ues of wear indicators, which have a direct impact on the value of 
blade shortening and surface precision. Determination of the refer-
ence value of critical wear enabled the model to be adjusted to the 
actual values of blade wear in given cutting conditions. The biggest 
limitation in the use of models with a reference value is the problem 
of the dispersion of wear intensity and tool life. Studies show the 
randomness of factors that cause deterioration of cutting properties 
of tools, where, apart from abrasive wear, other wear mechanisms, 
such as diffusion or chemical wear, begin to dominate. Defining the 
tool life in the conditions of randomness of the tool wear process 
requires determining the time of its reliable operation until the blade 
blunting criterion (reference value) is achieved. Problems related to 
determining the time of the first exit of the process from the allowa-
ble area were considered in the theory of stochastic processes. Ef-
fective solutions can be obtained from the equation of the reliability 
function, which depends on the physicochemical and strength prop-
erties of the blade material. These in turn depend on the tempera-
ture and machinability of the processed material. Additionally, the 
wear of the blade depends on its load and the dynamics of the cut-
ting process. 

4.2. Development of the model  

The linear wear model of the form as Eq. (2) was analysed (ݐ)ݕ = ݐ)ݕ = 0) +  (2)   ݐܣ

where the parameter A refers to the intensity of tool shortening over 
time and the first-order inertial model as expressed in Eq. (2) (ݐ)ݕ = ݐ)ݕ = ݌ݔ݁(0 (−௧்) + ܭ (1 − ݌ݔ݁ (−௧்)) +  (3)   0ܥ

The parameter T in equation (3) for T > 0 can be interpreted as 
the period where for t=T we reach 63% and for t=3T we reach 95% 
of the critical value of the wear. The parameter K can be interpreted 
as the gain, the maximum value in the steady state. Knowing the 
current value of y(t) and the value of y(t) for t=3T we can estimate 
the RUL.  

Tab. 2. Summary of assumptions for building the cutting tool wear model 

Assumptions RUL Tool position 
correction 

The model should 
represent the change in 
tool edge reduction over 
time. The output of the 

model should be the tool 
edge reduction value KE, 

and the independent 
variable should be cutting 

time.  

The edge reduction 
value over time 

allows for summing 
values and 

comparing them with 
the critical value. 

The edge reduction 
value over time 

allows for 
determining current 
corrections in the 

process and 
predicting 

corrections for 
subsequent time 

units. 

The model should enable 
the determination of the 
tool infeed, taking into 
account the tool edge 
reduction. The infeed 

value determined on the 
basis of the model should 
enable the correction of 
the position due to the 

assumed accuracy of the 
workpiece. 

The infeed value 
determined on the 
basis of the model 

enables comparison 
with the critical 

infeed value, above 
which it is not 

possible to achieve 
the assumed 

dimensional and 
shape accuracy and 
surface roughness. 

The infeed value 
determined on the 
basis of the model 

makes it possible to 
achieve the 

assumed accuracy 
of the workpiece. 

The model should reflect 
the progression of tool 
wear over time, i.e. a 

typical S-shaped profile, 
with rapid initial growth, 

an almost flat middle 
region, and a final rapid 

growth. The model is 
nonlinear and it should be 

taken into account that 
the wear pattern changes 

with time tA. 

The gradient of the 
S-shaped function 
determines three 

areas of wear 
changes over time: 
the first area with a 
decreasing value, 

the second area of a 
constant value and 

the third area of 
accelerated wear, 
the value of which 

increases over time 
and which allows for 
the estimation of the 

RUL. 

The gradient of the 
W-shaped function 
determines three 

areas of wear 
changes over time 
and thus allows for 

estimating the 
correction values for 
each of the areas. 

The model should take 
into account tool wear 
mechanisms. Model 
parameters must be 

interpretable in terms of 
tool edge reduction over 
time. Parameters must 

enable assessment of the 
intensity of wear 

mechanisms over time for 
different cutting 

conditions. 

Model parameters 
resulting from the 

intensity of 
elementary wear 
processes can be 

used to estimate the 
RUL value. 

Model parameters 
resulting from the 

intensity of 
elementary wear 
processes enable 

the determination of 
corrections to tool 
life based on them. 

The model should take 
into account the constant 
cutting process load as 

an input signal. In 
principle, the undeformed 

chip thickness for each 
tool feed has a constant 

value, which at a constant 
cutting speed allows the 
assumption of a constant 

load (material removal 
rate), described by a unit 

stroke function. 

The model taking 
into account the 

constant cutting load 
makes it possible to 

predict RUL. 

Assuming a constant 
cutting load allows 

the influence of 
other factors 

influencing the wear 
process to be limited 
and thus the error in 

predicting 
corrections in the 

process to be 
limited. 
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The goodness of fit of the models was assessed using the 
NRMSE index. The goodness of fit values are within the range 〈−∞;  1〉, where “0” − perfect fit to the reference data (zero errors) " − ∞" − poor fit, “1” − the model values do not fit better than the 
fit of the reference value with a linear model. Tab. 3 presents the 
results for the average NRMSE values for the goodness of fit of the 
reference data for the linear and first-order inertial models for all 
experiment points. The results indicate the advantage of the first-
order inertial model over the linear model. The fit was significantly 
better, and the average NRMSE value was half as small. 

Tab. 3. Summary of assumptions for building the tool wear model 

Cutting edge 

reduction ࡱࡷ 

 ࡱࡿࡹࡾࡺ

Linear model First order inertial 
model 

10% 1.2 0.17 

50% 0.86 0.47 

75% 0.75 0.39 

100% 0.33 0.43 

 
Fig. 7 shows an example of a single cutting process, in which 

the collected reference data of the tool wear for 75% of the critical 
value. The reference data were modelled with a linear model and a 
first-order inertial model. For this specific cutting case, the linear 
model seems to be a better fit than the first-order inertial model. 
The fit was similar for the linear model and the first-order inertial 
model. However, statistically for the entire experiment, the results 
for the first-order inertial model indicated its advantage over the lin-
ear model. 

 
Fig. 7. Example of application of linear and first-order inertial models in 

the estimation of tool wear 

Despite the good fit of the models, it can be observed that the 
measured values and the values estimated by the models, when 
compared to the reference value under narrow tolerance condi-
tions, do not ensure complete compliance of the items with the 
specification. To perform a more comprehensive analysis, Fig. 7 
presents the measured value of ݔܽ݉݀ܦ for selected experimental 
points (10% of the critical wear value) along with the cumulative 
value of tool position corrections. The value of ݔܽ݉݀ܦ and the 
cumulative value of the tool position correction, adjusted for the cur-
rent measurement value, remain in high agreement, which was 
confirmed by a statistical test for equality of means. The plots in 
Fig. 8 have been supplemented with estimated cutting edge reduc-
tion values for the linear model. The linear model was determined 
using the least squares method based on all the measured data. 

The chart in Fig. 8a indicates that a tool position correction was 
made for the fifth and seventh workpieces. The corrections were 

significant, amounting to 10 μm each. Introducing the correction 
based on the measured dimension values of the workpiece enabled 
the production of subsequent workpieces in compliance with the 
specification. Similarly, the situation unfolded in the remaining cut-
ting trials, as shown in Fig. 8b-8d. 

In this particular case, all workpieces were measured, and the 
correction was made in the subsequent step. This is an ideal situa-
tion, as statistical process control is used in production, and correc-
tions are applied with a certain delay relative to the current meas-
ured value. Therefore, there is a need to predict the tool position 
correction values for the production of subsequent workpieces. 

If the linear model identified based on multiple repetitions of the 
experiment were applied, it would be evident that its use in produc-
tion would not guarantee an accurate reflection of the wear progres-
sion. The corrections calculated from this model might not ensure 
the production of workpieces within the specified dimensional toler-
ance. For example, the intensity of tool wear, according to Fig. 8a 
and 8c, is much greater than in the case of the experiments shown 
in Fig. 8b, where tool position corrections were made only for the 
14th workpiece. The linear model suggested an earlier correction; 
however, despite the delay, the intensity of tool wear was small 
enough that the workpieces remained within the accepted tolerance 
range. 

 
a) 

 
b)

 

c) 
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d) 

 
 

Fig. 8. Tool wear cases as a function of the number of workpieces, 
highlighting the ݔܽ݉݀ܦ values 

The analysis of cases involving tool position corrections and 
wear progression indicates the need to train the models with refer-
ence values during the machining process in order to predict wear 
values. This, in turn, would enable the effective application of tool 
position corrections. 

4.3. The recursive model with reference value 

In the case of the Intelligent Tool Change System, the model is 
developed based on historical data of the process trace and tool 
wear. The maximum cutting edge reduction and the number of 
workpieces machined with the given tool are determined. As indi-
cated in section 4.2, these values do not guarantee achieving the 
required workpiece accuracy due to the cutting edge reduction but 
serve as baseline data for developing the appropriate model selec-
tion strategy. 

The adaptive linear model and first-order inertial adaptive 
model were developed in two versions, the results of which are 
shown in Fig. 9 and Fig. 10.  

The adaptive linear model (Fig. 9a) and first-order inertial adap-
tive model (Fig. 9b) more accurately represent the tool position cor-
rections than the linear model. The smoothing of the curves by av-
eraging predictive tool position data from the current and previous 
models allowed for the model to be smoothed. The use of meas-
ured values for model fine-tuning means that the developed recur-
sive model could be applied to predict wear values for subsequent 
workpieces. 
 
a) 

 

b)

 
Fig. 9.   A comparison of tool wear measurements and data generated 

using the linear model, as well as the adaptive linear model (a) 
and first-order inertial adaptive model (b), as reference data for 
tool position correction for the first 10 pieces 

a)

 
b)

 
 

Fig. 10. A comparison of tool wear measurements and data generated 
using the linear model and the adaptive linear model (a) and 
first-order inertial adaptive model (b), as reference data for tool 
position correction, considering a smoothing window for the first 
10 pieces 

The strategy for determining and fine-tuning the models was 
verified using experimental data from a real production process in 
the Intelligent Tool Change System. For the manufacturing process 
being carried out, based on workpiece measurements taken every 
5 pieces, corrections were made using the adaptive linear model. 
The model was fine-tuned as new measurements were received 
and predicted the cutting edge reduction values based on a mono-
tonic function model with an increment of 5 μm. The prediction and 
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actual measurements were in high agreement. For the sample data 
from Figure 7, the goodness of fit index ܰ  for the model was ܧܵܯܴ
0.2674, and after averaging, it was 0.2187 (Tab. 4). 

Tab. 4. Adaptive linear function models with a 50-piece FIFO buffer 

 Recursive model with  
parameter estimation 

every 5 pieces 
Averaging recursive model 

A
da

pt
iv

e 
lin

ea
r 

m
od

el
 

ܧܵܯܴܰ  = 0.2087 

ܧܵܯܴܰ  = 0.1964 

M
od

el
 o

f 
th

e 
m

on
ot

on
ic

 

fu
nc

tio
n 

ܧܵܯܴܰ  = 0.2350 
ܧܵܯܴܰ  = 0.1884 

M
od

el
 w

ith
 a

 c
on

st
an

t  

in
cr

em
en

t 
of

 5
 

m
 

ܧܵܯܴܰ  = 0.2674 
ܧܵܯܴܰ  = 0.2187 

Tab. 5. First order inertial adaptive model with a 50-piece FIFO buffer 

 Recursive model with  
parameter estimation every 

5 pieces 
Averaging recursive model 

F
irs

t 
or

de
r 

in
er

tia
l  

ad
ap

tiv
e 

m
od

el
 

ܧܵܯܴܰ = 0.1515 
ܧܵܯܴܰ  = 0.1527 

M
od

el
 o

f 
th

e 
m

on
ot

on
ic

 

fu
nc

tio
n 

ܧܵܯܴܰ = ܧܵܯܴܰ  0.1685 = 0.1543 

M
od

el
 w

ith
 a

 c
on

st
an

t 
in

-

cr
em

en
t 

of
 5

 
m

 

ܧܵܯܴܰ = 0.1890 
ܧܵܯܴܰ  = 0.1783 

The use of the first-order inertial adaptive model for all experi-
ment points yielded better results than the adaptive linear model. 
For the sample data from Fig. 7, the goodness of fit index NRMSE 

for the first-order inertial adaptive model was 0.1890, and after av-
eraging, it was 0.1783 (Tab. 5). The prediction allowed for real-time 
tool position correction, ensuring that all workpieces were produced 
within the specified dimensional tolerance. 

5. CONCLUSIONS 

Tool wear during machining negatively affects the dimensional 
accuracy of the workpiece. In practice, the shortening of the cutting 
edge is compensated for by applying tool position corrections rela-
tive to the workpiece, typically integrated into the production pro-
gram. These correction values are often based on reference meas-
urements or predefined benchmarks. However, models relying 
solely on offline-determined parameters often fail to deliver accu-
rate predictions, especially when the tool undergoes rapid wear or 
when tight dimensional tolerances must be maintained. 

To address this limitation, a wear prediction strategy was de-
veloped using reference values dynamically adjusted during the 
machining process. This approach was tested using two model 
types: an adaptive linear model and a first-order inertial adaptive 
model. The latter demonstrated superior performance in terms of 
predictive accuracy and process stability. By fine-tuning model pa-
rameters based on real-time tool wear, inferred from measure-
ments of the machined workpieces, it was possible to achieve reli-
able tool wear prediction. This enabled timely corrections that en-
sured dimensional compliance across all manufactured parts in a 
system equipped with the Intelligent Tool Change System. 
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Abstract: In this paper, we analyze the family of three-dimensional Wazwaz-Benjamin-Bona-Mahony (3-D WBBM) equations using the 
generalized Jacobi elliptic function expansion method. Understanding complicated wave patterns is critical, therefore, the family of 3-D 
WBBM equations is a valuable mathematical model with application in fluid mechanics, plasma dynamics, biomechanics, and engineering 
sciences. The main objective of this study is to build several new multiple wave form solutions for the nonlinear three-dimensional Wazwaz-
Benjamin-Bona-Mahony (3-D WBBM) equations. By first using the travelling wave transformation, the nonlinear partial differential equation 
is transformed into an ordinary differential equation. Then the generalized Jacobi elliptic function expansion method is used to execute a 
finite series expansion of degree n. Due to this analytical method, we obtained numerous new exact solutions, including periodic solutions 
in Jacobi elliptic function forms and their corresponding Solitary and shock wave solutions in a limit convergence sense when the modulus 
parameter m approaches 1 and 0. These results are particularly useful for nonlinear science and mathematical physics professionals, since 
they provide important insights into the structure and evolution of nonlinear waves in a variety of physical circumstances. To improve the 
physical description of the solutions, several typical wave profiles are offered to provide a comprehensive analysis of the wave characteristics 
of the solutions in 2-D, 3-D, and contour visualizations were generated using accurate parameters value with the help of Mathematica. 
Moreover, by generating novel and accurate propagating soliton waveform solutions, the generalized Jacobi elliptic function expansion 
methods highlight its importance in uncovering key aspects of the model behaviours as well as suggesting potential applications in the study 
of water waves. 

Key words: Soliton wave solutions, family of 3-D WBBM Equations, Jacobi Elliptic Function Expansion technique, Nonlinear Evaluation 
Equations

1. INTRODUCTION 

Nonlinear phenomena occur in various scientific domains, in-
cluding applied mathematics, physics, and engineering. Nonlinear 
evolution equations (NLEEs) are being explored in multiple nonlin-
ear areas, such as nonlinear optics, thermal conductivity, fluid me-
chanics, optical fiber, electromagnetism, quantum theory, and shal-
low water wave propagation [1–3]. The research on soliton wave 
solutions of NLEEs is drawing interest. Because the majority of 
physical systems are nonlinear, researchers have been encour-
aged to investigate whether exact solutions exist for NLPDEs, spe-
cifically nonlinear evolution equations, or evolution equations 
(EEs). 

Numerous numerical and analytical approaches have been de-
veloped to address nonlinear partial differential equations. The re-
searchers prefer analytical approaches over numerical methods 
because they provide an extensive understanding of physical pro-
cesses and precise insights into system dynamics. However, ana-
lytically solving nonlinear partial differential equations (NLPDEs) 
can be challenging. For this purpose, in recent decades, much de-
velopment has been done; many reliable and efficient techniques 
have been presented to achieve the exact NLEE solutions. Like the 
exp-function approach [4, 5], (G’/G)-expansion technique [6, 7], F-

expansion approach [8, 9], modified extended tanh-function tech-
nique [10, 11], the Hirota bilinear technique [12, 13], the extended 
rational sin-cos and sinh-cosh methods [14], the generalized sine-
gordon expansion approach [15], the modified Kudryashov tech-
nique [16], Variational Iteration Method [17], Improved (G’/G)-Ex-
pansion technique [18, 19], Riccati-Bernoulli Sub ODE approach 
[20] Generalized Exponential Rational Function approach [21] and 
so on. These methods have been effectively established and pro-
vided to find a precise solution for NLPDEs. Although these ap-
proaches have made great progress, but they often fail when used 
to more complex models, such as a family of 3-D WBBM equations, 
where more efficient and extended methodologies are needed. 

This article uses an efficient and effective strategy to generate 
different types of periodic and solitary wave solutions for the three-
dimensional WBBM equations. The three-dimensional WBBM 
equation can be stated as follows: 𝑣௫ + 𝑣2𝑣௬ + 𝑣௧ − 𝑣௫௭௧ =  0,                                              (1.1) 𝑣௬ + 𝑣2𝑣௫ + 𝑣௧ − 𝑣௫௬௧ =  0,                                              (1.2) 𝑣௭ + 𝑣2𝑣௭ + 𝑣௧ − 𝑣௫௫௧ =  0.                                                (1.3) 

Wazwaz proposed the 3-D Wazwaz-Benjamin-Bona-Mahony 
(3-D WBBM) equation in 2017 [22]. The 3-D WBBM equation is the 
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modified form of the famous KdV equation, which is used to study 
the stability and soliton-like properties of fluid waves in various sci-
entific phenomena. The family of Wazwaz- Benjamin-Bona-Ma-
hony (3-D WBBM) equations has attracted much attention because 
of their mathematical structure and practical applications. This 
equation is characterized by a scenario that addresses nonlinearity 
and dispersion, making it valuable for analyzing wave phenomena 
in a physical setting. In recent years, several successful techniques 
have been applied to study the WBBM model, such as the first in-
tegral method [23], the modified Exp-function approach [24], the 
Generalized rational exponential function approach for analytical 
solutions [25], Rational sine-Gordon expansion approach [26], the 
Sardar-Sub equation approach [27], the Improved Bernoulli Sub-
Equation Function technique [28], the extended modified auxiliary 
equation mapping (EMAEM) approach [29], a new extended direct 
algebraic technique [30], the Φ6 expansion approach and modified 
extended direct algebraic [31], the Khater methods [32], and the 
expanded tanh approach [33].In addition to the existing analytical 
methods, the generalized Jacobi elliptic function expansion 
method, previously applied to various nonlinear PDEs and FPDEs 
[34–42], has not yet been employed for the 3D WBBM model, of-
fering potential for innovative exact solutions.  

In this paper, we integrate the generalized Jacobi elliptic func-
tion expansion technique for studying the family of 3-D WBBM 
equations. The generalized JEFE method is more efficient and gen-
eralized than the existing methods for solving the 3-D WBBM equa-
tions. The generalized JEFE approach makes good use of Jacobi 
elliptic functions, allowing for a large number of solutions, such as 
Jacobian elliptic, trigonometric, and hyperbolic trigonometric func-
tions type of solutions, which improves its application to diverse 
nonlinear wave equations. Furthermore, it is a noteworthy invention 
that constitutes notable progress. When solving nonlinear partial 
differential equations (PDEs), the generalized Jacobi elliptic func-
tion expansion technique has several advantages and disad-
vantages. Its ability to provide periodic and exact solutions is one 
of its primary features. In order to understand complicated nonlin-
ear dynamics, this capacity is crucial. Equations exhibiting specific 
symmetries and invariants benefit greatly from this method, as it 
allows for a more thorough examination of the solutions. Its limited 
application, however, is one of its main drawbacks. The exact solu-
tions demonstrated that our suggested WBBM equations are per-
fectly suitable for producing innovative traveling wave structures in 
a wide range of physical scenarios without any problems, in addi-
tion, the article contains details 2-D, contour, and 3-D graphical vis-
ualizations of the solutions to demonstrate how well the suggested 
method solves difficult nonlinear equations and to help readers bet-
ter understand their physical features, to providing useful infor-
mation for further research in mathematical physics and shallow 
water waves. 

The following is the order of the work in this paper. Section 2 
explains how to solve NLPDEs using generalized JEFE techniques. 
In Section 3, we describe how this approach can be used to solve 
the nonlinear 3-D WBBM system. This section is divided into three 
subsections, each of which presents Periodic wave solutions in 
terms of Jacobi elliptic function expansion, and solitary and shock 
wave solutions. Section 4 presents a graphical presentation and 
discussion. Section 5 presents the conclusion of the study. 

2. SUMMARY OF THE GENERALIZED JEFE APPROACH 

Within this part of the article, we explain the details of the gen-
eralized JEFE approach. The following steps will be followed when 

conducting these types of studies: 
Step A: Nonlinear partial differential equations (NPDEs) typi-

cally take the mathematical expression ܰ(𝑣, డ௩డ௧ , డ௩డ௫ , డ௩డ௭ , డ2௨డ௫డ௫ , డ2௨డ௫డ௧ , డ2௨డ௫డ௭ , డ2௨డ௧డ௧ , . . . ) = 0.                  (2.1) 

Step B: Reformulating Equation (2.1) and utilizing the chain 
rule, we consider:  𝑣(ݔ, ,ݕ ,ݖ (ݐ =  𝑣(߰),  
where  ߰ = ݔ݌  + ݕݍ + ݖ ݎ −  (2.2)                                          ,ݐݏ
where ݌, ,ݍ  represent constants. We can use equation ݏ and ,ݎ
(2.2) to convert the nonlinear PDEs (2.1) into ordinary differential 
equations. ܰ(𝑣, డ௩డట , డ2௩డట2 , . . . ) = 0.                                                          (2.3) 

The primary objective of this extended indirect strategy is to 
maximize the possibility of addressing the derived ordinary differ-
ential equation, more especially the initial kind of Jacobian problem 
that involves three variables, such as  m2,m1, and m0. The goal 
is to come up with a more comprehensive collection of Jacobi ellip-
tic solutions for the problem that has been presented. It is possible 
to visually represent the auxiliary equation as follows: (ܰ′)2(߰) =  ݉2ܰ4(߰) + ݉1ܰ2(߰) + ݉0,                     (2.4) 

where  ܰ′ = ௗேௗట , ߰ = ,ݔ)߰  ,ݕ ,ݖ ,(ݐ ܽ݊݀ , m2,m1, and m0  

are constants. 
The mathematical expressions for Jacobi elliptic functions are 

given by: ݊ݏ(߰) = ,߰)݊ݏ  ݇), ܿ݊(߰) =  ܿ݊(߰, ݇), ݀݊(߰) =  ݀݊(߰, ݇) 

Here, the ݇  is used to signify the modulus, and k ∈ (0, 1). 
The solutions of equation (2.4) are presented in Tab.1. 

Tab.1. The following table summarizes all the potential solutions to  
equation (2.3) for the specific ݉2, ݉1, and ݉0 values that have 
been provided   

NO.    ࢓૛                    ࢓૚                         ࢓૙                         ࡺ 

1         ݇2         −(1 + k2)                      1                            ݊ݏ         
2         ݇2         −(1 + k2)                      1                            ܿ݀         

3      −k2            2k2 − 1                    1 − ݇2                       ܿ݊ 

4      −1               2 − ݇2                      ݇2 − 1                      ݀݊ 
5         1           −(1 +  ݏ݊                           2݇                      (2݇

6         1           −(1 + ݇2)                      ݇2                           ݀ܿ 

7     1 − ݇2        2݇2 − 1                     −݇2                          ݊ܿ 

8    ݇2 − 1          2 − ݇2                       −1                           ݊݀ 
9    1 − ݇2           2 −  ܿݏ                            1                         2݇

10 −݇2(1 − ݇2) 2݇2 −  ݀ݏ                           1                      1

11     1                     2 − ݇2                 1 −  ݏܿ                       2݇
12  1                  2݇2 − 1                  -݇2(1 −  ݏ݀                (2݇

13  
−14                      

௞2+12                       
−(1−௞2)24                ݇ܿ݊ ∓ ݀݊ 

14   
14                     

−2௞2+12                      
ݏ݊                          14 ∓  ݏܿ

15  
1−௞24                

௞2+12                       
1−௞24                         ݊ܿ ∓  ܿݏ

16    
14                     

௞2−22                         
௞44 ݏ݊                      ∓  ݏ݀

17   
௞24                    

௞2−22                        
௞24 ݊ݏ                         ∓ ݅ܿ݊ 

18    
௞24                    

௞2−22                       
௞24                        

௦௡√1−௞2௦௡∓௖௡ 
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19   
௞24                    

௞2−22                  
௞24                            ݇ܿ݊ ± ݅݀݊ 

20     
14                  

1−2௞22                         
14                            

௦௡1∓௖௡ 

21    
௞24                  

௞2−22                          
14                             

௦௡1∓ௗ௡ 

22   
௞2−14                

௞2+12                    
௞2−14                           

ௗ௡1∓௞௦௡ 

23    
1−௞24               

௞2+12                   
−௞2+14                           

௖௡1∓௦௡ 

24  
(1−௞2)24            

௞2+12                         
14                            

௦௡ௗ௡∓௖௡ 

25    
௞44                  

௞2−22                         
14                          

௖௡√1−௞2∓ௗ௡ 

Tab.2.  The Jacobi elliptic function exhibit specific limiting behaviour as  ݇ → 0 and ݇ → 1 

No.     Function                  ࢑ → ૚                   ࢑ → ૙ 1          ݊ݏ(𝑣)                  ݊ܽݐℎ(𝑣)                  ݊݅ݏ(𝑣) 2          ܿ݊(𝑣)                 ܿ݁ݏℎ(𝑣)                   ܿݏ݋(𝑣) 3          ݀݊(𝑣)                 ܿ݁ݏℎ(𝑣)                     1 
4          ܿ݀(𝑣)                    1                         ܿݏ݋(𝑣) 5         ݀ݏ(𝑣)                   ݊݅ݏℎ(𝑣)                   ݊݅ݏ(𝑣) 6         ݊݀(𝑣)                  ܿݏ݋ℎ(𝑣)                      1 
7          ݀ܿ(𝑣)                      1                         ܿ݁ݏ(𝑣) 
8          ݊ܿ(𝑣)                    ܿݏ݋ℎ(𝑣)                 ܿ݁ݏ(𝑣) 
 (𝑣)݊ܽݐ                   ℎ(𝑣)݊݅ݏ                  (𝑣)ܿݏ          9
 (𝑣)ܿݏܿ                   ℎ(𝑣)ݐ݋ܿ                  (𝑣)ݏ݊        10
 (𝑣)ܿݏܿ                    ℎ(𝑣)ܿݏܿ                 (𝑣)ݏ݀        11
 (𝑣)ݐ݋ܿ                   ℎ(𝑣)ܿݏܿ                  (𝑣)ݏܿ         12

 

As ݇ → 0 and ݇ → 1 , Jacobi elliptic functions, as mentioned 
in Table. simplify into periodic, trigonometric, and hyperbolic func-
tions. Consequently, soliton solutions and solutions involving trigo-
nometric functions are obtained for the problem. Using the applica-
tion of the generalized Jacobi elliptic function expansion general-
ized JEFE technique, 𝑣(߰)  is formulated as a finite series of Ja-
cobi elliptic functions 𝑣(߰) =  ∑ ܽ௜௡௜=0 ܰ௜(߰), ݅ = 0,1,2,…݊.                              (2.5) 

Where ܰ  (߰) provides the solution to the nonlinear ODE (2.4) 
with ܽ௜  being constants that will be determined subsequently.  

The integer  ݊ can be derived from equation (2.5) by consider-
ing the maximum order derivative component: ܱ (ௗഀ௩ௗటഀ) =  ݊ + ߙ   ,ߙ  =  0, 1, 2, 3, . ..                                 (2.6) 

and the nonlinear component with the highest power of the differ-
ential equation ܱ (௩ഁௗഀೡௗటഀ ) = + ߚ)  1)݊ + ,ߙ ߚ = 1,2,3,                             (2.7) 

in equation (2.3). 
Using equation (2.5) and setting all the coefficients correspond-

ing to powers of ܰ equal to 0, we establish a series of nonlinear 
algebraic equations corresponding to the coefficient ܽ௜ of equation 
(2.5) Utilising Maple, we resolve this system and substitute all the 
parameters for m2,m1 from equation (2.4) into Table 1. This ap-
proach integrates the value of equation (2.5) with the selected aux-
iliary equation, allowing for the derivation of accurate solutions for 
equation (2.1). 

 
 

3. MATHEMATICAL FORMULATION OF THE 
GENEERALIZED JEFE APPROACH 

3.1.  Analysis of the first WBBM equation 

 Let the first three-dimensional WBBM equation be expressed 
as: 

௧߲ݑ + ߲௫ݑ + ߲௬3ݑ − ߲௫௭௧3 = ݑ  0,                               (3.1) 

where  ߲ represents partial derivative. Utilizing the wave transfor-
mation: 𝑣(ݔ, ,ݕ ,ݖ (ݐ =  𝑣(߰),                                                               (3.2) 

where  ߰ = + ݔ ݌  + ݕ ݍ  − ݖ ݎ    ,ݐ ݏ 
and substituting into Eq. (3.2) we obtain: (−ܿ + ′𝑣(݌  + ′(𝑣3)ݍ  + ′′′𝑣ܿݎ݌  =  0.                              (3.3) 

Integrating Equation (3.3) w.r.t ߰ yields: (−ܿ + + 𝑣(݌  𝑣3ݍ  + ′′𝑣ܿݎ݌  + = ܥ   0.                           (3.4) 

Here, the ܥ acts as the arbitrary constant arising from integra-
tion. For simplicity, setting ܥ = 0, we have: (−ܿ + + 𝑣(݌  𝑣3ݍ  + ′′𝑣ܿݎ݌  =  0.                                    (3.5) 

Considering the homogeneous balancing of the derivative com-
ponent of maximum order 𝑣′′ and the nonlinear component 𝑣3 in 
Eq. (3.5), it is clear that ݊ = 1. Thus, the method suggests the fol-
lowing supplementary solution: 𝑣(߰) =  ܾ0 + ܾ1ܰ(߰).                                                        (3.6) 

Differentiating Eq. (3.6) with respect to ߰,  we have: 𝑣′(߰) =  ܾ1′ܰ′(߰).                                                                  (3.7) 

Substituting this into the governing equation, we get: 𝑣′(߰) =  ܾ1( ݉2ܰ4(߰) + ݉1ܰ2(߰) + ݉0)12  𝑣′′(߰) =  ܾ1ܰ(߰)( 2 ݉2ܰ2(߰) + ݉1).                             (3.8) 

Substitute Eq. (3.8) and Eq. (3.7) into the equation −0ܾ ݏ − (߰)1ܾܰݏ  + 0ܾ݌  + (߰)1ܾܰ݌  + 03ܾݍ  (߰)02ܾ1ܾܰݍ 3 + + 0ܾݍ 3 1ܾ2ܰ(߰)2 + 3(߰)13ܾܰ ݍ  0݉(߰)1ܾܰ ݏݎ݌ + + 2݉(߰)1ܾܰ ݏݎ݌ 2  =  0.                          (3.9) 

By collecting various powers of ܰ௜(߰), a subsequent set of al-
gebraic equations is derived: −0ܾ ݏ + 0ܾ ݌  + 03ܾ ݍ  = 1ܾ ݏ− (3.10)                                                  ,0 + 1ܾ ݌  + 02ܾ ݍ 3  1ܾ + 1݉1ܾ ݏ ݎ ݌  = 0ܾ ݍ 3 (3.11)                  ,0 1ܾ2 = 13ܾ ݍ (3.12)                                                                         ,0 + 1݉2ܾ ݏ ݎ ݌ 2  = 0.                                                    (3.13) 

The system described above of algebraic equations is calcu-
lated through MAPLE, and we derive the roots of the coefficients 
involved in equation (3.6):  ܾ0 =  0,                                                                                    (3.14) 
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ܾ1 = ± √ 2௥ ௠2−௤ + ௤ ௣ ௥ ௠1 = ݏ (3.15)                                                       ,݌   ௣1− ௣௥ ௠1.                                                                        (3.16) 

The following solutions for the 3-D WBBM equation can be ob-
tained by inserting the corresponding values into Eq. (3.6): 𝑣(ݔ, ,ݕ ,ݖ (ݐ =  ± √ 2௥ ௠2−௤ + ௤ ௣ ௥ ௠1 ܰ  ݌ + ݔ ݌ ) + ݕ ݍ  ݖ ݎ  − ௣1− ௣௥ ௠1  (3.17)                                                                              .(ݐ

3.2. Analytical periodic solutions in terms of Jacobi elliptic 
functions (JEF) 

Using the data provided in Table 1 and Table 2 and combining 
the corresponding values as per Eq. (3.6), we may derive the Ja-
cobi elliptic function solutions which are of a periodic nature for Eq. 
(1.1) as shown below. 𝑣1,1(ݔ, ,ݕ ,ݖ (ݐ =  ±√ −2௞2௥(௣௥(௞2+ 1)+ ௤) ݊ݏ݌  + ݔ݌ ) + ݕݍ   ௣௧1 + ௣௥(௞2+ 1)),                                                                             (3.18) − ݖݎ 

𝑣1,2(ݔ, ,ݕ ,ݖ (ݐ =  ±√ −2௞2௥(௣௥(௞2+ 1)+ ௤) ݀ܿ݌ + ݔ݌ ) + ݕݍ   ௣௧1 + ௣௥(௞2+ 1)),                                                                          (3.19) − ݖݎ 

𝑣1,3(ݔ, ,ݕ ,ݖ (ݐ =  ±√ −2௞2௥(௣௥(2௞2− 1)+ ௤) ݊ܿ݌ + ݔ݌ )  ௣௧௣௥(2௞² − 1) + 1),                                                             (3.20) − ݖݎ + ݕݍ 

𝑣1,4(ݔ, ,ݕ ,ݖ (ݐ =  ±√ 2௥(௣௥(1−௞2)+ ௤) ݊݀݌ + ݔ݌ ) + ݕݍ  ,ݔ)௣௧௣௥(2 − ௞²) + 1),                                                                              (3.21) 𝑣1,5 − ݖݎ  ,ݕ ,ݖ (ݐ =  ±√ −2௥(௤ − ௣௥(௞² + 1)) ݏ݊݌  + ݔ݌ )  ௣௧1 − ௣௥(௞² + 1)),                                                               (3.22) − ݖݎ + ݕݍ 

𝑣1,6(ݔ, ,ݕ ,ݖ (ݐ =  ±√ −2௥௤( ௣௥(௞2+ 1)+1) ܿ݀݌  + ݔ݌ )  ௣௧ ௣௥(−௞2 − 1)+1),                                                              (3.23) − ݖݎ + ݕݍ 

𝑣1,7(ݔ, ,ݕ ,ݖ (ݐ =  ±√ −2௥(௞2− 1)௤(௣௥(2௞2− 1)− 1) ܿ݊݌  + ݔ݌)  ௣௧௣௥(2௞2− 1)+ 1),                                                               (3.24) − ݖݎ + ݕݍ 

𝑣1,8(ݔ, ,ݕ ,ݖ (ݐ =  ±√ −2௥(௞2− 1)(௣௥௤(2௞2− 2) + ௤) ݀݊݌ + ݔ݌)  ௣௧௣௥(2−௞2)+ 1),                                                                  (3.25) − ݖݎ + ݕݍ 

𝑣1,9(ݔ, ,ݕ ,ݖ (ݐ =  ±√ 2௥(௞2− 1)(௣௥௤(௞2− 2) + ௤) ܿݏ݌  + ݔ݌)  ௣௧௣௥(2−௞2)+ 1),                                                                 (3.26) − ݖݎ + ݕݍ 

𝑣1,10(ݔ, ,ݕ ,ݖ (ݐ =  ±√ 2௞²௥(௞² − 1)(௣௥௤(2௞2− 1) − ௤) ݀ݏ݌ + ݔ݌)  ௣௧௣௥(2௞2−1)+ 1),                                                               (3.27) − ݖݎ + ݕݍ 

𝑣1,11(ݔ, ,ݕ ,ݖ (ݐ =  ±√ −2௥(௤(௣௥(௞² − 2) + 1)) ݏܿ݌  + ݔ݌) ,ݔ)௣௧௣௥(2−௞2)+ 1),                                                                  (3.28) 𝑣1,12 − ݖݎ + ݕݍ  ,ݕ ,ݖ (ݐ = ±√ 2௥(௣௥௤(2௞² − 1) − ௤)) ݏ݀݌ ݔ݌) + ,ݔ)௣௧௣௥(2௞² − 1) + 1),                                                              (3.29) 𝑣1,13 − ݖݎ + ݕݍ  ,ݕ ,ݖ (ݐ =  ±√ −௥(௤(௣௥(௞2+ 1)− 2)) ݊ܿ݇] ݌ + ݔ݌) ௣௧௣௥(ೖ2+ 1)2 − ݖݎ + ݕݍ  + 1) ± + ݔ݌) ݊݀ + ݕݍ  − ݖݎ 
 ௣௧௣௥(ೖ2+ 1)2 + 1) ] ,                                                                           (3.30) 

𝑣1,14(ݔ, ,ݕ ,ݖ (ݐ =  ±√ −௥ (௤(௣௥(1 − 2௞2)− 2)) ݌  ݏ݊] + ݔ݌) ௣௧1 −೛ೝ(1 − 2ೖ2)2 − ݖݎ + ݕݍ  ) ± + ݔ݌) ݏܿ + ݕݍ  − ݖݎ 
 ௣௧1 −೛ೝ( 1− 2ೖ2)2 ) ] ,                                                                         (3.31) 

𝑣1,15(ݔ, ,ݕ ,ݖ (ݐ =  ±√ −௥(௞2− 1)(௤(௣௥(௞2+ 1)− 2)) ⋅ ܿ݊] ݌  + ݔ݌)
+ ݕݍ  ௣௧(1 −೛ೝ(ೖ2+ 1)2 − ݖݎ  )) ± + ݔ݌) ܿݏ + ݕݍ  − ݖݎ 
 ௣௧(1 −೛ೝ(ೖ2+ 1)2 )) ] ,                                                                       (3.32) 

𝑣1,16(ݔ, ,ݕ ,ݖ (ݐ =  ±√ ௥(௣௥௤(௞² − 2) − 2௤) + ݔ݌)ݏ݊] ݌  + ݕݍ 
௣௧(1 −೛ೝ(ೖ2− 2)2 − ݖݎ  )) ± + ݔ݌) ݏ݀ + ݕݍ  − ݖݎ 
 ௣௧(1 −೛ೝ(ೖ2− 2)2 )) ] ,                                                                      (3.33) 

𝑣1,17(ݔ, ,ݕ ,ݖ (ݐ =  ±√ ௞²௥(௤(௣௥(௞² − 2) − 2)) ݊ݏ] ݌  + ݔ݌) + ݕݍ 
௣௧(1 −೛ೝ(ೖ2− 2)2 − ݖݎ  )) ± + ݔ݌) ݊ܿ݅ + ݕݍ  − ݖݎ 
 ௣௧(1 −೛ೝ(ೖ2− 2)2 )) ] ,                                                                        (3.34) 

𝑣1,18(ݔ, ,ݕ ,ݖ (ݐ =  ±√ 2݇)ݎ݌)ݍ)ݎ2݇ −  2) −  2))   ݌
 ௦௡(௣௫ + ௤௬ + ௥௭ − ೛೟(1 −೛ೝ(ೖ2− 2)2 ))
(√(1 − ௞2)±௖௡ (௣௫ + ௤௬ + ௥௭ − ೛೟(1 −೛ೝ(ೖ2− 2)2 ))

  ,                          (3.35) 

𝑣1,19(ݔ, ,ݕ ,ݖ (ݐ =  ±√ ௞²௥(௣௤௥(2௞2− 2)+ 2௤) + ݔ݌)݊ܿ݇] ݌ 
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+ ݕݍ  ௣௧(1 −೛ೝ(1−2ೖ2)2 − ݖݎ  )) ± + ݔ݌) ݊݀݅ + ݕݍ  − ݖݎ 
 ௣௧(1 −೛ೝ(1−2ೖ2)2 )) ] ,                                                                      (3.36) 

𝑣1,20(ݔ, ,ݕ ,ݖ (ݐ =  ±√ − 1)ݍݎ݌)ݎ−  2݇2) +  (ݍ2 

݌ ௦௡(௣௫ + ௤௬ + ௥௭ − ೛೟(1 −೛ೝ(1−2ೖ2)2 ))
1±௖௡ (௣௫ + ௤௬ + ௥௭ − ೛೟(1 −೛ೝ(1−2ೖ2)2 ))

 ,                                       (3.37) 

𝑣1,21(ݔ, ,ݕ ,ݖ (ݐ =  ±√ 2݇)ݎݍ݌)ݎ2݇ −  2) − (ݍ2   ݌

௦௡(௣௫ + ௤௬ + ௥௭ − ೛೟(1 −೛ೝ(ೖ2− 2)2 ))
(√(1 − ௞2)±ௗ ௡ (௣௫ + ௤௬ + ௥௭ − ೛೟(1 −೛ೝ(ೖ2− 2)2 ))

  ,                          (3.38) 

𝑣1,22(ݔ, ,ݕ ,ݖ (ݐ =  ±√ 2݇)ݎ − 2݇)ݎ݌)ݍ( 1 + 1) −  2)  ݌

ௗ௡(௣௫ + ௤௬ + ௥௭ − ೛೟(1 −೛ೝ(ೖ2+1)2 ))
1± ௞௦௡ (௣௫ + ௤௬ + ௥௭ − ೛೟(1 −೛ೝ(ೖ2+1)2 ))

  ,                                        (3.39) 

𝑣1,23(ݔ, ,ݕ ,ݖ (ݐ =  ±√ 2݇ݎ)− − 2݇)ݎݍ݌)( ݎ + 1) − (ݍ2   ݌

௖௡(௣௫ + ௤௬ + ௥௭ − ೛೟(1 −೛ೝ(ೖ2+1)2 ))
1± ௦௡ (௣௫ + ௤௬ + ௥௭ − ೛೟(1 −೛ೝ(ೖ2+1)2 ))

  ,                                         (3.40) 

𝑣1,24(ݔ, ,ݕ ,ݖ (ݐ =  ±√ 2݇)ݎ− − 2݇)ݎݍ݌)2( 1 + 1) −  (ݍ2 

௦௡(௣௫ + ௤௬ + ௥௭ − ೛೟(1 −೛ೝ(ೖ2+1)2 ݌ ))
ௗ௡(௣௫ + ௤௬ + ௥௭ − ೛೟(1 −೛ೝ(ೖ2+1)2 ))± ௖௡ (௣௫ + ௤௬ + ௥௭ − ೛೟(1 −೛ೝ(ೖ2+1)2 ))

  ,  
                                                                                                   (3.41) 

𝑣1,25(ݔ, ,ݕ ,ݖ (ݐ =  ±√ 2݇)ݎ݌)ݍ)ݎ4݇ −  2) −  2))  ݌ 

 ௖௡(௣௫ + ௤௬ + ௥௭ − ೛೟(1 −೛ೝ(ೖ2− 2)2 ))
(√(1 − ௞2)±ௗ௡ (௣௫ + ௤௬ + ௥௭ − ೛೟(1 −೛ೝ(ೖ2− 2)2 ))

  .                        (3.42) 

3.2.1. Solitary wave solutions 

 When ݇ →  1, in this category, see in table 2, the solu-
tions 𝑣1,7, 𝑣1,8, 𝑣1,9, 𝑣1,10, 𝑣1,15, 𝑣1,22, 𝑣1,23 and 𝑣1,24 become 

zero. The remaining solutions represent solitary wave solutions and 
can be determined as follows: 𝑣1,26(ݔ, ,ݕ ,ݖ (ݐ =  ±√ −2௥(2௣௥௤+ ௤) ℎ݊ܽݐ ݌  + ݔ݌ ) + ݕݍ  ,ݔ)௣௧2 ௣௥+1),                                                                                      (3.43) 𝑣1,27 − ݖݎ  ,ݕ ,ݖ (ݐ =  ±√ −2௥(௣௥௤− ௤) ℎܿ݁ݏ ݌  + ݔ݌ ) + ݕݍ  ,ݔ)௣௧ ௣௥+1),                                                                                        (3.44) 𝑣1,28 − ݖݎ  ,ݕ ,ݖ (ݐ =  ±√ 2௥(−௣௥௤+ ௤) ℎܿ݁ݏ ݌  + ݔ݌ ) + ݕݍ  ,ݔ)௣௧ ௣௥+1),                                                                                        (3.45) 𝑣1,29 − ݖݎ  ,ݕ ,ݖ (ݐ =  ±√ −2௥(2௣௥௤+ ௤) ℎݐ݋ܿ ݌  + ݔ݌ ) + ݕݍ  ,ݔ)௣௧−2 ௣௥+1),                                                                                    (3.46) 𝑣1,30 − ݖݎ  ,ݕ ,ݖ (ݐ =  ±√ −2௥(−௣௥௤+ ௤) ℎܿݏܿ ݌  + ݔ݌ ) + ݕݍ  ,ݔ)௣௧− ௣௥+1),                                                                                     (3.47) 𝑣1,31 − ݖݎ  ,ݕ ,ݖ (ݐ =  ±√ ௥(௣௥௤− ௤) ℎܿݏܿ ݌  + ݔ݌ ) + ݕݍ  ,ݔ)௣௧௣௥+1),                                                                                        (3.48) 𝑣1,32 − ݖݎ  ,ݕ ,ݖ (ݐ =  ±√ −௥(2௣௥௤− 2௤) ℎܿ݁ݏ] ݌  + ݔ݌) (௣௧௣௥+ 1 − ݖݎ + ݕݍ  ± + ݔ݌) ℎܿ݁ݏ + ݕݍ   ௣௧௣௥+ 1) ],                                                                                     (3.49) − ݖݎ 

𝑣1,33(ݔ, ,ݕ ,ݖ (ݐ =  ±√ ௥(௣௥௤+2௤) ℎݐ݋ܿ]  ݌  + ݔ݌) (௣௧12௣௥+ 1 − ݖݎ + ݕݍ  ± + ݔ݌) ℎܿݏܿ + ݕݍ   ௣௧12௣௥+ 1) ],                                                                                 (3.50) − ݖݎ 

𝑣1,34(ݔ, ,ݕ ,ݖ (ݐ =  ±√ ௥(−௣௥௤−2௤) + ݔ݌)ℎݐ݋ܿ]  ݌  (pt1+12pr − ݖݎ + ݕݍ  ± + ݔ݌) ℎܿݏܿ + ݕݍ   ௣௧1+12௣௥) ],                                                                                  (3.51) − ݖݎ 
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 𝑣1,35(ݔ, ,ݕ ,ݖ (ݐ =  ±√ ௥(−௣௥௤−2௤) + ݔ݌)ℎ݊ܽݐ]  ݌  (pt1+12pr − ݖݎ + ݕݍ  ± + ݔ݌) ℎܿ݁ݏ݅ + ݕݍ  ,ݔ)௣௧1+12௣௥) ],                                                                                  (3.52) 𝑣1,36 − ݖݎ  ,ݕ ,ݖ (ݐ =
±√ ௥(−௣௥௤−2௤) ݌  ௧௔௡ℎ(௣௫ + ௤௬ + ௥௭ − ೛೟1+12೛ೝ)௦௘௖ℎ (௣௫ + ௤௬ + ௥௭ − ೛೟1+12೛ೝ)  ,                         (3.53) 

𝑣1,37(ݔ, ,ݕ ,ݖ (ݐ =  ±√ −௥(௣௥௤+2௤) ℎܿ݁ݏ]  ݌  + ݔ݌) (pt1+12pr − ݖݎ + ݕݍ  ± + ݔ݌) ℎܿ݁ݏ݅ + ݕݍ  ,ݔ)௣௧1+12௣௥) ],                                                                                  (3.54) 𝑣1,38 − ݖݎ  ,ݕ ,ݖ (ݐ =
±√ −௥(−௣௥௤+2௤) ݌ ௧௔௡ℎ(௣௫ + ௤௬ + ௥௭ − ೛೟1+12೛ೝ)1±௦௘௖ℎ (௣௫ + ௤௬ + ௥௭ − ೛೟1+12೛ೝ)  ,                     (3.55) 

𝑣1,39(ݔ, ,ݕ ,ݖ (ݐ =
±√ −௥(−௣௥௤−2௤) ݌ ௧௔௡ℎ(௣௫ + ௤௬ + ௥௭ − ೛೟1+12೛ೝ)1±௦௘௖ℎ (௣௫ + ௤௬ + ௥௭ − ೛೟1+12೛ೝ) ,                      (3.56) 

𝑣1,40(ݔ, ,ݕ ,ݖ (ݐ =
±√ ௥(−௣௥௤−2௤) ݌ ௦௘௖ℎ(௣௫ + ௤௬ + ௥௭ − ೛೟1−12೛ೝ)௦௘௖ℎ (௣௫ + ௤௬ + ௥௭ − ೛೟1−12೛ೝ) .                           (3.57) 

3.2.2.  Shock wave solutions 

When ݇ →  0, in this category see in table 2, the solutions 𝑣1,2, 𝑣1,3, 𝑣1,10, 𝑣1,17, 𝑣1,18, 𝑣1,21 , and 𝑣1,25 become zero. 

The remaining solutions represent solitary wave solutions and can 
be determined as follows: 𝑣1,41(ݔ, ,ݕ ,ݖ (ݐ =  ±√ −2௥(௣௥௤+ ௤) ܿݏܿ ݌ + ݔ݌ ) + ݕݍ  ,ݔ)௣௧−௣௥+1),                                                                                       (3.58) 𝑣1,42 − ݖݎ  ,ݕ ,ݖ (ݐ =  ±√ −2௥(௣௥௤+ ௤) ܿ݁ݏ ݌  + ݔ݌ ) + ݕݍ  ,ݔ)௣௧−௣௥+1),                                                                                      (3.59) 𝑣1,43 − ݖݎ  ,ݕ ,ݖ (ݐ =  ±√ −2௥(௣௥௤+ ௤) ܿ݁ݏ ݌  + ݔ݌ ) + ݕݍ   ௣௧−௣௥+1),                                                                                       (3.60) − ݖݎ 

 𝑣1,44(ݔ, ,ݕ ,ݖ (ݐ = ±√ ௥(2௣௥௤− ௤) ݊ܽݐ ݌ + ݔ݌ ) + ݕݍ  − ݖݎ 

 ௣௧2௣௥+1),                                                                                       (3.61)  𝑣1,45(ݔ, ,ݕ ,ݖ (ݐ =  ±√ 2௥(2௣௥௤− ௤) ݐ݋ܿ ݌  + ݔ݌ ) + ݕݍ  ,ݔ)௣௧2௣௥+1),                                                                                       (3.62) 𝑣1,46 − ݖݎ  ,ݕ ,ݖ (ݐ =  ±√ −2௥(௣௥௤+ ௤) ܿݏܿ ݌  + ݔ݌ ) + ݕݍ   ௣௧−௣௥+1),                                                                                      (3.63) − ݖݎ 

𝑣1,47(ݔ, ,ݕ ,ݖ (ݐ =  ±√ −௥(௣௥௤−2௤) ݌ ܿݏܿ] + ݔ݌) + ݕݍ  (pt1−12pr − ݖݎ  ± + ݔ݌) ݐ݋ܿ + ݕݍ    ௣௧1−12௣௥) ],                                                                                    (3.64) − ݖݎ 

𝑣1,48(ݔ, ,ݕ ,ݖ (ݐ =  ±√ −௥(௣௥௤−2௤) ݌  ܿ݁ݏ] + ݔ݌) + ݕݍ  (pt1−12pr − ݖݎ  ± + ݔ݌) ݊ܽݐ + ݕݍ   ௣௧1−12௣௥) ],                                                                                   (3.65) − ݖݎ 

𝑣1,49(ݔ, ,ݕ ,ݖ (ݐ =  ±√ −2௥(௣௥௤+2௤) ݌  ܿݏܿ] + ݔ݌) + ݕݍ  (pt1+pr − ݖݎ  ± + ݔ݌) ܿݏܿ + ݕݍ  ,࢞)௣௧1+௣௥) ] ,                                                                                     (3.66) ࢜૚,૞૙ − ݖݎ  ࢟, ,ࢠ ࢚) =
±√ (ࢗ૛−ࢗ࢘࢖)࢘ ࢖   (3.67)                          ,(࢘࢖૚−૚૛࢚࢖ − ࢠ࢘ + ࢟ࢗ + ࢞࢖) ࢙࢕ࢉ±૚(࢘࢖૚−૚૛࢚࢖ − ࢠ࢘ + ࢟ࢗ + ࢞࢖)࢔࢏࢙

𝑣1,51(ݔ, ,ݕ ,ݖ (ݐ =
±√ ௥(௣௥௤−2௤) ݌  ௖௢௦(௣௫ + ௤௬ + ௥௭ − ೛೟1−12೛ೝ)1±௦௜௡ (௣௫ + ௤௬ + ௥௭ − ೛೟1−12೛ೝ),                           (3.68) 

𝑣1,52(ݔ, ,ݕ ,ݖ (ݐ =
±√ ௥(௣௥௤−2௤) ݌  ௦௜௡(௣௫ + ௤௬ + ௥௭ − ೛೟1−12೛ೝ)1±௖௢௦ (௣௫ + ௤௬ + ௥௭ − ೛೟1−12೛ೝ) .                         (3.69) 

3.3. Analysis of the Second WBBM Equation 

 Using the traveling wave transformation equation (3.2) into 
equation (1.2), we convert the nonlinear partial differential equation 
(PDE) to an ordinary differential equation (ODE) of the following 
form: (−ݏ + ′𝑣(ݎ  + + 𝑣3݌  ′′𝑣ݏݍ݌  = 0.                            (3.70) 

By the balancing procedure, we find the value of ݊ =  1. Thus, 
the ansatz solution has the following simplified form: 𝑣(߰) =  ܿ0  + ܿ1 ܰ (߰).                                                   (3.71) 

Substituting equation (3.71) combine with equation (2.4) into 
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(3.70), we get: 

0ܿ ݏ−  − (߰)1ܰܿ ݏ  + 0ܿ ݌  + (߰)1ܰܿ ݌  + 03ܿ ݍ  (߰)1ܰܿ 02ܿ ݍ3 +  + 2(߰)ܰ 0ܿ12ܿ ݍ3  + 3(߰)ܰ 13ܿ ݍ  0݉(߰)1ܰܿ ݏ ݎ ݌ + + 2݉(߰)1ܰܿ ݏ ݎ ݌2  =  0.                    (3.72) 

By collecting various powers of ܰ௜(߰), a subsequent system 
of algebraic equations is derived: −0ܿݏ + + 0ܿ݌  0ܿݍ  = + 1ܿݏ− (3.73)                                                       ,0 + 1ܿ݌  + 0ܿ1ܿݍ3  = 1݉1ܿݏݎ݌  12ܿ 0ܿݍ3 (3.74)                 ,0  = 13ܿݍ (3.75)                                                                           ,0  + = 1݉2ܿ ݏݎ݌2   0.                                                       (3.76) 

The system described above of algebraic equations is calcu-
lated through MAPLE, and we derive the roots of the coefficients 
involved in equation (3.71): ܿ0 = 0,                                                                                        (3.77) ܿ1 = ± √ 2௤௥ ௠2−1 +  ௣ ௤  ௠1,                                                          (3.78) ݏ =  ௥1− ௣௤ ௠1  .                                                                     (3.79) 

The following solutions for the first 3-D WBBM equation can be 
obtained by inserting the corresponding values into Eq. (3.71): 𝑣௫,௬,௭,௧ = ± √ 2௤௥ ௠2−1 +  ௣ ௤  ௠1 ܰ ݌   + ݔ ݌ ) + ݕ ݍ  √ − ݖ ݎ  2௤௥ ௠2−1 +  ௣ ௤  ௠1).                                                                          (3.80) 

3.3.1.   Analytical periodic solutions in terms of Jacobi elliptic 
functions (JEF) 

Using the data provided in Tables 1 and 2, and combining the 
corresponding values as per Eq.(3.71), we may derive the Jacobi 
elliptic function solutions which are periodic for equation (1.3) as 
shown below.  𝑣2,1 (ݔ, ,ݕ ,ݖ (ݐ = ± √ 2௤௥ ௞2−1 −  ௣ ௤(௞2+ 1) ݊ݏ ݌ + ݔ݌) ݖݎ + ݕݍ  − ௥1+ ௣௤ (௞2+ 1)  (3.81)                                                              ,(ݐ

 𝑣2,2 (ݔ, ,ݕ ,ݖ (ݐ = ± √ 2௤௥ ௞2−1 −  ௣ ௤(௞2+ 1) ݀ܿ ݌ + ݔ݌) ݖݎ + ݕݍ  − ௥1+ ௣௤ (௞2+ 1)  (3.82)                                                             ,(ݐ

 𝑣2,3 (ݔ, ,ݕ ,ݖ (ݐ = ± √ −2௞²௤௥(௣௤(2௞² −1)−1) ݊ܿ ݌ + ݔ݌) + ݕݍ ݖݎ  − ௥(1 − ௣௤(2௞² − 1))  (3.83)                                                                    ,(ݐ

𝑣2,4 (ݔ, ,ݕ ,ݖ (ݐ = ± √ −2௤௥(௣௤(2 − ௞²) −1) ݊݀݌ + ݔ݌) + ݕݍ ݖݎ  − ௥(1 − ௣௤(2 − ௞²)) ,ݔ) 𝑣2,5 (3.84)                                                                      ,(ݐ ,ݕ ,ݖ (ݐ = ± √ 2௤௥(−௣௤(௞²+1)−1) ݏ݊݌ + ݔ݌) + ݕݍ  ݖݎ  − ௥(1 + ௣௤(௞² + 1))  (3.85)                                                                    ,(ݐ

 𝑣2,6 (ݔ, ,ݕ ,ݖ (ݐ = ± √ 2௤௥(−௣௤(௞²+1)−1) ܿ݀݌ + ݔ݌) + ݕݍ  ݖݎ  − ௥(1 + ௣௤(௞² + 1))  (3.86)                                                                      ,(ݐ

𝑣2,7 (ݔ, ,ݕ ,ݖ (ݐ = ± √ −2௤௥(௞²−1)(௣௤(2௞²−1)−1)ܿ݊݌ ݔ݌) + + ݕݍ ݖݎ  − ௥௧(1−௣௤(2௞²−1))),                                                                          (3.87) 

𝑣2,8 (ݔ, ,ݕ ,ݖ (ݐ = ± √ −2௤௥(௞² − 1)(௣௤(௞² − 2) + 1)݌ ݊݀ ݔ݌) + + ݕݍ ݖݎ  − ௥(1 − ௣௤(2 − ௞²))  (3.88)                                                                         ,(ݐ

 𝑣2,9 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ −2௤௥(௞² − 1)(௣௤(௞² − 2) + 1) ܿݏ ݌ + ݔ݌) ݖݎ + ݕݍ  − ௥(1 − ௣௤(2 − ௞²))  (3.89)                                                           ,(ݐ

𝑣2,10 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ −2௤௥(௞² − 1)(௣௤(2௞² − 1) − 1) ݀ݏ ݌ + ݔ݌) ݖݎ + ݕݍ  − ௥(1 − ௣௤(2௞² − 1)) ,ݔ) 𝑣2,11 (3.90)                                                        ,(ݐ ,ݕ ,ݖ (ݐ =  ± √ 2௤௥(௣௤(2 − ௞²) − 1) ݏܿ ݌ + ݔ݌) ݖݎ + ݕݍ  − ௥(1 − ௣௤(2−௞²))  (3.91)                                                            ,(ݐ

𝑣2,12 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ 2௤௥(௣௤(2௞² − 1) − 1) ݏ݀ ݌ + ݔ݌) ݖݎ + ݕݍ  − ௥(1 − ௣௤(2௞² − 1))  (3.92)                                                          ,(ݐ

𝑣2,13 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ −௤௥(௣௤(௞2+ 1)− 2) + ݔ݌)݊ܿ݇] ݌ + ݕݍ 
ݖݎ  − ௥(1 −೛೜(ೖ2+ 1)2 ) (ݐ ± + ݔ݌) ݊݀ + ݕݍ  ݖݎ  −
 ௥(1 −೛೜(ೖ2+ 1)2 )  (3.93)                                                                      ,[(ݐ

𝑣2,14 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ ௤௥(௣௤(−2௞2+ 1)− 2) ݏ݊] ݌ + ݔ݌) + ݕݍ 
ݖݎ  − ௥(1 −೛೜(−2ೖ2+ 1)2 ) (ݐ ± + ݔ݌) ݏܿ +  ݕݍ  ݖݎ  −
 ௥(1 −೛೜(−2ೖ2+ 1)2 )  (3.94)                                                                  ,[(ݐ

𝑣2,15 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ (−௤ ௥ (௞2− 1))(௣ ௤ (௞2+ 1)− 2) ܿ݊] ݌ + ݔ݌) + ݕݍ 
ݖݎ  − ௥(1 −೛೜(ೖ2+ 1)2 ) (ݐ ± + ݔ݌) ܿݏ + ݕݍ  ݖݎ  −
 ௥(1 −೛೜(ೖ2+ 1)2 )   (3.95)                                                                      ,[(ݐ
𝑣2,16 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ ௤ ௥(௣ ௤ (௞2− 2)− 2) ݏ݊] ݌ + ݔ݌) + ݕݍ 
ݖݎ  − ௥(1 −೛೜(ೖ2− 2)2 ) (ݐ ± + ݔ݌) ݏ݀ + ݕݍ  ݖݎ  −
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 ௥(1 −೛೜(ೖ2− 2)2 )  (3.96)                                                                       ,[(ݐ

𝑣2,17 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ ௞2௤ ௥(௣ ௤ (௞2− 2)− 2) + ݔ݌)  ݊ݏ]  ݌ + ݕݍ 
ݖݎ  − ௥(1 −೛೜(ೖ2− 2)2 ) (ݐ ± + ݔ݌) ݊ܿ݅ + ݕݍ  ݖݎ  −
 ௥(1 −೛೜(ೖ2− 2)2 )  (3.97)                                                                      ,[(ݐ

𝑣2,18(ݔ, ,ݕ ,ݖ (ݐ =  ±√ 2݇) ݍ ݌)ݎ ݍ2݇ −  2) −  2) 

௦௡(௣௫ + ௤௬ + ௥௭ − ೛೟(1 −೛೜(ೖ2− 2)2 ݌ ))
(√(1 − ௞2)±௖௡ (௣௫ + ௤௬ + ௥௭ − ೛೟(1 −೛೜(ೖ2− 2)2 ))

 ,                       (3.98) 

𝑣2,19 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ −௤௥(௣௤(2௞2− 1)+ 2) + ݔ݌)݊ܿ݇] ݌ + ݕݍ 
ݖݎ  − ௥(1 −೛೜(1−2ೖ2)2 ) (ݐ ± + ݔ݌) ݊݀݅ + ݕݍ  ݖݎ  −
 ௥(1 −೛೜(1−2ೖ2)2 )  (3.99)                                                                     ,[(ݐ

𝑣2,20(ݔ, ,ݕ ,ݖ (ݐ =  ±√ 2݇2)ݍ݌)ݎ ݍ− −  1) +  2)   ݌
௦௡(௣௫ + ௤௬ + ௥௭ − ೛೟(1 −೛೜(1−2ೖ2)2 ))

1±௖௡ (௣௫ + ௤௬ + ௥௭ − ೛೟(1 −೛೜(1−2ೖ2)2 ))
  ,                                       (3.100) 

𝑣2,21(ݔ, ,ݕ ,ݖ (ݐ =  ±√ 2݇)ݍ݌)ݎݍ2݇− −  2) −  2) 

௦௡(௣௫ + ௤௬ + ௥௭ − ೛೟(1 −೛೜(ೖ2−2)2 ݌ ))
1±ௗ௡ (௣௫ + ௤௬ + ௥௭ − ೛೟(1 −೛೜(ೖ2−2)2 ))

  ,                                    (3.101) 

𝑣2,22(ݔ, ,ݕ ,ݖ (ݐ =  ±√ 2݇)ݎ ݍ − 2݇)ݍ݌)(2 + 1) −  2) 

ௗ௡(௣௫ + ௤௬ + ௥௭ − ೛೟(1 −೛೜(ೖ2+1)2 ݌ ))
1±௞௦௡ (௣௫ + ௤௬ + ௥௭ − ೛೟(1 −೛೜(ೖ2+1)2 ))

  ,                                (3.102) 

 
 

𝑣2,23(ݔ, ,ݕ ,ݖ (ݐ =  ±√ 2݇)ݎ ݍ− − 2݇)ݍ݌)(2 + 1) −  2) 

௖௡(௣௫ + ௤௬ + ௥௭ − ೛೟(1 −೛೜(ೖ2+1)2 ݌ ))
1±௦௡ (௣௫ + ௤௬ + ௥௭ − ೛೟(1 −೛೜(ೖ2+1)2 ))

  ,                                   (3.103) 

𝑣2,24(ݔ, ,ݕ ,ݖ (ݐ =  ±√ 2݇)ݎ ݍ − 2݇)ݍ݌)2(2 + 1) −  2) 

௦௡(௣௫ + ௤௬ + ௥௭ − ೛೟(1 −೛೜(ೖ2+1)2 ݌ ))
ௗ௡(௣௫ + ௤௬ + ௥௭ − ೛೟(1 −೛೜(ೖ2+1)2 ))±௖௡ (௣௫ + ௤௬ + ௥௭ − ೛೟(1 −೛೜(ೖ2+1)2 ))

  ,  
                                                                                              (3.104) 𝑣2,25(ݔ, ,ݕ ,ݖ (ݐ =  ±√ 2݇)ݍ݌)ݎݍ4݇− −  2) −  2) 

௖௡(௣௫ + ௤௬ + ௥௭ − ೛೟(1 −೛೜(ೖ2−2)2 ݌  ))
(√(1 − ௞2)±ௗ௡ (௣௫ + ௤௬ + ௥௭ − ೛೟(1 −೛೜(ೖ2−2)2 ))

,                         (3.105) 

3.3.2.  Solitary wave type solutions 

When ݇ → 1,  in this category see in table 2, the solu-
tion  𝑣2,7 , 𝑣2,8 , 𝑣2,9 , 𝑣2,10 , 𝑣2,15 , 𝑣2,22 , 𝑣2,23 and 𝑣2,24  be-

come zero. The remaining solutions represent solitary wave solu-
tions and can be determined as follows: 𝑣2,26 (ݔ, ,ݕ ,ݖ (ݐ = ± √ 2௤௥ −1−2 ௣ ௤ ℎ݊ܽݐ ݌ + ݔ݌) + ݕݍ  ݖݎ  − ௥1+2 ௣௤ (3.106)                                                                                ,(ݐ 𝑣2,27 (ݔ, ,ݕ ,ݖ (ݐ =  ± √−2௤௥  ௣ ௤−1 ℎܿ݁ݏ ݌ + ݔ݌) + ݕݍ  ݖݎ  − ௥1− ௣௤ (3.107)                                                                                  ,(ݐ 𝑣2,28 (ݔ, ,ݕ ,ݖ (ݐ =  ± √−2௤௥  ௣ ௤−1 ℎܿ݁ݏ ݌ + ݔ݌) + ݕݍ  ݖݎ  − ௥1− ௣௤ (3.108)                                                                                   ,(ݐ 𝑣2,29 (ݔ, ,ݕ ,ݖ (ݐ = ± √ 2௤௥  − 2 ௣௤−1 ℎݐ݋ܿ ݌ + ݔ݌) + ݕݍ  ݖݎ  − ௥1+2 ௣௤ (3.109)                                                                                 ,(ݐ 𝑣2,30 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ −2௤௥   ௣ ௤+1 ℎܿݏܿ ݌ + ݔ݌) + ݕݍ  ݖݎ  − ௥1+ ௣௤ (3.110)                                                                                  ,(ݐ 

 𝑣2,31 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ 2௤௥ − ௣ ௤−1 ℎܿݏܿ ݌ + ݔ݌) + ݕݍ  ݖݎ  − ௥1+ ௣௤ (3.111)                                                                                 ,(ݐ 
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𝑣2,32 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ −2௤௥2௣௤−2ܿ݁ݏ] ݌ℎ + ݔ݌) + ݕݍ  ݖݎ  − ௥1 − ௣௤ ± (ݐ ℎܿ݁ݏ   + ݔ݌) + ݕݍ  ݖݎ  − ௥1 − ௣௤  (3.112)                                                                                 ,[(ݐ

 𝑣2,33 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ ௤௥−௣௤−2ݐ݋ܿ] ݌ℎ + ݔ݌) + ݕݍ  ݖݎ  − ௥1+12௣௤ ± (ݐ ℎܿݏܿ   + ݔ݌) + ݕݍ  ݖݎ  − ௥1+12௣௤ ,ݔ) 𝑣2,34 (3.113)                                                                                   ,[(ݐ ,ݕ ,ݖ (ݐ =  ± √ ௤௥−௣௤−2 + ݔ݌)ℎݐ݋ܿ] ݌ + ݕݍ  ݖݎ  + ௥−1−12௣௤ ± (ݐ ℎܿݏܿ   + ݔ݌) + ݕݍ  ݖݎ  + ௥−1−12௣௤  (3.114)                                                                               ,[(ݐ

𝑣2,35 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ ௤௥௣௤−2 ℎ݊ܽݐ] ݌ + ݔ݌) + ݕݍ  ݖݎ  + ௥−1−12௣௤ ± (ݐ ℎܿ݁ݏ݅   + ݔ݌) + ݕݍ  ݖݎ  + ௥−1−12௣௤ ,ݔ) 𝑣2,36  (3.115)                                                                               ,[(ݐ ,ݕ ,ݖ (ݐ =
 ± √ ௤௥−௣௤−2 ௧௔௡ℎ(௣௫ + ௤௬ + ௥௭+ ೝ−1−12೛೜௧)  ݌

௦௘௖ℎ(௣௫ + ௤௬ + ௥௭+ ೝ−1−12೛೜௧) ,                         (3.116) 

𝑣2,37 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ −௤௥௣௤+2 ℎܿ݁ݏ] ݌ + ݔ݌) + ݕݍ  ݖݎ  + ௥−1−12௣௤ ± (ݐ ℎܿ݁ݏ݅   + ݔ݌) + ݕݍ  ݖݎ  + ௥−1−12௣௤ ,ݔ) 𝑣2,38  (3.117)                                                                              ,[(ݐ ,ݕ ,ݖ (ݐ =
 ± √ ௤௥௣௤+2݌ ௧௔௡ℎ(௣௫ + ௤௬ + ௥௭+ ೝ−1−12೛೜௧)

1±௦௘௖ℎ(௣௫ + ௤௬ + ௥௭+ ೝ−1−12೛೜௧) ,                         (3.118) 

𝑣2,39 (ݔ, ,ݕ ,ݖ (ݐ =
 ± √ ௤௥−௣௤−2 ௧௔௡ℎ(௣௫ + ௤௬ + ௥௭+ ೝ−1−12೛೜௧) ݌

1±௦௘௖ℎ(௣௫ + ௤௬ + ௥௭+ ೝ−1−12೛೜௧) ,                       (3.119) 

𝑣2,40 (ݔ, ,ݕ ,ݖ (ݐ =
 ± √ ௤௥−௣௤−2 ௦௘௖ℎ(௣௫ + ௤௬ + ௥௭+ ೝ−1−12೛೜௧)   ݌

௦௘௖ℎ(௣௫ + ௤௬ + ௥௭+ ೝ−1−12೛೜௧) ,                           (3.120) 

 
 
 

3.3.3.  Shock wave solution 

When ݇ → 0, in this category see in table 2, the solu-
tions  𝑣2,1 , 𝑣2,2 , 𝑣2,3 , 𝑣2,10 , 𝑣2,17 , 𝑣2,18 , 𝑣2,21  and 𝑣2,25  be-

come zero. The remaining solutions represent solitary wave solu-
tions and can be determined as follows: 𝑣2,41 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ 2௤௥  − ௣ ௤−1ܿݏܿ ݌ + ݔ݌) + ݕݍ  ݖݎ  − ௥1+2 ௣௤ (3.121)                                                                               ,(ݐ 𝑣2,42 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ 2௤௥  − ௣ ௤−1ܿ݁ݏ ݌ + ݔ݌) + ݕݍ  ݖݎ  − ௥1+2 ௣௤ (3.122)                                                                                  ,(ݐ 

𝑣2,43 (ݔ, ,ݕ ,ݖ (ݐ = ± √−2௤௥(௞2−1) − ௣௤−1 ܿ݁ݏ݌ ݔ݌) + + ݕݍ ݖݎ  − ௥1+2 ௣௤ (3.123)                                                                                ,(ݐ 𝑣2,44 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ −2௤௥  −2 ௣ ௤+1݊ܽݐ ݌ + ݔ݌) + ݕݍ  ݖݎ  − ௥1−2 ௣௤ (3.124)                                                                                  ,(ݐ 𝑣2,45 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ −2௤௥  −2 ௣ ௤+1ݐ݋ܿ ݌ + ݔ݌) + ݕݍ  ݖݎ  − ௥1−2 ௣௤ (3.125)                                                                               ,(ݐ 𝑣2,46 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ 2௤௥  − ௣ ௤−1ܿݏܿ ݌ + ݔ݌) + ݕݍ  ݖݎ  − ௥1+2 ௣௤ (3.126)                                                                                  ,(ݐ 

𝑣2,47 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ ௤௥௣௤−2 ܿݏܿ] ݌ + ݔ݌) + ݕݍ  ݖݎ  + ௥1−12௣௤ ± (ݐ ݐ݋ܿ   + ݔ݌) + ݕݍ  ݖݎ  + ௥1−12௣௤  (3.127)                                                                                 ,[(ݐ

𝑣2,48 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ ௤௥௣௤−2 ܿ݁ݏ] ݌ + ݔ݌) + ݕݍ  ݖݎ  + ௥1−12௣௤ ± (ݐ ݊ܽݐ   + ݔ݌) + ݕݍ  ݖݎ  + ௥1−12௣௤  (3.128)                                                                                  ,[(ݐ

𝑣2,49 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ ௤௥−2௣௤−2 ܿݏܿ] ݌ + ݔ݌) + ݕݍ  ݖݎ  + ௥1+௣௤ ± (ݐ ܿݏܿ   + ݔ݌) + ݕݍ  ݖݎ  + ௥1+௣௤ ,ݔ) 𝑣2,50 (3.129)                                                                                   ,[(ݐ ,ݕ ,ݖ (ݐ =
 ± √ −௤௥−௣௤+2 ݌ ௦௜௡(௣௫ + ௤௬ + ௥௭− ೝ1−12೛೜௧)

1±௖௢௦(௣௫ + ௤௬ + ௥௭− ೝ1−12೛೜௧) ,                            (3.130) 

𝑣2,51 (ݔ, ,ݕ ,ݖ (ݐ =
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 ± √ ௤௥௣௤−2݌ ௖௢௦(௣௫ + ௤௬ + ௥௭− ೝ1−12೛೜௧)
1±௦௜௡(௣௫ + ௤௬ + ௥௭− ೝ1−12೛೜௧) ,                               (3.131) 

 𝑣2,52 (ݔ, ,ݕ ,ݖ (ݐ =
   ± √ ௤௥௣௤−2 ݌ ௦௜௡  (௣௫ + ௤௬ + ௥௭− ೝ1−12೛೜௧)

௖௢௦(௣௫ + ௤௬ + ௥௭− ೝ1−12೛೜௧)  ,                                (3.132) 

3.4. Analysis of the Third WBBM Equation 

Using the traveling wave transformation Equation (3.1) into 
Equation (1.3), we convert the nonlinear partial differential equation 
(PDE) to an ordinary differential equation (ODE) of the following 
form: (−ݏ + ′𝑣(ݎ  + 𝑣3݌  + ′′𝑣ݏݍ݌  =  0.                           (3.133) 

By the balancing procedure, we find the value of n = 1. Thus, 
the ansatz solution has the following simplified form: 𝑣(߰) =  ݀0 + ݀1ܰ(߰).                                                    (3.134) 

Substituting Eq. (2.4) in Eq.(3.134) , we get − 0݀ݏ − (߰) 1ܰ݀ݏ  + 0݀݌  + (߰) 1ܰ݀݌  + 03݀ݍ  (߰) 02݀1ܰ݀ݍ3 + + 2(߰) 0ܿ12ܰ݀ݍ3   + 3(߰) 13ܰ݀ݍ  0݉(߰) 1ܰ݀ݏݎ݌ +   + 2݉(߰) 1ܰ݀ݏݎ݌2   =  0.              (3.135) 

By collecting various powers of Ni(ψ), a subsequent system of 
algebraic equations is derived: −0݀ݏ  + 0݀݌  + 03݀ݍ   = 1݀ݏ− (3.136)                                                 ,0  + 1݀݌   + 02݀1݀ݍ3   + 1݉1݀ݏݎ݌   = 0݀12݀ݍ3 (3.137)           ,0   = 13݀ݍ (3.138)                                                                                ,0   + 1݉2݀ݏݎ݌2   =  0.                                                       (3.139) 

The system described above of algebraic equations is calcu-
lated through MAPLE, and we derive the roots of the coefficients 
involved in equation (3.134): ݀0  =  0,                                                                                           (3.140) ݀1 = ± √ ௤௠2−௥+௥௣2௠1 ݏ (3.141)                                                          ,݌ = − ௤−1+௣2௠1.                                             (3.142) 

The following solutions for the first 3-D WBBM equation can be 
obtained by inserting the corre- sponding values into Eq. (3.134): 𝑣 (ݔ, ,ݕ ,ݖ (ݐ = ± √ ௤௠2−௥+௥௣2௠1 ܰ ݌ + ݔ݌) + ݕݍ  ݖݎ  1−2݉1݌ݍ+  (3.143)                                                                                .(ݐ

3.4.1.   Analytical periodic solutions in terms of Jacobi elliptic 
functions (JEF) 

Using the data provided in table 1 and 2, and combining the 
corresponding values as per Eq. (3.6), we may derive the Jacobi 
elliptic function solutions which are in a periodic nature for Eq. (3.6) 
as shown below. 

𝑣3,1 (ݔ, ,ݕ ,ݖ (ݐ = ± √ − ௞2௤  (௣2௥(௞2+ 1)+௥) ݊ݏ ݌ + ݔ݌) ݖݎ + ݕݍ  + ௤− ௣2  (௞2+ 1)−1  (3.144)                                                         ,(ݐ

𝑣3,2(ݔ, ,ݕ ,ݖ (ݐ =  ± √ − ௞2௤  (௣2௥(௞2+ 1)+௥) ݀ܿ ݌ + ݔ݌) ݖݎ + ݕݍ  + ௤− ௣2  (௞2+ 1)−1  (3.145)                                                         ,(ݐ

𝑣3,3(ݔ, ,ݕ ,ݖ (ݐ =  ± √ − ௞2௤  (௣2௥(2௞2−1)−௥) ݊ܿ ݌ ݔ݌) + + ݕݍ ݖݎ +௤ ௣2  (2௞2−1)−1 ,ݔ)𝑣3,4 (3.146)                                                                      ,(ݐ ,ݕ ,ݖ (ݐ =  ± √ − ௤  (௣2௥(2−௞2)−௥) ݊݀ ݌ + ݔ݌) ݖݎ + ݕݍ  + ௤ ௣2  (2−௞2)−1 ,ݔ)𝑣3,5 (3.147)                                                                ,(ݐ ,ݕ ,ݖ (ݐ =  ± √ − ௤  (௣2௥(௞2+1)+௥) ݏ݊ ݌ + ݔ݌) ݖݎ + ݕݍ  + ௤ −௣2  (௞2+1)−1 ,ݔ)𝑣3,6 (3.148)                                                           ,(ݐ ,ݕ ,ݖ (ݐ =  ± √ − ௤  (௣2௥(௞2+1)+௥) ܿ݀ ݌ + ݔ݌) ݖݎ + ݕݍ  + ௤ −௣2  (௞2+1)−1  (3.149)                                                         ,(ݐ

𝑣3,7(ݔ, ,ݕ ,ݖ (ݐ =  ± √ − ௤(௞2−1)  (௣2௥(2௞2−1)−௥) ܿ݊ ݌ + ݔ݌) ݖݎ + ݕݍ + ௤ ௣2  (2௞2− 1)−1  (3.150)                                                           ,(ݐ

𝑣3,8(ݔ, ,ݕ ,ݖ (ݐ =  ± √ − ௤(௞2−1)  (௣2௥(2௞2−1)+௥) ݀݊ ݌ + ݔ݌) ݖݎ + ݕݍ + ௤௧ ௣2(2−௞2)−1),                                                                 (3.151) 𝑣3,9(ݔ, ,ݕ ,ݖ (ݐ =  ± √  ௤(௞2−1)  (௣2௥(2௞2− 1)+௥) ܿݏ ݌ + ݔ݌) ݖݎ + ݕݍ  + ௤ ௣2  (2−௞2)−1  (3.152)                                                             ,(ݐ

𝑣3,10(ݔ, ,ݕ ,ݖ (ݐ =  ± √ ௞2 ௤(௞2−1)  (௣2௥(2௞2− 1)−௥) ݀ݏ ݌ + ݔ݌) ݖݎ + ݕݍ  + ௤ ௣2  (2௞2− 1)−1 ,ݔ)𝑣3,11 (3.153)                                                          ,(ݐ ,ݕ ,ݖ (ݐ =  ± √ − ௤  (௣2(௞2௥− 2௥)+௥) ݏܿ ݌ + ݔ݌) ݖݎ + ݕݍ  + ௤ ௣2  (2−௞2)−1 ,ݔ)𝑣3,12 (3.154)                                                              ,(ݐ ,ݕ ,ݖ (ݐ =  ± √ ௤  (௣2௥(2௞2− 1)−௥) ݏ݀ ݌ + ݔ݌) ݖݎ + ݕݍ  + ௤ ௣2  (2௞2− 1)−1  (3.155)                                                         ,(ݐ

𝑣3,13 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ −௤(௣2௥(௞2+ 1)− 2௥) ݊ܿ݇] ݌ + ݔ݌) ݖݎ + ݕݍ  + ௤೛2(ೖ2+ 1)2 −1 (ݐ ± + ݔ݌) ݊݀ + ݕݍ  ݖݎ  +
  ௤೛2(ೖ2+ 1)2 −1  (3.156)                                                                       ,[(ݐ

𝑣3,14 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ 12௤(௣2௥(−2௞2+ 1)− 2௥) ݏ݊] ݌ + ݔ݌)
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+ ݕݍ  ݖݎ  + ௤೛2(−2ೖ2+ 1)2 −1 (ݐ ± ݏܿ + ݔ݌) + ݕݍ  ݖݎ  +
  ௤೛2(−2ೖ2+ 1)2 −1  (3.157)                                                                    ,[(ݐ

𝑣3,15 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ 12௤(1−௞2)(௣2௥(௞2+ 1)− 2௥) + ݔ݌) ܿ݊]   ݌
+ ݕݍ  ݖݎ  + ௤೛2(ೖ2+ 1)2 −1 (ݐ ± + ݔ݌) ܿݏ + ݕݍ  ݖݎ  +
  ௤೛2(ೖ2+ 1)2 −1  (3.158)                                                                       ,[(ݐ

𝑣3,16 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ 12௤(௣2௥(௞2−2)− 2௥) + ݔ݌) ݏ݊]   ݌ + ݕݍ 
ݖݎ  + ௤೛2(ೖ2− 2)2 −1 (ݐ ± + ݔ݌) ݏ݀ + ݕݍ  ݖݎ  +
  ௤೛2(ೖ2−2)2 −1  (3.159)                                                                        ,[(ݐ

𝑣3,17 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ 12௞2௤(௣2௥(௞2−2)− 2௥) + ݔ݌) ݊ݏ]   ݌ + ݕݍ 
ݖݎ  + ௤೛2(ೖ2− 2)2 −1 (ݐ ± + ݔ݌) ݊ܿ݅ + ݕݍ  ݖݎ  +
 ௤೛2(ೖ2−2)2 −1  (3.160)                                                                          ,[(ݐ

𝑣3,18 (ݔ, ,ݕ ,ݖ (ݐ = ± √ 12௞2௤(௣2௥(௞2−2)− 2௥)   .݌

  [  
  ௦௡ (௣௫ + ௤௬ + ௥௭+ ೜೛2(ೖ2− 2)2 −1௧)
√1−௞2 ±௖௡ (௣௫ + ௤௬ + ௥௭+  ೜೛2(ೖ2−2)2 −1௧)]  

  ,                              (3.161) 

𝑣3,19 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ 12௤(௣2௥(1−2௞2)− 2௥) ݊ܿ݇] ݌ + ݔ݌)
+ ݕݍ  ݖݎ  + ௤೛2(2ೖ2− 1)2 −1 (ݐ ± + ݔ݌)݊݀݅ + ݕݍ  ݖݎ  +
  ௤೛2(2ೖ2− 1)2 −1  (3.162)                                                                      ,[(ݐ

𝑣3,20 (ݔ, ,ݕ ,ݖ (ݐ = ± √ 12௤(௣2௥(1−2௞2)− 2௥)     ݌
 [  
  ௦௡ (௣௫ + ௤௬ + ௥௭+ ೜೛2(2ೖ2− 1)2 −1௧)
1 ±௖௡ (௣௫ + ௤௬ + ௥௭+  ೜೛2(ೖ2−1)2 −1௧)]  

  ,                                          (3.163) 

𝑣3,21 (ݔ, ,ݕ ,ݖ (ݐ = ± √ 12௞2௤(௣2௥(௞2−2)− 2௥)   ݌

   [  
  ௦௡ (௣௫ + ௤௬ + ௥௭+ ೜೛2(ೖ2− 2)2 −1௧)
1±ௗ௡ (௣௫ + ௤௬ + ௥௭+  ೜೛2(ೖ2−2)2 −1௧)]  

  ,                                     (3.164) 

𝑣3,22 (ݔ, ,ݕ ,ݖ (ݐ = ± √ 12௤(௞2−1)௥(௣2(௞2+1)− 2)    ݌
[  
  ௗ௡ (௣௫ + ௤௬ + ௥௭+ ೜೛2(ೖ2− 2)2 −1௧)
1±௞௦௡ (௣௫ + ௤௬ + ௥௭+  ೜೛2(ೖ2−2)2 −1௧)]  

  ,                                      (3.165) 

 𝑣3,23 (ݔ, ,ݕ ,ݖ (ݐ = ± √ ௤(1−௞2)2௥(௣2(௞2+1)− 1)    ݌
 [  
  ௖௡ (௣௫ + ௤௬ + ௥௭+ ೜೛2(ೖ2− 2)2 −1௧)
1±௦௡ (௣௫ + ௤௬ + ௥௭+  ೜೛2(ೖ2−2)2 −1௧)]  

  ,                                        (3.166) 

𝑣3,24(ݔ, ,ݕ ,ݖ (ݐ =  ±√ ௤ (1−௞2)2(௣2௥(௞2+1)− 2௥) ⋅
௦௡(௣௫ + ௤௬ + ௥௭ − ೜೟(೛2(ೖ2+1)2 ݌  −1))

ௗ௡(௣௫ + ௤௬ + ௥௭ − ೜೟(೛೜(ೖ2+1)2 −1))±௖௡ (௣௫ + ௤௬ + ௥௭ − ೜೟(೛2(ೖ2+1)2 −1))
  ,  

                                                                                              (3.167) 𝑣3,25 (ݔ, ,ݕ ,ݖ (ݐ = ± √ 12௞4௤(௣2௥(௞2−2)− 2௥)     ݌
 [  
  ௖௡ (௣௫ + ௤௬ + ௥௭+ ೜೛2(ೖ2− 2)2 −1௧)
√1−௞2±ௗ௡ (௣௫ + ௤௬ + ௥௭+  ೜೛2(ೖ2−2)2 −1௧)]  

  ,                                  (3.168) 

3.4.2  Solitary wave type solutions 

   When ݇ → 1,  in this category see in table 2, the solu-
tion  𝑣3,7 , 𝑣3,8 , 𝑣3,9 , 𝑣3,10 , 𝑣3,15 , 𝑣3,22 , 𝑣3,23 and 𝑣3,24  be-

come zero. The remaining solutions represent solitary wave solu-
tions and can be determined as follows: 𝑣3,26 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ − ௤  (2௣2௥+௥) ℎ݊ܽݐ ݌ + ݔ݌) + ݕݍ  ݖݎ  + ௤− 2௣2 −1 ,ݔ) 𝑣3,27 (3.169)                                                                             ,(ݐ ,ݕ ,ݖ (ݐ =  ± √ − ௤  (2௣2௥+௥) ℎܿ݁ݏ ݌ + ݔ݌) + ݕݍ  ݖݎ  + ௤− 2௣2 −1 ,ݔ)𝑣3,28  (3.170)                                                                            ,(ݐ ,ݕ ,ݖ (ݐ =  ± √ − ௤  (௣2௥−௥) ℎܿ݁ݏ ݌ + ݔ݌ ) + ݕݍ  ݖݎ  + ௤ ௣2 −1 ,ݔ)𝑣3,29   (3.171)                                                                                  ,(ݐ ,ݕ ,ݖ (ݐ = ± √ − ௤  2௣2௥+௥ ℎݐ݋ܿ ݌ + ݔ݌ ) + ݕݍ  ݖݎ  +
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 ௤ −௣2  −1 ,ݔ)𝑣3,30 (3.172)                                                                               ,(ݐ ,ݕ ,ݖ (ݐ =  ± √ − ௤  (−௣2௥+௥) ℎܿݏܿ ݌ + ݔ݌) + ݕݍ  ݖݎ  + ௤ ௣2 −1 ,ݔ) 𝑣3,31 (3.173)                                                                                    ,(ݐ ,ݕ ,ݖ (ݐ =  ± √ −௤(2௣2௥− 2௥) ℎܿ݁ݏ] ݌ + ݔ݌) ݖݎ + ݕݍ  + ௤௣2−1 (ݐ ± + ݔ݌) ℎܿ݁ݏ + ݕݍ  ݖݎ  +  ௤௣2−1  (3.174)                                                                                      ,[(ݐ

𝑣3,32 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ 12௤(−௣2௥− 2௥) + ݔ݌)ℎݐ݋ܿ] ݌ + ݕݍ 
ݖݎ  + ௤−೛22 −1 (ݐ ± ℎܿݏܿ + ݔ݌) + ݕݍ  ݖݎ  +
  ௤−೛22 −1  (3.175)                                                                               ,[(ݐ

𝑣3,33 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ 12௤(−௣2௥− 2௥) + ݔ݌) ℎݐ݋ܿ]   ݌ + ݕݍ 
ݖݎ  + ௥−೛22 −1 (ݐ ± ℎܿݏܿ + ݔ݌) + ݕݍ  ݖݎ  +  ௤−೛22 −1  (3.176)                                                                                ,[(ݐ

𝑣3,34 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ 12௤(−௣2௥− 2௥) + ݔ݌) ℎ݊ܽݐ]   ݌ + ݕݍ 
ݖݎ  + ௥−೛22 −1 (ݐ ± ℎܿ݁ݏ݅ + ݔ݌) + ݕݍ  ݖݎ  +
  ௤−೛22 −1 ,ݔ) 𝑣3,35 (3.177)                                                                               ,[(ݐ ,ݕ ,ݖ (ݐ =
± √ ௤(−12௣2௥− ௥)    ] ݌

 ௦௡ (௣௫ + ௤௬ + ௥௭+ ೜−೛22 −1௧)
±௖௡ (௣௫ + ௤௬ + ௥௭+  ೜−೛22 −1௧)]   

 ,                     (3.178) 

𝑣3,36 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ 12௤(−௣2௥− 2௥) ℎܿ݁ݏ] ݌ + ݔ݌) + ݕݍ 
ݖݎ  + ௤೛22 −1 (ݐ ± ℎܿ݁ݏ݅ + ݔ݌) + ݕݍ  ݖݎ  +  ௤೛22 −1  (3.179)                                                                                  ,[(ݐ

 𝑣3,37 (ݔ, ,ݕ ,ݖ (ݐ =
± √ 12௤(−௣2௥−2௥)    ]   ݌

 ௧௔௡ℎ (௣௫ + ௤௬ + ௥௭+ ೜೛22 −1௧)
1 ±௦௘௖ℎ (௣௫ + ௤௬ + ௥௭+  ೜೛22 −1௧)]   

 ,               (3.180) 

 
 
 
 

 𝑣3,38 (ݔ, ,ݕ ,ݖ (ݐ =
± √ 12௤(−௣2௥− 2௥)    ]   ݌

 ௧௔௡ℎ(௣௫ + ௤௬ + ௥௭+ ೜−೛22 −1௧)
1±௦௘௖ℎ (௣௫ + ௤௬ + ௥௭+  ೜−೛22 −1௧)]   

 ,              (3.181) 

𝑣3,39 (ݔ, ,ݕ ,ݖ (ݐ =± √ 12௤௥(−௣2− 2) ݌ [ ௦௘௖ℎ(௣௫ + ௤௬ + ௥௭+ 2೜೛2−2௧)௦௘௖ℎ (௣௫ + ௤௬ + ௥௭+  2೜೛2−2௧)].                         (3.182) 

3.4.3.  Shock wave solution 

When ݇ → 0, in this category see in table 2, the solu-
tions  𝑣3,1 , 𝑣3,2 , 𝑣3,3 , 𝑣3,4 , 𝑣3,10 , 𝑣3,17 , 𝑣3,18 , 𝑣3,21  and 𝑣3,25  become zero. The remaining solutions represent solitary 

wave solutions and can be determined as follows: 𝑣3,40(ݔ, ,ݕ ,ݖ (ݐ =  ± √ − ௤  (௣2௥+௥) ܿݏܿ ݌ + ݔ݌ ) + ݕݍ  ݖݎ  + ௤− ௣2  −1 ,ݔ)𝑣3,41 (3.183)                                                                                 ,(ݐ ,ݕ ,ݖ (ݐ =  ± √ − ௤  (௣2௥+௥) ܿ݁ݏ݌ + ݔ݌) + ݕݍ  ݖݎ  + ௤− ௣2  −1 ,ݔ)𝑣3,42 (3.184)                                                                               ,(ݐ ,ݕ ,ݖ (ݐ =  ± √ − ௤  (−௣2௥−௥) ܿ݁ݏ݌ + ݔ݌) + ݕݍ  ݖݎ  + ௤− ௣2  −1 ,ݔ)𝑣3,43 (3.185)                                                                                 ,(ݐ ,ݕ ,ݖ (ݐ =  ± √ − ௤  (−2௣2௥+௥) ݊ܽݐ݌ + ݔ݌) + ݕݍ  ݖݎ  + ௤2 ௣2  −1 ,ݔ)𝑣3,44 (3.186)                                                                                 ,(ݐ ,ݕ ,ݖ (ݐ =  ± √ − ௤  (−2௣2௥+௥) ݐ݋ܿ݌ + ݔ݌) + ݕݍ  ݖݎ  + ௤2 ௣2  −1 ,ݔ)𝑣3,45  (3.187)                                                                                 ,(ݐ ,ݕ ,ݖ (ݐ =  ± √ ௤  (−௣2௥−௥) ܿݏܿ݌ + ݔ݌) + ݕݍ  ݖݎ  + ௤− ௣2  −1  (3.188)                                                                                 ,(ݐ

𝑣3,46 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ 12௤(௣2௥− 2௥) ܿݏܿ] ݌ + ݔ݌) + ݕݍ  ݖݎ  +
 ௤೛22 −1 (ݐ ± + ݔ݌) ݐ݋ܿ + ݕݍ  ݖݎ  +
  ௤೛22 −1  (3.189)                                                                                  ,[(ݐ

𝑣3,47 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ 12௤(௣2௥− 2௥) ܿ݁ݏ] ݌ + ݔ݌) + ݕݍ  ݖݎ  +
 ௤೛22 −1 (ݐ ± + ݔ݌) ݊ܽݐ + ݕݍ  ݖݎ  +
  ௤೛22 −1  (3.190)                                                                               ,[(ݐ
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𝑣3,48 (ݔ, ,ݕ ,ݖ (ݐ =  ± √ 12௤(−2௣2௥− 2௥) ܿݏܿ] ݌ + ݔ݌) ݖݎ + ݕݍ  + ௤−௣2−1 (ݐ ± ܿݏܿ + ݔ݌) + ݕݍ  ݖݎ  +  ௤−௣2−1 ,ݔ) 𝑣3,49 (3.191)                                                                              ,[(ݐ ,ݕ ,ݖ (ݐ =
± √ 12௤(௣2௥− 2௥)    ] ݌

 ௦௜௡ (௣௫ + ௤௬ + ௥௭+ ೜−೛22 −1௧)
1 ±௖௢௦ (௣௫ + ௤௬ + ௥௭+  ೜−೛22 −1௧)]   

 ,                   (3.192) 

𝑣3,50 (ݔ, ,ݕ ,ݖ (ݐ =± √ ௤(2௣2௥− 2௥) ]   ݌ ௖௢௦ (௣௫ + ௤௬ + ௥௭+ ೜−೛2−1௧)1±௦௜௡ (௣௫ + ௤௬ + ௥௭+  ೜−೛2−1௧)],                (3.193) 𝑣3,51(ݔ, ,ݕ ,ݖ (ݐ =
 ±√ ௤ (௣2௥− 2௥) ௦௜௡(௣௫ + ௤௬ + ௥௭ − ೜೟(೛22 ݌  −2))

1±௖௢௦ (௣௫ + ௤௬ + ௥௭ − ೜೟(೛22 −1))
  .                   (3.194) 

4.  GRAPHICAL RESULTS AND DISCUSSION 

In this section, we present several solution figures in 2-D, 3-D, 
and contour plots. All of the figures were created using Mathemat-
ica. The generalized JEFE technique yields novel solutions to the 
nonlin ear three-dimensional Wazwaz-Benjamin-Bona-Mahony (3-
D WBBM) equations, and its periodicity is proved. We illustrated 
many sorts of soliton structures, including steep kink, kink, peakon, 
rogue, and periodic soliton. The 2D plots show simplified cross-sec-
tions of the wave solutions, focusing on specific directions to high-
light their oscillatory and (quasi-)periodic patterns. These views 
make it easier to observe changes in amplitude, phase, and fre-
quency over time, helping us understand how the waves behave 
and evolve.  

The 3D surface plots clearly display how the wave’s height, fre-
quency, and shape vary with different parameters, offering insights 
that are hard to see just from equations. Contour plots, which map 
the wave levels onto a flat surface, reveal the internal structure of 
the solutions, showing areas with steady values or sharp transi-
tions. Together, these 2D, 3D, and contour plots give a fuller picture 
of the wave behaviors described by the 3D WBBM equations. Sub-
sequently, the generalized JEFE process leads to more consistent 
results when addressing the WBBM equation, making it an effective 
tool for generating exact periodic and solitary wave-type soliton so-
lutions.  

Additionally, the Φ6-expansion and modified extended direct 
algebraic methods [31], and Khater method [32] to compute trigo-
nometric, hyperbolic, Jacobi elliptic, and rational functions. The ex-
panded tanh approach [33] was also applied to the bright, dark, pe-
riodic, and single soliton solutions. To differentiate this from the pre-
vious efforts. All our founded solutions are depending on the Jacobi 
elliptic functions and their corresponding hyperbolic and trigono-
metric functions. Jacobi elliptic function is a more generalized form 
of the hyperbolic and trigonometric functions.  

This work is important for our research because it shows how 
effective the generalized Jacobi elliptic function expansion method 
is in analyzing and resolving intricate nonlinear systems. The tech-
nique advances our knowledge of the dynamics at play in nonlinear 
systems by producing precise and physically meaningful solutions 
as well as making complex wave phenomena like solitons easier to 
visualize. The Jacobi elliptic function expansion approach is a 
strong and flexible tool for studying nonlinear wave dynamics. 

 
a)  3-D visualization 

 

b) Contour figure 

 
c) The time 2-D plot for t=1,5 and 10 

Fig.1.  The 3-D visualization, contour plot, and 2-D graphical 
representation of v1,1(x, y, z) are presented for the 
parameter values k = 0.5, r = 1, p = 2, q = −2, and 
y = z = 1 
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a) 3-D visualization 

 
b)   contour figure 

 
c)  the time 2-D plot for t=1,5 and 10 

Fig. 2.   The 3-D visualization, contour plot, and 2-D graphical 
representation of v1,3(x, y, z) are presented for the 
parameter values k = 0.5, r = 0.5, p = 2, q = 2, and y 
= z = 1 

 
a) 3-D visualization 

 
b)   contour figure 

 
c)  the time 2-D plot for t=1,5 and 10 

Fig.3. The 3-D visualization, contour plot, and 2-D  
graphical representation of v1,4(x, y, z) are presen-
ted for the parameter valuesk = 0.5, r = 0.5, p = 2, 
q = −2, and y = z = 1 

 
a) 3-D visualization 
 

 
b)   contour figure 
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c) the time 2-D plot for t=1,5 and 10 

Fig.4. The 3-D visualization, contour plot, and 2-D  
graphical representation of v1,5(x, y, z) are presen-
ted for the parameter values k = 0.5, r = 1, p = 2, 
q = 2, and y = z = 1 

 
a) 3-D visualization 

 
b)   contour figure 

 
c) the time 2-D plot for t=1,5 and 10 

Fig.5. The 3-D visualization, contour plot, and 2-D  
graphical representation of v1,11(x, y, z) are presen-
ted for the parameter values k = 0.5, r = 1.5, p = 

−2, q = −2, and y = z = 1 

 
a) 3-D visualization 
 

 
b)   contour figure 
 

 
c) the time 2-D plot for t=1,5 and 10 

Fig.6. The 3-D visualization, contour plot, and 2-D  
graphical representation of v1,26(x, y, z) are presen-
ted for the parameter values r = 2.5, p = 2, q = −2, 
and y = z = 1 

 
a) 3-D visualization 
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b)   contour figure 

 

 
c) the time 2-D plot for t=1,5 and 10 

Fig. 7. The 3-D visualization, contour plot, and 2-D  
graphical representation of v1,27(x, y, z) are pre-
sented for the parameter values r = 3, p = 1.5, q 
= −2, and y = z = 1 

 
a) 3-D visualization 

 
b)   contour figure 

 
c) the time 2-D plot for t=1,5 and 10 

Fig.8. The 3-D visualization, contour plot, and 2-D  
graphical representation of v1,29(x, y, z) are presen-
ted for the parameter values r = 1.8, p = 1.5, q = 
−2, and y = z = 1 

 

a) 3-D visualization 

 

b) contour figure 

 

c) the time 2-D plot for t=1,5 and 10 

Fig. 9. The 3-D visualization, contour plot, and 2-D  
 graphical representation of v1,40(x, y, z) are  
 presented for the parameter values r = 1.8,  
 p =    1.5, q = −2, and y = z = 1 
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a) 3-D visualization 
 

 
b)   contour figure 
 

 
c) the time 2-D plot for t=1,5 and 10 

Fig.10. The 3-D visualization, contour plot, and 2-D  
graphical representation of v1,41(x, y, z) are pre-
sented for the parameter values r = 1.8, p = 1.5, 
q = −2, and y = z = 1 

 

a) 3-D visualization 

 

 

 

b)   contour figure 

 

c) the time 2-D plot for t=1,5 and 10 

Fig.11. The 3-D visualization, contour plot, and 2-D  
graphical representation of v1,43(x, y, z) are pre-
sented for the parameter values r = 1.8, p = 1.5, 
q = 2, and y = z = 1 

 
a) 3-D visualization 
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b)   contour figure 

 
c) the time 2-D plot for t=1,5 and 10 

Fig.12. The 3-D visualization, contour plot, and 2-D gra-
phical representation of v2,1(x, y, z) are presented 
for the parameter values k = 0.5, r = −1, p = 2, q 
= 2, y = 1, and z = 1 

 
a) 3-D visualization 

 
b)   contour figure 

 
c) the time 2-D plot for t=1,5 and 10 

Fig.13. The 3-D visualization, contour plot, and 2-D  
graphical representation of v2,3(x, y, z) are pre-
sented for the parameter values k = 0.5, r = −1, 
p = 2, q = 1.5, y = 1, and z = 1 

 
a) 3-D visualization 

 
b)   contour figure 

 
c) the time 2-D plot for t=1,5 and 10 

Fig.14. The 3-D visualization, contour plot, and 2-D  
graphical representation of v3,1(x, y, z) are pre-
sented for the parameter values k = 0.5, r = 1, 
p = 2, q = −2, y = 1, and z = 1 

 
a) 3-D visualization 
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b)   contour figure 

 
c) the time 2-D plot for t=1,5 and 10 

Fig.15. The 3-D visualization, contour plot and 2-D graphical 
representation of v3,3(x, y, z) are presented for the 
parameter values k = 0.6, r = 0.5, p = 2, q = 2, and 
y = z = 1 

5.  CONCLUSION  

The family of 3-D WBBM equations is efficiently solved in this 
work through the application of the generalized Jacobi elliptic func-
tion expansion technique. Through this method, the new periodic 
solutions are determined, which incorporates both solitary wave 
and shock wave solutions that have not been documented previ-
ously in the literature. These results give a greater understanding 
of the rich dynamic phenomena regulated by the family of 3-D 
WBBM equations, improving their applicability in fluid dynamics, 
nonlinear optics, plasma physics, and engineering. The obtained 
results have not been found in previous literature using this ap-
proach. To improve the physical description of the solutions several 
typical wave profiles are offered to provide a comprehensive anal-
ysis of the wave characteristics in 2-D, 3-D, and contour visualiza-
tions were generated using accurate parameters value with the 
help of Mathematica. Such graphical visualizations aid in our ability 
to more clearly understand and comprehend the system’s inherent 
features. The objective of this approach is quite applicative and 
powerful to analyze various soliton solutions, therefore it may be 
additionally applicable to many other nonlinear evaluation equa-
tions. Future research direction should focus to apply these ap-
proaches to additional complicated nonlinear systems to determine 
their broader application. Furthermore, investigating the stability 
and interactions of the generated solutions under different initial 
conditions and parameter changes might provide additional infor-
mation. Furthermore, incorporating physics-informed neural net-
works represents a promising avenue for validating these solutions 
in practical applications, with the potential to bridge the gap be-
tween theoretical mathematics and real-world implementations in 

fields such as fluid dynamics, plasma physics, and engineering sys-
tems. 
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Abstract: The paper aims experimental-numerical approaches to the behaviour of the compressed thin-walled composite profiles with closed 
sections. For this, thin-walled composite profiles made of carbon-epoxy composite from the autoclave technique. It was to analyse the effect 
of cross-section shape on the stability and fracture of composite structures. This was covered through a universal testing machine, an optical 
deformation measurement system, acoustic emission method as well as a microscope. Numerical simulations were carried out using the 
finite element method (based on progressive failure analysis). The research follows the project from the National Science Centre in Poland, 
Reg. No. 2021/41/B/ST8/00148. 
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1. INTRODUCTION 

Thin-walled composite profiles belong to the group of load-car-
rying structures which have special features. They present low 
mass, at maintaining high mechanical resistance. These types of 
profiles can have an open or closed cross-sectional shape [1-3]. 
This kind of composite structure under loading is considered in 
many research groups [4-6]. It is taken at the isotropic features of 
the material kind. For these cases, approximation methods are em-
ployed, while in the case of numerical approaches the solution of a 
linear eigenproblem is used [7-8]. From a scientific point of view, it 
is important to evaluate the behaviour of thin-walled structures after 
stability lossing. Consequently, it is important to analyse the post-
buckling behaviour for analysis of damages and changes in load-
carrying capacity [9-11]. This can be supported by the acoustic 
emission method, while in the case of numerical simulations this is 
covered by damage initiation criteria, such as the Hashin one [12-
13]. This enables to capture a force value at the first stage of dam-
age occurrence [14]. Worth noticing, an in-depth analysis of the 
complex failure mechanism of the composite structure, where both 
experimental studies and numerical simulations (using, for exam-
ple, progressive failure analysis) make it possible to assess the re-
duction load-carrying capacity [15-18]. Approaches for the compo-
site type in the experiment can be reached using: universal testing 
machine, acoustic emission, optical deformation measurement sys-
tem, while in the case of numerical simulations the finite element 
method (using advanced failure models) plays an important role 
[19-21]. This reflects, a composite type is analysed utilising different 
experimental and numerical approaches, but this does not cover 
the influence of the cross-section geometry on its behaviour under 
compression force.  

Therefore, the paper focuses on a composite behaviour in the 
form of a thin-walled rectangular tube under compressive force at 

different dimensions of cross-sections. 

2. THE SUBJECT OF STUDY 

Additional novelty is the object of research in the form of thin-
walled carbon-epoxy composite structures with varying strength 
and stiffness of the structure - manufactured within the framework 
of a project from the National Science Centre, Reg. No. 
2021/41/B/ST8/00148. Thin-walled columns made of carbon-fiber 
epoxy composite (CFRP). The selected type of composite was de-
termined on the basis of preliminary numerical simulations and ex-
perimental tests. The total number of specimens was equal to 9. 
Each specimen group collected three pieces at the following dimen-
sions of a cross-section: A - 40x40 mm, B - 50x30 mm and C - 
60x20 mm, Fig 1. The composite profiles had some common fea-
tures/properties, such as: lay-up [0°/90°/0°/90°]s, properties, 
height of 200 mm, and the same wall-thickness the cross-section 
shapes’ circuit.  

The composite specimens were manufactured using an auto-
clave technique, and details of the manufacturing process [22]. 
With reference to the fundamental features of the cross-sections: 
the moment of inertia of the A-type square profile equals 58,033.51 
mm4, of B-type rectangular profile equal 37,351.34 mm4 (in the first 
direction) and 78,715.68 mm4 (in the second direction), of C-type 
rectangular profile equal 19,149.18 mm4 (in the first direction) and 
96,917.85 mm4 (in the second direction), while the moment of re-
sistance (strength index) of the A-type profile equals 2,732.27 
mm3, of B-type profile equal 2,299,96 mm3 (in the first direction) 
and 2,999.84 mm3 (in the second direction), of C-type profile equal 
1,703.66 mm3 (in the first direction) and 3,102.36 mm3 (in the sec-
ond direction). 

The cross-sectional area for all three types of profiles was the 
same - 204.55 mm2. 
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Fig. 1. Test specimens 

3. EXPERIMENTAL AND NUMERICAL APPROACHES 

The fundamental approach to the composite tubes was pre-
sented in [22]. In this tests were carried out at room temperature at 
constant value of displacement velocity of 2mm/min. The compo-
nent behaviour was followed at different levels of loading, analysing 
a load-capacity reduction. At the post-buckling equilibrium paths, 
the value of the critical force was determined based on the straight 
intersection method [7] - taking into account the force-displacement 
curve (shortening of the structure). The non-contact optical digital 
image correlation system (Aramis 2D) for measuring the defor-
mation in 2D coordinate system was used, Fig. 2 [23] (during the 
study, only the 2D version of the DIC system was available). The 
acoustic emission method was employed, within the framework of 
the use of the AMSY-5 [24] type apparatus and a piezoelectric sen-
sor directly mounted to the test specimen captured results. This 
made it possible to register acoustic signals (such as energy, am-
plitude, etc.) in order to identify the damage-initiating force of com-
posite structures. A digital microscope Keyence VHX-970F [25] 
with a mobile head was also used for damage analysis. 

 

Fig. 2.   Specimen in the Z100 Zwick electromechanical testing machine 
at DIC system 

The DIC system included a high resolution camera of 4096 px 
× 3000 px. This enabled to capture 12Mpx images at frequency 25 
Hz. The main objective of the experimental study was to determine 
the buckling force value, damage-initiation, and force at fracture. 
Buckling force were determined in accordance with the previously 
mentioned method of intersecting straight lines – using the post-

buckling equilibrium paths [2]. The damage initiation was strongly 
related to the acoustic emission signal [9,10]. The forces values 
corresponding to the loss of load-carrying capacity were deter-
mined directly from the post-buckling equilibrium paths, as the max-
imum value [12]. 

For numerical simulations, the analysis of stability and load-car-
rying capacity phenomena were carried out using the finite element 
method in Abaqus. Consequently, the loss of stability was deter-
mined using a linear solution of the eigenproblem, while the fracture 
phenomenon was captured using a nonlinear analysis at a progres-
sive fracture analysis model.  

The solution of the linear eigenvalue problem was closely re-
lated to the equation [26]: (0ܭேெ + ௜ெߥ(௱ேெܭ௜ߣ = 0                                                            (1) 

where: K0NM is the matrix stiffness (which includes the effects of the 
preloads PN), KΔNM refers the differential initial stress (and load stiff-
ness matrix due to the incremental loading pattern QN), λi consti-
tutes the eigenvalues, viM is the buckling mode shapes (eigenvec-
tors), M and N are degrees of freedom M and N (of the whole model), 

i refers to the ith buckling mode. Furthermore, the buckling forces 
represent then PN + λiQN. 

It was possible to determine the value of the buckling force and 
the buckling form corresponding to this force - which was consequ-
ently implemented in a nonlinear analysis using the Newton-Ra-
phson method [16]. Simulations of nonlinear stability were carried 
out considering the lowest numerically obtained form of buckling 
(corresponding to experimental tests), taking into account geome-
tric imperfections with an amplitude of 0.05 of the wall thickness of 
the composite structure. Simulations considering the phenomenon 
of damage initiation and further damage evolution were carried out 
by using progressive fracture analysis [27] - where damage initia-
tion represented by the Hashin criterion [28,29], and damage evo-
lution expressed by the energy criterion. The damage initiation cri-
terion enabled to determine a stress type (tensile or compressive) 
in the degradation of the composite components: ܨ௙௧ = (ఙ̂11௑೅)2 + ߙ (ఛ̂12ௌಽ )2 = 1, 1̂1ߪ) ≥ ௙௖ܨ (2)                                ,(0 = (ఙ̂11௑಴) , 1̂1ߪ) < ௠௧ܨ (3)                                                   ,(0 = (ఙ̂22௒೅ )2 + (ఛ̂12ௌಽ )2 = 1, 2̂2ߪ) ≥ ௠௖ܨ (4)                                   ,(0 = (ఙ̂222ௌ೅)2 + [( ௒಴2ௌ೅)2 − 1] ఙ̂22௒಴ + (ఛ̂12ௌಽ )2 = 1, 2̂2ߪ) < 0)                 (5) 

where: XT,XC,YT,YC,SL,ST denotes the coefficients of the longitudi-
nal tensile/compressive, transverse tensile/compressive, longitudi-
nal/transverse shear strength; α represents the contribution of the 
shear stress; ̂11ߪ, -represents the components of the effec ,12̂߬,22ߪ̂

tive stress tensor (which is used to evaluate the damage initiation 
criteria). 

After the fulfillment of any one component of damage initiation, 
a phenomenon known as damage evolution begins during further 
loading of the structure. The damage evolution law is based on the 
fact that fracture energy is released during damage. It is necessary 
to determine the parameters responsible for the damage energy 
parameters (energy dissipation parameters due to the tension and 
compression of the fibers, as well as the tension and compression 
of the matrix) [27]. The numerical model was elaborated using Con-
tinuum Shell - SC8R (composite structure) and Shell - R3D4 (non-
deformable plates that provide supports) finite elements. The 
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continuum shell model takes into account the physical thickness of 
the composite material. This provides the ability to virtually design 
the number of plies relative to the physical thickness, taking into 
account the relative thickness of the ply. The Continuum Shell com-
posite modeling technique reflects the physical wall thickness of the 
composite structure and simultaneously enables analysis of the 
structure's behavior - ply by ply. For the numerical model, the 
boundary conditions were reflected as accurately as possible. Be-
tween the non-deformable plate elements (where boundary condi-
tions were defined) and the composite structure, contact interac-
tions were defined in the normal and tangential directions (with a 
defined friction coefficient of 0.2). The material properties were con-
sistent with the parameters determined experimentally and pre-
sented in previously-mentioned publication [22]. In the framework 
of numerical studies, the effect of mesh density on the accuracy of 
calculation results was analyzed [3] - on the basis of which it was 
estimated that the mesh that allows the most accurate representa-
tion of experimental results in the case of a composite structure was 
selected at the level of the previously mentioned size - 2mm. Re-
gardless of the shape of the cross section (where the sum of the 
lengths of the edges creating the cross sections was constant), 
each numerical model had 10320 finite elements and 19802 com-
putational nodes. The discrete model with boundary conditions is 
shown in Figure 3. The compression was realized by moving the 
upper plate. 

 
Fig. 3. Numerical model (with boundary conditions) 

4. RESULTS 

In the case of both experimental and FEM approaches the val-
ues of buckling forces and the corresponding buckling forms were 
determined at their eariler stage. In the case of experimental stud-
ies, the values of buckling forces were determined using the previ-
ously mentioned method of intersecting straight lines. The non-lin-
ear section of the force-shortening relationship was related to a 
specimen's response to the applied force. 

Figure 4 presents only one determined buckling force value 
from each type of cross section. For the other specimens, the buck-
ling force values were determined analogously (as presented in Ta-
ble 1). The approximation ranges, representing lines of black color, 
were selected so as to make the correlation coefficient as high as 
possible [8]. In the case of numerical simulations, the buckling force 
values were determined by solving a linear eigenproblem (deter-
mined the buckling force value). Figure 5 presents a qualitative 
comparison of the forms of loss of stability, as well as shows the 
numerically obtained values of buckling forces. The results shown 

in Figure 5, recorded using the ARAMIS 2D system, show the rela-
tive deformation in the longitudinal direction, while FEM showed de-
formation in the framework of a linear eigenproblem. The results 
were compared only in terms of qualitative aspects, showing the 
same type of buckling. 

a) 

b) 

c) 

Fig. 4.   Force versus shortening: a) specimen A-1, b) specimen B-1,  
c) specimen C-1 

Based on the buckling state analysis, very similar behaviour of 
composite structures was observed in terms of qualitative evalua-
tion. In the case of type A and B structures, 4 half-waves were ob-
served in the longitudinal direction of the composite columns, while 
in the case of type C structures, 3 half-waves occurred. The same 
situation was observed in the case of experimental tests and nu-
merical simulations. Based on the conducted buckling state stud-
ies, the buckling force values for experimental tests and numerical 
simulations are summarized in Table 1. 
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a) b) 

 

 

c) d) 

 

 

e) f) 

Fig. 5. Buckling modes: a) specimen A (FEM), b) specimen A (EXP),  
c) specimen B (FEM), d) specimen B (EXP), e) specimen C 
(FEM), c) specimen C (EXP) 

Tab. 1. Buckling force values 

 1 (EXP) 2 (EXP) 3 (EXP) EXPavg EXPSD FEM 
FEM/ 

EXPavg  

A 19,169 N 18,512 N 19,002 N 18,894 N 279 N 20,671 N 1.09  

B 18,544 N 18,892 N 18,771 N 18,736 N 144 N 19,556 N 1.04  

C 13,818 N 13,352 N 13,284 N 13,485 N 237 N 14,037 N 1.04  

 
Based on the study, it was observed that the buckling force val-

ues obtained in experiment and simulation were very similar. It was 

estimated that in the case of A-type structures, the buckling force 
value for FEM simulations relative to the average value from exper-
imental tests was 1.09 times higher, and in the case of B- and C-
type columns only 1.04 times higher. In addition, it was noted that 
the shape of the cross-section, has a significant impact on the loss 
of stability of the structure, where the ratio of buckling force in the 
case of A-type relative to C-type structures was 1.4 (experimental 
tests) and 1.47 (FEM simulations). For the analysis of the damage 
initiation phenomenon, acoustic emission signals were used to de-
termine the value of the force at which the structure initiates the 
damage phenomenon. Figure 6 presents an example of post-buck-
ling equilibrium paths for the B-type profile - where the energy sig-
nal (within the acoustic emission) was additionally compiled. This 
made it possible to determine the approximate values of damage-
initiating forces, where the first significant "peak" of the acoustic 
emission signal determined the value of the force at which the struc-
tural damage process began. A significant increase in the acoustic 
emission signal indicated damage to the structure. 

 
a) 

 
b) 

 
c) 

Fig. 6.   Force versus shortening at the damage initiation stage:  
a) specimen B-1, b) specimen B-2, c) specimen B-3 
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Simultaneously with the experimental studies, numerical simu-
lations were carried out using Hashin's criterion. This criterion was 
selected for the different parameters of damage initiation and evo-
lution of composite material damage. It was possible to inde-
pendently assess damage to the fibers and matrix of the composite 
material. It was proved that the damage initiation in the composite 
occurred in the matrix due to tension (the HSNMTCRT parameter 
was fulfilled first). This followed the forms of buckling obtained by 
linear structural stability analysis. The damage regions covered the 
zones for the loss of structural stability, Fig. 7. 

 
Fig. 7. Graphical representation of damage initiation for FEA simulations 

Table 2 summarizes the force values corresponding to the da-
mage initiation phenomenon for experimental tests and FEM simu-
lations. 

Tab. 2. Damage initiation force values 

  1 (EXP) 2 (EXP) 3 (EXP) EXPavg EXPSD FEM 
FEM/ 

EXPavg  

A 20,234 N 23,557 N 21,042 N 21,611 N 1,415 N 24,694 N 1.14  

B 27,537 N 26,916 N 27,615 N 27,356 N 312 N 28,679 N 1.05  

C 31,081 N 30,128 N 30,304 N 30,504 N 414 N 31,074 N 1.02  

 
It was estimated that in the case of A-type structures, the dam-

age initiation force value for FEM simulations relative to the aver-
age value from experimental tests was 1.14 times higher, while in 
the case of B- and C-type columns only 1.05 and 1.02 times higher, 
respectively. Similar to the results of the buckling state, it was noted 
that the varied cross-sectional shape of the composite columns 
(cross-section A - 40x40 mm, B - 50x30 mm and C - 60x20 mm), 
has a significant impact on the damage initiation of the structure. In 
the case of C-type relative to A-type structures, the force value for 
the damage initiation was 1.41 (experimental tests) and 1.26 (FEM 
simulations). 

The final stage was represented by the comparison of force-
shortening relationships from experiment and simulation, Fig. 8. 
The characteristics of the FEM demonstrated higher mechanical re-
sistance at the initial loading, due to the FEM model does not follow 
the differences in the composite features, related to the manufac-
turing. 

 
a) 

 
b) 

 
c) 

Fig. 8.  Failure characteristics: a) specimen A-type, b) specimen B-type,  
c) specimen C-type 

Post-buckling equilibrium paths made it possible to determine 
the values of fracture forces (maximum force values registered dur-
ing the test trials). These values are summarized in Table 3. 

Tab. 3. Fracture force values 

  1 (EXP) 2 (EXP) 3 (EXP) EXPavg EXPSD FEM 
FEM/ 

EXPavg  

A 35,047 N 36,904 N 40,121 N 37,357 N 2,096 N 38,358 N 1.03  

B 37,513 N 40,139 N 37,722 N 38,458 N 1,192 N 38,703 N 1.01  

C 39,800 N 39,151 N 40,573 N 39,841 N 581 N 40,463 N 1.02  

 
Based on the study, it was noted that the fracture force values 

from the both approaches were almost the same. It was estimated 
that in the case of A-type structures, the fracture force value for 
FEM simulations relative to the average value from experimental 
tests was 1.03 times higher, while in the case of B- and C-type 
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columns only 1.01 and 1.02 times higher, respectively. Moreover, it 
was observed that the cross-section features, has a small influence 
on the component fracturing, while in the case of C-type relative to 
A-type structures it was equal to 1.07 (experimental tests) and 1.05 
(FEM simulations). Based on the analysis of the results from the 
quantitative point of view, it was noted that there was a low effect 
of the cross-sectional shape of thin-walled composite columns on 
the values of fracture forces and load-carrying capacity. Further-
more, a qualitative comparison of the fracture phenomenon was 
performed - Figure 9. 

  

a) b) 

  

c) d) 

 
 

e) f) 

Fig. 9.  Fracture modes: a) A specimen (FEM), b) A specimen (EXP),  
c) B specimen (FEM), d) B specimen (EXP), e) C specimen 
(FEM), c) C specimen (EXP) 

In order to understand more detail the complex phenomenon of 
composite material fracture [30-34], the fracture of individual plies 
of the composite material was presented on the basis of numerical 
simulations carried out for each type of cross-section of the compo-
site structure - Figure 10. Ply 1 was the ply located on the outside 

of the composite structure, while ply 8 was the inside (last) ply of 
the structure. 

a) 

b) 

c) 

Fig. 10. The fracture stages - ply by ply: a) A-type, b) B-type, c) C-type 

Based on the study, it was noted that the analysed structures 
with cross sections, regardless of the shape of the cross section, 
were characterised by a high reserve of load-carrying capacity - be-
tween the buckling and failure force. The failure phenomenon 
showed a complex character - where different forms of damage 
such as ply cracking and delamination occurred simultaneously. In 
the case of numerical simulations, it was observed that the failure 
phenomenon was significantly visible in the case of the outermost 
(extreme) plies of the composite material (such as, for example, 
plies 1 and 8) and noticeably less visible in the “middle” plies - which 
constitute the core of the structure. The outermost plies of the com-
posite were the most susceptible to failure - which was confirmed 
by experimental studies, where complex forms of failure were visu-
alized - in the area of the middle of the height of all structures. Both 
quantitatively and qualitatively, a satisfactory agreement was ob-
tained between the results of experimental studies and FEM simu-
lations. An interesting conclusion during the observation of the frac-
ture phenomenon was primarily that the composite showed domi-
nant forms of fracture in the area located around the mid-height of 
the structure. The above establishes the necessity of further re-
search in the analysis of the fracture phenomenon using advanced 
FEM numerical models. 

Additionally, it was decided to present the complex state of fail-
ure using an example of A-type structure – using a digital micro-
scope (Figure 11 and 12). The analysis carried out using digital mi-
croscopy and recorded forms of damage was conducted to enable 
a qualitative assessment of the composite material damage. In 
each case, regardless of the test specimens, delamination and frac-
ture of individual plies of this material were observed, which will be 
the subject of further and more detailed research. 
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Fig. 11. The fracture phenomenon of A-type composite profile 

 
Fig. 12. The fracture phenomenon of A-type composite profile - detailed 

view of the failure form at orientation of the digital microscope 
head 

Observations with the use of a digital microscope (at 20x mag-
nification) made it possible to present in details of regions, indicat-
ing on the degradation complexity. 

5. CONCLUSIONS 

The present study was primarily conducted in order to deter-
mine the significance of the effect of the cross-sectional shape of 
composite structures on stability, damage initiation and failure phe-
nomena - under axial compression. The research made it possible 
to extract important conclusions from the analysis of the buckling 
and post-buckling behavior of thin-walled structures with different 
cross-sectional shapes: 

− The dimensions of the rectangular tube cross-section has a sig-
nificant effect on buckling and damage initiation forces, while a 
minor effect on the load-carrying capacity of the structure; 

− The failure/fracture phenomenon demonstrated a complex 
character, where, in the case of experimental studies, both frac-
ture of the plies of the composite material and delamination 
were observed; 

− The outer plies of the composite are most susceptible to dam-
age occurrence; 

− The composite profiles were characterised by a high reserve of 
load-capacity - between the buckling force and the fracture 
force there was a difference in values of two or more times. 
Further research directions will take into account the develop-

ment of advanced numerical models using FEM, such as the XFEM 
technique - for modeling the fracture of plies of composite material, 
or CZM for modeling the delamination phenomenon, in order to bet-
ter represent the nature of the complex mechanism of failure. The 
findings of the study can be applied more comprehensively, e.g. in 
the aerospace and construction industries, where the force values 
obtained at buckling, damage initiation, and failure provide 

information about the load-carrying capacity of the analyzed struc-
tures. Knowledge of the load-carrying capacity of the investigated 
composite profiles when used as reinforcing/load-carrying struc-
tures is significant. In the future, it is also planned to use a passive 
thermography system, which would additionally enable the analysis 
of damage in the context of temperature increase observations at 
the moment of composite material structure degradation. It is im-
portant to model composite structures depending on their destina-
tion for industrial solutions – the most important issue is usually that 
these structures, after buckling, should have several times the load-
carrying capacity before complete fracture. 
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Abstract: The methodology presented in this article involves the digitalization of painting path topography created using various brushes  
on different canvases. Measurements were conducted using a blue structured light scanner. Preliminary test scans were performed  
to determine the optimal digitalization parameters, including exposure time, number of exposures, and scanning resolution. A resolution  
of 0.08 mm was selected as the minimum point spacing, which was sufficient for both modelling and application use. This scanning process 
enabled the capture of surface deformations, including path fading and topographic variations arising from interactions between brush  
bristles, paint, and the canvas substrate—even in cases of partial paint coverage. The resulting 3D model was integrated into an application 
designed to replicate the glazing technique in painting. 

Key words: reverse engineering, optical scanning, topography, painting path, canvas 

1. INTRODUCTION 

The digitalisation of 3D objects is the process of transforming 
real, three-dimensional physical objects into their digital represen-
tations in the form of three-dimensional (3D) models, containing 
data on shape, dimensions and often also surface texture and col-
our [1] [2]. In general, digitalisation techniques are divided into con-
tact and non-contact methods [3]. Contact-based 3D digitalisation 
methods rely on the physical interaction of a measuring probe with 
the surface of an object to capture its geometry [4]. Unlike non-con-
tact methods, these techniques require direct, point-by-point con-
tact, which often provides high accuracy but at the cost of time and 
the inability to work with delicate objects. The most commonly used 
contact-based digitalisation methods involve coordinate measuring 
machines and measuring arms [5]. Non-contact digitalisation meth-
ods, on the other hand, are used to acquire digital data about the 
shape, texture, or structure of a physical object without any physical 
contact [6][7][8]. They are widely applied in fields such as museol-
ogy, reverse engineering, archaeology, medicine, and industry 
[9][10][11]. There are various techniques for acquiring information 
about the geometry of a digitalised object. The most commonly 
used non-contact methods include 3D laser scanning, structured 
light scanning, photogrammetry, and computed tomography (CT) 
[12][13][14]. 

The digitalisation of low-height 3D objects (e.g. coins, reliefs, 
seals, PCBs, prints, or small archaeological artefacts) requires the 
selection of appropriate methods and equipment, as standard 3D 
techniques—such as photogrammetry or laser scanning—may 
have limitations when dealing with very flat forms [15][16]. Low-pro-
file 3D objects, due to their delicate textures (e.g. reliefs, micro-sur-
faces), demand high measurement precision and high resolution. A 

distinct group includes objects with minimal height variations that 
extend over a relatively large surface area, such as canvases or 
painting paths. In such cases, the use of microscopic techniques 
(e.g. optical microscopes or micro-scanners) proves inefficient. The 
objects are too large for the measurement equipment, and the dig-
italisation process would be too time-consuming. Professional 
structured light scanners are a suitable solution in these situations 
[17]. Today, white and blue light scanners are commonly used. For 
the objects discussed in this paper, the use of blue light scanners 
is recommended [18]. These scanners offer greater resistance to 
ambient light (compared to white light), produce better results on 
challenging surfaces (e.g. dark, shiny, or metallic), and exhibit re-
duced optical scattering, resulting in higher scanning precision. 

The research task described in this study was to develop a rel-
atively fast and accurate method for preparing a numerical model 
of an object with small relative height differences. The topography 
of the canvas and the paths created by brush or spatula strokes—
illuminated by directional light—give paintings a three-dimensional 
effect and influence the perception of the colour of transparent pig-
ment applied to a textured surface. The technique of applying 
paint—typically oil paint—in thick layers that emphasise brush or 
spatula marks is known as impasto. Historically, the impasto tech-
nique evolved as a means of transforming the perception of art, 
gaining popularity with the Impressionists. It offered new opportuni-
ties for artistic expression, allowing artists to convey emotion and 
energy through texture. Pioneers of this technique included Vincent 
van Gogh and Claude Monet. Van Gogh's work Starry Night Over 
the Rhone exemplifies the impasto technique, where thick layers of 
paint bring the night sky to life. Such three-dimensional effects can 
be simulated in two-dimensional representations, most often 
through the use of chiaroscuro to imitate the structure and relief of 
brushstrokes [19][20]. Another important factor is the rheological 
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properties of the oil paints used. For example, Van Gogh used two 
types of white in his paintings [21]. The authors of this study exam-
ined his works, identifying the characteristics of the paints he used 
and exploring how these materials contributed to the three-dimen-
sionality of the painted surface. 

In the development of a painting application intended to repro-
duce the Renaissance technique of glazed painting, the primary fo-
cus was on replicating the optical mixing of colours achieved 
through the use of natural pigments. However, the application of a 
glaze over a rough ground or an impasto base enables the creation 
of visually intriguing colour effects. To accurately transfer these ef-
fects into the digital realm, it was essential to study the topography 
of the canvas and the traces left by the paintbrush on such textured 
surfaces. Equally important was understanding the interaction be-
tween successive layers of brushstrokes applied on top of one an-
other. 

a) 

 

b) 

 

c) 

 
Fig. 1.   Samples made on canvas ground:(a) single paths (brushes:  

natural bristle 4, 12), (b) single paths (brushes: sable flat, sable 
round), (c) crossing paths (brushes: sable flat, sable round) 

2. DIGITALISATION OF CANVAS AND PAINTING PATHS 

2.1. Research Material 

The research material - canvases featuring painting paths cre-
ated with various painting tools - was prepared by a professional 
artist with extensive experience in glaze painting. 

The test samples were created based on the following assump-
tions: 
1. preparation of canvas ground fragments, 
2. application of brushstrokes using four types of brushes on linen 

canvas, 
3. execution of paint strokes at four dilution levels (with maximum 

dilution defined as a 1:20 volume ratio of commercial paint to 
medium, and minimum dilution as 1:1), 

4. use of four different paint application techniques: 

− slowly in a straight line, 

− slowly along a curve, 

− quickly in a straight line, 

− quickly along a curve. 
Figure 1 presents selected samples prepared on the canvas 

ground. Figures 1a and 1b show single (straight and curved) brush 
paths applied at two different speeds. Figure 1c presents a sample 
containing intersecting, straight paint paths. 

2.2. Measurement Platform 

The digitalisation of the canvases and painting paths was car-
ried out using an ATOS Core 200 scanner—a 3D scanner based 
on blue light technology.  

 
Fig. 2. Measurement platform 

The ATOS Core scanner (Fig. 2) uses a stereoscopic camera 
system operating on the principle of triangulation. The scanner pro-
jects a pattern of stripes onto the surface of the object. These 
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stripes are captured by two cameras, resulting in a phase shift 
based on the sinusoidal distribution of light intensity across the 
camera sensors. To achieve the highest sub-pixel accuracy, ATOS 
Core employs multiple phase shifts based on the heterodyne prin-
ciple. Using optical transformation equations, independent 3D co-
ordinates are automatically calculated for each camera pixel. The 
basic specifications of the scanner are presented in Table 1. 

The projection technology developed by GOM is based on a 
narrow-spectrum blue LED light source. This enables precise 
measurement regardless of ambient lighting conditions. GOM’s 
Blue Light Technology is characterised by an exceptionally long 
service life, minimal heat generation, and low operating costs. 

Tab. 1. Technical data of the scanner 

Measurement area 200 x 150 mm 

Working distance 250 mm 

Point spacing 0,08 mm 

The device dimensions 206 x 205 x 64 mm 

Working temperature 5 ° C do 40 ° C, without condensation 

2.3. Measuring the Topography of the Canvas Ground 

As part of the project, a sample of a linen canvas ground was 
prepared. The sample fit entirely within the measuring volume of 
the optical scanner. Preparation for scanning involved the applica-
tion of reference markers, which enabled the automatic alignment 
and merging of individual scans during the digitalisation process. 
Figure 3 presents the canvas sample with the applied positioning 
markers. 

 
Fig. 3. Canvas ground with reference markers applied 

2.3.1. Determination of the Scanning Parameters 

Before scanning the topography of the canvas sample, it was 
necessary to determine the scanning parameters to ensure optimal 
final results. The parameters defined included: 

− the exposure time of the scanned object, 

− the number of exposures, 

− the resolution of the scanner matrix. 
The entire scanning process was carried out using GOM Scan 

software, which controls the scanner. Within the software interface, 

the exposure time is adjusted manually using a virtual knob dis-
played on the computer screen. The scanner control software anal-
yses the image captured by the scanner’s two cameras and pro-
vides feedback to the operator on the expected scan quality. 

It is important to select an exposure time that prevents overex-
posure of the object. Overexposed areas are highlighted in red. Fig-
ure 4 illustrates a case of excessive exposure: the entire surface of 
the scanned canvas ground appears red in the scanner camera 
preview window (upper left corner of the figure). At this exposure 
setting, only the frame of the canvas ground was properly recorded. 

 
Fig. 4. Excessive exposure time of the scanned object 

Therefore, the exposure time of the scanned object had to be 
shortened to eliminate the red-marked areas from the images cap-
tured by the cameras. This effect was achieved with an exposure 
time of 12 ms. 

The scanner used allows for the selection of the number of ex-
posures during a single scan. In this case, three options are avail-
able: one, two, or three exposures. The time ratio between succes-
sive exposures is 1:3:9. Multiple exposures are typically used for 
multicoloured objects, as each subsequent exposure is longer, im-
proving scanning results across a wider colour range of the digit-
ised object. 

For the tested canvases, a trial was conducted using three ex-
posure durations: 12 ms, 36 ms, and 108 ms. The observed per-
centages of measurement points for each exposure were as fol-
lows: 

− 12 ms – 98% of measurement points observed, 

− 36 ms – 2% of measurement points observed, 

− 108 ms – 0% of measurement points observed. 
Based on this information, the decision was made to eliminate 

the longest exposure time (108 ms), during which no measurement 
points were recorded. 

The final scanning parameter selected was the scanner matrix 
resolution, which directly determines the number and spacing of the 
observed measurement points. The ATOS 200 scanner offers two 
scanning modes: 

− Full Scan, which provides the scanner’s maximum resolution of 
5 MP, and 

− Fast Scan, which sets the resolution to 2 MP. 
Since the objective of the project was to accurately reproduce 

the topography of the scanned objects, all canvases samples were 
scanned using the maximum resolution setting. 

In summary, the selected scanning parameters for the canvas 
ground samples were: 

− basic exposure time: 12 ms, 

− dual exposure settings: 12 ms and 36 ms, 
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− scanner resolution: maximum setting of 5 MP. 

2.3.2. Determining the Topography of the Canvas 

Once the scanning parameters had been established, the can-
vas sample was digitised. Four reference markers were applied to 
the canvas, enabling the automatic alignment and merging of indi-
vidual scans into a unified dataset accurately representing the ob-
ject's topography. 

The digitised object was mounted on a rotary measuring table. 
The digitisation process involved acquiring five directional scans. 
The first scan was taken with the measuring table in the horizontal 
position. The table was then tilted by 30° along the horizontal axis. 
In this tilted position, four additional scans were performed, with the 
table rotated by 90° around its vertical axis between each scan. 

As a result, point clouds were obtained that accurately captured 
the surface topography of the scanned sub-images (Fig. 5). 

 
Fig. 5. Graphical representation of the canvas scanning results 

The next stage of digitalisation involves converting the resulting 
point cloud into a triangular grid. During this process, called 
polygonisation, both filtering and unification of the scanning results 
take place. When the user initiates the polygonisation process, 
three levels of triangle mesh density can be selected (Fig. 6): 

− Less details – provides a lower-quality representation of object 
details, resulting in the smallest file size, 

− Standard – offers average mapping quality and a moderate file 
size, 

− More details – delivers the highest level of detail, producing the 
largest file size. 

 
Fig. 6. Three modes of point cloud polygonisation  

Figure 7 presents a graphical comparison of the three levels of 
detail achieved through the polygonisation process. 

A quantitative summary of the polygonisation results is as fol-
lows: 

− Less details – triangle mesh composed of 150,143 points, 

− Standard – triangle mesh composed of 815,713 points, 

− More details – triangle mesh composed of 1,863,953 points. 
Given the project requirements, it was determined that the dig-

italisation should provide the most accurate representation of the 
surface topography. To meet this standard, the More details 
polygonisation mode was selected. 

The resulting canvas topography scan was saved in STL for-
mat, a widely used standard in computer graphics for representing 
3D geometry. 

a) 

 
b) 

 
c) 

 
Fig. 7.   Three levels of detail obtained during the polygonisation  

process: (a) Less details, (b) Standard, (c) More details 
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2.4. Scanning the Topography of Painting Tool Paths on 
a 3D Scanner – Linen Canvas 

2.4.1. Selection of Sample Scanning Parameters 

At this stage, selecting the number and duration of exposures 
during a single scan required detailed analysis. This was necessary 
due to two main factors: 

− the samples were not monochromatic, 

− the paint paths varied in shade due to differences in application 
speed and paint density. 
Single-exposure scanning typically yields optimal results only 

for monochromatic objects. However, for the analysed samples, the 
scanning parameters had to be carefully adjusted to accurately 
capture both the underlying canvas texture and the variations in the 
paint paths. 

As a result, the most advanced scanning option was selected—
performing a single scan using three exposures. The exposure 
times were set in a ratio of 1:3:9, allowing the system to capture a 
wider range of shades and details, which is essential for scanning 
multicoloured or textured surfaces. 

The first step in selecting digitalisation parameters was to set 
the shortest exposure time to prevent overexposure—this was ver-
ified by ensuring that no red zones appeared in the scanner camera 
preview (see Fig. 8). 

 
Fig. 8.   Scanning result using the shortest exposure time, effectively  

eliminating overexposure of the scanned object 

Using the selected exposure times, a series of sample scans 
were conducted and subsequently analysed. The results confirmed 
that the chosen exposure settings allowed for accurate reproduc-
tion of both the canvas and the painted paths on the samples. How-
ever, the initial images of the painting paths displayed several defi-
ciencies, such as blank zones and ambiguous areas, which re-
quired correction. 

To address this, it was decided that the digitisation of the paint-
ing samples would be performed in two separate scan series, each 
using different exposure settings. The first series, based on the pre-
determined exposure times, aimed to capture a comprehensive dig-
ital image of the entire sample - including both the canvas and the 
paint paths.  

 
Fig. 9.   Scanning effect with the shortest exposure time selected for the 

digitalisation of the painting paths 

The second objective of the digitisation process was to isolate 
and accurately map the topography of the paint paths themselves. 
Therefore, a second series of scans was performed with specifically 
adjusted exposure settings. For this series, the minimum exposure 
time was deliberately selected to fully overexpose the canvas ar-
eas, as illustrated in Figure 9. These overexposed areas, high-
lighted in red in the scanner preview, are excluded from the digital-
isation output. 

Following a series of test scans, it became clear that the canvas 
was effectively removed from the digital data, leaving behind a 
highly accurate representation of the topography of the painted 
paths alone.  

Summary of selected scanning parameters for painting path 
samples on canvas ground:  

− basic (shortest) exposure time: 9.56 ms, 

− 1st scan series (digitisation of canvas and painting paths): 
single scan with three exposures at: 9.56 ms, 28.69 ms, 
86.07 ms, 

− 2nd scan series (digitisation of painting paths only): 
single scan with three exposures at: 40.05 ms, 120.14 ms, 
360.41 ms, 

− maximum scanner resolution: 5 MP. 

2.4.2. Determining the Topography of Painting Paths  

on a Canvas 

 
The digitalisation procedure began with the application of refer-

ence markers. The positions of these reference points for each 
sample are shown in Figure 1. Following this, the object was 
mounted onto the rotating and tilting table of the optical scanner 
(see Figure 10). 

The size of the samples significantly exceeded the measure-
ment volume of the scanner. Therefore, digitising the entire object 
required multiple repositionings and settings adjustments. Addition-
ally, since two series of scans with different exposure times were 
necessary, a total of 54 component scans were performed. 

This process generated two separate point clouds: one repre-
senting the canvas along with the painting paths, and the other rep-
resenting only the painting paths. Figure 11 illustrates the point 
cloud capturing the topography of the entire object. 

Both point clouds were subsequently converted into triangular 
meshes. The resulting models, saved in STL format, are suitable 
for further processing in computer graphics applications. 
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Fig. 10.  Digitised sample of paint paths within the measurement area of 

the optical scanner 

 
Fig. 11. Graphical representation of the scanning results showing the 

point cloud of the entire object’s topography 

Figure 12 presents a selected fragment of the results corre-
sponding to one brush type and paint density. To facilitate compar-
ison with the initial state, Fig. 12a shows a photograph of the 
scanned section of the sample. Fig. 12b displays the topography of 
the painting paths along with the surrounding canvas, while 
Fig. 12c depicts the topography of the painting paths alone. 

a) 

 

 

b) 

 

c) 

 

Fig. 12. Example results of determining the topography of painting paths 
on a linen canvas: (a) photograph of a sample section,  
(b) topography including painting paths and surrounding canvas, 
(c) topography of the painting paths alone 

3. SUMMARY 

This paper presents a method for the digitalisation of painting 
paths and canvases. A unique challenge was the large surface area 
combined with low height of the objects, which made typical equip-
ment designed for small-object digitisation unsuitable. As demon-
strated, using a standard professional optical scanner required pre-
cise determination of critical scanning parameters and appropriate 
data processing. 

The study shows that accurate selection of the number and du-
ration of individual exposures enables selective data acquisition—
either capturing the entire canvas or isolating just the paint paths—
and allows for faithful reproduction of the scanned object's shapes. 

The research involved close collaboration with a professional 
visual artist. This collaboration was essential because the resulting 
models of the canvas and painting paths were used to develop a 
computer application introducing users to the glazing painting tech-
nique. 

The “Glaze” application, developed from this research, simu-
lates two substrates commonly used in oil painting: board and can-
vas. For both substrates, the optical properties were modelled 
based on visible-light spectrograms obtained during scanning. The 
canvas also incorporates a two-dimensional representation of spa-
tial texture derived from three-dimensional scanning. This texture 
realistically simulates brushstrokes and paint traces at varying lev-
els of dilution. 

Figure 13 presents sample paint strokes created with two dif-
ferent brushes—sable (left column) and hog (right column). The de-
gree of paint dilution varies from impasto (first two rows) to glazing 
(bottom rows). On the right, crisscrossing brushstrokes illustrate the 
typical layering order used in the impasto technique.   
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Fig. 13. Paintbrush paths on the canvas as visualized in the Glaze  

application 
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Abstract: Strain-stiffening properties are the most applied in mechano-responsive hydrogels that respond to external mechanical forces. 
Wounds subjected to frequent deformations are difficult to treat because external mechanical forces can easily interfere with the healing 
process. The strain-stiffening property reduces the effect of external mechanical forces and acts as a damper response to these forces. 
Therefore, tough wound closure with stimuli-responsive strain-stiffening release properties for treating these wounds is highly desirable.  
In this study, we developed a strain-stiffening polyampholyte hydrogel that aims to accelerate wound closure as a damper of external  
mechanical forces. Self-assembly technique was used to fabricate a polyampholyte hydrogel. The differential modulus of the polyampholyte 
hydrogel exhibited strain-stiffening property. In addition, the mechanical stress applied to the polyampholyte hydrogel increased  
strain-stiffening penetration into the skin tissue. The strain-stiffening properties of the polyampholyte hydrogel also demonstrated an excellent 
damping of external mechanical forces to accelerate wound closure. The developed strain-stiffening hydrogel is promising for wound closure 
applications in wounds subjected to frequent deformations from external mechanical forces.   

Key words: strain-stiffening property; self-assembly; differential modulus; polyampholyte hydrogel; wound closure 

1. INTRODUCTION 

Mechanical responsiveness plays an essential role in many bio-
mechanical processes and is common in biological systems [1, 2]. 
Over the last two decades, significant effort has been made for de-
veloping biomimetic mechano-responsive hydrogels capable of al-
tering their physical and chemical characteristics in response to ex-
ternal mechanical stimuli. In this study, a bioinspired hydrogel was 
developed to replicate tissue-like mechano-responsiveness, exhib-
iting strain-stiffening and stress-induced differential modulus adap-
tation. Biomimetic self-assembly endows the material with struc-
tural stability, biocompatibility, and enhanced mechanical perfor-
mance in wound closure applications. Owing to the apparent com-
bination of tissue resemblance and mechano-responsive capabili-
ties, this type of hydrogel offers significant advantages in a wide 
range of biomedical applications. Based on preclinical research and 
clinical reports implicating mechanical tension effects, scar for-
mation would be inhibited if mechanical forces were actively offset 
through stress shielding by activating mechano-responsiveness 
across the wound [3]. Mechano-responsive materials are also im-
plicated in practically all physiological processes, such as homeo-
stasis and development of organs and tissues [4-7]. It is widely rec-
ognized that mechano-responsive materials modulate skin and 
wound behavior [4, 8-10]. Mechano-responsive materials modulate 
skin and wound closure through mechanotransduction and 

extracellular matrix (ECM) remodeling pathways, particularly in-
volving β-integrins. These mechanisms regulate cellular responses 
to mechanical stimuli, enhancing tissue repair and creating a sup-
portive environment for wound closure. Mechano-responsive hy-
drogels are categorized into several groups based on properties 
that change in response to mechanical stimuli, such as viscosity, 
color, and strength. The most studied response properties in hydro-
gel systems include strain-stiffening, mechanochromism, self-heal-
ing, and shear thinning [1, 11-17]. Strain-stiffening is a mechanical 
response with a nonlinear force-extension relation. A material can 
exhibit strain-stiffening when stretched, and a positive strain causes 
an increase in stiffness along the strain direction [18, 19]. Strain-
stiffening hydrogel mimics the physiological features of biological 
tissues, making them intriguing options for tissue scaffolds, artificial 
tissues, and wound closure [20-22]. However, if the external stimuli 
reach sufficiently high levels, it can lead to mechanical failure (frac-
ture) and damage the skin [20]. Strain-stiffening synthetic materials 
consist of two or more separate networks with varying stiffnesses 
for synergizing firmness and softness [11, 23]. 

To the best of our knowledge, only a few studies have shown 
unique strain-stiffening properties for enhanced wound closure in 
synthetic materials as most synthetic materials exhibit negligible 
strain-stiffening properties. Previous research has resulted the de-
velopment of wound dressings using polyisocyanopeptides that 
show strain-stiffening properties [21, 22]. The enhancement or 

mailto:gustini@unsri.ac.id
mailto:kaprawi@unsri.ac.id
mailto:ida_sriyanti@unsri.ac.id
mailto:irmawan@unsri.ac.id
https://orcid.org/0009-0002-8636-6857
https://orcid.org/0000-0002-5297-5761
https://orcid.org/0000-0001-8011-8866
https://orcid.org/0000-0002-6003-2333


Gustini Gustini, Kaprawi Sahim, Ida Sriyanti, Irmawan Irmawan                                                                                                                                            DOI 10.2478/ama-2025-0051 
Mechano-Responsive Polyampholyte Hydrogels with Strain-Stiffening Property for Wound Closure Applications     

442 

acceleration of wound dressing techniques has been the topic of 
many recent studies. However, studies regarding the use of strain-
stiffening properties of mechano-responsive materials for wound-
closure applications are very few. Polyampholyte polymers, such 
as poly (SA-co-TMA), have been widely used as antifouling mate-
rials to facilitate wound dressing by enhancing skin re-epithelializa-
tion of wounds after injury [24]. Mixed-charge copolymers com-
posed of 3-sulfopropyl methacrylate (SA) and [2-(methacrylo-
yloxy)ethyl] trimethylammonium (TMA) exhibit precise charge bal-
ance, high hydration capacity, protein antifouling, and antibacterial 
activity through their polyampholyte nature. Mechanically, the in-
corporation with polytetrafluoroethylene (ePTFE) membranes pro-
vides high tensile strength, elasticity, fatigue resistance, and dimen-
sional stability, making them suitable for dynamic and load-bearing 
wound environments. 

Herein, we report the design and preparation of a self-assembly 
(SAM) technique to enhance the mechanical and mechano-respon-
sive properties of TSC polyampholytes. The TSC polyampholyte 
constitutes a cationic monomer of a 2-(Acryloyloxy ethyl) trime-
thylammonium chloride (TMA) and two anionic monomers, 3-sul-
fopropyl methacrylate potassium salt (SA) and 2-carboxyethyl acry-
late (CAA), where T, S, and C represents the TMA, SA, and CAA 
monomers, respectively, and the number represents the molar ratio 
that includes a cross-linking triethylene glycol dimethacrylate net-
work. The influence of SAM technique on the phase structure, me-
chanical and mechano-responsive properties was examined. The 
characteristics of the TSC polyampholytes were studied in detail 
using IR. An SAM of the TSC polyampholyte hydrogel displayed 
strain-stiffening properties. In addition, the effects of the TSC poly-
ampholyte hydrogel on mediating the cell fate was studied and op-
timized. The results indicated that the strain-stiffening property 
would aim in solving the problem of wound-closure in static or dy-
namic mechanical environments.   

2. MATERIALS AND METHODS  

2.1. Preparation of the TSC polyampholyte based on the 
SAM approach  

A typical SAM approach was used for the synthesis of TSC. We 
synthesized a new type of polyampholyte hydrogel T1SxC1-x by one-
step copolymerization of a cationic monomer of TMA and two ani-
onic monomers, SA and CAA. In Milk Q water, 80 μL of a 15% so-
dium metabisulfite solution and 80 μL of a 40% ammonium persul-
fate solution were used to begin polymerization, which was slightly 
different from that used in a previous study [25]. The polymerization 
procedure was then performed for 1 h at 60°C, after which the gel 
was cooled for 1 h at room temperature. Following SAM, an 8 M 
sodium hydroxide (NaOH) aqueous solution was filtered to assem-
ble the TSC building blocks to obtain TSC polyampholyte (SAM).  

2.2. Sample Characterizations  

Infrared spectroscopy (IR) was performed using a Vertex 70 
series spectrophotometer (Bruker Optics, USA). This spectrometer 
was used to study the secondary structure of TSC polyampholyte 
with different ratios were referred to as T1S0C1, T1C0.5S0.5, and 
T1S1C0 samples. 

 

2.3. Mechanical Characterizations     

 A tensile machine (FGS-50E-H, Japan) was used to investi-
gate the tensile properties of the TSC polyampholyte. Uniaxial ten-
sile tests were performed in accordance with the ISO 37 Type 3 
standard. The strain-stiffening of the material was used to deter-
mine the mechanical performance [25]. The differential modulus (݇′) of hydrogel was assessed according to the following equation 
(1) [26]. ݇′ =  డఙడఊ                                                              (1) 

Here, ݇ ′ denotes the differential modulus, defined as a function 
of stress (σ) and strain (γ), for the same hydrogel. 

2.4. In vitro Cell culture    

The viability of human dermal fibroblasts-adult HDF-a was 
quantitatively verified by using cell counting kit (CCK-8, Dojindo, 
Japan) assay on days 3 and 7. The HDF-a cells were seeded in 21 
well-cultured plates and then immersed in a CCK-8 reagent-mixed 
solution at 37°C for 2 h. Finally, viability of HDF-a cell was 
determined using a plate reader and absorbance was measured at 
450 nm. The nuclei of HDF-a cells were stained with 4′,6′-di-
amidino-2-phenyl-indol (DAPI, Sigma-Aldrich). For cell morphology 
and viability observation, the samples were stained using 
fluorescein diacetate (FDA, Sigma-Aldrich) staining assays and 
photographed after 7 days.  

HDF-a cell migration was studied using an in vitro wound 
closure scratch assay. Firstly, seed the HDF-a cell suspension into 
each well with the silicone culture insert using 200 μm as a physical 
barrier. Afterwards, removal of the culture insert will engender a 
clean cell-free gap. Incubate the dishes for 24 hours at 37°C and 
5% CO2 to allow the cells to migrate into [27]. Finally, measurement 
of cell migration in the central gap area was measured using Image 
J software. 

2.5. Statistical analysis 

 
Scheme 1.  Schematic Diagram Illustration (a) Preparation of TSC 

Polyampholyte hydrogel (b) Preparation of TSC-SS 
Polyampholyte under mechanical force (uniaxial stress) 
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All data were measured in five replicates (n = 5), unless 
specified otherwise, represented as the mean ± standard deviation. 
Statistical significance was indicated by (∗) for probability less than 
0.05 (P < 0.05), (∗∗) for P < 0.01, (∗∗∗) for P < 0.001, and (∗∗∗∗) 
for P < 0.0001. 

3. RESULT AND DISCUSSION 

3.1. Preparation of the TSC polyampholyte based on the 
SAM approach  

In this study, we used copolymerization to prepare TSC 
polyampholyte hydrogels. The positively charged T (TMA) is 
repulsive, whereas the negatively charged S (SA) and C (CAA) 
exert an attractive interaction. TSC polyampholytes were 
synthesized in three different types with varying numbers of S and 
C repeat units. In presence of S negatively charged, the –SO3− 
strong anion (S) was exposed, thus increasing interaction with     –
COO− weak anion (C) on the TSC networks. After immersion in 
NaOH solution, negatively charged S and C interact with positively 
charged T to form structures in which S and C are located at the 
outer surface under physiological conditions. In presence of NaOH 
nanoparticles, the –NH3+ positively charged (T) was unexposed, 
thus preventing interaction with –SO3− negatively charged (S) and 
–COO− negatively charged (C) on the TSC networks. This process, 
known as self-assembly (SAM) formation as shown in Fig. 1b, is 
depicted in Scheme 1a with an illustration. Thus, SEM imaging (Fig. 
1) reveals that the self-assembly process promotes the formation 
of an interwoven fibrous network within the TSC polyampholyte 
hydrogel matrix, a feature that is lacking in the non-assembly 
control samples. These nanofibrillar structures result from the 
spontaneous organization of triblock copolymers into β-sheet-like 
domains, as further supported by FTIR analysis (Fig. 3). 

 

 
Fig. 1. Scanning electron microscopy (SEM) images of TSC polyampholyte 

hydrogel (a) before and (b) after self-assembly process 

The C and S functional groups were protonated after immersion 
in aqueous 8 M NaOH. Mechanical force can weaken the 
electrostatic interaction between C and S, resulting in detachment 
from the complex in Scheme 1b. 

The IR analysis results show that the absorption bands of the 
hydrogels are characteristic amide-I bands  as shown in Fig. 2a-b 
below [28, 29].  

 
Fig. 2. Characterization of TSC polyampholyte (a) IR spectra of the TSC 

Polyampholyte the representative of the IR absorbance spectra of 
the TSC Polyampholyte (b) The amide-I band region (~1600-1700 
cm-1) 

 

The IR spectra in the amide-I band of TSC polyampholyte as 
shown in Fig. 3 with different ratios (Tab. 1). The amide-I induced 
pathogenic amyloid transitions that play an important role in 
immunological homeostasis during wound healing [30]. 

 

 
Fig. 3. Spectra of protein secondary structure analysis (a) the IR 

absorbance spectra's second derivatives contained to the  amide-
I band (b) IR spectra in the amide-I were fitted by approximating 
the number and position, which experimental curve (▪▪▪) and 

simulated fits (▪▪▪) (c) Result simulated fits are the six Gaussian 

band prof.  
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Tab. 1. Amide-I number and position (cm-1) of TSC polyampholyte 

TSC              
polyampholyte 

Amide-I number and position (cm-1) 

1 2 3 4 5 6 

T1S1C0 
~1601 

(Side chain) 

~1602 

(Side chain) 

~1617 

(β-sheet) 

~1633 

(β-sheet) 

~1651 

(α-helix) 

~1664 

(β-turn) 

T1S0.5C0.5 
~1602 

(Side chain) 

~1611 

(β-sheet) 

~1623 

(β-sheet) 

~1635 

(β-sheet) 

~1656 

(α-helix) 

~1675 

(β-turn) 

T1S0C1 
~1602 

(Side chain) 

~1619 

(Side chain) 

~1631 

(β-sheet) 

~1650 

(α-helix) 

~1665 

(β-turn) 

~1680 

(β-turn) 

3.2. Preparation of the TSC polyampholyte based on the 
SAM approach  

A uniaxial tensile test was performed to validate the increase in 
the mechanical performance of the TSC polyampholytes. The TSC 
polyampholytes (T1SxC1-x) with different molar concentrations are 
referred to as T1S1C0, T1S0.5C0.5, and T1S0C1. In this study, a variety 
of TSC polyampholytes were manufactured with different SC molar 
concentrations, using both self-assembly (SAM) and non-self-
assembly (N-SAM) techniques. The TSC (SAM) with the SAM 
technique exhibits strain-stiffening as opposed to TSC (N-SAM) 
with no self-assembly. T1S0.5C0.5 (SAM) exhibits an optimal 
differential modulus as shown in Fig. 4. The experimental results 
thus suggest that strain-stiffening properties enhance the 
mechanical performance and mechano-responsiveness of TSC 
polyampholyte.  

 
Fig. 4. Strain-stiffening curves of TSC polyampholyte 

3.3. Strain-stiffening-mediated cell fate  

Considering the results of the strain-stiffening analysis, it is pos-
sible to hypothesize that during tensile loading, cell bodies are 
pushed against the surroundings and contact each other, resulting 
in tensile resistance and strain-stiffening [25]. The current study re-
veals that the strain-stiffening property of tension may be consid-
ered to mediate cell fate. To evaluate the effect of strain-stiffening 
on the mediated cell fates, human dermal fibroblasts-adult (HDF-a) 
were cultured under controlled conditions, and no strain-stiffening 
(TSC-Non-SS) and strain-stiffening (TSC-SS) were calculated as 
Fig. 5. After 7 days of cultivation, HDF-a cells adhered well to the 
surface of the matrix. Strain-stiffening also guides the cell-cell-

sensing process of cell adhesion [31]. Adhesion of cells (prolifera-
tion and differentiation) enhances with the strain-stiffening of TSC-
SS as Fig. 5.  

One interesting outcome was the effect of the TSC polyampho-
lyte on the increase in HDF-a content. This effect can be explained 
by the strain-stiffening property of the TSC polyampholyte hydrogel. 
Strain-stiffening mediates cell spreading on the hydrogel matrix. 
Cell spreading of HDF-a cells enhances with the strain-stiffening of 
TSC polyampholyte (TSC-SS) as Fig. 6.     

The results demonstrate that under tensile loading, cell bodies 
are compressed against their surrounding microenvironment,  pro-
moting cell-cell contact. This interaction enhances tensile re-
sistance and increases cell stiffness. The resulting increase in stiff-
ness induces strain-stiffening, a mechanical response that appears 
to critically influence cell fate determination. 

 
Fig. 5. The cell viability of HDF-a of the different culture plate (control), 

TSC-Non-SS polyampholyte and TSC-SS polyampholyte 

 
Fig. 6. The HDF-a cells spreading on strain-stiffening of TSC 

polyampholyte. Scale bar 25 μm 

The strain-stiffening TSC could effectively mediate the cell 
migration than TSC-Non-SS and cultured plates after 24 hours 
treatment as Fig. 7. 

TSC-SS demonstrated higher migrating activity, which could be 
represented as number of cells filling the central gap as Fig. 8. Fur-
thermore, the strain-stiffening TSC could effectively mediate the 
cell fate of HDF-a to promote a general organizing principle during 
tissue development or regeneration. Overall, TSC-SS polyampho-
lytes are promising for wound closure applications. 
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Fig.7.  In vitro cell culture, strain-stiffening polyampholyte (TSC-SS), non-

strain-stiffening polyampholyte (TSC-Non-SS) and control induce 
motility in HDF-a cells after 1 day. Scale bar = 200 μm  

 
Fig. 8. Cell migration quantification of TSC polyampholyte 

4. CONCLUSIONS  

In this study, we developed mechano-responsive materials 
and a self-assembly (SAM) technique to evaluate the strain-
stiffening property of TSC polyampholytes for wound closure 
applications. The TSC hydrogel has amide content, and its 
differential modulus, contributed to the excellent strain-stiffening 
property of the TSC polyampholyte. Therefore, strain-stiffening also 
guides mediated cell fate and is used to connect cells. In addition, 
the cell migration results indicated that the TSC-SS hydrogel took 
a shorter time to heal the wound than the TSC-non-SS hydrogel 
and significantly accelerated the wound closure process with less 
wound closure time. The strain-stiffening property is a damper 
response to external mechanical forces and promotes wound 
closure. Such tough strain-stiffening hydrogels hold great promise 
for treating wounds in static or dynamic mechanical environments. 
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Abstract: The current investigation is made to find the analytical solutions of the quasi- 𝑆𝑉, 𝑆ܪ and ܲ-waves in an inhomogeneous  
transversely isotropic medium. The paper includes the heterogeneity as an exponential type in density as well as in Young's, and shear 
modulus with respect to the depth parameter ݖ. Using the Hooke's law, stress-strain and strain-displacement relation in the equation  
of motion, the phase velocity of the above quasi waves can be evaluated. Again, with the help of analytic solution procedure, the equation 
of motion will convert to eigen value problem and subsequently the closed-form relation for the quasi velocities will formed. Using the  
numerical simulations and mathematical calculations, the propagation pattern has been studied. This present finding results the outcome  
of the heterogeneity constants for different velocities. Two-dimensional graphs have been plotted to show the prominent effect of phase 
velocity on the surface. The study on quasi wave's may be helpful geophysicists and civil engineers to overcome the problems related  
to earthquake. 

Key words: quasi-waves, transversely isotropic, heterogeneity, Young's moduli, shear modulus 

1. INTRODUCTION 

In recent days, geologists have shown their greatest interest in 
anisotropic media, which comes under geophysics and various 
branches of engineering such as earthquake and petroleum engi-
neering and soil dynamics. Watanabe [1] discussed the deposition 
of typical naturally occurring soils, such as flocculated clays, varied 
silts, or sands, in a process called sedimentation that occurs for a 
long period of time. The overburden may cause the soil medium to 
exhibit anisotroipic and heterogeneous deformability. Sometimes, 
due to a different source, i.e., an explosion or other related phe-
nomena, the energy that propagates inside or on the Earth's sur-
face is known as elastic waves. These waves propagate in different 
directions from the focus point (which is also known as the epicen-
tre), through the body or interior of the surface, known as body 
waves, and on the surface, called surface waves. The magnitude 
of the waves can be recorded with the help of an instrument called 
a seismograph, which is basically kept near the epicenter. The fre-
quency of body waves is higher in comparison to surface waves. 

The seismic waves are basically divided into two categories, 
i.e., primary waves (ܲ-waves) and secondary waves 𝑆-waves). Pri-
mary waves move faster among the seismic waves, which are also 
called compressional waves since the waves are perpendicular to 
the surface. However, the S-waves are called shear waves, where 
the seismic energy transverses to medium. The body's waves are 
sometimes called quasi-waves due to their polarization nature, in 
which waves are not exactly normal or parallel to the plane (energy 
propagation). Gibson [2] continues the study on the above quasi-
waves to calculate the impact of the depth, orthotropy, and inhomo-
geneity, which lie on a surface of thickness 110 ft, upon a rigid base. 
t the same moment, Levin [3] discovered ܲ-wave, 𝑆𝑉-wave, and 𝑆ܪ-wave velocities with the help of a cross-anisotropic medium. 

Gazetas [4] explored the influence of transversely isotropic half-

space on the surface of the medium. In the year 2019, Vish-
wakarma et al. [5] considered a fiber-reinforced viscoelastic me-
dium and discussed the result of a shear horizontal wave under in-
itial stress. The reference for this current work can be given to Singh 
et al. [6], Chaudhary et al. [7], Saha et al. [8], and Kaur et al. [9] for 
their advanced work towards seismic shear horizontal wave propa-
gation. The reflection problems for the ܲ-wave and 𝑆𝑉-wave in a 
monoclinic medium at the free boundary were studied by Chatto-
padhyay et al. [10]. They also discussed that the incidence of the 
wave has a greater impact on the reflection coefficients. Wang et 
al. [11] and Zhang [12] have discussed the quasi 𝑆𝑉, 𝑆ܪ, and on ܲ waves in a transversely isotropic medium. Reference can be 
given to Lu et al. ([13], [14]) for calculating traveltimes for quasi 
waves in transversely isotropic medium using fast sweeping 
method, which may be considered as an application to this current 
research. 

Bullen [15] provided a comprehensive mathematical justifica-
tion, supplemented by a heuristic proof and its subsequent valida-
tion. He further proposed an approximation for the Earth's internal 
density distribution, demonstrating that between depths of 413 km 
and 984 km, the density follows a quadratic variation with respect 
to depth. Beyond 984 km, extending towards the Earth's central 
core, Bullen approximated the density variation as a linear function 
of depth. He emphasized that it is reasonable to explore the behav-
ior of wave profiles in geo-media exhibiting inhomogeneity repre-
sented as mathematical functions of depth. Numerous researchers 
have investigated such inhomogeneities, often modelling them as 
linear, quadratic, or exponential functions of the depth parameter. 
A limited number of studies also address quasi-wave propagation 
through heterogeneous substrata. In the following table, different 
inhomogeneity mathematical functions have been discussed. Dif-
ferent authors has been discussed about the quasi-wave velocities 
by considering various mathematical functions in terms of linear, 
quadratic, exponential and power law model in Young's moduli, 
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shear modulus, and density. The following table-I has been created 
to give the idea of inhomogenity parameters used in varrious pub-
lished works in reputed journals. 

Tab. 1. Inhomogeneity table 

1 
ܧ =   :ܽ ,0݁௔௭ܧ

Inhomogeneity parameter 
Wang et. al 

2010 

2 
ܧ = ܽ)0ܧ + ,ܽ ,௖(ݖܾ ܾ, and ܿ:  

Inhomogeneity parameters 

Wang et. al 
2012 

3 
ܧ = ,ܽ 0݁௡௦௜௡௭,whereܧ ܾ, and ܿ: Inhomogeneity  

parameters 

Vishwakarma 
and Panigrahi 

2021 

4 
ܧ = 1)0ܧ + ,ߜ ,௡݁ఉ௭(ݖߜ ,ߚ and ݊: Inhomogeneity  

parameters 

Kaur and 
Vishwakarma 

2020 

5 
ܧ = ܽ)0ܧ − cos ߛ ,ߛ ,ఉ௭݁(ݖ  Inhomogeneity :ߚ

 parameters 

Kaur and 
Vishwakarma 

2020 

 
Numerous researchers have made significant contributions to 

addressing the issues related to body waves in cross-anisotropic 
soils. However, no prior work has explored the scenario where the 
cross-anisotropic material exhibits inhomogeneity in Young's mod-
uli, shear modulus, and density, characterized by the following ex-
ponential function i.e. the variation has been taken in the physical 
quantities like Young's and shear modulus and density of the sur-
face is ݁௡௖௢௦௭, where ݊, ݖ ∈ ܴ of depth ݖ. Generalized Hooke’s 
law of elasticity and strain-displacement relationships along with 
equilibrium equations of motion have been used, which further re-
duces to eigenvalue problem whose spectral values reflect the 
wave velocities. A general analytical model for the velocities of ܲ-
wave, 𝑆ܪ-wave and 𝑆𝑉-wave in cross-anisotropic material has 
been proposed. Graphical illustrations have been presented to 
study the influence of each inhomogeneity parameter on wave ve-
locity against the phase angle of wave. The study may be helpful 
for researchers or seismologists in the field of reflection and refrac-
tion problems in body waves, which will enrich the concept of the 
structure of the earth's interior. Recently, a  number of researchers 
have conducted significant studies on reflection and refraction 
problems in elastic media. Among them, the contributions of Sahu 
et al. [16], Kumar and Paswan [17], Kumar et al. [18], and Paswan 
and Kumar [19] are noteworthy. These studies have explored the 
behavior of seismic waves at material interfaces under varying ge-
ological and anisotropic conditions. 

2.  GEOMETRY AND SOLUTIONS 

The current article studies the seismic quasi-waves in the 
cross-anisotropic material, with detailed calculations for the quasi-
wave velocities. The problem has been discussed with the help of 
the coordinate system (ݔ, ,ݕ  in the horizontal direction ݔ where ,(ݖ

and ݖ in the downward direction (positive direction), shown in  
Fig. 1. The stress-strain relationship is as follows: 

 
Fig. 1. Geometry of the problem 𝑆௫௫ = 11݁௫௫ܥ̃ + 11ܥ̃) − ௬௬݁(66ܥ2̃ + 13݁௭௭,  𝑆௬௬ܥ̃ 11ܥ̃)= − ௫௫݁(66ܥ2̃ + 11݁௬௬ܥ̃ + 13݁௭௭, 𝑆௭௭ܥ̃ = 13݁௫௫ܥ̃ 13݁௬௬ܥ̃+ + 33݁௭௭, 𝑆௬௭ܥ̃ = 44݁௬௭, 𝑆௫௭ܥ̃ = ௬௭, 𝑆௫௬ݔ44ܥ̃  66݁௫௬,                                                                                                 (1)ܥ̃=

where ݁௫௫ = డ௨ೣడ௫ , ݁௬௬ = డ௨೤డ௬ , ݁௭௭ = డ௨೥డ௭ , ݁௬௭ = డ௨೤డ௭ + డ௨೥డ௬ , ݁௫௭ =డ௨ೣడ௭ + డ௨೥డ௫ , ݁௫௬ = డ௨ೣడ௬ + డ௨೤డ௫ .    

The elastic constants may be represented as, ̃ܧ௅, ,ேܧ̃  ,௅ߥ̃   ,ேߥ̃
and ̃ߤ as ̃11ܥ = ா̃ಽ(1−ಶ̃ಽಶ̃ಿ ఔ̃2ಿ)(1+ఔ̃ಽ)(1−ఔ̃ಽ−2 ಶ̃ಽಶ̃ಿ ఔ̃2ಿ), ̃13ܥ = ா̃ಽఔ̃ಿ(1−ఔ̃ಽ−2ಶ̃ಽಶ̃ಿ ఔ̃2ಿ), ̃33ܥ =

ா̃ಿ(1−ఔ̃ಽ)(1−ఔ̃ಽ−2 ಶ̃ಽಶ̃ಿ ఔ̃2ಿ), ̃44ܥ = 66ܥ̃ ,ߤ̃ = ா̃ಽ2(1+ఔ̃ಽ).   
Assuming the inhomogeneity in the elastic parameters as  ̃ܧ௅ = ேܧ̃ ,௅0݁௡௖௢௦௭ܧ̃ = ߤ ,ே0݁௡௖௢௦௭ܧ̃ = ߩ ,0݁௡௖௢௦௭ߤ̃ ,݊ ,0݁௡௖௢௦௭ߩ̃= ݖ ∈ ܴ.                                                                    (2)                         

Where, ݊: inhomogeneity coefficient having no dimension. 
From above conditions, we have ̃ܥ௜௝ = ,݅)    ,௜௝݁௡௖௢௦௭ܥ̃ ݆ = 1,2, …6),                                                      (3) 

where  

11ܥ̃ = ா̃ಽ0(1− ಶ̃ಽ0ಶ̃ಿ0  ఔ̃2ಿ)
(1+ఔ̃ಽ)(1−ఔ̃ಽ−2 ಶ̃ಽ0ಶ̃ಿ0  ఔ̃2ಿ), ̃13ܥ = ா̃ಽ0ఔ̃ಿ(1−ఔ̃ಽ−2 ಶ̃ಽ0ಶ̃ಿ0  ఔ̃2ಿ), ̃33ܥ = ா̃ಿ0(1−ఔ̃ಽ)(1−ఔ̃ಽ−2 ಶ̃ಽ0ಶ̃ಿ0  ఔ̃2ಿ), ̃44ܥ = 66ܥ̃ ,ߤ̃ = ா̃ಽ02(1+ఔ̃ಽ).  

Biot’s equation of motion as follows (Biot [20]) డௌೣೣడ௫ + డௌೣ೤డ௬ + డௌೣ೥డ௭ = ߩ  డ2௨ೣడ௧2  ,                                                 (4) 

డௌೣ೤డ௫ + డௌ೤೤డ௬ + డௌ೤೥డ௭ = ߩ డ2௨೤డ௧2  ,                                        (5) 

డௌೣ೥డ௫ + డௌ೤೥డ௬ + డௌ೥೥డ௭ = ߩ  డ2௨೥డ௧2 ,                                        (6) 
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3. DERIVATION OF PHASE VELOCITY 

The following equations has been derived by substituting the 
stress-strain, strain-displacement relationships and the inhomoge-
neities in the Biot’s equation of motion. 

11ܥ̃] డ2డ௫2 66ܥ̃ + డ2డ௬2 + 44ܥ̃ డ2డ௭2 − 44ܥ̃ݖ ݊݅ݏ ݊ డడ௭] ݑ௫ +[ ̃11ܥ  [ 66ܥ̃−
డ2௨೤డ௫డ௬ + 13ܥ̃)] + (44ܥ̃ డ2డ௫డ௭ − 44ܥ̃ ݖ݊݅ݏ ݊ డడ௫] ௭ݑ 0ߩ = డ2௨ೣడ௧2                                                                                        (7)                                                                   

11ܥ̃] − డ2௨ೣడ௫డ௬ [66ܥ 66ܥ̃]  డ2డ௫2 + 11ܥ̃  డ2డ௬2 44ܥ̃ + డడ௭ 44ܥ̃ ݖ݊݅ݏ ݊− డడ௭]ݑ௬ + 13ܥ̃)] (44ܥ̃ + డ2డ௬డ௭ − 44ܥݖ݊݅ݏ ݊ డడ௬] ݑ௭ 0ߩ= డ2௨೤డ௧2                                                          (8) 

13ܥ̃]  (44ܥ̃ +
డ2డ௫డ௭ − 13ܥ̃ ݖ݊݅ݏ ݊ డడ௫]ݑ௫ + 13ܥ̃)] + (44ܥ̃ డ2డ௬డ௭ 13ܥ̃ ݖ݊݅ݏ ݊− డడ௬]ݑ௬ + 44ܥ̃] ( డ2డ௫2 + డ2డ௬2) + 33ܥ̃ డ2డ௭2 33ܥ̃ ݖ݊݅ݏ ݊− డడ௭] ݑ௭ = 0ߩ డ2௨೥డ௧2                                                      (9) 

The solutions for equations (7)-(9) can be considered as  (Hu [21]) ݑ௫ = ∅݊݅ݏ ݔ)1݃ܦ̃ + ∅ ݏ݋ܿ ݖ − 𝑉ݑ (10)                                    ,(ݐ௬ = ∅ ݊݅ݏ ݔ)2݃ܦ̃ + ∅ ݏ݋ܿ ݖ − 𝑉ݑ (11)                      ,(ݐ௭ = ∅ ݊݅ݏ ݔ)3݃ܦ̃ + ∅ ݏ݋ܿ ݖ − 𝑉(12)                      ,(ݐ 

Where ݐ=time. On putting the equations (10) - (12) in equations 
(7) - (9), we find [̃2݊݅ݏ11ܥ∅ ∅2ݏ݋44ܿܥ̃ + − ∅ ݏ݋44ܿܥ̃ ݖ ݊݅ݏ ݊ − 1ܦ[0𝑉2ߩ 13ܥ̃)]+ + ∅ݏ݋ܿ∅ ݊݅ݏ(44ܥ̃ − 3ܦ[∅ ݊݅ݏ44ܥ̃ݖ ݏ݋ܿܽ = 0          (13)  

∅2݊݅ݏ66ܥ̃] + ∅2ݏ݋44ܿܥ̃ − ∅ ݏ݋44ܿܥ̃ݖ ݊݅ݏ ݊ − 2ܦ[0𝑉2ߩ = 0                                                                                              

                                                                                                   (14) 

13ܥ̃)] + ∅ݏ݋ܿ ∅ sin(44ܥ̃ − ݊ sin 13ܥ̃ݖsin ∅]1ܦ ∅2݊݅ݏ44ܥ̃]+ + ∅2ݏ݋33ܿܥ̃ − ∅ݏ݋33ܿܥ̃ݖ ݊݅ݏ ݊ − 3ܦ[0𝑉2ߩ = 0                                                                                              

                                                                                                   (15) 

The above equations (13)-(15) can be written as follows 

[  
 ܽ11 − 0𝑉2ߩ 0 ܽ130 ܽ22 − 0𝑉2ߩ 0ܽ31 0 ܽ33 −   [0𝑉2ߩ

[3ܦ2̃ܦ1̃ܦ̃]  = [000] 

where ܽ11 = ∅2݊݅ݏ11ܥ̃ ∅2ݏ݋44ܿܥ̃ + − 13ܽ ,∅ݏ݋ܿݖ ݊݅ݏ44ܥ̃݊ = 13ܥ̃) + ∅ݏ݋ܿ∅݊݅ݏ(44ܥ̃ − 22ܽ ,∅ ݊݅ݏݖ ݊݅ݏ44ܥ̃݊ = ∅2݊݅ݏ66ܥ̃ + ∅2ݏ݋44ܿܥ̃ − 31ܽ  ,∅ݏ݋ܿ ݖ 44sinܥ̃ ݊  = 13ܥ̃) + ∅sin∅cos(44ܥ̃ − 33ܽ  ,߶݊݅ݏݖ13sinܥ̃݊ = ∅2݊݅ݏ44ܥ̃ + ∅2ݏ݋33ܿܥ̃ −  .∅ ݏ݋ܿݖ ݊݅ݏ33ܥ̃݊

It gives rise to an eigenvalue problem for an in homogeneous 
cross-anisotropic medium and the solution of which gives the 
magnitude of velocities of three quasi-waves as (𝑉ௌ௏ , 𝑉ௌு, 𝑉௉) for 
an inhomogeneous cross-anisotropic medium  

𝑉ௌு = ∅2݊݅ݏ66ܥ̃√ ∅ ݏ݋ܿ)∅ݏ݋44ܿܥ̃ + − 0ߩ(ݖ ݊݅ݏ݊  

𝑉ௌ௏ = 1√2ఘ0 1ܣ̃√ − 21ܣ̃√ +  (16)                                      2ܣ4̃

𝑉௉ 0ߩ2√1 = 1ܣ̃√ + 21ܣ̃√ +  2ܣ4̃

where ̃1ܣ = 33ܥ̃ 44ܥ̃ + + 11ܥ̃)∅2݊݅ݏ − 33ܥ̃)∅ݏ݋ܿ ݖ ݊݅ݏ ݊− (33ܥ̃ 2ܣ̃  (44ܥ̃ + = ݖ݊݅ݏ ݊) ∅2ݏ݋44ܿܥ33̃ܥ̃− − 2(∅ ݏ݋ܿ −  ∅4݊݅ݏ44ܥ11̃ܥ̃

44ܥ13̃ܥ̃ݖ2݊݅ݏ2݊]∅2݊݅ݏ+ + ∅ ݏ݋ܿ)∅ ݏ݋ܿ 213ܥ̃)(ݖ ݊݅ݏ ݊− − 33ܥ11̃ܥ̃ +  [(44ܥ13̃ܥ2̃
Equation (16) is the required velocities i.e SV, SH and P-

waves. 

4. PARTICULAR CASE 

When ݊ → 0, equation (16) reduces to 

𝑉ௌு0 = ∅2݊݅ݏ66ܥ̃√ + 0ߩ∅2ݏ݋44ܿܥ̃  

𝑉ௌ௏0 = 1√2ఘ0 1ܨ̃√ − 12ܨ̃√ +                                 (17)                                      2ܨ4̃

𝑉௉0 = 1√2ఘ0 1ܨ̃√ + 12ܨ̃√ +  2ܨ4̃

where ̃1ܨ = 33ܥ̃ 44ܥ̃ + + 11ܥ̃)∅2݊݅ݏ − 2ܨ̃ ,(33ܥ̃ − ∅4ݏ݋44ܿܥ33̃ܥ̃−= cos2∅2݊݅ݏ+∅4݊݅ݏ44ܥ11̃ܥ̃ 213ܥ̃)∅ 33ܥ11̃ܥ̃− +  (44ܥ13̃ܥ2̃

On reducing the inhomogeneity constants of eqn. (16) to zero, 
i.e., ݊ → 0, this model will reduce to the model designed by Daley 
and Hron [21] and Levin [22]), and the results match their results, 
which is given in eqn. (17). 

5. NUMERICAL AND GRAPHICAL REPRESENTATION 

In this section, the results of the inhomogeneity parameter ݊ 
and the rigidity ̃0ߤ on the velocities of (𝑉ௌ௏ , 𝑉ௌு, 𝑉௉) waves have 
been discussed. On performing the numerical simulations, different 
graphs have been plotted for Eq. (16) and Eq. (17). The study was 
basically carried out to find the impact of the different parameters 
on varying the depth parameters ݖ = 1 ݉ and ݖ = 3 ݉. The 
comparison has been shown through graphs for these (𝑉ௌ௏ , 𝑉ௌு, 𝑉௉) waves. 

The current investigation deals with two sets of graphs, i.e., Fig. 
2 and Fig. 3. In Fig. 2, the study has been done for all three quasi-
waves, i.e., 𝑉ௌ௏-waves, 𝑉ௌு-waves, and 𝑉௉-waves. The main 
intention is to find the influence of the inhomogeneity parameter ݊ 
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(which varies as (݊ =-0.2, 0.0, 0.2) on the phase velocity of the (𝑉ௌ௏, 𝑉ௌு, 𝑉௉) waves. Let us consider the first figure of Fig. 2, i.e., 
the 𝑉ௌ௏-wave, in which it can be observed that the velocity 
decreases from 0 degrees to nearly 60-degree and then suddenly 
goes up and meets at the phase velocity 1.0. In the figure, it is 
clearly visible that the depth parameter has a significant effect on 
the phase velocity; the influence in the case of ݖ = 1 ݉ quite 
greater than that of ݖ = 3 ݉. Again, on considering the 𝑉ௌு-wave, 
it has been found that on increasing the phase angle, the phase 
velocity seems constant up to 76-degree and then suddenly jerks 
up and down and meets at 1.0. Here, we can also say that the 
influence of the inhomogeneity parameter decreases with 
increasing depth. Finally, the last figure in Fig. 2 has been plotted 
for the 𝑉௉-wave for both the depth parameters ݖ = 1 ݉ and ݖ =3 ݉. The study shows the increasing nature of the phase velocity 
for the increasing inhomogeneity parameters. The effects are 
visible to the naked eye, and for all three velocities, one can 
conclude that by increasing the inhomogeneity parameter ݊, the 
phase velocity decreases at a particular phase angle. 

 

 

 
Fig. 2.   Dimensionless phase velocity Vs. phase angle and to find impact 

of the inhomogeneity parameter ݊ on the velocity of 𝑆𝑉, 𝑆ܪ, and ܲ waves 

Figure 3 shows the effect of the rigidity (̃0ߤ) on the phase 
velocity of the three quasi-waves, i.e., 𝑉ௌ௏-waves, 𝑉ௌு-waves, and 𝑉௉-waves. Now taking the individual figures into the discussion, the 
first figure, 𝑉ௌ௏-waves, which has been plotted for the parameter 
 gives the same effect as 𝑉ௌ௏-wave  varying for the ,(0ߤ̃)

inhomogeneity parameter ݊. Here, one can see that the first two 
curves, which have been plotted for (̃0ߤ =1.0, 2.0), intersect at the 
phase angle nearly at 7 degrees. In the case of the 𝑉ௌு-wave, the 
influence is quite significant in the case of the depth parameter ݖ =1 ݉, in which the velocity remains constant up to 40 degrees and 
suddenly goes up to phase velocity 1.0. And the depth parameter ݖ = 3 ݉ produces a very negligible effect on the phase velocity, 
so the zoomed figure will help to recognize the pattern of the 
curves. Finally, the 𝑉௉-wave, which has been plotted for the 
increasing values of the parameter ̃0ߤ = 1.0, 2.0, 3.0, creates 
abnormal behavior for the depth parameter ݖ = 3 ݉, and for the 
depth parameter ݖ = 1 ݉, the curve first goes down, then moves 
up, and finally meets at 1.0. 

 

 

 

 
Fig. 3.   Dimensionless phase velocity Vs. phase angle and to find impact 

of the inhomogeneity parameter ̃0ߤ on the velocity of 𝑆𝑉, 𝑆ܪ, and ܲ waves 
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6. CONCLUSION 

The current research work is helpful in finding a way to study 
the propagation behavior of body waves. The solution is carried out 
through a general analytical method for the three different waves, 
i.e., 𝑆𝑉-wave, 𝑆ܪ-wave, and ܲ-wave, in a heterogeneous cross-
anisotropic medium. The phase velocities of the three waves (𝑆𝑉, 𝑆ܪ, and ܲ) are obtained in closed form, as is the inhomogeneity, 
which is an exponential function with respect to the depth parame-
ter ݖ. The present study has been done for the depth of the Earth 
surface for ݖ = 1 ݉ and ݖ = 3 ݉. The following are the results of 
this current work: 

Two figures i.e., fig. 2, and fig. 3 have been plotted to show the 
impacts of the inhomogeneity parameters ݊ and ̃0ߤ on the phase 
velocity of the 𝑆𝑉-waves, 𝑆ܪ-waves, and ܲ -waves. In Fig. 2, it has 
been found that for all the quasi-waves, the velocity is higher near 
the surface, and the velocity will be negligible while moving down 
and down. At an angle of 90 degrees, all the curves converge to 
meet at the same velocity at 1.0. 

In fig. 3, which has been plotted for the parameter ̃0ߤ, a similar 
type of result is found as in fig. 2. The only difference one can note 
is for the 𝑆ܪ-wave, i.e., for the depth parameter ݖ = 3 ݉, the im-
pact is quite negligible and can be observed through the zoomed 
figure, and for the ܲ -wave, the abnormal behavior of the curves can 
be detected. The findings are valuable for developing simplified cal-
culation methods to assess the effects of seismic waves on build-
ings, as highlighted in the works of Ha et al. [23] and Abdoun et al. 
[24]. Additionally, the results can aid in quantifying wave velocities 
from the source, which may contribute to predicting Earth’s subsur-
face composition. Furthermore, this approach can assist in identi-
fying oil traps and other economically significant geological for-
mations. The study may be helpful to geologists to know the pres-
ence of different materials present inside the earth surface. 
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Abstract: This study carried out experimental rolling contact fatigue (RCF) tests on two types of materials: commercially available Cr-Mo 
alloy steel and 1.55% Ni-doped Cr-Mo alloy steel, using a twin-disc test rig. Micropitting was identified as the most prominent damage feature 
on the rolled surfaces of the disc samples during the gears' RCF tests. To investigate gear surface characteristics and wear behavior, RCF 
tests were conducted on both material types. The twin-disc test was designed to replicate asperity contact on mating gear flank surfaces, 
using low-speed cylindrical disc specimens and high-speed crowned disc specimens, ensuring a minimum effective contact area of 8.5 mm. 
After testing, surface morphology and topographical changes were examined using Scanning Electron Microscopy (SEM). The results  
revealed that 1.55% Ni-doped Cr-Mo alloy steel demonstrated superior resistance to contact fatigue failure compared to the commercially 
available Cr-Mo alloy steel, as evidenced by a lower micropitted area ratio, shallower pitted depth, and fewer pits. Specifically, the Ni-doped 
alloy exhibited a 5.66% lower micropitting area ratio under the same test conditions. Furthermore, prior studies support these findings, 
showing that the 1.55% Ni-doped steel performs better than the 2% Ni-doped alloys. Therefore, 1.55% Ni-doped Cr-Mo alloy steel  
is recommended for transmission gears to minimize RCF damage. 

Keywords: Ni-doped, contact fatigue failure, RCF, twin-disc test rig, micropitting area ratio

1. INTRODUCTION 

Contact fatigue can cause parts of rolling/sliding machines, like 
cam followers, bearings, and gears, to fail. The fatigue failure pro-
cess of these components begins with the formation of micro-
cracks between the contacting rolling elements due to the stress 
field below the surface, which eventually causes material removal, 
called RCF [1]. So far, the most common transmission problem is 
contact fatigue failure, which causes high friction and thus high en-
ergy consumption[2]. In some sensitive applications, gears are 
used to transmit high power/torque, which means more energy is 
spent to overcome friction and wear. Literature shows that 5.1% of 
fuel energy is used for friction and wear, of which only gears con-
sume 55% of fuel energy [3]. Besides, further research is currently 
underway to improve transmission performance to reduce mainte-
nance costs significantly. Due to the service life and performance 
of power transmission gearboxes, RCF testing is very important for 
the development of new materials that can operate at high rolling 
speeds [4, 5]. 

In this case, the gearbox gear with non-conformal rolling/sliding 
contact due to the contact pressure between the tooth surfaces on 
the gear tooth flanks can easily reach a pressure of up to 1 GPa 
Hertz. Therefore, near these surfaces, there are three main failure 
mechanisms caused by these conditions. These are excessive 
wear, scuffing, and rolling contact fatigue. Rolling contact fatigue is 
divided into subsurface RCF and surface RCF [6]. As shown in 

multiple literature studies, various methods and analyses have 
been developed to study the RCF of rolling/sliding components [7-
11]. These studies were established to define different testing 
methods. Three types of tests have been identified as benchmarks 
[12], including accelerated testing [13],  long-term tests  [11], and 
full-scale rig tests [10]. As a result, this study is a long-term experi-
ment. Verifying the material qualities of new alloy steel gear mate-
rial using gear samples necessitates several costly and time-con-
suming test processes and tracking records. To replicate the con-
tact between the teeth of the two gears' flanks, the contact state of 
the gears is switched to two test rollers (discs) [14].  

During the RCF test, the slide-to-roll ratio (SRR) simulates a 
specific point on teeth with an equivalent SRR during actual gear 
meshing. Pure rolling simulates the point of contact with a pitch line. 
The teeth of gears usually have pits at the root or tip. Two rollers 
can be used to simulate the RCF of mating transmission gears. It 
is easy to observe experiments with continuous motion, slip, and 
sliding, and oil thickness.[15]. Accordingly, Fig. 1 schematically il-
lustrates how the Hertzian contact pressure between the two test 
roller specimens simulates the two gear teeth in the RCF test. 

The RCF twin-disc test bench uses a disc-shaped sampling 
roller with a built-in temperature-controlled lubrication system, con-
tact load, and a predefined period of fixed speed rotation. The ma-
chine uses two disc-shaped rollers, powered by a separate AC mo-
tor. The test result of such an experimental test is the same as the 
actual application of the transmission gear mechanism [16].  
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a)                               b)                                       

Fig. 1. Cylinders  simulate two gear teeth in an RCF test (a), and   

 Hertzian contact between two rollers(b) [15]  

Damage of RCF transmission gear is a very complex issue be-
cause many parameters are considered when commencing to sim-
ulate using by twin discs test rig. Material type, surface profile, load, 
lubrication, and SRR are a few of the factors taken into account in 
RCF test working conditions [17]. The RCF damage is mainly 
caused by micro-cracks, and small cracks protruding from the sur-
face can damage the transmission gear. And,  visible gray or frost 
on the surface is exhibited and usually named as frost gray/micro-
pitting [18, 19]. Repeated stress and plastic deformation are af-
fected by many factors, such as load, speed, temperature, surface 
quality, heat treatment, and lubrication properties. Research stud-
ies have shown that micro-pitting can cause considerable surface 
damage and even catastrophic damage [20]. 

The tooth contact fatigue test, also known as the gear contact 
fatigue test, is a type of gear performance test that is primarily used 
to assess lifetime, pitting, and spalling. When transmission gears 
are made of alloyed steels with sufficient hardness to obtain micro-
structures consisting mainly of tempered martensite, the gears 
have optimal resistance to micro-pitting. As the residual stress in 
the case-hardened gear reduces the toughness, strength, and re-
sidual compressive stress by more than 30%, the micropitting re-
sistance is reduced [21]. 

In the RCF test, in addition to design factors, surface topogra-
phy also stimulates friction and wear between the rolling/sliding sur-
faces of gear teeth [22].  There are various gear manufacturing and 
finishing approaches. In terms of efficiency, ultra-super finish gears 
are more powerful than ground gears. As the surface moves in, the 
conformity between the mating bodies is improved. During the run-
ning-in phase, the more aggressive roughness will plastically de-
form, and the surface will become smoother. This situation has 
changed drastically due to multiple conditions [23]. It is commonly 
recognized that proper running-in can increase the lifespan of parts 
like gears [24]. Real surfaces initially make contact at the points of 
asperities when they come into touch [25]. Despite applying the 
normal load, extremely high pressure is created around micro-con-
tacts, and the plastic deformation of asperities in the contacting 
bodies' surface results in the production of a very small area known 
as the true effective contact area [26]. 

2. MATERIALS, GEOMETRY, METHODOLOGY  
AND CONDITIONS 

2.1. Materials   

The high-speed and low-speed samples were made from com-
mercially available Cr-Mo alloy steel and a newly developed Ni-

doped Cr-Mo alloy steel. The chemical composition of alloy steel, 
both newly created and commercially accessible, is depicted in 
Tab. 1. Commercially available and newly developed samples were 
manufactured using the same process, which included melting in 
an argon atmosphere vacuum, hot forging, applying Ni content (for 
the newly developed material), rolling the forged material to the de-
sired shape, normalizing, heat treatment (tempering, quenching, 
and nitriding), and surface finishing. 

Tab.1.   Chemical composition of commercially available (Cr-Mo) and 
newly developed Ni-doped Cr-Mo alloy (Cr-Mo-1.55 Ni) 

 

 
Chemical composition mass (% ) 

C P S Si 
Mn 

Cr 
Ni 

M
o 

C
u 

Bal 

Cr-Mo 0.21 
0.0
02 

0.0
03 

0.25 
0.6
5 

1.1
5 

0.2
2 

0.2
1 

0.1
8 

97.12 

Cr-Mo-
1.55 Ni 0.18 

0.0
02 

0.0
03 

0.24 
0.6
5 

1.1
3 

1.5
5 

0.2
1 

0.1
8 

95.85 

2.2. Geometry 

To achieve the least effective contact area, the high-speed 
specimens in this investigation were crowned-shaped discs, while 
the low-speed specimens were cylindrical-shaped discs. Cylindrical 
and crowned disk samples with the same surface polish and hard-
ness were employed in the sample preparation procedure.   A tribo-
logically compatible disc-on-disc test is used in gear RCF testing to 
minimize the time and expense involved in producing complex gear 
geometries. Consequently, disc specimens with outer and inner di-
ameters of 70 and 45 mm, respectively, and a thickness of 28 mm 
were produced. The high-speed disc geometry is altered in this ex-
periment so that the 8.5 mm effective contact surface is crowned 
on both sides by 3 degrees (30). The test discs' measurements in 
Fig. 2 were modified for greater clarity from [27]. 

 
Fig. 2. Dimension of test discs [27] 

2.3. Methodology 

Analytical models struggle to accurately predict micropitting 
due to its asperity level impact on the specimen's metallurgy, sur-
face roughness, lubrication properties, applied stresses, and tooth 
shape [20]. Research suggests using rolling pairs of discs in loaded 
contact to replicate transmission gears, reducing costs and time-
consuming preparation of spacemen's equipment, and assessing 
contact fatigue capabilities of different gear materials [28-31]. The 
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fact that disc specimens are more durable than gears is acknowl-
edged by researchers, who employ disc specimen studies to as-
sess the surface fatigue performance of various materials. There-
fore, an experimental test with disc samples is the most effective 
method for determining the micropitting area ratio of a transmission 
gear [32].  

The modified RCF twin-disc test equipment was used in Ethio-
pia for experimental testing, positioning specimens on separate 
shafts powered by AC motors. The design and development were 
optimized according to the test sample's standard specification, re-
sulting in a contact pressure of [27]. According to the literature, lu-
bricating the disc-to-disc contact region required applying one drop 
of water or transmission oil every three seconds [33]. Additionally, 
lubricant temperature is a crucial test parameter that affects its vis-
cosity. An induction system is used to maintain the required tem-
perature, ensuring the oil temperature doesn't exceed 150°C. [34].  

Therefore, as shown in Tab.2, the severely saturated SAE 90 
grade was used in this study's modified twin-disc test setup, and 
the controlled lubricant temperature ranged from 80 to 90 oC.  

Tab. 2. SAE90 lubricant property 

Parameter  Value  

Kinematic viscosity @40 oC 155 

Kinematic viscosity @100 oC 15.5 

Density  7.28 lbs/gal  

Specific gravity  0.875 

2.4. Contact Load Conditions and Parameters 

        A step load stage procedure was used for the experimental 
tests, which involved progressively raising the normal load applied 
up to 8.2 KN and reaching a maximum Hertzian contact pressure 
of 1.5 GPa. Tab. 3 provides a summary of the experimental tests. 
Four distinct load levels (K3, K6, K8, and K9) are seen in the usual 
load on the rollers (disks). The reference makes it apparent that 

these loads are broken down into sub-levels [6]. Almost ten million 
(107) load cycles are required for high-speed discs to finish the test, 
with each load phase taking several minutes to hours. Furthermore, 
low-speed discs required about 5 million load cycles to operate. At 
every load stage change, the sole lubricating oil was changed. Nev-
ertheless, there was no change in the lubricating oil between load 
sub-stages. Following each disruption, the test bench's discs were 
removed, cleaned, weighed, and measured before being replaced 
with a fresh test specimen. The SRR, which is displayed in Tab. 4, 
is the crucial parameter throughout the run-in and RCF testing.  
SRR is the ratio of sliding and rolling velocity in a twin-disc device, 
with rolling velocity corresponding to lubricant entrainment as indi-
cated in equation (1). It affects RCF testing, with higher SRR result-
ing in greater pitting, as calculated using Equation 1 [35]. The study 
suggests that surfaces with negative SRR values are more suscep-
tible to micropitting due to their maturity [36].  𝑆𝑅𝑅 = ௨ೞ௨ೝ = 2 × (|௨1−௨2|௨1+௨2 )                                                        (1) 

where: ݑ௦ −sliding speed, ݑ௥ −Mean rolling speed, 1ݑ −Surface 
speed of body 1 (m/s), 2ݑ −Surface speed of body 2 (m/s) 

Slip between the contact surfaces is another factor that influ-
ences the rolling contact's lifespan. Keep in mind that the slip of 
Entity 1 is provided by Eq. 2. The surface's durability depends on 
the presence and severity of slippage, with positive slip preventing 
contact fatigue cracks and negative slip increasing surface wear 
and decreasing initial load cycles. 1ݏ = ௨1−௨2௨1                                                                                      (2) 

Tab. 3. Parameters during the run-in and RCF Experiment 

Test 
Stages  

Description  
High-
speed 

disc(rpm) 

Low-
speed 
disc 
(rpm) 

Slip 
ratio 

SRR 

 

 K3, K6, 
k8 & k9 

Run-in  
& RCF 

2800 1400 

 

-1 & 0.5  

 

0.66 

Tab.4. Load stages on RCF Experiment 

Load 

stage  

Normal force 
(N) 

Hertzian 
pressure 

(Mpa)  

Half pressure 
width (mm) 

Load sub-
stage  

No_Cyles for high 
speed *10^3 

No_Cyles for low 
speed *10^3 

Time 
need 

(hr) 

Oil 
To 

K3 1090.8 514 0.159 K3-1 20 10 7.15’ 80 

K3-2 60 30 21.428’ 
K3-3 100 50 35.714’ 

K6 3749.7 953 0.295 

 

K6-1 200 100 71.428’ 90 

K6-2 800 400 4.762hr 

K6-3 1880 940 11.191hr 

K8 6513.131 1256 0.388 K8-1 200 100 71.428’ 90 

K8-2 800 400 4.762hr 

K8-3 1880 940 11.191hr 

K9 8184.95 1408 0.435 K9-1 2880 1440 17.143 
hrs 

90 

Total   8820 = 4,410 52.5 hrs  
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3. RESULT AND DISCUSSION  

RCF experimental testing on Cr-Mo and Ni-doped Cr-Mo alloy 
steels was conducted under identical conditions to ensure gear 
damage robustness. The experiment showed damage in wear 
mass, surface topography, and surface morphology. Following a 
successful experimental test, evaluate the cutoff samples' surfaces 
using an optical microscope and an electron microscope (SEM) to 
determine their surface characterization. As a result, low-speed 
samples typically experience rapid RCF failure because of negative 
SRR. Micropitted area (Ap), Micropitted depth, and the correspond-
ing diameter of the pitted surface were used to explain the RCF 
failure and disclose RCF damage, as confirmed by research stud-
ies.  

3.1.  Surface characterization  

Purposefully, the material's tribological properties can be ob-
tained by the methodical assessment of damaged surfaces. Both 
the high-speed and low-speed disc samples were measured and 
examined in this work following the completion of the RCF test.  Us-
ing SEM and OM micrographs,  examine the damaged samples by 
viewing and post-processing the micrographs of the discs' dam-
aged surfaces. Additionally, MountainsMap® software for SEM and 
OM imaging was used to calculate the textural characteristics in the 
micrographs. After analysis, the textural parameters were pre-
sented as the mean of several scales and magnification data. Using 
leveling filter techniques, the SEM image's cylindrical characteristic 
is eliminated.  Consequently, the cylinder feature was eliminated 
from the SEM and OM micrographs using a third-order polynomial 
function. 

Fig. 3 (a) and (b) revealed the reconnoitered damaged surface 
texture of the Cr-Mo alloy steel disc samples. Surface roughness 
was used to measure the surface maps of the Cr-Mo alloy steels' 
high-speed and low-speed discs.  At both high and low speeds, the 
surface map of the Cr-Mo alloy steel's Root Mean Square (RMS) 
surface roughness (Sq) is acceptab.. The two surface maps show 
that the low-speed disc's surface roughness is marginally higher 
than the high-speed discs.   

Fig. 4 (a) and (b) examine surface maps of RMS surface rough-
ness (Sq) for high-speed and low-speed discs of Ni-doped Cr-Mo 
alloy steel materials. Results show that Ni-doped Cr-Mo alloy steel 
has lower surface roughness than Cr-Mo alloy steel, indicating a 
positive correlation between surface damage and root mean sur-
face roughness texture. The area with more damage increases with 
surface RMS roughness. 

 

 
a) 

b)         
Fig. 3. High-speed disc Surface map of Cr-Mo alloy steel (a) , and low- 

speed disc (b)  

a)    

b)  

Fig. 4.   Surface map of Ni-doped Cr-Mo alloy steel (a), and  high-speed   
disc after  low-speed disc (b) 

3.2. Surface Morphology  

Following the RCF testing, a small sample of the tested disc 
specimens was extracted from the twin-disc test bench, cleaned 
with an ultrasonic cleaner, and dried with hot air. The extracted 
sample discs were then analyzed by SEM at various magnifications 
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and scales (200 μm, 100 μm, 50 μm, 20 μm, and 10 μm). Addition-
ally, a small piece of the examined disc is extracted for optical mi-
croscope (OM) purposes in this investigation. 

OM and SEM micrographs of the high-speed and low-speed 
disks of Cr-Mo and Ni-doped Cr-Mo alloy steels were displayed in 
Fig. 5 to 8. Among the several SEM micrographs of high-speed and 
low-speed discs of Cr-Mo alloy steel materials, Fig. 5 (a) & (b) and 
Fig. 6 (a) & (b) show SEM micrographs of 50 μm scale and 500 
magnifications. It is evident from both micrographs that pits are al-
ready present. Following a run-in, mated bodies that are subjected 
to rolling or sliding motion experience significant plastic deformation 
[35, 37]. After 10 million stress cycles, the damaged area of the Cr-
Mo alloy steel is visible in Fig. 5, high-speed disk micrographs. Con-
sequently, some surface micropits are visible. The Cr-Mo alloy steel 
of low-speed disk SEM micrographs at about 5 million stress cycles 
is similarly shown in Fig. 6. When the disk is viewed under high 
magnification, minute pits are apparent. 

 

 
Fig. 5.   High-speed Cr-Mo alloy steel after RCF test, (a) SEM Micrograph  

and (b) OM Micrograph 

 
Fig. 6.   Low-speed Cr-Mo alloy steel after RCF test, (a) SEM 

Micrograph, and (b) OM Micrograph  

SEM micrographs of 50 μm scale and 500 magnifications were 
also shown in Fig. 7 and 8, which were SEM micrographs of high-
speed and low-speed discs of Ni-doped Cr-Mo alloy steel. After 10 
million stress cycles for the high-speed disc and 5 million stress 
cycles for the low-speed disc, the pitted section of the Ni-doped Cr-
Mo alloy steel of the high-speed disc micrographs is shown in Fig. 
7 (a) and (b). Micropits are therefore visible on both surfaces.  Sim-
ilarly, low-speed disk SEM micrographs of the Ni-doped Cr-Mo alloy 
steel at almost 5 million stress cycles are shown in Fig. 8. When 
viewing the disk at high magnification, it is understandable that mi-
cro pits are visible.   

This study uses MountanMap® software to compute micropit-
ting variables like pitted depth, equivalent diameter, and roundness 
from SEM micrographs. The factors are determined by shifting the 
micrograph to topography, converting it to a 3D image, and deter-
mining pit factors. A micro pit is defined as a surface imperfection 
with a depth more than 1 μm and a diameter between 10-50 μm 
below the surface's mean plane [38, 39].  In this study, damaged 

surfaces with a pitted depth greater than or equal to 1 μm, an equiv-
alent diameter between 10–40 μm are regarded as micropitting. 
Else if the values are beyond the stated values, it is considered 
small pitting.  

 

 

Fig. 7.   High-speed Ni-doped Cr-Mo alloy steel after RCF test (a) SEM 
Micrograph, and (b) OM Micrograph 

 

Fig. 8.   Low-speed Ni-doped Cr-Mo alloy steel after RCF, (a) SEM 
Micrograph, and (b) OM Micrograph 

Fig. 9, 10, 11, and 12 show histograms of micropitting metrics 
such as pitted depth, pitted equivalent diameter, and pitted round-
ness for the two candidate materials at high and low speeds. Fig. 
demonstrate micron-level depths ranging from -1.0 µm to -10 µm, 
with equivalent pit diameters ranging from 10-40 µm, indicating pit-
ting at both the micro and macro levels. As the fatigue cycle pro-
gresses, the macro-scale depth and equivalent diameter rise.  How-
ever, at both high and low speeds of Cr-Mo alloy steel material, pits 
of considerable depth (up to 12 μm) and equivalent diameter (up to 
50 µm) are seen, as shown in Fig. 11 (a) and (b) and 12 (a) and 
(b). Fig. 9 (a) and (b), Fig. 10 (a) and (b), Fig. 11, and Fig. 12  show 
that surface damage is more severe in Fig. 12 (a) and (b). Since 
certain pits in Fig. 12 (a) and (b) appear deeper than pits in another 
identical image.  

Similarly, Fig. 9 (c), 10 (c), 11 (c), and 12 (c) depict the mor-
phology of the micro pits in the candidate materials. If the micro pits 
are circular, the value becomes one. As seen in the Figures, the 
closer the pits are to one, the more circular the shape; the further 
apart from one, the less circular the shape. Another factor used to 
distinguish between micropitted and macropitted areas is the es-
tablishment of a link between micropitting depth and equivalent di-
ameter. Fig. 9 (d), 10 (d), 11, and 12 (d) show a link between pit 
depth and equivalent diameter. In this study, a pit is said to be a 
macro pit if the diameter of the pit exceeds 50. In Fig. 12 (d), the 
pitted depth of the Cr-Mo alloy low-speed disc pit is limited to 10 
μm. Although the maximum pit depth of a low-speed disc with 12 
μm (see Fig. 12 (b), it is much deeper than that of a high-speed 
disc. 
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Fig. 9.   Ni-doped Cr-Mo alloy steel of low-speed micropits  (a) equivalent 
diameter, (b) depth, (c) shape, (d) correlation b/n micropits depth 
and micropits equivalent diameter 

 
 

Fig. 10. Ni-doped Cr-Mo alloy steel of high-speed micropits  (a) 
equivalent diameter, (b) depth, (c) shape, (d) correlation b/n 
micropits depth and  micropits equivalent diameter 

 

Fig. 11.  Cr-Mo alloy steel of low-speed micropits (a) equivalent diameter, 
(b) depth, (c)  shape, (d) correlation b/n micropit depth and 
micropit equivalent diameter 

 

Fig. 12. Cr-Mo alloy steel of high-speed micropits of (a) equivalent 
diameter, (b) depth, (c) shape, (d) correlation b/n micropit depth 
and micropit equivalent diameter  

Fig. 13 to 16 show rainbow topography scale photographs, with 
the blue (watershed segmentation) area representing the pitted 
area and the reddish area representing the undamaged area. The 
damage component is given as a percentage of the micro pitting 
area ratio (AP), which is likewise shown on the upper side of Fig. 
13 to 16.  The percentage of the Micropitted area can be calculated 
by dividing the total pitted area by the whole surface scanned by 
the SEM. The overall picture area for all potential materials is 
120,000 μm2. Fig. 14 displays a bigger micropitting area ratio of 
5.66%, whereas Fig. 16 shows a lower ratio of 5.23%.  

To create novel alloy steel for power transmission gears, this 
study generally investigates the effects of adding Ni content in var-
ying amounts to the current Cr-Mo alloy steel. The findings then 
continue to show that a Ni-content of 1.55% has good resistance to 
fatigue failure. Studies with a higher Ni-content (2% Ni) alteration 
than the candidates in this investigation provided further support for 
these findings. 

 
Fig.13.  Evaluation of Surface damage of Cr-Mo alloy high-speed disc 
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Fig. 14.  Evaluation of Surface damage of Cr-Mo alloy low-speed disc 

 

Fig. 15.  Evaluation of Surface damage of Ni-doped Cr-Mo alloy steel of 
high-speed disc 

 

Fig. 16. Evaluation of Surface damage of Ni-doped Cr-Mo alloy steel of 
low-speed disc 

4. CONCLUSIONS  

The assessment of Cr-Mo and Ni-doped Cr-Mo alloy steels in 
high-speed and low-speed disc specimens has been experimen-
tally investigated in this work. Every alloy steel candidate sample 
came from the same batch that was manufactured, heat-treated, 
and had the same surface polish. A twin-disc test rig was used to 
examine the rolling contact fatigue of the candidate materials. Fol-
lowing that, SEM was used to evaluate the damaged area of the 
tested disc samples at different places using varying scales and 
magnifications. It was easy to examine the damage that occurred 
on both of the candidate materials with pitted characteristics using 
the micrographs that were acquired from OM and SEM, and the 
following conclusions were reached: 

− Damage resistance has a Positive correlation with root mean 
surface roughness (Sq) and surface damage. As a result, Ni-
doped Cr-Mo alloy steels have less Sq compared with Cr-Mo 
alloy steel. 

− In comparison to Cr-Mo alloy steels, Ni-doped Cr-Mo alloy steel 
has a higher resistance to micropitting in terms of pitted diam-
eter, pitted depth, and micropitted area ratio.  

− The Ni-doped Cr-Mo alloy steel is the preferred material for 
transmission gears and withstands rolling fatigue failure. 
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Abstract: This paper demonstrates the unsuitability of relations and diagrams known from literature for antiresonant machines, in terms   
of determining the position of resonances of dynamic elimination systems. Correct formulas were derived and a nomogram for designers 
was built based on them. The effect of the actual number of degrees of freedom on the natural frequencies of machines with a design based 
on the dynam-ic eliminator principle is presented. The effect of the spring mass on the antiresonance frequency explicit to the natural    
frequency of the eliminator was pointed out, and correct relations for its consideration were derived. The experimental and numerical studies 
carried out in this paper have confirmed that including the effect of spring inertia in analytical calculations improves the accuracy of the results 
obtained. Furthermore, it was shown that the actual way in which the ends of the leaf springs are attached can significantly affect the natural 
frequency of the system. The factors discussed and analysed in this paper are omitted in conventional vibrating machine calculations,    
resulting in an overestimation of the natural frequencies determined from them. 

Keywords: dynamic damper, characteristic frequencies, self-synchronisation, reduced mass, flat spring

1. INTRODUCTION 

Antiresonant vibratory conveyors (Base – Excited Conveyors), 
shown in Fig.1, owe their rapidly increasing popularity to their two 
main advantages: 
− Negligible, theoretically equal to zero, value of dynamic forces 

transferred to the ground during operation, resulting from the 
Frahm dynamic eliminator effect used in their construction, with 
the trough as the properly tuned eliminator mass [1], and 

− Lower, compared to currently used over-resonant machines, 
required excitation force of vibrators, which induces vibrations 
of only a light transport trough, which does not require signifi-
cant bending rigidity, as it is ensured by a massive body of the 
machine, and which is not burdened by significant masses of 
the drive system attached to this body. 
These conveyors are becoming more and more widely used to 

transport loose materials [2], where dynamic forces transmitted to 
the ground by super-resonant conveyors are a significant disad-
vantage. For example, this is the case in mineral raw material pro-
cessing plants, where flimsy buildings of processing stations, made 
of reinforced concrete, usually contain a considerable number of 
vibratory machines accumulated: conveyors, screens, dewatering 
centrifuges, etc., leading to intensive spread of floor vibrations, cov-
ering the majority of operation sites, endangering the health of op-
erators and sometimes leading to building damage.  
   The antiresonance phenomenon is widely described in existing 
literature [3, 4]. Authors of [5] pointed out, that it is possible to de-
termine the resonance frequencies of the structure under ideal 

boundary conditions, based on the experimentally determined anti-
resonance frequencies for structure under arbitrary boundary con-
ditions. Renault et al. [6] proposed extension of linear concepts 
about antiresonances to the nonlinear cases of vibrating systems. 
The influence of transported material mass fluctuation has been an-
alysed in [7], where authors presented nonlinear dynamic model of 
antiresonant vibrating machine.  

 
Fig. 1. VIBRAflex II Sanitary Antiresonant Vibratory Conveyor – PFI, which 

dynamic and discret model is presented in Fig. 2 

 

The widespread use of antiresonant machines such as convey-
ors [8] or vibrating screens [9, 10] requires accurate and reliable 
methods of calculation, in which the correct determination of the 
antiresonant frequency and resonant frequency of the system plays 
a fundamental role. The development of anti-resonance vibration 
isolation methods is also important because more accurate compu-
tational models can be used both in the design of new systems and 
in the optimisation of the existing ones [11].  
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Due to the fact that there are a number of erroneous traditions 
in this field, usually resulting from misinterpretation, but also from 
the incompleteness of the dynamic elimination theory, this paper 
presents the basic mistakes made in this field, and the addition to 
Frahm’s theory and other phenomena to the extent required in the 
design of antiresonant machines. 

2. THEORETICAL FOUNDATIONS OF ANTIRESONANT 

CONVEYOR OPERATION - DYNAMIC ELIMINATOR 

THEORY [12], [13] 

Antiresonant machines operate on the basis of the dynamic elim-
inator scheme [14], where the body of the machine, resiliently located 
and set in motion by a set of inertial vibrators, constitutes the protected 
object, while the transport trough, connected to the body by a set of 
springs, constitutes the mass of the eliminator. Let us denote the mass 
and the elastic and damping coefficients of the body spring elements 
by M, K, C, respectively, and the mass of the trough and the elastic 
and damping coefficients of the springs by me, ke, ce.  
   The operating principle of this system involves proper tuning of the 
eliminator [1]. The force in the eliminator spring (or spring system, in 
the case of a conveyor) reaches an amplitude and phase that coun-
teracts the excitation force. For conveyors, this excitation force is the 
resultant force from the vibrators. When tuned correctly, the protected 
system (the machine body) nearly stops vibrating. This means it no 
longer transmits dynamic forces to the ground. Meanwhile, vibrations 
of the eliminator (the trough) enable the vibratory transport process. 

Since this phenomenon occurs only in a narrow range of excitation 
frequencies [15] around the eliminator’s natural frequency (1) 𝑓௡ = 12గ √݇௘/݉௘                                                (1) 

(the so-called partial frequency, as it is not the vibration frequency of a 
combined system), wherein this frequency is closely surrounded by 
the resonant frequencies of the system on both sides. „The excitation 
and natural frequencies of the eliminator are subject to various 
interferences. Therefore, accurately determining these frequencies is 
essential for the machine's practical usability. These values 
significantly depend on precisely defined suspension parameters of 
the machine, including mass distribution, suspension stiffness and 
damping [1]. 
 

Fig. 2.  Diagram of the dynamic vibration eliminator: M – protected mass,   
me  – eliminator mass, K, C – constants of elasticity and damping of 
support elements of protected mass, ke, ce – constants of elasticity 
and damping of elastic elements of the eliminator, Po eivt – harmonic 
excitation force 

Let us denote the absolute displacements of the masses M and 
me in the vibrations of the direction of the system by x and y, 
respectively, while the amplitude and frequency of the excitation 
force by Po and ν (Fig. 2.) 

The dynamic equations of motion of both masses are described 

by the following relationships : ݔ̈ܯ + ݔ̇ܥ + ݔܭ + ܿ௘(̇ݔ − (ݕ̇ + ݇௘(ݔ − (ݕ = ௢ܲ݁௜௩௧ ݉௘̈ݕ − ܿ௘(̇ݔ − (ݕ̇ − ݇௘(ݔ − (ݕ = 0  (2) 

The solution to the system of equations is predicted to be :  ݔ = ௜௩௧݁ܣ ݔ̇  , = ௜௩௧݁ܣݒ݅ ݔ̈   , = ݕ ௜௩௧݁ܣ2ݒ− = ௜௩௧݁ܤ ݕ̇  , = ௜௩௧݁ܤݒ݅ ݕ̈   , =  ௜௩௧  (3)݁ܤ2ݒ−
here A and B – vibrations amplitudes of the protected mass and the 
vibration eliminator and i – imaginary unit 

Substituting the expected forms of the solutions of (3) into (2) 
resulted in the following relations: ܯ(−݁ܣ2ݒ௜௩௧) + ௜௩௧݁ܣݒ݅ܥ + ௜௩௧݁ܣܭ + ܿ௘(݅݁ܣݒ௜௩௧ (௜௩௧݁ܤݒ݅− +  +݇௘(݁ܣ௜௩௧ − (௜௩௧݁ܤ = ௢ܲ݁௜௩௧  (4) ݉௘(−݁ܤ2ݒ௜௩௧) − ܿ௘(݅݁ܣݒ௜௩௧ − (௜௩௧݁ܤݒ݅ − ݇௘(݁ܣ௜௩௧ (௜௩௧݁ܤ− = 0   

Equations (4) can be represented in matrix form 
2ݒܯ−].(5) + ܥ) + ܿ௘)݅ݒ + ܭ) + ݇௘) −ܿ௘݅ݒ − ݇௘−ܿ௘݅ݒ − ݇௘ −݉௘2ݒ + ܿ௘݅ݒ + ݇௘] ⋅ ⋅ [௜௩௧݁ܤ௜௩௧݁ܣ] = [ ௢ܲ݁௜௩௧0 ]  (5) 

After solving the matrix system (5), absolute amplitudes of the 
form (6) and (7) were obtained for quasi-stationary values of ν. |ܣ|  = √(௉೚௖೐௩)2+(−௉೚௠೐௩2+௉೚௞೐)2

√(௄௠೐௩2−௄௞೐+௞೐ெ௩2+௞೐௠೐௩2−ெ௠೐௩4+஼௖೐௩2)2+([஼௠೐+௖೐ெ+௖೐௠೐]௩3−஼௞೐௩−௖೐௄௩)2   (6) 

|ܤ| = √(௉೚௖೐௩)2+(௉೚௞೐)2
√(௄௠೐௩2−௄௞೐+௞೐ெ௩2+௞೐௠೐௩2−ெ௠೐௩4+஼௖೐௩2)2+([஼௠೐+௖೐ெ+௖೐௠೐]௩3−஼௞೐௩−௖೐௄௩)2   (7) 

The partial frequency of the undamped vibrations of the protected 
system {M, K, C} is ωo (8) ߱௢ =  (8)  ܯ/ܭ√

and of the eliminator is ωn (9) ߱௡ = √݇௘/݉௘  (9) 

(Since the frequency ωn (9) is at the same time an antiresonant 
frequency ωa, i.e., one at which body vibrations in the undamped 
system disappear, therefore, both designations are equivalent). 
   After assuming the coefficient values (Tab.1), an amplitude-phase 
diagram of the type shown in Fig. 3 can be obtained, on which the 
vibration amplitudes of the basic system without eliminator are usually 
plotted for comparison. 

As can be seen in Fig. 3, the vibration amplitude A of the protected 
mass M will be close to zero (red curve) at the antiresonant frequency 
ߥ  .(10) = ߱௡ ≝ ߱௔ = √݇௘/݉௘                          (10) 

This condition is a condition for dynamic elimination of vibrations 
by means of an additional attached mechanical system – the dynamic 
eliminator.  

Graphs such as these are common in the literature and reproduce 
the position of the resonance frequencies for weakly damped systems 
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quite faithfully, but they completely deform the vibration amplitudes, 
which results from the real excitation nature, depending on the square 
of the excitation frequency ν. To make them more realistic, one can, 
for example, substitute the force amplitude Po in equations (6), (7) with 
the expression Po·(ν/ωn)2. However, the route discussed below is 
much easier in order to determine the resonance frequencies of the 
system. 

 
Fig. 3.  Plot of dimensionless amplitudes z1 for absolute displacements of the 

protected system A, the vibration eliminator B, and the system with-
out the eliminator Ao, as a function of the ratio δ for the excitation 
frequency ν to the partial frequency of the eliminator ωn, equal to the 
antiresonant frequency (10) of the system, where z1 – the ratio of am-
plitudes to the value of static deflection of the protected mass 

Tab. 1. Parameters of the dynamic model from Fig. 2 

Parameter Value Unit 
M 600 kg 

me 450 kg 

K 719.387 N/m 

ke 4.963.770 N/m 

C 142 Ns/m 

ce 298 Ns/m 

P 14.450 N 

3. NOMOGRAMS FOR DETERMINATION  

OF RESONANCE FREQUENCIES 

Around the resonance frequency (10) on its left and right sides 
there is an antiresonance zone, i.e. a region of frequencies for which 
vibrations of the protected mass M are the lowest. The values of am-
plitudes increase as one moves away from the antiresonant frequency, 
towards the resonance frequency forming a peculiar zone (Fig. 3. red 
graph). The width of the interval between the resonance frequencies 
is important for the safety of the system operation. The wider it is, the 
higher the operational safety, and therefore the more resistant the me-
chanical system is to various interferences of its operation. To pre-
cisely determine the safe operating range — which is not the subject 
of this study — it is necessary not only to determine the width of the 
antiresonant zone, but also to define the acceptable vibration ampli-
tude limits, which requires a detailed analysis of each specific case 
and the corresponding identification of a safe operating frequency 
band. The primary objective for the designer of antiresonant machines 
should be to estimate the antiresonant frequency as accurately as 
possible and ensure that the system operates in its vicinity. 

To determine the distance on the axis between the values of the 
natural frequency in a simple way, based on the solution of the 
damped linear system, we assumed ce = C ≈ 0. When equating the 
denominator of the expression (6) or (7) to zero with the damping 

neglected yields the expression (11), which allows to determine the 
resonant frequencies of the system, limiting the antiresonant zone: (ܭ + ݇௘ − ௘݇)(2ߥܯ − ݉௘2ߥ) − ݇௘2 = 0             (11) 

Dividing the above equation by ke, K, and making further transfor-
mations and simplifications, we finally obtain the form (12). 
   To solve this equation efficiently, the assumption of equality of 
the partial frequencies of the eliminator and the protected mass (13) 
is used in the literature [12]. (1 + ௞೐௄ − ఔ2಼

ಾ ) (1 − ఔ2ೖ೐೘೐ ) − ௞೐௄ = 0  (12) 

௞೐௠೐ = ௄ெ = ߱௡2  or  ௞೐௄ = ௠೐ெ   (13) 

Using the notation (14) we obtain the final form of the foregoing 
equation for this case (15):  ௠೐ெ = 1) (14)                                          ߤ + ߤ − ఔ2ఠ೙2) (1 − ఔ2ఠ೙2) − ߤ = 0                     (15) 

The roots of this equation are the following values: ( ఔఠ೙)2 = (1 + ఓ2) ∓ ߤ√ + ఓ24   (16) 

The obtained dependence of the antiresonant zone width on 
the mass ratio only is shown in the graph in Fig. 4. The value of ν/ωn 
= 1 for me / M = μ = 0 in Fig. 4 indicates that no eliminator mass was 
applied (me = 0). In this case, the resonant frequency is singular and 
determined solely by the main suspension. Attaching an eliminator 
mass on an additional suspension with a partial frequency equal to the 
partial frequency of the main suspension results in the emergence of 
two resonant frequencies, which appear on the graph on either side of 
the antiresonant frequency. This antiresonant frequency corresponds 
simultaneously to the partial frequency of the eliminator and the main 
mass. As a result, two curves are formed, representing the natural fre-
quencies for a given μ value. When the eliminator mass increases, the 
mass ratio μ increases as well, leading to a greater separation be-
tween the antiresonant frequency and the two resonant frequencies. 
In case (13), the differences between the lower and upper resonances 
relative to the antiresonant frequency are practically identical.  

As can be seen in Fig. 4, the ratio of eliminator mass to main 
mass cannot be too low, as this reduces the antiresonant zone, and 
thus the system may be subjected to increased amplitudes when 
operating with a non-uniform load or other disturbances that may 
shift the operating point to a frequency close to the resonance fre-
quency. 

Fig. 4.  Graph showing the ratio of the resonance frequencies to the antireso-
nance frequency ν/ωn of the analysed system, compared to the ratio 
of masses me /M = μ in the equality of partial frequencies of the pro-
tected and eliminator masses 
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Unfortunately, this solution does not cover the case of antireso-
nant machines, since they do not satisfy the equality condition (13) of 
the partial frequencies of the object and the eliminator. Although a 
change in the support stiffness of the protected system K does not 
affect the existence and location of the antiresonant point, it does af-
fect the location of the target natural frequencies of the main mass-
eliminator system.) The aforementioned assumption (13) means only 
that a special case is considered when the protected mass is excited 
in its partial resonance. Having considered that, further conclusions 
based on this assumption would only apply to such a case, which ob-
viously does not occur in soft-based antiresonant conveyor systems. 
This fact will be considered further on, where dependencies on the 
position of the resonance frequencies of the main mass – eliminator 
system will be derived, useful for analysing the operation of antireso-
nant conveyors. 

4. EXTENSION OF THE METHOD FOR DETERMINING   

THE RESONANT FREQUENCIES PRESENTS THE CASE 

OF SYSTEMS IN WHICH THE MAIN MASS IS TUNED   

SUPER-RESONANTLY 

To derive relations that define the location of resonance frequen-
cies of the main mass–eliminator system in the general case involving 
the partial tuning of the main mass below the excitation force fre-
quency, we will make the following additional assumption: we assume 
that the ratio of the antiresonance frequency (10) to the frequency of 
body oscillation on its spring suspension system (8) is represented by 
(17). ఠ೙ఠ೚ =  (17)                                       ߂

In this case, we get (18) 

௞೐௠೐ = 2߂ ௄ெ                                     (18) 

therefore (19) and (20) ௞೐௄ =  (19)                                     ߤ2߂

௄ெ = ఠ೙2௱2                                        (20) 

Inserting (18), (19), and (20) into (12), we obtain: (1 + ߤ2߂ − ௱2ఔ2ఠ೙2 ) (1 − ఔ2ఠ೙2) − ߤ2߂ = 0             (21) 

Transforming this expression by extracting the ratio ν/ωn, we ob-
tain the equation to determine the resonance frequencies at any tun-
ing of the main system: 

(( ఔఠ೙)2)2 2߂ − ( ఔఠ೙)2 (1 + 1)2߂ + ((ߤ + 1 = 0      (22) 

 The roots of this equation are as follows. 

ఔఠ೙ = √[1+௱2(1+ఓ)]±√[1+௱2(1+ఓ)]2−4௱22௱2                (23) 

Graphs showing the ratios of the upper and lower frequencies 
of the system to the antiresonance frequency ωa = ωn are shown in 

Fig. 5 for a typical operating range of antiresonant machines and, 
comparatively, for Δ = 1. 

 

Fig. 5. Graphs showing the ratio of the upper and lower resonance frequency 
to ωn as a function of the mass ratio µ, depending on the value of the 
parameter Δ. Note: upper frequency graphs for Δ>>1 values (Δ = 4 to 
7) coincide approximately on the graph 

 

Comparison of the diagrams for Δ = 1 and those corresponding 
to typical super-resonant tunings of the protected system Δ = 4 to 
7, leads to the conclusion that the nature of the two relations is dif-
ferent, wherein the super-resonant tuning of the main mass causes 
a downward shift of the resonant frequencies surrounding the anti-
resonant zone, causing a significant approximation of the upper 
resonant frequency to the operating frequency ν = ωn, which in-
creases the danger of accidental entry of the system into the near-
resonant state. 

To provide a better illustration of the effect of the parameter Δ 
(17) on the ratio of the resonance frequency to the antiresonance 
frequency, a graph, shown in Fig. 6, was prepared presenting four 
values of the parameter µ (14). These diagrams prove that for ma-
chines with bodies operating in the typical super-resonance regime, 
the main effect on widening the antiresonance zone is to increase 
the eliminator-to-body mass ratio, and for a fixed value of this ratio, 
it is advantageous to increase the parameter Δ, which, however, 
almost exclusively decreases the lower resonance frequency, leav-
ing the upper resonance frequency, located relatively close to the 
excitation frequency, almost unchanged, much lower than the one 
resulting from the graphs for Δ = 1 (Fig. 4). 

Fig. 6.  Plots of the ratios of the upper and lower frequency of the system to 
the antiresonance frequency ωn as a function of Δ 
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5. THE EFFECT OF THE ACTUAL NUMBER OF DEGREES  

OF FREEDOM IN A SYSTEM ON ITS CHARACTERISTIC  

FREQUENCIES 

Although the theoretical analysis cited above allows the posi-
tion of resonant frequencies to be determined with respect to the 
antiresonant frequency, which is the intended operating frequency 
of the system, this analysis does not take into account the fact that 
the actual system of an antiresonant conveyor has a much greater 
number of degrees of freedom, as shown in Fig. 5 on the example 
of a machine with a flat layout [16].  

In particular, the actual system has the possibility and the spec-
ified frequency of the swinging motion α in the machine plane of 
symmetry, resulting in the actual lower limit of operating speed fluc-
tuation possibly not corresponding to the lower resonant frequency 
of the eliminator considered earlier. These phenomena will be in-
vestigated during the modal analysis using the simulation model 
shown in Fig. 7. 

 

5.1. Discrete dynamic model of an antiresonant  

conveyor  

 

To perform a dynamic and modal analysis of the antiresonant 
conveyor, its discrete model formulated in [16] was used, with 6 
degrees of freedom { x, y, α, f, ߮1, ߮2 }, as shown in Fig. 7. The 
model consists of two masses, i.e. the mass of the body Mk and the 
mass of the trough Mr, acting as a dynamic eliminator in this model, 
and two inertial vibrators with individual induction drive.  

The body was spring-supported on helical springs fixed to the 
ground, while the conveyor trough was supported on spring rails 
fixed to the body. Counter-rotating inertial vibrators are the source 
of the resultant excitation force acting on the body at an angle β to 
the horizontal. The vibrators were mounted in such a way that the 
symmetrical segment connecting the centers of the vibrator bear-
ings intersected the center of mass of the body and the trough. The 
following values of constants [SI] were assumed in the Tab. 2. and 
came from the literature [16]. 

 

Tab. 2. Parameters of the dynamic model from Fig. 7 

Parameter Value Unit 
Mr 1000 kg 

Mk 2500 kg 

Jk 12200 kgm2 

Jr 5000 kgm2 

ky 2328000 N/m 

kx 1164000 N/m 

kf 10962000 N/m 

by 0 * Ns/m 

bx 0 * Ns/m 

bf 0 * Ns/m 

L 2 m 

Lr 1.92 m 

H 0.48 m 

hr 1.1 m 

β 30 deg 

To analyse the motion of the system, in the static equilibrium 
state of the machine without a feed, an absolute central system was 
assumed in relation to the body of the machine, with the axes x, y, 
body rotation angle α, relative displacement of the trough relative 
to the body f and the absolute angles of rotation of the vibrators φ1 
and φ2. 

The set of equations describing the motion of the machine can 
be expressed in matrix form: ࡹ ⋅ ̈ࢗ =  (24)                                      ࡽ

where  

̈ࢗ = ௗ2ௗ௧2 ,ݔ] ,ݕ ,ߙ 𝑓, ߶1, ߶2]்                                                   

The form of the mass matrix M and the vector of free expres-
sions Q can be found in [2]. An approximate linearised form of these 
relations is used below to perform a modal analysis of the system.  

Fig. 7. Discrete model of an antiresonant vibratory conveyor shown in Fig. 2 
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5.2.  Linearisation of a Nonlinear System 

 

Due to the low energy dissipation in the springs, mainly from 
material and structural damping, it is possible to analyse the natural 
vibrations of the system as undamped. The remaining nonlineari-
ties of the machine model without feed are related to the effect of 
body vibrations on the vibrator motion and to the Coriolis accelera-
tion in the compound motion of the trough. The dimension-to-mass 
ratios in typical vibratory machine designs generally allow the mo-
tion of the vibrator to be neglected in the natural vibration analysis 
and its mass to be focused on the rotation axis [12]. Similarly, when 
analysing the Coriolis acceleration value, it can be neglected com-
pared to the other acceleration components for typical machine di-
mension ratios. 

By doing so, the dynamic equation (24) can be reduced to the 
form (25) ࡹ ⋅ ̈ࢗ + ࡷ ⋅ ࢗ = ૙                              (25) 

in which: 0 – zero vector, M – mass matrix, K – elasticity matrix, ࢗ = ૙ࢗ ⋅ )݊݅ݏ ݐ߱ +  (26)                           (ߛ

where:  

q0 – vector of coordinate amplitudes: x, y, α, f, 
ω – natural frequency, 
γ – vibration phase angle. 
 

Therefore, we obtain the matrix equation (27). (ࡷ − ߱2 ⋅ (ࡹ ⋅ ࢗ = ૙                           (27) 

The existence of a non-zero solution to this equation is possible 
if the matrix(ࡷ − ߱2 ⋅ ࡷ)ݐ݁݀  .is singular, i.e(ࡹ − ߱2 ⋅ (ࡹ = 0                           (28) 

The relation (24) is a 4th degree equation on ω2 and leads to 
the determination of 4 natural frequencies (not necessarily differ-
ent). We reject negative frequencies as physically meaningless.   

After considering the form of the mass and elasticity matrices, 
we obtain: 

ࡷ) − ߱2 ⋅ (ࡹ = [ܽ11 ܽ12 ܽ13 ܽ14ܽ21 ܽ22 ܽ23 ܽ24ܽ31 ܽ32 ܽ33 ܽ34ܽ41 ܽ42 ܽ43 ܽ44]              (29) 

where ܽ11 = ݇௫ − ௞ܯ) + ௥)߱2 ܽ12ܯ = ܽ21 = 0 ܽ13 = ܽ31 = ݇௫ܪ + ℎ௥ܯ௥߱2 ܽ14 = ܽ41 = ௥߱2ܯ− 22ܽ (ߚ)ݏ݋ܿ = ݇௬ − ௞ܯ) + ௥)߱2 ܽ23ܯ = ܽ32 = ௥߱2 ܽ24ܯ௥ܮ− = ܽ42 = ௥߱2ܯ− 33ܽ (ߚ)݊݅ݏ = ݇௫2ܪ + ݇௬2ܮ− ௞ܬ) + ௥ܬ + ௥2ܮ௥ܯ +  ௥ℎ௥2)߱2ܯ

ܽ34 = ܽ43 = ௥ܮ௥ܯ−] (ߚ)݊݅ݏ + ௥ℎ௥ܯ 44ܽ 2߱[(ߚ)ݏ݋ܿ = ௥߱2ܯ− + ݇௙   

 

After substituting the previously assumed numerical values and 
equating the determinant of the matrix (29) to zero, we obtain the 
following solution of equation (28) in the form of 4 natural frequen-
cies:  

f1 = 2.61 Hz,   f2 = 3.47 Hz,   f3 = 4.41 Hz,   f4 = 19.84 Hz.  

5.3.  Forms of natural vibrations 

Zeroing the principal matrix determinant means that the equa-
tions are linearly dependent, therefore it is not possible to obtain 
specific values of the amplitudes. By substituting a given natural 
frequency into the matrix, it is possible to determine the correspond-
ing vibration form, that is, the ratio of amplitudes of individual coor-
dinates. For specific values of vibration frequency, vibration forms 
were obtained in the form (30)  

૙ࢗ =  (30)                                     [ܦܥܤܣ]

Calculation of the vibration form for a given natural frequency: 

ࡷ) − ߱2 ⋅ (ࡹ ⋅ ૙ࢗ = ࡷ) − ߱2 ⋅ (ࡹ ⋅ [ܦܥܤܣ] = [0000]      (31) 

The form of the vibration related to the relative displacement 
amplitude f was obtained using the LU matrix decomposition.  

For f1 = 2.61 Hz  

[ܦܥܤܣ] = [ 48.32−4.43−12.101 ] ⋅  (32)                            ܦ

Proceeding similarly for the other frequencies, the following 
was obtained in Tab. 3. 

Tab. 3. The form of the vibration 

 f2 = 3.47 Hz f3 = 4.41 Hz f4 = 19.84 Hz 

[ܦܥܤܣ] = [18.2212.518.801 ] ⋅ 11.101−10.7545.26−] ܦ ] ⋅ ] ܦ −0.25−0.15−0.000141 ] ⋅  ܦ

The form of the foregoing vibration forms indicates that the suc-
cessive frequencies correspond approximately, respectively, to: 
horizontal vibrations of the entire machine, co-phase vibrations 
close to vibrations with lower frequency of the machine as an elim-
inator, angular vibrations of the machine and reciprocating vibra-
tions of the trough and the body in the operating direction. The last 
form, which corresponds to the highest natural frequency, has the 
nature of an upper resonant frequency of the Frahm system. 
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If based on machine parameters we determine the value of the 
ratio of the trough mass to the body mass µ = 0.4 and based on the 
relations (23) derived for the Frahm’s model we calculate the value 
of the upper resonance frequency fu and the lower resonance fre-
quency fl. Using formulas (10), (18), (23) and values from Tab. 2.: 2߂ = ௞೑ெೖெೝ௞ೣ೤   (33) 

where equivalent stiffness coefficient kxy is (34) ݇௫௬ = √(݇௫ ⋅ ݏ݋ܿ 2(ߙ + (݇௬ ⋅ ݊݅ݏ 2(ߙ
       (34) 

and finaly ߥ௨,௟ = √[1+௱2(1+ఓ)]±√[1+௱2(1+ఓ)]2−4௱22௱2 ⋅√௞೑ெೝ [௥௔ௗ௦ ]                        (35) 

We obtain the following frequencies: fu = 19,83 Hz and fl = 3,32 
Hz, respectively. The higher value is in satisfactory agreement with 
f4 of the machine, while the lower value reproduces f2 of the ma-
chine with an error of 4,3%. More importantly, the lower limit of the 
antiresonant zone does not correspond to fl, since the resonant re-
gion f3 of the machine, corresponding in the real machine to its an-
gular vibration, is closer to the antiresonant frequency. 

6. SPRING WEIGHT REDUCED TO TROUGH 

In the case of antiresonant machines, the high stiffness of the 
spring system means that the mass of the springs is significant, ac-
counting for about 1/4 of the trough mass, and should not be ig-
nored when determining the antiresonant frequency. Since the 
spring is a deformable system, its mass "belonging" to the trough 
should be determined by determining the reduced mass. The lack 
of adequate values of reduction factors for springs in the literature 
makes it necessary to determine them. 

To do so, assuming in line with reality that the first bending fre-
quency of the spring positioned in its outermost points is many 
times higher than the operating frequency of the machine, to deter-
mine the deformation form f of the spring, we can assume that it is 
caused by the static application of force S in the operating direction 
– Fig. 8. 

Let us denote by mj the mass of the active part of the spring. 
Taking advantage of the symmetry of the system, which leads to 
zero bending moment for w=l/2 , let us write the equation of the 
deflection line of the lower half of the spring, i.e. for the range w=0 
to l/2 in the form (36): ܬܧ ݀2𝑓݀2ݓ = ܵ(݈/2 −  (36) (ݓ

The solution to this equation (36) with boundary conditions (37)   
is (38) 𝑓(0) = 0,  ݀𝑓݀ݓ (0) = 0  (37) 

 𝑓(ݓ) =  ௌா௃ ⋅ [(௟2) ⋅ ௪22 − ௪36 ] (38) 

Therefore, (39) were obtained.                         𝑓 (௟2) =  ஺2 = ௌ3ா௃ (௟2)3
  (39) 

where A=f(l) denotes the total amplitude of the relative displace-
ment of both ends of the spring, equal to the vibration amplitude of 
the trough relative to the body in the direction f. 

Fig. 8. Continuous spring model (flat spring during deformation) 
 

By determining the S value from relation (39) and substituting it 
in equation (38) we obtain the deflection line of the lower half of the 
spring depending on A (40):  𝑓ூ(ݓ) =  3(௟/2)3 ⋅ [(௟2) ⋅ ௪22 − ௪36 ] ஺2,                  (40) 

for ݓ = 0  to  ݈/2 

Using the antisymmetry of the deformation form of the upper 
and lower spring halves, the displacements of the upper part can 
be written in the form (41).  𝑓ூூ(ݓ) =  {1 − 32(௟/2)3 ⋅ [(௟2) ⋅ (௟−௪)22 − (௟−௪)36 ]} ݓ for   ,ܣ = ௟2   to  ݈ 

(41) 

Between the time course of deflection f(t) and the speed 
course𝑓̇(ݐ) for harmonic vibrations, there is a relation of the ve-
locity amplitude being equal to the displacement amplitude multi-
plied by the angular frequency of vibrations ω. 

Therefore, the square of the velocity amplitude of the point of 
the spring with deflection f is𝑓2߱2. This allows us to present the 
maximum kinetic energy of the mass reduced to the trough as (42) ܧ௠೥ೝ =  12 ݉௭௥(42)                             2߱2ܣ 

And the spring: ܧ௠೥ೝ =  12 ∫  𝑓(ݓ)ݓ݀ ̄݉ 2߱2௟0   (43) 

where ݉̄ = ௠೔௟                                        (44) 
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By comparing the two expressions (42) and (43) for kinetic en-
ergy, the second of which is the sum of both parts of the spring, it 
is possible, after calculating the integral and dividing by A2ω2/2, to 
determine the reduced mass of the spring (45) which is connected 
with the trough and that produces the same inertial resistance at 
the attachment point as the tip of the spring. 

݉௭௥ =  ݉௜2݈ܣ { ∫  [𝑓ூ(ݓ)] ݓ݀ 2 + ∫  [𝑓ூூ(ݓ)] ݓ݀ 2  ௟
 ௟/2

 ௟/2
 0 }    

    =   1335 ݉௜                                     (45) 

Correct determination of the antiresonant frequency of the sys-
tem requires adding the determined fraction of the mass of the ac-
tive spring part to the mass of the trough (and, of course, the total 
mass of the grip parts associated with the trough). 
 

6.1. Experimental and numerical study of the frequency  

of bending vibrations 

 

6.1.1. An experimental model and Identification of system  

parameters and experimental determination of the  

first natural frequency 

To check the accuracy of the calculation model taking into ac-
count the mass of the flat springs (Equation (45)), an experiment 
was carried out to determine the first natural frequency of bending 
vibrations of the system shown in Fig. 9. This system reflects the 
typical method of attaching flat springs in vibrating conveyors, such 
as the one shown in Fig. 1. attached by screws E, washers F and 
nuts G and pressure plates D to distancing bodies B. Figure 9a 
shows the basic dimensions of the elements of the analysed sys-
tem. Figure 9b shows the system of Figure 9a attached by means 
of a vice to the anchored in the foundation. The vibrations of the 
free end of the system were induced by its deflection and release. 
Vibration recording was performed using a vibration analyzer KSD-
400 from SENSOR equipped with a miniature accelerometer 
352C22 from PCB PIEZOTRONICS with a mass of 0.5 g. The ac-
celerometer was glued to one of the flat springs, as shown in Fig. 
9b. The sampling frequency was 4.096 Hz. Due to analog integra-
tion, the vibration velocity was measured over time. 

Fig. 9. Scheme of the elastic support system, (a) A – flat spring, B – distancing 
mass, C – mounting washers in the vice jaws, D – pressure plates, E – 
screws M5x40, F – nuts, G – washers; (b) the system attached to the 
foundation with a vice 

 

The results of free vibration tests of the system are shown in 
Fig.10. The time course of the vibration velocity decay is shown in 
Fig.10a. The results of the FFT analysis are presented on Fig. 10b. 
The natural frequency obtained from the experiments was 85,3 Hz.           

In order to determine the actual elastic-inertial properties of the 
system, additional tests were carried out:  

− three-point bending flexural tests of each of both flat springs, in 
order to determine their individual bending stiffnesses EJsi ; 

− testing of the transverse stiffness kf of the entire system; 
− measurement of the masses of system elements. 

  

Fig. 10. Time course of vibration velocity (a), FFT analysis results (b) 

The values of the bending stiffness EJs1 and EJs2 of the used 
springs and the transverse stiffness kf of the entire system were 
experimentally tested using the MTS ACUMEN 3 testing machine, 
equipped with a 250 N force sensor. The traverse shift velocity in 
all tests was 0.5 mm/s. In the three-point bending flexural tests, the 
distance between the supports was 70 mm. Figure 11 shows a 
stand for three-point bending flexural tests and a graph of the lateral 
force versus the deflection arrow for one of the springs, along with 
a 1st degree polynomial approximating this course. Approximations 
of the experimental results were performed in the MATLAB soft-
ware environment. The values of the slope coefficients of the linear 
approximating functions were 48.7078 N/mm and 48.4407 N/mm 
respectively, while the coefficients of determination were 0.9991 R-
squared and 0.9992 R-squared respectively. Based on these val-
ues and the known relations, the bending stiffness values of the two 
springs were determined, which were EJs1 = 348058 Nmm2 and 
EJs2 = 346149 Nmm2 respectively. Figure 12 shows the entire sys-
tem subjected to transverse load (Fig. 12a) and the relationship be-
tween transverse force and stiffness kf of the system along with a 
function that approximates stiffness (Fig. 12b). The approximate 
stiffness value was 30.4068 N/mm, with a coefficient of determina-
tion of 0.9967.  
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Fig. 11. An experimental determination of the transverse stiffness of flat 
springs: (a) view of the station, (b) force-displacement diagram for 
one of the spring 

Fig. 12. Experimental determination of the stiffness of the entire system   
(a) before and after the load, (b) the relationship between the 
transverse force and the stiffness kf of the system  

 

The information contained in Tab. 4 with the following notations 
was obtained from the analysis.  

 

Tab. 4. Geometric and physical parameters of flat springs and other com-
ponents of the test system (Fig. 9) - mass values are given with 
an accuracy of 0.01 g 

Parameter Value Unit Meaning 

lc = 0.1 m total length of the spring 

l = 0.06 m active length of the spring 

b = 0.02  m spring width 

h = 0.001  m spring thickness 

mr = 0.00948 kg mass of the active part of a single spring 

mzr = 0.00352 kg reduced mass of a single spring (45) 
md = 0.09609 kg vibrating mass B + D + E 

mz = 0.10314 kg total weight reduced 

EJs1 = 348058  Nmm2 spring stiffness no. 1 

EJs2 = 346149 Nmm2 spring stiffness no. 2 

 

6.1.2. The 1st natural frequency – a continuous and discrete 
model 

The impulse excitation was used to perform a modal analysis, 
i.e. the appearance of a short-term high force acting across the 
springs. The appearance of this force causes the excitation of res-
onance vibrations. These vibrations also include the first form of 
natural vibrations, which is related to the deformation of the springs 
of mass mr and the oscillations of the mass md, which is the sum of 
the masses of the non-deformable parts (distancing mass (B), 
screws and washers (E)). The behaviour of the vibrating system 
with the first mode of natural vibrations from Fig. 9 shows not only 
the continuous model (Fig. 13a), but also the discrete model (Fig. 
13b), which simplifies the behaviour of the system for the transla-
tional movement of the mass mz (due to the identical displacement 
of the mounting points of the flat springs ). The mass mz is the re-
duced mass of the vibrating elements, i.e. masses of the deformed 
springs mr and the nondeformable vibrating parts md. Using formula 
(45), the reduced mass mz was obtained in the form (46). ݉௭ =  ݉ௗ + 2 ⋅ ݉௭௥   =  ݉ௗ + 2 ⋅  1335 ݉௥            (46) 

Fig. 13. Continuous model of the tested system showing the first natural 
frequency (a), discrete equivalent model of the tested system for 
the first natural frequency (b) 

 

In this case, the replacement suspension system was a spring 
and damper package with stiffness and damping coefficients kf and 
bf, respectively, attached to the support and the reduced mass mz 
parallel to the direction of vibration. 
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The elasticity of a single flat spring used in the experiment was 
calculated from the Eq. (47), which takes into account the constant 
moment of inertia (48) of the cross-section b x h of the spring bar 
shown in Fig. 9a and Tab. 4. ݇௙ ௜ =  12ா௃ೞ೔௟3   (47)  

where 

ܬ = ௕ℎ312  (48) 

The energy absorption coefficient ψ for flat steel springs is 
equal to 0.04 [17], which means that the viscous damping coeffi-
cient of the spring is so small that its impact on the vibration fre-
quency is negligible. After taking into account the parallel connec-
tion of flat springs and the discrete model, the doubled elasticity kf 
and the first natural frequency of undamped vibrations (doubled 
damping coefficient bf ≈ 0) in the form (49) were obtained. 

𝑓 = √∑ ೖ೑ ೔2೔=1೘೥ −(∑ ್೑ ೔2೔=12೘೥ )2
2గ  ≈ √∑ ೖ೑ ೔2೔=1೘೥2గ   ≈  (49)            ݖܪ 97.33

Frequency not taking into account the spring mass calculated 
from the Eq. (50) 

𝑓 = √∑ ೖ೑ ೔2೔=1೘೏ −(∑ ್೑ ೔2೔=12೘೏ )2
2గ  ≈ √∑ ೖ೑ ೔2೔=1೘೏2గ   ≈  (50)             ݖܪ 100.83

 
 

6.1.3. The 1st natural frequency – a numerical model 

FEM software is usually used as a tool to check the accuracy    
of analytical calculations carried out in the conveyor design pro-
cess. Modal analyses are most often used to determine the natural 
frequency of the system. The results of such an analysis, performed 
in the ANSYS software environment, are presented below. The in-
ertial and elastic parameters of the solid model were determined on 
the basis of experimental data presented in Tab. 4. Due to differ-
ences in the geometry of the real elements and the solid model (e.g. 
modelling the threaded part of the screws in the form of a cylinder, 
omitting chamfers, etc.), appropriate density values were assigned 
to individual elements in the solid model so that their masses were 
consistent with those measured experimentally. The Poisson num-
ber for all elements was assumed to be 0.3, and the Young's mod-
ulus of springs was assumed to be 208262.1 MPa, which is the 
average of the values determined on the basis of experiments. For 
the remaining elements, a value of Young's modulus representative 
for carbon steels was assumed, equal to 200000 MPa. In order to 
obtain a high-quality FE mesh, the selected elements were divided 
into smaller volumes and then the requirement for compliance of 
common nodes was imposed within these elements. All parts of the 
system have been discretised using higher-order finite elements 
exhibiting quadratic displacement behavior. Springs have been dis-
cretised using quadratic 20-node hexahedral elements, which gen-
erally give more accurate results than tetrahedral-shaped elements 
and are also more reliable in terms of the skewness parameter [18, 
19]. To obtain reliable results from the FEM analyses, in addition to 
analysing the quality of the FE mesh, an additional analysis of the 

influence of the density of the spring modelling mesh was per-
formed. Modal analyses were performed with three finite element 
mesh settings in the spring thickness direction b: with one, two, and 
three finite element layers. The models obtained in this way are 
shown in Fig. 14. In Figure 14, the boundary condition of the re-
straint on the surface of the mounting plate on the FEM model is 
additionally marked in yellow. Table 4 lists the number of nodes in 
individual system models, the results of the FE mesh quality analy-
sis (average skewness and average orthogonal quality), and the 
results of the impact of the FE mesh density on the natural fre-
quency value obtained in the modal analysis. 

Fig. 14.  The results of the modal analysis performed in the ANSYS    
environment - the first form of vibration from Fig. 8 and 9 - the 
simulation result is 97,74 Hz (Tab.4) for three finite element lay-
ers on flat springs 

 

The difference between the results (Tab. 5.) obtained for mod-
els with 3 and 2 layers was approximately 0.06%, indicating the 
high accuracy of the results. These results are in good agreement 
with the result of the formula (49) taking into account the mass of 
the spring (97.33 Hz). The difference between the pattern result and 
the 3-layer FEM result was approximately 0.4%. 

6.1.4. Comparison of analysis results 

In the comparative analysis, the reference value with which the 
remaining results were compared is the frequency of the first form 
of vibration obtained from the experimental analysis, which was  
85.3 Hz. As shown in Table 6, the result of the theoretical analysis 
of 97.33 Hz, taking into account the reduced mass of flat springs 
(49), is closest to the value obtained from the experimental test. 
The difference in values and the relative error of 14.10% may result 
from assembly errors and measurement errors when determining 
the active length of the flat spring. 

Tab. 5. Parameters of modal analysis  

Number of layers in  

thickness h 
1 2 3 

Total number of nodes / num-
ber of nodes of one spring 

379514/ 
15629 

397475/ 
24586 

415436/ 
33543 

Average Skewness  

parameter 
0.24776 0.23940 0.23175 

Average Orthogonal Quality 0.87048 0.87567 0.88043 

The 1st natural  

frequency 
98.01 Hz 97.80 Hz 97.74 Hz 
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Tab. 6.  Comparison of the frequency results of the first form of     
bending vibrations 

A type of modal analysis f [Hz] ࢿ [%] * 

theoretical without taking into account 
the mass of flat springs 

100.83 18.21 

theoretical taking into account the 
mass of flat springs 

97.33 14.10 

numerical 97.74 14.58 

experimental 85.30 0 

  the relative difference between a specific value and the value - ࢿ *
obtained from experiment 

 

The active length should be counted from the place where the 
spring is attached, taking into account the chamfers of the spacer 
mass (B) and the pressing washers (D) from Fig. 9. The theoretical 
method does not take into account their deformability, which could 
occur under real conditions. Failure to take into account the mass 
of the springs (50) with the result of 100.83 Hz leads to even greater 
errors in frequency estimation at the level of 18.21%. The numerical 
analysis gave a result very close to the theoretical value, taking into 
account the reduced spring mass. Both of these methods assume 
tight adhesion of the springs and spacer masses to each other, and 
hence the active length in both methods is identical. In fact, due to 
the slight deformability of the handles, the active length can be 
greater and the elasticity of the springs can decrease with the cube 
of the active length of the spring (45). 

7. CONCLUSIONS 

 

Achieving high mobility properties of conveyors operating on 
the basis of Frahm's principle of dynamic elimination requires high 
accuracy in determining both the position of the antiresonant point 
and the resonance frequency of the system. Relationships based 
on the classical Frahm damping theory lead to results that are far 
from real in this regard. This paper presents correct derived formu-
las and a nomogram built for designers based on them. The effect 
was shown that the actual number of degrees of freedom in ma-
chines constructed using the dynamic eliminator principle has on 
frequencies limiting the antiresonance zone. The effect of the 
spring mass on the antiresonance frequency was also pointed out, 
and correct relations for its consideration were derived. The issues 
discussed do not exhaust the possible causes of unsatisfactory run-
ning properties of antiresonance type conveyors. Many significant 
errors may also result from a simplified mathematical description of 
the vibrating system, not including the phenomenon of self-syn-
chronisation of vibrators [7] or even the construction of a system 
that does not guarantee the possibility of obtaining the exciting 
force along a straight line [20], which is the cause of the component 
of the direct transfer of the exciting force to the ground. 
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Abstract: This paper investigates the effect of ground end coils on axial stiffness, as well as the magnitude and direction of transverse 
reactions occurring during axial compression of a coil spring. As shown, conventional relationships for calculating axial stiffness can signifi-
cantly overestimate its value, especially for springs with a small number of active coils. Transverse reaction forces during axial compression 
of a spring can reach high values. The paper shows that these forces can exceed more than 30% of the axial force caused by the compression 
of the spring. There are no relations in the available literature to estimate the effect of spring geometry on the value and direction of the 
transverse reaction generated during axial compression of the spring. On the basis of experimental studies of axial compression of springs, 
a numerical model with high accuracy was developed - the average difference between the experimental results and the results of the 
numerical model was 2.7%. The model took into account friction between coils, large deformations and carefully studied material parameters. 
Using the developed numerical model, a total of 245 numerical analyses were carried out, based on which new relationships were developed 
to accurately calculate axial stiffness, lateral reaction force and its angle. The new relationship for calculating axial stiffness shows better 
agreement with the results of numerical analyses than all the relationships found in the literature to date. The average difference between 
the results of this relation and the results of the numerical analyses carried out did not exceed 2%. A new relation has been proposed for 
determining the value of the transverse reaction occurring in axial compression of springs. This relation also shows high agreement with the 
results of numerical analyses. In addition, a new relation has been proposed to determine the direction of the transverse reaction force.  

Key words: helical compression spring, coil spring, axial stiffness, end coils, transverse reaction, spring design

1. INTRODUCTION 

Helical compression springs are widely used in mechanical en-
gineering. The primary functions of springs are absorbing energy 
and mitigating shocks, applying a definite force or torque, support-
ing moving masses, isolating vibrations, indicating or controlling 
load or torque and providing an elastic pivot or guide [1]. Conse-
quently, they find widespread application in vehicle suspensions, 
such as those in cars [2], railway bogies [3, 4], vibratory conveyors 
[5], internal combustion engine valves [6], and vibration absorbers 
[7]. Springs operate under static and dynamic conditions and are 
subject to buckling. In specialized applications, these performance 
characteristics must be determined with high precision. This neces-
sitates precise design, including a meticulously shaped coil config-
uration. In the paper [8] a method for modeling helical irregular pol-
ymer structures and determining their stiffness and stresses in a 
numerical and experimental way is presented, showing the possi-
bilities of numerical methods in geometry modeling. Most designers 
still rely on basic helical structures, which have not been thoroughly 
studied. One aspect of spring construction that remains insuffi-
ciently studied is the end coil, whose shape influences the spring's 
stiffness and the distribution of transverse forces resulting from ax-
ial compression [9]. However, the precise extent to which the shape 

of the end coil influences the spring's stiffness, and the distribution 
of transverse forces has not yet been thoroughly evaluated. The 
motivation for conducting research in this area arises from the oc-
currence of spring failure [10, 11, 12], especially damage in the form 
of coil fractures near the inactive coil [13, 14]. In paper [10], using 
FEM analysis of an automotive barrel spring, the stress distribution 
of on its surface was investigated in the area around a modelled 
failure in the form of a blind hole. In paper [11], a numerical analysis 
of a torsion spring made of round wire was carried out, indicating 
the locations of possible fatigue cracks initiated by defects created 
by machining. This is also related to both axial and transverse stiff-
ness, which significantly affects load transmission [15, 16], and is 
directly linked to the transverse forces generated by compression 
[17]. 

The inaccuracy in determining the stiffness of a spring arises 
from at least four factors, which include dimensional inaccuracies 
in the geometric parameters of the spring, such as the wire diame-
ter d, the mean coil diameter D, the number of active coils na (which 
decreases during compression), and errors in estimating the mod-
ulus of rigidity G [18]. Additionally, a smaller influence on the 
spring's characteristics is attributed to the helix angle γ, which can 
be neglected for springs with angles smaller than 10 degrees, or 
even 15 degrees (resulting in an error of only 2.5%) [1]. Wahl indi-
cates that the parameters mentioned earlier, as well as the shape 
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of the end coil, have a greater influence on stiffness than the helix 
angle. Therefore, deviations in the helix angle along the entire 
length of the spring have an even smaller effect. The paper [12] 
also highlights the problem of non-uniformity of pitch and wire di-
ameter, but also hardness, which affect the stiffness characteristics 
of the spring. Further factors mentioned in the literature include er-
rors in the perpendicularity of the spring axis to the support surfaces 
[18], the type of end coil used [19], and the transition between in-
active and active coils associated with it [20]. The latter factor can 
significantly contribute to nonlinearities, especially if the progres-
sive transition zone is large [21]. The way the spring is assembled 
also affects its characteristics, i.e., whether the spring ends are 
fixed or free to rotate [1], which also leads to variations in the de-
tailed formulas for axial stiffness [18]. The continuous change in 
structural parameters D, na, and γ during spring deformation results 
in the development of nonlinearities in the spring's characteristics 
[18]. During compression, nonlinearity initially arises from factors 
such as the non-parallelism of the spring ends, the lack of perpen-
dicularity between the spring axis and the support surfaces, load 
eccentricity, and errors in the contact of the inactive coils. In the 
final stage, nonlinearity is caused by the non-simultaneous blocking 
of active coils. For this reason, it is recommended to calculate the 
axial stiffness within the central range of the spring’s characteristics, 
i.e., for forces within 0.3 to 0.7 of the spring’s blocking force Fn [18]. 
Additionally, the process of loading and unloading a compressed 
spring exhibits hysteresis [22], which means that stiffness may not 
necessarily have the same value in both loading directions. 

Differences in the value of axial stiffness also result from the 
development of transverse forces during compression. In [9], the 
causes of transverse forces were presented, including spring asym-
metry, load misalignment, buckling, stresses, variable wire diame-
ter, and pitch variation. When these factors are significant, larger 
transverse forces are generated, which reduce the axial force and, 
consequently, the axial stiffness of the spring. The highest trans-
verse forces occur in conical springs [9]. The issue of axial force 
transfer is addressed by recommending the use of a fractional total 
number of coils. In this configuration, the ground ends of the spring 
are arranged in opposite directions, preventing load misalignment 
[18]. Springs typically have one inactive coil on each end, but for 
long springs and under variable loads, 2 or 2.5 inactive coils are 
used to improve spring stability [18, 23]. Conventionally, the bound-
ary between active and inactive coils is considered to be the point 
where coil contact begins in the unloaded state. However, this point 
is movable during compression, and it has been shown that part of 
the inactive coils primarily experiences torsional stresses [24]. For 
this reason, it cannot be assumed that the entire inactive coil does 
not contribute to the spring's stiffness. The EN 13906-2013 (E) 
standard [25] does not acknowledge this fact, adhering to the con-
ventional boundary principle. This applies to supported coils, as de-
fined in the ISO 2162-2:1993(E) standard [26]. For springs with 
open-ground ends, the inactive coil begins at the start of the ground 
surface, whereas open-unground springs lack an inactive coil. Such 
springs require specialized mounts using, for example, elastomer 
inserts [27]. In such cases, the boundary between inactive and ac-
tive coils may be where the spring exits the fixture, although this 
depends on the degrees of freedom provided by the fixture. Tran-
sitional coils, which lie between inactive and active coils, are also 
identified [20]. This distinction arises from a pitch difference com-
pared to the active section, which increases nonlinearly. It has been 

shown that the length of the transitional coil influences the magni-
tude of transverse forces and, consequently, axial stiffness [20]. 
The lack of standardized methods for defining the boundary be-
tween spring coils causes discrepancies in measurement results 
compared to the basic formula for the spring rate k provided in EN 
13906-2013 (E) [21]. The full formula, which accounts for the helix 
angle, is not widely used, as helix angles typically do not exceed 
10°, and spring indices greater than 10° result in minimal calcula-
tion errors [28]. One way to improve formula accuracy is by adding 
a correction factor to the number of active coils. The first proposal 
was made by Vogt [29], who suggested adding 0.5 to the number 
of active coils. Later, Paredes [30] proposed a correction of 0.35 
and introduced a version that adjusts both the number of coils and 
the spring height, achieving an error of less than 0.2 compared to 
experimental force measurements. Additionally, Paredes demon-
strated that the relationship in EN 13906-2013 (E) provides suffi-
cient accuracy for springs with more than five active coils. In [28], 
formulas were developed to calculate the axial deflection of springs 
with rectangular, square, circular, annular, and elliptical wire cross-
sections. The study analyzed stress contributions from axial force, 
shear force, bending, and torsional moments. It also presented for-
mulas proposed by Wahl, Timoshenko, Ancker, and Goodier. The 
results were compared with finite element analyses performed in 
ANSYS, showing that the Ancker and Goodier analytical formula 
yielded the most accurate results. The formulas by Yıldırım and Ti-
moshenko take the helix angle into account [31]. A similar assump-
tion is made in the Krużelecki and Życzkowski formula [32], which 
provides results comparable to those of Timoshenko. In [33], Hi-
royuki's formula was introduced, which incorporates material con-
stants E and G, as well as the tangent of the helix angle. In [31], a 
more accurate formula than those of Timoshenko and Hiroyuki was 
proposed, though it is highly complex, incorporating parameters 
such as wire inclination κ, spring wire length L0, and Poisson's ratio 
ν. Liu and Kim [24] proposed adding spiral ends to the active coils 
of helical springs, modeling the torsional stresses occurring in the 
end coil. They supported their findings with finite element simula-
tions. Using Castigliano's theorem, they derived a correction factor 
for the end coil, which should be multiplied by the classical formula 
to account for its effects. 

The aim of the study is to determine the effect of varying the 
contact length between coils on the axial stiffness and transverse 
force resulting from the axial compression of springs with ground 
and supported end coils, as specified in ISO 2162-2: 1993 (E) [26]. 
The research will be conducted using a tensile testing machine and 
numerical methods. Additionally, the results for axial stiffness will 
be compared with commonly used formulas, and empirical equa-
tions will be proposed to predict the axial stiffness and transverse 
reaction forces. This study's main novelty lies in its comprehensive 
quantification of how end‑coil geometry significantly affects not only 
axial stiffness but also the magnitude and direction of transverse 
reaction forces — areas previously lacking precise analytical rela-
tionships in the literature. From an industrial standpoint, the new 
relationships enable more reliable spring design, particularly in sus-
pension systems, vibration absorbers, and conveyor mechanisms 
— applications where unaccounted transverse reactions can lead 
to misalignment, fatigue fracture, or operational instability. Ulti-
mately, the improved predictive accuracy supports enhanced per-
formance, safety, and longevity of springs in automotive, rail, and 
industrial machinery contexts, enabling engineers to design with 
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tighter tolerances and fewer prototypes. 

2. ANALYTICAL METHODS 

In the literature, several formulas for determining axial stiffness 
are distinguished, some of which were mentioned in the introduc-
tion. The most commonly used formula for the axial stiffness kN is 
the equation (1) provided in the EN 13906-2013 (E) standard [25], 
which does not take the helix angle γ into account. ݇ே = ீ∙ௗ48∙஽3∙௡ೌ                                    (1) 

where G represents the modulus of rigidity, d is the nominal diam-
eter of wire, D is the mean diameter of coil, na represents the num-
ber of active coils. 

Among the methods that increase the accuracy of axial stiff-
ness calculations for springs, the most popular and straightforward 
ones were selected, which, after preliminary analysis, yield results 
that differ from each other. 

As mentioned in the introduction, Vogt [29], in order to account 
for the influence of the inactive coils, proposed increasing the num-
ber of active coils by 0.5. On the other hand, Paredes [30] verified 
this and introduced an increase of 0.35 in the number of active coils. 
This value is named as correcting number of active coils ncor, which 
is used in formula (2), describing Vogt (V) or Paredes (P) method. ݇௏,௉ = ீ∙ௗ48∙஽3∙(௡ೌ+௡೎೚ೝ)                                 (2) 

A more accurate method compared to equation (1), which takes 
the helix angle γ into account, is the formula (3) proposed by 
Krużelecki and Życzkowski [32], which slightly changes the value 
of the axial stiffness compared to equation (1).  ݇௄ = ஼೟0ுೌ = ா∙ூ∙௦௜௡(ఊ)ோ02∙(1+ఔ∙௖௢௦2(ఊ))∙ுೌ                         (3) 

where Ct0 represents the initial compression stiffness, R0 is the ini-
tial spring radius, ν represents Poisson’s ratio, E is the Young mod-
ulus, I represents axial moment of inertia of spring wire, γ repre-
sents helix angle and Ha is the height of unloaded active coils. 

In the publication [28] Yıldırım proposed equation (4), which 
takes into account the shear stiffness Cb, compression stiffness Ct, 
bending stiffness Db and torsion stiffness Dt, expressed by equa-
tions (5-8), respectively. ݇௒ = (14 ߨ݊݀ܥ (cos(ߛ) ( 4஼್ + ஼2ௗ2஽೟ ) + sin(ߛ) tan(ߛ) ( 4஼೟ +
஼2ௗ2஽್ )))−1

                                         (4) 

௕ܥ = ீగௗ24ణ , ߴ = ߴ ݎ݋ 1,1 = 7+6ఔ6(1+ఔ)                  (5) ܥ௧ = 2(1 + (ߥ ∙ ீగௗ24 ௕ܦ (6)                                  = 2(1 + (ߥ ∙ ீగௗ464 ௧ܦ (7)                                 = ீగௗ432                                           (8) 

Another method accounting for the inactive coils was presented 
by Liu and Kim in their publication [24], where they introduced the 
concept of end coils above the ground surface. The number of 
these coils should be added to the active coils and placed in the 

denominator of the ratio, with the numerator being the number of 
active coils. This is represented by equation (9). ݇௅௄ = ݇ே ∙ ( ௡ೌ௫೙+௫೐೙೏)                            (9) 

where xn is the number of coils from the bottom to a certain point of 
the spring and xend is the number of effective coils at the bottom [19].  

The presented formulas will be compared during the numerical 
analysis stage, aiming to find the smallest mean absolute percent-
age error (MAPE) in order to identify the methods that provide re-
sults closest to reality and to propose a new method. 

3. MECHANICAL TESTS 

3.1. Stiffness experimental tests settings 

The spring compression tests were carried out using an HT-
2402 testing machine from Hung Ta Instrument Co., Ltd., Taiwan, 
equipped with a CL16md 5kN load cell from ZEPWN, Poland, of the 
precision class 0.5 according to ISO 376 (Fig. 1) [15]. The results 
were recorded using dedicated software. The test sample consisted 
of 18 sets of springs with squared and ground end-coils, each con-
taining 3 identical springs in terms of their parameters. In total, this 
amounted to 54 springs. The spring sets (Fig. 2) differed in the 
spring index C, which was 5 or 7, the number of active coils na, 
which was 2.5, 2.75, or 3, and the contact length of the end coils s, 
which was 0 (point contact), 0.25, or 0.5. The contact length s was 
defined as the quotient of the length of the contact line between the 
end coils on one side of the spring and the length of one coil of wire. 
It was determined by inserting a 0.07 mm thick plate of feeler gauge 
until it locked in place. Then, using a protractor with a resolution of 
1 degree, the angle of the arc from the end of the spring to the 
locking point of the slotted gauge plate was measured. The pitch P 
of the springs equaled 10 mm for all springs. 

Fig. 1. The testing machine used to spring axial stiffness researches 

The springs were supplied by a company specializing in cus-
tom-made springs. They were manufactured in accordance with the 
EN 13906-1:2013 standard [25]. The springs were made from 
55CrSi FD Becrosi 26 spring steel, which complies with the EN-
10270-2 standard [25]. The wire diameter d was nominally 5 mm 
with upper and lower deviations equal to respectively: +0.008 mm 
and -0.010 mm. The main material properties of this steel include a 
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modulus of elasticity in tension E of 206 GPa, a modulus of elastic-
ity in shear G of 79.5 GPa, and an ultimate tensile strength Rm of 
1800 MPa. The first technological process involved coiling the 
springs. Next, the springs were tempered at 220°C for 15 minutes, 
after which the end coils were ground to ¾ of the circumference. 
Finally, the same heat treatment was applied again [15]. 

 

Fig. 2. Samples of springs (a) used to axial stiffness researches; (b) graphical 
representation of contact length for two example lengths s = 0 and s = 
0.25 

The springs were measured in terms of height using an elec-
tronic caliper and the number of coils in contact using a protractor 
with an accuracy of 1 degree. The reference point was the theoret-
ical height, calculated as the product of the pitch P and the number 
of coils n, while for the contacts, the measurement corresponded to 
the order specifications. The springs that were closest to the bench-
mark geometry were considered as reference specimens for vali-
dating the numerical model. These were precisely replicated, and 
their measured axial stiffness became the benchmark for calculat-
ing the accuracy of the numerical model. The axial stiffness k in the 
bench tests was calculated according to Eq. (10). The maximum 
deflection for each spring was half of the theoretical spring gap, and 
the minimum reading point was 20% of the maximum deflection. 
Therefore, the maximum deflections for the springs with 2.5, 2.75, 
and 3 coils were 6.25 mm, 6.875 mm and 7.5 mm, respectively. ݇ = ி೘ೌೣ−ி೘೔೙௦೘ೌೣ−௦೘೔೙                                  (10) 

where Fmax, Fmin – force, smax, smin – deflections for the maximum 
and minimum measuring point, respectively. 

3.2. Results and initial analyses 

The results of the axial stiffness tests are presented in the form 
of a scatter plot (Fig. 3), with error bars indicating the variability 
range of the 3 measured samples. The variability was minimal, in-
dicating repeatability of the results. When comparing the springs in 
terms of contact size, an increase in axial stiffness was observed 
for the 0.25 coil contact, which requires further investigation. These 
changes are particularly significant for the shortest spring with a 
spring index C = 5, where the ratio of the data spread to the mean 
was equal 11.2%. For the same number of coils but with a spring 
index C = 7, this ratio was 4.3%. A higher spring index also results 

in greater stiffness for point or quarter-coil contacts, although this 
effect is less apparent than for the springs with smaller index. It was 
decided to extend studies with a numerical model to highlight spe-
cific trends in the changes. 

Fig. 3.  Axial stiffness k for different numbers of active coils na depending 
on the contact length per one side of spring s for a) C = 5, b)  
C = 7 

4. NUMERICAL TESTS 

4.1. Material research 

To build a more accurate numerical model, measurements of 
Young’s modulus E, Kirchhoff’s modulus G, and the coefficient of 
friction for the material from which the spring wire was made were 
performed. The measurement of Young’s modulus E was con-
ducted for two samples of straight wire with a diameter of 5 mm, 
sourced from the same spring manufacturer. The tests were carried 
out on the same testing machine equipped with load cell CL16md 
5kN and a ZEPWN CL 25D-R B50 L30 extensometer, with resolu-
tion of 1 µm (Fig. 4). Tension was carried out under crosshead con-
trol at a speed of 1 mm/min, with the length of the entire specimen 
between the grips being approximately 180 mm. As a result of the 
measurement, elongations and stresses in the wire cross-section 
were obtained, as shown in Table 1. 

Tab. 1. Results of Young’s Modulus E measurement 
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1 60.23 0.031 0.207 120 720 205330 

2 60.82 0.031 0.211 120 720 202733 

Average Young's modulus E 204031 

Young's modulus was calculated according to the relationship 
given in ASTM E111 – 04, based on the values given in Tab.1. The 
increase in force divided by the original cross-section of the speci-
men corresponds to the difference in stress σ2 and σ1, while the 
increase in strain corresponds to the quotient of the difference in 
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elongation L2 and L1 and the original measurement length L0. Aver-
aged over the two measurements, the value of Young’s modulus 
was 204031 MPa. 

Fig. 4. Young's modulus measurement station 

The next stage involved measuring the shear modulus G. The 
measurement was conducted using the same testing machine, but 
with an extension for twisting rods (Fig. 5). To secure the rod in the 
extension, it was bent, leaving a section L equal to 112 mm. To 
avoid damaging the samples, the measurement was repeated 14 
times on the same rod, with the traverse displacement of the testing 
machine set to 20 mm. The first 3 results were excluded due to 
significant deviation, and the average force was calculated to be 
118.6 N, with a coefficient of variation of 0.6%. The calculations 
based on formula (11), resulted in a shear modulus G value of 
80,550 MPa. 

Fig. 5. Kirchhoff's transverse elasticity modulus G measurement station ܩ = 32∙ி∙ோ೒∙௅ఝ∙గ∙ௗ4                                    (11) 

where: F – force measured by the sensor of the testing machine, 
Rg – radius of the gear wheel of the attachment, L – twisted wire 
length, ߮ – wire twist angle obtained by measuring the axial dis-
placement of the testing machine crosshead, d – wire diameter. 

The final key material property is the coefficient of friction μ. 
Two coefficients were distinguished - one larger for the ground sur-
face in contact with the machine supports and a smaller one for the 

contact between the wires. The friction coefficient between the con-
tacting wires was measured using a constructed bench based on 
an inclined plane (Fig. 6). There is currently no international stand-
ard that specifically addresses the measurement of the coefficient 
of friction between round steel bars. A straight spring wire was fixed, 
and the shortest spring was placed on it, with the measurement re-
peated 6 times for 3 samples of the same spring on two inner sides 
of the springs, giving 36 results. This way, point contact was 
achieved between 4 coils and the wire. The flat surface was raised 
until the spring began to slide. As a result of the data analysis, 6 
values significantly deviating from the average were discarded, re-
sulting in 30 values, which were used to calculate the average co-
efficient of friction. The range of variation of the friction angle spread 
from 0.153 to 0.186.  

Fig. 6. Measurement of the friction coefficient for steel-steel friction pair 

Using geometric relations, the friction coefficient was calculated 
as the tangent of the friction angle. Average value of measured fric-
tion coefficient was equal to approximately 0.18. The result was con-
sidered to be determined with sufficient accuracy, also confirmed by 
literature [34]. This parameter also depends on pressure force [34]. 
For the ground surfaces, it was assumed that the friction coefficient 
would be much higher than for smooth surfaces, and in the numer-
ical analyses, it was taken as 0.5. This value is also one of possible 
for steel to steel pair [34] and steel to aluminium pair [35]. Under 
actual operating conditions of helical compression springs, the friction 
forces between the spring's ends and the supports should be greater 
than the transverse reaction forces. Otherwise, there would be abra-
sion of the ground wire surface, which would increase the risk of wire 
fracture and could also result in a loss of support stability. If it is antic-
ipated that the transverse forces may be greater than the frictional 
forces, then the support of such a spring is strengthened by shaped 
end protection, e.g. in the form of pins or cylinders centering the spring 
end coils. Such solutions are used, for example, in vibrating machinery 
and in railway bogies. Therefore, the adopted value for the friction co-
efficient, ensuring no slippage between the analysed spring models 
and their supports, ensured at the same time a correct representation 
of the actual working conditions of this type of spring. 

4.2. Numerical model 

The numerical simulations were performed based on the finite 
element method using Ansys Workbench software, specifically the 
SpaceClaim, Design Modeler, and Static Structural modules. Each 
model was created using a script described in the publication [21]. 
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By transforming the formulas presented there, the radius of the arc 
aligning the pitch between the applied and active coils was calcu-
lated in Matlab. By inserting this radius, the spring helix angle γ, 
spring index C, and wire diameter d into the program’s algorithm, a 
code was generated that could be input into SpaceClaim. In this 
software, the spring ends were cut to ¾ of the circumference. Then, 
in the Design Modeler module, the spring was splitted along its axial 
planes, dividing each coil into four equal parts and creating the con-
tact surfaces needed for the next stage of model construction. Two 
supports in the form of rings, with a thickness of 0.2d and diameters 
slightly different from the inner and outer diameters of the spring, 
were also added. An example of a spring modeled in Design Mod-
eler is shown in Figure 7a.  

The mesh shown in Figure 7b was divided into several parts due 
to the geometric irregularities of the model. For the regular part of the 
spring, the sweep method was applied using quadratic elements, i.e., 
second-order hexahedron elements, with a size of 1 mm in the radial 
direction and 2 mm along the length. For the last ground coils, the tet-
rahedrons patch conforming quadratic method was used, i.e., second 
order tetrahedral elements, of 1 mm size. For the supports, the sweep 
method was applied with a single element along the length, of 2.5 mm 
size, and the face meshing option was used to align elements on the 
end surfaces. The applied finite element mesh has an average skew-
ness value of 0.237, orthogonal quality of 0.797 and aspect ratio of 
2.112 for the tested models. The values defining that the model is sat-
isfactory are skewness less than 0.25 - excellent, orthogonal quality 
more than 0.7 is very good, aspect ratio close to 1 is excellent [36, 37]. 
An attempt was made to refine the tetrahedrons patch conforming 
quadratic mesh with 0.75 mm size using contact sizing 0.4 mm be-
tween contacted coils, but for the spring with C = 5, na = 2.5, and s = 
0.5, the axial stiffness value differed by less than 0.04%. For this rea-
son, further refinement of the mesh was abandoned, as it was con-
cluded that the first mesh provides sufficiently accurate results for this 
study.  

Fig. 7. Spring with parameters C = 5, d = 5 mm, na = 2.5, s = 0.25 with supports 
a) modeled in the Design Modeler module of Ansys Workbench soft-
ware, b) mesh used to stiffness calculation modeled in Static Structural 
module 

It was necessary to standardize at least some of the contact pa-
rameters to ensure that the results did not rely on program-controlled 
parameters. The following contact properties were defined: 
− frictional, coefficient: 0.18 between coils and 0.5 between planed 

coils and supports,  
− behavior: symmetric, 

− trim contact: program controlled, 
− formulation: Augmented Lagrange, 
− small sliding: on, 
− detection method: on Gauss point, 
− penetration tolerance value: 0.01 mm, 
− elastic slip tolerance: program controlled, 
− normal stiffness factor: 1, 
− update stiffness: program controlled, 
− stabilization damping factor: 0, 
− pinball region radius: 0.2 mm, 
− interface treatment: adjust to touch between contacted parts and 

add offset ramped effect between uncontacted coils. 
The spring was loaded with axial displacement through the upper 

support in the same proportion as in the actual testing. Additionally, all 
its degrees of freedom were constrained, except for the axial displace-
ment. The lower support was fixed and served as the surface for 
measuring the reaction force. These settings were maintained for all 
numerical simulations. Numerical solid models of springs were devel-
oped based on measured dimensions of real samples. Springs with 
spring indices C = 5 and C = 7, active coils of 2.5 and 3, and all lengths 
of contacting coils were used. Material properties were assumed to be 
in accordance with the measurements taken. Table 2 presents a com-
parison of the stiffness of the idealized model springs, with geometries 
closest to the theoretical ideal, and the stiffness calculated using the 
finite element model. The relative error, its range, and the mean abso-
lute percentage error (MAPE) were determined. The data range 
shown in Tab. 2 is defined as the span between the minimum and the 
maximum values of the differences between experimental and numer-
ical results across all data points for specified number of active coils. 
It is a significant parameter, because it shows how much the numerical 
model deviates from experimental results across the dataset. 

Tab. 2. Comparison of experimental data with numerical results.¥ 
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8.7 3.6 0.25 155.9 148.5 6.7 

0.5 142.2 139.0 2.2 

3 

0 128.0 121.4 5.1 

2.2 3.7 0.25 130.0 126.0 3.1 

0.5 121.2 117.7 2.9 

7 

2.5 

0 51.4 51.8 -0.8 

6.1 2.3 0.25 51.6 49.9 3.3 

0.5 49.5 50.9 -2.8 

3 
0 45.2 44.3 1.9 

1.6 1.2 0.25 43.9 43.8 0.4 
0.5 45.0 44.3 1.4 

According to the comparison (Tab. 2), the average MAPE was 
around 2.7%, and the range of data did not exceed 9%. These are 
the values that were considered sufficient with regard to the com-
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patibility of the numerical model with experimental results, qualify-
ing the model as suitable for the target set of numerical simulations. 
It should be noted that larger discrepancies were observed in 
springs with 2.5 active coils, with the largest discrepancies occur-
ring in the spring with an index C = 5.  

In the next phase of the study, standard material data according 
to the EN 10270-2 standard were applied, i.e., E = 206 GPa, G = 
79.5 GPa [25]. It was decided that the springs would have a wire 
diameter of d = 1 mm and would differ in spring indices C = 4, 8, 12; 
spring angles γ = 5°, 10°, 15°; numbers of active coils na = 1, 1.25, 
1.75, 2.5, 3.5; and end coil contact lengths s = 0, 0.25, 0.5, 1. In 
total, 180 numerical models of springs were created. In the further 
part of the study, due to the need for additional data, the simulation 
test was expanded for springs with C = 8, using active coils na = 1.5, 
2, 2.25, 2.75, 3, 3.25, 3.75, 4, 4.25, 4.5, 4.75, 5, maintaining contact 
s = 0 and helix angle γ = 5°, 10°, 15° (for γ = 10° and na = 1.5, 2, 
2.75, tests were made for all contacts). These studies aimed to sup-
plement the distribution of transverse reaction forces occurring dur-
ing axial compression. To supplement the data when determining 
the value of the transverse reaction angle it was also added addi-
tional simulations for C = 8, γ = 10°, na = 1, 1.25, 1.5, 1.75 and s = 
0.125, 0.375, 0.625, 0.75, 0.875. The front surfaces of all springs 
were ground to a value of ¾ circumference as in the experimental 
tests. Including the extended simulation cases, a total of 245 simu-
lations were performed.  

The mesh and contact parameters were appropriately rescaled, 
in line with the reduction of wire diameter from 5 mm to 1 mm. In 
the case of determining the penetration contact, the value was set 
to 0.002 mm. However, in about half of the cases, this value pre-
vented calculations from being performed, so it was gradually in-
creased until the calculations were feasible, but no more than 0.3 
mm, with the program-controlled option applied in a few cases. 

4.3. Results and discussion of the experiments 

4.3.1. Axial stiffness 

An example plot of the force-displacement curve for a spring 
with C = 4, na = 1, γ = 10° and s = 0.5, obtained from numerical 
simulation is shown in Figure 8. It can be noticed that, nonlinearity 
of force-displacement curve is negligible. 

Fig. 8.  Force-displacement curve for a spring with C = 4, na = 1, γ = 10°    
for coil contact length s = 0.5 

The results of the axial stiffness tests were too extensive to be 
presented in full in this publication. Therefore, they were aggre-
gated, and the trends in stiffness changes were analyzed. Data 

analysis began by examining the correlation of the output variable, 
i.e., numerical axial stiffness k, with the input independent variables 
C, na, γ, and s, for the primary set of 180 springs. The results of the 
correlation analyses are presented in Figures 9–12 along with the 
correlation coefficients. 

Fig. 9.  Correlation plot of axial stiffness k versus spring index C with  
  coefficient r = -0.81 

Fig. 10.  Correlation plot of axial stiffness k versus number of active coils 
na with coefficient r = -0.29 

Fig. 11.  Correlation plot of axial stiffness k versus helix angle γ with  
coefficient r = -0.02  

Fig. 12.  Correlation plot of axial stiffness k versus contact length per one 
ending s with coefficient r = -0.0002 
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The analysis conducted on the given sample revealed that the 
axial stiffness is primarily influenced by the input variables used in 
the classical formula from the standard, namely the spring index C 
and the number of active coils na. The spring angle γ, included in 
many more precise formulas, has a significantly smaller effect, 
while the spring end coil contact length has practically no influence. 
However, this conclusion needs to be verified for specific spring ge-
ometries. To this end, the coefficient of variation was calculated for 
each of the contact configurations of the coils within the same num-
ber of active coils. The coefficient of variation, expressed as a per-
centage, represents the ratio of the standard deviation to the mean 
value of the sample. The results are presented in Table 3, with co-
efficients color-coded for clarity. 

Tab. 3. Coefficient of variation of springs axial stiffness depending on 
spring angle, number of active coils and spring index 

Spring  
index C 

Active coils  
na 

Helix angle γ 

5° 10° 15° 

4 

1 1.12% 0.25% 0.40% 

1.25 1.38% 0.62% 0.30% 

1.75 1.17% 0.30% 0.59% 

2.5 0.49% 0.51% 0.21% 

3.5 2.82% 0.20% 0.12% 

8 

1 0.23% 0.33% 0.13% 

1.25 0.81% 0.04% 0.22% 

1.75 0.64% 0.36% 0.31% 

2.5 0.34% 0.28% 0.10% 

3.5 0.14% 0.13% 0.17% 

12 

1 0.48% 0.42% 0.30% 

1.25 0.29% 0.33% 0.38% 

1.75 0.35% 0.17% 0.92% 

2.5 0.35% 0.20% 0.13% 

3.5 0.13% 0.22% 0.22% 

The highest coefficients of variation were obtained for C = 4 and 
γ = 5°. This aligns with the results from experimental studies for C 
= 5, where variations in stiffness due to changes in the terminal coil 
contact length were also evident. For C = 12 the stiffness variability 
coefficient did not surpass 1%. For C = 8, the coefficient exceeded 
0.5% only twice, to values of 0.81% and 0.64%. In general, it is 
accepted that a feature is statistically significant if the coefficient of 
variation exceeds 10%. This threshold was not reached. The vast 
majority of spring sets showed no change in stiffness due to 
changes in the spring end coil contact length, allowing the conclu-
sion that this factor is insignificant, except for small angles and 
small spring indices. Therefore, for further calculations, the stiffness 
value for point contact (s = 0) will be used. 

Figure 13 illustrates the change in axial stiffness for springs with 
point contact and a spring index of C = 8, depending on the number 
of coils and the spring angle. This confirms the minimal effect of the 
spring angle on axial stiffness. Additionally, all variability patterns 
exhibit the same trend: the greater the number of coils, the lower 
the stiffness. This reflects the fundamental relationship provided in 
EN 13906-1:2013(E). 

 

 
Fig. 13. Axial stiffness for index C = 8, point contact (s = 0) for spring angles 

of 5, 10 and 15 degrees 

 

A general overview of the results for point contact of the 
terminal coils is visualized in Figure 14, created using Matlab. The 
three axes represent the influence of the spring index C and the 
number of active coils na on axial stiffness k. The most significant 
changes in stiffness are observed for low spring indices and small 
numbers of active coils. 

  

 
Fig. 14. Axial stiffness distribution depending on the spring index C and 

the number of active coils na for the point contact of end coils 

Fitting functions to the data visualized in Figure 14 proved chal-
lenging. Consequently, the applicability of formulas described in 
Section 2 was analyzed, highlighting differences for the batch of 
springs with C = 8, γ = 5°, and s = 0. The plot given in Fig. 15 
indicates that the formulas by Paredes and Liu & Kim, which intro-
duce an equivalent number of active coils, most closely align with 
the simulation results. Similar results are provided by the formulas 
from EN 13906-1:2013(E), Yıldırım, and Krużelecki, though they 
deviate from the FEM results. The Vogt correction produced values 
close to the simulation outcomes for springs with more than 2.5 ac-
tive coils. The greater the number of active coils, the more accurate 
all formulas become. 

Fig. 15. Axial stiffness k for the index C = 8, angle γ = 5°, point contact  
(s = 0) in comparison with selected analytical methods 
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A decision was made to derive a new formula based on the 
most commonly used equation from EN 13906-1:2013(E). To ac-
complish this, the ratio ߯ (Equation 12) between the axial stiffness 
value obtained using FEM (kFEM) and the value calculated using the 
standard formula (kN) was computed.  ߯ = ௞ಷಶಾ௞ಿ                                      (12) 

Then, the average value of ߯ was calculated for each number 
of coils, i.e. for 4 measurements of axial stiffness depending on the 
contact length. Using the Curve Fitting Tool in Matlab, a power 
function (13) was fitted to the ߯ coefficient, which tends to 1. In 
this way, it was not avoided that the stiffness was significantly 
higher than the value obtained from the formula in spring norm [25]. 
This assumption was made because in the vast majority of FEM 
data, the axial stiffness was lower than the value calculated from 
the standard formula. The function was made dependent only on 
the number of active coils. The results of fitting the function (13) to 
the calculated ߯ coefficients are given in Table 4. ߯ = 1 − (ܽ ∙ ݊௔௕)−1

                             (13)  

Tab. 4. The values of coefficient a and b of equation (13) depending on the 
spring index C and helix angle γ together with the given R-square 
parameter 

C γ [°] a b R2 

4 

5 4.550 0.6462 0.8685 

10 4.328 0.5942 0.9889 

15 3.946 0.4576 0.9917 

8 

5 4.409 0.5350 0.9164 

10 4.168 0.4938 0.9726 

15 3.701 0.3970 0.9961 

12 

5 4.393 0.5183 0.9021 

10 4.055 0.4600 0.9751 

15 3.587 0.3937 0.9910 

Fitting with the function Eq. (13) appeared to be sufficiently ac-
curate obtaining the lowest R-square of 0.8685, and an average of 
about 0.956. All data was regular and therefore was used for deter-
mining the description of parameters a and b with respect to the 
spring angle γ. In Matlab, attempts were made to fit various forms 
of the function, for example, giving high accuracies (of the order of 
R-square equals 1) Gaussian or Power options, but it was difficult 
to produce a generalized form describing all the data with high ac-
curacy. The Rational form also gave good results, but contained 
three parameters. It was decided to use the linear form Eq. (14) and 
(15) with two parameters to keep the formula as simple as possible.  

The values of the parameters k1, k2, m1, m2 are given in Table 
5, and the finished formulas are described in equations (16) and 
(17). ܽ = ݇1  ∙ ߛ + ݇2                                   (14) ܾ = ݉1  ∙ ߛ + ݉2                                  (15) 

The average values of a and b were then approximated by 
equations (16) and (17) which parameters were the average value 

of k1 k2, m1, m2 in terms of spring index (Tab. 5), determining the R-
square of the model. The results of the approximation are recorded 
in Table 6. ܽ = −0.071 ∙ ߛ + 4.833                        (16) ܾ = −0.015 ∙ ߛ + 0.650                       (17) 

Tab. 5. The values of coefficient k1 k2, m1, m2 of equations (14) and (15) 
depending on the spring index with the given R-square parameter 

C k1 k2 R2 m1 m2 R2 

4 -0.060 4.879 0.9771 -0.019 0.755 0.9371 

8 -0.071 4.801 0.9672 -0.014 0.613 0.9487 

12 -0.081 4.818 0.9914 -0.012 0.582 0.9986 

Av. -0.071 4.833 0.9786 -0.015 0.650 0.9615 

Tab. 6. Comparison of parameters a and b calculated using equations (16) 
and (17) with the target values 

C γ [°] a a (16) b b (17) 

4 

5 4.550 4.478 0.6462 0.575 

10 4.328 4.123 0.5942 0.5 

15 3.946 3.768 0.4576 0.425 

8 

5 4.409 4.478 0.5350 0.575 

10 4.168 4.123 0.4938 0.5 

15 3.701 3.768 0.3970 0.425 

12 

5 4.393 4.478 0.5183 0.575 

10 4.055 4.123 0.4600 0.5 

15 3.587 3.768 0.3937 0.425 

 R2 0.9786 R2 0.9615 

The calculated R2 values mean that it is possible to approxi-
mate these values with the given formula. Other attempts have not 
yielded a better value in terms of R2. The final form of the formula 
for the axial stiffness kχ dependent on the kN formula (1) derived 
from [25] has the form Eq. (18).The developed correction factor re-
flects the effect of the number of active coils na and the helix angle 
γ given in degrees. ݇ఞ = ݇ே ∙ (1 − 1(4.83−0.071 ∙ఊ)∙௡(ೌ0.65−0.015 ∙ം))              (18) 

The formula (18) allows to calculate with high accuracy (above 
90%) the axial stiffness of steel springs with an index from 4 to 20, 
number of active coils from 1 to 5 and helix angle from 5° to 20°. 
This was checked on a random selection of 6 springs with the men-
tioned sizes of these parameters obtaining MAPE equal to 2%. Ta-
ble 7 compares the determined formula (18) with those described 
in Chapter 2. The mean absolute percentage error (MAPE) was cal-
culated for a sample of 180 springs, which served as a measure for 
the comparison of results.  

It is showed that the most accurate method is the one with a 
correction calculated in a power-law manner (18), achieving a 
MAPE of 1.38%. The least accurate was the formula commonly 
used described by Eq. (1). Among the known methods, the Paredes 
method (2) is the most accurate, with a MAPE of 3.62%. 
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Tab. 7. Comparison of the accuracy of selected methods for calculating the 
axial stiffness of compression springs 

Axial stiffness formula 
Mean absolute  

percentage error (MAPE) 

EN 13906-1:2013(E) norm (1) 23.40% 

Vogt (1934) (2) 5.91% 

Paredes (2016) (2) 3.62% 

Krużelecki and Życzkowski (1990) (3) 22.17% 

Yıldırım (2016) (4) 18.95% 

Liu and Kim (2009) (5) 13.93% 

kχ (18) 1.38% 

 
Table 8 shows a comparison of the two most accurate methods 

and method (1) [25] with the actual axial stiffness values obtained 
from the experiment performed, described in Chapter 3.  

Tab. 8. Comparison of axial stiffness values calculated using the most  
accurate methods and the commonly used Eq. (1) with bench test  
results 
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Error to experimental  
value [%]  

5 

2.5 

0 139.9 -15 1 -1 

0.25 156.3 -3 12 10 

0.5 142.0 -13 3 1 

2.75 

0 138.4 -6 8 6 

0.25 140.5 -4 10 7 

0.5 130.8 -12 3 1 

3 

0 129.4 -4 10 7 

0.25 130.0 -3 10 8 

0.5 122.7 -9 5 2 

MAPE [%] 8 7 5 

Gap [%] 12 10 11 

7 

2.5 

0 51.2 -15 1 -1 

0.25 51.3 -14 1 0 

0.5 49.2 -19 -4 -5 

2.75 

0 48.1 -11 3 2 

0.25 47.3 -13 1 0 

0.5 47.1 -13 1 -1 

3 

0 45.5 -8 5 4 

0.25 44.1 -11 2 1 

0.5 45.0 -9 4 3 

MAPE [%] 13 2 2 

Gap [%] 12 9 8 

Table 8 indicates that the compared formulas are more accurate 
for larger spring index. Formula (18) achieved a MAPE for C = 5 of 7%, 
and 2% for C = 7. The smallest mean absolute percentage error 
(MAPE) was shown by the Paredes formula (2) – 5% and 2%, respec-
tively. For C = 5 and contact s = 0.25, the better accuracy of formula 
(1) is noted. Due to the fact that the new formulas proposed in the 

article are subject to numerical simulation error, their accuracy is com-
parable to commonly used methods. This means that they can be 
used alternatively. In addition, the real springs were not made with 
high precision. The methodology used to determine the correction to 
formula (1) can be successfully applied to determine more accurate 
formulas on the basis of extensive stand tests. This task is feasible, 
but the cost of implementation may exceed the expected result. These 
errors are based on various material and geometric deviations. There-
fore, extensive bench testing could only statistically determine an ac-
curate method. 

4.3.2. Transverse reaction value Influence of geometrical pa-

rameters on spring response in the transverse direc-

tion 

The numerical compression simulations conducted on the initial 
set of 180 spring models allowed conclusions to be drawn regard-
ing the influence of individual geometric parameters on the trans-
verse reaction force exerted by the spring on the support. Based on 
these analyses, the value of the relative transverse reaction Rrel 

was determined. This quantity was defined as the ratio of the trans-
verse reaction force of the spring to its axial reaction force during 
axial compression, under conditions where the displacements of 
the supports in transverse directions were constrained: 

ܴ௥௘௟ = √ோ2ೣ+ோ೤2|ோ೥|                                       (19) 

where Rx and Ry are the numerically determined components of the 
transverse reaction. The angle formed by the resultant vector of the 
transverse reaction with the X-axis, which marks the start of the 
spring wire, was also determined. The results of 180 simulations 
investigating the influence of geometric parameters on the relative 
transverse reaction value are illustrated by the surface plots shown 
in Fig. 16. 

The surface plots shown in Fig. 16 reveal a significant variation 
in relative transverse reactions Rrel, ranging from values close to 
zero to those exceeding 0.3. These plots also demonstrate the low 
degree of correlation between Rrel and the contact length s. This is 
consistent with the correlation analysis performed earlier, per-
formed analogously to point 4.3.1 for axial stiffness. This analysis 
showed that: the correlation coefficient r of the transverse reaction 
value generated during axial compression with the spring index C 
equals -0.52, with the number of active coils na equals -0.03, with 
the helix angle γ 0.56 and with the contact length s -0.02. Therefore, 
the reaction value depends most on the spring index and helix an-
gle. Additionally, the plots indicate that the maximum Rrel values 
occurred at an active coil count of na = 1.75, regardless of the spring 
index C. To determine the relationship between Rrel and the number 
of active coils na, further 45 analyses were conducted by extending 
the range of active coil counts to: 1, 1.25, 1.5, 1.75, 2, 2.25, 2.5, 
2.75, 3, 3.25, 3.5, 3.75, 4, 4.25, 4.5 and 5. Based on observations 
indicating a minor influence of the contact length s and the spring 
index C on the variation of Rrel, subsequent analyses were limited 
to springs with s = 0 and C = 8. The total number of numerical anal-
yses carried out was therefore 225. Fig. 17 presents the results of 
the relationship between relative transverse reaction Rrel and the 
number of active coils na for helix angle values γ: 5°, 10° and 15°. 
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Fig. 16. Plots of the ܴ௥௘௟ dependency on the contact length and the helix 
pitch angle for springs with a given spring index C and number of 
active coils ݊௔ 

 

Fig. 17. Plots of the ܴ௥௘௟ dependency on the number of active coils ݊௔ for 
helix pitch angles γ: 5°, 10°, 15°, for springs with ܥ = 8  oraz  ݏ = 0 

 
The presented plots clearly show that the highest Rrel values 

occur for springs with partial coil numbers of 0.5 and 0.75, whereas 
the lowest relative transverse reaction values are observed for 
springs with fractional coil numbers of 0 and 0.25. This observation 
provides an important insight for the spring designers, as it enables 
the deliberate selection of the active number of coils, which should 
be chosen not only based on the required axial stiffness but also 
considering the desired transverse reaction value. 

The presented results were utilized to develop a generalized 
approximation model capable of estimating Rrel values depending 
on the number of active coils for springs with any spring index C 
and helix angle γ.  

Given the pattern of Rrel variations shown in Fig. 17, resembling 
a damped sinusoid, functions composed of the product of a decay-
ing nonlinear function representing the mean value trend and com-
binations of trigonometric functions were tested. Among all the 
tested functions, the best fit was achieved with the function of the 
form: 

ܴ௥௘௟ = ܿ1݁௖2௡ೌ ∙ (ܿ3 − ܿ4 cos(2݊ߨ௔) − sin(2݊ߨ௔))    (20) 

Fig. 18 shows the preliminary approximation functions (contin-
uous lines) along with the input data (dots), while Table 9 provides 
the values of the obtained coefficients ci and the corresponding co-
efficients of determination. 

 

Fig. 18.  Preliminary approximation plots of ܴ௥௘௟  as a function of the 
number of active coils ݊௔ for helix pitch angles of 5° 10° and 
15°, for springs with ܥ = 8 and ݏ = 0 

Tab. 9. The values of the function coefficients Eq. (20), along with the 
coefficients of determination 

γ [°] ࢉ૚ ࢉ૛ ࢉ૜ ࢉ૝ R-square 

5 0.0685 -0.1508 2.7048 1.2563 0.9862 

10 0.1660 -0.3381 2.1928 0.8522 0.9853 

15 0.2731 -0.5805 2.1819 0.9409 0.9948 

 
To achieve a simple and easily applicable relationship, the val-

ues of coefficients c3 and c4 have been fixed. Each value was set 
to the average of all values for the different angles γ: c3 = 2.3598 
and c4 = 1.0165. Based on this assumption, another approximation 
was performed to determine the corresponding values of coeffi-
cients c1 and c2. The results are presented in Table 10. 

 
Tab. 10. The approximation results with fixed values of coefficients  ܿ3 and ܿ4 

γ [°] ࢉ૚ ࢉ૛ ࢉ૜ ࢉ૝ R-square 

5 0.0787 -0.1529 

2.3598 1.0165 

0.9760 

10 0.1541 -0.3385 0.9796 

15 0.2502 -0.5745 0.9934 

The final step was to determine the approximation functions for 
the dependencies c1(γ) and c2(γ) based on the data presented in 
Table 10. The aim was to find the simplest possible functions that 
ensure a coefficient of determination not less than 0.99. Ultimately, 
the approximation of the dependency of coefficient c1 on the helix 
pitch angle γ was performed using a linear function, while c2 was 
approximated using a power function: ܿ1(ߛ) = (ߛ)2ܿ (21a)  ߛ0.0162 =  (21b)                            1.24ߛ0.0199−

The coefficients of determination for both approximations were 
0.9920 for c1 and 0.9988 for c2, respectively. A graphical represen-
tation of the correspondence between input data and approximation 
functions is shown in Fig.19. 



DOI 10.2478/ama-2025-0055                                                                  acta mechanica et automatica, vol.19 no.3 (2025) 
                                                                                Special Issue "Techniki Komputerowe w Inżynierii TKI2024" 

482 
 

By substituting equations (21a) and (21b) into Eq.(20), we ob-
tain, after transformations, the final relationship which allows to de-
termine the value of Rrel as a function of the number of active coils 
na and the helix angle γ: ܴ௥௘௟ = 0.0231ఊ௘0.0199೙ೌം1.24 ∙ (1.66 − cos(2݊ߨ௔ − 0.777))    (22) 

 
Fig. 19.  Approximation plots of coefficients ܿ1  and ܿ2  along with the 

data for springs with ܥ = 8 and ݏ = 0 

 

The analysis of the compliance of Eq. (22) with the results of 
FEM analyses was performed for a full set of 225 geometric spring 
models. This analysis showed that: 
− Only in 6 cases out of 225, the absolute value of the difference 

between the Rrel determined from the FEM analyses (denoted 
hereafter as RrelF) and the result of Eq. (22) (denoted hereafter 
as RrelA) exceeded the value of 0.05; 

− In 75 cases out of 225, the absolute value of the difference 
between RrelF a RrelA  was within the range between 0.01 and 
0.05; 

− In the remaining 144 cases, the value of |ܴ௥௘௟ி − ܴ௥௘௟஺| did 
not exceed 0.01. 
A graphical interpretation of the results obtained is shown in 

Fig.19, where the vertical axis represents the number of cases with 
a given difference value ܴ௥௘௟ி − ܴ௥௘௟஺, while the horizontal axis 
shows the values of the obtained differences rounded to two 
decimal places. 

 
Fig. 20. Distribution of the number of particular cases with specific values 

of difference ܴ௥௘௟ி − ܴ௥௘௟஺ 

It can be seen in Fig. 20 that the absolute value of ܴ௥௘௟ி −ܴ௥௘௟஺ difference exceeded 0.06, only in 2 cases. All of them refer 
to springs with index C = 4 and helix angle γ = 5°. It should be noted 
that the average value of relative transverse reaction Rrel for the set 
of 225 tested spring models was equal to 0.16, while the average 
value of ܴ௥௘௟ி − ܴ௥௘௟஺ difference was only 0.0095, thus it is only 

about 5.9% of the average Rrel value. The performed analysis 
indicates the high accuracy of the proposed Eq. (22) over a wide 
range of variation in the geometric parameters of springs. 

4.3.3. Transverse reaction angle 

As shown in section 4.3.2, the value of the transverse reaction 
generated by the spring during axial compression can reach signifi-
cant levels. These reactions may be substantial enough that ne-
glecting them during the design of the system in which the spring 
operates would lead to an oversimplification. One possible solution 
in such cases is to arrange the springs so that their transverse re-
actions cancel each other out. For this to be feasible, the designer 
must have knowledge of the direction of the transverse force to cor-
rectly determine the spring assembly. Precise determination of this 
direction may require simulations or experimental testing. However, 
the ability to approximate it using a simple relation at an early stage 
of the design process can be highly beneficial, potentially reducing 
the number of iterations during the design phase. Based on the 
analyses conducted, such a relation is presented in this section. 

To determine the direction of the transverse reaction, the angle 
ψ was defined as the angle between the mentioned direction and 
the X-axis. The reaction angle ψ was calculated relative to the X-
axis, as the arcus cosine of the reaction value on the X-axis to the 
resultant reaction value Rrel. Additionally, the sign of the transverse 
reaction was included to account for its orientation. For instance, 
angles of 135° and −45° represent the same direction but opposite 
orientations. The direction of the resultant reaction was determined 
based on the plus or minus signs of the reactions on the X and Y-
axes. This is illustrated in Fig. 21. The analysis was based on all 
225 conducted studies. Similarly to previous analyses, correlations 
between variables were first examined. The correlation coefficient 
r of angle with the spring index was −0.005, with the number of 
active coils −0.179, with the spring angle −0.004, and with end coil 
contact length −0.063. Thus, it is evident that the direction of the 
transverse reaction is independent of these parameters. 

The results are presented in Table 11. The values provided in 
the table are accurate to within +/-3°. For the parameters C = 4 and 
γ = 5°, which occur simultaneously, deviations from the general 
trend were observed. These cases were excluded, as previously 
noted, as challenging spring geometries whose behavior is best 
evaluated experimentally or numerically. 

Fig. 21. The coordinate system used to determine the transverse reaction 
angle Rrel. Top view of the spring 

Analyzing Table 11, it was found that the different configura-
tions of the partial number of coils and contact lengths yielded the 
same values of angle ψ, regardless of the number of coils, helix 
angle and spring index. In order to describe the course of changes 
in more detail, 20 additional analyses were carried out for spring 
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models with C = 8, γ = 10°, na = 1, 1.25, 1.5, 1.75 and contact 
lengths s = 0.125, 0.375, 0.625, 0.75, 0.875. All the values of angle 
ψ obtained from the FEM analyses are shown in Fig. 22, along with 
linear approximation functions. Based on these data, equation (23) 
was derived, describing the course of change of angle ψ as a func-
tion of contact length s and the partial number of active coils np. 

Tab. 11. Results of the transverse reaction angle ψ test due to axial compres-
sion – basic 225 results 

 

Fig. 22. Graph of functions describing the dependence of the transverse 
reaction angle ψ on the contact length s and the partial number of 
active coils np ߰ = ߨ ∙ (2 ∙ ݏ + ݊௣ − 0.5)                                    (23) 

where: np – partial number of active coils. When the number of 
active coils is an integer, assume that np = 1. 

The relationship (23) is valid only for the values of the partial 
number of active coils listed in Fig. 22, since, as additional tests not 
included here have shown that in other cases this relationship may 
not give satisfactory results. 

5.  CONCLUSIONS 

This article presents an in depth analysis of the changes in axial 
stiffness, the transverse reaction from axial compression and the 

angle of this reaction. Also presented is a comprehensive modeling 
process of spring work in the Static Structural module of Ansys 
Workbench software, supported by bench tests. The prepared nu-
merical model achieved an accuracy of about 2.7% (MAPE), which 
allows us to unequivocally confirm the sufficient effectiveness of the 
use of the finite element method for modeling the basic character-
istics of the spring's work. 

As a result of numerical experiments of the axial stiffness, it was 
found that the size of the contact of the end coils does not signifi-
cantly affect the axial stiffness variance except for the index C = 4 
and the spring angle γ = 5° at the same time. A formula (18) was 
drawn up to calculate the axial stiffness with satisfactory accuracy 
with a mean absolute percentage error (MAPE) of less than 2% for 
numerical simulations and from 2 to 7% for real tests. The proposed 
equation (18) can be used to calculate the axial stiffness of typical 
coil springs encountered in industry, with an index between 4 and 
20 and a helix angle between 5° and 20°, as it gives the most ac-
curate results in this regard among all verified computational mod-
els available in the existing literature with respect to the numerical 
analyses performed. This is especially true for short springs with a 
small number of active coils. The consistency of formula (18) with 
the results of numerical analyses was verified only for springs with 
the number of active coils from 1 to 5. However, as the number of 
active coils increases, the value of the correction factor in paren-
theses in Eq. (18) approaches unity. It follows that relation (18) can 
be used for springs with any number of active coils, not less than 1. 
It was also pointed out that the Paredes method proposed in 2016 
achieves very good agreement at a similar MAPE level of 2 to 5%. 
The construction of an accurate formula can only be based on 
bench tests on a large sample of springs. 

Numerical studies have made it possible to address an issue 
not addressed in the previous literature, which is the occurrence of 
transverse reaction, generated during axial compression of the 
spring. The numerical studies carried out in this paper allowed to 
formulate new relations in this regard. The relation (22) proposed 
in Section 4.3.2 is easy to apply and allows to estimate the value of 
the transverse reaction force arising in axial compression of the 
spring. Numerical studies have shown that this force can exceed 
up to 30% of the value of the axial force. In engineering practice, it 
is important to know not only the values of transverse reaction 
forces when springs are axially loaded, but also the directions of 
their action. This allows for an informed selection of the orientation 
of springs in machine support systems, in order to achieve ade-
quate stability of a given system. In this paper, an analysis of the 
dependence of the direction of the transverse reaction on the shape 
of the end coils and on the number of active coils was carried out. 
This analysis made it possible to propose a new relation (23) to 
determine this angle. The values of the angle turned out to be re-
producible for all springs depending on the partial number of active 
coils and the number of contacting coils with an accuracy of +/-3°. 
This rule was not observed for small spring index C < 5 and simul-
taneously occurring spring angle γ < 10°, which is due to the large 
curvatures and the close position of the coils relative to each other. 
The map produced and the formula describing it are simple enough 
to give results with the same accuracy as the input data (+/-3°). 
These results are an important input for simplifying the design of 
compression springs and their installation, since they cover the 
most commonly used geometries, i.e. with faces ground to ¾ of the 
circumference, commonly occurring spring angles and spring in-
dexes. 
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1 0 90 2.25 0 315 

1 0.25 180 2.5 0 0 

1 0.5 270 2.5 0.25 90 

1 1 90 2.5 0.5 180 

1.25 0 315 2.5 1 0 

1.25 0.25 45 2.75 0 45 

1.25 0.5 135 3 0 90 

1.25 1 315 3.25 0 315 

1.5 0 0 3.5 0 0 

1.5 0.25 90 3.5 0.25 90 

1.5 0.5 180 3.5 0.5 180 

1.5 1 0 3.5 1 0 

1.75 0 45 3.75 0 45 

1.75 0.25 135 4 0 90 

1.75 0.5 225 4.25 0 315 

1.75 1 45 4.5 0 0 

2 0 90 4.75 0 45 
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Abstract: The paper presents a hot stamping technology of body components in modern passenger cars. The technology guarantees  
obtaining lightweight drawpieces with high mechanical parameters, which results in a significant reduction in the weight of passenger car 
bodies, particularly those with an electric drive. The Finite Element Method was used to simulate hot stamping of a large-size drawpiece with 
an atypical shape. The results of these simulations and experimental tests of a drawpiece have been presented and discussed.  
Relevant conclusions have been formulated. 

Key words: hot stamping, FEM simulations, manganese-boron steel, Usibor 2000, MBW-K1900  

1. INTRODUCTION 

It is desirable that body structures of new generation cars, es-
pecially electric ones, have the lowest mass possible [1]. In order 
to achieve a significant mass reduction, load-bearing components 
of automotive bodies have been produced for several years using 
hot stamping technology [2,3]. The components are manufactured 
from well-hardened manganese-boron steels, such as Usibor 2000 
and MBW-K1900 [4-6]. Hot stamping is a process which consists 
of plastic forming and quenching of a blank heated to the aus-
tenitisation temperature in a stamping die. This is illustrated in 
Fig.1. 

 
Fig. 1. Hot stamping process 

 

After the hot stamping process, the steel structure is a marten-
sitic and can achieve tensile strength reaching 1900 MPa and Vick-
ers hardness exceeding 400HV. This represents a new quality in 
the production of high-strength drawpieces. Moreover, the technol-
ogy enables the production of drawpieces with zones of varying 
thicknesses, and thus with different mechanical properties in these 
zones [7,8]. 

The development of a technological process for the production 
of drawpieces using the hot stamping technology requires each 
time an individual approach. Although similar products can be dis-
tinguished within the group of drawpieces produced using this tech-
nology, such as door reinforcement beams, thresholds, 
A- and B-pillars, etc., the design of the die for each drawpiece is 
different. This is due to the required distribution of cooling channels 
in the die, punches and binders, the expected kinematics of the tool 
as well as the conditions of the process itself. The specificity of a 
hot stamping process means that the detail should remain in a fixed 
position throughout the entire process and be formed in a single 
cycle of the press slider movement.  
This paper presents steps leading to the development of a hot 
stamping technology for the rear beam connecting the side mem-
bers of a passenger car (Fig.2). The beam, with dimensions of 1600 
mm x 270 mm x 150 mm, classified as a large-size drawpiece is 
manufactured from a 1.6 mm thick sheet of MBW-K1900 steel, with-
out coatings. The steel is supplied with the following properties:  

− yield strength Rp0.2 = 300÷500 MPa 

− yield strength Rm = 450÷650 MPa 

− elongation A80 = 16%. 
After the hot stamping process (forming and quenching), a draw-
piece manufactured from this steel exhibits a martensitic structure, 
which in turn guarantees the strength limit Rm within the range of 
1400÷1900 MPa and Vickers hardness of HV>400 
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Fig. 2. Passenger car beam 

The analysed drawpiece has an non-typical shape in the form 
of a side flange bent transverse to the main stamping direction 
(Fig.3). This is an uncommon situation in typical hot-stamped draw-
pieces, which makes stamping from the main direction difficult. The 
situation is different in cold stamping processes where stamping 
from different directions is a common practice. Cam units are then 
used to change the direction of the tool operation, or the products 
are rotated on specially designed turntables. In hot stamping pro-
cesses, such solutions have not yet been used. 

 
Fig. 3. Stamping directions 

The development of assumptions for the design of a stamping 
die with a complex shape requires a series of computer simulations 
of the stamping process and tool cooling, in addition to the assess-
ment of the product feasibility [9-11]. Simulations will consider the 
factors that can affect the stamping process itself and the quality of 
the final product. In particular, the temperature distribution in the 
drawpiece and tool will be assessed as well, maximum temperature 
values, and the proportion of martensite in the drawpiece. A drive 
system for dies and punches operating from the direction other than 
the main one will be developed. An actuator will be selected to en-
sure the appropriate slide speed, stroke and the force required for 
the formation of side flanges. The simulation of the thermal expan-
sion of dies and punches will facilitate the assessment of the correct 
selection of tool clearances. This is significant especially when 
stamping large-size products where drawpiece jamming in the tool 
is possible. This is caused by thermal shrinkage and hardening 
stresses that occur during the process [12].  

 
 

Stamping process of the discussed drawpiece according to the 
developed technology will be verified in real conditions in the hot 
stamping process. The quality of the obtained drawpieces will be 
verified in laboratory tests which will include: 

− testing mechanical properties and hardness of a drawpiece by 
non-destructive and destructive methods, 

− hydrogen embrittlement tests, 

− evaluation of the microstructure of steel after pressing and 
quenching, 

− testing shape and dimensional accuracy of the finished draw-
pieces. 

2. SIMULATION OF THE STAMPING PROCESS 

Simulation of the stamping process was performed using Auto-
form software. A thermomechanical analysis is carried out through-
out the simulation until a steady state is achieved. The effective-
ness of the cooling system is determined by monitoring the temper-
ature of the drawpiece and the temperature on the working surfaces 
of the tools. The temperature of the drawpieces at the end of the 
process should not exceed 250°C. This, together with a minimum 
cooling rate of approximately 27°C/s for MBW-K1900 steel [13], 
guarantees the desired martensitic structure of the drawpiece.   

Computer-aided design models of the tools were prepared for 
the simulation of the process. Based on a three-dimensional model 
of the drawpiece, working surfaces of the die, binders, and punches 
were obtained, as illustrated in Fig.4. 

 
Fig. 4. Tools working surfaces 

Prior to the simulation of the stamping process, tool kinematics 
and basic process parameters, including tool stroke and stamping 
speed were selected. Firstly, a correctly cut blank is positioned on 
the upper surface of the die and the lower binder, and the stamping 
process is initiated (Fig.5a). The application of the upper binder 
serves to secure the blank while the punches simultaneously initi-
ate the formation of the initial bottom flange (see Fig.5b). Next, the 
die and lower binder, mounted on gas springs, move downwards, 
together with the closed upper binder and punches, forming the top 
flange (Fig.5c). Afterwards, dies designed for this purpose, at-
tached to sliders with actuators, form the side flanges (Fig.5d).  Af-
ter closing the tool, the press pressure is increased (for improve-
ment of heat exchange between the stamping die and the tool) and 
the quenching process is initiated. At the end of this stage, the 
press tool is opened and the tools take their initial position. 
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Fig. 5. Stages of drawpieces forming 

Once the tool kinematics had been established, the parameters 
related to the cooling process of the die could be determined. In the 
actual tool, the cooling channels are drilled into individual sections 
of the tool. In order to simulate the cooling process, the position of 
the centre lines of the channels was planned and the appropriate 
diameters were assigned (Fig.6). 

 
Fig. 7.   Distribution of cooling channels a) in the upper part of the tool b) 

in the lower part of the tool 

At this point, it is necessary to note a certain aspect related to 
the modelling of tool cooling channels in the AutoForm package. 
The latest version of the software does not yet allow the modelling 
of cooling channels for tools operating in a direction other than the 
main stamping direction which is a requirement  for the designed 
process (a punch for bending side flanges). The software only per-
mits the assumption of a constant temperature (an initial value of 
80°C was assumed for the analyses) on the surface in question. 
This also serves to illustrate the innovative nature of the proposed 
solution with a movable punch. Accordingly, simulations of the cool-
ing process of punches for bending side flanges will be carried out 
after the preliminary design of the tool in the Simcenter FloEFD 
thermal-fluid analysis module.  

The geometric models of the tools and cooling channels were 
supplemented with the material properties of the drawpiece. In ac-
cordance with the design assumptions and with reference to the 
experience of tool manufacturers, considering suggestions pro-
vided by the sheet metal manufacturer, the following was assumed 
for the process: 

− the initial temperature of the blank 810 °C, 

− heat transfer coefficient from the tool to the cooling medium 15 
mW/mm2K, 

− the temperature of cooling medium 20 °C. 
It was assumed that the maximum value of the heat transfer 

coefficient from the blank to the tools would be 3.5 mW/mm2K. This 
is the value for a tool pressure of 100 MPa. For lower pressures, 
the heat transfer coefficient decreases. In such cases, the value 
corrected by the scaling factor (Fig.7) determined by the supplier of 
the stamping sheet is adopted for the calculations. 

 
Fig. 7. Scaling factor of the pressure 

The simulation of tool heating and cooling is performed in an 
iterative manner. The convergence criterion of the computational 
process is the state at which the differences in tool temperature in 
subsequent iterations are no greater than 2°C. In the case under 
discussion, four complete cycles were required, with the Quick Nu-
merical Cycling option enabled. This method enables a notable re-
duction in the number of cycles required to stabilise the tempera-
ture of the drawpiece and the tool. Instead of starting the analysis 
with the ambient temperature for the tools, the tool initial tempera-
ture is estimated for the first cycle, enhancing the overall efficiency 
of the analysis. 
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The calculations provided a number of results describing the 
course of the stamping process. Primarily, the FLD (Forming Limit 
Diagram) was subjected to analysis. The results shown in Fig.8 do 
not indicate any product feasibility issues. No regions susceptible 
to cracking were noticed. 

 
Fig. 8.   Distribution of cooling channels a) in the upper part of the tool b) 

in the lower part of the tool 

The next figure (Fig.9) shows the temperature distribution of the 
drawpiece at the end of the quenching process. It can be seen that 
the maximum temperature does not exceed 248°C and is lower 
than the required temperature. It is also worth noting that over al-
most the entire surface of the finished drawpiece, these tempera-
tures are only slightly higher than 180°C. The two places with sig-
nificantly higher drawpiece temperatures are where the lifting de-
vices are to be located in the tool. Their function is to lift the draw-
piece after the quenching process to a position where it can be 
picked up by the robot arm. Inside the die tools, during the quench-
ing process, the top surfaces of the lifting devices are positioned 
approximately 0.5mm below the surface of the die and are therefore 
not involved in the intense heat exchange between the die and the 
drawpiece. 

 
Fig. 9. Temperature distribution in the drawpiece 

Fig.10 shows the temperature distribution on the working sur-
faces of the tools. As can be seen, the highest temperatures only 
slightly exceed 100°C, which means that the process will be able 
to run continuously, without the need for additional time to allow the 
tools to cool down. 

 
Fig. 10. Temperature distribution in tools 

The predicted martensite distribution in the drawpiece (Fig.11) 
guarantees a product with the required material properties. 

 
Fig. 11. Share of martensite in the drawpiece 

Based on the results of the simulations, a 3D model of the tool 
was made. It is a two-cavity die, the main components of which are 
a lower plate (ribbed cast iron) with a die, lower binder and a system 
of punches working in a direction other than the main stamping di-
rection (Fig.12a), and an upper plate (ribbed cast iron) with an up-
per binder and forming punches (Fig.12b). 

 
Fig. 12. Parts of the tool a) lower part of the tool, b) upper part of the tool 
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Two punch units are built into the tool, for forming flanges in a 
direction other than the stamping direction (Fig.13). 

 
Fig. 13. Movable punch 

3. COOLING SIMULATION OF MOVABLE PUNCHES 

A special cooling system with drilled channels (Fig.14) was de-
signed for the moving punch system, as for the other parts of the 
tool, with a separate coolant supply system. 

 
Fig. 14. Cooling water supply system for stamps 

As mentioned above, when analysing the stamping process in 
the AutoForm package, it is not possible to simulate cooling of the 
tools operating in a direction other than the stamping direction. For 
this reason, the cooling system for the moving punches was ana-
lysed in the FloEFD thermal-fluid calculation system. Fig.15 shows 
a model of the system with the computational domain of the cooling 
fluid highlighted. 

 
Fig. 15. 3D model of the coolant domain 

The geometric model thus prepared was discretised. The di-
mensions of the mesh in the discrete model were selected in an 
iterative manner. In successive iterations, the size of the finite ele-
ments was reduced and the effect on the results obtained (temper-
atures and velocities) was examined. If the results did not change 
significantly (more than 2%) in the next iteration, it was assumed 
that the finite element dimensions from the previous iteration were 
optimal.  Fig. 16 shows, in an example section, a mesh discretising 
the volume of the punch and coolant adopted for the calculations. 
The computational model of the die consisted of 1427330 cells, of 
which 468882 elements represented the coolant volume. 

 
Fig. 16. FEM mesh of the punch model 

No simulation of the stamping process is performed during the 
heat-flow analysis. It is therefore necessary to determine the heat 
flux density that the drawpiece gives off to the top and bottom of the 
tool during the forming and quenching processes. Then, the tem-
perature of the drawpiece decreases from the initial temperature of 
t2=810°C (before the forming process), to the final temperature of 
t1=180°C (after the quenching process). Knowing the forming and 
quenching time T=14 s, the mass of the drawpiece m=4 kg, and the 
specific heat of the steel c=0.46 kJ/(kg°K ), it is possible to calculate 
the heat flux 𝑄̇,  transferred to the tool: 

 𝑄̇ = ௖∙௠(௧2−௧1)்    (1) 

For the beam described, the flux is 𝑄̇ =83 kW. Assuming that 
the heat is transferred uniformly to the top and bottom of the tool, a 
heat flux density of ̇ݍ = 130 kW m2 ⁄ was obtained (Fig.17). The 
cooling system on the inlet side was supplied with the medium at 
20°C and the flow rate of 6 l/min (0.0001 m3/s). Open channels 
were assumed to be on the outlet side of the medium. Free con-
vection with the ambient temperature of 40°C was taken into ac-
count. 

 
Fig. 17. Analysis boundary conditions 
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To evaluate the effectiveness of the proposed cooling system, 
the temperature of the working surfaces of the tools was tested. 
Fig.18 shows the temperature distribution on the working surface 
of the moving punches. As can be seen, the temperatures are 
around 74°C, which is slightly lower than the 80°C initially as-
sumed. It can therefore be concluded that the cooling system for 
the moving punches was correctly designed. 

 
Fig. 18. Temperature distribution in moving punches 

4. PROBLEM OF PRODUCT JAMMING. ANALYSIS OF THER-
MAL SHRINKAGE OF THE DRAWPIECE AND TOOLS 

The problem associated with large-size drawpieces jamming in 
the tool after quenching is relatively common. Shrinkage and 
quenching stresses can cause problems when removing the draw-
piece from the die tools. The value of the force exerted by the draw-
piece on the die after cooling to the final process temperature is 
significant and exceeds 40 kN (Fig.19). 

 
Fig. 19. The force of the drawpiece on the die 

In the example described, jamming is eliminated in two ways. 
Firstly, based on the simulation results (Fig.20), a tool is made with 
a dimension that compensates for the shrinkage of the drawpieces. 
It is worth noting that the magnitude of this shrinkage along the 
beam is approximately 0.8 mm, which is half the thickness of the 
drawpiece. During the beam production, stamping conditions 
change and, within the limits agreed with the supplier, the material 
changes. This can result in the tool being insufficiently adjusted and 
the die continuing to jam. This phenomenon is going to be elimi-
nated by the use of movable punches (retracted after hardening). 

 
Fig. 20. Drawpiece deformation after hardening (in relation to nominal 

shape) 

Thermal expansion of dies and punches can also be the cause 
of a drawpiece jamming and problems with correct tool operation. 
For this reason, a thermo-mechanical analysis was carried out for 
the lower and upper part of the tool and their deformations were 
determined. Simplified 3D models of the tools were developed for 
this analysis. These simplifications consisted in removing from the 
model all parts whose influence on the load and strength of the die 
is negligible. For reasons of symmetry, half of the top and half of 
the bottom of the tool were calculated (Fig.21). The models pre-
pared this way were analysed using the finite element method in 
the Simcenter package.   

 
Fig. 21.  FEM model for calculating the expansion of a) the lower part of 

the tools b) the upper part of the tools 

The upper part of the die and lower part of the die were loaded 
with a heat flux ̇ݍ = 130 kW m2 ⁄ determined by analysing the 
flow through the moving punch system. The temperature in the 
cooling channels was assumed to be 20°C. The model was sup-
ported on the lower and upper surfaces of the dies where the die is 
in contact with the press bed. In addition, symmetry conditions were 
assumed in the model (Fig. 22). Material data was added. (base 
material is GG25 cast iron, working parts are CR7V steel). 

The problem was completed in two stages. First, the thermal 
analysis problem was solved and the temperature distribution in the 
tool was determined. This was followed by a static analysis under 
the temperature load obtained from the previous analysis. As a re-
sult of the calculations, deformation values were determined for the 
lower and upper parts of the tool (Fig.23 and 24) due to their 
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thermal expansion. These values do not exceed 0.07 mm for the 
lower part of the tool and a maximum of 0.024 mm for the upper 
part of the tool. These deformations are very small and do not affect 
the stamping process, in particular the jamming and the dimen-
sional accuracy of the drawpieces. It is worth mentioning that the 
minimum value of the clearance between the moving parts of the 
stamping tool (dies, punches and binders) is assumed to be 0.4 
mm, i.e. many times greater than the deformation values deter-
mined. 

 
Fig. 22. Boundary conditions for the analysis of (a) the lower part of the 

tool (b) the upper part of the tool 

 

 
Fig. 23. Deformation in the lower part of the tool 

 
Fig. 24. Deformation in the upper part of the tool 
 
 

5. TESTING OF MANUFACTURED PARTS  

In accordance with the described project, a stamping die was 
made (Fig.25) and mounted on an experimental stamping line. In 
order to assess the correct performance of the stamping die, a test 
batch of 150 drawpieces was prepared (Fig.26). Mechanical pa-
rameters were then measured using both non-destructive and de-
structive testing methods. Non-destructive testing was carried out 
on 20 randomly selected drawpieces and 5 drawpieces were cho-
sen for destructive testing. 

 
Fig. 25. Stamping die (lower part) 

 
Fig. 26. Photo of a sample of a drawpiece 

5.1. Non-destructive testing - measurement of mechanical 
properties of the drawpiece 

The 3MA (Micromagnetic Multiparameter Microstructure and 
Stress Analysis) instrument from the Fraunhofer Institute [14] was 
used to measure basic mechanical parameters of the drawpiece, 
such as yield strength Rm and hardness in Vickers degrees. Meas-
urements were taken at 10 control points as shown in Fig. 27. 

 
Fig. 27. Position of the measurement points on the drawpiece 

Analysing the obtained results (Tab. 1, Tab. 2), it can be con-
cluded that for each of the drawpieces, the required mechanical pa-
rameters were achieved at each measurement point. Hardness ex-
ceeded the required value of 400 HV and the strength limit was 
within the expected range of 1400÷1900 MPa. 
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Tab. 1. Results of strength limit measurements Rm, MPa 

    Measurement point number 
    1 2 3 4 5 6 7 8 9 10 

D
ra

w
p

ie
ce

 n
u

m
b

er
 

W1 1747 1712 1700 1762 1795 1800 1732 1776 1745 1766 

W2 1712 1703 1757 1784 1779 1746 1708 1743 1723 1785 

W3 1719 1731 1701 1745 1781 1708 1719 1761 1738 1777 

W4 1770 1739 1779 1711 1767 1747 1779 1773 1710 1764 

W5 1757 1771 1720 1709 1711 1701 1739 1780 1732 1799 

W6 1792 1734 1758 1778 1746 1728 1703 1751 1700 1717 

W7 1742 1751 1740 1786 1757 1702 1709 1744 1759 1729 

W8 1789 1774 1799 1717 1771 1709 1700 1799 1743 1729 

W9 1735 1724 1705 1713 1795 1758 1775 1730 1750 1745 

W10 1764 1755 1773 1755 1764 1787 1720 1720 1759 1773 

W11 1715 1770 1731 1720 1790 1758 1715 1771 1742 1755 

W12 1728 1779 1745 1703 1784 1737 1704 1704 1729 1781 

W13 1721 1753 1776 1740 1717 1714 1782 1740 1755 1726 

W14 1742 1732 1718 1704 1761 1734 1730 1769 1797 1743 

W15 1755 1747 1757 1800 1765 1724 1783 1792 1795 1742 

W16 1777 1750 1733 1717 1756 1787 1771 1789 1774 1756 

W17 1726 1790 1760 1769 1717 1741 1707 1785 1709 1771 

W18 1741 1789 1789 1700 1708 1731 1767 1758 1742 1765 

W19 1707 1797 1800 1800 1772 1735 1717 1793 1716 1731 

W20 1775 1727 1711 1795 1700 1758 1738 1742 1787 1764 

Tab. 2. Results of HV hardness measurements 

    Measurement point number 
    1 2 3 4 5 6 7 8 9 10 

D
ra

w
p

ie
ce

 n
u

m
b

er
 

W1 591 584 604 616 583 613 598 585 610 590 

W2 586 612 584 614 582 605 598 597 595 612 

W3 619 594 615 614 613 612 594 605 613 582 

W4 592 581 605 609 619 599 615 602 593 584 

W5 599 599 620 599 616 590 587 601 598 580 

W6 590 617 596 609 587 607 613 616 615 583 

W7 607 613 612 609 593 603 599 589 593 607 

W8 600 600 606 592 598 615 582 604 587 601 

W9 598 590 606 593 597 595 618 607 598 580 

W10 601 598 610 595 595 580 589 587 618 583 

W11 583 606 582 593 610 602 605 615 588 601 

W12 614 597 607 598 597 615 604 590 615 616 

W13 617 582 618 583 585 593 596 582 587 601 

W14 594 611 613 607 599 596 596 603 606 580 

W15 592 581 595 615 585 605 618 618 591 607 

W16 603 595 593 604 585 613 600 612 582 610 

W17 610 618 580 611 594 611 595 608 615 600 

W18 605 587 612 589 613 607 608 583 608 597 

W19 594 602 599 603 603 609 612 588 619 609 

W20 615 606 612 596 588 598 590 592 608 614 

5.2. Destructive testing 

5.2.1. Tensile test 

Paddle samples with a gauge length of 50 mm were cut from 
the flat areas of the test drawpieces using a plasma cutter. These 
samples were then elongated on WDW-300S testing machine from 
TEST Lab. During the test, the yield point and ultimate strength 
were determined. Fig.28 shows a photograph of a selected sample 
after the test, and Fig.29 shows the results of the measurements.  

 
Fig. 28. Photo of a sample 

 
Fig. 29. The results of the tensile tests 

The report of these measurements (Tab. 3) confirms the pro-
duction of drawpieces with the required mechanical parameters. 

Tab. 3. Tensile test results 

Sample 

number 

Yield strength Rp02, 

MPa 

Tensile strength  

Rm, MPa 

1 1355 1851 

2 1316 1873 

3 1262 1830 

4 1284 1838 

5 1336 1804 

6 1279 1858 

5.2.2. Vickers hardness measurement and microstructure 
analysis 

Vickers hardness tests and microstructure analysis after the 
hardening process require special preparation. Samples for micro-
structure analysis were cut from selected areas on the drawpiece 
using a water-abrasive cutter (Fig.30). 

 
Fig. 30. Locations where samples were taken for testing 

Next, the prepared material was positioned with a metallo-
graphic pin and then embedded in phenolic resin. In the next step, 
the samples were ground with diamond discs and polished using 
diamond suspensions with grain sizes of 9 µm and 3 µm and oxide 
suspensions with grain sizes of 0.05 µm (Fig.31). 

 
Fig. 31. Locations where samples were taken for testing 
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Examples of Vickers hardness results are shown in Tab. 4. As 
can be seen, the obtained values for the tested samples exceed the 
400HV value which is considered to be required. 

Tab. 4. Results of HV hardness measurements 

Measurement 

number 
Imprint/value 

1  

 

579.1 

2 

 

538.7 

3 

 

533.4 

4 

 

561.9 

5 

 

573.3 

6 

 

583.6 

In the subsequent phase of the experiment, the samples that 
had been previously prepared were etched in a solution of 4% Nital-
4 acid. The structure was then examined at 50x magnification using 
a microscope of the AmScope ME1200TC-5M Inverted Trinocular 
Metallurgical Microscope + 5MP Camera type. Fig.32 shows an ex-
ample of a photograph taken using this microscope. 

 
Fig. 32. Microstructure photograph of the sample 

The resulting structure is a martensitic structure, which is a re-
quired outcome of the hot stamping process. It is distinguished by 
high mechanical properties and was observed in all samples ob-
tained from each of the measurement areas. 

5.2.3. Hydrogen embrittlement test 

Hydrogen embrittlement occurring during the hot stamping pro-
cess can lead to uncontrolled cracking of body drawpieces during 
normal automotive operation. A simple workshop test of a material 
resistance to hydrogen embrittlement is four-point bending of sam-
ples taken from the drawpiece. Such a sample, rectangular with the 
dimensions of 110 x 25, is placed in a special tool [14]. The punch 
of the tool is tightened with a screw so that the deflection of the 
sample induces a stress equal to 80% of the tensile strength limit. 
The sample is left in the tool for 300 hours and next visual inspec-
tion is performed. Table 5 presents the photographs of the tests 
performed. None of the tested samples showed cracks or scratches 
on the surface, which could mean the onset of cracking. Therefore, 
it can be concluded that the samples passed the four-point bending 
test. 

Tab. 5. Results of four-point bending test 

Sample During study 
After completion  

of the study 

1 

 

 

 

2 

 

 

 

3 

 

 

 

4 

 

 

 

5.2.4. Measuring the shape-dimensional accuracy  
of a drawpiece 

To check the shape-dimensional accuracy of the manufactured 
drawpieces, we first analysed the requirements defined in the tech-
nical documentation. For the drawpiece in question, the shape and 
dimensional accuracy was to be within ±0.5mm at the adjacent sur-
faces and ±1.2mm in other areas. Based on this analysis, a meas-
urement plan was drawn up and five parts were randomly selected 
and measured on the CMM (Coordinate Measuring Machine). Fig. 
33 shows an example of the measurement report. 
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Fig. 33. Example measurement report 

It was found that at none of the measurement points, the as-
sumed tolerances of the drawpiece production were exceeded, par-
ticularly on the adjacent surfaces significant for the assembly of the 
drawpieces. 

6. SUMMARY 

The design of a hot stamping tool with an innovative arrange-
ment of punches operating in a direction other than the stamping 
direction was performed in several stages. Computer simulations 
constituted a significant part of the overall process. Their results 
include a lot of information concerning stamping and quenching 
processes. These include the FLD diagram, the temperature distri-
bution on the drawpiece surface and the working surfaces of the 
tools, as well as the predicted distribution of martensite in the draw-
piece. The evaluation confirmed that there were no risks associated 
with the feasibility of the detail or its quality following the stamping 
process. The martensitic structure guarantees the strength limit 
Rm=1400÷1900 MPa for the whole product and Vickers hardness 
of HV>400. The maximum temperature of the drawpiece does not 
exceed 248°C, which is lower than the required value of 250°C. 
The temperature distributions on the working surfaces of the tools 
at the end of the stamping process slightly exceed 100°C, which 
has a beneficial effect on the duration of the whole process. The 
image from the thermal imaging camera monitoring the stamping 
process (Fig.34) confirms the results obtained during the simula-
tion. The obtained temperature distribution and values are similar. 

 
Fig. 33. The image from the thermal camera 

Based on the results of the simulations of the stamping pro-
cess, the force exerted by the drawpiece on the die after cooling to 

the final process temperature (approximately 40 kN) was deter-
mined. This elevated force value can be attributed to the shrinkage 
along the beam of 0.8 mm, which is half the thickness of the sheet. 
The problem of drawpiece jamming was successfully eliminated 
through the implementation of an appropriate correction of the 
working surfaces of the tool, using the controlled moving punches 
(withdrawn after the hardening process) and the strategic selection 
of tool kinematics. Furthermore, the thermal expansion of dies and 
punches was determined through the solution of thermomechanical 
analysis problems with the NX Simcenter package. This investiga-
tion concluded that the potential risks associated with the incorrect 
adoption of tool clearances were not present. 

In conclusion, it should be stated that the possibilities offered 
by modern packages supporting the work of the designer of hot 
stamping dies, significantly shorten the time of preparation of the 
test series of drawpieces, and in turn have a positive impact on the 
financial aspect of the preparation of production processes. 

Measurements of the finished drawpieces from the test series 
showed that all required parameters were met. Thus: 

− the drawpiece material has a strength limit Rm in the range of 
1400÷1900 MPa, 

− the hardness of the drawpiece after hardening is greater than 
the required 400 HV, 

− the material of the drawpiece after hardening has a martensitic 
structure, 

− the drawpieces passed the hydrogen embrittlement test, 

− the beams produced have the required shape-dimensional ac-
curacy. 
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Abstract: This study investigated the role of fin flexibility to control the fluid flow on natural convection heat transfer within a square cavity 
containing a heated triangular block. Two flexible fins, attached to the cavity’s cold vertical walls, interact with an incompressible fluid under 
varying Rayleigh numbers (Ra) and elasticity modulus (Et), highlighting how these parameters affect thermal and fluid dynamics and the 
interaction between the top and the bottom regions of the cavity. The novelty of this study is to create passive control over the flexible fins to 
control the fluid flow and creating a separation between the top region or the bottom region using these mentioned parameters. Using the 
Arbitrary Lagrangian-Eulerian (ALE) technique, the fluid-structure interaction (FSI) model captured the bending response of the fins and the 
resulting convective heat transfer. Results indicated that lower fin rigidity (low Et) significantly enhanced thermal mixing and heat transfer 
due to increased fluid flow, driven by the bending of the fins at higher Ra. Hence, the top and the bottom regions of the cavity interacted with 
each other. Conversely, higher Et values restricted fluid circulation, maintaining thermal stratification and reducing heat transfer efficiency 
and separated these regions. This study provides insights into controlling and optimizing heat transfer in systems with flexible structures, 
with potential applications in thermal management and energy-efficient design. 

Keywords: natural convection, FSI, heat transfer, square cavity, FEM 

1. INTRODUCTION 

The interest of researchers and engineers in studying heat 
transfer and fluid flow during natural, forced and mixed convection 
in enclosed geometries came from the crucial necessity for 
enhanced performance in various energy-related applications. 
Some of these applications include air conditioning [1], [2], drying 
processes [3], stenotic artery [4],geothermal reservoir utilization [5],  
cooling of electronics [6-8], thermal insulations [9], nuclear reactor 
operations [10]. There have been different studies for convection 
heat transfer for a variety of geometries and cavities such as square 
cavities, rectangular cavities, circular cavities and more  [11-16].  

In cooling systems, Fluid-structure interaction (FSI) has proven 
to be highly effective in enhancing heat transfer within cooling 
systems by disrupting thermal boundary layers through the use of 
obstacles. This approach has garnered significant interest, 
particularly in scenarios where fluid dynamics interact with flexible 
structures or membranes [17]. S.A.M. Mehryan et al [18] 
investigated the natural convection behavior of a square cavity 
containing a heated thin flexible plate which encountered a large 
deformation, the perpendicular side of the cavity were assumed to 
be cold and the horizontal walls was assumed to be adiabatic and 
the heated flexible thin plate was isothermal and fixed in the center 
of the cavity with a variation in inclination angles, the finite element 
method was adopted with the arbitrary lagrangian-Eulerian to solve 

this system. The results shown that the heat transfer and the fluid 
flow affected by the location of the inclination angle and the fixed 
point. Also, the increase in Rayleigh number with the low elasticity 
of the flexible thin plate gives better results than a rigid thin plate in 
terms of heat transfer and it was confirmed by the visualization of 
the Nusselt number graph. Afraz Hussain Majeed et al. [19]  
numerically analyzed natural convection and energy storage in 
Casson fluids within enclosures containing cylinders and wavy 
surfaces. Using a Galerkin finite element approach with an LBB-
stable element, Newton’s method, and PARDISO solver, the study 
explored how geometry and parameters such as Rayleigh, 
Hartmann, Lewis numbers, and β affect flow, heat, and mass 
transfer. Results showed that higher Rayleigh numbers enhance 
concentration gradients, while increased Hartmann numbers 
suppress convection, offering insights into optimizing thermal 
storage systems. Habibis Saleh et al [20] studied numerically the 
contribution of two flexible fins attached on the left heated wall 
interact with the fluid towards the natural convection in an open 
square cavity, the right wall is in contact with ambient air, the rest of 
the walls are insulated, the movement of the end of the upper elastic 
fin was followed using the trigonometry function. The results showed 
that an increase in Rayleigh number increase the fluid velocity and 
made a strong fluid circulation, the identical oscillating fins permitted 
better fluid circulation at the left hot wall. Also, the maximum point of 
the heat transfer enhancements reached at the extreme amplitude 

mailto:azzi.said@univ-oran2.dz
mailto:belkacem.belkacem@univ-oran2.dz
mailto:mohamed.bouzit@univ-usto.dz
mailto:bouhafs.mohamed@univ-oran2.dz
mailto:atika.bencherif@univ-usto.dz
https://orcid.org/0009-0005-8836-4136
https://orcid.org/0000-0002-5318-8647
https://orcid.org/0000-0002-1417-7291
https://orcid.org/0000-0002-8911-7015
https://orcid.org/0000-0002-6126-0434
https://orcid.org/0009-0006-1005-6923


DOI 10.2478/ama-2025-0057                                                                                                                                                          acta mechanica et automatica, vol.19 no.3 (2025)        

 

497 

tip configuration for the highest flexibility. Afraz Hussain Majeed et 
al. [21] numerically investigated convective thermal flow in a vertical 
enclosure with sinusoidal walls filled with nanofluid. This study 
aimed to focus on how magnetic field, oscillation and concentration 
particles alter heat transfer. By using the finite element method  with 
an LBB-stable element, the study showed that lower nanoparticle 
volume fractions enhanced kinetic energy and Nusselt number, 
while higher Hartmann numbers reduced temperature and velocity 
highlighting optimal conditions for energy-efficient thermal 
management. Ahmadreza B et al [15] studied the natural convection 
to analyze the heat transfer rate of a circular enclosure divided in 
two parts, one of them is cold and the other is hot, where the fluid 
structure interaction is inside it, the middle wall transport the heat 
that goes from the hot part to the cold part, they considered the 
middle wall flexible. They noticed that increasing the Rayleigh 
number increased the flow of fluid which makes the middle wall 
experience a significant stress and get deformed. Therefore, these 
remarks let them to conclude that the dominant mechanism was the 
convective heat transfer, and the opposite, in low values of Rayleigh 
number the plate distortion and the power produced by the vortex 
was almost negligible. Mixed convection heat transfer in a vented 
cavity was investigated numerically by Md. Azizul Hakim et al [22]. 
This study employed a flexible flow modulator subjected to external 
oscillations, with air as the working fluid. The numerical simulations 
utilized a combination of the Galerkin finite element method and the 
Arbitrary Lagrangian-Eulerian (ALE) method. The focus was on 
evaluating the impact of various dynamic parameters, including the 
amplitude and period of oscillation, as well as the flexibility of the 
modulator, on the flow field, heat transfer performance, thermal field, 
thermal oscillations, and induced flow. The findings revealed that 
interaction with a more flexible modulator generated vortices closer 
to the heater wall near the modulator, whereas stiffer modulators 
caused the vortices to move away. Furthermore, as the modulators 
flexibility increased, the thermal boundary layers became thinner, 
leading to enhanced heat transfer. H. Saleh et al [23] studied the 
impact of a flexible fin on the unsteady convective flow within a 
square enclosure consisting of a porous layer and a vertical fluid 
layer, the fin connected in the left of heated wall. The Brinkman-
Forchheimer-extended Darcy flow model was used in the porous 
layer. The computational system was solved using the finite element 
method and the governing equations were written by the aid of the 
Arbitrary Lagran-gian-Eulerian (ALE) formulation in the fluid and 
structure domains. The oscillation of the fin affected the area 
beneath the fin more significantly than the area above or in the 
center. Additionally, the positioning of the fin tip altered both the 
quantity and position of the flow circulation core which showed the 
impact of the position variation of the fin. Mufeng Chen et al [24] 
analyzed numerical and experimental methods to investigate the R-
B natural convection of a TSMF with an immersed nonmagnetic 
particle and an external magnetic field. The results showed that an 
increase in Ra number increases the Nu number with low magnetic 
field values, in the meanwhile, the same increasing in Nu number 
achieved by using highest variations of external magnetic field with 
the lowest variations in the Ra number. Khalil Khanafer et al [25] 
investigated numerically phenomena of transport inside a solar 
porous collector where there was inside an isothermal cylinder 
positioning in the center of the enclosure for different parameters. 
The results showed that an increasing in the heat transfer caused 
by an increasing in the Rayleigh number and the effective thermal 
conductivity. Moreover, heat transfer was higher when there was a 
cylinder. Mohammad Ghalambaz et al [26] studied the heat transfer 
and fluid flow of dilatants liquids and pseudo-plastic in a square 

cavity that has a thin hot plate in it. The outcomes results revealed 
that increasing in Rayleigh number increases the buoyancy forces 
that lead to higher heat transfer. In addition, when they used longer 
flexible plate, the heat transfer reduced significantly. Bader 
Alshuraiaan et al [27] numerically investigated the applied effects on 
lid driven trapezoidal cavity by a hybrid nanofluid in addition of a 
flexible wall. Different Reynolds numbers along with volume fraction 
of the hybrid nanofluid was used in this study which showed that 
using a flexible wall has significantly increased the heat transfer rate. 
Those previous studies showed the importance of the fluid structure 
interaction and their effects on increasing the heat transfer. 

In the present study, we focused on controlling fluid dynamics 
by utilizing deformable fins that bend in response to increasing 
Rayleigh numbers. This deformation created an opening between 
the top and bottom of the cavity or established a separation between 
these two regions, this could be useful in many industrial 
applications especially in thermal management field, microfluidic 
devices with deformable boundaries. Therefore, this investigation 
highlighted the effect of these combinations on the fluid flow and 
heat transfer performances. 

2. MODELING APPROACH 

The geometry in the present study that shown in Fig. 1, is a 
square cavity containing a heated triangular block from the bottom 
and adiabatic wall from the top base of it with two flexible fins 
separately attached in the cold vertical walls of the cavity, the top 
and bottom walls of the cavity are considered to be thermally 
insulated. The cavity filled with an incompressible fluid. The natural 
convection produced a buoyancy force that make the two flexible 
fins to bend. The no-slip boundary condition is imposed on all the 
cavity walls, the triangular structure, and the two flexible fins. 

 
Fig. 1. Physical 2D model of our study 

2.1. Mathematical Equations 

The temperature variations were assumed to be minimal. Also, 
the thermo physical properties and temperature was considered to 
be independent of each other, but not for the case of variation of the 
density liquid where it’s was not neglected and solved by using the 
Boussinesq model. Additionally, the technique of ‘’Arbitrary 
Lagrangian-Eulerian’’ (ALE) is employed besides of utilizing the 
assumptions mentioned earlier, the equations governing the thermal 
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characteristics and hydrodynamics of the problem are presented 
below [17], [28]: 

Continuity equation: 𝛻∗. ∗ݑ = 0                                        (1)                                                                                                                               

Momentum equations: ߩ௙ [డ௨∗డ௧ + ∗ݑ) − [∗ݑ∗𝛻(∗ݓ − 𝛻∗. ܫ∗ܲ−] + ∗ݑ∗𝛻)ߤ +(𝛻∗ݑ∗)௧௥)] − ∗ܶ)݃ߚ௙ߩ − ௖ܶ∗) = 0                                       (2)             

The energy equation for the fluid is defined in the Eq. (3) as:  (ܿߩ௣)௙ [డ்∗డ௧ + ∗ݑ) − .(∗ݓ 𝛻∗ܶ∗] − ݇௙𝛻∗2ܶ∗ = 0                    (3)                                           

For elastic structure domain, the energy equation for the fins can 
be written in Eq. (4) as: (ܿߩ௣)௙ డ்∗డ௧ − ݇௦𝛻∗2ܶ∗ = 0                       (4)                                                                                                         

where, u* represents the velocity vector, w* shows the moving mesh 
velocity vector, and P represents the pressure filed, g is the gravity 
vector. kf and ks signifies thermal conductivity of the fluid and the 
solid respectively. 

To define the stress tensor of Eq. (5) we applied the Neo-
Hookean solid model: 
∗ߪ  = ܨ|௧௥ܨܵܨ1−ܬ = ܫ) + 𝛻∗݀௦∗), ܬ = )ݐ݁݀ ܵ&(ܨ = ߲ ௦ܹ/߲ߝ                                                                                                    
                                                                                                      (5)                                              ௦ܹ = 12 1ܫ1−ܬ)݈ − 3) − (ܬ)݊ܮ݈ +
12 2((ܬ)݊ܮ)ߣ | ݈ = ா2(ఔ+1)ߣ = ாఔ(ఔ+1)(−2ఔ+1)                                                 (6)                                                                 ߝ = 12 (𝛻∗݀௦∗ + 𝛻∗݀௦∗௧௥ + 𝛻∗݀௦∗௧௥𝛻∗݀௦∗)                                    (7) 

                                            
The boundary conditions applicable to the external walls Eq. (8) 

and Eq. (9), and the two flexible fins interface Eq. (10) are defined 
as follow: 

At the hot wall: 
 ܶ∗ = ℎܶ∗, ∗ݑ = ∗ߥ = 0                    (8)                                                                                                                  
At the cold wall  
 ܶ∗ = ௖ܶ∗, ∗ݑ = ∗ߥ = 0                                             (9)                                                                                                          
At the interface of the flexible fin: 
 ݇௙ డ௬డ௫|௙ = ݇௦ డ௬డ௫|௦ ⋅                    (10)                                                                                                                             

Also, Prandtl numbers and the Rayleigh and the Elasticity 
modulus are introduced as: 

 ܴܽ = ఘ02௖೛௚ఉ௱்ௗ3ఓಳ௞ ⋅                          (11)                                                                                                                      

Prandtl number: 
ݎܲ  = ௖೛ఓಳ௞ ⋅                               (12)                                                                                                                                   

Elasticity modulus  
߬ܧ  = ா⋅2ோ∗2ఘ೑ఈ೑2 ⋅                         (13)                                                                                                                                                    

To quantify the heat transfer between the two flexible fins  and 
the fluid, the nusselt number has been used as follows in the Eq. 
(14) and Eq. (15): 

௙ݑܰ  = − డఏడ௑ ௦ݑܰ                                                                                                                         (14)                                                        ⋅ = −݇௥ డఏడ௑.                                  (15)                                                                                                         

The average Nusselt number on the wall is given by Eq. (16) as 
follows: ܰݑ = ∫ ௙௦10ݑܰ ݕ݀ + ∫ ௦௦2௦1ݑܰ ݕ݀ + ∫ ௙1ݑܰ

௦2 ݕ݀ | ௦2=12+௧೑೔೙2௦1=12−௧೑೔೙2      
                                                                                                                (16)  

2.2. Numerical Method 

In our study we employed the technique of Arbitrary Lagrangian-
Eulerian (ALE) combined with finite element method (FEM) to solve 
the non-linear governing equations. The finite element method and 
the details approach are discussed in reference [29]. In our work, 
Gaussian quadrature, based on FEM, gives smooth solutions within 
the internal sub-domains. A fully coupled approach integrates the 
structure, heat, mesh displacements and momentum, resulting in a 
large matrix of coefficients, which is solved at each time step using 
the method of Newton. 

2.3. Validation 

To make sure that this current study has accurate results, a 
validation results have been made with another study that made the 
same numerical technique as shown as in figure 2 and 3. [30] 

2.4. Grid Study 

Tab. 1. The average Nusselt number for variety of elements number 

Number of 
elements 

1112 8139 12172 54685 54981 

Average 
Nusselt 
number 

4,3988 4,8061 4,8905 4,9829 4,9829 

After several tests of meshing, we choose 54685 number of 
elements since the value of average Nusselt number didn’t change 
after this number. 

 
Fig. 2. Comparison of the results of the contours of isotherms when  

Pr = 10 and Et = 1010 between the present study and the study of 
Mohammad Shahabady et al. 



DOI 10.2478/ama-2025-0057                                                                                                                                                          acta mechanica et automatica, vol.19 no.3 (2025)        

 

499 

 

 
Fig. 3. Comparison of the results of the streamlines when Pr = 10 and  

Et = 1010 between the present work and the work of Mohammad 
Shahabady et al. 

3. RESULTS AND DISCUSSION 

The aim of this study is to examines the effects of the fin 
elasticity with the variation of Ra on thermal behavior and the 
dynamic of the fluid in a cavity that contain a heated triangular 
shape. A simulation was performed to visualize the impact of the fins 
and the Rayleigh number as a control parameter. The range values 
for the Rayleigh number were (103 ≤ Ra ≤ 106) to perform moderate 
to strong buoyancy regimes, elasticity modulus (5×109 ≤ Et ≤ 1011) 
to cover practical materials used in microdevices, polymers and thin 
fins in electronic systems, Pr=7.1. In the next following, the obtained 
results were presented in a qualitative way by the streamlines and 
the contours in figures (4-5). The temperature profiles as well as the 
velocity profiles for different regions via the cutlines L1, L2, L3, L4 in 
figures (7-14). The average Nusselt number in function of Ra in 
figure 15. These lines likely correspond to critical locations where 
temperature gradients can reveal the thermal behavior and where 
velocity reveal the streamlines variations across different sections of 
the cavity.  

Figure 4 depict the effect of the Rayleigh number on the velocity 
streamlines when the elasticity modulus of the fins was equal to 
5×109 and 1011 respectively. For low value of Rayleigh number 
which is 103 there was no effect on the fins and the fluid motion was 
nearly negligible due to the lack of significant thermal exchange, the 
streamlines were separated between the top and bottom parts of the 
cavity for both values of the elasticity modulus. The remarkable 
change started when the Rayleigh number reached the value of 105 
for Et = 5×109, we noticed that the two fins started to bend indicating 
that the hydrodynamic forces started to exerts on the fins, but not for 
the case when the elasticity modulus was equal to 1011 where the 
fin acted as a fixed obstacle at this value, the fluid remained 
separated between the two parts of the cavity in both cases. At a 
Rayleigh number of 106, we observed that when the fins flexibility 
was 5×109, the fins bended more prominently, nearly touching the 
cavity walls. This created a wider passage, allowing significant fluid 
flow and interaction between the upper and lower regions of the 
cavity caused by the significant effect of hydrodynamic forces on the 
fins at this value. In contrast, when the fins flexibility was 1011, this 

passage did not exist despite the high Rayleigh number, as the fins 
was not affected by the increased Rayleigh number, and thus, do 
not bend due to fixed behavior of the fins as previously mentioned. 
 

 
Fig. 4.   Streamlines of the velocity when Et=5×109 and Et=1011 for different 

Rayleigh numbers 

In Figure 5 that represent the effects of the Rayleigh number 
(Ra) on the isotherm contours within the cavity under two distinct 
elasticity modulus for the fins 5×109 and 1011. 

For Et=5×109: at low Ra values, there is minimal thermal 
convection within the cavity, resulting in non-uniform isotherms that 
indicate limited fluid motion and minimal temperature gradients. As 
Ra increases to 104, slight changes in the isotherms appear, 
indicating slight convective flow. However, the fins remain mostly 
unaffected due to low buoyancy forces. At Ra=105, stronger 
buoyancy forces cause the fins to bend slightly, significantly 
impacting the isotherms, fluid motion enhanced.  

At the highest Ra=106, intense convection results in more 
distorted isotherms and efficient heat transfer between the upper 
and lower parts of the cavity. The fin flexibility allows the isotherms 
to converge near the fins, showing that heat transfer is intensified by 
the fluid mixing caused by fin deformation. 

For Et=1011 we noticed that across all Ra values, the fins remain 
largely rigid due to the high elasticity modulus, resisting deformation. 
Consequently, the isotherm contours indicate limited fluid mixing 
between the upper and lower cavity regions, even as Ra increases. 
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As Ra grows, the isotherms show increased thermal gradients, but 
the rigid fins restrict flow interaction, maintaining a relatively stable 
boundary between the upper and lower sections. 

 
Fig. 5.  Isotherms for Et=5×109 and Et=1011 for different Rayleigh numbers 

Figure 6 illustrated the cutlines (L1, L2, L3, and L4) used to 
measure the velocity profiles and the temperature variations within 
specific areas of the cavity.

       In figures 7-10, at  Et=5×109 the temperature profiles along the 
cutlines showed more pronounced variations, indicating significant 
heat transfer across different regions of the cavity.  In figure 7, along 
the L1 cutline, there was minimal change when the value of the 
Rayleigh number was low for both elasticity modulus. At Ra=106 
when Et=5×109: the fin bended downward, leading to temperature 
increases in the region between the fin and the triangular structure 
(from 0.01 arc length (m) to 0.02 arc length (m)). This area exhibited 
higher temperatures compared to the case where Et=1011 for the 
same value of the Rayleigh number, which indicated the heat 
transfer in this area. 

Similarly in figure 8, along the L2 cutline which intersects the fin, 
a comparable pattern was observed. 

In figure 9, at the L3 cutline, variations also occurred at Ra=106, 
specifically, at Et=5×109, the temperature near the vertical walls of 
the cavity was lower compared to when Et=1011, this reduction is 
due to the fin opening at Ra=106, allowing heat to dissipate more 
from this area. In contrast, when the fin remained closed, the heat 
remained concentrated in the lower region. 

In figure 10 for the L4 cutline (upper part), an increase in 
temperature was observed at Ra=106 for Et=5×109 which indicated 
that there is a heat dissipation from the lower region to the upper 
region. In contrast, at the same Rayleigh number but with Et=1011, 
the temperature was lower due to the high rigidity of the fin which 
made the fin to be closed, thus, restricted heat dissipation from the 
lower part to the upper part in this region.   

These observations align with the earlier findings on fin flexibility 
at these elasticity values, indicating that more flexible fins improve 
mixing and thermal distribution, especially at higher Rayleigh 
numbers. 

 

 
Fig. 6.  Cutlines for different regions of the cavity 

 

 
Fig. 7.  Temperature profiles in the region L1 for multiples Rayleigh numbers and Et=5×109, Et=1011 
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Fig. 8.  Temperature profiles in L2 cutline for variating Rayleigh numbers and Et=5×109, Et=1011 

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

Fig. 9. Temperature profiles in L3 cutline for different Rayleigh numbers and Et=5×109, Et=1011 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 10. Temperature profiles in L4 cutline where Et=5×109, 1011 for  different Ra

 
 
 
 
 
 

 
 
 
 
 
 

 
 
 
 
 
 
 
 

 
Fig. 11. Velocity profiles in cutline L1 for different Rayleigh numbers and Et=5×109, Et=1011 
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Fig. 12. Velocity profiles in cutline L2 for different Rayleigh numbers and Et=5×109, Et=1011  

 
 
 
 
 
 
 

 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
Fig. 13. Velocity profiles in cutline L3 for different Rayleigh numbers and Et=5×109, Et=1011

 
 
 
 
 
 
 

 
 
 
 
 
 
 

 

 

 

 
 
Fig. 14. Velocity profiles in cutline L4 for different Rayleigh numbers and Et=5×109, Et=1011 

 

 

Fig. 15. Variation of the average Nusselt number as a function of Ra for 
different Et values 

 

 
In figures 11-14 depict the velocity profiles in different areas of 

the enclosure according to the cutlines L1, L2, L3, L4 for different 
values of Ra where Et=5×109, Et=1011 respectively. The velocity 
profiles across the cutlines L1, L2 provide a higher fluid motion within 
the cavity at Et=5×109 compared to Et=1011 and the same 
observations in L3, L4 in specifics areas. As the Rayleigh number 
increased, the profiles show higher peak velocities, indicating 
stronger convective flows due to the enhanced buoyancy forces. 
The high rigidity of the fins limits their deformation, maintaining a 
more rigid structure that hinders the fluid movement between the top 
and bottom regions. Even at higher Rayleigh numbers, the velocities 
values remain subdued, showing limited convective mixing. The 
lower peak velocities values in these profiles confirm that the fins 
rigidity prevents the cavity from achieving the mixing fluid between 
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the upper and lower parts of the cavity that seen in the flexible fin 
case. 
      In figure 11, along L1 cutline, a significant change in the velocity 
speed as mentioned earlier when Et=5×109. Also, at Ra=106 when 
Et=5×109 the fin bended downward which created an opening 
between the upper and lower parts of the regions. Additionally, a 
vibrating curve appeared between (0.007 arc length (m) and 0.01 
arc length (m)) in the same parameter’s values which can be 
attributed to the downward bending of the fin and the resulting 
opening, in the other hand, the curve goes smoothly between (0.01 
arc length (m) and 0.013 arc length (m)) as the fin didn’t bend 
upward. 

In Figure 12, similar results are observed along the L2 cutline 
that intersects the fin. 
      In figure 13, along L3 cutline where it intersects the bottom of the 
triangular, at (Ra=106, Et=5×109), there is an increase in velocity 
motion near the vertical edges of the cavity compared to Et=1011 due 
to the opening that has been created by the bending of the fins. 
      In Figure 14, along L4 cutline, a slight increase is observed in 
middle of the cavity, while a significant increase occurs near the 
vertical edges. 

Figure 15 represent the average Nusselt number variation as a 
function of the Rayleigh number (Ra) for variating values of elasticity 
modulus (Et) of the fins. 

Effect of increasing Ra : As Ra increased, the average Nusselt 
number also increased for all elasticity values, indicating enhanced 
heat transfer. Higher Ra values induce greater buoyancy forces, 
intensifying fluid motion and thus increasing thermal exchange 
within the cavity.  

Influence of the fin elasticity Et: for lower Et, the average Nusselt 
number shows a steeper increase with Ra compared to higher Et 
values. This suggests that flexible fins enhance convection by 
bending more significantly with increasing Ra, allowing fluid of the 
hot and cold regions to mix more effectively. Conversely, at higher 
Et values, the fins remain largely rigid, limiting fluid interaction 
between the regions of the cavity. As a result, the heat transfer 
enhancement due to convection is lower, even at high Ra values. 

4. CONCLUSION 

This work highlights the critical role of fin flexibility in promoting 
thermal interaction between the upper and lower regions of an 
enclosed cavity. Flexible fins facilitate fluid circulation between these 
areas, particularly at higher Ra values, as fin deformation opens 
channels that allow hot and cold fluid regions to mix. This dynamic 
interaction reduces thermal stratification, leading to significantly 
higher heat transfer rates. Conversely, rigid fins restrict the passage 
of fluid between the bottom and upper of the cavity, resulting in a 
stable thermal boundary that limits convective heat transfer. These 
findings underscore the importance of fin flexibility to control and 
create an open and a close passage of the fluid which can lead to 
achieve enhancement thermal mixing, which can be advantageous 
in designing heat transfer systems were minimizing thermal 
gradients and maximizing energy efficiency are priorities as well as 
in devices like microfluidic and biomedical devices requiring 
localized thermal control. 

This numerical study is limited to 2d simulations with laminar 
flow. For this reason, future contributions has the possibilities to 
investigate and analyses 3D simulations, turbulent flows with 
different types of fluids, different flexible structural shapes. 

Nomenclature 

s  the second Piola–Kirchhoff stress tensor 
ds  vector of displacement 
g  gravitational acceleration (m/s2); 
Pr Prandtl number 
T  non-dimensional form of temperature 
u  velocity in a vector form 
y  cartesian coordinate in y direction 
T*  temperature (K) 
w  the vector of moving coordinate velocity 
L*  height and width of the cavity 
x  cartesian coordinate in x direction 
cp specific heat capacity at constant pressure (J/kg.K); 
Eτ  non-dimensional form of the elasticity modulus 
Ra  Rayleigh number 
Fv vector of body force 
P fluid pressure 
k  thermal conductivity (W/(m.K)); 
E  dimensional form of young’s modulus (N/m2) 
t  dimensional time 
tb  thickness of flexible baffle 

Greek symbols 

σ the field of the tensor of stress  
μ fluid’s dynamic viscosity  
ρR  the ratio of fluid to solid-structure density 
α coefficient of thermal diffusivity 
τ dimensionless time 
ρ density  
ν Poisson’s ratio  
β coefficient of the volumetric thermal expansion 
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Abstract: This paper presents the design and simulation of a multiband microstrip patch antenna optimized for modern wireless  
applications such as IoT devices, WLAN (2.4/5 GHz), WiMAX, and sub-6 GHz 5G systems. The novelty of this work lies in the integration of 
artificial neural networks (ANNs) with HFSS simulations, enabling rapid geometry prediction and reducing optimization iterations  
by nearly 50% compared to conventional design approaches. The proposed antenna, implemented on an FR-4 substrate with strategically 
placed L-shaped slots, achieves well-defined resonances at 2.4 GHz, 3.6 GHz, and 5.8 GHz. Simulation results show return loss (S₁₁)  
better than –15 dB, VSWR < 2, and peak gains of 7–8 dBi, with stable broadside radiation patterns across all bands. A parametric study 
demonstrates the influence of slot dimensions and substrate parameters on multiband behavior, while a comparative analysis highlights 
performance advantages over existing designs. These results confirm that the ANN-assisted HFSS workflow provides an efficient  
methodology for realizing compact, high-performance antennas suitable for multistandard wireless communication platforms. 

Key words: multiband antenna, microstrip patch, WiMAX, WLAN, neural network, HFSS simulation, return loss, VSWR, gain

1. INTRODUCTION 
 
The rapid proliferation of wireless communication technologies 

and the growing demand for seamless, always-on connectivity 
have significantly accelerated the development of compact, cost-
effective, and high-performance antenna systems. Modern wireless 
devices are expected to support a wide array of communication 
protocols—such as Wi-Fi (2.4/5 GHz), Bluetooth, LTE, and the rap-
idly evolving 5G and beyond (B5G/6G) standards—within a limited 
form factor. In this context, traditional single-band antennas fall 
short, as they lack the versatility required to operate across multiple 
frequency bands simultaneously. Multiband antennas address this 
limitation by enabling a single radiating element to function over 
several distinct frequency ranges. This capability not only reduces 
the number of individual antennas needed in a device but also sim-
plifies system integration, lowers manufacturing costs, and con-
serves valuable PCB real estate—an increasingly critical factor in 
miniaturized wireless systems. Among the various antenna types 
explored for multiband operation, microstrip patch antennas have 
emerged as a preferred choice for wireless and mobile applications. 
Their planar profile, ease of integration with printed circuit boards, 
mechanical robustness, and low fabrication costs make them ideal 
for compact devices. Structurally, a typical microstrip antenna com-
prises a metallic radiating patch printed on one side of a dielectric 
substrate, with a ground plane on the opposite side. While conven-
tional rectangular or circular patches inherently support only a sin-
gle resonant frequency, a multitude of design modifications can be 
employed to facilitate multiband behavior. Common strategies in-
clude introducing slots of various shapes (e.g., U-shaped, E-
shaped, or fractal slots) into the patch to create additional resonant 
modes [13–15]. Parasitic elements, either co-planar or stacked 

above/below the main patch, are also effective in generating multi-
ple frequency bands through electromagnetic coupling [12,16]. Ad-
ditionally, the use of defected ground structures (DGS), split-ring 
resonators (SRRs), or multi-layered configurations can further en-
hance bandwidth and frequency agility [14,15].  

In recent years, artificial intelligence (AI) and machine learning 
(ML) techniques have been increasingly applied to antenna design, 
offering new pathways for performance prediction and optimization 
[5–7,17–22]. For example, Lahiani et al. [1] and Djermane & Talbi 
[5] demonstrated the potential of artificial neural networks (ANNs) 
for rapid patch antenna parameter estimation, while Lo et al. [6] and 
Zang et al. [7] showed that AI can enhance broadband and RF cir-
cuit optimization. More recent works [17–22] explored AI-driven de-
sign for IoT and 5G applications; however, these studies often re-
main restricted to single- or dual-band configurations and do not 
explicitly integrate ANN prediction with full-wave EM simulators for 
multiband operation. In contrast, the present research integrates an 
ANN-based geometry prediction model with HFSS-driven optimiza-
tion, trained on more than 1000 simulation samples, to achieve ac-
curate and efficient design of a compact multiband patch antenna 
resonating at 2.4 GHz, 3.6 GHz, and 5.8 GHz. This hybrid approach 
reduces simulation iterations by nearly 50%, providing both compu-
tational efficiency and practical utility. The design targets well-de-
fined resonances with S₁₁ < –15 dB, VSWR < 2, and directive gain 
of 7–8 dBi, making it suitable for deployment in IoT devices, WLAN 
access points, vehicular systems, and sub-6 GHz 5G platforms. An-
sys HFSS (High Frequency Structure Simulator) serves as the pri-
mary electromagnetic simulation tool in this study. HFSS offers full-
wave 3D simulation capabilities based on the finite element method 
(FEM), providing highly accurate predictions of antenna perfor-
mance metrics such as S-parameters, radiation patterns, gain, and 
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efficiency. The iterative simulation process includes parametric 
sweeps and optimization to refine the antenna structure for optimal 
multiband performance. Through this work, we contribute an effi-
cient AI-assisted antenna design methodology that addresses the 
growing demand for multifunctional wireless systems, while also of-
fering insights into future design workflows combining ANN-based 
modeling with EM simulations. Figure 1 illustrates the workflow of 
the proposed ANN–HFSS framework. The process begins with the 
parametric generation of antenna geometries, followed by HFSS 
simulations to obtain S-parameters (S₁₁), gain, and radiation data. 
The simulation results are then preprocessed and used to train the 
Artificial Neural Network (ANN). Once trained, the ANN predicts the 
optimal geometry parameters corresponding to the target resonant 
frequencies of 2.4 GHz, 3.6 GHz, and 5.8 GHz. These ANN-pre-
dicted designs are finally revalidated through HFSS simulations to 
confirm accuracy. This integrated process significantly reduces the 
number of simulation iterations, thereby improving design efficiency 
while maintaining high accuracy. 

 
Fig. 1. Microstrip patch antenna 

2.   LITERATURE REVIEW 

Microstrip patch antennas have garnered extensive research 
attention owing to their compact size, ease of fabrication, low pro-
file, and compatibility with integrated circuits. Initially, research was 
focused on single-band antennas, emphasizing resonant frequency 
estimation, impedance matching techniques, and radiation pattern 
characterization. However, the growing demand for compact wire-
less systems supporting multiple standards (e.g., WiMAX, WLAN, 
5G) has driven significant advances in the development of dual- 
and multiband microstrip patch antennas. To support multiple fre-
quency bands, a variety of design techniques have been reported. 
Slot-loading is a widely adopted approach, where introducing slots 
of specific shapes (e.g., U-shaped, E-shaped, or fractal geome-
tries) into the radiating patch alters surface current distributions, re-
sulting in multiple resonant frequencies. For example, Iqbal et al. 
proposed a dual-band patch antenna operating at 2.5 GHz and 5.8 
GHz, achieving over 90% coverage of the WiMAX band, with a re-
turn loss better than –18 dB and VSWR less than 2, demonstrating 
effective dual-band performance [1]. In addition to slot-based meth-
ods, other techniques include the use of parasitic elements, either 
co-planar or stacked, which introduce additional resonant modes 

through electromagnetic coupling. Stacked patches, in particular, 
are advantageous for widening bandwidth and supporting inde-
pendent frequency tuning. Designs employing defected ground 
structures (DGS) and L-shaped slots have also shown efficacy in 
achieving dual-resonant behavior, particularly at 3.6 and 5.3 GHz, 
which are relevant for WiMAX and sub-6 GHz 5G applications. For 
true multiband or wideband performance, more complex geome-
tries such as ring-slots, octagonal patches, or fractal outlines have 
been employed. Sharmila et al. demonstrated a high-performance 
multiband antenna using dual octagonal ring slots, achieving up to 
nine resonant bands within the 8–46 GHz range. Their design main-
tained |S₁₁| < –10 dB and VSWR < 2 across multiple bands, show-
casing its suitability for UWB and millimeter-wave applications [2]. 

While geometric innovations have played a pivotal role, recent 
research has started to leverage artificial intelligence (AI), particu-
larly machine learning (ML), to automate and accelerate the an-
tenna design process. Lahiani et al. utilized feed-forward and cas-
cade neural networks trained on datasets derived from modal anal-
ysis to map desired frequency responses to patch geometries. 
Their approach significantly reduced design iteration cycles, as op-
timized antenna structures could be predicted and refined using 
electromagnetic solvers like HFSS with minimal manual tuning. In 
line with such advancements, our methodology integrates artificial 
neural networks (ANNs) trained on simulated datasets to predict 
optimal patch shapes for specified multiband requirements. This 
ML-based framework enhances the efficiency of antenna synthesis 
by narrowing the design space and minimizing reliance on brute-
force optimization. Simulation tools such as ANSYS HFSS, CST 
Microwave Studio, and Altair FEKO remain integral to the design 
cycle. These platforms facilitate 3D electromagnetic simulation, en-
abling designers to validate the antenna's performance (e.g., return 
loss, gain, efficiency, and radiation pattern) prior to fabrication. 
They also support parametric sweeps and optimization routines es-
sential for refining performance across multiple frequency bands. 

Moreover, substrate characteristics—including dielectric con-
stant, thickness, and loss tangent—profoundly influence antenna 
behavior, affecting bandwidth, efficiency, and radiation quality. 
Hence, material selection is a key aspect in achieving the desired 
multiband functionality. In summary, the development of dual- and 
multiband microstrip antennas encompasses a diverse set of strat-
egies involving geometrical modifications, feeding techniques, and 
AI-assisted optimization, all supported by robust electromagnetic 
simulation tools. These innovations have enabled the realization of 
compact, efficient, and versatile antennas for modern wireless sys-
tems. 

3.   ANTENNA DESIGN AND METHODOLOGY 

The design of the multiband microstrip patch antenna involves 
selecting an appropriate geometry and applying techniques to 
achieve resonances at the desired frequency bands. For wireless 
applications, common target bands include 2.4 GHz (Wi-Fi, Blue-
tooth), 5-6 GHz (Wi-Fi), and potentially sub-6 GHz 5G bands. 

A common substrate material for patch antennas is FR-4 
epoxy, although other materials with lower loss tangents might be 
preferred for higher efficiency, especially at higher frequencies. The 
thickness of the substrate also influences the bandwidth. A thicker 
substrate generally provides wider bandwidth but can also lead to 
increased surface waves[1]. To achieve multiband operation, we 
can consider techniques such as: 

− Slotted Patch: Cutting slots of specific dimensions and shapes 
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in a single patch can introduce multiple resonant frequencies. 
The dimensions and placement of the slots determine the new 
resonant modes[2]. 

− Parasitic Elements: Incorporating passive metallic elements 
near the main radiating patch can electromagnetically couple 
with the patch and create additional resonances[3]. 

− Stacked Patches: Using multiple layers of patches separated 
by dielectric layers, with each patch designed for a different fre-
quency. This approach can offer good isolation between bands. 
For this research, we will consider a slotted patch antenna de-

sign due to its simplicity and compact nature. The initial dimensions 
of the main patch can be estimated using standard formulas for a 
single-band patch antenna, targeting the lowest desired operating 
frequency. Then, slots will be introduced and their dimensions and 
positions optimized through simulation to achieve the higher fre-
quency bands[4]. 

The feed technique also needs careful consideration for multi-
band operation. A microstrip line feed is simple to implement, but 
achieving good impedance matching across multiple bands can be 
challenging[5]. Other techniques like aperture coupling or proximity 
coupling can offer better impedance matching and bandwidth char-
acteristics[6]. We will begin with a microstrip line feed and evaluate 
its performance. 

The design process involves: 
1. Selecting the substrate material and thickness. 
2. Calculating initial patch dimensions for the lowest band. 
3. Introducing slots or other multiband features. 
4. Determining the feed point and type. 
5. Creating the antenna geometry in HFSS. 
6. Setting up material properties, boundary conditions and excita-

tion. 
The proposed antenna geometry is a rectangular microstrip 

patch on an FR-4 substrate (εr=4.4, thickness=1.6 mm) with a co-
axial probe (0.5 mm diameter) feed. To enable multiband operation, 
we introduce orthogonal slots on the patch (e.g. a pair of L-shaped 
slots) that perturb currents at different frequencies. The patch 
length L and width W set the fundamental mode near 2.4 GHz, 
while slots and additional stub elements create higher-order modes 
near 3.6 GHz and 5.8 GHz. The feed is placed offset from the patch 
center to achieve impedance matching across bands. An ANN 
model (a feed-forward multilayer perceptron) is trained to predict 
antenna performance (resonant frequencies and S11 minima) from 
geometry parameters. Input features include patch length L, width 
W, slot lengths, and feed-offset distance. The output is the set of 
resonant frequencies and the corresponding return-loss values. We 
generate a synthetic training dataset by sampling these geometry 
parameters and simulating the antenna in HFSS for each sample 
to obtain S11(f) curves. Over 1000 instances are used for train-
ing/validation. The predicted geometry from the NN is then simu-
lated in HFSS (Ansys 2024) for fine optimization. In HFSS, we use 
a driven modal solver with a 50 Ω coaxial feed model. Radiation 
boundaries are set at least λ/4 from the antenna. The antenna is 
swept from 1–10 GHz. Automated optimizers in HFSS adjust the 
NN-provided dimensions to minimize S11 at target frequencies. 

This section outlines the complete workflow used in the design 
and optimization of the proposed multiband microstrip patch an-
tenna (MPA), integrating both computational electromagnetics (via 
HFSS) and data-driven optimization (via neural networks).  

 
Fig. 2. Antenna Design and Methodology                   

3.1.  Antenna Design Fundamentals 

The microstrip patch antenna is a planar structure composed of 
a radiating patch, a dielectric substrate, and a ground plane. It sup-
ports a dominant TM10 mode where the length L of the patch is 
approximately λ/2 in the dielectric medium. 

The resonant frequency for a rectangular patch is given by: ݂ݎ = ஼2௅√∈eff                                                                               (1) 

where: 
C is the speed of light, 
L is the effective length of the patch, ∈eff is the effective dielectric constant. 

For multiband performance, we introduce slots and stubs into 
the patch surface. These perturb surface currents and enable mul-
tiple resonances. 

3.2.  Physical Structure 

The proposed antenna is fabricated on an FR-4 epoxy sub-
strate characterized by a dielectric constant (εr) of 4.4 and a thick-
ness (h) of 1.6 mm. Both the radiating patch and the ground plane 
are formed using copper layers with a thickness of 0.035 mm. 

Design Highlights: 
1. Radiating Patch: The antenna features a rectangular copper 

patch with strategically etched L-shaped slots. These slots cre-
ate multiple current paths, enabling multiband operation by ex-
citing different resonant modes [1][2]. 

2. Feeding Technique: A coaxial probe feed is employed, posi-
tioned slightly off-center from the patch to achieve optimal im-
pedance matching and improve return loss characteris-
tics[3][4]. 

3. Ground Plane: A full-sized copper ground plane is utilized to 
maintain a stable and consistent radiation pattern across the 
operating bands [5][6].  
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Fig. 3.  Design Antenna 

3.3.  Neural Network-Assisted Pre-Design 

Traditional HFSS-based parametric sweeps are time-consum-
ing. To address this, we developed a feed-forward Artificial Neural 
Network (ANN) to assist with geometry prediction. 

Model Architecture: 

− Input: [Patch Length (L), Width (W), Slot Lengths (l₁, l₂), Feed 
Offset (dₚ)] 

− Output: [f₁, f₂, f₃] = Target Resonant Frequencies 

− Model Type: 3-layer ANN with 32-64-64 neurons 
Activation: ReLU 
Optimizer: Adam 
Loss Function: MSE (Mean Squared Error) 
Training Data: 1000+ HFSS simulations with randomized      
geometric parameters 

− Training Platform: Python (TensorFlow), validated via 10-fold 
cross-validation  
Once trained, the model could predict geometries that place 

resonances near [2.4 GHz, 3.6 GHz, 5.8 GHz] with < 5% frequency 
error. 

      
Fig. 4.  Neural Network-Assisted Antenna Geometry Prediction Workflow 

Geometry Dataset Generation: The initial step involves defining 
the antenna geometry parameters: patch length (L), width (W), slot 
lengths (l₁, l₂), and feed offset (dₚ). 

HFSS Simulations: Using HFSS software, each geometry con-
figuration is simulated to extract the corresponding resonant fre-
quencies (f₁, f₂, f₃). 

Training Dataset Creation: The input-output pairs (geometry-
parameters as inputs and resonant frequencies as outputs) for the 
dataset for training the neural network. 

ANN Model Training: A feed-forward ANN with three layers (32, 

64, and 64 neurons respectively) is trained using this dataset. The 
ReLU activation function, Adam optimizer, and Mean Squared Error 
(MSE) loss function ensure effective learning. 

Model Validation: To verify robustness and avoid overfitting, 10 
-fold cross-validation is performed. 

Geometry Prediction: Once trained, the model accept target 
resonant frequencies as input and predicts the  Corresponding an-
tenna geometry parameters, accelerating the design process by re-
ducing reliance on repeated HFSS  Parametric sweeps[1][2][3]. 

3.4.  HFSS Simulation And Optimization 

To achieve high-performance multiband operation, a hybrid de-
sign strategy is employed. Initially, a neural network (NN) model 
provides coarse estimates of optimal geometrical parameters. 
These are subsequently refined through full-wave electromagnetic 
simulations using Ansys HFSS, leveraging the Finite Element 
Method (FEM)[5]. 

3.4.1 HFSS Simulation Setup 

The simulation configuration in HFSS is defined as follows: 

− Boundary Conditions: Radiation boundary with λ/4 spacing to 
emulate open space conditions[1]. 

− Excitation Port: Coaxial probe feed with 50 Ω impedance[2]. 

− Meshing Strategy: Adaptive tetrahedral meshing ensures con-
vergence and accuracy[3]. 

− Frequency Sweep: Defined from 1 GHz to 10 GHz with a reso-
lution of 0.01 GHz to capture detailed resonance behavior. 

3.4.2 Optimization Loop 

 A four-step optimization process is executed to meet the multi-
band criteria: 

− Geometry Import: The NN-predicted antenna geometry, includ-
ing patch dimensions and slot configuration, is imported into 
HFSS. 

− Parametric Sweep: A parametric analysis is conducted by var-
ying critical design parameters such as: Slot length, Patch 
width, Feed point offset. This is done to observe their effect on 
reflection coefficient and impedance matching[7]. 

− Performance Evaluation: The antenna performance is evalu-
ated using: 

− S₁₁ (Return Loss): Must be < –10 dB at all targeted frequency 
bands. 

− VSWR (Voltage Standing Wave Ratio): Must be < 2 across all 
operating bands. 

− Convergence Criteria: The optimization terminates once all per-
formance targets are achieved or exceeded across the desired 
bands [10]. 
This simulation and optimization strategy ensures that the final 

antenna structure delivers efficient multiband operation with mini-
mal return loss and stable impedance matching [6]. 

The neural network provides initial estimates. These are refined 
in Ansys HFSS using full-wave finite element simulations. 

HFSS Setup: 

− Boundary Conditions: Radiation boundary (λ/4 spacing) 

− Port: Coaxial probe (50 Ω) 
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− Meshing: Adaptive tetrahedral mesh 

− Frequency Sweep: 1 GHz to 10 GHz (step size: 0.01 GHz). 

3.5.  Workflow Diagram  

The Figure Workflow of the proposed ANN–HFSS antenna de-
sign approach. The process begins with antenna parameter initial-
ization, followed by ANN-based training and dataset generation. 
HFSS provides accurate electromagnetic simulations, which are it-
eratively refined through an ANN–HFSS optimization loop. Finally, 
antenna performance metrics such as S11, gain, and radiation pat-
terns are evaluated[6]. 

 
Fig. 5. Workflow of ANN-Assisted Antenna Design 

4.  DATASET 

To train the neural network model and validate antenna perfor-
mance, a synthetic dataset is generated through systematic HFSS 
simulations. This dataset captures the relationship between an-
tenna design parameters and corresponding electromagnetic per-
formance metrics. 

4.1. Input Parameters (Design Variables) 

The input features consist of continuous-valued geometric pa-
rameters of the microstrip patch antenna: 

− Patch Length (L): Varied from 25 mm to 35 mm 

− Patch Width (W): Varied from 20 mm to 30 mm 

− Slot Length 1 (l₁) and Slot Length 2 (l₂): Each varied inde-
pendently, typically up to 10 mm 

− Feed Offset (d_feed): The displacement of the coaxial probe 
from the patch center, varied within a practical range (e.g., 1–5 
mm) 
These parameters define the physical geometry of the antenna 

and have a direct impact on its resonant behavior. 

4.2.  Input Impedance and Smith Chart Analysis 

The input impedance of the proposed antenna is expressed as  

Zin = Rin + jXin                                                                          (2) 

At resonance, the imaginary component becomes nearly zero 
(Xin ≈ 0) and the real component approaches 50 Ω, ensuring good 
matching with the feed line.  

The Figure 6 shows that at 2.4, 3.6, and 5.8 GHz, Rin  remains 
close to 50 Ω while Xin crosses zero, coinciding with the minima of 
S11 and VSWR < 2. The Smith chart (Figure 7) further confirms this 
behavior, with the impedance loci passing near the chart center at 
each operating band. Below resonance, the antenna is capacitive 
(Xin<0), while above resonance it becomes inductive (Xin > 0). 
These results verify proper impedance matching and efficient radi-
ation across all target frequencies. 

 
Fig. 6. Input Impedance vs Frequency   
 

                          

 
Fig. 7. Smith Chart (impedance loci approaching chart center at     
           resonances, confirming good matching)  

4.3.  Output Parameters (Performance Metrics)  

For each set of input parameters, a full-wave simulation is per-
formed in Ansys HFSS. The results include: 

− S₁₁ (Return Loss) vs Frequency: Extracted from the simulation 

− Top Three Resonant Frequencies (fr₁, fr₂, fr₃): Identified from 
the S₁₁ plot where minima occur 
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− Return Loss Depths (in dB): The magnitude of S₁₁ at fr₁, fr₂, 
and fr₃ 

− Bandwidths: Measured as the frequency range over which S₁₁ 
remains below –10 dB for each resonance 

4.4.  Data Generation Strategy 

The dataset is generated by sweeping the input parameters 
across their defined ranges using a Design of Experiments (DoE) 
approach (e.g. Latin Hypercube Sampling or Grid Sampling), fol-
lowed by HFSS simulation for each configuration. 

Each entry in the dataset is of the form:  

[L, W, l₁, l₂, d_feed] → [fr₁, fr₂, fr₃, RL₁, RL₂, RL₃, BW₁, BW₂, 
BW₃]                                                                                             (3) 

where 
fr₁, fr₂, fr₃ - resonant frequencies 
RL₁, RL₂, RL₃ - return loss depths at those frequencies 
BW₁, BW₂, BW₃ - corresponding –10 dB bandwidths 

This labeled dataset is used to train the neural network for ge-
ometry-to-performance prediction, which forms the basis for AI-as-
sisted antenna design [5][6]. 

5. RESULT ANALYSIS  

The performance of the proposed multiband microstrip patch 
antenna is evaluated through full-wave simulations in Ansys HFSS. 
The results confirm successful resonance at the target frequencies 
with acceptable return loss, gain, VSWR, and efficiency across all 
bands. Additionally, a comparative assessment highlights the su-
periority of the ANN-assisted HFSS optimization over conventional 
methods. 

5.1. Return Loss (S11) 

The return-loss plot exhibits deep nulls at ~2.4 GHz, 3.6 GHz, 
and 5.8 GHz, with S11 < –15 dB at each band. The –10 dB band-
widths span approximately 2.35–2.50 GHz, 3.55–3.75 GHz, and 
5.6–5.9 GHz. The S₁₁ plot (Figure 8) reveals three distinct reso-
nances with deep return-loss nulls: 

− 1st Band: centered around 2.4 GHz, with S₁₁ ≈ –20 dB, and 
bandwidth from 2.35 to 2.50 GHz 

− 2nd Band: centered at 3.6 GHz, with S₁₁ ≈ –18 dB, and 
bandwidth from 3.55 to 3.75 GHz 

− 3rd Band: centered near 5.8 GHz, with S₁₁ ≈ –22 dB, and 
bandwidth from 5.60 to 5.90 GHz 
Each of these resonances falls below the –10 dB threshold, in-

dicating excellent impedance matching and minimal reflection. 
 
 

5.2. VSWR 

The VSWR remains below 2.0 throughout these bands, with 
VSWR≈1.3 at 2.4 GHz and ≈1.2 at 5.8 GHz. The VSWR  plot (Fig-
ure 8) further confirms the antenna’s match quality: 
− at 2.4 GHz, VSWR ≈ 1.3 

− at 3.6 GHz, VSWR ≈ 1.4 

− at 5.8 GHz, VSWR ≈ 1.2 

These values are well below the threshold of 2.0, ensuring 
efficient power transfer to the antenna across all operational bands. 

5.3. Gain 

The gain vs. frequency plot and radiation patterns (Fig. 8-9)  
illustrate the antenna’s directional characteristics: 
1. Peak Gain: 

− ~7.0 dBi at 2.4 GHz 

− ~6.2 dBi at 3.6 GHz 

− ~8.0 dBi at 5.8 GHz 
2. Radiation Pattern: 

− Broadside-directed beams 

− Front-to-back ratio > 15 dB 

− Maintains consistent radiation shape across bands 
3. Radiation Efficiency: Maintained above 60% in all operational 

bands, confirming low loss and practical viability. 
The patch achieves gains of ~7.0 dBi at 2.4 GHz, ~6.2 dBi at 

3.6 GHz, and ~8.0 dBi at 5.8 GHz. Radiation patterns show broad-
side beams with front-to-back ratios >15 dB. Efficiency remains 
above ~60% in each band. 

5.4. Optimization Efficiency  

The ANN-assisted design flow significantly reduces the compu-
tational overhead: 

− Approximately 50% fewer HFSS iterations were required com-
pared to manual parametric sweeps. 

− Faster convergence without sacrificing performance accuracy, 
making it scalable for multiband designs. 

5.5. Performance Comparison Table 

 The ANN-assisted design achieved this with ~50% fewer 
HFSS iterations than conventional methods. 

Tab. 1. Performance comparison table 

Parameter 
Proposed 

(ANN+HFSS) 
Iqbal et al. 
dual-band 

Sharmila et al. 
multiband 

Bands (GHz) 

2.35–2.50, 
3.55–3.75, 

5.60–5.90 

2.50–2.70, 

5.75–5.85 

8.20, 11.40, 

14.90, ... 

Return loss (dB) –20, –18, –22 
–18 at 2.5, –

18 at 5.8 
<–10 dB at all 

bands 

VSWR 1.2–1.4 <2.0 <2.0 

Peak gain (dBi) 7.0, 6.2, 8.0 ~5.0–6.0 2–6 

Optimization 

method 

ANN-assisted 

HFSS 

Manual CST 

tuning 

Manual HFSS  

tuning 

The figure 4 presents the simulated performance metrics of the 
proposed multiband microstrip patch antenna. 
1. S₁₁ Curve: Shows deep nulls at approximately 2.4 GHz, 3.6 

GHz, and 5.8 GHz, confirming successful resonance at the tar-
geted frequency bands. All values drop below –15 dB, indicat-
ing excellent impedance matching and minimal signal reflec-
tion. 
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2. VSWR Curve: Remains below 2.0 across the operating bands, 
with values around 1.3–1.4, which validates efficient power 
transfer from the source to the antenna. 

3. Gain Plot: Demonstrates strong radiation performance with 
peak gains of 7–8 dBi, particularly around 5.8 GHz, indicating 
high signal strength and directional radiation efficiency. 
The figure 8 displays the 2D far-field radiation patterns of the 

antenna at its resonant frequencies. The patterns exhibit broadside 
radiation, typical of patch antennas, with symmetrical lobes in the 
desired direction, The front-to-back ratio exceeds 15 dB, implying 
that the antenna radiates most of its energy forward, minimizing 
back lobes. And The patterns are stable across the bands, validat-
ing the proposed antenna’s suitability for multiband wireless com-
munication applications.  

The radiation behavior of the proposed antenna was analyzed 
at the three resonant frequencies (2.4 GHz, 3.6 GHz, and 5.8 GHz). 
The simulated E-plane (φ = 0°) and H-plane (φ = 90°) patterns, 
shown in Figure 9, indicate broadside radiation with stable main 
lobes and symmetrical beamwidths. The antenna achieves front-to-
back ratios greater than 15 dB, confirming effective suppression of 
back lobe radiation. To further demonstrate directive behavior, the 
simulated 3D radiation plots are presented in Figure 9. These re-
sults show that the antenna maintains a consistent broadside radi-
ation profile with directive gains of approximately 7–8 dBi across all 
operating bands. The combination of 2D and 3D results verifies that 
the proposed design provides reliable radiation performance suita-
ble for IoT, WLAN, and sub-6 GHz 5G wireless systems. 

 
Fig. 8. Output Curves of S₁₁, VSWR, and Gain                     

 

 

Fig. 9. Radiation Patterns at 2.4 GHz and 3.6 GHz 

 
As illustrated in Figure 10, the bar graph provides a clear visual 

comparison of key performance metrics—Return Loss, VSWR, and 
Peak Gain—across three antenna design approaches. The pro-
posed ANN-assisted HFSS method distinctly outperforms the con-
ventional methods. The Figure 9 shows Simulated E-plane and H-
plane radiation patterns at 2.4, 3.6, and 5.8 GHz. The E-plane plots 
show broadside radiation with stable beamwidths, while the H-
plane plots demonstrate nearly symmetrical patterns across all res-
onances.  Figure 9- 3D radiation patterns of the proposed antenna 
at 2.4, 3.6, and 5.8 GHz. At 2.4 GHz, the pattern exhibits a wider 
beamwidth suitable for IoT/WLAN coverage. At 3.6 GHz, the main 
lobe becomes more directive, supporting mid-band 5G applica-
tions. At 5.8 GHz, higher directivity and gain are observed, making 
the design effective for high-throughput Wi-Fi and vehicular com-
munication systems. 
1. Return Loss: Achieves the most favorable values (up to –20 

dB), indicating excellent impedance matching and minimal 
reflection losses. 

2. VSWR: Maintains the lowest value (~1.3), confirming efficient 
power transfer and reduced mismatch. 

3. Peak Gain: Registers the highest gain (up to 8 dBi), signifying 
stronger radiation intensity and better directional performance. 
This visualization clearly highlights the effectiveness of the 

ANN-assisted optimization framework, enabling superior antenna 
performance while significantly reducing the number of HFSS de-
sign iterations. 

 
Fig. 10. Comparative Bar Graph of Return Loss, VSWR, and Gain for 

Proposed ANN+HFSS Method vs. Existing Works 
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5.6. Parametric Study 

 To better understand the impact of design variables on an-
tenna performance, a detailed parametric study was conducted. 
The key parameters investigated include slot length, slot width, 
substrate thickness, and feed position. The results are summarized 
in Figure 11. 

Slot Length (Fig.11a): Varying the slot length significantly influ-
ences the lower resonance. Increasing the slot length shifts the 2.4 
GHz band to a lower frequency, while reducing it pushes the band 
upward. This parameter is thus critical for tuning the fundamental 
mode. 

Slot Width (Fig.11b): The slot width mainly affects the imped-
ance matching. A wider slot enhances capacitive coupling, improv-
ing return loss (deeper S11 minima), whereas narrower slots yield 
poorer matching. Bandwidth is only marginally affected. 

Substrate Thickness (Fig.11c): Increasing substrate thickness 
broadens the impedance bandwidth but slightly reduces the match-
ing depth at certain frequencies. Conversely, thinner substrates 
provide sharper resonances but narrower bandwidth.  

Hence, a balanced thickness is necessary to achieve optimal 
bandwidth and efficiency. 

Feed Position (Fig.11d): The feed point directly affects imped-
ance matching across all resonant modes. A small positive offset 
from the patch center improves the matching depth at 2.4, 3.6, and 
5.8 GHz, while misalignment in the opposite direction degrades 
performance. 

This parametric analysis provides design flexibility by illustrat-
ing how key parameters influence antenna behavior. It also vali-
dates the ANN–HFSS optimization approach by showing that the 
observed simulation trends align with the predicted effects of pa-
rameter variations. 

 
Fig. 11. Parametric study results of the proposed antenna: (a) Effect of slot 

length on S11,(b) Effect of slot width on S11, (c) Effect of substrate 
thickness on S11,(d) Effect of feed position on S11 

5.7.  Comparative Analysis and Novelty 

A comparative study has been carried out to benchmark the 
proposed antenna against existing works. Prior studies achieved 
dual- or tri-band operation but were limited by narrow bandwidth, 
lack of AI-based optimization, or restricted frequency coverage. In 
contrast, the proposed ANN–HFSS optimized design achieves sta-
ble operation at 2.4, 3.6, and 5.8 GHz, offers broader bandwidths 
(100–150 MHz), and reduces simulation iterations by nearly 50%. 
Table 2 highlights these advantages and confirms the novelty of 
this work in combining AI-driven prediction with HFSS optimization 
for practical IoT and 5G applications. 
 
 
 
 
 

Tab. 2. Comparison of proposed antenna with existing works 

Refe-
rence 

Methodo-
logy 

Opera-
ting 

Bands 
(GHz) 

Band-
width 
(MHz) 

Reported 
Limita-
tions 

Proposed 
Work 

Advantages 

Sharmila 
et al. 

2019 [3] 

Slotted 
patch, 
HFSS 

2.4/5.2 80/100 

Limited 
bands, no 

AI 
integration 

Covers 2.4 / 
3.6 / 5.8 GHz, 

AI-assisted 
optimization 

Djermane
& 

Talbi, 
2015 [5] 

Neural 
Network 

for design 
2.45 70 

Single-
band only 

ANN + HFSS, 
multiband 

design 

Wang et 
al. 2015 

[20] 

Tri-band 
slot 

design 

2.4/3.5/ 
5.5 

60-120 
Narrow 

bandwidth 

Wider bands, 
improved 
matching 

Rahman 
et al., 

2014 [2] 

Dual-band 
MPA 

2.4/5.8 100/110 
Only 2 
bands 

supported 

Stable 3-band 
operation 

Proposed 
Work 

ANN–
HFSS 

optimized 
slotted 
patch 

2.4/3.6/ 
5.8 

100–150 
each 

- 

Reduced 
design 

iterations, 
stable 

radiation, 
IoT/5G 

applications 

6. CONCLUSION 

In this study, a multiband microstrip patch antenna operating at 
2.4 GHz, 3.6 GHz, and 5.8 GHz was designed and optimized using 
a hybrid ANN-assisted HFSS workflow. The integration of artificial 
neural networks with electromagnetic simulation significantly re-
duced the design cycle by nearly 50%, compared to conventional 
iterative optimization. The proposed antenna achieved return loss 
better than –15 dB, VSWR < 2, and peak gains between 6–8 dBi, 
while maintaining stable broadside radiation patterns and radiation 
efficiency above 60%. A comparative analysis with existing designs 
confirmed that the proposed approach provides superior imped-
ance matching, gain, and computational efficiency. The work 
demonstrates that coupling machine learning techniques with full-
wave solvers is a viable and effective strategy for accelerating an-
tenna design for IoT, WLAN, WiMAX, and sub-6 GHz 5G wireless 
applications.  

Fture Scope: While this work presents a comprehensive simu-
lation-based study, several directions remain for further exploration: 
1. Prototype Fabrication & Measurement: The proposed antenna 

will be fabricated on an FR-4 substrate and tested in an RF 
laboratory. Key parameters such as S₁₁, VSWR, gain, and far-
field radiation patterns will be measured using a Vector Network 
Analyzer (VNA, e.g., Rohde & Schwarz ZNB20) and an 
anechoic chamber. These measurements will directly validate 
the ANN–HFSS workflow with real-world data. 

2. Material Optimization: High-performance substrates such as 
Rogers RT/duroid will be investigated to improve bandwidth, 
efficiency, and thermal stability. 

3. Advanced AI Integration: Future work will employ deep learning 
models (CNNs, RNNs) and metaheuristic optimizers (GA, PSO) 
for enhanced prediction accuracy and faster geometry 
optimization. 

4. Practical Deployment: The antenna design will be integrated 
into IoT modules, vehicular communication systems, and 5G 
small-cell networks, enabling practical field testing. 
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5. Reconfigurable Antennas: Incorporating PIN diodes, varactors, 
or MEMS switches will allow frequency reconfiguration, making 
the antenna adaptable to multi-standard wireless platforms. 
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Abstract: Bone remodeling is a dynamic and complex process governed by mechanical loading and molecular signaling. Numerical models 
serve as essential tools in predicting structural changes in bone, assessing implant integration, and evaluating the effects of pharmacological 
or pathological conditions. This review provides a critical comparative analysis of two principal classes of bone remodeling models: 
phenomenological and mechanobiological. Phenomenological models treat bone as an adaptive continuum responding to mechanical  
stimuli, offering numerical efficiency and compatibility with finite element methods. In contrast, mechanobiological models incorporate explicit 
representations of cellular dynamics, regulatory pathways (e.g., RANK/RANKL/OPG, WNT/β-catenin), and biological feedback mechanisms. 
While biologically realistic, they are limited by high parameterization, calibration challenges, and computational cost. The review outlines the 
application domains of each approach, highlights current limitations, and discusses potential directions for hybrid modeling. We conclude 
that future research should focus on integrating biological fidelity with numerical tractability to enable predictive, personalized simulations  
of bone remodeling 

Keywords: phenomenological model, mechanobiological model, bone remodeling simulation  

1. INTRODUCTION 

Bone remodeling is a physiologically regulated, dynamic pro-
cess involving the continuous replacement of bone tissue and the 
adaptation of bone microarchitecture to changing mechanical and 
biochemical conditions [1, 2]. It is carried out by basic multicellular 
units (BMUs), composed of osteoblasts, osteoclasts, and osteo-
cytes, whose activity is regulated by mechanical, hormonal, and 
molecular signals [2]. Remodeling allows for the maintenance of 
skeletal integrity, the repair of microdamage, and the adaptation to 
loads—both physiological and those induced by the presence of 
implant materials [3]. 

From the perspective of biomedical engineering, the ability to 
quantitatively model and predict spatial-temporal changes in bone 
density, structure, and composition is essential for optimizing the 
geometry of implants and endoprostheses [4], predicting the risk of 
osteolysis and post-implant resorption [5], simulating the effects of 
drugs on the skeletal system [6], and designing personalized ther-
apies [1]. 

In recent decades, numerous numerical models have been de-
veloped to simulate the bone remodeling process. These are gen-
erally categorized into: phenomenological models, which describe 
remodeling as a material response to local mechanical stimuli (e.g. 
strain energy density, SED), while ignoring cellular activity and mo-
lecular pathways [4, 5, 7], and mechanobiological models, which 
explicitly implement biological regulatory mechanisms such as the 
RANK/RANKL/OPG pathway, osteocytic mechanotransduction, or 
the role of sclerostin and PTH [6, 8, 9, 10]. 

Despite growing biological knowledge, the translation of these 
insights into engineering practice remains limited. Phenomenologi-
cal models, due to their low computational demands and ease of 
implementation (e.g. in FEM environments such as Abaqus, AN-
SYS, FEBio), are widely used for analyzing implant integration [4, 
5, 11, 12]. However, they neglect key biological phenomena, such 
as the impact of molecular mediators on osteoblast proliferation or 
variability in disease responses (e.g., osteoporosis, multiple mye-
loma) [13]. Mechanobiological models, while more biologically real-
istic, often remain conceptual—burdened by a high number of pa-
rameters, difficulty in calibration, and limited clinical validation [11, 
14, 15, 16] 

The objective of this article is a critical analysis of current nu-
merical algorithms used in bone remodeling modeling, with partic-
ular emphasis on the range of biological processes captured, for-
mal and computational complexity, engineering applications, trans-
lational barriers, and recommendations for future development. 

2. BIOLOGICAL FOUNDATIONS OF BONE REMODELING – 
ASPECTS CAPTURED BY MATHEMATICAL MODELS 
GEOMETRICAL AND MATERIAL MODEL 

The bone remodeling process is carried out by basic multicel-
lular units (BMUs) composed of osteoblasts (bone-forming cells), 
osteoclasts (bone-resorbing cells), and osteocytes, which act as 
mechanosensors [2]. Mathematical models incorporate these cell 
types at varying levels of detail—from population-based variables 
(e.g., cell counts) to complex molecular interactions [8]. 
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Osteocytes are considered the primary mechanosensory ele-
ment. In most mechanobiological models, osteocytes initiate re-
modeling by releasing biochemical signals that modulate osteoblast 
and osteoclast activity [2, 9]. Models such as those by Pivonka [8] 
or Graham [26] implement this process as a biological activation 
function triggered by mechanical stimuli. 

Osteoblasts form new bone tissue, and their population dynam-
ics (e.g. proliferation, differentiation, apoptosis) are often described 
by equations influenced by factors such as TGF-β, sclerostin, or 
WNT/β-catenin signaling [6, 9]. Komarova [6] and Ji [17] are exam-
ples of such modeling approaches. 

Osteoclasts resorb old bone tissue. Their formation and activity 
are typically governed by the RANK–RANKL–OPG signaling path-
way. The RANKL/OPG ratio determines the resorption rate, a cen-
tral mechanism in models by Komarova, Ayati, and Ryser [6, 13, 
18]. 

The RANK/RANKL/OPG pathway is a core feature of nearly all 
mechanobiological remodeling models. RANKL, produced by oste-
oblasts and osteocytes, activates osteoclasts via the RANK recep-
tor, while OPG acts as an inhibitor. Models describe the 
RANKL/OPG ratio as a control function for resorption rate [6, 8]. 

The WNT/β-catenin pathway regulates osteoblast proliferation 
and differentiation. It is activated by decreased levels of scle-
rostin—an inhibitor secreted by osteocytes. Graham and Pivonka 
incorporate this pathway to simulate osteoblast maturation [8, 9]. 

Sclerostin is a key inhibitor of bone formation, with expression 
levels regulated by local mechanical loading. In Martin’s model [19], 
a feedback loop is introduced linking tissue deformation to scle-
rostin levels, enabling dynamic simulation of biomechanical regula-
tion. 

3. PHENOMENOLOGICAL MODELS OF BONE REMODELING 

Phenomenological models are a class of mathematical models 
in which bone remodeling is treated as a response of a deformable 
medium to local mechanical stimulus. They do not consider cellular 
mechanisms or biochemical regulation. These models are based 
on the theory of adaptive elasticity and define bone as a material 
that adapts its internal structure to mechanical conditions [5, 20]. 

Typically, these models use a governing equation of the form: 
dρ/dt = f(SED), where ρ is bone density and SED is strain energy 
density. Bone is considered to locally densify or resorb in response 
to mechanical demand. In numerical implementations, the function 
f is defined in a piecewise manner depending on whether the stim-
ulus exceeds or falls below the physiological threshold [20]. 

Models developed by Huiskes [5], Beaupré [4], and Jacobs [12] 
laid the foundation for finite element-based remodeling simulations, 
used in predicting density changes around implants and prostheses 
[4, 5, 21]. These models introduce control functions that allow sta-
ble numerical solutions and facilitate implementation in FEM plat-
forms (e.g. Abaqus). 

More advanced phenomenological models incorporate time de-
lay, asymmetry of formation/resorption rates, and non-linear control 
functions. However, they remain limited to mechanical stimulus as 
the driver of remodeling. Biological processes are not modeled, 
which limits applicability in scenarios involving pharmacological 
treatment or systemic diseases. 

These models are successfully applied in predicting structural 
changes around endoprostheses, orthopedic implants, and in opti-
mizing porosity in scaffolds. Their main advantages include low 
computational cost, implementation simplicity, and high numerical 

stability. Their main limitation is the lack of ability to simulate the 
effects of biological regulation, signaling, and cell-level interactions. 

4. MECHANOBIOLOGICAL MODELS OF BONE 
REMODELING 

Mechanobiological models represent the most advanced class 
of remodeling models. They combine mechanical stimuli (e.g., SED 
or strain) with biological regulatory processes, including cellular re-
sponses and signaling pathways. Rather than treating bone as an 
adapting material, these models simulate interactions among oste-
oblasts, osteoclasts, and osteocytes within the BMU [6, 8-10]. 

Foundational models by Lemaire and Komarova use coupled 
differential equations to describe populations of resorbing and form-
ing cells [6, 22]. Central to these models is the RANK/RANKL/OPG 
signaling pathway, which controls osteoclast differentiation and sur-
vival. Models often incorporate effects of PTH, TGF-β, IGF-1, and 
interleukins [6, 8]. 

Graham’s model introduces osteocytes and the WNT/β-catenin 
pathway [9], while Martin and Scheiner link deformation to molecu-
lar signal expression [19, 23]. Pivonka’s comprehensive models in-
tegrate mechanical, biological, and temporal components [8]. Ayati 
and Ashrafi extend these models to include pathological and phar-
macological influences [13, 24]. Kameo’s model simulates stress 
homeostasis mediated by osteocytic signaling [30]. 

These models are used to simulate drug action (e.g., deno-
sumab), disease progression (e.g., osteoporosis, myeloma), and 
responses to molecular stimuli [6, 13, 24]. Despite their biological 
realism, they are used less frequently in engineering due to high 
complexity, numerous parameters, and difficulty of implementation 
in FEM environments. However, they offer promising potential for 
personalized medicine. 

5. ADVANCED AND EMERGING MODELING APPROACHES 

Recent advancements in bone remodeling theory have 
introduced several modeling strategies that go beyond classical 
phenomenological and mechanobiological paradigms. These 
advanced approaches aim to better replicate biological complexity 
by incorporating additional mechanisms such as microdamage 
accumulation, spatial diffusion of mechanical signals and 
multiphysics coupling involving fluid flow and biochemical transport. 

Damage-based models represent an important class within this 
category. Unlike conventional strain- or SED-driven formulations, 
these models posit that remodeling is regulated by the internal 
history of mechanical degradation. Addessi et al. [25] proposed a 
damage-dependent framework in which osteoclastic activation is 
triggered by the local accumulation of irreversible microdamage. 
This approach is particularly suitable for simulating long-term 
fatigue processes or pathological overload-induced resorption. 
Similarly, Dammak et al. [15] presented a computational scheme 
that couples evolution with adaptive bone turnover, enabling more 
accurate prediction of stress shielding and cortical thinning. 

A different line of development focuses on the spatial nature of 
mechanotransduction. In diffusive-stimulus models, the mechanical 
signal responsible for initiating remodeling is assumed to spread 
through the bone matrix in a manner analogous to a diffusive field. 
Allena et al. [1] formulated such models using second-order partial 
differential equations that govern the transport of the remodeling 
stimulus across tissue regions. This approach mimics the biological 
reality of osteocyte network connectivity and fluid-based signaling, 
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and has proven effective in capturing spatial heterogeneity in 
adaptation, especially in nonuniform anatomical sites such as the 
mandible. 

Multiphysics models offer yet another level of biological fidelity 
by integrating mechanical deformation with interstitial fluid flow, ion 
diffusion, and solute transport. Cowin and Hegedus introduced a 
poroelastic theory of bone that links fluid pressure dynamics with 
mechanical stress redistribution, laying the foundation for modeling 
mechanotransduction in vascularized tissue [20]. This framework 
was further extended by Cowin and Weinbaum to account for 
solute-driven biochemical regulation, offering insight into 
remodeling in conditions of ischemia, osteoporosis, and implant-
bone interface failure [16]. 

Giorgio et al. [26] developed an orthotropic continuum model 
with substructure evolution that interprets the primary mechanism 
behind Wolff’s law. Such models show considerable promise for 
simulating remodeling under multiaxial loading, pharmacological 
modulation, or systemic disorders affecting bone homeostasis. 

Despite their conceptual richness, these advanced models 
share common challenges. Their parameter spaces are high-
dimensional and often difficult to calibrate, particularly due to limited 
availability of in vivo data. They also pose substantial computational 
costs, requiring solvers for coupled, nonlinear PDE systems. 
Nevertheless, their ability to replicate observed physiological and 
pathological behavior renders them powerful tools for hypothesis 
testing, implant optimization, and personalized simulation of bone 
adaptation. 

To facilitate practical distinctions, Table 1 summarizes the 
principal model families by stimulus, biological fidelity, 
computational cost, and typical use. 

 
Tab. 1. Comparative summary of modeling families 

Model type 
Main 
stimulus 

Biological 
fidelity 

Typical use/ 
example 

Phenomeno
-logical 

SED/local 
strain 

Low (no 
pathways) 

Stress 
shielding; 
implant design  
[5] 

Mechanobio
-logical 

Mechanical+ 
signaling 

High 
(RANKL, 
WNT) 

Drug/disease 
simulations [6, 
8] 

Damage- 
based 

Accumulated 
microdamage 

Medium 
Fatigue-driven 
resorption  [25] 

Diffusive 
Spatially 
diffused SED 

Medium 
Heterogeneous 
adaptation [1] 

Multiphysics 
Load+ 
fluid/solute 
transport 

High–very 
high 

Osseointegrati
on  [16, 20] 

 
In practice, the choice of model family entails distinct numerical 

burdens: phenomenological models offer unconditional stability and 
straightforward FE integration (e.g., density-update UMATs), 
whereas mechanobiological and multiphysics formulations require 
coupled ODE–PDE solvers, robust time-integration, preconditioned 
linear algebra, and careful parameter identifiability. For translational 
use, code availability, standardized datasets, and uncertainty 
quantification are as critical as mean accuracy. 

 
 
 

6. APPLICATIONS AND COMPARISON OF NUMERICAL 
BONE REMODELING MODELS 

Numerical models of bone remodeling are applied in implant 
design, prediction of structural changes, drug modeling, and meta-
bolic disorder simulation. Model selection depends on the goal, 
available data, and computational resources. 

Phenomenological models dominate in implant–bone interac-
tion simulations due to their simplicity and compatibility with FEM. 
They are used in predicting bone density changes around hip and 
knee prostheses [4, 5, 21], dental implants [11,12, 26], and porous 
implant geometry optimization [27]. They do not require biological 
input data, which makes them accessible in clinical and engineering 
environments. 

Mechanobiological models are used in analyzing drug effects 
(e.g. PTH, denosumab) [6], disease modeling (e.g. osteoporosis, 
cancer) [6, 13], and in molecular-level analysis of bone behavior [6, 
17]. These models require complex calibration and are mostly used 
in research settings. 

In practice, a dichotomy exists: phenomenological models dom-
inate engineering applications, while mechanobiological models 
are more common in theoretical biology. Hybrid models that incor-
porate simplified biological mechanisms into mechanical frame-
works may bridge this gap. 

Patient-specific workflows for clinical translation. Image-based 
geometry (CT-derived surfaces/volumes) and regional density 
mapping enable subject-specific FE models, while calibration 
against individual follow-up data supports longitudinal prediction 
under changing loads or therapies. For clinical decision support, 
reporting parameter uncertainty, sensitivity, and robustness is as 
important as nominal accuracy, to ensure safe interpretation of 
model outputs in patient care. 

Machine learning to complement mechanistic remodeling mod-
els. Data-driven methods can (i) provide surrogate models that ac-
celerate FE simulations at design-space scale, (ii) enable Bayesian 
calibration/uncertainty quantification for parameters that are difficult 
to identify from sparse clinical data, and (iii) implement physics-in-
formed learning (e.g., PINNs) to fuse governing equations with lim-
ited measurements. We note typical pitfalls—data shift, overfitting, 
and limited interpretability—and emphasize that ML serves to aug-
ment, not substitute, mechanobiological insight. 

7. CALIBRATION AND VALIDATION IN 
MECHANOBIOLOGICAL MODELS 

Calibration of mechanobiological models remains challenging 
due to parameter identifiability and the scarcity of prospective in 
vivo datasets. Representative strategies include (i) imaging-based 
mapping between CT/HU and elastic properties for patient-specific 
FEM, (ii) longitudinal follow-ups around dental or orthopedic im-
plants comparing FE-predicted density/stress distributions with ra-
diographic outcomes, and (iii) multiscale fits against observed ad-
aptation patterns in vivo. Recent mandibular osseointegration stud-
ies illustrate imaging-based verification of FE predictions [11], while 
poroelastic and damage-diffusion formulations enable multiscale 
calibration of mechanotransduction and remodeling kinetics [16, 
20, 25]. Establishing standardized validation protocols and 
data-sharing practices is essential to assess predictive utility for 
clinical decision support. 
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8.  CONCLUSION 

Numerical models of bone remodeling remain a key tool in an-
alyzing skeletal processes, especially in biomedical, implantologi-
cal, and pharmacological contexts. 

Phenomenological models, due to low formal complexity, are 
widely used in tissue engineering and FEM simulations, although 
they do not capture complex biological mechanisms. 

Mechanobiological models offer high biological realism, allow-
ing simulation of drug and disease effects, but are challenging in 
terms of implementation and parameter calibration. 

 In engineering analyses, phenomenological models dominate, 
while mechanobiological models are used mainly in fundamental 
research. 

 The future of bone remodeling modeling lies in hybrid solutions 
integrating biological components into simplified numerical frame-
works, along with greater integration of omics, histological, and im-
aging data. 

In vivo validation studies are essential to assess the predictive 
efficacy of models in clinical contexts. 

Recommendations for practice. For fast and robust structural 
predictions (e.g. stress shielding, early implant screening), phe-
nomenological models are appropriate. For scenarios involving 
drug response, disease progression, or long-term remodeling, use 
mechanobiological or hybrid models with minimal-yet-salient bio-
logical regulators. For spatially heterogeneous adaptation or fa-
tigue-related resorption, consider damage-based or diffusive-stim-
ulus formulations. For vascular/metabolic coupling or osseointegra-
tion under ischemia, multiphysics models are preferred, provided 
that calibration and uncertainty reporting are feasible. 
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Abstract: This paper presents a new approach for solving several fractional coupled systems of nonlinear partial differential equations 
(FCSNLPDEs) using initial conditions (ICs). This approach is based on the Elzaki transform (ET). A comprehensive description is provided 
to facilitate understanding of the procedure. The applicability and validity of this technique for solving FCSNLPDE problems in a few steps 
have been demonstrated. Using this approach, both linear and nonlinear FCSPDEs can be solved without the need for discretization  
or restrictive assumptions. This method requires fewer numerical calculations because it does not introduce approximation errors.  
Numerical examples are presented to illustrate the accuracy and efficiency of this new technique. To further illustrate how the suggested 
approach affected the outcomes, 2D and 3D graphs and tables were employed. 

Key words: Fractional Coupled System of Nonlinear Partial Differential Equations, Novel Analytical Method, Elzaki Transform, Mittag-Leffler 

1. INTRODUCTION 

Many applications in physics are simulated using fractional 
nonlinear PDEs (FNLPDEs). Even though a lot of academics are 
willing to study these models, they insist on using different methods 
to identify answers that are explicit, exact, or approximate. In recent 
times, a lot of scholars have been interested in solving ODEs, 
PDEs, and integral equations. Many authors have also concen-
trated on investigating various methods for solving NLPDEs. 

Although fractional derivatives (FDs) are not new to mathemat-
ics, their application in research has lagged for a considerable 
amount of time. The prevalence of non-equivalent formulation of a 
fractional derivative may be one reason for its disfavor [1]. Further-
more, because FDs are non-local, they cannot be accurately inter-
preted geometrically [2]. FDs are capable of explaining a wide 
range of events, such as the nonlinear oscillation of earthquakes 
[3] as well as the mistake in the fluid-dynamic traffic model resulting 
from the belief of continuous traffic flow [4]. According to empirical 
data, fractional order phenomena in DEs and FPDEs for seepage 
flow in porous media are proposed by [5] and [6], respectively. 
Mainardi [7] provides an outline of a few uses of FDs in continuous 
mechanics and statistical mechanics. Numerous authors have 
studied the analytical findings on the uniqueness and existence of 
FDE solutions [1, 8]. In recent times, a variety of methods, including 
Homotopy Analysis and Adomian decomposition, have been em-
ployed to solve dynamic systems that comprise FDs, FDEs, 
FPDEs, and FIDEs [9–13]. Due to their non-local character, frac-
tional operators (FO) are a valuable tool for analyzing phenomena 
involving the memory effect. We underline that a PDE can be con-
verted from a local to a nonlocal one by substituting a specific FO 
for the standard derivative with respect to time. 

Some of the excellent studies that have been recently covered 
is the one conducted by Shabir Ahmad et al.[14 - 18] are Dynamical 
study of a novel 4D hyperchaotic system [14], Dynamical Analysis 
of Bio-Ethanol Production Model under Generalized Nonlocal Op-
erator in Caputo Sense [15], A hybrid analytical technique for solv-
ing nonlinear fractional order PDEs [16], Mathematical Analysis of 
Biodegradation Model under Nonlocal Operator in Caputo Sense 
[17] and Analysis of the seventh-order Caputo fractional KdV equa-
tion [18].  

This essay will solve SFPDEs using the innovative ET method. 
Boundary value problems are resolved with ET and its variations. 
The novel process gives better accuracy since different initial ap-
proximations are used in all iteration of the solution, in contrast to 
the recommended approach [17], which puts the result in a finite 
series form which is simple to calculate. A number of the difficulties 
are addressed using the general explanation of the suggested rem-
edy. Finding analytical solutions with ICs for FCSNLPDEs is chal-
lenging. The current work uses a relatively simple to comprehend 
and implement approach to produce closed-form analytical solu-
tions for the FCSNLPDEs.  

The suggested method offers a fresh approach to broadening 
the use of fractal techniques to a variety of systems with highly ac-
curate results. This method may show great promise in the near 
future for creating and using intricate fractal models in a variety of 
domains, including engineering and physics. The freshly developed 
method has two distinct features: it is simple to use and offers rec-
ommendations for choosing the initial iteration, selecting the first 
iteration is crucial since it can initiate the method's convergence 
and enable the calculation of the exact solution in a limited number 
of steps, if the ICs are exactly zero, we can choose the first iteration 
all or a subset of the inhomogeneous terms. 

mailto:tarig.alzaki@gmail.com
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Because this method relies entirely on the ET transform and 
initial conditions, it will be ineffective if the ET is missing for the 
fractional derivative or if the initial conditions are not present. Also, 
if the initial iteration is not chosen correctly, we may not reach a 
convergence to the exact solution. 

In this paper, we employ a particular analytical method that uti-
lizes the ET to solve FCSNLPDEs. Examples are given to illustrate 
this method's efficacy and dependability. This method can be used 
to solve functional equations that arise from numerical modeling of 
many processes. 

Definition 1: Following are the definitions for the Riemann-Liou-
ville (R-L) operator of order     𝜅 > 0, of  ߔ ∈ ఓܥ , ߤ ≥ (ܤ)ߔ఑ܬ ,1− = ∫(𝜅)߁1 ܤ) − ,݋݀(݋)ߔ఑−1(݋ 𝜅 > 0஻

0 (ܤ)ߔ0ܬ , =  .(ܤ)ߔ
Properties of  ܬఈ , 
For  ߔ௡ ∈ ఓܥ , ݊ ∈ ܰ, 𝜅, ߣ ≥ 0 and ߪ ≥ (ܤ)ߔఒܬ఑ܬ :1− = ఙܤ఑ܬ ,(ܤ)ߔ఑+ఒܬ = ߪ)߁ + ߪ)߁(1 + 𝜅 + ఑+ఙܤ(1 . 
Definition 2: As stated by Caputo, the FD of Φ(ܤ) is: ܦ఑(ܤ)ߔ =  ,(ܤ)ߔ௠ܦ௠−఑ܬ

for  ݉ − 1 < 𝜅 ≤ ݉,݉ ∈ ܰ, ܤ > 0, and ߔ ∈ 1௠−ܥ . 
To find an FD's correct order, one computes an ordinary deriv-

ative first, followed by a fractional integral. 
Just like the R-L fractional integral operator, the integer-order 

integration is a linear process: ܬ఑(∑ ܿ௜ߔ௜(ܤ)௡௜=1 ) = ∑ ܿ௜ܬ఑ߔ௜(ܤ)௡௜=1 ,  {ܿ௜}௜=1௡  are constants. 

[10], explains that FD is believed to possess a Caputo meaning in 
the current inquiry, which supports the application of the Caputo 
definition. One of the great advantages of the Caputo fractional de-
rivative is that it allows traditional initial and boundary conditions to 
be included in the formulation of the problem. In addition, its deriv-
ative for a constant is zero, therefore, Caputo fractional derivative 
was chosen in this paper. 

2. ELZAKI TRANSFORM  

In general, the ET is described as: [(߬)ߔ]ܧ = ݋ ∫ ഓ೚∞0−݁(߬)ߔ ݀߬ = ,(݋)ܶ ߬ >  .is a complex value ݋ (1)                       ,0
PDEs, ODEs, and integral equations in [1-4] and [23–25, 27-

32] can all be resolved with ET. Effective application of ET is pos-
sible while Sumudu and Laplace transforms fail to handle DEs hav-
ing variable coefficients [26]. 

Theorem 1: [2] The partial derivatives are converted by ET in 
the following ways: ܧ [డః(జ,ఛ)డఛ ] = 1௢ ܶ(߭, (݋ − ,߭)ߔ݋ 0), ܧ [డః(జ,ఛ)డజ ] =

ௗௗజ [ܶ(߭, ܧ  ,[(݋ [డ2ః(జ,ఛ)డఛ2 ] = 1௢2 ܶ(߭, (݋ − ,߭)ߔ 0) ݋− డః(జ,0)డఛ , ܧ [డ2ః(జ,ఛ)డజ2 ] = ௗ2ௗజ2 [ܶ(߭,  .[(݋
 

 

ET of some functions: [(߬)ߔ]ܧ (߬)ߔ = !݊ ௡߬ 3݋ ߬ 2݋ 1 (݋)ܶ 21݋ ௡+2 ݁௔ఛ݋ − ݊݅ݏ ݋ܽ ܽ 31݋ܽ ߬ + ݏ݋ܿ 2݋2ܽ ܽ 21݋ ߬ +  2݋2ܽ

 

In this instance, we offer a few lemmas that enable func-
tion Φ(ܣ) inference from its ET. 

Lemma 1: ETof R-L operator of order 𝜅 > 0 is ܧ[ܬ఑(ܣ)ߔ] =   .(݋)఑ܶ݋
Proof: We establish by ܧ[ܬ఑(ܣ)ߔ] = ܧ [ ∫(𝜅)߁1 ܣ) − ஺ܤ݀(ܤ)ߔ఑−1(ܤ

0 ] = 1௰(఑) 1௢ (݋)ܩ(݋)ܶ =    (݋)఑ܶ݋

where (݋)ܩ = [఑−1ܣ]ܧ =  .(𝜅)߁఑+1݋
Lemma 2: ET of Caputo fractional (CF) derivative for  𝜅 > 0,݉ − 1 < 𝜅 ≤ ݉,݉ ∈ ܰ,  

is  

,߭)ߔఛ఑ܦ]ܧ ߬)] = ௠−఑݋ [   
 ܶ(߭, ௠݋(݋ − ,߭)ߔ ௠−2݋(0 − డః(జ,0)డఛ݋௠−3 ݋−⋅⋅⋅− ߲௠−1ߔ(߭, 0)߲߬௠−1 ]   

 , 
or ܦ]ܧఛ఑ߔ(߭, ߬)] = 1௢ഉ ,߭)ߔ]ܧ ߬)] − ∑ డೖః(జ,0)డఛೖ௠−1௞=0 ݉  ,఑+௞−2݋ − 1 < 𝜅 ≤ ݉,  

The following is the definition of the Mittag-Leffler functions: ∈఑ (߬) = ∑ ఛ೙௰(௡఑+1)∞௡=0 , ∈఑,ఒ (߬) = ∑ ఛ೙௰(௡఑+ఒ)∞௡=0 .  
Where ߁  is the gamma function and

 
𝜅,  are complex ߣ

parameters with real part are zero. 
Lemma 3:  

If 𝜅, ߣ > 0, ܽ ∈ ܥ
 
and 

1௢ഉ > |ܽ|,
 

then: 1−ܧ [ ௢ഊ+11+௔௢ഉ] = ߬ఒ−1 ∈఑,ఒ (−ܽ߬఑).  
Proof: ௢ഊ+11+௔௢ഉ = ఒ+1݋ 11+௔௢ഉ = ఒ+1݋ ∑ (−ܽ)௡(݋఑)௡∞௡=0    = ∑ (−ܽ)௡݋௡఑+ఒ+1∞௡=0   

https://en.wikipedia.org/wiki/Gamma_function
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Then 1−ܧ [ ௢ഊ+11+௔௢ഉ] = ∑]1−ܧ (−ܽ)௡݋௡఑+ఒ+1∞௡=0 ] =∑ (−௔)೙ఛ೙ഉ+ഊ−1௰(௡఑+ఒ)∞௡=0 =  ߬ఒ−1 ∑ (−௔ఛഉ)೙௰(௡఑+ఒ)∞௡=0 = ߬ఒ−1 ∈఑,ఒ (−ܽ߬఑).   
3. THE NOVEL ANALYTICAL METHOED 

 The primary concept of the suggested plan of study will be 
made clearer by applying the SFPDE in the following ways, ܦఛ఑ܲ(߭, ߬) + ܴ1[ܲ, ܳ, జܲ, ܳజ] + 1ܰ[ܲ, ܳ, జܲ, ܳజ] = ݃1(߭, ,߭)ఛ఑ܳܦ ,(߬ ߬) + ܴ2[ܲ, ܳ, జܲ, ܳజ] + 2ܰ[ܲ, ܳ, జܲ, ܳజ] = ݃2(߭, ߬), 0 < 𝜅 ≤ 1,0 ≤ ߭ ≤ ݇, ߬ > 0, ݇ > 0

                                          

(2)

                                                

 

with the ICs,  ܲ(߭, 0) = ℎ1(߭), ܳ(߭, 0) = ℎ2(߭)                                          (3)
                                                                  

 

Where ܦఛ఑ is a Caputo FD,ܴ1, ܴ2, 1ܰ, 2ܰare linear and nonlin-
ear operators, and 1݃(߭, ߬), ݃2(߭, ߬) are inhomogeneous terms.  

Taking ET of Eqs. (2), to get: ܦ]ܧఛ఑ܲ(߭, ߬)] + ,ܲ]1ܴ}ܧ ܳ, జܲ, ܳజ] + 1ܰ[ܲ, ܳ, జܲ, ܳజ]} ,߭)1݃]ܧ= ,߭)ఛ఑ܳܦ]ܧ  ,[(߬ ߬)] + ,ܲ]2ܴ}ܧ ܳ, జܲ, ܳజ] + 2ܰ[ܲ, ܳ, జܲ, ܳజ]} ,߭)2݃]ܧ= ,߭)ܲ)ܧ (4)                                                                                             ,[(߬ ߬)) = (ݔ)2ℎ1݋ − ,ܲ]1ܴ}ܧఈ݋ ܳ, జܲ, ܳజ] +1ܰ[ܲ, ܳ, జܲ, ܳజ] − ݃1(߭, ,߭)ܳ)ܧ  ,{(߬ ߬)) = (ݔ)2ℎ2݋ − ,ܲ]2ܴ}ܧఈ݋ ܳ, జܲ, ܳజ] +2ܰ[ܲ, ܳ, జܲ, ܳజ] − ݃2(߭, ߬)}.                                                               
Solutions of Eqs. (2), should be performed using the series form 

that follows: ܲ(߭, ߬) = ∑ ௡ܲ(߭, ߬)∞௡=0 , ܳ(߭, ߬) = ∑ ܳ௡(߭, ߬)∞௡=0 .              (5)        

Using Eqs. (5) and the inverse of ET to Eqs. (4), to get:

                

∑ ܲ(߭, ߬)∞௡=0 = ,߭)1ܩ ߬) − ,ܲ]1ܴ]ܧ఑݋}1−ܧ ܳ, జܲ, ܳజ] +1ܰ[ܲ, ܳ, జܲ, ܳజ]]},  ∑ ܳ(߭, ߬)∞௡=0 = ,߭)2ܩ ߬) − ,ܲ]2ܴ]ܧ఑݋}1−ܧ ܳ, జܲ, ܳజ] +2ܰ[ܲ, ܳ, జܲ, ܳజ]]}                                                                      (6) 1ܩ(߭, ߬), ,߭)2ܩ ߬) are the terms found that come from the source 
terms and the ICs. 

This approach is dependent on how we select the initial itera-
tions 0ܲ, ܳ0that yield the precise solutions in a constrained amount 
of steps. The solutionsܲ(߭, ߬), ܳ(߭, ߬), can be found iteratively 
using the following relations 

௡ܲ+1(߭, ߬) = 1−ܧ ܧ఑݋} [ܴ1[ ௡ܲ, ܳ௡, ( ௡ܲ)జ, (ܳ௡)జ]+ 1ܰ[ ௡ܲ, ܳ௡, ( ௡ܲ)జ, (ܳ௡)జ]]}  

0ܲ(߭, ߬) = ,߭)1ܩ ߬),  ܳ௡+1(߭, ߬) = 1−ܧ ܧ఑݋} [ܴ2[ ௡ܲ, ܳ௡ , ( ௡ܲ)జ, (ܳ௡)జ]+ 2ܰ[ ௡ܲ, ܳ௡, ( ௡ܲ)జ, (ܳ௡)జ]]}                      (7) 

From Eqs. (7) and (4), we can determine that: 

0ܲ, 1ܲ, 2ܲ, . . . , ܳ0, ܳ1, ܳ2, . . ., 

using Eqs. (5) to find the solution. 

4. ILLUSTRATIVE EXAMPLES 

Using the process described in this study, we produced the ex-
act solutions for FCSNLPDEs and compared them with the known 
exact solutions.  

Example 1: Consider the FCSNLPDE ܦఛ఑ܲ(߭, ߬) + ܲ − 2ܲ జܲ + (ܲܳ)జ = 0,0 < 𝜅 ≤ ,߭)ఛ఑ܳܦ  ,1 ߬) + ܳ − 2ܳܳజ + (ܲܳ)జ = 0                                                (8) 

 

with the ICs ܲ(߭, 0) = ݊݅ݏ ߭ , ܳ(߭, 0) = ݊݅ݏ ߭                                                   (9) 

Using the ET of Eqs. (8) and ICs, to get: 1௢ഉ [ܲ]ܧ − ܲ(߭, ఑−2݋(0 + [ܲ]ܧ = 2ܲ]ܧ జܲ − (ܲܳ)జ],  1௢ഉ [ܳ]ܧ − ܳ(߭, ఑−2݋(0 + [ܳ]ܧ = 2ܳܳజ]ܧ − (ܲܳ)జ],  ܧ[ܲ] = ௢21+௢ഉ ݊݅ݏ ߭ + ௢ഉ1+௢ഉ 2ܲ]ܧ జܲ − (ܲܳ)జ],  ܧ[ܳ] = ௢21+௢ഉ ݊݅ݏ ߭ + ௢ഉ1+௢ഉ 2ܳܳజ]ܧ − (ܲܳ)జ]  
Inverse ET shows: ܲ(߭, ߬) =∈఑ (−߬఑) ݊݅ݏ ߭ + 1−ܧ { ௢ഉ1+௢ഉ 2ܲ]ܧ జܲ − (ܲܳ)జ]},  ܳ(߭, ߬) =∈఑ (−߬఑) ݊݅ݏ ߭ + 1−ܧ { ௢ഉ1+௢ഉ 2ܳܳజ]ܧ − (ܲܳ)జ]}  

The iteration formulas that utilize an initial approximation are as 

follows: ௡ܲ+1(߭, ߬) = 1−ܧ { ௢ഉ1+௢ഉ 2]ܧ ௡ܲ( ௡ܲ)జ − ( ௡ܲܳ௡)జ]},  ܳ௡+1(߭, ߬) = 1−ܧ { ௢ഉ1+௢ഉ 2ܳ௡(ܳ௡)జ]ܧ − ( ௡ܲܳ௡)జ]},  
0ܲ(߭, ߬) =∈఑ (−߬఑) ݊݅ݏ ߭ , ܳ0(߭, ߬) =∈఑ (−߬఑) ݊݅ݏ ߭,  (10) 

      Then we find: 

1ܲ(߭, ߬) = 1−ܧ { ௢ഉ1+௢ഉ {[0]ܧ = 0, ܳ1(߭, ߬) = 1−ܧ { ௢ഉ1+௢ഉ {[0]ܧ = 0,  
Then, using (5), to get: ܲ(߭, ߬) =∈఑ (−߬఑) ݊݅ݏ ߭ , ܳ(߭, ߬) =∈఑ (−߬఑) ݊݅ݏ ߭,  
If 𝜅 = 1, then: ܲ(߭, ߬) = ݁−ఛ ݊݅ݏ ߭ , ܳ(߭, ߬) = ݁−ఛ ݊݅ݏ ߭  

Example 2: Consider the FCSNLPDE ܦఛ఑ܲ(߭, ,ߞ ߬) + ܳజܭ఍ − ܳ఍ܭజ = −ܲ, 0 < 𝜅 ≤ ,߭)ఛ఑ܳܦ  ,1 ,ߞ ߬) + జܲܭ఍ + ఍ܲܭజ = ,߭)ܭఛ఑ܦ  ,ܳ ,ߞ ߬) + జܲܳ఍ + ఍ܲܳజ =  (11)                                              ܭ

with the IC and BCs ܲ(߭, ,ߞ 0) = ݁జ+఍ , ܳ(߭, ,ߞ 0) = ݁జ−఍ , ,߭)ܭ ,ߞ 0) = ݁఍−జ
   

(12)
                          

Using similar steps as in example 1, to obtain: ܲ(߭, ,ߞ ߬) =∈఑ (−߬఑)݁జ+఍ + 1−ܧ { ௢ഉ1+௢ഉ ఍ܭజܳ]ܧ − ܳ఍ܭజ]},  
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ܳ(߭, ,ߞ ߬) =∈఑ (߬఑)݁జ−఍ − 1−ܧ { ௢ഉ1−௢ഉ ]ܧ జܲܭ఍ + ఍ܲܭజ]},  ܭ(߭, ,ߞ ߬) =∈఑ (߬఑)݁఍−జ − 1−ܧ { ௢ഉ1−௢ഉ ]ܧ జܲܳ఍ + ఍ܲܳజ]}  

The recurring connections are as follows: 

௡ܲ+1(߭, ,ߞ ߬) = 1−ܧ { ௢ഉ1+௢ഉ ఍(௡ܭ)జ(௡ܳ)]ܧ − (ܳ௡)఍(ܭ௡)జ]}  ⇒ 0ܲ =∈఑ (−߬఑)݁జ+఍   ܳ௡+1(߭, ,ߞ ߬) = 1−ܧ− { ఑1݋ − ఑݋ )]ܧ ௡ܲ)జ(ܭ௡)఍ + ( ௡ܲ)఍(ܭ௡)జ]} ⇒ ܳ0 =∈఑ (߬఑)݁జ−఍ ,߭)௡+1ܭ   , ,ߞ ߬) = 1−ܧ− { ௢ഉ1−௢ഉ )఍(௡ܳ)]ܧ ௡ܲ)జ + (ܳ௡)జ( ௡ܲ)఍]}  ⇒ 0ܭ =∈఑ (߬఑)݁఍−జ                                                                            (13) 

From Eqs. (13), we get: 

1ܲ = 1−ܧ { ௢ഉ1+௢ഉ {[0]ܧ = 0, ܳ1 = 1−ܧ− { ௢ഉ1−௢ഉ {[0]ܧ = 1ܭ  ,0 = 1−ܧ− { ௢ഉ1−௢ഉ {[0]ܧ = 0  

Using Eq. (11) to get: ܲ =∈఑ (−߬఑)݁జ+఍ , ܳ =∈఑ (߬఑)݁జ−఍ , ܭ =∈఑ (߬఑)݁఍−జ  

The subsequent exact solutions can be obtained if 𝜅 = 1, ܲ(߭, ,ߞ ߬) = ݁జ+఍−ఛ, ܳ(߭, ,ߞ ߬) = ݁జ−఍+ఛ, ,߭)ܭ ,ߞ ߬) =݁఍−జ+ఛ.   
  

 
 
 
 
 
 
 
 
 

 
 

 
(a) 
 
 

 
(b) 

Fig.1. (a) Comparing the provided method's 3D representations of the 
solutions to the exact solutions for Eq. (8), the outcome in 
comparison to the exact solutions, (b) represent the solutions at 𝜅 = 0.95,0.9,0.85 

 
 
 
 
 
 
 
 
 
 
 
 

 
 
a) 

 

 
(b) 

 

Fig. 2. (a) Comparing the provided method's 3D representations of the 
solutions to the exact solutions for Eq. (11), ܲ(߭, ,ߞ ߬) the 
outcome in comparison to the exact solutions, (b) represent the 
solutions at 𝜅 = 0.95,0.9,0.85 

 

 
 

 
 
 
 
 
 
 
 

(a) 
 

 
(b) 

Fig. 3. (a) Comparing the provided method's 3D representations of the 
solutions to the exact solutions for Eq. (11), ܳ(߭, ,ߞ ߬) the 
outcome in comparison to the exact solutions, (b) represent the 
solutions at 𝜅 = 0.95,0.9,0.85 
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                               a)                                                                     b)                                             

 

Fig.4. (a) Comparing the provided method's 3D representations of the solutions to the exact solutions for Eq. (11), ܭ(߭, ,ߞ ߬) the outcome in comparison to 
the exact solutions, (b) represent the solutions at 𝜅 = 0.95,0.9,0.85 

Tab. 1. The comparison of the exact and approximate solutions yields the numerical result for example (1) 
 

 
 
 
 
 

 
 
 
 
 

 
 
 
 
 
Tab. 2. The comparison of the exact and approximate solutions yields the numerical result for example (2)
 

 
 
 
 
 
 
 
 
 
 
 

 
 

 
 

 
 
 
 

 

Tab. 3. The comparison of the exact and approximate solutions yields the numerical result for example (2) 

 
 
 
 
 

 
 
 
 
 
 
 
 
Tab. 4. The comparison of the exact and approximate solutions yields the numerical result for example (2) 
 

 
 
 
 
 
 
 
 

 
 
 

 
 

 
 
 
 
 
 
 

 

 ߬ ߭ 𝜅 = 0.85 𝜅 = 0.9 𝜅 =  ݎ݋ݎݎܧ ݐܿܽݔܧ 0.95

  0 0. 0. 0. 0. 0. 

  
6



 
0.489578 0.491835 0.493619 0.495025 0.00140562 ܲ(߭, ߬) ܳ(߭, ߬) 

0.01 
3



 

0.847973 0.851883 0.854974 0.857408 0.00243461 

  
2



 
0.979155 0.98367 0.987239 0.99005 0.00281124 

𝜅 ߭ ߬ ߞ  = 0.85 𝜅 = 0.9 0.95 =  ݎ݋ݎݎܧ ݐܿܽݔܧ 

   0 1.08213 1.08712 1.09107 1.09417 0.0031069 

   
6


 1.82674 1.83516 1.84182 1.84707 0.00524474 

ܲ(߭, ,ߞ ߬) 0.1 0.01 
3

  3.08371 3.09793 3.10916 3.11802 0.0088536 

   
2

  
5.20558 5.22958 5.24855 5.2635 0.0149457 

𝜅 ߭ ߬ ߞ  = 0.85 𝜅 = 0.9 𝜅 =  ݎ݋ݎݎܧ ݐܿܽݔܧ 0.95

   0 0.885976 0.890061 0.89329 0.913931 0.0206408 

   6

  
1.49561 1.50251 1.50796 1.5428 0.0348435 

ܳ(߭, ,ߞ ߬) 0.1 0.01 3

  
2.52473 2.53637 2.54557 2.60439 0.058819 

   2

  
4.26197 4.28162 4.29715 4.39645 0.0992919 

𝜅 ߭ ߬ ߞ  = 0.85 𝜅 = 0.9 𝜅 =  ݎ݋ݎݎܧ ݐܿܽݔܧ 0.95

   0 1.08213 1.08712 1.09107 1.11628 0.0252107 

   
6

  
,߭)ܭ 0.0149344 0.661266 0.646332 0.643995 0.64104 ,ߞ ߬) 0.1 0.01 

3

  
0.379742 0.381493 0.382877 0.391724 0.00884693 

   
2

  
0.224954 0.225991 0.226811 0.232051 0.00524079 
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4. NUMERICAL SIMULATIONS   

Using a new analytical technique based on ET, this study 
solves the FCSNLPDEs with ICs; the outcomes of previous ap-
proaches are not comparable to those of the present techniques. 
Multiple parameter values are provided by Equations (8) and (11) 
in order to give a range of solutions. By allowing the arbitrary pa-
rameters to have varying values in the solutions, a range of solu-
tions may be generated. The collected replies are grouped into cat-
egories. Additionally, 2D and 3D visual representations are created. 
These plots may be described using the following details: Figures 
1, 2, 3, and 4 show different arrangements of lone waves. Figure1 
was produced for the values in Eq. (8), showing: at𝜅 =0.95,0.9,0.85.,߬ = 0.01. This mixture falls within the periodic 
category, in Eq. (11). Figures 2, 3 and 4 are created using𝜅 =0.95,0.9,0.85.,߬ = 0.01. 

The exact solution, which was determined by comparing the 
values of the exact and approximate solutions of FCSNLPDEs dis-
covered in this problem for various values of the variables, 0 ≤߭ ≤ గ2 , ߬ = 0.01, is provided in Table1. Tables 2, 3 and 4 are con-

tains the approximate solutions, which was ascertained by  
comparing the values of the exact solutions of FCSNLPDEs for 

various values of the variables, 0 < ߭ ≤ గ2 , ߞ = 0.1, ߬ = 0.01. It 
was discovered that the proposed methods were effective and fea-
sible. The simulations were conducted and the results analysed us-
ing the Wolfram Mathematica software. 

5. CONCLUSION  

In order to solve FCSNLPDEs using ICs, we created the ET in 
this study. To demonstrate the usefulness of the proposed method, 
two examples are provided. It may be possible to handle the solu-
tions in a very basic manner.  

The method may be used to tackle a range of initial value prob-
lems because to its exceptional ability to solve FCSNLPDEs for var-
ious values of fractional orders. Furthermore, 2D and 3D graphs 
and tables were used to show how the recommended strategy in-
fluenced the results. This clearly shows that the new method con-
siderably outperforms the fields when compared to the older meth-
ods. In this article we just want to demonstrate the effectiveness of 
the method discussed and in the near future we will compare this 
method with other methods to confirm its effectiveness in solving 
other fractional equations. Also we will consider in future studies 
the possibility of adapting this approach to other complex systems 
or fuzzy differential equations. There will be further study done on 
how to apply this approach to more complex problems, how to in-
tegrate it with more sophisticated computer techniques, and how to 
apply it in the actual world for problems like biological system sim-
ulation and epidemic prediction. This advancement creates new av-
enues for identifying novel solutions to challenging problems in sci-
ence. Future research will apply the proposed approach to biologi-
cal simulations and epidemic prediction, extend it to more intricate 
and stochastic systems, and increase computer efficiency using ad-
vanced techniques. 
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ABSTRACTS 

Besma Khouani, Ahmed Saimi, Ismail Bensaid 
Bending and Vibration Analysis of Magneto-Electro Bilaterally Coated Quasi-3D Microbeam via DQ-FEM 

In this study, the static bending and free vibration of a bilaterally coated magneto electro elastic (MEE) functionally graded (FG) 
microbeam is analysed by using a high order quasi-3D beam theory, along with a Differential Quadrature Finite Element Method 
(DQ-FEM). The power formulation for FG gradation through the thickness direction is considered. The microbeam consists of two 
materials, one pos-sessing piezo-magneto-electric characteristics and the other without them. The material characteristics are pro-
gressively graded from the outermost surfaces to the innermost core. In order to localize the microstructural effect of the beam, the 
modified couple stress theory (MCST) is incorporated. By the application of Lagrange's theorem and Gauss-Lobato node scheme, 
the general governing equation are established. Through the implementation of the established model, “the static bending and free 
vibration” analysis are determined. To illustrate the effectiveness and accuracy of this particular numerical resolution method, the 
obtained results are validated with similar outcomes in existing literature. The effects of the material gradation volume fraction index, 
and the length-thickness ratio on the natural frequencies and static bending are investigated. The results reveal that the material 
distribution plays a significant role in influencing both static bending and free vibration behavior. Material composition plays a critical 
role, with higher proportions of MEE material enhancing the piezoelectric effect and magnetostrictive response, respecting the ma-
terial gradation with optimized combinations of MEE material for higher deflection and optimal electric and magnetic potentials. This 
study provides a comprehensive framework for optimizing MEE microbeams in applications requiring precise control of mechanical, 
electrical, and magnetic responses. 

Maciej Jan Spychała, Danuta Miedzińska, Grzegorz Sławiński, Dorota Gajda, Paulina Latko-Durałek, Anna Czajka-Warowna, 
Tomasz Szreder  
Influence of Commercial Additives and y-Irradiation on Structural and Mechanical Properties of RHDPE/RGFRP 

In response to environmental regulations, particularly within the European Union, there is an urgent need to implement new, susta-
inable materials derived from recycling processes. This study investigates the potential for modifying and predicting the mechanical 
properties of composites made from recycled high-density polyethylene (rHDPE) and recycled glass fiber-reinforced polymer 
(rGFRP). Specifically, it examines tensile strength parameters and structure changes in rHDPE/rGFRP treated with three different 
chemical additives, including a silica-based agent (S) and maleic-anhydride polyethylene (MAH) compatibilizers; and a thermal sta-
bilizer dedicated for the recycled polyolefins. The findings reveal that these additives do not significantly change the mechanical 
properties of the composite. All additives increase elastic modulus (compared to rHDPE/rGFRP for max. 3% - S), tensile strength 
(max. for 14%, MAH), and offset yield strength (max. 16%, MAH). Moreover, the strength of the composite can be enhanced through 
-irradiation, which was found to affect the stress-strain characteristics of the rHDPE/rGFRP blend. Notable differences were obse-
rved in the strength and elongation behavior of the composite (for rHDPE increased to 0.58 for 40 kGy and decreased for 100 kGy 
dose to 0.35, which is very close to the non-irradiated sample), suggesting that irradiation could be a viable method for modifying 
the properties of recycled composites for specific applications. 

Maciej Klebba , Arkadiusz Frącz , Michał Brodzicki , Adrianna Rzepkowska 
Using Computer Simulation to Effectively Solve Power Transmission Problems for Non-Sinusoidal Waveforms 

Nonlinear and periodically switched receivers can cause distortions in current and voltage waveforms within power systems. The 
growing use of renewable energy sources introduces electrical energy into the system through power converters, which often pro-
duce volt-ages that approximate a sinusoidal waveform rather than being perfectly sinusoidal. This trend poses increasing challenges 
in designing new systems and managing existing ones. A proper description and interpretation of the physical phenomena associated 
with non-sinusoidal waveforms have become increasingly important. This paper presents simulation models of power circuits using 
non-sinusoidal signals and discusses the energy transfer that occurs within them. It also outlines current computational methods 
based on circuit theories as they apply to these systems. The results from the calculations and simulations in various configurations 
are compared with data obtained from real objects. The findings highlight fundamental inaccuracies in the methods used and poten-
tial errors arising from computer simulations. 

Leander Marquardt, Heiner-Joachim Katke, Maik Habeck, Andreas Reinke, Lena Teubner 
E-Fuel Blend Operation of Small Industrial SI-Engines with Carburetors 

Intentions for replacing small SI-engines in motor-equipment for professional gardening and forestry by battery-electric solutions are 
limited by requested disposability and tolerable power-to-weight ratio. Due to this fact experimental investigations for using methanol/ 
gasoline fuel-blends and pure methanol in a small air-cooled industrial SI-engine (4 kW @ 3600 rpm) were carried out. At a first step 
(only) for these experiments, the serial mechanical carburetor was additionally equipped with a self-developed electronic lambda-
control, to enable tests for different fuel-blends (Super E5, M30, M60, M100) with constant boundary conditions during engine ope-
ration without exchange of carburetor jets. This concept of control will be presented. Special needs for these SI-engines (exhaust-
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gas temperature, non-electric start) require a permanent sub-stoichiometric operation. For serial applications free of electronic com-
ponents, the size of jets would have to be adapted as well as the use of standardized fuel-mixtures will be necessary. In addition to 
reference tests on different days in operation with gasoline ´Super E5´ to check repeatability, operating values and emissions will be 
presented for operation with the fuel-blends described. Pressure indications allow statements for changes in heat release and - 
additionally to acoustical perception - evaluations of combustion stability. Following inspection of engine components showed con-
sequences of sub-stoichiometric combustion of methanol-fuel-blends and resulting recommendation. Lube-oil analysis, afterwards 
carried out by ATR spectroscopy shows possible contamination inside crankcase. Optical inspections and material measurements 
at normally used serial components of fuel system (float, housing, sealings, hoses) showed possible incompatibilities with this alco-
holic fuel-blends as well as necessary alternative materials. 

Patryk Mietliński, Michał Jakubowicz, Lidia Marciniak-Podsadna, Michał Wieczorowski 
Improvement and Control Trajectory Tracking of a Three-Axis Manipulator for New Training Strategies 

This study discusses the development of training strategies for RRR (3 revolute joints) triaxial manipulators. Two robot structures 
and a control phantom were constructed using incremental technology. An universal algorithm was developed to process and auto-
nomously repeat the trajectories of robot movements by imitation and learning. The coordinates of the model articulated positions 
were then saved as coordinates of the manipulator position. For validation purposes, the newly developed training strategies and 
the repeatability of robot movements were tested in stages. After the first stage of testing in terms of positioning accuracy, structural 
changes were introduced in the robot by mechanical engineering to improve its manipulation quality. Next, another training strategy 
for the improved robot version was developed for the same movement algorithm. This demonstrates the applicability of the developed 
control system in applications with different structures and requirement for high control-command quality (possibility of using the 
developed algorithm in various robot designs). Experimental results showed that the function of the developed RRR manipulator 
algorithm enabling the imitation of phantom trajectories and their learning and memorization, along with the consideration of indivi-
dual training strategies, can be applied to differing structures, achieving positioning accuracy comparable to that of high-class motion 
equipment, and facilitating navigation of individual robot members. The system composed of the simplified physical model and the 
manipulator can directly simplify and globalize the control of the robot over significant distances. Additionally, the positioning accu-
racy was tested using the photogrammetric method, which is a complete novelty in robot positioning research. Furthermore, it was 
demonstrated that for the first construction of the robot, it is possible to achieve an accuracy of ±1 mm in the automatic replay mode. 
Moreover, a construction accuracy of ±0.52 mm at a maximum speed of 0.025 s/1° can also be accomplished after manual repeat 
of the different model movements, i.e., after a learning procedure. 

Arkadiusz Frącz 
Analysis of Selected Models of Body Impedance in the Assessment of Electric Shock Possibility in The Ship's Power Supply Grids 

Ship’s low voltage power supply grids with isolated neutral point of the power source are widely used in marine engineering. They 
can form a potential shock hazard in some specific operational state, when grid capacitance measured against ship’s hull exceed 
critical value. This paper presents analysis of selected models of body impedance in the assessment of electric shock possibility in 
the ship's power supply grids. Main goal of the analysis is to find a relation between ground capacitance and potential shock current 
in onboard electrical grids with isolated neutral point of power source, using different body impedance models. The results from the 
simulations in various config-urations are presented and analysed. The findings highlight possibility of electrical shock in isolated 
neutral point networks with high ground capacitance. 

Anna Zawada-Tomkiewicz, Łukasz Gąsiewicz, Jarosław Strelke 
Developing a Predictive Wear Model for Intelligent Tool Change Systems 

The article addresses the challenge of reducing machining errors under tight tolerances, which can negatively affect workpiece 
quality. It highlights the need for modelling and compensating individual error types, particularly those caused by tool wear. Traditio-
nally, tool wear compensation relies on experimentally determined absolute wear values, but nonlinearity in wear introduces discre-
pancies between modelled and actual machining processes. To address this, the article introduces a novel tool wear model integra-
ted into an Intelligent Tool Change System. The model represents changes in tool edge reduction over time, allowing for tool position 
correction relative to the workpiece and signalling alarm states. It incorporates a first-order inertial adaptive model, enabling accurate 
forecasting of tool wear. These predictions are based on real-time geometric measurements collected during cutting by an Automatic 
Measurement Unit. The measurements are analyzed in the time domain to provide current process corrections and determine the 
tool lifecycle. A key feature of the model is its self-tuning capability, which adjusts parameters dynamically to handle limited data 
availability, improving prediction accuracy and reducing the complexity of parameter settings. The model's predictions were validated 
by comparing predicted wear values against actual measurements. Additionally, the integrated model was compared with a linear 
prediction model, demonstrating superior accuracy. To evaluate the model's performance, the article uses the normalized root mean 
square error (NRMSE) as the assessment metric. Results confirm that the first-order inertial adaptive model not only enhances 
accuracy over adaptive linear model but also provides reliable wear predictions, supporting effective tool change strategies in 
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machining processes. This innovative approach offers significant improvements in managing machining errors and optimizing tool 
usage. 

Muhammad Ishfaq Khan, Kalim Ullah 
Exploring Jacobi Elliptic And Periodic Solitary Wave Solutions for the Family of 3-D Wbbm Equations through the Generalized Approach 

In this paper, we analyze the family of three-dimensional Wazwaz-Benjamin-Bona-Mahony (3-D WBBM) equations using the gene-
ralized Jacobi elliptic function expansion method. Understanding complicated wave patterns is critical, therefore, the family of 3-D 
WBBM equations is a valuable mathematical model with application in fluid mechanics, plasma dynamics, biomechanics, and engi-
neering sciences. The main objective of this study is to build several new multiple wave form solutions for the nonlinear three-
dimensional Wazwaz-Benjamin-Bona-Mahony (3-D WBBM) equations. By first using the travelling wave transformation, the nonli-
near partial differential equation is transformed into an ordinary differential equation. Then the generalized Jacobi elliptic function 
expansion method is used to execute a finite series expansion of degree n. Due to this analytical method, we obtained numerous 
new exact solutions, including periodic solutions in Jacobi elliptic function forms and their corresponding Solitary and shock wave 
solutions in a limit convergence sense when the modulus parameter m approaches 1 and 0. These results are particularly useful for 
nonlinear science and mathematical physics professionals, since they provide important insights into the structure and evolution of 
nonlinear waves in a variety of physical circumstances. To improve the physical description of the solutions, several typical wave 
profiles are offered to provide a comprehensive analysis of the wave characteristics of the solutions in 2-D, 3-D, and contour visua-
lizations were generated using accurate parameters value with the help of Mathematica. Moreover, by generating novel and accurate 
propagating soliton waveform solutions, the generalized Jacobi elliptic function expansion methods highlight its importance in un-
covering key aspects of the model behaviours as well as suggesting potential applications in the study of water waves. 

Patryk Różyło, Kuba Rosłaniec 
An Influence of Cross-Sectional Features on the Stability and Load-Carrying Capacity of Carbon-Epoxy Composite Structures 

The paper aims experimental-numerical approaches to the behaviour of the compressed thin-walled composite profiles with closed 
sections. For this, thin-walled composite profiles made of carbon-epoxy composite from the autoclave technique. It was to analyse 
the effect of cross-section shape on the stability and fracture of composite structures. This was covered through a universal testing 
machine, an optical deformation measurement system, acoustic emission method as well as a microscope. Numerical simulations 
were carried out using the finite element method (based on progressive failure analysis). The research follows the project from the 
National Science Centre in Poland, Reg. No. 2021/41/B/ST8/00148. 

Andrzej Werner, Bogusław Hościło , Piotr Mrozek, Krzysztof Molski 
Digitalisation of Painting Path Topography for Numerical Modelling of Low-Relief Surfaces 

The methodology presented in this article involves the digitalization of painting path topography created using various brushes on 
different canvases. Measurements were conducted using a blue structured light scanner. Preliminary test scans were performed to 
determine the optimal digitalization parameters, including exposure time, number of exposures, and scanning resolution. A resolution 
of 0.08 mm was selected as the minimum point spacing, which was sufficient for both modelling and application use. This scanning 
process enabled the capture of surface deformations, including path fading and topographic variations arising from interactions 
between brush bristles, paint, and the canvas substrate-even in cases of partial paint coverage. The resulting 3D model was inte-
grated into an application designed to replicate the glazing technique in painting. 

Gustini Gustini, Kaprawi Sahim, Ida Sriyanti, Irmawan Irmawan 
Mechano-Responsive Polyampholyte Hydrogels with Strain-Stiffening Property for Wound Closure Applications 

Strain-stiffening properties are the most applied in mechano-responsive hydrogels that respond to external mechanical forces. Wo-
unds subjected to frequent deformations are difficult to treat because external mechanical forces can easily interfere with the healing 
process. The strain-stiffening property reduces the effect of external mechanical forces and acts as a damper response to these 
forces. Therefore, tough wound closure with stimuli-responsive strain-stiffening release properties for treating these wounds is highly 
desirable. In this study, we developed a strain-stiffening polyampholyte hydrogel that aims to accelerate wound closure as a damper 
of external mechanical forces. Self-assembly technique was used to fabricate a polyampholyte hydrogel. The differential modulus of 
the polyampholyte hydrogel exhibited strain-stiffening property. In addition, the mechanical stress applied to the polyampholyte hy-
drogel increased strain-stiffening penetration into the skin tissue. The strain-stiffening properties of the polyampholyte hydrogel also 
demonstrated an excellent damping of external mechanical forces to accelerate wound closure. The developed strain-stiffening 
hydrogel is promising for wound closure applications in wounds subjected to frequent deformations from external mechanical forces. 
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Prafulla Kumari Panda, Tapas Ranjan Panigrahi 
Phase Velocity of Quasi SV, SH and P-waves in Transversely Isotropic Medium 

The current investigation is made to find the analytical solutions of the quasi- 𝑆𝑉, 𝑆𝐻 and 𝑃-waves in an inhomogeneous transver-
sely isotropic medium. The paper includes the heterogeneity as an exponential type in density as well as in Young's, and shear 
modulus with respect to the depth parameter 𝑧. Using the Hooke's law, stress-strain and strain-displacement relation in the equation 
of motion, the phase velocity of the above quasi waves can be evaluated. Again, with the help of analytic solution procedure, the 
equation of motion will convert to eigen value problem and subsequently the closed-form relation for the quasi velocities will formed. 
Using the numerical simulations and mathematical calculations, the propagation pattern has been studied. This present finding 
results the outcome of the heterogeneity constants for different velocities. Two-dimensional graphs have been plotted to show the 
prominent effect of phase velocity on the surface. The study on quasi wave's may be helpful geophysicists and civil engineers to 
overcome the problems related to earthquake. 

Hailemariam Nigus Hailu, Daniel Tilahun Redda 
Surface Characterization and Wear Investigation on Ni-Doped Cr-Mo Alloy Steel in Gear Applications 

This study carried out experimental rolling contact fatigue (RCF) tests on two types of materials: commercially available Cr-Mo alloy 
steel and 1.55% Ni-doped Cr-Mo alloy steel, using a twin-disc test rig. Micropitting was identified as the most prominent damage 
feature on the rolled surfaces of the disc samples during the gears' RCF tests. To investigate gear surface characteristics and wear 
behavior, RCF tests were conducted on both material types. The twin-disc test was designed to replicate asperity contact on mating 
gear flank surfaces, using low-speed cylindrical disc specimens and high-speed crowned disc specimens, ensuring a minimum 
effective contact area of 8.5 mm. After testing, surface morphology and topographical changes were examined using Scanning 
Electron Microscopy (SEM). The results revealed that 1.55% Ni-doped Cr-Mo alloy steel demonstrated superior resistance to contact 
fatigue failure compared to the commercially available Cr-Mo alloy steel, as evidenced by a lower micropitted area ratio, shallower 
pitted depth, and fewer pits. Specifically, the Ni-doped alloy exhibited a 5.66% lower micropitting area ratio under the same test 
conditions. Furthermore, prior studies support these findings, showing that the 1.55% Ni-doped steel performs better than the 2% 
Ni-doped alloys. Therefore, 1.55% Ni-doped Cr-Mo alloy steel is recommended for transmission gears to minimize RCF damage. 

Jerzy Michalczyk, Marek Gajowy, Krzysztof Michalczyk 
Causes of Errors in Estimating the Characteristic Frequencies of Antiresonant Conveyors 

This paper demonstrates the unsuitability of relations and diagrams known from literature for antiresonant machines, in terms of 
determining the position of resonances of dynamic elimination systems. Correct formulas were derived and a nomogram for desi-
gners was built based on them. The effect of the actual number of degrees of freedom on the natural frequencies of machines with 
a design based on the dynam-ic eliminator principle is presented. The effect of the spring mass on the antiresonance frequency 
explicit to the natural frequency of the eliminator was pointed out, and correct relations for its consideration were derived. The 
experimental and numerical studies carried out in this paper have confirmed that including the effect of spring inertia in analytical 
calculations improves the accuracy of the results obtained. Furthermore, it was shown that the actual way in which the ends of the 
leaf springs are attached can significantly affect the natural frequency of the system. The factors discussed and analysed in this 
paper are omitted in conventional vibrating machine calculations, resulting in an overestimation of the natural frequencies determined 
from them. 

Robert Baran, Krzysztof Michalczyk, Mariusz Warzecha 
Effect of the End Coil Shape of the Helical Compression Spring on its Stiffness and Distribution of Transverse Reactions during Axial Loading 

This paper investigates the effect of ground end coils on axial stiffness, as well as the magnitude and direction of transverse reactions 
occurring during axial compression of a coil spring. As shown, conventional relationships for calculating axial stiffness can signifi-
cantly overestimate its value, especially for springs with a small number of active coils. Transverse reaction forces during axial 
compression of a spring can reach high values. The paper shows that these forces can exceed more than 30% of the axial force 
caused by the compression of the spring. There are no relations in the available literature to estimate the effect of spring geometry 
on the value and direction of the transverse reaction generated during axial compression of the spring. On the basis of experimental 
studies of axial compression of springs, a numerical model with high accuracy was developed - the average difference between the 
experimental results and the results of the numerical model was 2.7%. The model took into account friction between coils, large 
deformations and carefully studied material parameters. Using the developed numerical model, a total of 245 numerical analyses 
were carried out, based on which new relationships were developed to accurately calculate axial stiffness, lateral reaction force and 
its angle. The new relationship for calculating axial stiffness shows better agreement with the results of numerical analyses than all 
the relationships found in the literature to date. The average difference between the results of this relation and the results of the 
numerical analyses carried out did not exceed 2%. A new relation has been proposed for determining the value of the transverse 
reaction occurring in axial compression of springs. This relation also shows high agreement with the results of numerical analyses. 
In addition, a new relation has been proposed to determine the direction of the transverse reaction force. 
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Piotr Danielczyk, Ireneusz Wróbel 
Computer Simulation in the Design of Tools and the Stamping Process of Non-Typical Shaped Drawpieces – a Case Study 

The paper presents a hot stamping technology of body components in modern passenger cars. The technology guarantees obtaining 
lightweight drawpieces with high mechanical parameters, which results in a significant reduction in the weight of passenger car 
bodies, particularly those with an electric drive. The Finite Element Method was used to simulate hot stamping of a large-size 
drawpiece with an atypical shape. The results of these simulations and experimental tests of a drawpiece have been presented and 
discussed. Relevant conclusions have been formulated. 

Said Azzi, Belkacem Belkacem, Mohamed Bouzit, Mohamed Bouhafs, Atika Bencherif, Imadeddine Dehimi 
Control of Free Convection by Flexible Fins in a Square Cavity Containing a Heated Triangular Block 

This study investigated the role of fin flexibility to control the fluid flow on natural convection heat transfer within a square cavity containing 
a heated triangular block. Two flexible fins, attached to the cavity’s cold vertical walls, interact with an incompressible fluid under varying 
Rayleigh numbers (Ra) and elasticity modulus (Et), highlighting how these parameters affect thermal and fluid dynamics and the interaction 
between the top and the bottom regions of the cavity. The novelty of this study is to create passive control over the flexible fins to control 
the fluid flow and creating a separation between the top region or the bottom region using these mentioned parameters. Using the Arbitrary 
Lagrangian-Eulerian (ALE) technique, the fluid-structure interaction (FSI) model captured the bending response of the fins and the resulting 
convective heat transfer. Results indicated that lower fin rigidity (low Et) significantly enhanced thermal mixing and heat transfer due to 
increased fluid flow, driven by the bending of the fins at higher Ra. Hence, the top and the bottom regions of the cavity interacted with each 
other. Conversely, higher Et values restricted fluid circulation, maintaining thermal stratification and reducing heat transfer efficiency and 
separated these regions. This study provides insights into controlling and optimizing heat transfer in systems with flexible structures, with 
potential applications in thermal management and energy-efficient design. 

Rajeshwar B., Krishnanaik Vankdoth, Anvesh Thatikonda 
Design and Simulation of Multiband Microstrip Patch Antenna for Wireless Applications using HFSS 

This paper presents the design and simulation of a multiband microstrip patch antenna optimized for modern wireless applications such as 
IoT devices, WLAN (2.4/5 GHz), WiMAX, and sub-6 GHz 5G systems. The novelty of this work lies in the integration of artificial neural 
networks (ANNs) with HFSS simulations, enabling rapid geometry prediction and reducing optimization iterations by nearly 50% compared 
to conventional design approaches. The proposed antenna, implemented on an FR-4 substrate with strategically placed L-shaped slots, 
achieves well-defined resonances at 2.4 GHz, 3.6 GHz, and 5.8 GHz. Simulation results show return loss (S₁₁) better than –15 dB, VSWR 
< 2, and peak gains of 7–8 dBi, with stable broadside radiation patterns across all bands. A parametric study demonstrates the influence of 
slot dimensions and substrate parameters on multiband behavior, while a comparative analysis highlights performance advantages over 
existing designs. These results confirm that the ANN-assisted HFSS workflow provides an efficient methodology for realizing compact, 
high-performance antennas suitable for multistandard wireless communication platforms. 

Jozef Živčák, Anna Falkowska  
Phenomenological And Mechanobiological Approaches To Numerical Simulation Of Bone Remodeling: a Review 

Bone remodeling is a dynamic and complex process governed by mechanical loading and molecular signaling. Numerical models serve as 
essential tools in predicting structural changes in bone, assessing implant integration, and evaluating the effects of pharmacological or 
pathological conditions. This review provides a critical comparative analysis of two principal classes of bone remodeling models: phenome-
nological and mechanobiological. Phenomenological models treat bone as an adaptive continuum responding to mechanical stimuli, offering 
numerical efficiency and compatibility with finite element methods. In contrast, mechanobiological models incorporate explicit representa-
tions of cellular dynamics, regulatory pathways (e.g., RANK/RANKL/OPG, WNT/β-catenin), and biological feedback mechanisms. While 
biologically realistic, they are limited by high parameterization, calibration challenges, and computational cost. The review outlines the 
application domains of each approach, highlights current limitations, and discusses potential directions for hybrid modeling. We conclude 
that future research should focus on integrating biological fidelity with numerical tractability to enable predictive, personalized simulations 
of bone remodeling. 

Mohammed E. A. Rabie, Tarig M. Elzaki 
An Observation on The Elzaki Transform and The Fractional Coupled System of PDEs 

This paper presents a new approach for solving several fractional coupled systems of nonlinear partial differential equations (FCSNLPDEs) 
using initial conditions (ICs). This approach is based on the Elzaki transform (ET). A comprehensive description is provided to facilitate 
understanding of the procedure. The applicability and validity of this technique for solving FCSNLPDE problems in a few steps have been 
demonstrated. Using this approach, both linear and nonlinear FCSPDEs can be solved without the need for discretization or restrictive 
assumptions. This method requires fewer numerical calculations because it does not introduce approximation errors. Numerical examples 
are presented to illustrate the accuracy and efficiency of this new technique. To further illustrate how the suggested approach affected the 
outcomes, 2D and 3D graphs and tables were employed. 
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